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Wave dynamics in random media

TD no6 : Spin-orbit scattering and

weak anti -localisation in metallic films

The magneto-resistance of films made of usual metals is not well described by the simple
theory presented in the previous exercice session, i.e. by equation
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The reason for this is that electronic spin degree of freedom cannot be ignored.

• First, the presence of spin-orbit coupling

HSO ∼ −
1

m2c2
(~p× ~∇V ) · ~S (2)

is responsible for an additional phase originating from the rotation of the electronic spin, while
the electron is scattered on the disordered potential V . Spin-orbit coupling is weak in light
metals, like Lithium of Magnesium, but strong in heavy metals like Silver or Gold.

• Second, the presence of residual magnetic impurities is another source of electronic spin rota-
tion :

Hmag = −~S ·
∑
i

Ji ~si δ(~r − ~ri) (3)

where ~ri are the positions of the magnetic impurities and ~si their spins (considered frozen).
The starting point of the study of quantum transport is the Kubo-Greenwood formula
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where the Green’s function carry spin indices. Using that the average Green’s function is diagonal
in spin indices, we finally obtain the expression of the weak localisation correction
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where the Cooperon now propagates a pair of spins (Fig. 1).
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Figure 1: In the presence of spin flip and spin-orbit scattering, the Cooperon depends on four
spin indices.
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Fig. 2.10. The magneto-resistance of a thin Mg-film at 4.5 K for different coverages with Au. The Au thickness is given in % of an atomic layer on
the right side of the curves. The superposition with Au increases the spin-orbit scattering. The points are measured. The full curves are obtained
with the theory by Hikami et al. The ratio T

1/T5, on the left side gives the strength of the adjusted spin-orbit scattering. It is essentially proportional
to theAu-thickness.

because the quenched condensation yields homogeneous films with high resistances. The points are
measured. The spin-orbit scattering of the pure Mg is determined as discussed above. The different
experimental curves for different temperatures are theoretically distinguished by their different H, (i.e.
the inelastic lifetime). This is the only adjustable parameter for a comparison with theory (afterH,,~,is
determined). The ordinate is completely fixed by the theory in the universal units of L00 (right scale).
The full curves give the theoretical results with the best fit of H, which is essentially a measurement of
H1. The agreement between the experimental points and the theory is very good. The experimental
result proves the destructive influence of a magnetic field on QUIAD. It measures the area in which the
coherent electronic state exists as a function of temperature and allows the quantitative determination
of the coherent scattering time T1. The temperature dependence is given by a T

2 law for Mg as is shown
in fig. 2.12.
For other metal films where the nuclear charge is higher than in Mg one finds even in the pure case

the substructure caused by spin-orbit scattering. In fig. 2.13 the magneto-resistance curves for a thin
quench condensed Cu-film are shown. Again the points represent the experimental results whereas the
full curves show the theory. At low temperatures the inelastic lifetime is long and therefore the effect of
the spin-orbit scattering dominates in small fields. At high temperatures the inelastic lifetime becomes
smaller than the spin-orbit scattering time and the magneto-resistance becomes negative because of the
minor role of the spin-orbit scattering. For Au-films the spin-orbit scattering is so strong that it
completely dominates the magneto-resistance.
The natural question is, why does weak localization change to weak anti-localization in the presence

of spin-orbit scattering?

Figure 2: Magneto-resistance curves for metallic films made of an alloy of Magnesium and Gold
for difference concentration of gold. From Ref. [1].

1/ Argue that the Cooperon Γ
(c)
αβ,γδ(~r, ~r

′) = w
Dτe

P
(c)
αβ,γδ(~r, ~r

′) can be written as the sum of two
separate contributions associated with singlet and triplet channels.

2/ The efficiency of spin-orbit coupling and scattering by magnetic impurities are controlled by
two lengths Lso and Lm. Introducing the projector in the singlet space, (Π0)αβ,γδ = 1

2(δαγ δβδ −
δαδ δβγ), we can write the Cooperon (in the space of the two spins) under the form

P (c)(~r, ~r ′) = Pc(~r, ~r
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where Pc(~r, ~r
′; γ) = 〈~r | 1

γ−∆ |~r
′ 〉 is the Cooperon in the absence of spin scattering. The two

lengths LS and LT combine the effect of spin-orbit and magnetic impurities :
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Explain why LS > LT .

3/ Discuss the effect of time reversal in the singlet and triplet channel. Write ∆σ in terms of
Pc(~r, ~r

′; 1/L2
S, T ).

Hint : examine the spin structure in the diagram in Eq. (5).

4/ Using the formula (1) for the magneto-conductance of a thin film, deduce the expression of
the weak localisation in the presence of spin-orbit and spin flip scattering. Explains (at least
qualitatively) the experimental data of Fig. 2.

Further reading : A review article on weak localisation in thin metallic films is the famous
article by Bergmann (1984) (Ref. [1]). A more intuitive description can be found in the review
article of Chakravarty and Schmid (1986) (Ref. [2]).
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