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We study the dynamics of a tagged monomer of a Rouse polymer for different initial configurations. In

the case of free evolution, the monomer displays subdiffusive behavior with strong memory of the initial

state. In the presence of either elastic pinning or harmonic absorption, we show that the steady state is

independent of the initial condition that, however, strongly affects the transient regime, resulting in

nonmonotonic behavior and power-law relaxation with varying exponents.
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It is known that the dynamics of a mesoscopic particle
embedded in a viscous fluid is Markovian and well
described by the Brownian motion. The particle mean-
squared displacement (MSD) grows diffusively in time as
2Dt, where D is the diffusion coefficient. However, in a
crowded environment of interacting particles, the single
particle may display anomalous diffusion. Let us consider
a long Rouse polymer composed of L monomers con-
nected to their nearest neighbors by harmonic springs of
constants � and immersed in a good solvent. Its global
dynamics is Markovian, and the center of mass diffuses
with MSD behaving as 2ðD=LÞt. However, the dynamics of
a single tagged monomer is non-Markovian, with the MSD

subdiffusing as
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=ð��Þp

Db0
ffiffi
t

p
for times t � L2=� [1].

Here, b0 encodes the memory of the polymer configuration
at t ¼ 0. In particular, if the polymer at t ¼ 0 is in equi-
librium with the solvent, the dynamics of the tagged mono-
mer is well described [2–4] by a fractional Brownian
motion (FBM), which generalizes the Brownian motion
to the case of nonindependent Gaussian increments [5,6].
On the other hand, if the polymer at t ¼ 0 is out of
equilibrium, the dynamics displays aging, in that the incre-
ments are not only correlated (as in FBM) but also drawn
from a Gaussian distribution with a time-dependent vari-
ance. These non-Markovian processes are relevant for
many biological phenomena, such as the unzipping of
DNA [7], translocation of polymers through nanopores
[8–11], subdiffusion of macromolecules inside cells
[12–15], and single-file diffusion [16].

In the above applications, often the tagged particle is
subject to either pinning by an elastic spring or absorption.
The first case, e.g., corresponds to employing optical
tweezers to confine specific molecules in order to contrast
their dynamical behavior inside the crowded environment
of a cell with that outside [17]. The second situation arises
when a reactant attached to a single monomer encounters
an external reactive site fixed in space [18,19]. Moreover,
in the problems of polymer translocation and DNA unzip-
ping, the time to translocate or unzip corresponds to the
absorbing time of a one-dimensional subdiffusive Gaussian
process inside a finite interval with absorbing boundaries.

In general, these problems are investigated numerically
either by molecular dynamics simulations or by simulation
of the underlying Gaussian process [20,21]. Recently, it
has been shown that subdiffusive Gaussian dynamics can
be studied by the fractional Langevin equation [16,22,23].
This approach has been fruitfully used in the presence of
elastic pinning [24–26] but cannot easily incorporate
absorption.
In this Letter, we propose a general analytical frame-

work to compute relevant quantities such as the MSD and
the absorbing time distribution of the tagged monomer, for
the case of elastic pinning and harmonic absorption. These
problems are relevant for practical applications: the pin-
ning by optical tweezers is indeed elastic, whereas har-
monic absorption mimics well a finite interval with
absorbing boundaries. Our approach naturally incorporates
the initial condition of the system. In the following, we
specifically consider a one-dimensional Rouse chain and
mention higher dimensions in the conclusions. Our main
results, summarized in Table I, show that whereas the
steady state is independent of the initial condition, the
transient behavior exhibits very strong memory effects:
(i) If a quench in temperature is performed at t ¼ 0, the
MSD displays a bump in time and converges to the steady-
state value as a power law. This behavior, predicted for
both pinning and absorption, could be observed in experi-
ments. (ii) For harmonic absorption, the absorption time
distribution decays exponentially with a characteristic time
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FIG. 1 (color online). Schematic of an EW interface pinned by
a harmonic spring acting on the tagged monomer at i ¼ 0. The
initial configuration h0 (dashed line) has h00 ¼ 0.
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that is independent of the initial condition. Hence, we
expect the translocation or the unzipping time to have a
distribution with exponential tails, independent of the ini-
tial condition of the system.

The Rouse chain is equivalent to the one-dimensional
discrete Edwards-Wilkinson (EW) interface shown in
Fig. 1 [27,28]. Here, hiðtÞ is the displacement of the ith
monomer at time t with respect to the origin. The elastic
energy of the system is Eel ¼ ð�=2ÞPiðhiþ1 � hiÞ2, where
� is set to unity below. Additionally, the monomers are
subjected to friction (set to unity) in an overdamped
regime. The dynamics of the interface is described by a
set of L coupled Langevin equations

@hiðtÞ
@t

¼ �@Eel

@hi
þ �iðtÞ ¼

X
j

�ijhjðtÞ þ �iðtÞ; (1)

where � denotes the discrete Laplacian matrix, f�iðtÞg are
independent Gaussian white noises h�iðtÞi ¼ 0,
h�iðtÞ�jðt0Þi ¼ 2T�i;j�ðt� t0Þ, with the temperature T

set to unity below, and h� � �i denotes thermal averaging.
Elastic pinning.—We consider the situation where the

‘‘tagged’’ monomer at i ¼ 0 is pinned around the origin by
an additional elastic force (Fig. 1). This is described by
adding the term �h20=2 to the energy. In this case, the

Langevin equations are similar toEq. (1)with�ij substituted

by ��ij¼�ij���i;j�i;0 and can be solved (cf. the

Supplemental Material [29]). In order to adopt a unified
formalism to deal with both pinning and absorption, we
follow a Fokker-Planck approach. Let Wt½hjh0� be the
probability density to observe the interface in the configura-
tionh at time t, given that the configuration at time t ¼ 0was
h0, whereh (respectively,h0) denotes thevector fhig (respec-
tively, fh0i g). It obeys the Fokker-Planck equation (FPE)

@Wt½hjh0�
@t

¼
�X

i

@2

@h2i
þX

i;j

@

@hi
�ijhj

�
Wt½hjh0�; (2)

which is an L-dimensional generalization of the FPE for
the one-dimensional Ornstein-Uhlenbeck process [30,31].
Equation (2) can be solved through a mapping onto the
imaginary time Schrödinger equation forL coupled quantum
harmonic oscillators (see the Supplemental Material [29])

Wt½hjh0� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det

�
�

2�ð1� e�2�tÞ
�s

� exp

�
� 1

2
ðh� e��th0ÞT �

1� e�2�t
ðh� e��th0Þ

�
; (3)

where the superscript T denotes transpose operation. Note
that replacing the matrix� in Eq. (3) by the spring constant
�, we recover the well-known Ornstein-Uhlenbeck result for
the dynamics of a particle submitted to a harmonic force.
Since Eq. (3) has a Gaussian form, all statistical infor-

mation about the dynamics of the tagged monomer are
encoded in the first two moments of Wt½hjh0�, which
are conveniently obtained by introducing the local field
b ¼ fbig acting on individual monomers. We consider the
generating function

Gt½b� ¼
Z Y

i

dhie
P

i
bihiWt½hjh0�: (4)

Using Eq. (3) in Eq. (4), changing variables h !
h� e��th0, and doing the Gaussian integration, we get

Gt½b� ¼ exp

�
1

2
bT

1� e�2�t

�
bþ bTe��th0

�
: (5)

Note that Gt½0� ¼ 1 represents the normalization of
Wt½hjh0�. The connected correlation functions are
obtained by differentiation of Ft½b� ¼ lnGt½b�. In particu-
lar, using hhiðtÞi ¼ @Ft½b�=@bijb¼0 and hhiðtÞhjðtÞic ¼
@2Ft½b�=@bi@bjjb¼0, we get

hhiðtÞi¼ ðe��th0Þi; hhiðtÞhjðtÞic¼
�
1�e�2�t

�

�
ij
: (6)

TABLE I. Summary of our results for the MSD and the survival probability: single particle versus tagged monomer of an infinite
Rouse chain. We prepare the chain in equilibrium at temperature T0, and the overbars denote the average over the ensemble of initial
configurations. At time t ¼ 0, the system is quenched to temperature T ¼ 1 and let to evolve following three protocols, namely, (i) free
evolution, (ii) elastic pinning acting on the tagged monomer, and (iii) harmonic absorption acting on the tagged monomer. The friction
constant � and D are both set to unity.

Free evolution

Elastic pinning,

long time t ! 1 behavior

Harmonic absorption,

long time t ! 1 behavior

Single particle hh20ðtÞi ¼ 2t hh20ðtÞi ¼ 1
� ð1� e�2�tÞ hh20ðtÞi ¼ 2��1=2 tanhðt= ffiffiffiffi

�
p Þ

Brownian process SðtÞ � expð�2�1=2tÞ
Tagged monomer hh20ðtÞi ¼

ffiffiffi
2
�

q
b0

ffiffi
t

p hh20ðtÞi ¼ 1
� þ c0

�2
ffiffi
t

p þ � � � hh20ðtÞiabs ¼ a0�
�1=3 þOð1=tÞ

T0 � 1 b0 ¼ 1þ T0ð
ffiffiffi
2

p � 1Þ c0 ¼
ffiffiffiffiffiffiffiffiffi
2=�

p ðT0 � 1Þ SðtÞ � expð�a0�
2=3tÞ

Aging process

Tagged monomer hh20ðtÞi ¼ 2ffiffiffi
�

p
ffiffi
t

p hh20ðtÞi ¼ 1
� þ c1

�3t
þ � � � hh20ðtÞiabs ¼ a0�

�1=2 þOð1=tÞ
T0 ¼ 1 FBM process c1 � 0:0711 SðtÞ � expð�a0�

2=3tÞ

PRL 111, 210601 (2013) P HY S I CA L R EV I EW LE T T E R S
week ending

22 NOVEMBER 2013

210601-2



At long times, we expect from the equipartition theorem
that hh20ðt ! 1Þi ¼ 1=�, independent of the number of

monomers in the polymer. In the case of a single particle,
the steady-state value is reached exponentially fast in time
(Table I). For a long polymer, the analysis of Eq. (6) shows
that the steady-state value is reached with a power-law
decay where the exponent depends on the initial configu-
ration. In particular, we study an initial configuration h0

randomly sampled from the ensemble of configurations
equilibrated at temperature T0 and conditioned on h00¼0.
At equilibrium, the displacements h0i ’s are Gaussian

distributed as peqðh0Þ¼ exp½�1
2ðh0ÞT��1h0�= ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

detð2��Þp
,

where �ij ¼ h0i h
0
j is the covariance matrix, with the over-

bar denoting averaging with respect to peqðh0Þ. In the limit

L ! 1, the equilibrated EW interface corresponds to
two Brownian trajectories starting at 0 with diffusion con-
stant equal to T0=2. The covariance then reads �ij ¼
T0�HðijÞminðjij; jjjÞ, where �HðxÞ is the Heaviside func-
tion. On the other hand, for a finite interface with periodic
boundary conditions, we have �ij ¼ T0½minði; jÞ � ij=L�,
where i; j 2 f0; . . . ; L� 1g. The computation of hh20ðtÞi for
long times can be performed analytically in the limit
L ! 1. The details are given in the Supplemental
Material [29]. We get

hh20ðtÞi ’
1

�

�
1þ T0 � 1

�

ffiffiffiffiffiffi
2

�t

s
� T0c1

�2t
þ � � �

�
; (7)

where c1 ¼ 0:0711 . . . . We thus see that the MSD tends to
the steady-state value 1=� as 1=

ffiffi
t

p
if T0 is different from

unity. For T0 ¼ 1, which corresponds to the temperature of
the noise for t > 0, the relaxation to steady state is as 1=t.
Moreover, for T0 > 1, the MSD has a nonmonotonous
behavior in time with a bump. This behavior may be
understood as the effect of the large initial spatial fluctua-
tions of the polymer for T0 > 1 that propagate towards the
tagged monomer and increase its temporal fluctuations
in the transient regime. Note that the calculation in
Refs. [24–26] applies to polymers equilibrated with the
solvent, whereas here we study the effects of different
initial conditions.

Harmonic absorption.—The FPE is

@Wt½hjh0�
@t

¼
�X

i

@2

@h2i
�X

i;j

�
@

@hi
�ijhjþhiAijhj

��
Wt½hjh0�;

(8)

where the positive definite matrix A describing absorption
is Aij ¼ ��i;j�i;0, with �> 0 being the absorption rate.

Since the absorption probability increases quadratically
with distance, the FPE (8) can be solved using the mapping
to a system of coupled quantum harmonic oscillators (see
details in the Supplemental Material [29]). We obtain

Gt½b� ¼ Gt½0� exp½bT��1
t bþ bT��1

t Yth
0�; (9)

Gt½0� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðe�t�Yt�

�1
t Þ

q
exp

�
� 1

2
ðh0ÞTQth

0

�
; (10)

where we have introduced the four symmetric matrices

K ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 þ 4A

p
; �t ¼ K cothðKtÞ � �;

Yt ¼ K= sinhðKtÞ; Qt ¼ ð�t þ 2�� Yt�
�1
t YtÞ=2:

In the presence of absorption,W t½hjh0� is not normalized
to unity, and Gt½0� is the survival probability SðtÞ, namely,
the probability that an initial configuration h0 has not been
absorbed up to time t [32,33]. Note that the survival
probability is the cumulative of the absorbing time distri-
bution. In the long time limit, we have �t � K � �
and Yt � expð�KtÞ so that the survival probability

asymptotically decays as SðtÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðe�ðKþ�ÞtÞ

q
. Using

det½expðAÞ� ¼ expðTr½A�Þ, we get
SðtÞ �

t!1 exp½�tTrfK þ �g=2�: (11)

Note that the decay rate is independent of h0.
Alternatively, one can obtain an exact expression for SðtÞ

in terms of the tagged monomer MSD, as follows. Using
SðtÞ ¼ RQ

idhiWt½hjh0� and the FPE (8), we obtain the

evolution equation @tSðtÞ ¼ ��hh20ðtÞiSðtÞ, where h� � �i in
the presence of absorption involves averaging over surviv-
ing realizations only; see Eq. (14) below. With the use of
the initial condition Sð0Þ ¼ 1, the solution is

SðtÞ ¼ exp

�
��

Z t

0
d	hh20ð	Þi

�
: (12)

As before, the mean displacement and the connected
correlation function are obtained by differentiating the
generating function F t½b� ¼ lnGt½b�; one finds
hhiðtÞi ¼ ð��1

t Yth
0Þi; hhiðtÞhjðtÞic ¼ 2ð��1

t Þij: (13)

The correlation function hhiðtÞhjðtÞic is independent of the
initial condition h0 and has a finite value in the long time
limit, whereas hhiðtÞi vanishes in that limit. In particular,
theMSD in the long time limit reaches a steady-state value:
hh20ðt ! 1Þi ¼ ½2=ðK � �Þ�00.
A dimensional analysis in the limit of a long polymer

L ! 1 allows one to deduce that hh20ðt ! 1Þi ¼ a0�
�1=3,

where a0 is a dimensionless constant of order unity. Noting
that in the absence of absorption the tagged monomer
subdiffuses as hh20ðtÞi �

ffiffi
t

p
, we see from the absorbing

term in the FPE (8) that absorption is effective over times

such that �t3=2 �Oð1Þ. Thus, we have hh20ðtÞi �ffiffi
t

p
Fð�t3=2Þ, where the scaling function FðxÞ is a constant

as x ! 0. Since hh20ðt ! 1Þi approaches a constant, it

follows that Fðx ! 1Þ � x�1=3, giving hh20ðt ! 1Þi ¼
a0�

�1=3. Equation (12) gives SðtÞ � exp½�a0�
2=3t� in

the long time limit, independently of h0; see Table I.
We now discuss the full time evolution of hh20ðtÞi for a

given initial configuration h0. The MSD is
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hh20ðtÞi ¼
RQ

i dhih
2
0Wt½hjh0�RQ

i dhiWt½hjh0�
: (14)

In order to evaluate the MSD involving an average over an
ensemble of initial configurations, we should weigh the

contribution (14) with peqðh0ÞSðtÞ=SðtÞ, where SðtÞ=SðtÞ is
the probability that the configurations starting from h0 at
time t ¼ 0 belong to the ensemble of surviving configura-

tions at time t. Denoting the average MSD as hh20ðtÞiabs, we
compute it from the generating function

lnðGt½b�Þ ¼ lnSðtÞ þ 1

2
bTCtb; (15)

SðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðe�t�Yt�

�1
t Þ

detð1þ �QtÞ

s
; (16)

Ct ¼ 2��1
t þ��1

t Ytð1þ �QtÞ�1�Yt�
�1
t ; (17)

with 1 the identity matrix. In particular, we obtain

hh20ðtÞiabs ¼ @2 lnðGt½b�Þ=@b20jb¼0 ¼ ðCtÞ00: (18)

We compute numerically Eqs. (16) and (18) for
different initial temperatures T0. The results are shown in
Figs. 2 and 3. As expected by our scaling arguments, both
the decay rate of SðtÞ and the steady-state value of the MSD
are independent of the initial configuration. For the MSD,

the approach to the steady-state value a0�
�1=3 is always as

1=t (inset of Fig. 3), i.e., faster than the behavior 1=
ffiffi
t

p
obtained for the case of pinning. For initially flat interface
(i.e., T0 ¼ 0), we see from Fig. 3 that Eq. (18) behaves
monotonically in time. Whereas for elastic pinning, a
bump appears only above T0 ¼ 1, with absorption a
bump is observed already for T0 ¼ 1 and further enhanced
for larger T0 values (Fig. 3). It would be interesting to
understand why the approach to steady state differs in the

two cases. Our numerical results are supported by direct
Monte Carlo simulations of the interface dynamics and by
a careful finite-size analysis presented in the Supplemental
Material [29].
Conclusion.—In this Letter, we analyzed tagged mono-

mer dynamics under the action of elastic pinning or har-
monic absorption. Our solution stems from the crucial
observation that in the presence of harmonic interactions,
the stochastic evolution of the tagged monomer remains
Gaussian. Some of our results, e.g., the presence of a
unique steady state or the bump in MSD corresponding
to a temperature quench, can be intuitively understood.
Others such as the exponential decay of the survival proba-
bility or the power-law transient behaviors in the presence
of absorption were observed in numerical simulations [8]
but were not analytically known before. Finally, some of
our results like the change of power law for T0 � 1 (pin-
ning case) or the bump observed when T0 ¼ 1 (harmonic
absorption) were unexpected.
In this work, we focused on the case of one-dimensional

polymers. However, it is straightforward to generalize our
analysis to either a Rouse chain in d dimensions [34] or a
d-dimensional EW interface by using the corresponding
Laplacian matrix in place of �. Moreover, hydrodynamic
effects for the chain or long-range elastic interactions for
the interface can also be included by replacing � with the

corresponding fractional Laplacian �ð��Þz=2 [2]; in this

case, the MSD of the tagged particle subdiffuses as tðz�1Þ=z

with z > 1 for the chain and as tðz�dÞ=z with z > d for the
interface [35]. It would be interesting to study the effect of
the pinning and absorption in the case of nonlinear models
such as self-avoiding polymers and Kardar-Parisi-Zhang
interfaces [36]. Another open issue is to go beyond the
harmonic approximation and study absorption in the pres-
ence of localized targets.
S. G. and A. R. acknowledge CEFIPRA Project

No. 4604-3 for support. We thank M. Kardar for very
helpful discussions throughout this work.
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FIG. 3 (color online). MSD in the presence of harmonic ab-
sorption; Eq. (18). The MSD converges to a constant that is

independent of T0. Inset : Plot of �h
2 ¼ jhh20ðtÞiabs � hh20ð1Þij

shows the �1=t approach to the steady state.
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FIG. 2 (color online). Survival probability for different initial
temperatures T0. We observe at long times an exponential decay

SðtÞ � exp½�a0�
2=3t� independent of the initial condition.
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