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0. Foreword : definitions

\4\0\ Graph G : network of 1d wires.

V' number of vertices v, #,... B : number of bonds (af), (uv),...

2B : number of arcs (oriented bond) a8, uv,...(or i, j,...)
1 if (af) is a bond

aqp ¢ adjacency matrix aqg = { 0 otherwi
otherwise

Mo = ) 5 Gqp © coordinence of vertex a.

The bond (af3) is identified with [0,,5] C R.
A scalar function ¥(x) on G has B components (,5)(Zag)-

We consider the Schrédinger operator —A 4+ V(z) on G

On a bond : (A9))(,s = d3¥(as () + boundary conditions at vertices.

Outline

1. Introduction / Overview
2. Construction of the scattering matrix X
3. Spectrum of open graphs and Friedel sum rule

4. Local quantities :

Local F'SR, charge and current distributions

5. Summary



1. Introduction / Overview

INTEREST OF GRAPHS IN PHYSICS

* Organic molecules  Rudenberg, '53

* Superconducting network Alexander, ’83

Abilio et al., '99
* Quantum chaos  Kottos & Smilansky, '97

* Weak localisation in mesoscopic diffusive wires networks
Doucot & Rammal, "85

Pascaud & Montambaux, '99

SPECTRAL PROPERTIES OF CLOSED GRAPHS

(s

Spectral determinant :

S(y) =det(=A+V(z) +7) =17+ En)

Pascaud & Montambaux, PRL (1999)
Akkermans, Comtet, Desbois, Montambaux, Texier, Ann.Phys. (2000)
Desbois, J.Phys.A (2000), EPJB (2000), EPJB (2001)



Continuity at vertices : .
for 8 neighbour of «

* A path integral derivation

1
S -1 = DodDob e 2fGra h (—A+7)¢
(/Y) det( A + 7) ¢ on Gibaph¢ ’
=5 _

= / [T avedéa[] / D¢D¢e—7fo deH)(- )60

vertices a bonds

Contribution of a bond :

Plap)=9
D(ﬂ)ﬁgb e 2 fo dz (|dz¢l*+7161%)
$(0)=da

V(G Ba) = (Bsle™F Va9 3,

where

1

I w — % (ch(wz)(d2+¢2)—24-¢")
G e 2sh(ws)
(¢,0") = 27 sh(wz)

is the propagator of the 2d harmonic oscillator.

-1 P / qubadcba G L (B0, 0)

Then

S(y) =77 [ shv/Alas det M(7)

(ap)
where M5 = (5(15 Zu m coth \/Wau — Qafgy \/171 3



* [An application : Weak localization

— correction due to disorder to thermodynamic and transport quanti-
ties in weakly disordered (kpf¢ >> 1) and phase coherent (Ly > ()

conductors.
¢ : mean free path

L4 : phase coherence length

— Diffusive motion of electrons

<O> = ODrude T <AO>
2¢2

weak localisation correction (Ag) = —2=2 [ dt Z(t)e .

Physical origin : increase of the coherent backscattering (due to

interferences of time-reversed trajectories)
= [ d7 P(7,T;t) is the heat kernel of
0,- D (V—i2 4) 2| P(7,7t) = 3(7 - 7)

vyl = Ty = Lé/D : phase coherence time

Jo dtZ(t)e "t = [Fdte Y et =30

(Ao) = —2£. D 5 InS(7) ((Ac) = 0 if no TRS)
(60%) = — ﬂlj;,; 2, gjz In S(v) B=1:TRS

B =2:noTRS



— Diffusive wire connected to reservoirs

L
| L > ( : diffusive
> |\./ s < L% quasi 1d
I L < Ly : phase coherent
conductance : G = é = %g =70

wire perfectly connected = Dirichlet (A = 00)

sh(y/7/D L)
ﬁ

2 4
ZInS(y) =5 (—1+/F Leoth(\/FL) =& — rm + -

S(y) =

e2 2 e2

(boy = B2 - 32

(Ag) = —3 (with spin factor 2)

UCEF :
2
o 12 D2 14 8 (€2 L2

(00%) = Br2R% (Ls)290D% — 153 (ﬁ) (%)

(6g%) = % (with spin factor 2)




* S(7) in terms of arc variables

S(7) =77 eV € det(1 - QR)

Qij=e; = —=1 if de—>— Ry = eV if 5 ¢
2 i =0 otherwise
= — if a J
My
=0 otherwise

* Trace Formula for Z(t) = Tr {em} S et (]

S(y) = 47" e\FﬁH( e~ VIIC >) £r>\

product over prlmltlve orbits

a(C) = €1iy€igig * - €y - Weight of orbit C' = (iq, 49, - -, ip).

J.-P. Roth, C.R.A.S.P. (1983)



—A+ V()

Desbois, J.Phys.A (2000), EPJB (2000)

Introduce f,3(z) and fs,(z), solutions of
[y = &z + Vi) (@)]f () = 0 1T i
e fus(p) =1 foulp) =0 O ; X
satisfyin and
e { fus(B) =0 { fou(B) =1 0 g
H B

dz,
(ap) NPl
where
1 df. df 3
= —_— _5 y M M
Mﬂﬂ \/,—y ( Nﬁ :V :a’N dxuy (/L) + a’ﬂﬁdxuﬁ (ﬁ))



Desbois, EPJB (2001)

U1 ()
U(r) = : = C¥(0) + Dy'(0) =0

ap()
C D1 is self-adjoint and (C, D) is of maximal rank 2B

S(v) =P det(C — AD) | | (Rap) ™" det(1 — QR)
(af)
where R = (1 —Q)(1+Q)!
and Q = (/7D - C)" (/7D + C)

dfq dfs
Qaﬁ,aﬁ = _%dﬁof; (CY) and Qaﬁ,ﬁa - \/L?dxag (/6)

An application (Desbois, 2001) :

the generating function of the number of closed
paths in a graph with a given length and a given

number of backtrackings.



SCATTERING ON OPEN GRAPHS

— Importance of scattering approach

in mesoscopic physics P
.

* Transport in phase coherent networks
Aharonov-Bohm oscillations
Buttiker, Imry & Azbel '84
Gefen, Imry & Azbel '84
Webb & Washburn, 85

* Quantum chaos

Kottos & Smilansky, 00

* Aharonov-Bohm cage effect
Vidal, Montambaux & Dougot '00
Naud et al. 01

10



Description of scattering in 1d

solutions of [—d? + V(x)|¢(z) = k*¢Y(x)

LIJ(L)(X) LIJ(R)(X)
V(X)
1 +W\ M+ 1
[ —<— >t U —<— E——
0 L X 0 L X
ikz —ikz . ! n—ikz
telk(m—L) x> L e—lk(az—L) 4! elk(.’r—L)

The on-shell scattering matrix :
p(x) = Ay (z) + Ay B ()

A1—>—/\/\/\,+ A

B,—— —— B,
0 L X

4= Ar ) incoming B By  outgoing
Ay | amplitudes By | amplitudes
B =%YA

: . . r t
in one dimension : ¥ = .
t r

Our purpose : Construct ¥ with matrices encoding charac-

teristics (topology, potential, fluxes) of the
graph.

11



2. Construction of X

[—(d, — 1A(2))? + V(2)] (z) = k*¢(z) with = € G

+ boundary conditions at vertices

A. ARC FORMULATION

Arc = oriented bond

L couples of external amplitudes : A;Xt, B;Xt

2B couples of internal amplitudes : Aijnt7 B}nt

12



Scattering by bonds :

int int
AI I_ Ai Aiint B r; tz Bli'nt
O e >I =0 B A%nt t; rs B;i.nt
2 Sint
Blint Bi_
Aint - R Bint

with Rij = Tiéi,j + t{CSg’j

Ex, V(Q?) =0= Rij = ei’“lié;

J

B=QA

0 .0
0|

ey

2B+ L arcs

13



— how to choose Q) 7

In a real network :

or

P
b

are described by different @,

— If we choose to impose continuity of 1(z) at the vertices

* w(aﬁi)(xaﬂi :O) :¢Oé for 1= 17"',ma
o > s Datios)(# = 0) = Aata,
B

Ao = 0 : Neumann

Ao = 00 : Dirichlet

Then
Q : 1 if o .;ﬂ
ii = , — 1
J Mo + 1Mo /K
i
2 .
= if  a <
Ma + e/ 1 )

= 0 otherwise .

— more general boundary conditions : Any unitary matrix Q).

14



Scattering by the whole eraph :

° Aint - R Bint
Bint Qint QT Aint
Bext - Q ‘ Qext Aext

Then
Y — Qext 4+ Q (RT _ Qint)—l QT

Example : ring with V(z) =0
1

1
e @

1

Bond scattering :
0 eiti0 —1/3 2/3 | 2/3
R = <eikl+i¢9 0 ) Q= 2/3 —=1/3| 2/3
2/3  2/3 |—1/3

o 1/3 e k=0 _9/3 B 2/3
2_—§—|—<2/3 2/3) (eik1+i9_2/3 1/3 ) (2/3)

2(cos kl — cos #) + isin ki
2(cos kl — cos ) — isin ki

N(E) =eP®) =

15



Example 2_:

in the basis {1,2,1,2}

/ 0 0 pikl1—i0; 0 \
0 0 0 pikly—i0y
= ikl HOL 0 0
\ 0 eikl2+i92 0 0 /
[ —1/3 2/3 0 |2/3 0 )
2/3 —1/3 0 |2/3 0
] o o0 -1/3 2/3 0 2/3
°= 0 2/3 —1/3| 0  2/3
2/3  2/3 0 |=1/3 0
\ 0 0 2/3 2/3| 0 -1/3)

16
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Qint QT

Q ‘ Qext



B. VERTEX FORMULATION

If the wave function is continuous at the vertices

Starting point : 1 7
Consider the stationary scattering state 1(® (z) : —._a
2aa \
On the lead p_: wl(eog)dﬂ(aj) e I VN iua
inc;rrning outging
On the bond : w((zg)(x) = M(f) fug(x) + wéa) fgﬂ(x)

fus(x) and fg,(x) are solutions of
[—d2 + Viug) ()] (z) = K2 (x)

mezlam{ﬂmmzo

satisfyin
e { fus(B) =0 fou(B) =1

o
X

Coupling of the graph to the leads :

In the basis {connected vertices, internal vertices} :

10 --- 0l0 --- 0
01 ---0l0 ---0
W: . . . . . . .

00 --- 110 --- 0

17



(1) Continuity
wl(ecxa?dy(o) :%(f) :5ua+zya fOI'/JZ 1,"',L

(2) Current conservation

(er) (@)
Z/B Cbﬂﬁ d;p(ﬂﬂ) dd}lead 2]
Tup

(2)  (WW)u (Opa — Zpa) = g Mgty forp=1,---,V

where

i dfuw dfus
Mys=— 1|0 | s — g ,—t =
wo = ( e [ p : Ay de(PJ) +a“ﬁdxuﬁ(5))
w}(‘a) the V' x L matrix W
1+ = WU

(H)+(2) =
WT1-%) = MU

Then

Y= —142W (M+W'Ww) ™ W’

® a,, : structure of the graph

o fu(x), fuu(z) : potential

e W : connection to the wires

Relation with reflexion/transmission coefficients of each bond 7

18

(M)+(WTW)NH dz (/L) = /\Mwl(la) for M= 17 Ty Vv



Another expression of the matrix M (—k?)
¢.5(x) and ¢g,(z) : left and right scattering states for V| ,5)(x) :

(%B(X) . (%p(x) :
1 +/\A/\ tu —<—M+ 1
b= V() [>T V™) [>T
u B X I 3 *

(14 75u) up(®) — tus Ppu(®)
(L4 rus)(L+75,) — tus tpu

fup() =

M o 1_ —|— Z 1 - /raﬂ 1 _|_ Tﬂa) _|_ tau tﬂ’a
ap = Oap Y L+ 7o) (L + Taa) — taptua

2tug
1+ 705)(1 4 780) — taptpa

_aaﬁ(

if V(z)=0:
Mos(—k?) = 1045 ()}C—a + Zu gy COLE klaﬂ) aaﬁ;gk?:ﬁ

Example : ring with V(z) =0
1

le @ M = 2i (cotg kl — ;‘I’lslfl)

1

S 14 2 isinkl + 2(cos kl — cos6)
B M+1_isinkl—2(coskl—cosé’)

More efficient than the arc approach!

19



C. TUNING THE COUPLING TO THE LEADS

— Go continuously from isolated graph to connected graph

Bond scattering :

R ( C?Sﬁa sin &, )
siné, —cos&,

£o = 0 : lead o disconnected

§a = 5 : lead a maximally coupled

/ 11 1w Wa = tan(£,/2)
1 1 -+ 1 |w,
Qo=+ =+ . |1 |-1
L b 1w where
\wa wa o wa | ) )
my = mg, — 1+ w, +1iA/k.
transmission amplitude between graph and lead : ¢, = 124:"52
o w, =1 : we recover the previous @),.
o w, =0 :lead o disconnected.

20



The “continuity” at external vertices now reads :
Yiew(0) = w0
e “Continuity”
Opa + o = w W forp=1,---,L

e Current conservation

A S 5 datb{o (1) + e (1) At (1) = Al
=

3 g st (1) + wdation (1) = Auof

Y= —142W (M+WTW) " WT still holds with

w1 0 0
0 wa 0
W = _
0 o ... wry, O --- 0

_ b 2uw?
D= el = 14 2

_ iw? sin kl42(cos kl—cos 0)
" iw? sin kl—2(cos kl—cos 0)

e resonance structure if w — 0

21



3. Spectrum and Friedel sum rule

EXISTENCE OF LOCALIZED STATES IN CERTAIN GRAPHS

In the arc picture, the Schrodinger equation leads to :
an .
Alnt =R Blnt
$ Bint — QintAint 4 QTAext =
ext __ () Aint ext gext
\ B = QA™ + Q™A

QT Aext — (RT _ Qint) Aint
Bext — Q Aint 4+ Qext Aext

e In the general case det(R! — Q™) £ 0V E.

= all solutions are the scattering states

o If det( 2" — Q™) = 0 has a discrete set of solutions E = Ey, By, - - -.

= solutions are the scattering states
and at F = F, : At = Bext —
(Rt — Qint) Aint =
Q Aint —
— State localized in the graph

— These states are not probed by scattering

Coexistence of continuous and discrete parts in the spectrum :

The LDoS p(x; F) = (z|d(F — H)|z) reads :

dn
ple; B)y= Y [9@)P +) > 8(E— En)|on;(2)’
Q P T 7=1 P
continuous spectrum discrete gpectrum

22



Example : ring threaded by a flux —— a

‘ w? p—ikl—i _ 2
RT o ant — 2+ w? 2+w?
p—ikl+if _ 2 w?

2+w? 2+w?

det(RT — Q™) = ﬁe_ikl 2(cos @ — cos kl) + iw? sin k]

e Non degenerate spectrum 6 # 0 and 7

det(RT — Q™) # 0
pla; E) = |¢(x)|” =

sin k(l—z)+€~ =19 gin kx
k 2(cos f—cos kl)+iw? sin ki

e Degenerate spectrum 8 = 0

det(RT — Q™) = o e * [25in(kl/2) + iw? cos(kl/2)] sin(kl/2)
det(RT — Q™) = 0 for k, = 2nn/I.

* At |k # k,| = solution is the scattering state.

* At |k = k, | = two solutions
AR = (1,1) x A™ /w is the scattering state

A = (1, 1) with A% = Bt =
is localized in the ring : (Rt — Q™) A™ = 0 & QA™ =0

2

w cos k(x — 1/2)
Vrk2sin(kl/2) 4 iw? cos(kl/2)

+§:5(E — k) |\/2/1

23

plz; E) =

2

sin k, T




Friedel Sum Rule :

Relation between spectral and scattering properties

— Count the states with the scattering matrix

KREIN-FRIEDEL RELATION IN d =1

Local DoS : p(x; F) = (z|6(F — H)|z).

o LO(x): o ®(x):
V(X)

YA VN - W\ et

[ —< —>—1t ' —<— ——

0 L X 0 L X

(o) ikz Ny e—ik:v T <0 B i’l e—lkl‘

=N - = .
telkm T > L e—lkm i 7,/ elk.’L’

Pt S
; =U U
t 0 e

Variation of the total DoS due to the presence of V(z) :
oo 1~ dn 1 ..dE
d E)—po(; E)] == 2 = ——Tr{SI-—

oo T~

24



THE SMITH RELATION

V(X)
One-dimensional case M

LDoS integrated in the scattering region : 0
L
/ dz p(z; F) = Z / dz (@)
0 a=L,R
1 dY 1
= — (Trqxf 5T {s- =1
2m( r{ dE} a J

Case of graphs ;.
If 4 is solution of (—=D2 + V(z))y(x) = Ev(x) then

where Q2 = (D x¢) ¢*( de)

On the bond : ¢(Mﬁ)(‘rﬂﬁ> —> Qﬂﬁ(aﬁﬂﬁ)

Jo' 4z [upy(@) P = —up(p) — sl B)

At the vertex « :

Zz’ waz(a) = /\awa = Zz Qz(a) -

0
uy
AN Zﬁ a5 (1) + (WW) 4 Qead w(pt) = 0

25




Integration in the graph :

d d
/Graph x‘¢ Z/ x‘¢
= - > 9w = Zﬁleadu #)
L

arc uf3
In the lead :
() 1 5 —ikx ikx
wleadu(x) = \/47T—k ( Jite! € + Z,ua € )
then
o i, A8 )
Ql(ea)d M(/,L) = Eua dg' 87TE ((S + E ) (_5ua + Eua)

() 2:_L pdX I e s
/Graphdxw ()] (2 dE) E (= z)aa

>/ = (Tr {z* j@} + - z*})

26



Relation between spectral and scattering properties

THE SMITH RELATION (Another derivation)

. . V(X)
e One-dimensional case :
Local DoS : p(x; F) = (z|6(F — H)|z).

0 L X

LDoS integrated in the scattering region :

[(aroem) = ¥ [ sl

a=L,R
1 dX 1
- f el f
o (Tr{z dE}+ Tr{E—-X% })
e Case of graphs :
On _the bond : zp("‘) () = fuw () + ¢y fou()
Wave function (®)(z) at the nodes p, %S @) = U0
oo ! 1 .
B vk M+ WTW
We define
»
peE) = [davfo Z / do (@) (@) i) (@)
Graph
Using
L d .
[ e o = 0e5w)
o dfw
| e @) = -aeg )
we obtain :

= >l o (WE M) 9 (1)
4,V

27



o) (v ()

af
1 1 dM 1 1
= (W 2 —M wt
o ( "M+ WIW [ iE " E ] M+ WTW >a5

since

dr - 1 dM 1 T

dE M+WTW dE M + WTW
we obtaln

1 dx 1
(@f) (| )] y_ oyt
pPE) = 2im < dE 4E< ) of

With a trace

ds
Z/c;faﬁ}!¢(a)(x>‘2 = % (Tr {szE} + —Tr{Z 2*})

fGraph dz p(.’L’, E>

28



F'SR : Relation between spectral and scattering properties

Counting the states from Y

THE SMITH RELATION

V(X)
e One-dimensional case :
Local DoS : p(x; F) = (z|6(F — H)|z).

0 L X

LDoS integrated in the scattering region :

[Cavowm) = 3 [ st

a=L,R

1 dy
o (Tr{Z y }+ Tr{-% })

o Case of graphs :  p(a; E) = peont(7; E) + paisc(x; E)

We can prove that
1 d¥
dz |1 Tr{ ©f —T Y — 3
X [zl =g ({55 - g™ =)

which is fGraph Az peont(2; E), the continuous part of |, Graph 42 p(z; B)

The discrete part of the spectrum

1s not probed by scattering

29



“VIOLATION” OF FSR IN CERTAIN GRAPHS

IDoS of the graph : N (F f dFE’ fG L dz p(z; EY)

fV(z)=0 = Nye(E) =~
where £ =53 5aaplap is the “volume” of the graph

— We compare Niyeyi(E) and 5=6/(E)

where 5f(E) = —ilndet X

The complete graph Ky . (highly degenerate spectrum)

£=B0="V"10 o Ny (B) = Y ke

Scattering : Y = e with

cotg(87 /2) = cos gpcizl:@frocsofgl cotg(kl/2)

(5f <E>) _ 3KC
2m Weyl 2m

NWeyl(E> 7 (ﬁé(—f» Weyl

where cos p = 7

The counting method from scattering misses states

30



Ring threaded by a flux :
isolated ring (w = 0) :

S(—k?*) = cos kl — cos @
° spectrum : ki = 7 (2n7 £ 6)
Qpn( ) — Weqﬁmnw/[

— Construction of the stationary scattering state :

Yieaa() = oA (o714 4 eflo )
2

where cotg(6/2) = z(cgusesiifim

Vring(7) = ¢1%HZ; (sin k(I — z) + e sin kx)
where where ¢; = — wsin kl ¢1ea 4(0)

vk w? sin kl+2i(cos kl—cos 0)

We study the weak coupling w — 0 limit

e Non degenerate spectrum 6 # 0 and 7

w . (33) ~ 1 iw /21 F2irna/l
TS ok vk k—kiy +iw? /21

[ ~ w2 /21
fo dz ‘¢ring(37) 2].3@%% %(k—kﬁ)z—i(wz/%) m ﬁé(k_kf;) = 5(E_[k;ﬂ2)

which is the correct DoS of the isolated ring.

31



e Degenerate spectrum 8 = 0
. ~ 1 iw/l
Yiing(2), = 77 T2 SOS(QT‘E/ )

symmetric wave fct

[ w?
Jo 4 [sns (), 5, 3 e o 360k = Ku) = O(E = k)

the degeneracy 2 is missing

The antisymmetric wave function sin(2nwz/l)
vanishes at the vertex

= this state is not probed by scattering

Discontinuous behaviour of Y as a function of cer-

tain parameters (length, fluxes,...)

32



4. Local quantities related to X

e Generalities X a physical quantity (M,

and f its conjugate force (— 13

* Isolated system at cquilibrium : @, (z), F,

oFE,

* Open system out of equilibrivm :

Scattering approach = %(5?) (z), Xag

(o 1X100) = o (o5

p(x), I,.. )

@

LocAL DoS, INJECTIVITIES,...

How to calculate 53%) 7

V() + No(z' — )] = X[V (z )]—I—)\

4’ = add a vertex of weight A\ at x

K(2)K ()t WT

b 6% W

GV (@] +

B 5V (z) M+WTW MA+AWTW
O
0
6,
with K(z) = | 7@ T
fﬁa(x)e_“"ﬁ < ,3
0

= Algebraic calculations.

33



e Functional derivative of X :

1 6345
26V (2)

where @ (2;{6,,}) = ¥ (z;{-0,}) is the wave

function of the “time reversed graph”

= "7 (2) V) ()

L [ 0% _ (@) (% ()
S (E 5V(az)>aﬁ_¢ ()" (@)

e Injectivities :
1 P>
E)=——(sf——2-) =)
plavi B) =~ (505 = Iofo)

e Fmissivities :

1 >
CE) = — 1 _ t.r.(a) 2
p(Oz,[C, ) AN (5‘/(3:)2 )aa |¢E (:U)‘

e L.LDoS (continuous part) :

peont(; E) = meE S (@)

1 9

- In det ¥
diroV(z)

pcont<x; E) -

e Integration over the graph :

5% dx 1
- dz X =n—= ¥ —xf
/Graph Vi) T T aE ik ( )

34



APPLICATION :
CHARGE IN A GRAPH OUT OF EQUILIBRIUM

Charge operator :

~

O(t) = / el (e )

where the field operator is

? L
¢<ﬂ77t) - ZQZI fooo dE w(Eft) (.CIZ') &Q(E) e—iEt

DoS matrix

A d (@) % (B)
JoNE) 2 (0 Q0N u) = o7V

1 dX 1
_ T v
= (ErEe-)

af

Average charge
Qi)=Y [ 4B £u(B) ()

—The concept of injectivity is necessary to describe

the out of equilibrium situation

Charge fluctuations

Saolw) £ [ dt ({Q(1) QM) = {QI)(Q())) ¢

Soo(w =0) =27 Z/dE fal1 = f3) p(E) pP(E)
of

35



Example :

A graph with two leads

For one resonant level £, of width ', =1",, 1 + 'y R

Fn,a - wi V E, ‘3071(05)‘2

N =B
= i =% Solw =0

wireL Graph wireR

Compare to the average current :

Tn R,
(T) =~ 2-"5=

and the shot noise :

Ty R
Su(w = 0) = 2=2522(T0 p +T7 ).

— Finite frequency :

1
SQQ(W> ~ SQQ(O>1 n (w/QF )2 for w <K V

36



CURRENT DISTRIBUTION INSIDE A GRAPH

* Current in the external wires :
average currents : conductances

correlations : shot noise

x Current in the internal wires :

— At equilibrium

Relation between persistent current and scattering matrix :

Akkermans et al., 1991

Correlation function :

Taniguchi, 2001

What about the out of equi-

librium situation ?
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Current operator :

j(x,t)

[ Db, 1) — D2 1 )]

Current density matrix in arc pv

JeI(E) = <¢E [z € pv,t)[v¥))
Tw V) Dy (z) + cc.  forx € arc pv

dy 1 dM T
Using : a0, = 2WM+WTWd9W M—|—WTWW we obtain :

1 dy
(B)( 3l
I (E) = 2T < d@uy)aﬁ

— We can also give a more general arc formulation.

Average current in the arc uv

Z/dEfa ) jlee)(B)

Current correlations

S g0 = 0) = 27TZ [ 4B 101 = £ 5B 105

At equilibrium :
1
2m

dy dxt
SJ/I,I/JHIV/ (O> }

5 [ 4B s = 1) T { SE 2

— We computed the contribution of the continuous spec-

trum to the current.
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5. Summary

e Construction of X using arc matrices

e if the wave function is continuous at vertices
= we expressed X with vertex matrices and generalized
S =—142W (M+WIw)™ w7
to the case of graphs with potential

e How tunable couplings can be easily introduced

e LDoS of a graph : p(z; E) = peont(z; E) + paisc(x; F)
The Friedel sum rule only mesures the continuous spectrum.
= The state counting method fails if states remain localized
in the graph.
(This is related to some discontinuous behaviour of ¥ as a

function of certain parameters as lengths, fluxes;...)

e Relation between X and local quantities for graphs out of equi-
librium : LDoS, emissivities,...
charge distribution,
current distribution.
— derivations within the vertex AND the arc formulations.

— All quantities can be calculated with algebraic calculations.
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