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1 Subdiffusion of a monomer embedded in a long polymer

A. Preliminary : Ornstein-Ulhenbeck process

1/ The SDE y′(t) = −λ y(t) +
√

2Dη(t) is linear, hence easy to solve. The solution is

y(t) = y0 e−λt +
√

2D

∫ t

0
dt′ η(t′) e−λ(t−t′) (1)

2/ We deduce 〈y(t)〉 = y0 e−λt (for y0 non random) and, using 〈η(t)η(t′)〉 = δ(t− t′),

Var(y(t)) =
D

λ

(
1− e−2λt

)
(2)

3/ η(t) is Gaussian, hence y(t) being its convolution is also Gaussian : the knowledge of
its two first moments is sufficient to characterize the full distribution,

Pt(y|y0) =
1√

2πVar(y(t))
e
− (y−〈y(t)〉)2

2Var(y(t)) =

√
λ

2πD (1− e−2λt)
exp

{
−
λ
(
y − y0 e−λt

)2
2D (1− e−2λt)

}
(3)

Check : for λ→ 0 we recover the propagator of the free diffusion.

B. Motion of a polymer.— We consider N monomers with nearest neighbour interactions :
V ({yx}) =

∑
x
λ
2 (yx+1 − yx)2.

1/ Equation of motion of monomer x is

∂yx(t)

∂t
= − ∂V

∂yx
+
√

2Dηx(t) = −λ (2yx − yx+1 − yx−1) +
√

2Dηx(t) (4)

The continuum limit of this model is ∂ty(x, t) = ∂2
xy(x, t) +

√
2Dη(x, t) (Edwards-

Wilkinson model).

2/ We analyze the correlator in Fourier space :〈
η̃k(t)η̃k′(t

′)
〉

=
∑
x,x′

e−ikx−ik′x′
〈
ηx(t)ηx′(t

′)
〉

= δ(t− t′)
∑
x

e−i(k+k′)x = N δk,−k′δ(t− t′)

(5)
We Fourier-transform the equations of motion

d

dt
ỹk(t) = −λ (2− eikx − e−ikx)︸ ︷︷ ︸

=4λ sin2(k/2)=Λk

ỹk(t) +
√

2D η̃k(t) (6)

We have obtained uncoupled SDEs of the form of the Ornstein-Uhlenbeck equation.

3/ Solution is

ỹk(t) = ỹ0
k e−Λkt +

√
2D

∫ t

0
dt′ η̃k(t

′) e−Λk(t−t′) (7)

where ỹ0
k = ỹk(0) is the TF of the initial configuration of the line.
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4/ We are interested in the fluctuations of the position of a given monomer :〈
yx(t)2

〉
=

1

N2

∑
k,k′

e−i(k+k′)x 〈ỹk(t)ỹk′(t)〉 (8)

hence we must pay attention to the fact that we need to characterize the correlations
between different Fourier modes. We consider

Cov(ỹk(t) , ỹk′(t)) = 2D

∫ t

0
dt1

∫ t

0
dt2

=N δk+k′,0δ(t1−t2)︷ ︸︸ ︷
〈η̃k(t1)η̃k′(t2)〉 e−Λk(t−t1)−Λk′ (t−t2) (9)

= 2DN δk+k′,0

∫ t

0
dt1e−2Λk(t−t1) = N δk+k′,0D

1− e−2Λkt

Λk
(10)

where we have used Λk = Λ−k. Summation over modes give

Var(yx(t)) =
1

N2

∑
k,k′

e−i(k+k′)x Cov(ỹk(t) , ỹk′(t)) =
D

N

∑
k

1− e−2Λkt

Λk
(11)

Taking the limit N →∞, we can replace the sum by an integral over the Brillouin zone

Var(yx(t)) = D

∫ π

0

dk

π

1− e−2Λkt

Λk
(12)

(where we have used the symmetry Λk = Λ−k).

5/ Λk = 4λ sin2(k/2) ∈ [0, 4λ] is bounded. For short times λt � 1, we have also Λkt � 1
thus we can expand the exponential in the integral

Var(yx(t)) ' D
∫ π

0

dk

π
2t = 2Dt (13)

we have recovered the behaviour characterizing normal diffusion. For short times, the
monomers are free and do not feel the interaction with their neighbours.

6/ We study the long time limit, λt � 1. We remark that
∫ π

0
dk
π

1
Λk
∼
∫

0 dk k−2 = ∞,
thus the integral goes to infinity as t → ∞ ; the presence of the exponential in the
integral cut off the divergence. We can estimate the behaviour of the integral by writing
1 − e−2Λkt ' 1 for Λkt & 1 while the behaviour 1 − e−2Λkt ' 2Λkt for Λkt . 1 simply
gives a finite contribution. Λkt ∼ 1 corresponds to k ∼ kc(t) ' 1/

√
λt, thus

Var(yx(t)) ' D
∫ π

kc(t)

dk

π

1

Λk
' D

∫ π

kc(t)

dk

π

1

λk2
' D

πλ
k−1
c =

D

π

√
t

λ
(14)

For short times (λt � 1) and long times (λt � 1), we have the power law behaviour
Var(yx(t)) ∼ t2θ, corresponding to the scaling yx(t) ∼ tθ. For short times, we have seen
that the exponent is θ = 1/2 corresponding to the normal diffusion ∼

√
t. For long

times, we have instead obtained the exponent θ = 1/4 characterizing subdiffusion. This
is due to the fact that the interactions between the monomers slow down their diffusion.

Remark : this behaviour has been discussed in the short note : S. Alexander & P. Pincus,
”Diffusion of labeled particles on one-dimensional chains”, Phys. Rev. B 18, p. 2011 (1978).
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2 Scaling of the correlation length

The scaling hypothesis is
ξ(t, h) = ` ξ(`yt t, `yh h) (15)

where ` is the scaling factor and yt and yh are the thermal and magnetic exponents.

1/ At zero field we have ξ(t, 0) = ` ξ(`yt t, 0). We choose ` = |t|−1/yt , thus ξ(t, 0) = |t|−1/ytξ(±1, 0),
hence ν = 1/yt.

2/ Similarly, for t = 0 we choose ` = |h|−1/yh , hence ξ(0, h) = |h|−1/yhξ(0,±1).

3/ For the 2D Ising model, we have α = 0 and β = 1/8, thus yt = 1 and yh = 15/8. We deduce
ξ(t, 0) ∼ 1/|t| for t→ 0 and ξ(0, h) ∼ |h|−8/15 for h→ 0.
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3 Liquid crystal

A. Order parameter.— The axis of the molecule i is the unit vector ~u(i).

1/ θi ∈ [0, π] is the angle between ~u(i) and ~n. Reversing ~u(i) corresponds to θi → π − θi, hence
the distribution of the angle satisfies p(θ) = p(π − θ).
The isotropic distribution is 1

4πdΩ = 1
4πdθdϕ sin θ, corresponding to p(θ) = 1

2 sin θ.

In the nematic phase, p(θ) presents two sharp symmetric peaks close to θ = 0 and θ = π.

2/ For ~n = ~ez we have 〈~u(i)〉 = ~ez 〈cos θi〉 = ~ez
∫ π

0 dθ p(θ) cos θ = 0, whatever is p(θ) = p(π− θ).
Hence, the orientational order cannot be characterized by a vectorial order parameter.

3/ For the molecule i, we introduce the tensor Q
(i)
αβ = u

(i)
α u

(i)
β −

1
3δαβ, which is a symmetric

tensor with zero trace. We denote Q = 〈Q(i)〉 the averaged tensor. For simplicity we set
~n = ~ez.
The off-diagonal elements are zero : Qxy =

〈
cosϕ sinϕ sin2 θ

〉
= 1

2 〈sin 2ϕ〉
〈
sin2 θ

〉
= 0 using

the rotational symmetry around ~n. Similarly Qxz = Qyz = 0.
The first diagonal element is Qxx =

〈
cos2 ϕ sin2 θ

〉
− 1

3 = 1
2

〈
sin2 θ

〉
− 1

3 = 1
6 −

1
2

〈
cos2 θ

〉
=

−S/3 with S = 〈P2(cos θ)〉 where P2(x) = (3x2 − 1)/2 is the Legendre polynomial. By
symmetry Qxx = Qyy. Finaly Qzz =

〈
cos2 θ

〉
− 1

3 = 2S/3. Hence

Q = S

−1/3 0 0
0 −1/3 0
0 0 2/3

 (16)

In general we can write Q = S (~n⊗ ~n− 13), where the tensor product ~n⊗ ~n is the projector
on the unit vector.

• In the isotropic phase

S =

∫ π

0
dθ p(θ)P2(cos θ) =

1

2

∫ +1

−1
dxP2(x) =

1

4

∫ +1

−1
dx (2x2− 1) =

1

2

[
x3− x

]+1

−1
= 0 (17)

• On the contrary, in the nematic phase, molecules are aligned and p(θ) is concentrated
symmetrically close to θ = 0 and θ = π, hence

S = 〈P2(cos θ)〉 ' 1

2
P2(+1) +

1

2
P2(−1) = +1 (18)

4/ The elementary interaction in the Maier-Saupe model is

Eij = −ε Tr
{
Q(i)Q(j)

}
= −ε Tr

{
(~u(i) ⊗ ~u(i) − 13)(~u(j) ⊗ ~u(j) − 13)

}
(19)

= −ε
[(
~u(i) · ~u(j)

)2 − 1

3

(
~u(i)
)2 − 1

3

(
~u(j)

)2
+

1

9

]
= −ε

(
~u(i) · ~u(j)

)2
+ cste (20)

hence, for ε > 0, such interaction favors the cases where the two vectors are either aligned
~u(i) = ~u(j) or anti-aligned ~u(i) = −~u(j). This is indeed a good model for the microscopic
interaction.

B. Isotropic-nematic transition.— Within the Maier-Saupe model, one obtains the S → 0
expansion

f(S) =
1

2
a(T )S2 − b

3
S3 +

c

4
S4 with a(T ) = ã (T − T∗) and ã, b, c positive . (21)

for the Landau free enegy (lengthy and painful calculation).
Contrary to the case of the para-ferro transition, no symmetry prevents from the presence

of the term S3.
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(a) T = T0 (b) (c) (d) (e) T = T1

1/ As T decreases, a diminishes, hence f(S) decreases in the intermediate region. The correct
ordering is thus (d), (a), (c), (e), (b).

2/ f ′(S) = S (a+ b S + c S2). The temperature T0 corresponds to the case where a− b S + c S2

has one degenerate root, hence ∆ = b2 − 4ac = 0, leading to T0 = T∗ + b2

4ãc .
T1 corresponds to the case where the two minima coincide, f(S) = f(0). Hence we solve
f(S) = f(0) and f ′(S) = 0, i.e. a− b S + c S2 = 0 and 1

2a−
1
3b S + 1

4c S
2 = 0, which is easy.

We get S = 2b/(3c) (or S = 0) and a = 2b2/(9c) i.e. T1 = T∗ + 2b2

9ãc .

3/ The form of free energy describes a transition between a state S = 0 (isotropic) for T > T1

(figures d, a, c), to a state where S > 0 for T < T1 (figures e and b). This indeed describes
the isotropic-nematic transition.

The order parameter S makes a jump from S = 0 for T = T+
1 to S = 2b/(3c) for T = T−1 ,

hence the transition is first order.

C. Nematic phase and Ginzburg-Landau theory.— We describe a spatial dependent order
parameter. We consider S uniform (T < T1) and consider that the director is spatial dependent,
i.e. the unit vector ~n(~r).

We study below the case where the director is in the xOy plane, ~n(~r) = (cosψ(z) , sinψ(z) , 0),
with the angle depending only on the coordinate z.

1/ Obviously ~∇ · ~n = 0. We find ~∇× ~n = −ψ′(z)~n, thus

F [ψ(z)] = K2

∫
dz

{
1

2

[
ψ′(z)

]2 − 1

ξ2
sin2 ψ(z)

}
(22)

with g = K2 and ξ−2 = χaH
2/(2K2).

2/ We have δF
δψ(z) = −K2ψ

′′(z) − K2
ξ2

sin 2ψ(z). The field equation corresponds to the configu-
ration which minimizes the free energy,

ψ′′(z) +
1

ξ2
sin 2ψ(z) = 0 (23)

3/ We can find a ”constant of motion” by analogy with classical mechanics (field equation
is similar to the Newton equation for a particle at position ψ(z) at time z in a potential
V (ψ) ∝ − sin2 ψ).

We may also directly check that d
dz

{
1
2 [ψ′(z)]2 + ξ−2 sin2 ψ(z)

}
= 0 thanks to the field

equation.
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4/ We consider the field configuration with ψ(z) → ±π/2 for z → ±∞. Hence E = ξ−2 since
ψ′(z)→ 0 at infinity. We can write

1

2

[
ψ′(z)

]2
+ ξ−2 sin2 ψ(z) = ξ−2 ⇒ dψ

cosψ
=

√
2

ξ
dz (24)

thus ∫ ψ(z)

0

dψ

cosψ
=

√
2

ξ
z (25)

for ψ(0) = 0. Using d
dt ln | tan(t/2 + π/4)| = 1/ cos t one deduces

tan

(
1

2
ψ(z) +

π

4

)
= e
√

2 z/ξ (26)

-4 -2 2 4
z

-1.0
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0.5

1.0

2

π
ψ (z)

The uniform configuration is ψ = ±π/2 (the minimum of the ”potential”), hence it has a
free energy F [uniform] = −K2 Volume/ξ2.

The difference of the free energy of the configuration obtained above is

F [ψ]− F [uniform] = K2

∫
dz
[
ψ′(z)

]2 ∼ K2 ξ [1/ξ]2 ∼ K2/ξ > 0 (27)

where I made use of (24) ; I have used that ψ′(z) ∼ 1/ξ on a width ∼ ξ.
The configuration for the non uniform field has a higher free energy due to the elastic cost.
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