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PART 1 : Out-of-equilibrium statistical physics

1 Introduction

This first set of lectures is devoted to out-of-equilibirum statistical physics. Equilibrium statisti-
cal physics provides a well defined procedure to study the thermodynamic properties of systems
with complex dynamics. The main idea is to replace the study of the complex dynamics of the
system, i.e. how its state f(t) evolves in time (here T’ represents a point in phase space), by
some statistical information, i.e. the probability p(f) to find the system in a given state. The
first approach would require to solve a macroscopic number of differential equations, while the
beauty of the second approach lies on the fact that the determination of the probability density
relies on very few information, what can be understood as a result of a maximum entropy prin-
ciple. The choice of the distribution, microcanonical, canonical, grand canonical, etc, is driven
by physical considerations or simply by convenience.

Out-of-equilibirum statistical physics requires a statistical treatment of the dynamics, which
can be achieved by various approaches, phenomenoligical or microscopic. On the more phe-
nomenological side : the Langevin equation, the master equation and the Fokker-Planck equation
provide different approaches for the analysis of stochastic processes. On the more microscopic
side : kinetic equations (BBGKY hierarchy, Boltzmann equation, Vlasov equation, hydrody-
namic equations,...). Note that the frontier between phenomenological and microscopic is not so
sharp, as we will see by deriving a Langevin equation from a microscopic model (§ page .

2 Stochastic processes (1) : the Langevin equation for a particle
in a fluid
The aim of this introductory paragraph is to start the discussion of stochastic processes with a

concrete and simple example : consider a particle in a fluid, submitted to a friction force. The
usual phenomenological model is friction proportional to the velocity (Stokes regime),

Fp=—yv, (1)

where v is the friction coefficient. For a spherical particle of radius R, fluid mechanics gives
v = 6mn R where 7 is the viscosity of the fluid (for example, n ~ 1073 kg.m~!.s~! for water at
T = 20°C). In the absence of any other external force, the Newton equation of motion takes

the form mv = —ywv. The friction coefficient has dimension of a mass divided by a time, hence
we can write m
- 2
7= (2)

where 7 is the relaxation time for the velocity.

2.1 Fluctuations and Langevin force

In 1827, the scottish botanist Robert Brown observed with a microscope that pollen grains at
the surface of watter move erratically. |'| It was understood later that this observation supports
the atomist description of matter as it is the manifestation of the fluctuations in the fluid (erratic
motion of the molecules). A clear description of the phenomenom was given much later by Albert
Einstein (1905). If the particle (the pollen grain) is small, it is not only submitted to the friction
force but it is also sensitive to the fluctuations in the fluid, i.e. the collisions with molecules.

You can find some historical perspectives in the excellent article of Bertrand Duplantier [8].



The typical collision time between molecules in a fluid is 7eon ~ 10719 s, thus we expect that
the Brownian particle experiences collisions with the rate 1/7.,; and which can be considered
as independent. The friction force is due to the effect of these collisions over a much larger time
scale. Additionally to the friction force, we model the frequent collisions by introducing a force
&(t) fluctuating in time, called the “Langevin force” :

m® — )+ ) Q
dz(t)
1 — o) (4

Because the collisions are exerted at random along all directions, we expect that

(€) =0 ()

where (---) denotes statistical averaging ﬂ (it is also true if we consider averaging over time
for a single history). As the Langevin force models the force exerted on the particle by the

molecules, it is natural to assume short time correlations (£(¢)(t')) = TCH o((t—1t')/Teon) where

¢ is normalised function of width ~ 1 centered on the origin (like (1/2)e~1*! or 7r*1/2e*x2) and
C the strength of the fluctuations. As we are interested in the dynamic of the Brownian particle
over time > 7.1 we can simply consider

(€)= Co(t—t) (6)

(which corresponds formally to 7.on — 0). A random function characterised by such local
correlations is called a “white noise”.

Figure 1: Robert Brown (1773-1858), Albert Einstein (1879-1955), Paul Langevin (1872-1946)
and Jean Perrin (1870-1942).

This model was introduced by Paul Langevin [16]. Why studying a model for the motion
of a pollen grain at the surface of a fluid (or more generally a “colloid” in a fluid) is an impor-
tant problem ? The reason is that several ideas of the Langevin model have a much broader
application in out-of-equilibrium statistical physics.

We now analyse the statistical properties of the particle. Taking advantage that the equation
of motion is linear, its integration gives

v(t) = v(0)e T + % / t At €ty e =1/ -
0

This representation makes easy to deduce the statistical properties of v(t) from those of (¢). If
the initial velocity is non random, we have

(v(t)) = v(0)e™"/T. (8)

2Statistical averaging corresponds to average over different histories of the particle, with same initial conditions
but in a different environments (different realisations of the Langevin force). This is the procedure followed by
Jean Perrin in his experiments [30] ; cf. figure below.




After a time larger than 7 = m/+, the memory of the initial velocity is lost and the velocity is
def

independent of v(0). We also get the correlator (v(t)v(t')). = (v(t)v(t)) — (v(t)) (v(t)) :

(0(00(t)), = g (617 =04 o

2m?2
The correlations decay in time over the same time scale 7.

#» Exercice 2.1 Comparison between time and statistical averaging: One considers
the random ”function” given by the sum of impulses &(t) = Zivzl Kn 0(t — t,) defined over the
interval [0, T, where

e the t,’s are independent and identically distributed (i.i.d) random times uniformly distributed
over [0,T] (i.e. one t,, has distribution p(t,) = 1/T). We denote by A = N/T (for N — oo and
T — o0) the rate of occurence of the random times.

e The ky’s are i.i.d random variables with common distribution w(r) with finite (k2 ).

a) Compute the time average of £(t), over the time interval [0, T]. Compare with the statistical
average (over t,’s and k;’s).

b) What is the condition on the random function {(t) allowing to define a time averaged cor-
relator C(t —t') = E()§(t') = E(B)E(t') — (1) §(t') 7 Compare to C(t —t') = (§(t)E(t)), =
(E()E() — (€()) (€())-

2.2 A fluctuation-dissipation relation

We now introduce another assumption : after a sufficient long time, we expect that the particle
is at thermal equilibrium, like the fluid, hence (v(t)?) = ksT/m (equipartition theorem). This
requires a constraint between the strength C of the Langevin noise (the fluctuations in the fluid),
the friction coefficient v and the temperature :

dissipation
C =2 4 kT (10)
1

fluctuations

this is a first formulation of the fluctuation-dissipation theorem (FDT). We could write
the correlator of the noise

(EWEM)) =29 kT S(t — 1) . (11)

The phenomenological coefficients C, the strength of the Langevin force, and ~, the friction
coefficient, are not two independent parameters (at least when thermal equilibrium holds).
Below (§ [4.3)), we will introduce a microscopic model of friction and try to clarify the origin of
this relation.

#> Exercice 2.2 Langevin equation for random initial velocity: The correlator @

corresponds to a fixed initial velocity. Consider now the case where the initial velocity is random,
2

muv

2]63% :

distributed according to P(vg) o exp { —

equil

a) Compute the new correlator, denoted (v(t)v(t'))
b) Can we compare the two correlators 7
# Ezercice 2.3 Measure of the Ornstein- Uhlenceck process: In the stationary regime,

compare the correlator with the one obtained in Exercice 77. Deduce what is the measure of
the Ornstein-Uhlenbeck process.



2.3 Diffusion

In the stationary regime the correlator of the speed is a "narrow function” of width 7, with
weight

+o0
[_ ap¢Q@@nw»?“:2%T.

As a result, neglecting the transient regime at short times, we can write

(12)

(z(t)?) ~ /Ot dt, /Ot dtg (v(t1)v(t2))3 =~ ¢t /+OO d(t1 — ta) (v(t1)v(te))S™ = 2Dt (13)

—00

In other terms, we have obtained a general relation between the velocity correlator and the
diffusion constant

Dgow@@mmm (14)

For the present model, we get the expression

(15)

This is another formulation of the FDT, relating three different physical quantities, the diffusion
constant characterizing the fluctuations of the motion, the friction coefficient characterizing the
dissipation and the temperature.

#y Ezercice 2.4 : Choose initial conditions for a fixed initial velocity z(0) = 0 and v(0) = vo.
Compute (x(t)). Then, Study precisely <:B(t)2>c. Analyze the crossover between the short time
and large time <93(t)2>c  t diffusive behaviour.
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Figure 2: Measurements of Jean Perrin (1908) ; from [30]. Left : few examples of trajectories.
Right : final points after the several histories (for a fized time).

#y Ezercice 2.5 Mean square displacement from the Langevin equation: Our aim is
to compute the mean square displacement <x(t)2> of a Brownian particle in a fluid We assume
that x(0) = 0 and that the particle is initially at equilibrium with the fluid. We apply the
method proposed by Langevin in his famous article [16].

a) Prove that %x(t)Q + 242()? = 20()? + Zx(t) £(2).

T dt m

b) Give an argument to justify (z(t) £(t)) = 0. What is (v(t)?) ?

3We recall the definition of the diffusion constant D ' limy_, o 5 (z()?)..



c¢) Argue that % (z(t)?) ‘t:(] = 0 and deduce

(z(t)?) = ijT t=r(1-e7)] (16)

Analyze carefully the limiting behaviours (interpret the t — 0 behaviour) and plot the function.

2.4 Large scale properties and overdamped regime

Over large time scales (>> 7), the correlator seems a narrow function which can be replaced by
a delta function

/y\stat kJBT _le—t . C e"t_t'VT largiscale C N 1 ,
(b)), = ST =S =R G- t) = 5 (We)) . (D)
This corresponds to write
large scale 1
o(t) TR =) (18)
Y
i.e. to neglect the acceleration term in Newton’s equation :
0~ —yv(t) + £(t) (overdamped regime) . (19)

This approximation is called the “overdamped regime”, which is achieved either by studying
the process over large time scales, , or by formally considering the limit of strong damp-
ing, v — oo. As a result we obtain that the velocity equals the force. If an additional
(conservative) force F'(x) is introduced in the equation of motion, we have

dfiit) ~ '1y [F(x(t)) + £(t)] (overdamped regime) . (20)

This is similar to the pre-Galileo-Newtonian postulate, proposed by Aristote, which makes sense
for the motion of a particle in a viscous fluid. We will come back later to a general analysis of
this stochastic differential equation.

2.5 The free Brownian motion (the Wiener process)

In the overdamped regime, in the absence of the external force F'(x), the position is just the
integral of a Gaussian white noise

1t
x(t):i:(g/)—i_’Y/o du&(u) (21)

Let us simplify the notations and introduce a normalised Gaussian white noise 7(t) =
£(t)/V/C so that
(n)) =0 and  (n(t)n(t')) =do(t—1t). (22)

We now consider the normalised free Brownian motion (the “Wiener process”)

W@—Adww> (23)

thus

(WHW(H)) = /0 ' du /0 ' dvd(u —v) = /0 " (24)

7
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Figure 3: A Brownian trajectory : W (t) as a function of t.

Finally

(W(t)W(t')) = min (¢,t) (25)

Interpretation : consider the case t < ', we have (W(t)W(t')) = (W) — W)W (t)) +
(W(t)?). The second term is t (diffusion) ; the first term vanishes as the two increments
W(t') —Wi(t) = ftt/ dun(u) and W(t) = fot dun(u) are independent.

# Exercice 2.6 : Check that the increment depends only on the time difference
2
(W) —wE)]") = [t -7 (26)
In the limit ¢ — ¢’ we get limy_, ([W(t) — W(t’)]2> = 0. One rewrites this property as

ms-lim[W(t) — W(t')] =0 (27)
t'—t
where ms-lim is the “mean-square limit”. This last equation implies that the curve W (t) is
continuous. Mathematicians have proven that this is true for all Brownian curves (atypical
discontinuous curves do not exist). Another consequence of is that

W(t)—W(t)\> 1
<<t—t) >: =7 29

which goes to infinity when ¢t — ¢/, i.e. W(¢t) is non differentiable. The curve is extremely
irregular (see Fig. [3). This irregularity is related to scale invariance and fractal behaviour (with
fractal dimension 1/2). For a > 0, it is clear that

(W (at)W(at')) = o min (¢,t') = a (W ()W (1)) (29)

Because W (t) is Gaussian, all statistical information is encoded in the two point function,
hence this equality means that we can identify the statistical properties of W («t) with those of
VaW (t). Mathematicians express this through and “equality in law”

W(at) "= Jaw(t) (30)

(their ”laws” are equal). Because W (t) = n(t), we can also write the equation for the Gaussian

white noise as )
(law)

t) = —n(t). 31

ot) = (o) (31)

#v Exercice 2.7 From the Wiener process to the Ornstein-Uhlenbeck process: We

consider the Wiener process described by the equation dvgqgu) = n(u), where n(u) is a normalised




Gaussian white noise.

a) Consider p(u) a monotonous function. Argue that

(law)
n(e(u) = ———==n(u) (32)
| (w)]
b) Deduce the stochastic differential equation for
x(t) = W (u) with  u = uge®” (33)

Nz

® Important points

e Master the analysis of the linear Langevin equation (integrate, average, etc)

e Fluctuation-dissipation relation (different forms) : Langevin force and damping force have the
same origin, hence the relation.

e Wiener process : main properties.

3 Stochastic processes (2) : Markov processes and master equa-
tion
We have discussed above few simple stochastic processes (the Wiener process and the Ornstein-

Uhlenbeck process). Let us now introduce some tools (vocabulary) allowing for a general analysis
of stochastic processes.

Figure 4: Marian von Smoluchowski (1872-1917) is considered as the father of the theory of
stochastic processes.

3.1 Generalities : joint probabilities, conditional probabilities

The aim of the section is to introduce some useful tools and concepts needed to describe random
processes. In the previous section, we have obtained an integral representation of the trajectory
in terms of the Langevin force, which has been used in order to analyze its statistical properties.
In general, one considers a random process X (t), i.e. a random function of the time, and one is
interested in its statistical properties. Its probability should be given by a functional P[X(t)],
which is rather complicate to manipulate (for example an explicit calculation of an average
might be difficult, e.g. (X (t)) = [ DX (t) P[X(t)] X (t) where one should define how to perform
the integral over the functions). For this reason we will introduce other tools more simple
conceptually and practically.



Joint probability : In order to characterize the statistical properties of the random process,
we can introduce the joint probability or the n-point function

P, ;- -5 o, b5 01, 11) = (6(2n — X(tn)) -~ (21 — X (11))) (34)
—
time
corresponding to the probability (density) for the process to be equal to z1,--- ,z, at times
ti, - ,t,. We can also write

Py (xp, tn; -5 x2,ta;21,t1) dey - - - day, = Proba{ X (t1) € [z1,x1+dx1] & -+ & X (tn) € [xn, Tp+dzy]}

From the definition, it is clear that one integration connect the n-point to the n — 1-point
functions

/dxk Pp(xn,tn; 3 Tt 1, bt 13 Ty Ty i1, t—1s - - -5 21, 11) (35)

= Pr1(Tn,tn; 3 Th1s tht 13 The1, thm13 - -+ 3 21, E1) (36)

Conditional probability : Another important concept is the one of conditional probability

corresponding to the probability for the process to pass through x1,--- ,z, at successive times
t1,- - ,tn, given that it has passed through y1,--- ,y, at successive times 7,--- , 7, :
P (Tnytni -3 21, 015 Yy T -3 Y1, T

Pn\m(l‘mtn§“‘;$1,t1|ym,7'm;"‘§y177'1): n+m( ny ny 5L 015 Ymy Tmis 3 Y1, 1) (37)

P (Y tms - 591, T1)

3.2 Markov processes

A very important class of random processes are Markov processes. A Markov process is a random
process whose evolution only depends on its initial value, and not in his history before the initial
time. Hence we can write

Pn|m(xn7tn§ o, b ’ymaTmQ e '391,7'1) = Pn|1(xnatn§ ce o, b ’ymaTm) (38)

which expresses that history prior to 7,, does not matter... only the last position y,, at time
Tm determines the future evolution.

Figure 5: Andrei Andreievich Markov (1856-1922).

Let us examine the consequences of this assumption. Consider for example the three point
function :

Ps(x3,t3; w2, t2; w1, t1) = Pyjo(w3, t3|wa, t2; 21, t1) Pa(22, t2; 1, 1) (39)
_ P1|2(x3,t3|x2,t2;331,751)P1|1(x27t2|x1’t1) Pl(iﬂlatl) (40)

Mark
= Prjy (w3, t3|v2, t2) Pu (22, tolon, tr) Pi(z1, 1) (1)

10



We can generalize this to any joint distribution. We simplify the notation as Py (z,t|y,t0) =
P(z,tly,to) and Py(x,t) = P(x,t) and we conclude that

A Markov process is fully characterized by
P(z,tly,to) and P(z,t) only.

Chapman-Kolmogorov equation : Start from the general property
/dxz Ps(3,t3;m2,t2; w1, t1) = Pa(xs, t3521, 1) - (42)

For a Markov process, using , one gets the Chapman-Kolmogorov equation

/de P(x3,t3]|z2,t2) P(x2, ta|x1,t1) = P(x3,t3|x1,t1) (43)

The probability to go from xz; to z3 is the sum over xo of the probabilities conditioned to passed
through xs.

Now multiply this equation by P(x1,t1) and integrate over 1. We get (x3, t3 — x5, ty and
T2, o — x;, ti)

P(:L“f,tf) :/dﬁiP(l‘f,tﬂﬂji,ti) P(l‘i,ti) (44)

Which shows that the conditional probability relates the distribution at initial time ¢; to the
distribution at final time ¢ ;. For this reason, P(x,t¢|x;,t;) is sometimes called the “propagator”.

Figure 6: Andrei Nikolaievitch Kolmogorov (1903-1987), well-known by physicists for his major
contributions to the theory of dynamical systems and probability.

Homogeneous Markov processes : In the following we will restrict ourselves to Markov
processes such that the transition probability is invariant under time translation

P(xa,t2|21,t1) = P(w2,t2 — t1]21,0) (45)

Such random processes are denoted “homogeneous”. 1 will sometimes denote the propagator as
Py(x]xo).

An example of Markov process : we can come back to the Langevin equation for
the velocity. This equation is first order and involves a white noise (£ uncorrelated in time),
hence the evolution is fully determined by v(0) = vy and the process is Markovian. Assuming

11



furthermore that the Langevin noise is Gaussian, [*| we can get easily the two fundamental
probabilities characterizing the process. From the above calculations we have, cf. (819)

(v(t)) = voe™"/7 (46)
Var[v(t)] = k;LT (1 - e*Qt/T> (47)

The process v(t) is a convolution of the Gaussian Langevin force £(t), hence it is also Gaussian.
The knowledge of these two moments is sufficient to characterize the full distribution, which is
here conditioned by the initial velocity :

m m (v —wvge t/7)?
P, = — . 48
t(vleo) \/ kT (1— e 2/7) eXp{ nl (1 — o 2/7) (48)

At large time, the conditional probability converges toward the equilibrium distribution

Pi(vfvg) — P(v) = /e ToT " (49)
t\vivo) =2 P =\ o ©

(the Gibbs distribution). Here, the ”one point distribution” P(v) is independent of the time due
to the existence of a stationary state (this is not always the case). This is also why the conditional
probability rapidly converges (exponentially fast) toward the equilibrium distribution. The
process described by equation , or the conditional probability , is known as the Ornstein-
Uhlenbeck process. It is the subject of the Doob theorem (the only homogeneous Gaussian
stationary random process is the Ornstein-Uhlenbeck process). H

#y Exercice 3.1 : Recover the correlator (v(t)v(t')), given by (9) from the conditional prob-
ability. Consider both cases of initially fixed velocity and random velocity.

Let us now discuss two instructive examples of stochastic processes, Markovian and non
Markovian. Let us recall that the Markovian nature of the process defined by the Langevin
equation originates from the two reasons : (i) the differential equation is first order, hence
the solution depends only on some initial value v(0) ; (ii) the noise is d-correlated, hence there
is no memory.

A non Markovian process : if we consider now the position of the particle described by
the Langevin equation , the differential equation is m# = —y & + £(t) : the noise is still
d-correlated, however the differential equation is now second order, hence the solution depends
on both the initial position x(0) and the initial velocity #(0), which depends on the history
before ¢t = 0 : the process x(t) is not Markovian.

We could also argue that the position obeys a first order stochastic differential equation,
& = v(t) where v(t) is a "noise”, however this latter is characterized by a finite correlation time
(memory time), (v(t)v(t')) = % e It=¥'l/T Hence x(t) is non Markovian because the noise is
not J-correlated (from this point of view, one says that the SDE for z(t) involves a ”colored
noise”).

These are two different points of view to assert that the process x(t) is not Markovian.

“The distribution of the noise is a Gaussian : P[] o< exp{ — 55 [dt£(t)*}. On can deduce from this that
(E@)E)) = C8(t —t') [hint : discretize the time to check this].

5The Ornstein-Uhlenbeck process is more frequently introduced as a model for a particle attached to a spring
in the overdamped regime : &(t) = —k x(t) + &(¢).

12



A 2D Markov process : z(t) is a non Markovian process, however it can be considered as
the first component of a two-dimensional Markovian process ¥ (t) = (z(t),v(t)) : the system
of differential equations is first order, and can be written under the more general form of a
multidimensional Langevin equation

-,

i = i) + By Ej(t) (50)

where & = (v, F(z) — yv) is the drift (we have added a conservative force). The noise Z(t) =
(0,£(t)) is uncorrelated in time and the matrix is By, = Byy = Byy = 0 and B, = 1. Hence it
is a 2D Markovian process. We will see that the joint distribution P;(z,v) obeys the “Kramers
equation” 0;P; = [ — O — Oy(F () —yv) + vkgT ag]Pt.

The analysis of this example shows that the identification of a Markov process is sometimes
a question of perspective, and also illustrates that Markov processes are elementary building
blocks.

3.3 Master equation

Continuous processes.— Let us start with the case of continuous processes, which is more
general. As we have seen, Eq. , the evolution of the distribution of a Markov process can be
represented in terms of the conditional probability which plays the role of a “propagator”

P(Ji,t) == /dl’o P(IL‘, t|3§‘0, to) P(l’o,to) . (51)

However, this equation and are not of great help to determine the two fundamental functions
P(z,t) and P(x,t|xg,to). The distribution is more conveniently obtained by solving an evolution
equation for an infinitesimal time : such an evolution equation can be related to the above
integral equation by considering the evolution during an infinitesimal time §¢ — 0. In this case
we expect

P(z,t + t|xg, t) =~ 0(x — x0) + 0t Wi(2|x0) + O(61?) (52)

The linear correction follows from the Markov assumption : at short time, the transition proba-
bility is linear with time and involves a transition rate Wy(z|zg)dx for performing the transition
from xg to [z, x + dx].

In the following, we will restrict ourselves to homogeneous processes (time translation
invariant) such that

Wi(z|zo) — W(x|zo) (homogeneous process) (53)

is independent of time. For homogeneous processes, we find the differential equation (in time)

dP(z,t)
ot

= /dx’W(:cx’) P(a',t) (54)

Note that the conservation of probability requires that

/dxfW(a?f]a:i)—O N gt/da:P(x,t)—O vt (55)

so that probability [dx P(x;t) = 1 is conserved. This condition follows from the normaliza-
tion condition of the conditional probability, in the expansion . Obviously, the conditional
probability obeys the same equation

OP,(z|zo)

5t = /dx’ W (z|z') Pi(2'|zg)  for initial condition Py(z|zo) = 6(z — z) - (56)
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In a specific problem, the transition "rates” W (xz|zg) are given and the aim is to solve the master

equation (54), or (188).

In the most general case, a Markov process can combine

e a diffusion : in this case the integral kernel is replaced by a second order differential operator
e jumps : leading to an integral term in the master equation, like in .

Below, we will give concrete examples.

Discrete processes.— For simplicity, let us first consider a random process which takes
discrete values X (t) € {x1,---,zam} and denote P,(t) = Proba{X(t) = z,,}. The Markovian
nature of the process implies that P, (t+ dt) depends on the state of the process at time ¢, hence
it can be related to the probability P,(t), i.e. the distribution obeys a first order differential
equation

d

where the transition rates W, ,, form a M x M matrix (with W,, ,, > 0 for n # m), and satisfy
> Wom =0 (58)
n

ensuring the conservation of probability }_, P (t) =1Vt (hence Wy = —3_, (., Winn is the
only negative matrix element). The evolution equation is known as the master equation.

Note that by using Wy, , = —>" (#n) Win we can rewrite the master equation as
d
() = > WamPa(t) = Winn Pa(t)] (59)
m (#n)

(we can further replace }_, .,y — >_,). This form avoids to add the restriction (58).

Birth and death processes.— A subclass of these discrete processes are “birth and death
processes”. They correspond to the case where the transition matrix is tridiagonal, i.e. allows
only transitions between nearest neighbour states. The master eqaution has the form

d

&Pn(t) = dnJrl PnJrl(t) + bnfl Pnfl(t) - (dn + bn) Pn(t) (60)

where d, > 0 and b, > 0 are death and birth rates, respectively. A simple example is the
Poisson process studied below.

We discuss below several examples for various Markov processes.

#v Exercice 3.2 Random telegraph process: We consider the most simple Markov process
X(t), taking only two possible values X; or Xy (this is a "two level system” for stochastic
processes). The transition rates are \1 (from X; to X5) and A9 (from Xs to X1). We denote by
P;(t) = Proba{X (t) = X;} with i € {1, 2}.

a) Write the set of differential equations for P;(t) and P»(t). Deduce a matricial form %P(t) =
W P(t), where P = (P; P;)" is the column vector (* denotes tranposition).

b) Find the stationary solution, denoted by P, and give the general solution of the master
equation.

¢) Determine the conditional probability P,(i|j). Discuss detailed balance.
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d) Express (X(t)) and (X (t)X(t')) in the stationary regime. For simplicity, choose X1 = 0 and
Xy =1. Compute C(t —t') = (X ()X (t)) — (X (2)) (X (¥')).

e) Deduce the power spectrum S(w) of the telegraphic noise (use the Wiener-Khintchin theorem
and the relation with the correlation function C(t)).

a) Example : the Poisson process (statistics of uncorrelated events)

The Poisson process takes integer values A4 (t) € N with .4#°(0) = 0. With probability rate A,
the process is incremented by one, i.e. during an interval of time of duration dt¢, the process
increases by one with probability Adt. We denote P, (t) = Proba{.#"(t) = n} its probability.

The Poisson process (PP) counts the occurences of independent events. For instance the
number of drops of rain falling on the floor during a time interval t. Or the number of desinte-
grations in a radioactive material.

>

Figure 7: An instance of Poisson process : A (t) as a function of t.

# Exercice 3.3 Master equation for the PP :
a) Show that the master equation for the Poisson process is

7Pn(t) = )‘Pnfl(t) _)‘Pn(t) (61)

for n > 0 (and d]z)t(t) = —APy(t)). In other terms, the rate "matrix” has elements on the

diagonal and just below the diagonal Wy, p, = A ( — O + 5m7n_1).

def

b) Introduce the generating function G(z;t) = Y 7 (2" P,(t). What is the value of G(z;0) 7
Get a differential equation for G(z;t) and solve it.

¢) Deduce that

(A"

d) Determine the moments the cumulants (¥ (t)¥).. of the Poisson process.
e) Give the distribution q(7) of the time separating two successive events [indication : relate q(T)
and Py(t)].

Note that corresponds to the initial condition .4 (0) = 0, hence the conditional proba-
bility of the Poisson process is P,(n|m) = P,_y,(t) for n > m and Pi(n|m) = 0 for n < m. Here
we have used translation invairance in ”space”.

# Ezxercice 3.4 : Consider the Poisson process with .4 (0) = 0.
Check that ), Pi(n|no) Pp,(to) = Pu(t + to).
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#y Exercice 3.5 Derivative of the Poisson process : We consider the noise &(t) = >, §(t—
tn), where the times are i.i.d. for a uniform density . Le., when they are ordered, the events
occur randomly and independently with rates A. In other terms, the noise is the derivative of
the Poisson process introduced above £(t) = A (t).

def

We introduce the generating function of the noise G[h] = (exp [ dt h(t)£(t)), where (o) is the
averaging over the random times t,,’s.

a) Show that G[h] = exp {\ [ dt(e"® —1)}.
Hint: Consider that the N times are not ordered, distributed over [0, T|™ with measure dt; ---dtx/TV.

b) Deduce the connex correlation functions (cumulants) : (§(t)) = X and (£(t1)---&(tn)),. =
AO(ty —t2)---0(t1 — tp).

Hint: Consider functional derivatives of In G[h].

In conclusion, £(t) = A7'(t) is a non Gaussian white noise.

b) Another example : the compound Poisson process

A natural generalization of the Poisson process is the compound Poisson process (CPP) ﬁ D we
consider now that the process X (¢) makes random jumps

X(ty) = X(ty) +1m (63)
where the 7,,’s are i.i.d., distributed according to a distribution w(n). As for the Poisson process,

the jumps occur at random times t,, with rate A. After a time ¢, the number of jumps A4 (¢) is
random (it is a PP). The CPP can be written in terms of this PP as

N (t)
X(t) = (64)
n=0

with 7o = X (0) = 0.

Figure 8: Compound Poisson process X (t) for Gaussian jumps.

#v Exercice 3.6 Master equation for the CPP:
a) Show that the master equation for the CPP is

P [ anuto) (P = 5.0 - Pla.o) (65)

i.e. of the form for W (z|zo) = A [w(z — z9) — 6(x — mo)]. Note that here, the transition
rate is translation invariant.

b) Continuum limit.— Study the limit A — oo with w — 0 such that a = \(n,) and b = \(n2)

Sin French: “processus de Poisson composé”.
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are kept finite (argue that, in this limit, A(n¥) — 0 for k > 2).
¢) Introducing the Fourier transforms P(k,t) = [dxze % P(z;t) and (k) = [dne 1 w(n),
show that the solution is oo

P(LU, t) _ / % et [w(k)—1]+ikz ) (66)

—oo 2m
Discuss the continuum limit.

d) When (n2) = oo, the process belongs to the class of Lévy flights. For example, if w(n) ~ c/n?
for n — £oo we have w(k) ~ 1 — c|k| for k — 0. Deduce P(x,t) over large scales. Discuss also
the more general case where w(k) ~ 1 — c|k|#* for k — 0, with u €]0,2].

#» Exercice 3.7 Derivative of the CPP - a non Gaussian white noise :

a) Using the representation £(t) = X'(t) = >, nn 0(t — tn), where both the times t,,’s and the
coefficients 1y, ’s are random, derive the connex correlation function of the noise (£(t1) - - - &(ty)),.-
Hint: follow the same steps as in exercice

b) Show that the noise becomes a Gaussian white noise in a certain limit.

3.4 Markov chains

An important class of random processes are Markov chains, which are homogeneous random
processes, discrete with respect to both the time and the state. This makes such processes
rather convenient for numerical analysis.

a) Stochastic matrix

We consider a random process X (t) € {1,--- , M} and denote P, (t) = Proba{X(t) = n}. The
master equation introduced above involves transitions at random times. For Markov chain,
the jumps occur at regular discrete times, thus the master equation takes the form

Po(t+1) = ZMnm P (t) (67)

where
My = Proba{m — n} € [0, 1] (68)

is the M x M matrix of transition probabilities. M is called a “stochastic matriz”. It satisfies

Example of Markov chain : the biased RW.— A simple example is the case of the
random walk on the line, where, at each time step, the walker jumps to the left with probability
q or to the right with probability p. Then

My, = pém,n—l +4q 5m,n+1 (70)
(with p+ ¢ =1).

For the following, it is useful to rewrite the master equation in a form closer to the

differential equation by using

Pi(t+1) = Pi(t) = Y [My; P;(t) — Mj; Py(t)] (71)
J(F#1)
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# Exercice 3.8 Continuum limit of the Markov chain : Consider a Markov chain with
jumps occuring every dt. Argue that the master equation is recovered by considering the

continuum limit
Mij = 5ij + 0t Wij with 6t — 0. (72)

If M is a stochastic matrix, what is the constraint on the matrix W 7?7

b) The Perron-Frobenius theorem and the stationary state

We can interpret the condition as the existence of a left eigenvector L(®) = (1,---,1)T for
eigenvalue \g =1 :
LOTA = LOT  or  MTLO = 1O (73)

where (-)T denotes transposition (the vectors are column vectors). The Perron-Fribenius the-
orem states that (i) Ao = 1 is non-degenerate, (ii) it is the largest eigenvalue, (iii) the related
right eigenvector

M R©® = RO (74)

has positive components. For a finite number of states M, this corresponds to the stationary

solution, R®) = (Py,---, P;,)T. Normalization condition reads L(OTR(® = 1 (the scalar

product is the product of the line and the column vectors). We can rewrite equation as
> [Mi; Py — M Pf]=0. (75)
J(F#)

c) Classification of Markov processes

We now discuss the different scenarii which might occur. We keep considering the case of Markov
chains, although a similar discussion could be developed within the master equation.

(i)  Equilibrium.— Often, the existence of a stationary solution is ensured by a condition
stronger than , called the detailed balance condition

M;; Py — Mj; P} =0 (detailed balance) (76)

If detailed balance is fulfilled, one says that P is an equilibrium state. We can also

conveniently relate the ratio of rates to the ratio of probabilities

M;;  Pp
My Pr

(detailed balance = equilibrium) (77)

The relation should hold V(i, 7). This is a probabilistic definition of equilibrium.
(i) NESS (non-equilibrium steady state).— If the detailed balance condition is not
fulfilled but the condition

Z [Mij P]’,“ - Mj; PZ.*} =0 (stationarity) (78)
3(#4)

£0

holds, one says that the stationary state is a non-equilibrium steady state. Such states are
characterised by the existence of non zero probability fluxes.

(iii) Transient process.— When M — oo it is possible that the eigenvector (--- , P, )T
is not normalisable, so that there is no stationary state. Omne says that the process is

transient.

Depending on the matrix M;; which defines the Markov chain, one encounters one of the three
situations.
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d) Spectral decomposition - Relaxation

The stochastic matrix M, with positive matrix elements, is not symmetric in general, M™T # M.
We have seen above that its eigenvalue Ay = 1 is associated with a couple of left and right
eigenvectors L(® and R©). If M is diagonalisable, its eigenvalues A, < 1 are associated with a
biorthogonal set of left and right eigenvectors L(™ and R(™. We can choose the orthonormali-
sation condition as LMTR(M) = On,m, which leads to the spectral representation

M=) M\RMLMT, (79)

This is useful in order to solve the master equation (7). Denoting by P(0) = (P1(0), -+ , Paq(0))T
the initial conditions, we can write

P(t)=M'P(0) ie. Pu(t)=)Y MR LUTP(0) (80)
J def

¢; is the coefficient of the initial vector on the basis of eigenvectors P(0) =3 j ch(j ). Note that
co=LOTP(0) = >_; Pj(0) =1 carries all the normalisation.

An example of initial condition is P,(0) = dpm, i.e. coefficients ¢; = LY. Then, the solution
of the master equation is the conditional probability

Py(n|m) = (M) (81)

nm

Now let us discuss the large time behaviour. Using that \g =1 > Ay > Ao > .-, the large
time behaviour takes the form

Py(t) ~ P 4+ MARW (82)
t—00 N—— e’
ER;O) t;tao
where we have used ¢y = 1 (normalisation). This shows that 1/7yeax = — In \p is the relaxation

rate towards the stationary state. Relaxation is usually exponentially fast, unless the gap in the
spectrum vanishes and the spectrum is continuous.

Remark 1: apart A\g = 1, the eigenvalues are not real in general , however complex eigenvalues
should come in conjugate pairs since M is a real matrix (and the same for eigenvectors). Thus,
in the general case, the rate of relaxation towards stationary state is

1

= —In|\| (83)

Trelax

Remark 2: When M is non symmetric, it is not always diagonalisable. However it can always
be decomposed in terms of Jordan blocks.

# Exercice 3.9 : In the same spirit, solve Eq. . If probability is conserved, what is
expected for the eigenvalues of Wy, 7

# Exercice 3.10 Biased random walk on a ring: Consider the random walk on a ring
with L sites, such that with My, = pdpm+1+q Onm—1 forn,m € {1,---, L}. Periodic boundary
conditions are My;, = p and M1 = q.

a) Argue that the stationary state is an equilibrium state when p = ¢ = 1/2 and a NESS for
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pPF#q.

b) Give the spectrum of eigenvalues \i, and eigenvectors (left/right) of the stochastic matrix M.
1-v

Write p = 1% and q = =5 with v € [~1,+1]. Check that the ”spectral radius” is unity, i.e.
[Ap] <1VE.
¢) Decompose the conditional probability P,(n|m) over the eigenvalues and the eigenvectors.

d) Consider the limit L — oo and discuss the bottom of the spectrum. Compute P;(n|m) in the
two limiting cases v =0 and v = *1.

e) Simple examples :

Molecular vapour at thermal equilibrium : consider a vapour of molecules at thermal
equilibrium. Each molecule has energy levels ¢, expected to be occupied according to canonical
weights P* oc e %7, The molecule in an excited state falls in a state with lower energy by emis-
sion. Equilibrium and detailed balance imply that the absorption and emission rates between

two levels fulfill the relation r
nemo efﬁ(snfsm) (84)

Fmen

i.e. emission is more probable than absorption (the difference is spontaneous emission).

#1 Exercice 3.11 Master equation: the three scenarii: Let us consider the master equa-
tion describing the one dimensional diffusion on 7 with transitions between nearest neighbour

sites
atpn(t) - Wn,nflpnfl(t) + Wn,nJranJrl(t) - (anl,n + Wn+1,n) Pn(t) (85)

i.e. Wy m is a tridiagonal (infinite) matrix with W, , = =Wy, 1, — Wy41,n. Hence, this is an
example of birth and death process.

a) Current : check that the master equation can be rewritten under the form
P, = —Jp+ Jn-1 (86)

and express the probability current J,(t) related to the distribution P,(t) (J, measures the
current at time t between sites n and n + 1).

We now choose the matrix such that

W, = elV (m=V(n)]/2 (87)

)

where V (z) is a known function.
b) Equilibrium (J = 0).— Show that

Pr=Ce VM (88)

is a stationary solution corresponding to a vanishing probability current. Discuss the normalis-
ability.
¢) NESS (J # 0).— Find the stationary solution corresponding to J, = J ¥ n. Show that it is

Pr = Je V) S Vv im/2 (89)

m=n

Discuss the normalisability (consider the continuum limit for simplicity).

d) Provide an example where there is no stationary state.
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f) Detailed balance, reversibility and ergodicity

Let us consider a Markov chain with master equation , such that detailed balance is fulfilled.
We denote by P the equilibrium solution. Define

~1>0 (90)

ot Pi(t) — Pr)? Pi(t)?
thz( ()P;" ):Z Jgi*)

i
One can study the evolution of the quantity by considering AD; = Dy11 — D;. Some algebra
making use of detailed balance leads to

2
ADy = —5 ZMjiMk,-Pi ( Pr B <0 (91)
1,5,k J
Conclusion :
[} Dt 2 0
[ ] ADt < 0

e We conclude that D, \, and thus P;(t) — P;.

This shows that detailed balance ensures that the system reaches equilibrium. This remark is
borrowed from [19].

g) A practical (and important) application of Markov chains : the Monte Carlo
method

Consider a physical observable . At thermal equilibrium, the probability of a microstate
is P, o e PEe. If the number of states Ngate 1S t00 large, it might be difficult to compute

numerically the sum
Nstate

(O)eg= D PO (92)
/=1

For example, if one considers N Ising spins, the sum runs over Ngiate = 2N microstates, which
becomes rapidly untracktable if N is large (a square of 10 x 10 spins 1/2 has Ngtate ~ 1030
microstates).

Figure 9: Nicholas Metropolis (1915-1999).

The central idea of equilibrium statistical physics is to replace the study of the microscopic
(deterministic) dynamics by a probabilistic description. The Monte Carlo method replaces the
probabilistic description by a stochastic dynamics defined as follows : if the system is in state
|i) at time ¢, a move to another state | f) chosen randomly is made with probability

Proba{i — f} = My; = min (1, e =50} . (93)
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For example, in a spin system, one chooses a spin randomly and flip it, thus the difference of
energy Fy — E; is due to a local change, and the energy difference is very easy to compute.
This means that the matrix M,,,, changes randomly at each time step. Assuming Ey > E;, the
stochastic matrix has the form

1—eBEE) 1 — i)
<_

13 (94)

All other diagonal matrix elements are equal to one and all other non diagonal matrix elements
equal to zero. This is the Metropolis algorithm (from the name of the inventor of the method,
Nicholas Metropolis). Because My;/M;; = e BE;=Ei) such dynamics converges towards the
Gibbs equilibrium. Finally the statistical average is replaced by the time average over the
stochastic dynamics involving Ngtep

Nstep
o) . (95)

t=1

1
Nstep

o) =

The number of steps Ngiep can be chosen orders of magnitude smaller than Ngiate, still large
enough in order to ensure some ergodicity (see the book [14] for a detailed discussion).

Going from the microscopic dynamics to the Monte Carlo method, the scheme is the follow-
ing :

Classical mechanics Equilib. statistical physics Monte Carlo method
deterministic — probabilistic — stochastic
evolution description dynamics

3.5 Beyond the master equation : renewal processes

I discuss here another type of stochastic processes, known as Markov renewal processes, which
generalize the jump processes described by the master equation , or its discrete version
. Consider the master equation , which does not assume any constraint on the kernel
W (z|z"). This form makes clear that the master equation describes a situation where the
process in the state ' performs a jump with rate A = [ dy W (y|a’). Hence it stays at its initial
position during a random time 7 distributed with an exponential law ¢(7) = Ae™" (this was
discussed in exercice . A specific case where the transition rates are translation invariant
W (z|2') = Aw(z—2') corresponds to the compound Poisson process studied above (exercice|3.6)).

We consider here a more general type of processes characterized by a general waiting time
distribution q(7). We do not discuss the general renewal theory, instead we concentrate on a
situation which is translation invariant in space, i.e. simply generalizes the compound Poisson
process. We consider a particle with position X (¢) starting from the origin at initial time
X (0) = 0 and performing random jumps at random times

X(ty) = X(t,) +mn - (96)

The jump amplitudes are distributed according to the distribution w(n). For Markov renewal
processes, the distribution ¢(7) of time intervals 7, = t,, — t,,—1 > 0 is arbitrary (7,,’s are i.i.d.).

& Exercice 3.12 Continuous time random walks (CTRW) : For simplicity, we assume
in the following that w is a symmetric function.
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a) Justify that the master equation is replaced by the integral equation (in time)

P(x,t):/o qu(T)/Rdnw(n)P(xn,t7)+6(:n) /tooqu(T) (97)

Check normalisation
b) If g(1) = Ae™*7, check that one recovers (compound Poisson process).

¢) Solve the equation by introducing the Laplace-Fourier transform

Pk, ) / dt et / dz e Pz, 1) (98)
0 R

Deduce P(k,s) in terms of §(s) = Jo dre*7q(r) and w(k) = [ dne *7w(n). Express P(x,t)
under an integral form.

d) Consider distributions with power law tails w(n) ~ Inlﬁ“
T — +00.

What is the s — 0 behaviour of ¢(s) for a« > 1 7

For a < 1, show that ¢(s) ~ 1 — As®, where A is a constant.
Same questions for w(k) (distinguish p > 2 and p < 2).

for n — doo0 and q(7) ~ % for

e) Discuss the limiting behaviour of P(k,s) for k — 0 and s — 0. Deduce the scaling relation
between space x and time t [hint : analyze the integral representation for P(x,t)].

Draw a ”phase diagram” in the plane (u,«) and identify the regions of normal diffusion, subd-
iffusion and superdiffusion.

Discuss the case = 2« €0, 2].

3.6 Spectral analysis of stochastic processes — Wiener-Khintchin theorem

Convention for Fourier transform in time : We define the Fourier transform in time as

_ oo . +0o gy ~
Olw) = / A O e ot COf) = / Ao &gy et | (99)

—co oo 2T

Consider a homogeneous (time translation invariant) and stationary random process z(t)

defined on the interval ¢ € [0, 7], where T is the observation time. It is characterised by the

correlation function Cyy(7) < (x(t) z(t + 7)), assumed rapidly decreasing (assume (z(t)) = 0

for simplicity). Because the process is stationary, we prefer to consider its discrete Fourier
transform [7]

T
dt : . 2
G = / S etat et a(t) = 3 Fue o w, = % avec n € 7. (100)
0

n

Noise spectrum.— Let Aw be the bandwidth of the apparatus (with Aw > 1/T'). We define
the noise spectrum as the average of the square modulus of the Fourier components in the
bandwidth, i.e. in the interval [w,w + Aw] :

o 1 -
S(w) = Ay Yo (zP) (101)
wn €w,wt+Aw]

This is precisely the outcome of the device represented in figure (10 : sample — ampli/filter —
multiplicator — measurement.

"Later, we will define the Fourier transform in space as f, = fv dr f(r)e™9" where q is quantized if the volume

is finite, and f(r) = & > fa etiar | (2?)(1 fyetior,
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Amplificateur
Analyseur

Figure 10: Measure of the noise : the signal is amplified, duplicated and multiplied by itself. The
result is averaged over a long time T .

Figure 11: Norbert Wiener (1894-1964) & Aleksandr Yakovlevich Khinchin (1894-1959).

Wiener-Khintchin theorem.— From the above hypothesis, one can verify that : EI

s 1 ~
<$nxm> = T‘Sn,mczcx(wn) (102)
where C’m == T qr Cyz(7) €. Only components corresponding to opposite frequencies

wn and w_,, are correlatedﬁl Thus one has : ane[w,w+Aw]<|i‘n|2> = N%w ém(w) where Nay, =
AwT' /27 is the number of frequencies w,, in the bandwidth. Finally one gets

S(w) = (103)

i.e. a relation between the noise spectrum (fluctuations at frequency w) and the correlations.
A random process characterized by short time correlations thus corresponds to a broad noise
spectrum. The limit of correlation with zero range is called a “white noise” (flat spectrum).

S(w)

>
1/t¢

Figure 12: Wiener-Khintchin theorem : width of noise spectrum is inversely proportional
to the correlation time of the process.

SWrite mnil‘m fT dt T dt wnt—iwmt’cmz(t _ t,) _ % 0T dt’ 1<Wn7in>t/ _T;t’ d(t _ t/)eium(tft’)czz (t _ t,).

Short range correlation allows to write f_TtTt/ dit —t) - — fj:: (t—t) -
90ne can as well consider a process defined on R by writing 7' — 0o. The Fourier transform is then defined as
(w) = [dtx(t)e*" and one can show that (#(w)#(w')) = 276(w + w')Cax(w). Correspondence between the two
formulations is ensured by the substitutions Z(w) <> TZn and 2w (w — w’) > T, .
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#v Ezxercice 3.13 : As a simple application of the Wiener-Khintchin theorem, we analyze the
correlation of the velocity for the process defined by the phenomenological Langevin equation

dot) _ —/dt"y(t—t’)v(t’) +E() (104)

dt

where £(t) is the Langevin force (assumed to be a stationary random process with short time
correlations). Here the friction is nonlocal in time, controlled by a causal function ~(t), with
finite width 1,,. Show that

+oo ~ —iwT
C’UU(T):/ dw ng(W) — © - (105)
Y o B P
——
‘SForce(w)

Consider the limit Cee(T) = 2D~*6(7) et y(t) = v (t) and compute explicitly the correlator.

# Exercice 3.14 : Consider now the case of a Langevin force correlated over the finite time
T. (a microscopic time) : Cpp(t) = 2D72ie_|”/“. We expect the function y(t) to be of finite
width T, ; Assume y(t) = G(t)%e*t/%. The three time scales fulfill : 7, < 7, < 1/7y. Analyze
the residus of |y(w) — iw|~2 justify that one can consider T,, — 0 while keeping a finite 7., what

simplifies the evaluation of the integral. Show then that Cy,(T) = 1_816)2 [e= M — yr e /7],

Analyze the behaviour at short time as well.

® Important points

e Markov process (definition).

e Be familiar with the various forms of the master equation (continuous/discrete ; Markov chain).
e A good exercice : recover the properties of the Poisson process (and the CPP).

e Definition of the stochastic matrix. Use of spectral information to solve the master equation.
e Detailed balance and the classification of Markov processes.

e Wienes-Khintchin theorem : relation between the correlation function of an homogeneous
process and its noise spectrum.

4 Stochastic processes (3) : stochastic differential equations

In § we have discussed a specific case of stochastic differential equation (SDE), the Langevin
equation m3v(t) = —yv(t) + £(t) involving a d-correlated Langevin force. We took advantage
of the linearity to obtain an integral representation of the solution, which makes easy to analyse
the statistical properties of the solution. The aim of this paragraph is to consider a more general
situation and consider SDE of the form £z = F(z) + \/2D(z)n(t), where 5(t) is a normalised
Gaussian white noise.

SDE are particularly well suited for numerical simulations (it is easy to generate many
realizations of such processes). Here, the aim is to introduce some tools allowing for a statistical
analysis of the solution. Finally, let us stress that by considering here that n(t) is a Gaussian

white noise, we restrict ourselves here to the study of continuous Markov processes (with
no jump). E

YYRemember the end of § [2|: We showed that the Wiener process W (t) = fot dun(u) is continuous but not
differentiable. The solution z(t) of the SDE da = F(z) dt++/2D(z) dW (t) is also continuous but not differentiable.

Note that we could also write a differential equation for a Markov process with jumps by considering that n(t)
is the derivative of a Poisson process or a Compound Poisson process, i.e. of the form n(t) = > 1, 6(t —tn). The
analysis would be more complicated because the equation for P(z,t) then involves an integral operator instead
of a differential operator like in the Fokker-Planck equation (see for example describing the simple case of
the CPP).
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4.1 SDE with drift and additive noise
Let us come back to the analysis of the stochastic process described by Eq. . We write
dxz(t)

5 = Flam)+ V2D n(t) (106)
where 7(t) is a normalised Gaussian white noise with
(n(t)) =0 and (n(t)n(t')) =o(t—t). (107)

An analysis similar to the one of Section [2]is not possible (unless F'(x) o x) due to the nonlinear
character of the equation. Being interested in statistical properties of the solution, it is natural
to consider its distribution, or at least to build an equation for it, the Fokker-Planck equation.
Below we show that the corresponding FPE is
OP,(z) 0 0?
=——|[F(z) P, D—P 108

5t 5y [ (@) Pi(2)] + D o Pi(z) (108)
where Pi(x) is the distribution of x(¢). In the next section, we will furhter discuss how to solve
this equation.

Proof : We introduce the Wiener process

W(t) = /O at' n(t') . (109)

Introduce the increment W (t) = W (t + 6t) — W(t). The most important observation is the
independence of the increments and the property

(6W(t)%) = dt (110)
see above, Eq. . We now may write
Sz(t) £ 2 (t 4 6t) — x(t) ~ F(x(t)) 0t + V2D sW (t) (111)
Consider a test function ¢(x). We study the evolution of (p(z(t))).

(p(z(t +d1))) — (p(z(?)))
_ <g0/(a:) [F() bt + VEDOW| + 5 () [Fx) b1+ vansw] +-- > (112)

= (¢ (x(t)) F(x(t))) 6t + V2D (o' ((t)) OW (t)) + D (" (x(t))) 6t + - -- (113)

where we have kept terms O(dt). Because z(t) is only correlated with the increment §W (¢') for
t > t', we see that x(t) and W (t) are uncorrelated, thus (@' (x(t)) W (t)) = (¢’ (x(t))) (W (¥)) =
0. Finally

d

3 (@) = (' (x(1) F(z(1))) + D (" (x(t))) (114)
which has relied on the crucial property (110) : the expansion was performed until second order
as (110) makes some second order contribution (in W) contribute. We can now rewrite the
equation in terms of the distribution

gt/da?Pt(w)cp(x) :/det(:z:) [¢'(z) F(z) + D ¢" ()] (115)

Because the equation is valid V ¢, we can remove the integral, hence (108). QED.

(116)
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4.2 SDE with multiplicative noise : Ito or Stratonovich ?

The SDE ((106)) is not the most general form of stochastic differential equation as it corresponds
to the case where the diffusion constant is uniform in space. The aim of the paragraph is to
discuss the case of SDE of the form

dz(t)
dt

= a(z(t)) + b(z(t)) n(t) (not well defined!) (117)

where b(z) = \/2D(x) can be related to a z-dependent diffusion constant. As we explain now,
this form is however not well defined.

The noise is here multiplied by a function of the process : one says that the noise is mul-
tiplicative, whereas it is said additive in SDE . For a mutiplicative noise, the differential
equation is ambiguous and it is not fully defined. This is not surprising : if n(t) is a
Gaussian white noise, x(t) has the same regularity as the Brownian motion, i.e. is continuous
but not differentiable. The existence of a difficulty comes from the fact that we manipulate a
differential equation involving objects which are not differentiable in the sense of functions !

a) Discretization (numerics)

A first approach could be to discretize time (this is natural for numerical implementation of the
stochastic differential equation). We could write

T4l = Xg + a(a:t) ot + b(xt) (5Wt (118)

where x(t) = x; is measured every time step dt and SW; = W(t + ot) — W(t) is a Gaussian
random variable for <5Wt2> = 4t (all 0W; are i.i.d.). This is perfectly fine, however it turns out
that in the limit ¢ — 0, we do not recover the usual rules of differential calculus for regular
functions, as we will see below. This is not necessarily a problem, however this definitely deserves
clarification.

b) Origin of the ambiguity

To clarify this point, we come back to the continuous description and consider a slightly different
type of noise, made of d-peaks at random times

n(t) =Y ot —tn) (119)

If the times occur with a finite rate A, the noise n(t) is a white noise since (n(¢t)n(t')). = A d(t—t'),
however it is of non Gaussian nature because its higher cumulants are non zero (cf. exercice
page [16)).

In the close neighbourhood of time t,,, we can forget the drift and approximate the evolution

* dz(t)

dt
This means that z(t) is discontinuous at t,. In principle, dealing with a continuous function
Y(t) we can write (t) 6(t — t,,) = ¥ (tn) 6(t — t,,). What should we do for a function 1 (¢) which
is discontinuous at t,, 7 Here, this makes the time evolution ambiguous : Eq. shows that
x(t) makes a jump whose amplitude is b(z(t)), i.e. depends on the process at a time where the

process is discontinuous and still unkown ! How to choose this time ? We propose two possible
interpretations of the evolution (120) :

=t b)) 0t —t,)  fort~t, (120)
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(i)  Proposal 1 (+ ”It6”) Interpret the equation as &(t) = b(x(t,,)) d(t — ty), then

w(ty) = x(t,) +b(x(t,)) (121)

This is a natural choice for numerics. This is analogous to .

(il) Proposal 2 (+ ”Stratonovich”) As a physicist, one would rather consider that the o-
peak is a mathematical model for a regular narrow function of finite width §(¢) — d¢(¢), for
example 0¢(t) = Q%e_'t'/? Then starting from one writes dz(t)/b(x(t)) ~ 0°(t—t,) dt
and integrate around the 6¢, eventually taking the limit ¢ — 0. One gets

a(th) dz
— =1 122
/Jc(tn) b(z) (122)

which obviously differs from (121)).

# Ezercice 4.1 : Consider a multiplicative noise with b(z) = ax where « is a constant.
Compare the two evolutions (121) and (122) in this case.

The choice of the prescription, i.e. the precise meaning to give to the multiplicative noise
term, determines the evolution and contribute to define the stochastic process with the SDE. We
stress that given two different interpretations of the same equation leads to two different
evolutions, or , i.e. define two different processes. A similar problem occurs with the
SDE (117) where n(t) is a Gaussian white noise. Several interpretations can be given to the
multiplicative noise term.

Figure 13: Kiyoshi Ité (1915-2008) and Ruslan Leont’evich Stratonovich (1930-1997).

c¢) Itd convention

The simpler choice which first comes in mind is to consider that the process and the increment at
equal time are independent. This is a natural choice if one discretizes the evolution, as explained
above, see Eq. where 6W; = W (t+0t) — W (t) and x; are independent. This is appropriate
for numerical simulations. This is known as the [t6 convention, corresponding to the ”proposal
1”7 discussed above. In order to specify in which sense the SDE is understood, we write the
SDE as

dz(t) = a(z(t)) dt + b(x(t)) AW (t) (Ito). (123)

Doblin-It6 calculus and the It6 formula.— The main manipulations can be performed
keeping in mind that

’Ité . z(t) and dW(t) are statistically independent at coinciding times
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and

dw (t)? = dt (124)

(mathematicians omit the averaging, see below the ”appendix” on stochastic integrals in order
to understand why (- --) can be omitted). Furthermore we can keep in mind that dW (¢)2t" = 0
for n > 0.

An important formula concerns the change of variable from z — ¢(z), where ¢(z) is a
regular function, differentiable a least twice. From we deduce

dp(x(t)) = |¢'(z)a(z) + %@”(iﬁ) b(x)?| dt + ' () b(x) AW (t) (Ito) (125)

This is known as the “Ito formula”.

Proof : in the expansion of dp(z) = ¢/(z)dz + 1¢"(z)dz? + -+, due to (124), a term
O(dt) is produced by the O(dz?) term : dz? = [a(z)dt + b(x) dI/V(t)]2 = b(x)2dW ()2 +
2a(z)b(z)dW (t)dt+a(z)?dt? = b(x)? dt+O(dW (t)dt). The correction is O(dW (t)dt) = O(dt3/?).

& Exercice 4.2 : Write the Ito formula for the multiplicative noise dz(t) = kx dW (t). The
apply the formula to p(x) = x?

1t6 formula implies that “Ité calculus” does not correspond with the ”usual” dif-
ferential calculus when W (t) is a regular function. Indeed, we have

dep(x(t)) # ¢'(x(t)) da(t) (It0). (126)
Remark : With It6 convention, x(t) and W (t) are independent (at equal time). It follows
that averaging (125) is straightforward and gives

Clo((t) = (@) alo) + 510" () e (127)

Related FPE.— One can immediatly deduce the FPE related to the Itd equation (123). Write
(127) as

5 [ 4P o) = [arpia) | @a) + 56 @b (128

In the r.h.s, integrations by part allow to factorize p(z). Because the relation is true V ¢(z), we
conclude that

OP(z) 9 1o
S = = [a(@) P@)] + 5 5 [b(@)? Pi(a)] (129)

Despite its drawbacks (for physicists), the It6 calculus is widely used by probabilists (and justified
for certain physical situations). Also in finance, which is not a surprise as the time is discrete
in this case, so it corresponds to the discretization scheme mentioned above, Eq. (118).

How to get the FPE from the SDE in a simple manner ? Above, the relation between
the It6 SDE and the FPE was demonstrated by introducing a test function. A simpler way is
to use (AW (¢)?)noise = dt (physicist’s notation) and to remark that the drift and the ”diffusion”

are given by

_ <d$>HOiS6 _ <d$2>noise
a(@)) = =5 and (b(z)?) = — (130)
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As an application we consider the multidimensional case

dz;(t) = a;(Z) dt + bi; () dW;(¢) (It6). (131)
with (dW;(t)dW;(t)), e = 9ijdt. Only the diffusion term is more complicated
dx;dx;) .
(da §g>n0186 — <bik’bjk’> (132)
(with Einstein’s convention for implicit summation over repeated indices). Then
ﬁ oy L B (DL
O Py(Z) = —0; [ai(Z) P(Z)] + 5&-83- [bik (2)b(Z) Py (Z)] . (133)
Application : Kramers and Smoluchowski equations.— Consider the equations
der =wvdt 134
dv = (—g + F},f)) dt + L2k, T dW (t) (134)
The drift terms are a, = {d2)noise _ 4, and y = @jzi%ise =¥ 4 % The diffusive terms

are by = (dr?)peise/dt = v2dt — 0, by = (dv?)poise/dt = 2ksgTy/m? = 2ksT/(m7) and
byy = (dxdv)neise/dt ~ (vdW (t))noise — 0. Finally, the FPE equation is

F 75;”')@@) Py(x,v) = %av <v + kffm) Py(x,v) (135)

This equation is called the Kramers equation.

# Ezercice 4.3 Smoluchowski equation : Using the overdamped limit introduced in §|2J
get an equation for Py(x) = [ dv Py(x,v) in the limit of strong friction.

d) Stratonovich convention

For physicists, it would be more natural to consider the Gaussian white noise in the SDE
as the limit of a regular noise with a finite but small correlation time, for example (n®(t)n(t')) =
Q%e_‘t_t/‘/ ¢ with € ”small”. In this case we expect that the standard rules of differential calculus
for regular functions hold. If we follow the same strategy as for the treatment of the multiplicative
d-peak, the construction is more complicated. We just describe how one could proceed. The
proof of the results will come afterwards by using different arguments. Consider W€(t) =
fot dun®(u), which is regular (continuous and differentiable since ((3;W¢(t))?) = 1/(2¢) is finite.
Now the differential equation dz(t) = a(z) dt+ B(z) dW<(t) is well defined mathematically. The
key point is that the limit € — 07 DOES NOT lead to the It6 SDE dx(t) = a(z) dt+ B(z) AW (t).
Instead, it leads to the I1td6 SDE for a modified drift

dz(t) = <oz(x) + %B(x) ﬁ’(m)) dt + B(x) dW (t) (Ito) (136)
or, rather to the “Stratonovich SDE”
dz(t) = a(z) dt + S(z) AW (¢) (Stratonovich) (137)

However one must keep in mind that

Stratonovich :  z(t) and dW (t) are in general correlated at coinciding times‘

This is a bit subtle : z(t) and W (t') are uncorrelated for ¢’ > ¢, as the process depends only
on the noise in the past. The Stratonovich convention tells something about the correlations at
equal time.
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It6/Stratonovich connection : In other terms, the two SDE ((123) and (137) describe the
same process if

a(zr) =a(z) — %b(m) V(r) and B(x)=b(z). (138)

Note that Mathematicians follow a different strategy to define the Stratonovich SDE : in
1961, Stratonovich introduced a ”symmetrized” form of stochastic integrals and differential
forms (cf. appendix on stochastic integrals to have an idea of this strategy).

I emphasize :

e the two SDE dx = a(z)dt + b(z)dW (t) (It6) and dx = a(x)dt + b(xz)dW (t) (Stratonovich)
describe two different processes (related to different FPEs) if b(z) is not constant (case of
multiplicative noise).

e Conversely dz = a(x)dt + b(x)dW (t) (It6) and dz = a(z)dt + B(x)dW (t) (Stratonovich)
describe the same process provided ([138) hold (then, they are related to the same FPE).

The FPE corresponding to the Stratonovich SDE ((137)) is

OP(x) 0 10 0
5 = 32 [a(z) P(z)] + 292 B(x) 9 [B(x) P()]| (139)

#v Exercice 4.4 : Using the connection It6-SDE/FPE ([129)) and the relation It6-SDE/Strato-
SDE (138), recover the Strato-SDE/FPE connection ({139).

We stress that, as was not proven, we have not demonstrated either the relation between
the Stratonovich SDE and the Fokker-Planck equation , which is more tricky if we
follow the construction evoked above : consider a regular noise 7°(¢) and take the (singular)
limit of the Gaussian white noise at the end, which requires ”projection method” (see |9, 43] for
discussions). A more simpler approach is suggested in the appendix on stochastic integrals (and
can be adapted at the level of the FPE). In exercice below, we propose a simple derivation
based on the assumption that usual differential calculus holds.

# Exercice 4.5 Stratonovich corresponds to standard differential calculus : Using the
relation (138), transform the It6 formula (125) in the Stratonovich convention and check that

dp(x(t)) = @' (z(t)) dz(t) (Stratonovich). (140)

L.e. within the Stratonovich’s prescription, standard rules of differential calculus for regular
functions do apply.

#v Exercice 4.6 From the Stratonovich SDE to the FPE: We consider the SDE ‘é—f =
a(z) + B(z)n(t). For additive noise (3(x) = cste) the mapping onto the FPE is simple and
has been discussed above. Difficulties have arisen for multiplicative noise. To circumvent this,
we perform a transformation of the SDE which leads to additive noise. Using ordinary rules of
differential calculus means that we interpret the SDE with the Stratonovich interpretation.

a) Consider z(t) = fm(t) dz/p(z). Write the SDE for z(t).

b) Give the FPE for Q:(z), the distribution of z(t).

¢) Deduce the FPE for P,(z).

#y Ezercice 4.7 Correlation between the process and the noise (Stratonovich): Con-

sider the Stratonovich equation ({137). Denoting n(t) = dW(t)/dt, show that (8(x(t))n(t)) can
be expressed as the average of a function of x(t).

Hint : use the relation between Ité and Stratonovich SDE.
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e) Take home message

e If a SDE appears in a physical model, it should be most frequently interpreted in the
Stratonovich sense (if the white noise is the limit of a regular noise with symmetric corre-
lation function).

e Remember how to relate the Stratonovich SDE to the FPE is the most impor-
tant.

e If you like It6 calculus, keep in mind the relation between Stratonovich SDE and It6 SDE

(138) and the relation with FPE, Eq. (129).

Bibliography : More can be found in the book of Gardiner |9]. For a presentation for math-
ematicians, see the book [25].

4.3 Historical note on Doblin-1t0 calculus

Until 2000, Itd6 was considered as the foundator of what is usually denoted today the ”Ito
calculus”. However in 2000, a sealed envelope (”pli cacheté” number 11-668), received in 1940
from a young mathematician named Vincent Doblin (born Wolfgang Doblin), was opened at
Académie des Sciences de Paris, which showed that Doblin’s contribution anticipated the work
of It6 on stochastic calculus. Hence, we should rather name it ”Doblin-It6 calculus”.

Figure 14: Vincent Doblin (1915-1940). A page of the pli cacheté (from [4]).

Wolfgang Do6blin was the son of a well-known german writer, Alfred Doblin. Because he was
jewish and opponent to the nazism, Alfred Doblin escaped Germany to Ziirich at the begining
of 1933 with part of his family, followed by his son Wolgang. They arrived in Paris in the fall of
1933. Wolfgang obtained the french nationality in 1936, becoming ” Vincent Doblin”. In 1938 he
passed his PhD, under the supervision of the famous mathematician Maurice Fréchet, however,
at the end of 1938, he was incorporated in the French army. Refusing to serve as an officer, he
was affected to the communications. During this period in the army, at the begining of the war,
he was sent to the Ardennes and was able to produce important scientific results, which he chose
to send to the Académie des Sciences under the form of a “pli cacheté”, entitled “sur [’équation
de Kolmogoroff, par Vincent Doblin”. Just after the collapse of the French army, as his company
was surrounded by germans in the Vosges region, Vincent Doblin tried unsuccessfully to cross
the german lines and eventually preferred to commit suicide rather being captured. It was only
possible to open the “pli cacheté” 60 years after his death. Although Vincent Doblin was already
known in the mathematics community despite his youth, the importance of his contribution was
not anticipated before 2000.
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To learn more : look at the article [4] (available on the internet) written by the two prob-
abilists Bernard Bru and Marc Yor, who analyzed the pli cacheté and recognized its scientific
importance. Or the book by Marc Petit [31].

# Ezercice 4.8 Electromagnetic noise: We consider a model of electromagnetic noise :
the two components of the electric field E, +1E, obey the SDE

{dEx(t) = —yE.(t) + VD dW,(t)
dE,(t) = —y Ey(t) + \/EdWy(t)
where W, and W,, are two independent Wiener processes (hence we can write dW? = dWy2 =dt

and dW,dW, = 0, remember that averages can be omitted for elementary differential incre-
ments).

1/ We introduce the intensity and the phase : E, = /I cos and E, = /I sinf. Write a SDE
for the intensity I within the Stratonovich convention.

2/ We write E, +iE, = M0 where A = e is the amplitude of the field and @ its phase.
Within It6 calculus, show that

dWa(t) = cos0(t) dW,(t) + sin(t) dWy(t) and dWy(t) = —sin0(t) dW,(t) + cos §(t) AW, (t)
are two independent noises. Deduce two Ité SDE for A(t) and 0(t).

3/ Using the It6 formula, deduce the Ito SDE for the amplitude A = |E, +1i E,| and then for the
intensity I = A%. Relate the It6 SDE for I to a Stratonovich SDE and compare to the equation
obtained in the first question.

4/ Write the SDE for the amplitude under the form
dA(t) = =V'(A(t)) dt + VD dW4(t) (142)

and give the "potential” V(A). Find its minimum. Using a harmonic approximation, deduces
the equilibrium distribution for the amplitude and the correlator (A(t)A(t")).

(141)

APPENDIX : Stochastic integrals

If you feel unsatisfactory with the above presentation of It6/Stratonovich convention, you can
read this paragraph (borrowed from chapter 4 of [9]). Instead of considering the SDE, one
considers integrals of the form fg dW (') G(t') which requires the same discussion as for SDE.

It integral.— One defines the It6 integral as
t N
It6 / dW () G(') = ms-lim Y~ 6W; G(t;-1) (143)

where 0W; = W (t;) — W(t;—1). Here “ms-lim” stands for “mean-square limit” of a random
variable, meaning that :

ms-lim Xy = Xoo if  lim ((Xy — Xo]?) =0. (144)

N—o0 N—o0

Let us study an example. Consider the integral It fot dW (t") W(t'). One has to analyze the
sum
N

N 1 1 N 1 N—-1 1 N

2 2 2 2 2 2

;:1 W Wiy = B ;:1 [(OW; + Wii1)? = Wi — W7 = 3 ;Wi —3 ;:0 Wi—3 ;5Wi
1 1

=3 Wk - w2 - 3 > oW} (145)

=1
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It is easy to show that Hjbs—lim Zfil W2 =t (this is the reason why one writes dW (t)? = dt
— 00

without the average). Thus

[W(1)? — W(0)* 1] (146)

N

Ito / t dW (YW (t') =
0

which differs (by —¢/2) from the usual Riemann integral of a regular function.

Stratonovich integral.— Now introduce the definition of the Stratonovich integral
! aet NGt + Gltio)
/ dW (') G(#') = ms-lim Y 6W; (147)
0 N—oo =1 2

(I use the standard notation for integration, anticipating that it will coincide with usual Riemann
integrals).

Consider now the same integral as before f(f dW (#') W (t') with the new convention. This
time, one deals with

N
Wi+ Wiy 1 1
§ 6Wf—f§ W2 — § Wi2_1:§WK,—§ i (148)
=1 i:l

so that we have recovered

/ LW W) = % W(t)? — W(0)?] (149)
0

as for the integration of regular functions.

From stochastic integral to SDE : in the books [25 [9], stochastic integrals are first dis-
cussed along these lines, then SDE are introduced as derivatives of stochastic integrals.

APPENDIX : Microscopic foundations of the Langevin equation

The aim of this paragraph is to go beyond the phenomenological Langevin model and clarify
the physical origin of the Langevin equation from a microscopic description. We introduce a
model with deterministic dynamics from which will emerge the effective dynamics described by
the Langevin equation. This will allow to identify the microscopic origin of the dissipation.

Model.— From Section [2, one would be tempted to model the collisions in the fluid, however
the microscopic dynamics would be difficult to analyze. Instead, we consider a particle coupled
to a macroscopic number of uncoupled harmonic oscillators modelling the “environment” (also
called the “bath”). In this model, the oscillators represent the eigen-modes of the macroscopic
system (like the phonon modes in a fluid). We now study the deterministic dynamics governed
by the Hamiltonian

2 1 . 2
H= —+V +Z Py 2<qn—cwf> (150)
i.e. )
P
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2
Hon o)) = 3 |72+ et (152)

n

and the coupling is linear (this is very important for the following)

1 c
Huy = -2 cngn+ 37 > 2 (153)
n n n

Here ¢,, are coupling constants.
A physical realization is : an electron in an atom, coupled to the electromagnetic modes.
Or : an electric device coupled to a L-C line.

& Ezercice 4.9 Dissipation in a transmission line : A perfect transmission line (a coaxial
cable) is characterised by an inductance and a capacitance per length. A possible discrete
model is a series of discrete capacitive and inductive elements (without resistance), i.e. only

non-dissipative elements.
- A - -
1 1 1

We consider harmonic solutions I,,(t) = I,e™*. We recall that the impendance of the capaci-
tance is Z¢ = 1/(—iwC') and that of the inductance Zj = —iwL, where w is the frequency.

1/ We first study the eigenmodes of the infinite line. Using Kirchhoff laws, write the equations
satisfied by the currents I,.

2/ Propagative modes.— Show that the modes I,,(t) = 4"~ (@t only exist in a finite band-
width w € [0,wp] where wy < 2/+/LC. Give the dispersion relation.

3/ Evanescent modes.— Study solutions of the form I,,(t) = (—1)"e?~“(@!  Over what dis-
tance can propagate such modes ?

4/ Impedance of semi-infinite line.— We denote by Z,, the impedance of a finite line in-
volving n couples of L — C' elements. Give the recurrence between Z,, and Z,.1. Deduce the
impedance of the semi-indinite line Zs, = Z(w). Plot Re Z(w) and Im Z(w). Discuss the fact
that Re Z(w) # 0 for a certain interval of frequencies (comment this at the light of question 1).

Integration of the bath equations of motion.— We first derive the equations of motion
)35 203
mi=F(z)—z) —=4+ ) cng
e (154)
Gn = _W%Qn +cnx

where F(z) = —V'(z). Let us integrate the equations of motion for the bath. We can use that
the retarded Green’s function for the harmonic oscillator, i.e. the causal solution of G®(t) +

wW2GR(t) = 6(t) is GR(t) = Ou(t) W Thus we can solve the equation of motion for the
oscillators

_ sin(wy,t b sin(wn(t — ¢
qn(t) = ¢n(0) cos(wnt) + ¢, (0) sin(wnt) + cn/ dt/ sinwa(t = 1)) z(t') (155)
Wn 0 Wn,
We split the source term in Eq. (154) in two parts

£(t)

AN

S cntn®) = Y n (02(0) costent) + nf0)

n

sin(wpt)

> + /Ot ' Tt —t") x(t) (156)

Wn
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where

n(nd)
) o 3 2 Sinwnt) 157
) ; Y (157)

is a function depending of the details of the model. We denote £(t) “the noise” as it is controlled
by a macroscopic number of degrees of freedom of the bath, which is expected to exhibit a
complex dynamics. Using fooo dt et = we remark that

1
0+ —iw

2

/Oo dtr@ =% = (158)
0 Wn

n

which appears in the equation of motion above. With this definitions, we can rewrite the effective
equation for the particle as

00 t
mi(t) = F(xz(t)) — :E(t)/o dr () + /0 drT(r)x(t — ) + £(t) (159)

Integration over the bath degrees of freedom is responsible for both the integral term and the
"noise” term.

Noise and spectral function.— Because the bath involves a macroscopic number of degrees
of freedom, it is natural to assume thermal equilibrium for the bath, say at ¢t = 0, for the
bath variables

P({gn,pn}) oc e”FHem (160)
so that
kT

(a0 (0)@m(0)) = Onm —5- (161)
<Qn(0)Qm(0)> = 5n,m ksT (162)

Then the noise correlator is

n t —t

Ot —t') = (EE)) = kBTZ n os(w ) (163)

At this stage it is useful to define the spectral function

2

J(w) (lzefﬂzc—"é(w—wn) (164)

2w
n n

which depends on the distribution of frequencies and coupling constants. We can write the
function

r(t) = 2/ dw J(w) sin(wt) (165)
™ Jo
and the correlator o T [ J
C(t) = B/ dw () cos(wt) (166)
T 0 w

in terms of the spectral function. Two remarks :

e In practice, we expect a dense spectrum of oscillators for frequencies w > 0 (it is natural to
assume that the spectrum of eigenmodes start at w = 0 since there exist low frequency excita-
tions ususally). On the other hand, the eigen-frequencies should be cut off at a characteristic
scale wp (like the Debye frequency in a solid).
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What kind of behaviour can we expect for J(w) ? Imagine that coupling constant is a smooth
function of the frequency ¢ = g(wy). Then J(w) = 5= >, g(wn) 6(w — wp) ~ 5=g(w) p(w) for
w — 0, where p(w) is the spectral density. For a linear spectrum (like photons, or phonons)
we have p(w) ~ w?! and thus we expect a power law J(w) ~ g(w) w?? at low frequency. A
simple assumption is g(0) =cste.

e The spectrum of frequencies is usually cut off at a frequency wp related to the microscopic

scale (the lattice spacing for the phonons in a crystal).

The Ohmic case, J(w) x w for small frequency : a concrete example.— assuming a
broad spectrum of frequencies, of width wp of the form

wh
J(w) = —= 167
(@)= 0w 5 (167)
gives
C(t) = knTyowp e Pl (168)
Its integral is
+oo
/ A C(1) = 290 b T (169)
—00
which recall us something...
Effective equation of motion.— Let us come back to the analysis of the effective equation

of motion ((159). If the spectral function is broad (width ~ wp), we expect the function I'(¢) to
be narrow in time (width ~ 1/wp). For future convenience, we introduce

y(t) = /too dt' T'(t') (170)

which also decays rapidly over the scale ~ 1/wp. We introduce a heaviside function in its
definition to make it causal

2 cos(w > w
Y(t) = 0u(t) ) _ = (wnt) _ 2‘gH(’f)/O dw L&) cos(wt) (171)

2
wi 0 w

n

is a "narrow function” of width 1/wp.
An integration by parts gives

/ dr(r)z(t — 1) = v(0) z(t) — v(¢t) z(0) — / dry(r)z(t — 1) (172)
0 0

Considering times ¢t > 1/wp, we drop the term v(¢) (0). We end with the effective equation of
motion

mi(t) = F(x(t)) — /0 dry(r)@(t — 1) + £(t) (173)

This makes clear the physical interpretation of the integral term as a friction term, non local in
time, as damping needs some time to establish.
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FDT.— Finally we have the relation between the correlator of the noise and the friction

(C(r) = keTH(7) for7>0 (FDT)| (174)

which relates the correlator of the noise to the damping (friction) function.

In the microscopic model, the damping term is an integral term. The relation between the
damping and the strength of the noise results from the integration of the microscopic equation
of motions, assuming equilibrium for the bath only (not for the particle, like in the phenomeno-
logical Langevin approach). We can compare the two approaches

e In the §[2/ we have introduced two terms in the Langevin equation : the friction controlled
by o and the noise controlled by the strength C. We have then assumed that the particle
is at canonical equilibrium Psys(, p) o exp[—%va]. Comparing with the statistical prop-
erties of the solution of the Langevin equation, we have deduced that the two parameters
of the model cannot be independent but must be related by C' = 2vpkgT. To some extent,

this relation was assumed for consistency.

e Here, we have only assumed that, being macroscopic, the bath is at thermal equilibrium
Poatn(z,p) o e PHvatn - Ag a result of the integration of the conservative dynamics, we have
deduced the relation C' = 2vokgT. A by-product is that if we study the statistic for the
particle, one can show that it is described by canonical equilibrium (the particle reaches
equilibrium because it interacts with the bath).

Quantum model : a very similar analysis can be performed within a quantum frame. Mainly,
the correlator of the noise (i.e. of the initial bath variables) involves a different function and
one is led to a “quantum Langevin equation” (cf. [10] or [40]).

Energetic considerations : We now study the energy of the system

d

© Hyys = i [mit — F(@)] = —(1 /0 a7 y(r) vt - 7) + (b €(1) (175)

Clearly, the second term corresponds to the work of the Langevin force

dw
=~ (176)

hence the first term should be interpreted as the heat received by the system

(Z% = —v(t)/o dry(r)v(t—71). (177)

One can consider the model with v(7) = ywpe ¥P7. Assuming 1/wp < 7 = m/vyy, we
expect that v(t) is smooth on the scale 1/wp so that we can treat £(¢) as a white noise. Hence
o(t)~ L fg dt’ €(t') e=t=t)/T_ We can estimate the average work of the Langevin force

= |t ey e = Cono = oo = (173)

- 2m T

where we have used that 0y(0) = 1/2 (this is consistent with a symmetric regularised § function).
The averaged heat is
Q)

o /0 at' 4t — 1) (u(t)o(t)) (179)
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Because the correlator (v(t)v(t')) decays much slower than the damping function (we have as-
sumed wpT > 1) we can write v(t — t') (v(t)v(t')) = v(t —t') (v(t)?), hence

a ks T ks T
<dct2 ~ — >/ At y(t") = —— 'yo:—j (180)

As it should the total energy is conserved on averaged
@d@w) +@dQ)=>~0 (181)

The Langevin force furnishes some work to the particle and the bath receives the heat which is
dissipated. The bath receives the entropy dSpatn = —dQ/T, thus the dissipation corresponds to
the production of entropy with rate

d (Sbatn) kg
a =+ . (182)
Stochastic thermodynamics.— Here, I have applied some concepts of thermodynamics to
a single particle. This type of question has attracted a lot of attention for ~ 25 years and is the
subject of the field of “stochastic thermodynamics”. If you are interested you can have a look
to the reviews [18] [7] 22| [37] 136, 20] or to the lectures of Bernard Derrida at college de France
(2015-2016), https://www.college-de-france.fr/site/bernard-derrida/

® Important points

e Understand the difference between It6 and Stratonovich conventions (for multiplicative noise).
e For It6 calculus : remember dW (¢)? = dt and be careful with differential calculus !
e Be familiar with the relations between SDE (It or Stratonovich) and the FPE.

5 Stochastic processes (4) : the Fokker-Planck approach

When considering a stochastic process, the main goal is usually to determine its statistical prop-
erties, i.e. its distribution. Fokker-Planck equation is an important equation for the distribution
of Markov processes with no jump. In this chapter, we discuss several applications of the Fokker
Planck equation. This will demonstrate the power of the approach, compared to the stochastic
differential equation approach, and we will see that we can address more subtle properties of
random processes, like exit problem or first passage time.

Figure 15: Adriaan Fokker (1887-1972) and Max Planck (1858-1947)
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5.1 The Fokker-Planck equation

The Fokker-Planck equation is a special form of the master equation for which the kernel
can be reduced to a differential operator :
0P, 0 0?
M0~ 0 p(a) P + g D) P@) (183
Below, we explain precisely in what limit and under what conditions we can go from
to (183). The equation is also known as the “Kolmogorov equation”or, for D(x) — D, the
“Smoluchowski equation”. Let us first give the interpretation of the two terms in the Fokker-
Planck equation (applications will be discussed below).

a) Drift
Imagine that only the first term is present and that F' is uniform
—t=—F—— 184
ot ox (184)

The solution is Pi(z) = ¢(x—F't) thus F is the velocity (for uniform F', there is no deformation of
the distribution). The first term in ((183) is the drift term, where “the drift” F'(z) is interpreted
as the force acting on the particle (remember that velocity=force).

| §
1
7 x
r 1
~> > <
P ) ” < t
L) >0 P(: (x) <o Pl > 0

Figure 16: the spreading of the distribution due to the diffusion term.

b) Diffusion
Consider now the effect of the second term of ((183) for a uniform D.

BPt(x) o 82Pt({13)
5 =D o (185)

As t grows, the distribution increases where the function is convex and diminishes where the
function is concave (Fig. This leads to a spreading of the distribution. The second term in
(183) is the diffusion term, D(z) playing the role of a z-dependent diffusion constant.

c) Current density

The Fokker-Planck equation can be rewritten under the form of a conservation equation

OP(x)  0Jy(x)

pr— 1
ot ox (186)
where
diffusion current

)
Ji(x) = F(z) Pu(z) == [D(z) Pi(2)] (187)

N’ X

drift current
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is the current density. The drift current is the usual velocity xdensity. The diffusion term
accounts for the fact that when the density is non uniform, particles moves from high density
regions to low density regions (entropic effect).

5.2 From the master equation to the Fokker-Planck equation

We now explain the connection between the master equation and the FPE.

a) Kramers-Moyal expansion

We consider the case where the state of the system is described by a coordinate which varies
continuously in R. The master equation (54 can be appropriately written as |E|

8Pt (ZL‘)
ot

_ / da' [W(ala) Pu(a’) — W('|z) Py(x)] (188)

where the kernel W (x|z") is ~ probability rate to jump from z’ to xz. Here, I have prefered this
form, slightly different from ([54)), in order to avoid any external constraint on the kernel W (z|z’)
and to make more explicit the conservation of probability & [ dz P;(z) = 0. Furthermore we
rewrite the kernel as a function of the initial poisition and the jump amplitude n =z — 2’ :

Wiz |2 )=a( 2/ ; n=a—2") (189)
final initial initial jump
We get
P anite —mn) Pie—n) - Rta) [ dnites—n (190
where we have used that W(2/|z) = w(z; 2’ — x = —n).

Comparison with the specific case of the CPP : Note that the master equation for
the CPP, Eq. , is an example of such an equation, corresponding to a translation invariant
situation, then

W (' +pla’) = d(a';n) = Aw(n) (191)

is independent of 2’/ (the CPP is invariant under translation in space). Here w is the normalised
distribution of jumps and A the rate of jumps.

Come back to the general case : This remark makes clear that in general w(2’;7) can be
interpreted as the distribution of the jump amplitude (up to a factor related to the rate of jumps
A), which depends in general on the starting point of the jump z’.

In general, the master equation being an integral equation, it is not very simple to manipulate
(unless in simple cases where translation invariance holds, as it was shown in Exercice . We
now want to show how (under what conditions) it can be replaced by a partial differential
equation much more easy to handle. The main assumptions are now

e w(z';n) is a sharp function of 1 (small jumps dominates)
e w(x';n) and P(a';t) are smooth functions of 2.

"one can recover the form by introducing W(z|z') = W (z|z') — 6(z — a') J dy W (y|z), which satisfies
Jdz W (z|z") = 0. We get 8;Py(z) = [da’ W(z|z") P.(z').
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This allows an expansion of the function of z — 1 in powers of 7

/dnw(x—n 1) Py(x — / Z n, &cn ﬁ)(w 1) Py(x)] (192)
The n = 0 term is cancelled by the last term in (190). Hence, introducing

() / dny () (193)

(~ n-th moment of the jumps) and permuting integration over 1 and derivations with respect
to x, we end with

o lan(z) Py()] (194)

which is known as the Kramers-Moyal expansion. Of course such an expansion only exists
if the distribution of jumps is such that all moments are finite. Under this form, the equation
if not much more easy to manipulate than the integral form from which we started. However,
with the above assumption that @(z;7) is a narrow function of 7, corresponding to small jumps,
we expect the moments a,,(z) to decay fast with n, which allows a truncation of the expansion.
The truncated equation

z 2
P — 0 (@) Pa)) + 22 Lanl) i) (195)

corresonds to the Fokker-Planck equation . E| Following exercice we expect that this
truncation describes correctly the large scale properties, as long as the distribution of the jumps
is sufficiently narrow. The FPE describes a continuous random process (i.e. the jumps disappear
in the continuum limit, which is only possible if the original distribution of jumps is sufficiently

narrow). E

Bibliography : I have borrowed this discussion from the book of van Kampen (chapter
VIII) [43].

Pawula theorem : Can we truncate the Kramers-Moyal expansion at any n 7 The
Pawula theorem states that it can only be stopped at n = 1 or n = 2. The positivity of the
solution implies that if not stopped at n = 1 or n = 2, one should keep the infinite series (cf.
§ 4.3, [34]).  This reminds us the Marcinkiewicz theorem about the generating function of
cumulants.

b) Conclusion : jump process versus diffusion

In general, the master equation can be written under the form

where % is a linear operator.

12 A proper justification of the truncation requires a neat rescaling of the jumps and the rate, like it was done
in the above exercice The argument follows the spirit of the central limit theorem.

13The condition ”distribution of jumps sufficiently narrow” should have been made clear in exercice It is
furhter discussed in exercice [3.12.
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e For a jump process, the linear operator is an integral operator, of the form of .
For example, a simple jump process is the CPP studied above, for which [,,Sﬁp] (x) =
A [ dnw(n)(e(@ —n) — ¢(x)). In the general case, the distribution of the jump amplitude
depends on the initial position, Eq. .

e If the linear operator is a differential operator, .Z = —0,a(z) + $02b(x), one says that “the
process is a diffusion”. From the Pawula theorem, the differential operator can be at most
second order. Physically, a diffusion is obtained as the limit of small jumps occuring with
high rate. This is the type of stochastic processes discussed in the previous chapter on SDE
and the present one on FPE.

e In general, a Markov process can combine a diffusion and jumps.

5.3 Spectral analysis of the Fokker Planck equation

In this section we discuss the the FPE from the spectral point of view. For simplicity, we study
processes with additive noise

da(t) = F(z(t))dt + V2D dW (), (197)

i.e. Eq. (183) for D(x) — D. Because we only consider additive noise, It6 and Stratonovich
interpretations of the SDE correspond to the same process. We restrict ourselves to the one-
dimensional case where the drift allows for an equilibrium state, i.e. when the potential

x
Viz) = / dz’ F(z') (198)
is confining so that there exists an equilibrium state.

a) Generator of the diffusion

The related FPE was obtained above, Eq. (108). This form is not unfamiliar and recalls the
Schrédinger equation in imaginary time —0;P = HppP, which naturally leads to perform a

spectral analysis as we know the importance of spectral analysis in quantum mechanics. Here
2
we have introduced Hrpp = —D (f? + %F(z), where the notation means that the action of
d

the operator %F(m) = F'(x) 4+ F(x)g; must be understood as acting on a function ¢(z) as

L[F(2)¢(z)] = F'(z)¢(z) + F(x)¢'(z). The operator Hpp = —D ;—;2 + L F(z) is however not

self-adjoint in the presence of the drift, |"*| Hpp # HI:LP. Instead of the notation Hyp, I will prefer
a notation used by the mathematicians

d? d
OPi(z) =9 "P(z) where ¥'=D o2 dxF(aﬁ) (199)

is the “forward generator”. By convention, probabilists call the adjoint of this operator

y-pL 4 pwd (200)
= —_— €Tr)—

dz? dz
the “generator of the diffusion”. I will also call it the “backward generator” as we will see that
it governs the evolution backward in time. We have used that (%)T = —% (like in quantum
mechanics).

14Self-adjointness is not only broken by the drift term ; it can also be broken by the boundary conditions, if
they induce a drift at the boundaries.
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We will make several interesting remarks on the operator ¢! by noticing that it can be
written as

d d
gt — D _—eV@)/D___V(2)/D 201
d:):e dxe (201)
where F(z) = —V'(x).
Remark 1 : equilibrium.— It makes clear that a stationary solution of the FPE, i.e. a
solution of #TP =0, is
Poy(z) = CoeV@/D = 9P (z)=0 (202)

where Cp is a normalisation constant (we assumed above that V' (x) is such that this solution is
normalizable).

& Ezercice 5.1 : Argue that this solution is an equilibrium solution (hint : analyze the related

current).

Remark 2 : supersymmetry.— Eigenvalues of ¥ are all negative. This is made more clear
if we perform the non unitary transformation

H, = —eV@)/2Dgt—V(@)/2D _ _DeV(:):)/QD%er(x)/D%eV(x)/QD (203)

which thus relates —#7 to the self-adjoint operator H... This Hamiltonian has a specific structure

e d d F

H— 22|  with 2% _yDev@ro L yvwen _ yp (L4 L E@Y o0
dz dz 2D

known as “supersymmetric” (it is possible to introduce the supersymmetric partner H_ = 221,

the two operators having the same spectrum but the ground state). The structure H, = 2.2
implies that the spectrum of the operator is strictly positive IE]

Spec(H,) = Spec(—4T) C R, . (205)

We have also
2 F(z)?  F'(z)

H =-D— — 206

+ =g T o (206)

The drift is such that there exists an equilibrium state, hence the effective potential U(x) =
2 /

FixD) + F2(x) is a confining potential and the Hamiltonian has a discrete spectrum :

Hyothn(x) = Athn(z)  with Ay 0. (207)

In particular, the equilibrium solution P.q(x) is related to the zero mode of H :
Hoho(z) =0 with ¢p(z) = coe V@2 = /P (). (208)

where cg is a normalisation.

#v Exercice 5.2 Ornstein- Uhlenbeck process and quantum harmonic oscillator: Con-
sider the case F(r) = —kx. Check that Hy is the quantum Hamiltonian for the harmonic
oscillator. What are the two operators 2 and 27 ?

Deduce the spectrum of eigenvalues {\, }pen of H, and —%1.

Ysince Hy|w) = A1) implies A = (3| 27.2]4) = ||2|¥)||*> > 0.
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#y Exercice 5.3 : Consider the case of the diffusion for x-dependent diffusion constant
dz(t) = F(x)dt + /2D (x) dW () (Stratonovich) (209)

a) Give the generator ¢ of this diffusion and show that it can be written under a form analogous
to (201). Show that the generator can be written as
b) How the operators H,, 2 and 2! are generalized ?

¢) Deduce the expression of the equilibrium distribution Peq(z).

b) Propagator

An important object characterizing the diffusion is the propagator of the diffusion (the condi-
tional probability), solution of

9y Py(z|xo) = 9T Py(x|xo)  for initial condition Py(x|ze) = d(z — x0) . (210)

We now consider the case of the drift F'(z) such that there exists an equilibrium. Then the
spectrum of 41 (and of H,) is discrete. Given the spectral information {\,,,(z)} we can
obtain a representation of the propagator : using notations reminiscent of those of quantum
mechanics we have

1
Py(zlzg) = ([e™"| ) = (w|e”V /2P tHe V2P| 30y — gpo(w)(w e+ | 29) (211)
Yo(zo)
The propagator of H, can be decomposed over its eigenstates, thus
Yo(z) = —Ant
Pi(x|zg) = () () e "™ 212
o) = 5 3 etz 212)
& Ezercice 5.4 : Check the normalisation [ dx Py(z|zo) = 1.
Argue that limy_,o Pi(z|20) = Peg().
This structure makes clear the relation P (x|zg)vo(z0)? = Pi(xo|z)vo(z)? i.e.
Py(x]x0) Peq(w0) = Pi(@o|x) Peq() (213)

which is similar to the detailed balance condition, which was expected as we are dealing with a
situation where an equilibrium exists.

#v Ezercice 5.5 The Ornstein-Uhlenbeck process and the quantum oscillator : Using
the expression of the propagator for the quantum mechanical harmonic oscillator

—tH, m m 2 2
w =4/ - hwt -2 214
(zle [70) 27w sinh wt exp 2w sinh wt [COS wt (27 + ) x$0] (214)

for H, = - Ly %moﬂ, recover the propagator of the Ornstein-Uhlenbeck process

2m dz?

described by the SDE dx = —kxdt + v2D dW (t).
Check the condition (213).

16T he two operators are related by a non-uniatry transformation of the form ¥% = —U/H,24~'. Exponentiating
the equality we find exp [th] = exp [ — tZ/{H+L{_1] =Uexp [— tH+]Z/I_1.
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c¢) Forward and backward FPE
We have solved above the forward FPE

Oy Py(x|z0) = 9] Py(x|z0) (215)

where the forward generator is a differential operator acting on the final coordinate x. The
above discussion makes clear that the generator of the diffusion is involved in the backward FPE
O Py (x|zg) = Yo Pi(x|20) (216)

where the operator acts on the initial coordinate xg. We will see some applications of this
equation below.

# Exercice 5.6 BFPE from FFPE: Deduce (216) from (215) by using (213).

Remark : Above, we have related the FPE §,P = ¢'P to a imaginary time Schrédinger
equation —0yp = Hy1) through the non unitary transformation P = 1g1). We have introduced
the self-adjoint operator H for convenience : the spectral analysis could have been performed
directly on the non self-adjoint operator ¢, whose spectrum of eigenvalues is obviously the
same as H,. The diagonalisation involves a bi-orthognoal set of right and left eignevectors

1ol (z) = — N, ®B(z) and DoL(x)= -\, dL(2) (217)
with
/ dz BL(2)BE (2) = G - (218)
Here these eigenvectors can be simply related to those of H as follows
ah(@) = 220 g @) = vo(a)in(e) (219)
Yo(z)

In particular ®5(z) = 1 and ®F(x) = 1o(x)? = Peg(x). Finally the spectral decomposition of
the condition probability reads

Py(xlwo) =) @ ()@ (wo) e M (220)
n=0

which obviously coincides with (212)).
You can compare this discussion with the one of § @ (page for the Master equation.

# Ezercice 5.7 : Get the propagator Pi(x|xg) of the diffusion (108) for a uniform drift
F(x) = Fy (hint : use Fourier transform).

Remark : case of NESS.— We discuss here the case of diffusions with an equilibrium state.
If instead the diffusion is characterised by a NESS, the spectral analysis is much more tricky and
the spectrum of eigenvalues is not necessary real (hence the mapping on the supersymmetric
Hamiltonian is not so helpful as the boundary conditions are not natural from the point of view
of the quantum mechanical problem). Nonetheless, it is possible to find the expression of the
stationary distribution.

" This equation, formally 8, Py = 91 P, = P, is called the “Kolmogorov equation” by mathematicians.
18] have used (w|Ax) = (A%|x) ; explicitly 8:P;(z|zo) = <x|gTeth|xo> = %J<m|etgf|mo> =
t
Gy (]! | 20).
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#v Exercice 5.8 NESS for a diffusion on R : Consider a diffusion on R such that the drift
drives the particle from —oo to +oo in a finite time (V(z — £o00) — Foo). Show that the
appropriate (normalisable) solution of TP = 0 is

J 0 da’ , Vi(z
Palr) = 2 Puo() /x Pty ith Pufa) = eV /0 (221)

the non-normalisable solution of TP = 0. Argue that Py (z) ~ J/F(x) for z — oo and discuss
the condition for normalisability. Compare with exercice (3.11).

5.4 Boundary conditions for the FPE

So far we have not discussed the situation where the FPE is solved on a bounded domain.
Let us discuss here the question of boundary conditions. For simplicity we consider the FPE
O Py(x) = [DO? — 0, F ()| P(z) = =0y J¢(z) on R so that we just have one boundary at z = 0.

a) Reflecting boundary condition

The first natural boundary condition is the reflecting boundary condition, where the particle
coming to x > 0 is simply reflected at x = 0. This is expressed by the condition of a vanishing

current at the origin
J1(0) = F(0)P,(0) — DP/(0) =0 (222)

where / means derivation with respect to x. In the usual terminology, this corresponds to a
"mixed boundary condition”.

Remark : reflecting boundary conditions for the conditional probability.— For the
following we will have to impose the boundary conditions for the conditional probability P;(z|zg).
The reflecting boundary condition is

(DO, — F(z)] Pi(zl|xo)| 0 (223)

=0 =

We could aslo ask about the condition with respect to the initial coordinate : Using the relation

(213), we have
Peq(x) Peq()

(0= (@) Pteleo) = (0. + 5V'@)) | 5 Riale)| = F2EL0.Riaole) (20

where I used that Peq(z) o exp[—V(z)/D]. As a consequence, the presence of the reflecting
boundary at x = 0 implies

Ao Pi(z|20)|, 0 =0. (225)

To=

The reflecting boundary condition is not symmetric for the two coordinates.

b) General boundary condition
Let us now consider a general boundary condition
AP,(0) = PL(0) (226)

For A = F (0)/D, this corresponds to the reflecting boundary condition. What is the meaning
of this condition for arbitrary real A # F'(0)/D ?

9For wave equation for the wave 9 (z), the standard terminology is : (i) Dirichlet boundary condition : 4(0) =
0; (ii) Neumann boundary condition : %'(0) = 0 ; (iii) mixed boundary condition : 1 (0) cos 8+1'(0) sinf = 0 (one
recovers Dirichlet and Neumann b.c. for § = 0 and 6 = /2, respectively).
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Consider

o, /0 dz Py(z) = — /0 dz Dy Ji(z) = Ji(0) (227)

The current of probability through « = 0 makes the total probability decreases (for J;(0) < 0).
Making use of the boundary condition, we get

J(0) = [F(O) - Dx} P,(0) = —\ P,(0) (228)

where we have found convenient to introduce A = DX — F(0). For A > 0, the total probability
decreases

(e.0]
o / dz Py(z) = A Py(0) (229)
0
Hence for A has roughly the meaning of the rate of escape, when the particle reaches the boundary
z = 0.
c) Absorbing boundary condition

Writing P;(0) = A~ P/(0) shows that the limit A — oo, or A — oo, corresponds to a Dirichlet
boundary condition
P;(0) =0 (230)

corresponding physically to the situation where the particle reaching the boundary is absorbed
with probability one.
5.5 First passage and exit problem (in 1D)

We now study the recurrence for general diffusions in one-dimension.

a) Persistence of the free Brownian motion

Here, I come back to the problem studied in § 7?7 : One studies (in the exercice) the question
of the first return of the free Brownian motion. This was studied above for the discrete random
walk, this is studied here for a continuous Brownian motion.

#> Exercice 5.9 Persistence, first passage time and mazimum of the BM :
1/ Propagator on the half line.— We consider the free diffusion on Ry with a Dirichlet
boundary condition at the origin. Construct the solution of the diffusion equation

OiPi(x) = DO?Py(x) for x > 0 with P,(0) =0 (231)

(use the image method). Apply the method to get the propagator of the diffusion on Ry, de-
noted Pt (x|xo).

2/ Survival probability.— Dirichlet boundary condition describes absorption at x = 0. Com-
pute the survival probability for a particle starting from xg :

Su () = / dz P (2]z0) (232)
0
Remark : what would have been the result if P;" (z|xq) would have satisfied a Neunmann bound-

ary condition 7

3/ First passage time.— We denote by T,, the first time at which the process starting from
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xo > 0 reaches x = 0 (it is a random quantity depending on the process), and P,(T') is
distribution. Argue that

Sug(t) = / S ar 2,,(1) (233)

Deduce &,(T') and plot it.

4/ Maximum of a BM.— We now consider another property of the Brownian motion x(T)
with 7 € [0,t] starting from xo = 0 : we denote by M = M[ax}(a:(T)) > 0 its maximum and
7€(0,t

Wi(m) the corresponding distribution. Justify the following identity

/ " dm’ Wi(m') = Sy (t) (234)
0

Deduce the expression of Wi(m). What does W;(0) represent ? The exponent of the power law
t=% is called the persistence exponent. Give 6 for the Brownian motion.

Hint : use appendix with properties of error function.

Conclusion : we have recovered the results obtained within the discrete model of random walk
(§ 77) : the probability to return to the starting point is P;(0[0) ~ ¢~/2 and the probability for
the first return is P, (t) ~ t=3/2 at large time.

b) First passage time for arbitrary drift

We consider the case of a diffusion with drift and uniform diffusion constant for simplicity
dz(t) = F(x)dt + v2D dW (t) (235)

The drift derives from a potential F(z) = —V’(x) and W (t) is the Wiener process. Consider
that the diffusion starts from the initial condition x(0) = xg.

The determination of the propagator P;(b|xg) allows to answer the question : what is the
probability that the process reaches the point x = b in a (fixed) time ¢ (i.e. the final position
is the random variable). We now ask a different question : what is the time T}, needed to
reach the point x = b for the first time ? z(0) = zp and z(Ty,) = b with z(t) < b for
0 <t < Ty,. Hence we now fix the final position (z = b) and study the statistical properties of
the random time 7T,,. We denote by Z,,(T) its distribution.

The main idea is to introduce an absorbing boundary at x = b :

Py(blzo) = Py(x[b) = 0 (236)

implying that the particle is absorbed when it reaches x = b. For simplicity for future calculations
and analysis, we impose a reflecting boundary condition at another point x = a. l.e. we impose
that the current vanishes

(F(x) — DO,) Pi(x|x0)|,_, = OuyPr(z|z0)] =0 (237)

= To=a

The boundary condition takes a different form with respect to the two arguments (this is expecetd
as P;(z|xp) is not a symmetric function of its two arguments in general, cf. § page [47)).
We introduce the survival probability

b
Sz, (t) = / dz Py(x|xo) , (238)
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the probabilty that the particle has survived up to time ¢, i.e. has not reached the absorbing
boundary at = b. This is also the probability that the escape occurs after ¢

S, (£) = Proba{Ty, > t} / AT 2, (1) (239)

We have also 2, (T) = —07S;,(T'). Because we integrate over the final position = involved in
the propagator, we see that it is interesting to make use of the backward FPE (216]) :

b
O0pSz, (t) = / dz 9, Pi(z|x0) = Yoy Sz (t) (240)
for the initial condition
1 A b
S0y =4 b formo € Lol (241)
0 forxzog=0b

Similarly the first passage time distribution obeys
Ot Py (t) = Gy Py (1) (242)

At this point it is useful to introduce the n-th moment of the time :

T(z0) = ((Ti)") = /0 h dtt" P, () (243)

# Ezxercice 5.10 : a) Show that the moments obey the recurrence
Gro Tn(z0) = —nTy—1(x0) and Yy, Th(z0) = —1. (244)
b) Justify that the boundary conditions are axOTn(SL'o)’ , = 0and T,(b) = 0.

¢) Deduce (calculation requires to solve a 1st order differential equation: easy!)

o=

b T
To(z0) = % / dz eV (®)/P / dz’ e V@D T (2 (245)
x0 a

c) Arrhenius law

An important application of the above formalism is the analysis of the escape time for a particle
trapped in a potential well. This problem is relevant in chemistry where chemical reactions
are activated by overcoming some potential (activation) barriers in the configuration space of
the molecules. For simplicity we consider a one-dimensional problem of a particle initially in a
potential well (Fig. : xg is close to the local minimum at z;. We study the time needed to
espace the well.

In a rather arbitrary manner, we introduce a reflecting boundary at x = a at the left of the
local minimum, and the absorbing boundary at = = b at the right of the potential barrier (not
too close from the top). As we have seen above the averaged time is given by

b x
T (z9) = é/ dz ev(m)/D/ dz' e~ VE/D (246)
o a

The integral can be analysed by using the steepest descent method. For D — 0, the integral over
2’ is dominated by the neighbourhood of 2’ = z1 and the integral over x by the neighbourhood

of x = z5. Denoting by 01 = 1/4/V"(z1) and d2 = 1/1/—V"(22) the curvatures, we end with

Vi) = V(z1)
D

<TJ;O> = T1 (l’o) ~ 2 (51 (52 exp (247)
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Vix)

absorption

a x X, b

Figure 17: A particle escapes from a metastable state.

The main result is that the averaged time is exponentially large in the height of the potential
barrier AV = V(z3) — V(2z1). It is pretty independent of z (provided that it remains in the
well) : for xy in the well, the particle is rapidly driven at the bottom of the well, where it is
submitted to the fluctuations (the time scale is controlled by the curvature at zp, like for the
Ornstein-Uhlenbeck process) ; then it takes a long time to escape the well, thanks to large (and

thus rare) thermal fluctuation.
QS

Figure 18: The swedish chemist Svante August Arrhenius (1859-1927), Nobel prize in chemistry
in 1903.

#v Exercice 5.11 : How far from the top xo must be the absorbing boundary b so that the
previous analysis is justified ?

We can also analyze higher moments : applying the same arguments to (245) we get

To(zo) ~nTh—1(x1) Th(z0) (248)
for D — 0. Using the independence in the initial position, we conclude that the moments are
T (x0) = n! [T1(z0)]" (249)
i.e. those of a Poisson distribution.
1 T
P (T) ~ exp — 250
= Ty ™ ) 0

This was expected as in the D — 0 limit, the particle is trapped a long time in the well, hence
has time to decorrelate.

Remark: this discussion is inspired by the book of Gardiner [9] and by the appendix of my
paper [39], where an application for the statistics of energy levels in a quantum (Anderson)
localisation || problem is discussed.

20 Anderson localisation is the problem of localisation of a wave in a (static) random medium.
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#v Exercice 5.12 Lifetimes of metastable states: We have obtained above the following
formula for the average lifetime of a metastabel state corresponding to the well of Fig. [17 :

(Tyy) =~ W Xp {M} valid in the D — 0 limit.
— 1 x32)

Derive some analogous formulae for the two potentials of Fig.

V(x) Vix)

Figure 19: Two other types of trapping potentials.

# Ezxercice 5.13 Escape from the two boundaries : We now consider the problem where
a particle starts at x(0) = zo €]a,b[ and can escape the interval at one of the two boundaries.
In this case one must solve the differential equation (244), i.e.

d dT,
GroTn(x0) = —nTh—1(z0) ie. (| D— —V'(x0) dTn(@o) =—nT,_1(x0) (251)
d.l’() dZCO
for two Dirichlet boundary conditions T, (a) = T,,(b) = 0. For simplicity, we consider only the
first moment.

1/ Denoting by Peq(z) o exp[—V (z)/D] the equilibrium distribution, study the action of the
generator ¢, on

() = / / e / dz Pug(2 /Peq / jf(”;/) /jlePeq(z) (252)

2/ Deduce Ty (mo).

3/ Study the limit D — 0 for the potential of Fig. when the initial condition is in the
well. Introduce 1/8§ = V"(xo) and 1/635 = —V"(x12). Distinguish the case general case
V(z1) # V(x2) and the case V(x1) = V(z2).

Vix)
absorption

absorption

d )‘C] )‘C() )‘CQ b
Figure 20: Two absorbing boundaries.

#v Exercice 5.14 : We now consider the problem of first passage time in dimension d > 1.
The particle starts from 7 € R% and we ask the question : when does it reachs a sphere of radius

b < r = ||f]| for the first time. We assume that the drift derives from a symmetric potential
V(r).
Show that the moments of the first passage time obey the differential equation
2 d-14d , . d
|:D <d’1“2 + r dr) Vv (r)d7“:| Tn(r) =N Tn—l(r) (253)
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When one increases the dimension, does the time increases or decreases ?

® Important points

e Have in mind the meaning of the two terms in the FPE (drift and diffusion).

e Conservation equation 0;P = —0,.J and expression of the current.

e Existence of the BFPE

e Be familiar with the different types of boundary conditions (relecting, absorbing)

e The problem of first passage time (relation between survival probability and the distribution
of the first passage time) ; the use of the BFPE.

e The Arrhenius law.

6 Linear response theory

Previously, we have been mostly interested to present some tools allowing to analyze the proper-
ties of stochastic processes, i.e. to follow a more phenomenological approach (with the exception
of § . In this last paragraph of this first part of the lectures, we are going to follow a more
microscopic approach : we will however restrict ourselves to the study of small disturbances
on the top of equilibrium, i.e. to the “linear regime”. Our purpose is to describe the situation
represented schematicall in Fig.

Excitation — — Measure of the response
fit) \V

A<——B
correlation

Figure 21: Schematical representation of the situation under consideration : an excitation (ex-
ternal perturbation) acts on the system. A force f(t) is coupled to an observable A of the system
and another observable B is measured. The two observables are in general coupled by the time
dynamics.

A practical motivation could be to describe a bit more precisely the process of the mea-
surement of an equilibrium property : the standard scheme to perform a measurement on a
system at equilibrium consist in the introduction of a ”small” perturbation (excitation) and the
measurement of the response of the system (ex: an atomic vapor on which light is sent and
which re-emit light by fluoresence).

First (§ , we start with a semi-phenomenological description based on thermdynamic

properties (§ . In a second step (§ to , we will develope the linear response theory.

6.1 Theory of thermodynamic fluctuations

This § was not discussed in the lectures due to lack of time.

Before entering into the (microscopic) approach of the linear response theory, it is useful to
start with the more phenomenological approach of the thermodynamics of irreversible processes.
We first start with the theory of thermodynamic fluctuations, which was developed by Einstein
in 1910, among others [32]. In equilibrium thermodynamics, a fundamental function encoding
all thermodynamic properties of a system is the entropy, which is an extensive function of a set
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of extensive variables (energy, number of particles, etc) characterizing the thermal state of the
system :

S{Xi}) (254)

If the system is isolated, these extensive variables are fixed, however, if one considers exten-
sive quantities characterizing a subpart of the system, there exist exchanges among different
subparts : e.g. exchanges of energies, while the total energy of the isolated system is kept
constant.

Conjugate thermodynamic forces : To each extensive variable X;, we can associate an
intensive conjugate force :
oS
0X;

F, = (255)

Examples :

Obervable X; force F;
Energy E -1/T
Volume V —p/T
Number N, ta/T

In particular, for a simple fluid made of a mixture of s species we have
AS(E,V,{N.}) = ~dE + L av - Z Ha qn, (256)
T T T =T

Note that extensivity S({A\X;}) = A S({X;}) implies

S{Xi}) = —ZXj F({Xi}) (257)

a) Preliminary — the thermal contact :

As a preliminary, let us recall the analysis of the thermal contact between two subparts of an
isolated system [42]. Denote by S(FE) the entropy of the part of interest and Sext(Fiot — F)
the entropy of the remaining of the system. Siot(E) = S(E) + Sext(Etot — E) is the entropy of
the isolated system for a fixed value E (here Sy (F) is the reduced entropy). The fundamental
postulate of statistical physics provide the distribution of the energy E as

w(E) o eSwrF) (258)
(for clarity I set kg = 1). We introduce the “affinity”

gt OSiot(E) 1 1
NE) = ="0F = T@) " Tou(Bor ) (259)

which is the difference of the two ”forces”, involving here the microcanonical temperatures T
and T,y are characterizing the two sub-systems. The equation giving the maximum of the
distribution correspond to the vanishing of the affinity

B(E) =0 = E=E (260)

and is also interpreted as the condition for thermal equilibrium T = Tty
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Consider a thermal fluctuation
SE=F—F (261)

then we can linearize the affinity ¢(E + dE) ~ x §E hence the probability of a fluctuation is

1
w o St with 0SS0t =~ —5/@' SE? (262)

Here the coefficient k has a clear interpretation

— 1 1 1 1
T(E)? (C’V(E) CZFY(Eyor — E)) T(E)?Cy(F)
where the second term can be necglected if the subsystem is much smaller than the external
part. With this assumption, we can write the probability in terms of a function characterizing

the subsytem alone
w o< e PT with F = E — TS(E) (264)

where T is here the temperature of the external and F the free energy of the subpart of interest.
Since there is a bijection between the energy and the temperature, §F ~ Cy §T, we can as
well express the fluctuation of energy in terms of the temperature

. 1 C
woce®er with §Sip & — o 677 = 50T (265)
thus the temperature fluctuations are
k
6T?) = = T? 266
(517 = (266

where I have reintroduced the Boltzmann constant. I recall that Cy is here the heat capacity
of the subpart in which the temperature fluctuations take place.

b) Affinities :

We now generalize these ideas to a set of extensive observables X;. We consider a spontaneous
thermal fluctuation
;= X; — X; (267)

and introduce the affinities corresponding to these observables

e 85‘51& X
e L (268)

Equilibrium state is characterised by the vanishing of all affinities ¢; = 0.
In general we can write the entropy variation around its maximum (corresponding to the
equilibrium state) as

1
6St0t ~ 75 Z K,Z'inl‘j (269)
/L?]
where the coefficients k;; are encoded in the entropy function, the fundamental function char-

acterizing the thermodynamic properties of the system, which is assumed known. Hence ther-
modynamic fluctuations are characterised by the Gaussian measure

1 o
w o @95t — ¢T3 24,5 RijTiT; (270)
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The affinities take the form
Gi= > ki, (271)
J

As a result of general properties of the Gaussian measure we have
(wizj) = (k)i (272)

(see appendix below). Using the linear relation between affinities and thermal fluctuations of
observables, we get the correlator

(zigj) = bij (273)
and

(Pigj) = Kij - (274)

Simple consequence : Eq. (273) shows that variables thermodynamically conjugated are
uncorrelated. For example (§79V) = 0.

It is also interesting to split the variation of entropy in two parts

St = 05 + 0Sexeh = 05 + > F6X; (275)

where the second term is the entropy exchanged between the system and the external. Note
that in [32], the variation of entropy .St is denoted d.Siy as it is the entropy variation relative
to the changes internal to the system (energy fluctuation of the system, etc).

Application : For example, if we consider the entropy as a function of the energy and the
volume, S(E, V), this gives the form

OF — T3S +p0V _ g

_ 276
W X exp T (276)
where G is the free enthalpy. Expansion leads to
CyoT? SV?
_ — 277
Woeeep { 9T 2TVrky (277)
where rp & —% (a—‘;) o is the isothermal compressibility, which controls the volume fluctuations
(V%) =TVkr.
Appendix : Gaussian integrals in R" and Wick theorem
Consider the integral
N = / dN x e~ 3 XTAX (278)
RN

where A is a real symmetric matrix. One can perform a rotation X = OY which diagonalizes
the matrix, A = ODOT with D = diag(\,---, Ay). Jacobian of the transformation equals
unity J = [DX/DY| = |det(O)| = 1. This makes clear that the integral exists if the matrix
is positive A > 0 (meaning A\; > 0 V1i). After diagonalization, the integral is separable, thus

N7 =TT V21 /N = (27)N/2 )/ det A.
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Introduce the vector B € RY and the function

GB)=N [ dVX e aX AXHBIX _ (oBTX (279)
RN
which is interpreted as the generating function of the Gaussian variables X; as derivations
produce the correlation functions 0;, - - - 9;,, G(B)|p=0 = (Xi, - - - Xi,,). A simple manipula-
tion is

XTAX —2B™X = (X —A'B)TA(X - A7'B) - BTA™'B (280)

leading to

1 _

G(B) = exB"47'B (281)

2
In particular we deduce the relation for the two point correlations (X;X;) = %{gg‘ Bp '

(XiX;) = (A7) (282)

We conclude that the correlations of the Gaussian variable is already almost
readable on the Gaussian measure itself P(X) « exp{—3XTAX}. This is a very
general and important result.

We can deduce the Wick theorem

(X1 Xon) = Z <Xi1Xj1> T <Xiann> (283)

contractions

where the sum runs over the (2n — 1)!! pair contractions. Example : for 2n = 4, one needs
to consider the (4 — 1)!! = 3 contractions

<X1X2X3X4> = <X1X2> <X3X4> + <X1X3> <X2X4> + <X1X4> <X2X3> (284)

The Wick theorem has many occurences and applications : in probability, in statistical
physics, in statistical or quantum field theory.
6.2 Thermodynamics of irreversible processes

This § was not discussed in the lectures due to lack of time.

We now discuss the dynamics of observables when the system is driven slightly out-of-
equilibrium (for example when inducing a current through a conductor by imposing a voltage
drop). The main assumption is that the time scale which characterizes the dynamics is much
longer than the time scale for relaxation towards equilibrium

Tdyn > Trelax (285)
which ensures that the system follows equilibrium states described by equilibrium thermody-
namic (in particular by the fundamental entropy function).

a) Fluxes

We introduce the flux related to the extensive variable X;

_dX;
odt

Ji (286)
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Denoting by z;(t) = X;(t) — X; the deviation from equilibrium, we have also J; = ddxti. It is
important to stress that although I use the same notation as the one used above for spontaneous
thermal fluctuations, z;(t) designates here the change of the observable as a result of imposing
a non zero affinity. The use of the same notation follows “Onsager’s regression hypothesis”
(1930), assuming that the relazation of non equilibrium disturbance is governed by the same laws
as the regression of spontaneous microscopic fluctuations [6].

If the system remains close to the equilibrium, it is natural to assume that the fluxes are

linear in the deviations to equilibrium, i.e.

dxi
dt = — Z)\ij.%j . (287)
J

It is important to keep in mind that at this level, contrary to coefficients x;; introduced above,
which are encoded in the entropy function and can be deduced in terms of (equilibrium) ther-
modynamic properties, as it was illustrated above, the new phenomenological coefficients A;;
characterize the dynamic and require further information. Using the linear relation with the
affinities, it is conventional to write

. dxi

Ji= 5= (288)
J

where v;; are the so-called “kinetic coefficients”. The main object of the theory of irreversible
processes is to find the relation between affinities and fluxes (this is similar to finding the relation
between the voltage drop imposed by the external and the induced current, i.e. a formula for
the conductance in terms of the microscopic parameter and the geometry of the conductor). At
this stage, the description remains phenomenological. The sets of coefficients are clearly related
by

Yij = — Z ik (57 ks (289)
k

Figure 22: Lars Onsager (1903-1976), Nobel prize in chemistry 1968.

Example : the discussion is a bit formal. Let us give a concrete example : consider a conductor
with charge @ (the “observable” X). The electrostatic energy is H = QV so that the potential
V is the “conjugated force ¢”). The “flux J” is the electric current I = % and thus the kinetic
coefficient is simply the conductance (inverse of resistance)

v —G (290)

as we usually writes I = GV).
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b) Onsager symmetry relation

We now state the Onsager principle (1931) of the symmetry of kinetic coefficients

2om)
which relies on the time reversal symmetry, at equilibrium, as we now show.
Proof : We introduce the correlation function
Cij(t) = (zi(t);(0)) (292)
Assuming time reversal symmetry we have
TRS
(zi(t)x;(0)) = (2i(0)x; (1)) =" (2:(0)z; (1)) = Cij(t) = Cji(t) - (293)
Now we differentiate the relation
dl’l(t) _ dSUj (t)
(5 (0)) = (<2 i (0) (294)

and we use Onsager’s regression hypothesis, which allows to make use of the kinetic coefficients

> i (Sr(®x;(0)) =Y ik (Gr(t)7:(0))
k k
Because the relation holds V¢ we can write

zk: Yir: (Px(0)2;(0)) = ZI; Yjk (Dr(0)2;(0))

=0jk =0ik
leading to (291).

Remarks :

(295)

(296)

e A standard illustration is the symmetry between transport of particles and transport of energy.

Transport of particles can be induced by a modulation of the electrochemical potential i =
p+ V(7), where V (7) is the potential (in the presence of an external potential, the ”force”
conjuguated to the local density is ). Transport of energy can be induced by an imbalance
of temperature (Fick’s law). The local version gives the current of particles and the current
of energy

- = (L (1
JN =INNV (%) + eV (—T> (297)
- = (i /1
Je =7vENV (%) +eEV <_T> (298)

The coefficient vy is proportional to the diffusion constant (or the conductivity for charged
particles) and the coefficient ygg to the thermal conductivity. The Onsager symmetry relation
is ywg = vEnN. Its existence is related to the duality of two effects : the Seebeck and the
Peltier effects [32, [19].
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e The Onsager symmetry relations (291) was given here for observables invariant under time
reversal symmetry. In general the observables can have a specific symmetry under TRS :

xi(—t) = €; x;(t) with ¢, = +1. (299)
In the more general case, the Onsager symmetry relations take the form
7ij(§7 ﬁ) = EiEj ’yji(—é, —ﬁ) (300)

where B is the magnetic field and Q the angular velocity of rotation.

¢ Equilibrium versus out-of-equilibrium.— We will make clear below that, although they
characterize how the system responds when put slightly out-of-equilibrium, the kinetic coef-
ficients are properties of the equilibrium state. Thermal equilibrium is a crucial assumption
for the Onsager symmetry relations to hold. In the out-of-equilibrium situation, Onsager
symmetry can be broken.

e Linear response versus non linear response.— Another formulation of the previous
remark : the fluxes are non zero because finite affinities are imposed from the external, hence
the fluxes are functions of the affinities : J;({¢;}). We have written above the fluxes as
Ji{¢;}) = Zj Yij ¢;. Assuming that the response is linear is equivalent to say that the
kinetic coefficients are properties of the system for ¢; = 0V i, v;; = (’)(gbg), i.e. that they are
properties of the system at equilibrium (this is the essence of Onsager’s regression hypothesis).
Onsager symmetry relation holds for the linear response, however it has no reason to hold for
the non-linear response, i.e. far from equilibrium.

An example was discussed in [35] 38] (and further in [41]) : whereas it is well known that the
linear conductance of a conductor with two contacts is a symmetric function of the magnetic
field, the interaction between electrons was shown to induce an asymmetry of the nonlinear
response under magnetic field reversal. This was observed experimentally in [45] 2].

c) Entropy production

The entropy production corresponds to dissipation

ds 8S:0r dX;
d:tOt - a)t(o»t dt =2 9 (301)

Hence the entropy production is a quadratic form

dStot
= %:%-j 61t (302)

As a consequence of the 2nd ”principle” of thermodynamic (demonstrated within the frame of
statistical physics), dSie/dt > 0, we have

Vi 2 0 (303)

and ;75 = i('}’ij + 7;i)%. More generally v;; is a positive matrix.

Bibliography:

e The chapter 12 of the Landau & Lifshitz [15] (the unpleasant notation Ry, is used for the
free energy or the free enthalpy).

e The chapter 2 of the book by Pottier [32] is well written (although the notations can be a
bit confusing). The local version is developed. The chapter 2 of Livi and Politi’s book [19]
discusses this matter but is less detailed.

e The chapter 6 of Le Bellac et al’s book [17].
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6.3 Correlation functions and response functions

Let us now enter into the heart of linear response theory. Being a microscopic approach, it
should be based on a description as microscopic as possible : we adopt the frame of classical
mechanics and consider the distribution function in phase space.

e Phase space : we denote by Ta point (the “microstate”) in the D-dimensional phase space.
For example, for a gas of N atoms, it is the vector ['= (F1,-+ , TN, D1, ,PN) wWith D = 6N
components.

e The dynamics of the system is controlled by the Hamiltonian H (f)

e We adopt a probabilistic description and consider the distribution in phase space, denoted
pt(f), which is the probability density in phase space at time t. It follows from the Hamiltonian
equations of motion that it obeys the Liouville equation (see for example appendix of chapter
3 of [42])

0
Pt~ {H, pe} (304)
where 0AOB 0B A
aw \~ (0AOB
4. By = Z <aCIi Op;  0g; 3]%’) (305)

i
is a Poisson bracket.

e Finally, considering an observable A(f) (for example the kinetic energy Hyy, = ﬁ >.iDi%),
the average at time t is given by

(), = [ 4Tl A, (306)

Here, the evolution is carried by the density. Below, it will be conceptually more simple to
write the average differently, with the evolution carried by the observable :

(A), = / dPFo po(Fo) AT (1)) (307)

where T'(¢) is the trajectory such that T'(0) = I'g. The distinction between and is
similar to the difference between Schrodinger and Heisenberg pictures in quantum mechanics.
Below I will rather use the notation (A), = (A(t)) (a more consistent notation should be
(A(T(t))) but it is too heavy).

a) Equilibrium and static response

Consider a modification of the Hamilonian
Hy(T) — Hy(T) = Ho(T') — f A(T) (308)

where A is a certain “observable” and f the conjugate force (here in the sense of classical
mechanics). Le. the observable can be obtained by differentiation with respect to this parameter

AT) = —%Ho(f). Assume canonical equilibrium
. 1 , . .
o/ (T) = 7 e~ PH () with Z; = / dPT e~ AHs () (309)
f

Consider the average of another observable
()= [aPF ! () B (310
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Question : given (B), = [ dPT p(T') B(I'), can we study the variation of the average due to the
introduction of the force f 7 We expand in powers of f :

o [ 4of g € L+ BFAD)
(B>f_/d r'B() Zo 14 Bf (A}, (311)
thus we can write
(B); = (B)o + [ X34 +O(f%) (312)
where
X4 = B ((BA)y — (B)o (A)) (313)

is the “static response function”. At lowest order in f, the properties of observables in the
presence of the force are controlled by a correlator characterizing the equilibrium state p°.

Example: consider a magnetic system with magnetic energy Hyagn = —B M where M is
the magnetization. The magnetic susceptibility is the response of the magnetization to the
magnetic field (M), ~ x B for B — 0. Application of the formula shows that the susceptibility
is related to the fluctuations of magnetization :

(M%)
kT

X = (314)

(cf. chap. 10 of [42]).

b) Relaxation

Let us now consider the problem of relazation, i.e. a specific protocol to study the out-of-
equilibrium situation where the system is submitted to a time dependent perturbation. We
consider the dynamics induced by

H(T,t) = Ho(T') — fr 0u(—t) A(T). (315)

Up to time ¢t = 0, we can write <B>fR ~ (B)y + frRXEY.

controlled by the Hamiltonian Hy, we write

For time ¢t > 0, the dynamics is

(Bt), = / aPFy ' (Fy) B(E (1)) (316)

where T'(0) = Iy, with T(t) solving the equation of motions for Hy. Here, it is indeed
convenient that the time dependence is carried by the observable B, which allows us to expand
the distribution p/# at time ¢ = 0 in the same way as above :

_ o BHo(To) X L
(B0, = [ @r S T ) (317

Assuming (A), = 0 for simplicity, we get
(B(t)); =~ (B)y + fr Rpa(t) fort >0, with Rpa(t) = 5 (B(t) A(0)), (318)

being the relaxation function (at equilibrium, averages of observables are time independent).
The relaxation is characterised by a correlation function of the model with the force. I stress
that both the time evolution of observable B and the average refer to the ”free” Hamiltonian Hy.
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c¢) Dynamical response
Consider now a general perturbation
H(T,t) = Ho(T') — f(t) A(T) (319)

where f is an arbitrary function. In general, at lowest order in the force, the average must be a
convolution of the force

(B(®); = (B) + / at' xpalt — ) [(t') + O(f?) (320)

where xpa(t) is by definition the “response function”. The question is now to determine this
function. First of all, causality imposes

xBA(t) o< Ou(t) (321)

Next, we relate this function to the relaxation function. The case of relaxation corresponds

to f(t) = fr Ou(—t), thus

,OC_GH/(i min(¢,0)
Rpa(t) = /dt’ xa(t —t") Ou(=t') = / dt’ xpa(t —t') (322)
= / dt” xpa(t") for t >0 (323)
t
thus xpa(t) = —ERpa(t) for t > 0. Finally
d
xBa(t) = =B Ou(t) 3, (B(t) A(0)), (324)

Once again, rephrasing Onsager : the response of the system put out-of-equilibrium by the in-
troduction of the force f(t), is controlled by a correlation function characterizing the equilibrium
state. However, it is not an “hypothesis”, it is perturbation theory!

Important (but academic) example : the harmonic oscillator.— Consider
2
1
Ho(q,p) = 2% + §mw2 q° (325)
and introduce the perturbation 0H(t) = —f(t)q. We apply the formula to compute xqq(%).
Given ¢(0) = go and p(0) = pg we have
q(t) = qo coswt + PO i wt (326)
mw
Thus the correlation function is
(gopo)

Cyq(t) = (q(t)q(0)) = <q§> cos wt + sin wt (327)

mw

Given that the equilibrium distribution is p o< e 7?0 we have (¢Z) = ksT/(mw?) and {(gopo) = 0
hence

qu<t) = m cos wt (328)
from which we deduce
1 Ou(t) .
Ryy(t) = 3 o8 wt and  xgq(t) = o Sin wt (329)
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Remark: it is relatively easy to understand why the response function is independent of
the temperature (and in fact independent of the distribution function). This can be explained
by the fact that the system is linear.

& Ezercice 6.1 Anharmonic oscillator: The response function x(t)for a harmonic (linear)

oscillator, i(t) —wdx(t) = f(t) is the Green’s function of the equation, i.e. solves the differential

equation X(t) — wix(t) = 6(¢).

We consider now the classical anharmonic oscillator forced by an external force f(t) : &(t) —
F(x(t)) = f(t), where F(z) derives from a confining potential (e.g. V(z) = sw?ax? + iz?).
Deduce the differential equation satisfied by the response function. Discuss the differences with
the harmonic case.

Example 2: conductivity.— consider now a particle submitted to an electric field E(t)
H(t)=Hy—qz&(t) (330)

The current density is
(i(t))e = ng (v(t)g = ng’ /dt’x(t —t)E) +0(€?) (331)

where n is the carrier density and x(t — ') characterizes the response of the velocity to the
electric field (coupled here to the position). From the general formula derived above we have

X~ 1) = — ()35 (o(0)2(t)) = (s — )8 (u(t)e(1)) (332)

(I have used time translation invariance (v(t)z(t')) = (v(0)x(t' —t))). In Fourier

(ju) = ng*X(w) & = 5(w) &, (333)
So that the condutivity is the Fourier transform of the velocity-velocity correlator
G(w) = ng°X(w) (334)

The study of the phenomenological Langevin equation has led to

(w(tyo(0)) = 2 eI/ (335)

T

where D = kgT'/v = ksT 7/m is the diffusion constant (cf. §[2). Then

F(w) = g’ 1 (336)

m 1 —iwr

nq27‘

we have recovered the Drude formula oy =

6.4 Once more the fluctuation-dissipation theorem

We write the perturbation added to the free Hamiltonian under the form Hper(t) = —f(£) A(2).
Hence, A(t) plays the same role as a “coordonate”, coupled to an external “force” f(t) (cf. the
example of the Harmonic oscillator). The dissipative power is given by the product of the force
and the velocity

Pantt) = 10 (TG ) (337)
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Consider an harmonic excitation f(t) = f., coswt = Re[f,e ). The linear response of observ-

able A reads
(A(t)); ~Re [(Naa(w) fue '] = fo, (Vaa(w) coswt + X4 (w) sinwt) (338)

where X4 = X4 +1X'44-
Dissipated power is given by : Puiss(t) = f2w coswt (—X'y 4 Sinwt + X4 4 coswt). Averaging
over time, one gets :

— 1 »
Paiss = §wa2 XZlA(w) . (339)
The imaginary part Im x 44 (w) of the response function controls the dissipation.

#v Ezercice 6.2 : On considére un oscillateur harmonique classique amorti décrit par I’équation
i+ 22 +wdz = L f(t). Déduire la fonction de réponse fréquentielle X, (w). Analyser ses poles ;
on distinguera les régimes fortement (1/7 > wg) et faiblement (1/7 < wq) amortis. Dans ce sec-
ond cas, montrer que Y., (w) posséde la méme structure que dans le cas non amorti a condition
de remplacer 0" par 1/7.

#1 Exercice 6.3 : The response function of the damped harmonic oscillator takes the form
(exercice ! Naw(w) = L ——1—— where &y = w? — %2 Plot real and imaginary parts. Plot

m &3 —(w+1)2

the dissipative power Pgiss 0¢ w Im Yz (w).

Admittance : The dissipative power Paiss(t) = f(?) (A(t)) involves the response of the “velocity”
A to the perturbation Hper(t) = —f(t) A(t). The corresponding reponse function is known as

the complex admittance : Y (w) & Xjia(w) = —iwxaa(w). It is also related to the impedance

Z(w) =1/Y (w).

_ 1 1
Piss = ¢ fulImyaa(w) = 3 fu?ReY (w) (340)

Examples :

o Conductance.—If A — @ is the electric charge, the conjugated ”force” is the electric potential :
§F = V4Q. The admittance characterizes the response of the current : I(w) = Q(w) =
Y (w)V(w) (this is the conductance, usually denoted G). The dissipative power is proportional
to ReY (w) = Re Z(w)/|Z(w)|?.

e (Conductivity.— The conductance G of a wire of length L of cross section S is related to the
conductivity as G = So/L. The Drude model gives : o(w) = ”em27 —— where 7 is the
collision time for electrons. As it is well known the real part of the conductivity characterizes
the dissipation. Note that the imaginary part of the conductivity is proportional to the real
part of the dielectric function (hence to the refraction phenomenon).

6.5 Causality and Kramers-Kronig relations

Causality of response functions is at the heart of a deep relation between the reactive (Re x 44 (w))
and dissipative (Im X 44 (w)) parts of the response function. As a consequence, in an experiment,
it is sufficient to measure one of the two to get the full response function. For example, if one
considers the complex refraction index in optics, v(w) = n(w)+ik(w), the real part characterizes
the refraction, i.e. the change of direction of a radius at the interface, whereas the imaginary
part characterizes the absorption of the light by the medium.

The response function is causal :

X(t) =0 fort<0 (341)

65



Im 7

Rez

X xM
x
* x x
x

Figure 23: Contour of integration considered to get Eq. . Crosses represent the poles of the
function X(z), and the lines the branch cut.

Let us assume for simplicity that its Fourier transform is square integrable [24] : [ j;o dw |x(w)|* <

oo. Because x(t) = joooo 42 ¥(w) e7, all poles and branch cut of Y¥(w) must belong to the lower

half complex place. [*!| Write the integral fc dz % over the contour represented in ﬁgure and

z
consider the limit where radius of external and internal semi-circles go to co and 0, respectively.

We get :
- Lo X(W)

= d 342
W@ =f a5 (342)
This shows that real and imaginary parts are related through Hilbert transforms :
_ 1 +o00 I ~ /
Rey(w) = ][ dw’ m,Xi(“) (343)
T oo w —w
_ 1 “+o00 R >0
Imx(w) = —][ do’ w (344)
TS oo w —w

These dispersion relations are known as Kramers-Kronig relations (or Plemelj formulae) :

Figure 24: Hendrik Anthony Kramers (1894-1952) € Ralph de Laer Kronig (1904-1995).

Remarks :

e Substractions.— The function x(w) might not be square integrable. In this case, given Im x(w),
causality is not sufficient to fully determine Re x(w). However, dispersions relations can be
obtained by performing “substractions” [24]. For example, consider x(w) bounded at infinity
|X(0)| < 00, a single substraction is sufficient. One applies the procedure described above to

2'Démonstration : montrons que X(z) = fooo dt x(t) et'*" est analytique dans le plan complexe supérieur. Pour
cela nous souhaitons vérifier que 9x(z)/9z* = 0. La permutation entre dérivation et intégrale n’est permise que
si l'intégrand et sa dérivée partielle sont bornés par une fonction sommable indépendante de z (théoréme de
convergence dominée). Or |x(t)e™*| = [x(t)|e™* "™ < |x(t)| pour Im(2) > 0. La permutation de 8/9z" et [ dt
n’est donc autorisée que si Im(z) > 0 ; dans ce cas dx(z)/0z" = [;° dtx(t) deT# /92" = 0 puisque la fonction
exponentielle est analytique. QED.
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X(w)=X(wo)

the function —
w—wo

(which is square integrable). One gets :

- . w—wy [T Y(w') — X(wo 1
X(w) = X(wo) + — 0][ dut X4 ), X(o) - (345)
it J_ o w—-—wy W-w

where wy is chosen at will (for example wg = 0o can simplify the relation).

e In optics causality should be stated as follows : “the effect of a perturbation propagates slower
that the light velocity ¢”, i.e. the causal response is non zero inside the light cone.

e The two previous remarks should be applied to the celebrated case of the refraction index of a
medium v(w) = n(w)+ik(w). Because the medium becomes transparent at high frequency, the
index has the property v(w — oo0) = 1. Introduce the notation x(w) = ¢f(w)/2w. Kramers-
Kronig relation reads n(w) —1= £ )groo duw’ w%(‘_”ZQ (R. de L. Kronig, 1926 & H. A. Kramers,
1927). This relation between the refraction index and the extinction coefficient is the first
known dispersion relation [24]. For this reason, the Plemelj relations are called Kramers-

Kronig relations by physicists.

# Ezercice 6.4 : One gives Im Y (w) =
Kronig relations.

Similarly, given Im y(w) = m7 find X (w).

ﬁ, show that x(w) = w%rl by using the Kramers-

# Exercice 6.5 Analytic structure of the response function :

1/ Harmonic oscillator.— We consider the harmonic oscillator described by the equation of
motion i + wiz = % f(t). Show that the response function x(t) characterising the response of
x(t) to the force f(t) coupled to x is the Green’s function of the differential equation. Check
that the causal Green’s function is x(t) = 9H(t)si7r;7z0°t. Compute its Fourier transform x(w) (for
this purpose it is necessary to introduce a regulator e~ with ¢ — 0% in the integral). Plot

neatly x(w).
2/ Damped harmonic oscillator.— We consider now a damped harmonic oscillator submitted to
the external force :

L2 9 1
—a = —f(t 346
ac—i—T:J:—i—wa mf() (346)

Compute the Fourier transform of the response function Y (w). Analyse the poles of this function :
study how the poles move in the complex plane as the damping rate 1/7 varies from +o00 to 0.
Plot neatly Re X(w) and Im x(w) in the weak damping limit (to be defined). Come back to the
first question and interpret physically the regulator e — 07 .

® Important points

e The "response-correlation relation” (main idea of linear response theory) : for small external
perturbations, the response of the system is controlled by an equilibrium correlation function.
e Be familiar with the expression of the response function.

e Fluctuation-dissipation ; Im x 44 (w) is the dissipative part.

e Consequence of causality on the analytic structure of the response function (Kramers-Kronig).
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PART 2 : Introduction to phase transitions
and critical phenomena

This second part of the lecture notes is devoted to the study of phase transitions, which
is probably the most difficult part of a course on equilibrium statistical physics. The reason
is that phase transitions arise from the competition between thermal fluctuations (entropy)
and local interactions (energy), which can lead to different phases of matter. @ The study of
problems with interactions is always a difficult task. Phase transitions usually manifest through
a order/disorder transition, between a low-T" ordered phase (when energy dominates) and a
high-T" disordered phase (when entropy dominates). The remarkable point is that a microscopic
range interaction can mediate cooperative effects responsible for ordering at a macroscopic scale.

The study of phase transitions is interesting and important for different reasons. The first is
that it concerns the understanding of the different organisations of matter. The second is that
certain types of phase transitions, of ”second order”, exhibit critical phenomena (scale invariance
and scaling laws) with a universal character : some properties are completely insensitive to
the microscopic details and moreover can be the same for different physical problems : such
properties are called ” universal”.

7 Mean field

7.1 Introduction : the liquid-gas transition

Let us start with a concrete (and important) example of phase transition, which will allow to
introduce several important ideas. The study of the liquid phase within the frame of statistical
physics, i.e. based on a microscopic model, is the most difficul to study :

(i)  in the gaseous phase, the atoms (or the molecules) can be considered as independent
particles. This is due to the fact that collisions between atoms are sufficiently rare so that
the interaction energy of the atoms in the gas can be considered negligible compared to
the kinetic energy : Eyin > Fing.

(ii)  In a solid, this is exactly the opposite, atoms are attached to sites of the crystalline lattice
and vibrate around their equilibrium positions. Interaction energy dominates (in the sense
that the atoms cannot overcome the potential barriers) : Fyj, < Ein. It is however still
possible to identify independent degrees of freedom (collective vibration modes, phonon
modes), which makes the analysis simple.

(iii) The liquid state is the most difficult to study : in this case kinetic energy and interaction
energy are of the same order Eyi, ~ Eipt.

a) Description of the phenomenon

A standard protocol is to perform a decompression of the fluid at fixed temperature : Fig
Increasing the volume, the pressure of the liquid rapidly decreases (compressibility of the liquid
is usually extremely small). For some value V7, part of the liquid evaporates and two phases
coexist. The pressure is then constant, which correspond to the “liquefaction plateau” (flat part
of the isotherm). When all the liquid has been converted into vapour, the volume reaches the
value V. If the volume is further increased, the pressure again diminishes slowly (compressibility
of the gas is very high). This is represented schematically in Fig. 26| for different temperatures.

22Phase transition can also occur at zero temperature, and can be driven by a parameter. An example is
the Anderson transition in disordered metals, between a metallic phase (with finite conductivity) and Anderson
insulating phase, when the disorder strength (or the electron density) is varied.
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The two volumes V(T') and Vg (T') and the pressure of the plateau ps(T') are functions of the
temperature. The figure [27] shows real data for carbon dioxyde.

@

’7“ gas

L 3

=

X |

=L P
X

liquid
Figure 25: Decompression (at constant temperature) of a fluid initially in the liquid phase.

The volume V' (or the density n = N/V') is the observable allowing to distinguish the two
phases, it plays the role of the “order parameter”. Because it makes a jump when the fluid goes
from the liquid to the gaseous phase, one says that the liquid-gas transition is a discontinuous
phase transition. A different representation is shown on the right parts of the figures|[361] and
: in the plane (p,T'), the coexistence between liquid and gas takes place on the line p = ps(T).
This emphasizes that the Gibbs free energy G(T,p, N) presents a singular behaviour on this
line : the volume being the derivative of the Gibbs free energy, V = %—g, we have %—g‘ G %—g‘ o
Hence, the transition is also said to be a first order phase transition, according to the
Erhenfest classification (a phase transition is said to be of order n if the nth-derivatives of the

thermodynamic potentials present discontinuities or singular behaviours).

isotherm

P supercritical p supercritical
fluid fluid
C
De >
L
- Po(T) 5
\7 ." Gas "-_ G ]: ’ ~ .
Py as &Y S
: Y x G‘b
\:, , r
3
\%4 - T
v, Vo T T,

Figure 26: Sketch of isotherms in the Clapeyron diagram. The isotherm at temperature T, is
the critical isotherm and C the critical point. Above the critical isotherm, the state is know as
a supercritical fluid. Right : In the (p,T) representation, liquid and gas coexist on a line.

If temperature is increased, the width of the liquefaction plateau diminishes and eventually
vanishes at a temperature T, called the ” critical temperature” (Fig. and Fig. for experi-
mental data) : Vg(T) — VL(T) — 0 as T'— T, . The point C' where the liquefaction plateau

shrinks is called the “critical point”. Hence % is continuous for 7' = T, (and discontinuous

for T < T.). The critical isotherm being flat at the critical point, g—{}‘ o = 0, the isothermal
101 __1983%G . .. . " . . .
compressibility x7 = —v; 9p? } o = 00 is infinite at the critical point. It is now the second deriva-

tive of G which exhibits an "accident”, hence according to the Ehrenfest classification, one says
that the transition at C is a second order phase transition. Because the order parameter is
continuous at T, the phenomenon is also called a continuous phase transition.

Above T, there is no more distinction between liquid and gas and one says that the fluid
is supercritical. This occurs at T, = 374 °C in water (with p. = 220 atm) or at 7, = 31.1°C in
COgq (with p. = 73 atm, cf. Fig. . Critical temperatures and pressures for other fluids can be
found at https://en.wikipedia.org/wiki/Critical_point_(thermodynamics).
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Figure 27: Phase diagram of carbon-dioxyde (right figure from wikipedia: the red zone corre-
sponds to the solid phase. The point B is the critical point and the point A the "triple point”).

b) The van der Waals model

We now introduce a microscopic model which describes the transition (this paragraph is a brief
presentation of the first part of chap. 10 of [42]) We consider N atoms, or molecules, assumed
to interact only through pair interactions :

—

=30
7

2
1 S o
+2.%ULJ(||W—W||) = Hin + U . (347)
%I

The potential Lennard-Jones ur,y(r) = ug[(%2)1?—2(%2)%] correctly describes interaction between
two atoms, with strong repulsion at short distance and weak attraction at large distance. It
involves two microscopic parameters : the range ro of the potential (position of the minimum),
and its depth wupj(rg) = —ug. For example, interaction between Argon atoms is well described
by the Lennard-Jones potential for uy = 2.5 meV (< 30 K) and ro = 3.35 A.

In order to simplify the analysis, we replace the Lennard-Jones potential by a potential
ury(r) — wu(r) with u(r) = oo for r < rg (hard sphere repulsion) and u(r) = urj(r) for r > ro.
This defines an excluded volume v = %’rrg around each atom.

Our aim is now to compute the partition function of the gas

1 , . . L 1
ZN:N!hSN/dgpl'”/dgpN/Vdgrl”'/Vdnge BH:WQN (348)
AT
where A\p = \/27h?/(mkgT) is the thermal length and
Qn = / a7 - / iy o (349)
v 1%

is the configurational integral.

Hard sphere repulsion.— In order to estimate ), we first consider the hard sphere repulsion
and forget the attractive part of the potential (this is similar to do u(r) — upns(r) = oo for
r < 1o and upg(r) = 0 for r > r9). Qn is given by an integral over the available space : Q; = V.
Fixing 7, the avalaible space for 7 is V —v, where v is the excluded volume, then Q2 =V (V —v)
(see Fig. 28). For three atoms, Q3 ~ V (V — v) (V — 2v) is an approximation as it results from
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the exclusion of atoms taken by pairs, and ignore the three body effect. Neverthelees, we can
proceed and get

Qv ~ [[(V-nv). (350)
n=0
Assuming V' > Nwv, we have
Qn ~ (V- Nb)N for V> Nb (351)
with
b= = %ﬂg (352)

which is the first parameter of the van der Waals equation. The first conclusion is that we can
account for the hard sphere repulsion by replacing the volume by V — V — Nb.

SR I I

Figure 28: Configuration integral : the first particle can move in a volum V, thus Q1 = V,
the second in a volume V — v, thus Qo = V(V — v), the third in a volume V — 2v, hence
Qs ~V(V —v)(V — 2v), etc.

#1 Ezxercice 7.1 : The mean field approximation predicts that the fluid of hard spheres has a
maximum density n™ = 1/b = 3/(27r3) in d = 3.

a) In d = 2, a similar argument gives n™ = 1/b = 2/(wr2). Compare with the (exact) density
for the dense packed phase.

b) Same question in d = 3.

Weak attraction.— Because the integral over positions is uniform, we can interpret the con-
figurational integral (349) as

QN = (V - Nb)N<e_ﬂU>available 9 (353)

volume

what we approximate by

QN ~ (V — Nb)N exp [ - ,3<U>avai1ab1c] . (354>

volume

Let us now estimate (U) : one atom, say atom 1, ”sees” the averaged potential ~ n fp>r0 d3pu(||41)),
where n = N/V is the mean density. Hence

volume

N .
(U avaitable =~ o n/ d3pu(H/ﬂ|) =—Nna, (355)
pP>T0

where the 1/2 avoid double counting. We have introduced the second parameter of the van der
Waals equation :

o™ —27?/ dp p? u(p) (356)

T0

Note that, in terms of the two microscopic parameters, we have a ~ ug 7‘8’.

Byrite nQn = Y0 In(V —nv) ~ N In(V — Nv/2).
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Conclusion : VAW partition function.— We conclude that

N
(vaw) 1 (V- Nb N2a/V
Zy ™~ ( ¥ efN"a/ (357)

Although the approximations leading to Z](\ydw) seem a bit crude and out of control, we will see

that the model qualitatively describes all the phenomena introduced above.

Thermodynamic properties.— The corresponding free energy is
V —Nb N2a
F(T,2V,N)=—-NkgT<14+In| —— - — 358
@VN) = Vit {1 (TP ) - (358)

In the VAW model, the energy is only sensitive to the attraction (but not to the effect of the
excluded volume)

— 3NksT NZ2a
E = - — 359
2 v (359)
while the entropy is only sensitive to the excluded volume effect, but not to the weak attraction
5 V —Nb
S°=Nkgq-+In{ ——- . 360
() o
The equation of state is the well-known van der Waals equation
nkgT 9
= - 1
p=q—p-na (361)

In the limit of low density, we recover pressure for the ideal gas, p ~ nkgT, as it should. The
first term of is monotonously increasing with n, from 0 for n = 0, to oo for n — 1/b, while
the second is monotonously decreasing. Because the weight of the first term is the temperature,
we expect that it is dominant at high 7', while the second term is important at low 7'. This is
indeed what we observe by plotting the isotherms for different temperatures, Fig.

# Exercice 7.2 : Find the coordinates (V.,p.,T.) of the critical point, defined as the point

— 0 and 22

where %‘c 8V2‘C:0'

Figure 29: VAW isotherms (361) for kzT = 0.5a/b, 8a/27b and 0.225a/b.
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The main problem revealed by the figure is the non-monotoneous behaviour observed for low
temperatures, say T" < T.. Indeed, for stability reasons, the isothermal compressibility of the

fluid must be positive
def 1 aV 1 872
2 i == 0 362
X V(GP)T n(3p>T> (362)

Remember the study of the relaxation of a piston between two gases exchanging volume, cf. [42] :
stability demands 0?F/9V? = —9p/0V > 0. This is a very general property of thermodynamic
potential, which are convex functions of their arguments.

Phase separation.— This apparent difficulty of the van der Waals model is related to an
interesting physical phenomenon. To circumvent the difficulty, we should relax the assumption,
implicitly made above, of a homogeneous fluid. Let us explain this. At this stage, it is helpful to
study the evolution of the free energy. Since p = —g—{;, integration of p(V') gives the free energy

F(T,V) up to a function of T (Fig. [30).

—— ~1/(V-Nb)

: :T %
Nb Nb L+G ~—InV

Figure 30: Integration of the VAW isotherm gives the free energy (hatched part between points
D, and Dy is the forbidden part, which would describe an unstable fluid). Figures from chapter

10 of [42].

Remember that each point corresponds to a specific thermodynamic state of the fluid. The
figure makes clear that the existence of a concave part allows us to find a path with lower free
energy (remember the principle of minimization of the free energy). For V € [V, V], a mixing
of the two states L and G has a free energy on the straight line between the two points :

F(Tv VL) (VG — V) + F(Ta VG) (V - VL)

for Ve [V, V, 363
o o VeVl (369

F(T,V) =

which corresponds to a plateau

oF Fa— Fp
— == =p (T for Ve [V, Vg] . 364
We interpret the two points as the liquid state (point L) and the gaseous state (point ). Hence,
the branch of the isotherm ending at L corresponds to the liguid phase, while the branch starting

at G is the gaseous phase.

p:

Maxwell’s construction.— Next question is to find (in practice) the two points L and G.
We first turn the isotherm by 7/2 and then integrate the curve V (p) over p (Fig. [B1). We get
the Gibbs free energy G(T,p, N), up to a function (7, N). The Gibbs free energy is a concave
function of p. In this representation, the mixed state (the liquefaction plateau) is just a point
where Gg = GG,. We can give a geometrical interpretation : the plateau is obtained by writing

L
/ dpV =0 (365)
G
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i.e. the two areas between the isotherm and the plateau must be equal : this is the “Mazwell’s
construction”, see Fig.

Vv

Nb

Figure 31: Construction of the Gibbs free energy G(T,p, N) from the rotated isotherm.

We can also give a thermodynamic interpretation to the construction. Because G(T,p, N) =
N u(T,p) (from extensivity) the plateau corresponds to

BL = fiG (366)

which is the usual condition for coexistence of two phases at equilibrium exchanging particles.

p ;

D, vapeur

] 2 sur-saturée

L

liquide | § |7 <
sur—chauffé | >\ \
Nb \. aires égales  V
D,

Figure 32: Mazwell construction ; figure from [42].

Discontinuities.— We have stressed that the liquid-gas transition is a discontinuous (1st
order) phase transition as the density of the fluid presents a discontinuity n; > ng. Another
discontinuity with important consequence is the jump of entropy, which can be written with the
help of the above expression

(367)

AS:S@U@)—Sgn@y:NhgnC@_Aw>>o.

Vi — Nb
The positive jump of entropy corresponds to a transition between an ”ordered” phase to a
”disordered” one. We introduce the latent heat

(368)

- N
MWZTAS:N%Tm<W; b)

Vi — Nb

which quantifies the heat required to convert all the liquid into gas (with a reversible transfor-
mation). The existence of a latent heat is a general property of first order phase transitions.

# Ezercice 7.8 : We consider a reversible transformation from L to G (on the isotherm).
The fluid receives the heat Ly,,. What is the work received ? Study the limit close to the critical
point (i.e. for Vg — Vi, = 6V "small”).
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m _ binodat
£

Figure 33: Binodal, spinodal and metastability region.

Metastability.— Before the Maxwell construction, we have stressed that the part of the
VdW isotherm corresponding to a negative compressibility corresponds to an unstable fluid.
However, the two parts out of the liquefaction plateau (arcs L-D; and Do-G in Fig. are
not forbidden as y7 > 0. Nevertheless, the Figs. and |31| show that the two arcs correspond
to states with a larger free energy than in the mixed state (liquid+gas). Hence, these states
correspond to metastable states where the fluid is in a local minimum of the free energy which
is less favorable energetically, but not forbidden : the system can leave the metastable state due
to a thermal fluctuation and fall into the two-phase state (L+G) with a lower free energy. The
curve delimiting the coexistence zone in the Clapeyron diagram is called the binodal (dashed
line on the left part of Fig. or red curve in Fig. . The set of points D; and Do define
another curve inside, called the spinodal. The zone between the two curves is the metastability
region (where metastability is possible) : cf. Fig.

ef

#1v Exercice 7.4 Binodal and spinodal : We introduce the reduced variables v £ (V=Vo)/ Ve,
™ d:ef (p - pc)/pc and t d:ef (T - Tc)/Tc-
a) Show that, in the vicinity of the critical point, the VAW isotherm takes the simple form

3
T~ 4t — 6ot — 51)3 (369)

(justifiy that we can stop at order v and neglect the term v*t and higher).

b) For t < 0 (ie. T < T.), discuss explicitly the Maxwell construction with the simplified
isotherm. What are the values of the volume of the liquid vy, and of gas vg, defining the two
ends of the liquefaction plateau ? What is the value of the saturation pressure 7s(t) 7

¢) In the Clapeyron diagram (m,v), the region where liquid and gas coexist is delimited by the
"binodal” curve (i.e. the two values vr(t) and vg(t) as a function of m = ws(t)). Give the
expression of the binodal curve.

d) The spinodal is the curve corresponding to the end of metastability (i.e. the set of points

where g—g = 0 in the Clapeyron diagram). Deduce the expression of the spinodal curve.

e) Plot neatly the phase diagram in the Clapeyron representation and indicate the region of
metastability.
c) Criticality in the liquid-gas transition

We have emphasized above that the liquefaction plateau disappears at a “critical temperature”
Te : cf. Figs. and [29] The critical point C' is the place of a second order phase transition.
The term “critical” refers to the fact that, approching the point C, the correlation length of the
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fluid diverges (we will discuss this later) and that the vicinity of the point is characterised by
power laws, i.e. scale invariance, and universality. A stricking manifestation of the divergence
of the correlation length in the fluid is the phenomenon of “critical opalescence”. As the point
C is approached, the interface between liquid and gas broadens and the fluid becomes cloudy,
due to the fact that fluctuations take place at increasing large scale, eventually exceeding the
wave length of light.

Figure 34: For different fluids, the ratios ng(T')/n. and np(T)/n. are plotted as a function of
T/T.. For all eight fluids, the data fall on a universal curve. Figure from : E. A. Guggenheim,
“The principles of corresponding states”, J. Chem. Phys. 13(7), p. 253 (1945).

In 1945, Guggenheim has collected the data for eight different fluids : he has studied the
width of the liquefaction plateau, starting at the gas density ng(7) = N/Ve(T) and ending at
the liquid density nr(T") = N/VL(T), as a function of the temperature. To make comparison
between the fluids of different natures, he plotted the ratios ng/n. and nr/n., where n, is the
density at the critical point, as a function of the ratio 7'/T,. Although n. and T are different for
each fluid, after this proper rescaling, all the data fall onto a universal curve, shown in Fig.

A careful study of the data shows that, close to C, the difference of densities on = ny, — ng
presents a power law behaviour with temperature

on o (T, —T)? (370)

where 3 is known as the “critical exponent for the order parameter”. Analysing the experimental
data, Guggenheim gave 8 ~ 1/3 ; more recent measurements in COq have given  ~ 0.324. This
power law is not the only one :

e Close to the critical point, the heat capacity presents the behaviour

Cy o |T — T, (371)

Experiments on COy gives o >~ 0.111.
e The critical isotherm : we have seen on the figures above that the critical point is an inflexion
point of the isotherm, which has a flat slope. It presents the behaviour

P —pe o |n — ne|? sign(n — ne) (372)

I have not found a direct measurement of the exponent, however, as we will see later, it is
related to other exponents by the Widom relation § = 1 + /3 (see below § . Taking the
value  ~ 0.324 and v =~ 1.246 obtained in CO2 and Xe, respectively, we get § ~ 4.846.
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e Approaching the critical temperature from above, the slope of the isotherm eventually vanishes
at T, corresponding to a divergence of the isothermal compressibility (inverse of the slope of
the isotherm). A careful study shows that

xr o< [T —Te|™" (373)

Experiments in xenon gives v ~ 1.246. Other experimental data can be found in [28] [11].

The notations for the four critical exponents are standard.

#v Ezercice 7.5 Critical exponents of the VAW equation : Expanding the VAW isotherms
around the critical point, show that the van der Waals model predicts the following set of critical
exponents  =1/2,0 =3 and v = 1.

7.2 The phenomenological Landau’s approach

The study of the critical point within the van der Waals model is possible, however, instead of
considering a specific microscopic model, we prefer to follow the phenomenological Landau’s ap-
proach which provides a very simple description of the vicinity of second order phase transitions.
The Landau’s approach is a “mean field approrimation”, as will be clarified later.

We expose below the main ideas of Landau’s approach in the context of the Ising model for
the paramagnetic/ferromagnetic transition.

a) Ising model

The Ising model is of fundamental importance in statistical physics and has applications in many
problems involving binary variables :

e The Ising model for the Para/Ferro transition, where dynamical variables are “Ising spins”
o; = 1 attached to the sites of a lattice.

e The lattice gas : space is divided into elementary cells, which are either empty, n; = 0 or
occupied by one atom at most, n; = 1. The fact that n; = 1 at most mimmic hard core
repulsion between atoms.

e Binary alloys : crystalline structure with two species of atoms which can migrate from site to
site.

e ctc, etc.

The Ising Hamiltonian is given by

N N

1

Hysing = =5 D, Jij0ioj =B ) oi (374)
i,j=1 i=1

where J;; is the interaction between the two spins on sites ¢ and j. A natural choice is

(375)

0 otherwise

{J for ¢ and j neighbours
Jij =

Here J > 0 is a ferromagnetic interaction and the magnetic field B is expressed in appropriate
(energy) unit.
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Figure 35: Ernst Ising (1900-1998).

#v Exercice 7.6 Mapping Ising—Lattice gas: We consider the lattice gas model defined
above, with N cells (i.e. N plays the role of the volume). We denote by N = Z@]L n; the
number of particles. Atoms cannot be two in the same cell (hard core repulsion). They also
attract themselves with a short range interaction : when two atoms occupy two adjacent cells,
they have an energy Faatoms = —¢ < 0 (the energy is zero when the two atoms are more
distant). Write Hyg — puN in terms of the occupation numbers n;, where u is the chemical
potential. Discuss precisely the mapping between the Ising model for N spins in a magnetic
field, and the lattice gas.

Weiss local field and mean field solution.— In the absence of interaction, J = 0, the
solution follows from independence of spins : partition function of a spin is zgpin = 2 cosh(8B)
from which one gets the magnetization

m < 5; = tanh(8B) . (376)

The mean field solution is obtained by replacing the field B in this equation by the mean
field seen by a spin. The local field at site i is by definition the variable conjugated to the spin

oc) de OH sin,
Blloe) & —T; =B+ Jijo (377)
! j

Assuming that the magnetization is uniform in the lattice, the averaged field is

—(loc)

B =B+ zJm (378)

where z is the coordination number of the lattice, i.e. the number of neighbours of a given spin.

As a result, we obtain the self consistent equation m = tanh(,BE(lOC)), explicitly
m = tanh B(B + zJm) . (379)

One can expect that this approximation is correct if the number of neighbours z is very large,
i.e. when the fluctuations of the local field are small compare to the mean value (central limit
theorem).

# Exercice 7.7 Mean field solution of the Ising model:

a) Show that the nature of the solution(s) of the self consistent equation (379) for B = 0 changes
at the temperature T, = zJ (set ky =1).

b) Deduce the behaviour m(T,0) o (T, — T)'/? for T — T,
¢) Study the critical isotherm and show that m(T., B)  sign(B) |B|"/? for B — 0.
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d) Using a perturbative method, solve (379) for B — 0 and deduce the magnetic susceptibility
(i.e. write m.(T, B) = m.(T,0) + 0m with ém ~ xB).

e) Compare these behaviours with the van der Waals theory for the liquid-gas transition (exer-

cise .

b) Origin of the Landau’s approach : mean field approximation

Consider in this paragraph the case B = 0 for simplicity. The Graal would be to compute the
Ising partition function
Ztsing = Z e~ BHising({0i}) (380)
{oi}
where the sum runs over the 2V configurations (each spin is o; = #1). Due to the interaction,
this is however not possible in general. The known results are

e In dimension d = 1, the partition is rather easy to compute, either by recursion or using a
transfer matrix method (possibly for finite B). The solution was obtained by Ising in 1925.

e In d = 2, the calculation of Zsns was achieved in 1944 by Lars Onsager (Nobel prize in
Chemistry in 1968) at B = 0. It is considered as a ”tour de force”.

e In d > 3, only numerical results are available.

Incomplete partition function.— As the aim is here to provide a general presentation of
Landau theory, from now on, I will denote by ¢ the order parameter and h the conjugate
field [for the Para/Ferro transition, (¢,h) — (m,B)]. ¢ = 0 in the disordered (paramagnetic)
phase, while ¢ # 0 in the ordered (ferromagnetic) phase. Let us introduce the incomplete (or
“reduced”) partition function (I drop the index "14ng” everywhere)

Z1(¢;T,N) = > e PH o) (381)
{oi} with >, 04=N¢

where the sum is constrained only to (micro)states with a given magnetization ¢ = % > O
The partition function is obviously

Z(T,N) =Y Zy($;T,N) (382)
b

In principle ¢ takes value from +1 to —1 with steps 2/N, thus, in the thermodynamic limit
N — o0, we can rewrite the sum as an integral » ¢ = % fjll d¢. The incomplete partition
function provides the distribution of the magnetization

o ZL(¢; Tv N)

P(¢) = 383
being the motivation of the concept [42].
For short range interaction, the system exhibits the extensivity property
. InZ(T,N)
1 it Sk A AR T 384
i = BI(T) (384)

where f is the free energy per spin. This is also true for the incomplete partition function so
that we can write 24

Zr(¢; T, N) =~ e VOIL@T)  and | P(¢) o e NAfL(GT) (385)

241 do not account for possible sub-exponential prefactor, cf. exercise
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Thus
+1

N .
Z(T.N) ~ / dgp e NAIL(ST) (386)
-1
In the thermodynamic limit, the summation is dominated by the minimum of the function

fr(#;T) (steepest descent method)

N TN —NBfr(6e:T)
2N =\ a5t © (387)
where 9
%fL(qﬁ; T) . =0 (388)

(here I assume the existence of a unique minimum). We stress that (385) in the thermodynamic
limit N — oo implies that P(¢) is sharply peaked at ¢, so that it has also the meaning of the
mean magnetization

i = ¢u(T) . (389)
Finally we deduce the free energy
1 1 2Bf7(ps; T
F(T,N) = —Ean(T,N) szL(gb*;T)—i—ikrBTln (M;)> (390)
T

hence, in the thermodynamic limit, the free energy per spin is

| /(7)) = fL(0u(D);T)] (391)

This is the fundamental function encoding the thermodynamic properties.

#v Exercice 7.8 : In the presence of a magnetic field, fr(¢;T,h) contains a term —h¢ and
the saddle point solution ¢.(T, h) carries the field dependence. A general property in statistical
physics is that the mean value of an observable can be obtained by derivating the thermodynamic
potential with respect to the conjugate variable. Check that o; = —6% f(T,h) coincides with ¢..

Idea of the Landau theory.— The main idea of Landau is to propose a form for the function
fr(e;T), based on general principles, rather than derive it from a microscopic model. The
incomplete free energy fr(¢;T) is called the “Landau free energy”. Given this function, the
problem reduces to finding its minimum. Before following this strategy, which is the conventional
Landau’s approach, we examine a model where f7,(¢;T) can be derived. This analysis will bring
some ideas on the origin of the general principles allowing to construct fr,(¢;7") in general.

c) The fully connected Ising model

Consider the case where all spins interact with each other, J;; = J/N Vi, j (the 1/N is introduced
in order to deal with an extensive energy E ~ N). In this case the energy takes the form

J NJ 1
H({o;}) = ~5N ZOUL‘O']‘ = —7¢2 with ¢ = N Zai . (392)
&3 i

This model is also known as the “Curie-Weiss model”. We write can write H = Ne(¢) where

(o) g #?/2 is an energy per spin. Thanks to the fact that the energy depends only on ¢,
the incomplete partition function can be obtained explicitly :

Z1(¢:T,N) = Z 5% S ono e BH{0oi}) — o—NBe(9) 5% e Q(¢) e~ NBe(9) (393)
{oi} {oi}
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where
NI

o) = — (394)
+!

is the number of configurations for fixed magnetization (n4 is the number of spins up/down).
The related entropy (per spin) is the well-known expression

1 | 1 - 1—

5(6) = Jim —1n9(6) = - ;gbln( ;gb)— 2¢ln< 2¢) (395)

thus
Z1(¢;T, N) ~ e NOL&T) (396)

with
fr(o;T) = (o) — T s() (397)

or more explicitly

flT) = —Th2 =56+ [+ +6)+ (1-9) (-] . (399

The most important feature appears more clearly on the expansion for ¢ — 0

Fu(:T) = ~T2+ 1+ L6 4 gt 4 0(6) (399)

It shows that at the temperature 7, = J, the nature of the solutions of (388) changes : Fig.

£.(4)

T Z9%

Figure 36: Landau free energy.

e For T' > T, the Landau free energy has a unique minimum ¢, = 0. This corresponds to the
paramagnetic phase (no spontaneous magnetization).

e For T' < T, the Landau free energy has a double well shape (Fig. and eq. has two
solutions ¢, # 0, interpreted as a finite spontaneous magnetization (”spontaneous” means ”in
the absence of an external magnetic field”). This corresponds to the ferromagnetic phase,
where interactions between spins dominate thermal fluctuations.

It is straightforward to derive the order parameter for the fully connected model :

o(T) { 0 for T > T, (400)

~+/3(T.—T)/T. forT <T,

showing that the fully connected model predicts the value § = 1/2 for the order parameter
critical exponent, see Eq. (370).
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# Exercice 7.9 : The aim is here to determine the subleading term (pre-exponential factor)
of Z1,(¢; T, N) for the fully connected model. Q(¢) is the number of available microstates for
magnetization ¢.

a) What is the value of >, Q(¢) 7 Show that Q(¢) ~ Ay eNs(®) where s(¢) is the entropy per
spin.

Indication : two possible methods : (1) use Stirling formula In N! ~ NInN — N + £ In(2xN) or (2) use
the expansion s(¢) ~ In2 — ¢?/2 and the sum rule for Q(¢).

b) Deduce the pre-exponential term in Zy,(¢; T, N) ~ By e~ NA/L(&T),

Spontaneous symmetry breaking.— A generic feature of second order phase transitions
is “spontaneous symmetry breaking” : although the problem (the model) is symmetric with
respect to ¢ — —¢, the so-called Zo symmetry, the system ”chooses” a state that breaks this
symmetry below T, : in the ferromagnetic phase, the magnetization is either ¢, > 0 or ¢, < 0
(think at every day life magnets, which have a well defined magnetization). The state breaks
the symmetry, although the model and the set of all possible states is symmetric.

Ergodicity breaking.— For T" < T, the distribution P(¢) o exp{—NpSfL(¢;T)} presents
two symmetric peaks and the partition function in principle involves a sum over the two minima
+|¢«|. However, if the system is in the minimum ¢, > 0, going to the minimum ¢, < 0 would
require to overcome a very high free energy barrier AFy = N [ fr(0;7) — fL(QS*;T)], which
cannot occur if kgT' < AFy (extensivity prevents the system from jumping the barrier). Hence,
spontaneous symmetry breaking is accompanied by ergodicity breaking : in practice, the system
cannot explore all the available phase space, but is stuck in a region of phase space due to high
free energy barrier(s).

#v Exercice 7.10 Mean field calculation of the Ising model incomplete partition
function : The aim of the exercise is to propose a mean field treatment for the calculation of
Zising, In the same spirit as the calculation of Z](\ydw) in §|b_) page lﬁ We consider the Ising
model with nearest neighbour couplings on a lattice of N sites : H = —J Z(i,j) o;0; where the
sum runs over all the bonds. We denote z the coordination number of the lattice (number of
neighbours of a site) : the number of bonds is thus Nyengs = 2N/2.

In the analysis of the VAW model, we have considered a fixed volume, which plays the role of
the order parameter. Here, the equivalent calculation for the Ising model requires to compute
the partition function for fixed magnetization, i.e. the incomplete partition function, denoted
above Zr(¢). Here, ¢ is the magnetization per spin.

a) Give the number ny of spins in state |+ ), as a function of ¢. Deduce the probability Py for
a spin to be in state |+).

b) (¢) is the number of available microstates for fixed magnetization. Compute it and deduce
the entropy per spin s(¢) in the thermodynamic limit.

¢) We denote by Ny, N;y_ and N__, the number of bonds (++), (+—) and (——), respectively.
Justify that their averaged values are N4y = P?2N/2, Ny_ = P, P_zN and N, = P2zN/2.
Deduce the average energy E of the lattice, as a function of ¢. Introduce &(¢) d:efE/N.

d) We can interpret the incomplete partition function as

ZL(¢) = Q(¢) <ei/8H>available states <401)

The mean field approximation corresponds to write <e_5H> ~ e BH) e
73" (¢) = A¢)e P (402)
This is equivalent to (354). Deduce fr(¢).
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d) Principles of the Landau’s approach

Landau’s approach aims at studying the vicinity of second order phase transitions (although it
is sometimes used out of this range). The general scheme is the following

Low temperature High temperature

T < T T>1T,
ordered phase disordered phase
6 #0 6=0

broken symmetry  symmetric state

Because Landau’s approach focuses on a regime where the order parameter is ”small” ¢ — 0
("close” to T.), the idea is to propose the Landau free energy fr(¢;T) under the form of an
expansion, constrained by several points :

e Order parameter : one must first determine the nature of the order parameter (scalar, vector,..)
e Stability : fr should have a minimum.

e Symmetry : use the symmetries of the problem.

o Analyticity : fr(¢;T) is expected to be an analytic function of ¢.

Given the expansion, the Landau free energy is minimized

0
¢

fr(¢;T) 5 0 (403)

*

which provides, in an extremely simple manner, the order parameter as a function of temperature
and other parameters. The free energy of the problem is then f(7) = fr(¢«(T);T), which
contains all thermodynamic properties.

Order parameter.— The order parameter is the observable allowing to distinguish the two
phases (¢ = 0 for the high T disordered phase and ¢ # 0 for the low T" ordered phase). The
first step of the Landau’s approach is the determination of the nature of the order parameter,
which can be a difficult question : think at the case of antiferromagnet, where magnetization is
zero in the presence of Néel order (alternate spins), or the case of supraconductivity, where the
identification of the nature of the order parameter has taken a long time.

e The Ising model has provided a situation where the order parameter is a real scalar, ¢ €
[—1,+1].

e The metal /supraconducting transition is an example of phase transition with complex order
parameter ¢ € C (the wave function for the condensate of Cooper pairs).

e Magnetization is due to local moments which are vectors. Hence the paramagnetic/ferromagnetic
transition should rather involves a vectorial order parameter M. This is important when cou-
plings are isotropic.

e [sotropic-nematic transition in liquid crystal : orientational order is characterised by a tenso-
rial order parameter.

Symmetry.— The discussion of the symmetries is another crucial aspect of the Landau’s ap-
proach, in the same way as particle physicists build effective models constrained by fundamental
symmetries of nature. It is important to have in mind the “symmetry breaking scheme”.
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e For the Ising universality class discussed so far, it is pretty simple : the theory has the Zo
symmetry, which is fully broken in the ferromagnetic state :

Para — Ferro
Lo — O .

e Let us now consider the case of the Heisenberg model for vectorial spins

HHeisenberg = _JZ gl : gj (404)
(6,3)

where ) (i,j) IS & sum over all pairs of neartest neighbout sites of the lattice (i.e. a sum over

the links). S is a three components vector with fixed modulus (the model where the spin
is a two-dimensional vector on the circle is called the XY-model). The model is symmetric
under spin rotation, i.e. under the transformations of the group SO(3) (careful : the lattice
partly breaks the rotational symmetry in space, however the interaction 52 : §j is invariant
under rotation of spins). The paramagnetic state is characterized by <§Z) = 0, thus it is
also symmetric under the group SO(3). If the system enters the ferromagnetic phase, with
<§Z> =M # 0, the symmetry is partly broken : there remains a rotational symmetry in the

plane perpendicular to the vector M. The symmetry breaking scheme is in this case

Para — Ferro
SO(3) — SO(2) .

e) Landau theory for the Ising universality class

We construct the Landau free energy for the Ising problem (we have in mind a magnet with
local ferromagnetic interaction) : The order parameter is a real scalar in this case, ¢ (T, h) = ;.
It is a function of the temperature and the magnetic field h. In the absence of the magnetic
field, the Zy symmetry holds, thus fr(—¢;T,0) = fr(¢;T,0) and we should retain only terms of
a series with even powers in ¢ : fr(¢;T,0) = > 17 ag(T) ¢?*. The coupling to the conjugate
field h is linear, hence we add a term —h ¢ :
a(T b

Fulé Ty = fo(0) o+ U0 g2 4 D g (405)
The study of the fully connected model has shown that a change in sign of a(T") induces a change
in the nature of the solution. We write

aT)=a (T-T,), (406)

with a > 0. We have chosen the coefficient b > 0 and independent of 1" for simplicity : we can
stop the expansion at order four. Although the starting point is extremely simple, we will see
that the outcome are not trivial.

#v Exercice 7.11 : What are the parameters fy, a and b corresponding to the fully connected
model discussed above ?

Field equation .— The equation for the order parameter, Eq. (403), takes the explicit form
b +a(T)p=h. (407)

We denote ¢, (T, h) the solution of the equation.
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Solution at h = 0.— For h = 0, Eq. ({#07), (b¢? + a) ¢ = 0 has different types of solutions,
depending on the sign of a.

e a>0(ie T >T¢): ¢«(T,0) =0. This is the paramagnetic phase.
e a <0 (ie. T<T,): ¢pu(T,0) = £4/—a/b (the system chooses one solution). This is the
ferromagnetic phase.

We write
0 for T > T,
¢+(T,0) = ; (408)
/3T =T) for T < T
This shows that the mean field critical exponent for the order parameter is
Bt =1/2. (409)

We can now derive the free energy. For T' > T, we find f(T,0) = fr(¢«;T,0) = fo(T) while for
T < T, we get f(T,0) = fo(T) + 3a¢? + 1b ol = fo(T) — a*/(4b) thus

0 for T > T,

~ 410
C(T—T,)2 for T <T. (410)

F(T,0) = fo(T) - {

The free energy is lower in the ferromagnetic phase. With this in hand, we can deduce the heat
f .

capacity ¢(T) = —T g5 :

02 fo(T) 0 forT>T,
c(T) = -T2/ s 411
@) o1? “%‘F for T' < T, (411)
thus the heat capacity makes a jump at the transition
def a/QTC
Acmf = C(Tc_) — C(Tj) = Tb (412)

The discontinuity is interpreted in terms of the heat capacity critical exponent, defined by
o(T) ~|T —T,|~®, by writing ay,s = 0.

Solution at h # 0 : isotherm.— The isotherm (the curve of the magnetization ¢, as a
function of the field h) is easy to analyze : we can simply plot the field as a function of ¢,
which is the elementary function Eq. , and perform a rotation. For T' > T, this gives
the monotoneous function (Fig. . For T' < T,, this would give the "multivalued” function ;
with our experience of the van der Waals theory, we understand however that the branch with
positive magnetisation for negative field is metastable (Fig. . Let us now study few properties
of the isotherms.
It is pretty easy to study the critical isotherms, for T'=T,, i.e. a =0 :

¢+ (T, h) = sign(h) |h/b]'/3 (413)

corresponding to the generic behaviour ¢ ~ h'/9. We identify the mean field prediction for the
critical exponent d,,r = 3.

We can also derive the magnetic susceptibility y, which controls the linear response of the
magnetization to an external field. We write

O« (T, h) = ¢«(T,0) + d¢ with 6¢ ~ x h (414)
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Figure 37: Ising isotherms.

We can obtain d¢ by a perturbative method. Denote ¢.o = ¢«(T,0). Injecting the form in (407)
and keeping only linear order terms in A we have

(3b¢2y +a)dp ~ h (415)
so that
1 I_-_1 for T > T,
e (416)
3b¢)*0+a m:m fOI‘T<TC

thus we have the behaviour x(7T") ~ A4 |T — T.|”” where the (universal) critical exponent is
Ymf = 1 and the non universal constant Ay differs above and below the transition : A_ /A, =
1/2.

Remark : transition between low field to high field regimes.— we have just analysed
the low field regime, for which ¢.(T,h) ~ ¢.(T,0) + xh for h — 0. The study the high
field regime corresponds to neglect the second term in b¢® + app = h — bp> ~ h, leading to
b+(T, h) ~ (h/b)'/3 for h — oo. The crossover field separating the two regimes is clearly

o [T —T,[32. (417)
h < h. is the "small field regime” and h 2 h, is the "high field regime”.

£(8) £.(9)

&
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Figure 38: Fvolution of the Landau free energy for T < T, as a function of h.

2nd order and 1st order phase transitions in the Ising universality class.— Our
presentation of the Landau theory of phase transition is adapted to problems in the “Ising
universality class”. Setting h = 0, the temperature T' drives a second order phase transition,
ie. ¢.(7T,0) is continuous. If now we consider a different protocol and consider 7' < T fixed
and vary the field, i.e. study ¢.(T, h) as a function of h, Fig.|37|shows that the magnetization is
discontinuous at h = 0, i.e. the phase transition is now first order. The difference is extremely
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easy to understand by studying the Landau free energy : in the first case, we have the scenario
represented in Fig. which makes clear that ¢, is continuous when the concavity of f;, at ¢ =0
changes in sign. In the second situation, the evolution of the free energy as the conjugated field
changes from negative to positive is represented in Fig. : this makes clear that the order
parameter is discontinuous around h = 0 (cf. Fig. .

It is insteresting to plot the free energy as a function of the conjugated field (Fig . . The
existence of the spontaneous magnetization corresponds to the singular behaviour of the free
energy around h =0 for T' < T..

1.0F /7 0.2f /\
0.0
05 ]
—
—
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-06]
,mm/ ] _08l
-1.0 -05 0.0 05 1.0 -1.0 -05 0.0 0.5 1.0

Figure 39: magnetization and free energy fort = 0.5, t = 0 andt = —0.5 (wheret = (T—T1,)/T¢).

# Exercice 7.12 Non analyticity of f(T,h): Consider the Landau free energy fr(¢) =
fo(T) — ho + %d)Q + %gf)‘*. Deduce the behaviour of the free energy f(T,h) and analyze its
analyticity for T' — T, and h — 0.

Hint: use the limiting behaviours of ¢. (T, h).

# Ezercice 7.13 Helium-4 / helium-3: Liquid helium-4 presents a second order phase
transition between a normal fluid phase and a superfluid phase. The situation is more com-
plicated if helium-3 is added. For a small concentration of helium-3, the second order phase
transition is weakly affected. However, a high concentration of helium-3 makes possible the
coexistence between a superfluid phase, rich in helium-4, and a normal fluid, rich in helium-3,
hence the transition becomes first order.

A simple model is to consider the Landau free energy

~ ao by c
fL(¢)—f0+2¢ LR (418)

with ¢ > 0. Compare the situation when a changes in sign with b > 0 and the one where b
changes in sign with a > 0. Argue that the transition is first order in one case and second order
in the other case. Find the first order line in the plane (a,b).

Two remarks :

* In the plane (a,b), the point (0,0) is the intersection of three transition lines : it is called a tri-critical
point.

* Blume-Emery-Griffiths have proposed a microscopic model within which it is possible to justify the
form . The coefficients a and b are controlled by the temperature T and the concentration x in
helium-3, hence there is a mapping from (a,b) to (T, x).

Ising model and VAW model : the discussions made clear the perfect analogy between the
liquid/gas and para/ferro transitions. If the isotherms ¢. (T, h) of Fig. |37 are rotated by 90 °,
we recover exactly the same behaviour as the VAW isotherms : compare the Figs. 26| and
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liquid/gas para/ferro
order parameter ¢ : dn=nyp —ng <> m (magnetization)
conjugated field h: p (pressure) < B (magnetic field)

7.3 The case of inhomogeneous systems : Ginzburg-Landau’s approach

The situation where the order parameter is inhomogeneous is relevant in several physical situa-
tions :

e it is possible to act on the order parameter by imposing a non-uniform conjugate field h(7),
which will induces a spatial dependence ¢(7).

e In a finite size system, boundary conditions can act as a constraint on the value of the field.
For example, studying a piece of superconductor in contact with a normal metal imposes that
the order parameter of superconductivity vanishing at the interface.

Developping a more elaborate theory for spatial-dependent order parameter will be important
for the following and the discussion of fluctuations.

Figure 40: Lev Davidovich Landau (1908-1968), Nobel prize 1962, and Vitaly Lazarevitch
Ginzburg (1916-2009), Nobel prize 2003.

a) Landau-Ginzburg functional

Coarse-graining.— Our starting point is again the Ising model for nearest neighbour inter-
action, Eqs. 1374,|375). We divide the lattice of N sites into blocks of ny = ¢% spins, with ¢ > 1
(many spins in each block) and N/n; > 1 (many blocks), cf. Fig

Z0Om ;
out $ e

? cells

Figure 41: We consider blocks, each of n, = ¢ lattice sites.

The size of the block is chosen such that we can assume that the order parameter is almost
uniform in each block, say ¢, in the block around r (I omit the arrow on the vector). We
introduce an incomplete partition function, constrained by the value of the order parameter in

each block :
Zi{or}) = 3 I 6, 10 (419)
{oi} r
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and

np\ N/ne
2.8 = ()" [ TLaor 2ut(o) (420)
(in a block, the magnetization varies by step 2/ny). We can split the Ising Hamiltonian as
H=-J]) oio;= Y H +ZHM (421)
(3,9) block r

where H, is the Ising Hamiltonian for block r (i.e. gathers all the interaction terms corresponding
to links inside the block) and H,., the interface energy between two adjacent blocks (links joining
the two blocks), cf. Fig All spins belong to one block, therefore

zlod) =T1( X ™05 p0) L (422

r {o;€block r} (ry!)

In the parenthesis, we recognize the incomplete partition function for the homogeneous problem
associated with a block of ny spins, Zp(¢,;T,ng) ~ e~BfL(ér)  The product over the blocks is

(. : ) = Z1(¢r; T, ng) ~ exp { - ﬂéde(qﬁr)} (423)

We can treat the two products in only if we neglect the dependency of the H, ,» terms in the
spin variables, i.e. if we replace in the terms in H,,s the spins by their averaged o; — 7; = ¢,..
We justify this by the fact that H, contains a larger number of terms, ¢¢ (volume), compared
to H, ,» which contains (3=1 terms (surface). Thus we write

H,. = —&—i Z (05— 05)* + cste ~ s (¢r — dpr)? + cste (424)
2 A o T
lzl’c‘chs‘%r\gzeil

where ¢4~1 is the number of links between the two blocks. Finally

d—1
gL({‘ﬁr}) ~ eXp { - BJ€2 Z (¢ er ﬁgd Z fL ¢7" } . (425)
(ryr’)

After summation over all the pairs of neighbouring blocks, for a smooth order parameter, we

have
ddr
S 6o =2 Y 3 (6= g0t = | e (Ve (426)

(ryr’) r r'ev(r)

where € is the lattice spacing and fe is the block size. v(r) the set of 2d neighbouring blocks.
Thus

toh ~ oo {575 [atr o -st [arpon} a2

We now adopt notations for a continuous field ¢(r). The incomplete partition function becomes
a functional 27[¢]. Setting g = J€e2~%/2 and absorbing the factor ¢~ in a redefinition of the
coefficients of the Landau free energy, we conclude that

21[¢) ~ e PPl where  Fpl¢] = / d%r [g(Vo(r)® + fr(e(r))] (428)

is the Ginzburg-Landau functional.
The partition function is given by a ” path integral”, i.e. a summation in the space of functions
¢(r) defined inside the volume V' of the system,

= / Dgp e~ AL (429)
where D¢ should be understood as the limit of [], d¢,..
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Another point of view on the Ginzburg-Landau functional : here, I have made an
attempt to justify the Landau functional from the microscopic model. There is another point
of view, more phenomenological : assuming the existence of such a functional, we propose an
expansion (assume analyticity) and use the symmetries. For h = 0 it must be symmetric under
¢ — —¢. The simplest assumption is to assume locality and expand in powers of gradients :

Fulol = @i { S+ 100 oot 01000+ 6 6 0,00,0 + a8 8100,00.0000-+ - |

Isotropy constrains the gradient terms, gilj = gd;j, etc. As for the Landau free energy, the
expansion is stopped as soon as possible. Here we will only keep the first term involving the
gradient, g(V)?2, which already describes interesting effects as we will see.

#v Exercice 7.14 : Consider the functional Fi[¢] = [ d%r [g1(V)? + g2(V2$)? + fr(¢)] with
fr(o) = %aqﬁQ + %bqﬁ‘l, g2 > 0 and b > 0. Argue that the optimal configuration may present
spatial modulations for g; < 0.

Hint: compare the free energy of a flat configuration ¢;(z) = ¢o with those of a modulated configuration ¢, (z) =

¢q cos(qzx+ o) (in this second case, both ¢ and ¢4 should be understood as variational parameters to be determined).

We now have to minimize the functional F7[¢] in order to find the configuration of the field
which minimizes the free energy and dominates the calculation of the partition function, i.e.
with maximal probability weight :

Z(T) ~ e PFrle- (430)

In order to determine ¢,, we study a variation of the functional due to a variation of the field

b— d+6¢:

Filo+56] = File] + [ d'r [20V0V56 + £;(8) 0] + O64?) (431)
/ OF
= Fulol+ [ atr [ =20 80(r) + F1(60)] 80(r) = Fulol + [ @t S sor)
where we have introduced the ”functional derivative”

O, [‘Zﬂ _ /

o = 20800+ FL(6(r) (432)
Functional derivation.— Consider a function F of a vector ¢ = (-+- ¢, ---). We write the
Taylor expansion :

F($+0) = 5+27 Sr + Za¢a¢,‘s¢“§¢’“’+

Note the relation 0¢,/0¢, = d,,, useful to perform derivations.
Consider now a functional F[¢(r)] (an application from a space of functions to R or C). Consid-
ering ¢(r) as the ”component” of the ”vector” ¢, we write the expansion

Fl¢+ 6] = Flo] + / ‘; ¢([f)} 0(r) + 5 / drddy’ W@(@éﬂﬂ) 4o (433)
A useful formula is
09(r) =46(r—r') (434)
do(r’)

This relation with the usual rules for derivation allows to compute any functional derivative.

Examples : %(T) [ % (z) =np(r)n1, 5¢ fddx M@ = \ A1) etc.
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The equation for the optimal configuration ¢, of the order parameter is now

OF
L[4 —0 (435)
06(r) 1g.(r)
or more explicitely
—29 A¢u(r) + fL(¢(r)) = 0. (436)
Let us now consider the case introduced above, with fr(¢) = —h¢ + %¢2 + %(b‘l. We can also

consider a non uniform conjugated field : in this case F1[¢] contains a term — [ d% h(r)é(r).
We obtain finally the equation for the optimal field configuration :

—29 A (r) + adu(r) + bu(r)® = h(r) (437)

This is a non linear partial differential equation : such equations are in general extremely difficult
to solve. Still, two situations can be analyzed :

e The case of a problem effectively one-dimensional, for example invariant by translation in
two directions : ¢«(7) — ¢«(x) and the field equation is an ordinary (nonlinear) differential
equation —2g ¢!/ (x) + f (¢«(x)) = 0 which can be solved. We can study the interface problem
and answer to the interesting question of the related energy cost.

e Assuming a small field, we can look for solutions which are small perturbations around the
uniform solution : ¢.(r) = ¢o + d¢(r) where f;(do) = 0 and d¢ — 0 (¢o was denoted ¢,
above). Then we can linearize the differential equation and apply standard techniques.

b) Perturbation on the top of a uniform solution

We study solutions of (437) of the form

$«(r) = ¢o + 00(r) (438)

where ¢pg = 0 for T' > T, and ¢9 = y/—a/bfor T' < T, is the uniform solution (408). Linearization
of the field equation (436) gives the linear differential equation

—29A0¢ + fL(¢0) ¢ = h (439)
Correlation length.— We identify an important length scale £
% at f1(¢0) | _ a+3bg% _ Q_ig for T > T, (440)
§ 29 29 5 for T'<T

Clearly the new length scale is a direct consequence of the introduction of the elastic term in the
Landau functional. Dimensional analysis indeed that the dimensions of the various parameters
are

E E E E
hl = —— = — b = —/ = — 441
[ ] Ld[qb] [CL] Ld[¢]2 ’ [ ] Ld[¢]4 ’ [g] Ld,Q[gb]Q 0 ( )
where I used that fr has dimension of an energy density. With the introduction of g, we can
now introduce the length scale y/¢g/|a|. Being the unique length scale involved in the differential
equation for ¢, it coincides with the typical length over which the field varies, hence it can
be interpreted as the correlation length (this will become more clear when we will analyze the
correlation of the field, below). Explicitly it presents the temperature dependence
20 for T > 1T,
f(T) _ a(T;TC) c (442)
HT=T) for T < T,
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The most important feature is its divergence for T — T, : correlations manifest at larger and
larger scales as the critical point is reached. In general we write

§(T) o [T = Te[™" (443)

in terms of a new critical exponent. The mean field (Landau-Ginzburg) theory thus gives
Vmt = 1/2.

Green’s function and response function.— We now come back to the differential equation

1

(—A+E7%) 0g(r) = %h(r) : (444)

Such equation is conveniently solved by introducing the Green’s function G of the equation, i.e.
the solution of

(—A+EHG(r)=06(r). (445)
Given G, we can write the solution as a convolution
h(r")
29

dop(r) = /ddr’ G(r—r'") (446)

This shows that the Green’s function coincides here with the “response function” which charac-
terizes the linear response due to the introduction of the field

bu(r) = do + / d%r' x(r — ') h(r') + O(h?) (447)
with
x(r) = ;g (") (448)

in the same spirit as in the first part of the course, with now some additional spatial dependence.

Calculation of the Green’s function.— Let us start with the d = 1 case : —G"(z) +
£72G(x) = 6(x) is pretty easy to solve. The solution decaying at infinity is G(z) = ApeT?/¢
for z € R*. The solution must be continuous at the origin, A, = A_ and should satisfy the
matching condition —G’(0%) 4+ G’(07) = 1. Hence

G(z) = ge*z'/f ind=1. (449)
This makes clear that the value of the order parameter at z, d¢(z f da’ e~ le=="l/€ b2

involves only the field at distance |2’ — x| < &, hence the mterpretatlon of & as a correlation
length.
In order to derive the general expression for G (in any dimension), it is more convenient to

use Fourier transform, leading to :
dd - iq-r
G(f) = / ¢ (450)

*2_*_52

The multiple integral can be made separable with the following trick : introduce

1 o0 (72 =2
o :/O dye V@ +¢7) (451)
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then the integral over ¢ is a simple Gaussian multiple integral and we are left with the integral
representation

—5 1 o0 dy _ 2_ =2 4
G(F) = (47r)d/2 /0 W e~ Y/ /(4y) (452)

This representation is convenient to analyze the limiting behaviours.

# Exercice 7.15 : Deduce the limiting behaviours of the Green’s function (for r < & and
r > &) from asymptotic analysis on the integral representation (452]).

However a little knowledge on special functions shows that the integral corresponds to the
MacDonald function K, for v = (d — 2)/2 (modified Bessel function of third kind) :

. 1
G(r) = W Kgq(r/f) (453)

where r = ||7]|. Using the limiting behaviours [12, [1]

K,(z) ~ F(;) (g)iu for z — 0 with v # 0 (454)
K,(z) ~ \/Ze_z for z = oo (455)
Ko(z) ~In(2/2z) = C for z = 0 (456)

where C = 0.577... is the Euler-Mascheroni constant, we conclude that

¢ ford =1
G(T) ~ In(¢/r) ford=2 (457)
r=42  ford > 2
and
- L e
G(r) ~ —e . (458)
r—00 rz

Using the limiting behaviour of the MacDonald function, we get the behaviour of the Green’s
function at the critical point (i.e. for £ — o) :

rg-1 1
G('l#) = W Td—2 for T = Tc . (459)

Ind=2we obtainlf' G(f) = —5=Inr.
In general, the Green’s function at the critical point presents the power law behaviour

1

with a critical exponent 7. The mean field approximation thus predicts ny,¢ = 0.

¢) Summary of critical exponents in the mean field approximation

We summarize in all the critical exponents introduced above. Introducing the rescaled temper-
ature, t = (T — T.)/T., the scaling behaviour with mean field exponents are given in table

below (page [103)).

#5The 2D result can be deduced from ([459) by dimensional reqularization : write d =2 + ¢ and let € — 0 in in
the expression (use I'(z) ~ 1/z for z — 0. The infinite term is a constant and can be disregarded as the Green’s
function is defined up to a constant.
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8 Beyond mean field

The development of the Ginzburg-Landau theory has led to the representation of the partition
function in terms of a path integral over the order parameter :

7 = / Dy e PFLIG) with Fr[¢] = / A% [g (Vo (r)® + frlo(r); h(r))] (461)

where fr(¢;h) = fo — ho + %aqbQ + %bqﬁA‘ is the Landau free energy. Correspondingly, the
(canonical) weight of a field configuration is

fﬂ¢]::ﬁzé&ﬂcxe_ﬂFiw}. (462)

This representation of Z was deduced from the coarse graining procedure, by assuming that the
field ¢(r) is smooth (at the scale of the lattice). In a more precise presentation, the passage
from the original Ising partition function (380]) to means that we have “integrated over
the short scale fluctuations” to get a representation of Z involving only large scale fluctuations.

8.1 Fluctuation-response relation

In this paragraph, we first discuss how we can characterize, in practice, the fluctuations/correlations.
The continuous formulation is quite interesting : the partition function Z is a functional of the
conjugated field configuration h(r), which allows to obtain a formula for the mean value of the
field. The field h(r) is conjugated to the order parameter, hence Fy[¢] contains the term — [ h¢

and thus :
SFL[9]

=— . 463
= —ol) (463)
Using this relation, we find
1 1 9 I3
BT U e /D —BFL[¢] 464
Sh(r) 7 T Zoh(r) / be 7 ] Poolre (464)
i.e. the canonical average of the field is
1 4§ oF
== InZ =— 465
O = 55 Z = 503 | (465)
which is the local version of the well known formula M° = —g—g. In the same way we can write
the correlation function as
1 8%z

(6000") = S 5050 (466)

etc. One can easily check that the connex correlation function is

2
Culrr') = ()oY}, ™ (6(6(s") = G0} (00} = g 2 (467)

This relation shows that the correlator can be written as a derivative of the averaged value

1 9

Ch(r, T’) = BW (p(r))

(468)
The mean value of the field (¢(r)) can be expanded in powers of the conjugated field as follows
(@) |, = (d(r) |, + /ddT’ X(r =r') h(r") + O(h?) (469)
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where x(r) is the (linear) response function introduced above. This follows from the fact that
the measure P[¢)] is strongly concentrated around ¢.(r) (assumption of the Ginzburg-Landau
approach), hence (¢(r)) = ¢.(r) where ¢.(r) solves (435). The above equation is nothing else
but the expansion . This shows that

560, _

Sh() x(r—r")+ O(h) (470)

and thus we obtain the important ” fluctuation-response” relation
X(r =) = BC(r — ') (471)

where C(r — 1) = Cy—o(r,7') is the correlator for h = 0. ¥ This relation is a ”fluctuation-
response” relation, as it relates the response function, controlling how the field "responds” to
the introduction of an external field, and the fluctuations. This is also called the “fluctuation-
dissipation theorem” (although dissipative phenomena in principle involve the dynamic response
function, and not the static one, as we have seen in the first part of the lectures).

Note that is the local version of the relation y = _%‘Bzo = (0M?)/(ksT) [42].

We have analyzed in great detail the Green’s function above. All functions can thus be
related :

1

x(r)=pC(r) = 2% G(r) (472)

where G is given by (453). The Green’s function decay exponentially as C(r) ~ G(r) ~
exp{—||r]|/£}, hence the field is only correlated over length scales smaller than £, which provides
a more direct definition of £ as a correlation length.

8.2 The Gaussian approximation and the ”one-loop” correction

Preliminary (technical) : steepest descent approximation : We have used above the

formula
/ dg e tf@) 2 k() (473)
k—oo \| kf" ()

where ¢, is the minimum of f(¢) (assumed to have a unique minimum).
The generalization to an integral over R? is not difficult (still assuming the existence of a
unique minimum). It requires a Gaussian integration in R”

/ PG M@ ~ _CURPE Gy g, O
Fmveo [det(0:0;f15.) 09

=0Vi. (474)
O

Denoting by A; > 0 the eigenvalue of the D x D Hessian matrix H;; = 0;0; f] 3.+ We can rewrite
the formula as
ok f(8) —

/ ADG ok 1@ =~ ok (475)

1 1
—00 D kX / k
VIiz 57 det 5 7]
26Tn the presence of the conjugated field h(r), the correlator Cy(r,7') is not translation invariant. However
when h(r) — 0 (or uniform in space), translation invariance is restored, as shown by the calculation of x(r —r’).
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a) Effect of fluctuations on the thermodynamic properties
Start first with the formulation developped in § : Eq. (390) can be rewritten as

F(T,N) _ . LT, (26f1(¢T)
TR = oy ()

mean field

(476)

uniform fluctuations

where the second contribution originates from the Gaussian integration around ¢y, i.e. the effect
of the fluctuations of ¢ around its average in the calculation of . Of course, this fluctuation
term disappears in the thermodynamic limit N — oo. This approach is however very schematic :
the system is not characterized by a single degree of freedom (the spatial average of the local
magnetization ¢ = % >;04), but by a macroscopic number of degrees of freedom Ng¢. Hence,
we expect rather the structure

F(T,N)

S s S () ()
—_——

N 2

field .
mean e fluctuations of Ngf modes

Because Ng¢ ~ N, the contribution of fluctuations has no reason to vanish in the thermodynamic
limit.

b) Calculation of the “one-loop” correction

The path integral formulation provides a simple way to formulate the calculation of the con-
tribution of fluctuations. Let us expand the free energy functional around the optimal solution
as

Filde +1) =~ Foldd + 9 / dlr(r)(~A + € 2)n(r) (478)

where 7(r) is a fluctuation. The calculation of the partition function is reduced to a Gaussian
path integral

7 / Do e BFLld] o o—BFLlo:] / Dy &89/ dr () (=A+€ () (479)

(Jacobian is one, D¢ = Dn since ¢ = ¢, + 1 is a translation). Remembering that the original
problem was defined on a lattice, we extend the formula for Gaussian integration in R to the
path integration and write

7 ~ ! e PAFLISA] (480)
\/det[%(—A + 5_2” mean field

fluctuations

where the only remaining difficulty is to give a precise meaning to the determinant of the
operator. This provides the first correction to the mean field solution :

F=Fy[6.] + 216 In det ﬁq (—A+ 52)} = F[¢s] + 6F 100p - (481)

This correction is known as the “one-loop correction” (this terminology comes from the dia-
grammatic methods).

The determinant can be expressed as a product over the eigenvalues of the operator : here
the spectrum of eigenvalues of the Laplace operator A is simply —¢? :

T qg _
5F1 loop = 5 In H [ﬁ(qQ +€ 2) (482>
q
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We have obtained a simple formula, however the problem comes from the infinite product

[T 5@+e2)] = (183)

as the spectrum of —A is not bounded from above. Let us now see how one can solve this
problem.

Cutoffs.— We should remember that the original model is a lattice model for a finite volume
(finite number of spins). The continuous Laplace operator arises here only due to the contin-
uous description. Coming back to the lattice model would have mostly produced a ”discrete
Laplacian”.

e Large scale ("infrared”) cutoff : the existence of a finite volume V' = L% implies that sum-
mation over ¢ is discrete (wave vectors are quantized) and the smaller allowed wave length is
qg~1/L.

e Small scale ("UV”) cutoff : the existence of a lattice with lattice spacing € implies that the
largest wave length is ¢ ~ 1/€ (in principle wave vectors belong to the Brillouin zone, of size

~ 1/€).

In conclusion 4
1 / déq
il N 1 484
4 zq; 1/L<q<1/e (2m)4 (484)

We now consider the correction to the free energy per unit volume, ¢ f1100p Eya loop/ V/,

T dd(f 9 2 -2
(Sflloop == L<1/6 (27T)d In |:7(q +¢ ) (485)

2 7T

where we have forgotten the IR cutoff, which is now played by the correlation length &, as we
will see clearly. As anticipated, we have obtained that the fluctuations give a finite contribution
to the free energy in the thermodynamic limit, as the number of degree of freedom is extensive.

#y Exercice 8.1 Regularization : lattice of blocks: The original model is a lattice model.
Starting from (425) we can come back to the discrete formulation and replace the Ginzburg-
Landau function by

d—1
o) =25 S 0o 0 f16) (436)

2
(ryr") block 7

where (¢, is the field in block r. The blocks form a square lattice with lattice spacing le.
Assuming a finite size (a finite number of spins), derive a formula for § fi100p = 0F1100p/V, the
correction to the free energy per unit volume due to field fluctuations. Compare with (485).

The most interesting property is the heat capacity. Because the correlation length diverges
as T — T, we anticipate that the most important temperature dependency is those of £. Hence,
we simplify the calculation by doing 7" — T, for the temperature in factor in . We introduce
the rescaled temperature

gt T —T¢
t 487
T, (487)
thus the one-loop correction to the heat capacity is
0?6 1 9%
561 loop(t) -7 fl loop fl loop (488)

or: T, ot?
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leading to

1 foe\? d?q 1
b5 (%) [, G e 45

If we want to study the case & = 0o, then we have to reintroduce the IR cutoff & — L.

We write Eq. (440) as

1 al [t forT>T, (490)
2 29 | -2t for T<T,
leading to
oE(t)~2 5|1 forT>T,
=£(1 491
ot £ -2 for T < T, (491)

where £(1) = y/2g/aT,. Performing the integration as

ddq 1 1/e d—1 1/e
/ qd =2 1 ¢ 2\2 N/ dqﬁ :/ dgq*™® (492)
g<ife (2m)4 (% +€72) 0 (¢ +&72) 1/¢

we conclude that

a§2>2 y {4_161 (474 — =4} for d # 4 (163)

Oet10op(f) ~ ( ot In(¢/e) for d = 4

The most interesting feature is the dependency in the dimension, which we discuss below.

#y Ezxercice 8.2 : Show that the derivation of (489) has neglected a contribution to ¢ Joop(t)

forgotten _ 85_2 / ddCT 1 494
5611001) ( ot ) g<l/e (277)d 6‘24_5_2 ( ) )

Argue that it is negligible.

Case d > 4 : above dimension four the integral is dominated by the UV cutoff, thus the

correction

1 for T >T,
. ) o) Aid ¢ 495
Clloop( ) 5( ) € 4 for T < T, ( )

where I have reintroduced the factor (8%7;2)2. Hence the correction is independent of the tem-
perature (apart for the jump around T¢).

Case d = 4 : this is called the “marginal” case. In general logarithmic corrections appear.
Here we have obtained d¢;100p(t) ~ —£(1) " In [¢.

Case d < 4 : In this case the correction is dominated by the large scales and we get a
temperature dependence

_9\ 2
S5¢1100p(t) ~ <8gt > g(t)- (496)

The mean field correlation length diverges at T,, as £(t) = &(1)|t|~*/? (for t > 0), thus we get a
diverging correction

5clloop(t) ~ 5(1)_(1 |t|_T X

- 1 forT >T,
4-d or > (497)
4 for T < T,
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The critical exponent of the heat capacity, c(t) ~ Ayi|t|™®, has thus changed from s = 0
(mean field) to

4—d
Q1 100p = 5 - (498)
We have also : A, /A_ =1/4.
) |
() @ (T |
> we | -

~ | 4 s~ |
T2 A 1 s

Tc ‘—r TL’ ‘

@ >4

Figure 42: The specific heat with the one-loop correction. The shaded region corresponds to the
region where mean field breaks down.

8.3 The Ginzburg criterion
a) From the one-loop correction

We have just analysed a first correction 0 fijo0p to the mean field solution fi¢(t) = Fr[¢«]/V
which arises from the fluctuations of the field around ¢, in the path integral . The justifi-
cation for such an expansion is therefore that fluctuations should remain ”small” and therefore
corrections to thermodynamic property should remain small as well :

fmf (t) > 5f1 loop (t) (499)

For the heat capacity, we should compare dcqio0p to the jump of the heat capacity obtained
above, Acp, thus, using the expression for d < 4, we conclude that the validity of the mean
field treatment requires

1
§(1)d Acmf

This condition is called the “Ginzburg criterion”. It is fulfilled as ¢ — 0 for d > 4, which
means that the mean field approximation correctly describes the vicinity of the second order
phase transition only when d > 4 (for the Ising universality class). For d < 4, the condition get
violated as one gets closer to the critical point. The dimension where the transition occur is
called the upper critical dimension : for the Ising university class we have

2 > (500)

dy=4. (501)

b) The Ginzburg estimate

A more direct derivation of the Ginzburg criterion is provided by comparing the field fluctuations
and the averaged field. We introduce the Ginzburg estimate

e i Q7 fy A% (56(r)30())
- 2
[y dir (o)) |

Eq (502)
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where 0¢(r) = ¢(r) — (¢(r)). We recognize the connex correlation C'(r — ) in the numerator.
In the denominator we can write (¢(r)) = ¢,, thus, using translation invariance

N I dr C(r)

Bg = "o (503)

We have to consider the situation with largest fluctuations, hence we choose the volume to be
V = &2 Using that ¢, = \/aT.(—t)/b for t < 0, we see that the denominator is

al;
hor = =5 (=), (504)
The numerator is estimated by using (472) and the expression of the Green’s function (457458) :
Sdrrdl T
/ Al C(r) ~ / T e (505)
1% g9Jo T g
Finally the Ginzburg estimate is
b
Eg ~ (506)

ag(—t)

Using the expression (4 , we get @ g/b = Acye £(1)2. Finally the Ginzburg criterion takes the
form

’t’(dfél) /2
Acys €(1)4
This is equivalent to (500) (however we did not have to assume that d < 4).

Eg ~ <1 (507)

c¢) The upper critical dimension d,

Let us summarize the situation :

e Ind > 4 = d,, the Ginzgburg estimate gets smaller as ¢ — 0, thus the singular behaviours close
to T, predicted by the mean field picture, are not modified by accounting for the fluctuations.
As mentioned above, the justification for the mean field approximation is that each particle is
surrounded by many neighbours, so that the effect of neighbouring interactions is dominated
by the average rather than the fluctuations. As a result, it would have been natural that the
mean field approximation hold for high dimension, being only asymptotically exact for d — oo.
This is indeed what physicists thought until the seventies. At this point, it is important to
distinguish ” universal properties” (like the critical exponents) and ”non universal properties”
(like the expression of T, as a function of microscopic parameters). What shows the analysis
is that universal properties are correctly predicted by the mean field approximation above
dy, = 4, while the non universal properties are quantitavely predicted by the mean field only
asymptotically for d — oo. Still, the existence of the upper critical dimension d,, = 4 is
remarkable.

e In d < 4, we expect that the fluctuations are not dominant away from the critical point, as
the correlation length is ”small”, thus the mean field approximation is correct sufficiently far
from T, however it does not correctly describe the vicinity of the critical point. There exists
a domain in temperature [T, — 7%, T, + 07T%], where is violated, however mean field
approximation provides a correct picture out of this region. The window has width

2

St = 0T, T = [Acmfgu)d]_m . (508)

The breakdown of the mean field approximation for ¢ — 0 shows that the correct critical ex-
ponents are not those given by the mean field approximation, although the system is expected
to remain critical (because & — oo as T — T¢).
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e In d = 4, the mean field results are corrected by logarithmic corrections.

In practice, mean field is however still broadly used in many situations as it provides a good
description, although sometimes only qualitative.

It might also be that the region where mean field breaks down is small in practice, i.e. that
0T, is so small that the breakdown of mean field is irrelevant from a practical point of view.
This is for example the case in the theory of superconductivity (BCS theory).

d) The Ginzburg estimate in the general case

The upper critical dimension depends on the nature of the problem (nature of order parameter,
etc). However we can formulate the calculation of the Ginzburg estimate in a more general case.
Using (472), we write the numerator of the Ginzburg estimate as [d% C(r) = T [d%r x(r) =
T x ~ |t|~7 [the susceptibility y introduced at first is the response coefficient for a uniform field,
hence it is the integral of the response function x(r)]. The denominator is £% 2 ~ [t|~@+25,
We get

Eg ~ |t| 7728 (509)

The upper critical dimension is the dimension for which the exponent changes in signs, thus

2B+
o 14

du

(510)

where the three critical exponents are calculated in the mean field approximation.

e) The lower critical dimension d;

In the lectures, we are discussing systems in the ”Ising universality class”, i.e. for a real scalar
order parameter. In d = 2, it was demonstrated by Onsager in 1940 that the model presents
a PARA/FERRO transition. However it is well known that the Ising model for short range
interaction does not exhibit a phase transition in d = 1 : the exact calculation of the free
energy is performed in Exercise where it is shown that the free energy is a perfectly regular
function, cf. Eq. . The reason is that the effect of thermal fluctuations is stronger in
low dimensions and, as dimension diminishes, it eventually prevents the existence of a stable
ordered (ferromagnetic) phase. This occurs when the dimension is lower that the “lower critical
dimension d;”, which is this d; = 1 for the Ising universality class.

d, d,
12 3 4 5
i | } | dimension
m.f. m.f. qualitatively ! m.f. quantitatively
qualitatively: correct : correct

incorrect quantitatively
wrong

Figure 43: Below the lower critical dimension dj, the fluctuations do not allow the existence of
an ordered phase. Between d; and the upper critical dimension d,, the mean field provides the
qualitative picture, although it fails to predict the critical exponents. Above d,, the mean field
provide the critical exponents (universal properties).
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8.4 Scaling laws

We have seen that although it is often a good starting point, the mean field approximation
does not provide the accurate description for T — T, (for d < d,). However, despite it is
quantitatively wrong, the mean field provides the good qualitative description when d > d;. In
particular it predicts that

E—> o0 for T —T,,

i.e. the system is critical. Leaving to a later discussion the question of the determination of
the critical exponents, we want now to discuss here the consequence of the critical behaviour
(existence of scaling laws). The aim of the paragraph is to show that despite we have introduced
several (six) critical exponents, these exponents are constrained by ”super-universal” relations.
This has a very practical consequence : it is sufficient to measure few of them to get all exponents,
characterizing all scaling properties. The question is thus : what is the minimal number of
exponents which fully characterize the universal properties of a system ?

a) Anomalous dimensions

Many scaling laws simply follow from dimensional analysis : a rather simple example is the
Kepler’s law. Hence, let us start with a bit of dimensionless analysis. We base again the
discussion on the Ising universality class. The Ginzburg-Landau’s approach, is based on the
continuous formulation with the functional

1 1
Frl¢] = /ddr [g (Vo) —ho+ §a¢2 + qus‘* : (511)
For convenience, we now rescale the various quantities as follows :

¢=%, h=hVg/B, a=gA, b=B¢g’B (512)

we obtain the dimensionless functional

~ - 1 1
Flg] = pFLle) = / d’r [(WV —hp+ A+ 1B’ (513)
where all dimensions are express in terms of length
[p =L742, [h] =L [Al=L7%, [B]=L%". (514)
The canonical weight of a field configuration ¢(r) is now
e Fly) (515)

Let us construct several quantities with the three parameters :

(i) At h = 0, we construct a characteristic length scale from the parameters A and B : the
only possibility is & ~ [A|~1/2 o |t|~1/2, hence we recover v = 1/2.
(ii) At h = 0, we construct a characteristic scale for the field : ¢ ~ /|A|/B, corresponding

to f=1/2.
(iii) At A =0 (T = T.), we construct another scale for the field : obviously ¢ ~ (|h|/B)"/3,
hence § = 3.

2TSince the gravitational constant G has dimension G] = M~'L3T~2, given a mass M, an orbit radius R and
a period T, the three quantities should obey a scaling law R*/T? = o GM, where « is dimensionless. Of course,
this requires an additional assumption of scaling, which is natural as the Newton’s force is a power law.
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(iv) Finally, assuming the scaling form C(r) = (p(r)¢(0)) o< =277 at T = T, dimensional
analysis imposes n = 0.

With simple dimensional arguments and without any calculation, we have recovered the mean
field exponents, which could lead us to the (incorrect) conclusion that these values are con-
strained by dimensional analysis. Indeed, we have mentioned that the mean field values of the
critical exponents are not correct for d < 4 : cf. table|l]! This raises the interesting question : if
scaling laws are expected, and they are indeed observed in experiments, how can we understand
that the values of the critical exponents deviate from their mean field values 7 The answer lies in
the existence of a length scale which is "hidden” in the continuous formulation. The Ginzburg-
Landau theory suggests that the only relevant length scale is the correlation length &, however
this is deeply wrong : close to the critical point, fluctuations are important at all length
scales, down to the microscopic cutoff (lattice spacing €). This implies that the correct scaling
functions should also involve the UV cutoff. For example, consider the correlation length, which
could thus be constructed from the two characteristic lengths € and 1/ \/W :

£t) = |AI7Y2 f(|Al2) with A oc t, (516)

where f is a scaling dimensionless function. The scaling assumption then authorizes a correlation
length exponent different from 1/2 : imagine that f(z) ~ ¢ for  — 0, then we have ¢
[t|=0-1/2, ie.

v=1/2+0. (517)
This gives a plausible explanation for the deviation from the mean field exponent. The difference
0 between the mean field exponent and the ”"real” exponent is called the “anomalous dimension”.

exponent quantity behaviour Ising 2D Ising 3D mean field
a specific heat c(t) ~ |t|=¢ 0 0.110 £ 0.001 0
(log.) (discont.)
B order parameter  ¢(t,0) ~ (—t)? 1/8 0.3265 4 0.0003 1/2
~ susceptibility X(t) ~ [t|~7 7/4 1.2372 + 0.0005 1
0 critical isotherm (0, h) ~ h1/0 15 4.789 + 0.002 3
v correlation length  &(t) ~ |t|™¥ 1 0.6301 £ 0.0004 1/2
n GF at T, G(r) ~ r=d+2-n 1/4 0.0364 £ 0.0005 0

Table 1: Critical exponents of the Ising university class. Exponents for Ising 3D are given in
the review by Pelissetto & Vicari [29].

b) Scale invariance

Now that we have identified a plausible origin for the non trivial critical exponents, let us
examine the consequence of the scaling assumption. Scale invariance implies the absence of a
characteristic length scale, so that properties are the same at all scales. A standard example
is a fractal object. Let us consider a quantity function of a parameter f(z). Scale invariance
requires that the property at scales x and Ax are similar :

fAx)=g\) flx) VYA>0, (518)

where ¢ is a given function of the dilatation factor. This condition is extremely restrictive : it
requires that the function is a power law

f(@) = cxfa], (519)
where the exponents are ay = +f'(£1)/f(£1).
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Proof : get rid of the function g(\) by considering

d _ f'Az)  fi(x)

dz In[f(Az)/f(z)] =0 = A fOox) ~ fl2) (520)
e For z > 0, set A = 1/z and integrate : get f(z) = ¢y 2% with ay = f'(1)/f(1).
e For x <0, set A =1/(—x) and integrate : get f(z) = c— (—x)* with a— = —f'(-1)/f(-1).

Remark : the result shows that g(\) = A%*, i.e. we should introduce two functions g4 (A).
# Ezxercice 8.3 : Check that another form of scale invariance is f(z)/f(y) = ¥(z/y) ¥V, y.

The property f(Az) = A f(x), YA > 0, defines a homogeneous function of degree a.
The generalization to functions of several arguments is convenient if we start from the form
f(AYez) = X f(z), which leads to introduce generalized homogeneous function of n arguments
as f()‘l/alxh T 7)\1/an$n) =Af(x1,- -, Tn).

c) Scaling relations

We now consider the fundamental function encoding thermodynamic properties : the free energy
per unit volume. We expect that it is splitted as the sum of a regular part and a singular part,

f(t7 il’) = freg(tv B) + fs(t7 i”) ’ (521>

where the latter exhibits scaling properties (remember that a phase transition manifests math-
ematically through non analyticity in f). For the function with two arguments, the scaling
property introduced above should be generalized as fo(A\/@¢, A1/ ﬁ) = A fs(t, ﬁ) In the follow-
ing, we prefer to write this property under the form

fo(t h) = 07 f (09 £, 09 h) (522)

where £ is a factor of dilatation of space ; the factor £~% is related to the fact that f is the
free energy per unit volume. Eq. is called the scaling assumption. At this stage, it
is sufficient to accept the existence of such a scaling relation, which is just the expression of
the fact that fs is a generalized homogeneous function, written in a convenient form for the
following. The relation defines the exponents 3; and ¥, which characterize the rescaling of the
temperature and the conjugated field, respectively, against dilatation of space with factor £.
In the following, we will see that the two exponents y; and y, have a precise meaning in the
renormalization group analysis :

Ay = 0¥ and Ay = o (523)

(or the exponents y; and yy) are called ” eigenvalues of the renormalization group”. To the two
arguments of the free energy, we have associated two exponents, hence we expect that the six
exponents «, 3, 7, §, v and 7 introduced above are not independent from each other.

Let us examine the consequences of assuming the scaling form . Choosing the scaling
factor as ¢ = |t|~1/¥ we have

Fo(t ) = [ fo(£1, [t 7¥0/v h) = [t Fy([t]79/¥ h) (524)
where + = sign(t). Similarly, we could set ¢ = |h|~'/¥» leading to the form
fo(t ) = [R|Y¥r fo([R| /0 ¢, £1) = (B9 G(|R|7¥/¥n ¢) (525)

there is only one scaling function G(z) as f(t, h) is a symmetric function of h.
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e Heat capacity : we differentiate (524) with respect to ¢ :

2f(t da_
assuming Fy (0) finite, with F; (0) # F_(0) a priori. This shows that
d
Yt (527)
e Order parameter : using (524) we write
d d—y
o~ -l S EL0). (528)

- Ohyy

We get a finite result if we assume that F?, (0) is finite ; we expect I (0) = 0 and F” (0) finite.
Inspection of the power law gives

d Yh
pr— 2
I5} ” (5 9)

e Magnetic susceptibility : we differentiate once more

32f d—2yp,
— 3| =l FLO) (530)
h=0

XN

i.e., assuming F/(0) finite, with F"/(0) # F”(0) a priori, we get
¥ +

_ 2yp—d
Ut

(531)

e Critical isotherm : we now start from (525). Setting ¢t = 0 we have f,(0,k) = |h|%¥» G(0).
Assuming G(0) finite and differentiating, we deduce

Yn
0= 532
i (532)

e Similar arguments on the Green’s function give

1
v=— 533
Ye (533)

and

n=d+2-2y, (534)

The six relations show that the six exponents are controlled by the two independent exponents
1y and yp. These constraints between the exponents can be written under the form of four
relations, which are now easy to prove :

a+284v=2 (Rushbrooke relation) (535)
B6 =P+~ (Widom) (536)
2—a=dv (Josephson) (537)
y=v(2-1n) (Fisher) . (538)

Of course, the determination of the two exponents y; and yy, is still open at this stage.
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# Exercice 8.4 : Check the four scaling relations (535}536/537|538).

These four relations are very important and useful in practice. For example : if one measures
the specific heat critical exponent «, one gets immediatly y; and thus also v, the correlation
length critical exponent. This is a beautiful surprise : a thermodynamic property at h = 0, the
behaviour ¢(t) ~ [¢t|~¢, provides some information about the divergence of the correlation length,
i.e. a property of the correlations between spins (o;0;) ~ (¢(r)¢(0)) where r is the distance
between spins 7 and j, which would be much more difficult to obtain by a direct measurement
in experiments.

# Exercice 8.5 Proof of (533) : In general the correlation length is a function of both t and
h. Hence, rescaling by a factor ¢ leads to
E(t,h) = L& L, 09 D) (539)

Deduce (533).

# Exercice 8.6 Critical exponents of the 2D Ising model: In 1944, Lars Onsager has
found an alytically expression for the free energy of the 2D Ising model on the square lattice for
zero magnetic field [20]

1 1 [ dkydk
f(t,0)=—=In2 - — B
B 26 ) (2m)

In |cosh?(2B.J) — sinh(28.J) (cos kg + cos ky)] (540)

where B = 1/T (note that f can be related to an elliptic integral). The critical temperature
solves sinh(283,J) = 1, i.e. T, = 2J/In(1+v/2). The analysis of the t — 0 behaviour shows that
the specific heat exhibits a logarithmic divergence ¢(t) ~ —Inl|t|, i.e. &« = 0. Few years later, in
a conference, he announced an expression for the spontaneous magnetization [27],

. 11/8
m(t,0) = |1 —1/sinh*(24.J) (541)

without giving the details of the proof. The expression was eventually proved by C. N. Yang [44]
(the case of the triangular lattice was studied by Potts [33] the same year). Argue that this
behaviour corresponds to the critical exponent 5 = 1/8.

Deduce all other critical exponents (including y; and yy, ).

#v Ezercice 8.7 Divergence of the correlation length : Study the correlation length at
T =T, and small field. Give the critical exponent controlling the divergence for h — 0. Apply
the formula to the 2D Ising model.

9 Introduction to the renormalization group

The previous chapters have left unanswered several questions :

e Is there a method to determine the critical exponents 7

e Scaling leads to the behaviour , hence, in the three following cases, one could expect the
behaviour : ¢(t) ~ [t|7%* (with a4 for ¢ > 0 and a— for t < 0), x(¢t) ~ [t|77* and £(¢) ~ |t]7"*.
However it is observed that exponents coincide ay = a—, vy =~v_ and vy = v_.

e Can we understand the origin of universality ? (and maybe of universality classes)

28 Although it is not essential at this stage, let us point out that this relation corresponds to a RG transformation,
introduced later, Egs.(560[568/i617})
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The answer to these questions lies in the renormalization group (RG) method.

The renormalization group first appeared in quantum electrodynamics with the work of Gell-
mann and Low (1954), in order to cure the divergences of the field theory. Later, Leo Kadanoff
introduced the concept of block spin and renormalization transformation (1966), however the
precise connection with the critical properties was only understood in 1971 by Kenneth Wilson
(Nobel prize winner in 1982). Another important contribution is the e-expansion by Michael
Fisher, which provides nowadays the most accurate theoretical predictions for critical exponents.

9.1 The Ising chain

A good starting point is to consider the Ising chain
N-1

Hy=-J) onii0m (542)
n=1

(here with open boundary conditions). The model is exactly solvable : in a first step I recall
the calculation of the partition function (next paragraph), then the problem is reanalysed with
the RG method.

a) Reminder : the exact solution
There exist two simple methods to solve the problem (calculate the partition function ezactly).

e A recursive approach (at h = 0 and for an open chain)
e A transfer matrix approach (at h # 0, irrespectively of the boundary conditions)

Let us follow the first approach (which is a bit faster), which is sufficient for our purposes here.
Aiming at calculating the correlation function (o,,0,,), we generalize the problem and consider
the Hamiltonian

N-1
Hy == Juoni10m (543)
n=1
with position dependent couplings. The partition function is
2N = Z eXnst Knononis where K, = 8J, . (544)
01, ,ON
Using that
Z efN—10NoN-1 — 9 cosh(K y_jon_1) = 2cosh(Kn_1) (545)
oN

we deduce the recursion Z N = 2cosh(Ky_1) 7 ~—1 hence

N-1
Zy = 2N [ cosh(K,) . (546)

n=1

In particular, setting all coupling equals, we get Zy = 2V [cosh(BJ )]N —! and the free energy
per spin f(T') = =T In[cosh(J/T)], from which we can deduce thermodynamic properties.

The interest of the generalization lies in the fact that it allows a simple determination of the
correlation function. Remark that

9 -
(OnOni1) = oK, In Z = tanh(K,) (547)
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We have also

1 ' Zy
Z\N aI(naf(n+1 o 6[(n—‘rﬁ—l

= ((Onon+1)(On+10n+2) * +  (Onte-10n10)) = (Ononte)  (548)

Using the expression of Z ~ and eventually setting J, = J V n in this relation, we get

(On0nie) = [tanh(K)]" = e~4/* (549)
where
~ B 1 )Y In(T/)J)  for T>J
§K) = —Intanh(K) {% exp{J/T} forT < J (550)

is the correlation length in lattice spacing unit (hence the 7). The correlation length diverges as
T — 0 (i.e. going to the ”ferromagnetic phase” at T' = 0).

# Exercice 9.1 Ising chain and transfer matrices : We consider an Ising chain submitted
to a finite magnetic field B in the ring geometry (which will be slightly more easy to deal with).

a) Use the transfer matrix method to compute the partition function, i.e. write Zy = Tr {TN }

where T is a 2 x 2 transfer matrix.
Hint: start from the form Zn =), e PHN — >

b) compute the free energy per spin f(T, B) in the thermodynamic limit N — co. Check your
result by comparing with the result given above for B = 0.

01, 0N o1, ON T01,02T02,03"'T0N,01'

¢) Use the method to derive the correlation function.

b) Decimation and the renormalization group transformation

The general idea of the renormalization group is to perform the ”integration” over a fraction of
degrees of freedom and study the new problem emerging. To simplify the discussion, we consider
now the Ising chain with the ring geometry

N
ZN = Z el Xonz1 Tn0m1 with ony1 = 01 (551)
01, ,ON

for N = 2P so that we can ”"decimate” half of the spins at each step. One can perform an
integration over half of the spins (all spins with even index) by using

2cosh(2K) f = ——
ZeK02(01+O’3) — 2COSh[K(O’1 + 0-3)} — Cos ( ) or (01703) (++) or ( ) (552)
p 2 for (o1,03) = (+—) or (—+)
It takes two different values corresponding to aligned spins or anti-aligned spins, like ef'7173
Hence we can write
2 cosh[K (o1 + 03)] = efotK o1os (553)
by setting e2X = cosh(2K), or more elegantly
tanh K’ = (tanh K)? (554)

and

0 = 2./cosh(2K) . (555)
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In conclusion we have efo2(01t0os) — oKotK'o105  If we use this identity for all even spins
092, 04, -+ in the partition function, we get rid of half of the sums and we obtain the ezxact
identity

Zn(K) = N0 7,y 5 (K7) (556)

By ”integrating over half of the degrees of freedom” (i.e., performing the summation over half
of the spin variables), the decimation has related the problem with N spins for coupling K to
the problem with N/2 spins with coupling K’, for the same hamiltonian, up to the shift K.

K e
KK K &
SN,y T, — D
0, 6, G; 0, O3

Figure 44: Decimation : one “integrates” over half of the spins (i.e. the ”small scale degrees
of freedom?”) in order to relate the original problem with N spins for coupling K to the same
problem with N/2 spins and coupling K'.

If we define the ”free energy” per spin (here without the 1/4, i.e. f = f/B),

Faey £ = tim P 57
we get

r Lrz / /

Jr) = 5 [F(K) — Ky - (558)

The correlation length should be the same with Zn (K) or Zy/o(K’), as they describe the same
problem. One should however pay attention to the fact that is measured in units of the
lattice spacing

€= cd(K) =2¢(K) (559)

from which we get

(K) (560)

The relation also obviously follows from , given the knowledge of the exact expression .
The set of transformations (554,5564558560) is called a RG transformation.
We have now to understand why these formal manipulations, which seem purely technical
at the level of the partition function Zx(K), can have some interest for the study of critical
phenomena. This has to do with the existence of fized points.

9.2 Fixed points
a) Case of the Ising chain

We now identify some values of the ”coupling” K = J/T invariant under the RG trans-
formation : such values are called “fixed points”. It is more clear if we introduce
xz = tanh K € [0,1] : the RG transformation takes the form 2’ = 2, which makes
clear that it presents two fixed points x = 0 or x = 1 (cf. Fig. . They correspond to :

e the point K = 0 : paramagnetic (trivial) fixed point.
e the point K = oo : ferromagnetic fixed point.
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Figure 45: RG flow for the 1D Ising model

Starting from any value of K, iterations of the RG transformation lead to a decrease of the
coupling, which eventually vanishes :

KoK >5K'—»...50.

In other terms, the ferromagnetic fixed point is repulsive, while the paramagnetic fixed point
is attractive. The RG transformation drives the system towards the point describing the large
scale physics. Hence, the interpretation is here that the system is disordered at any temperature,
as it is always driven towards the paramagnetic phase with fN — 0.

b) Case of the 2D Ising model

Imagine now that the RG transformation accompagnying the transformation N — N’ = N/¢¢
and Zy(K) = eN'5oZy(K') are

K'=w(K)  with  E(K) = 1K) (561)

involves a function of the form represented in Fig. It is shown below that this corresponds
to the 2D Ising model, which is known to exhibit a second order phase transition. Here we
have introduced the scaling factor ¢ > 1, which depends on the precise nature of the RG
transformation (it was £ = 2 for the Ising chain ; below it will be taken equal to £ = v/2 for the
square lattice and £ = V/3 for the triangular lattice).

Figure 46: RG flow for the 2D Ising model : function K' = ¢(K).

A fixed point of the RG transformation is defined as K, = ¥(K,). The function of Fig.
has three fixed points :
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e K =0 : the paramagnetic attractive fixed point.
e K.=J/T. such that K. = ¢)(K.). This fixed point is repulsive.
e K = oo : the ferromagnetic fixed point, which is attractive.

The existence of a repulsive fixed point at K. has now made the ferromagnetic fixed point
attractive. By elimination of degrees of freedom characterizing the physics on small scale (lattice
spacing € — € = l¢), the RG transformation drives the system towards the state describing
the problem on large scale. Depending on the initial point we have : for an initial K < K,
(iie. T > T, = J/K,) the system flows towards the paramagnetic state, while for K > K. (i.e.
T < T,) it flows towards the ferromagnetic state. The repulsive fixed point separating these two
situations is the critical point as we now show.

The critical exponent from the RG transformation.— The only way the transformation
of the correlation length (561) can be consistent with the existence of fixed points, {(K,) =
1€(K.), is that it is zero or infinite :

e £(0) = 0 for the paramagnetic fixed point.
o £(K.) = oo for the critical fixed point.
e £(00) = 0 for the ferromagnetic fixed point.

Let us perform an expansion in the neighbourhood of K.. We linearize the transformation

K — K.~{'(K.) (K- K,) (562)
Assume the standard behaviour £ ~ |T — T,| ™" « |K — K |7, as K = 8J. Thus, if we combine
§K) ~|K — K™ for K ~ K, (563)

with £(K') = £(K) /L, we have |K' — K |V ~ {|K — K_|", i.e. combined with the above equation
we get the critical exponent
In/
V= ——— . 564
Iny/(K.) (564)
Of course, this leaves entire the problem of the determination of ¢)(K) ! However, this shows
how the study of the RG transformation, a very formal operation, can provide a practical tool
to determine the critical exponent v (and other exponents).
This discussion emphasizes the critical nature of the repulsive fixed point. Indeed, in general
denoting by K, the fixed point, we have :

e For ¢/(K,) > 1 (repulsive fixed point), we find v > 0, hence £(K) — oo for K — K,. The
repulsive fixed point is critical.

o However if /(K.) < 1 (attractive fixed point, see figure), the same formula gives v < 0,
leading to £(K) — 0 for K — K, corresponding to a trivial fixed point.

# Exercice 9.2 : Argue that the "thermal eigenvalue of the RG”, Ay = (¥, is

0K’

A:
'TOOK |,

(565)

and recover the expression of the critical exponent v in terms of ¥ (K).
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# Exercice 9.3 Two-dimensional Ising model for triangular lattice : Consider the
Ising model on the triangular lattice. The RG transformation replaces the three spins on each
triangular plaquette by one effective spin, correspondly the number of spins is reduced as N —

N’ = N/3 and thus the correlation length in lattice spacing unit is £(K') = %g(K) The

renormalization transformation of the coupling is controlled by a function, K' = (K, which
is approximatively given by

1 —4K 2
+e > (566)

V) = 2K <1+34K

(it is derived below).
a) Find the fixed points. Discuss their stability (attractive/repulsive).

b) Deduce the value of the critical exponent v. Using the scaling relations, give the heat capacity
critical exponent «.

¢) Compare v and «a with the exact results : the Onsager solution corresponds to o = 0.

Imposrtant remark : long-range order versus longe-range-correlations.— One should
distinguish two concepts :

(i)  Long range correlations : the correlation length £ goes to infinity, which characterizes a
critical state.

(i) Long range order : characterizes an ordered phase, like the ferromagnetic state.

In d > 2, we have (0,,) = £1 and (o,0,/) ~ 1 for T'— 0 (long range order), however (c,0,/), =
(op0m) — {or) (00) ~ exp{—]||r —'||/£} with a finite £ when T"— 0 (short range correlations).
At T =T., {o,) = 0 (no long range order) and (c,0,+) ~ |[r—7'||~4*2=" (long range correlations).
Long range correlations are observed in the vicinity of a critical fixed point, which manifests
itself in the RG flow by its repulsive nature : there £ = oo (long range correlations).

Let us now make a remark about the ferromagnetic fixed point : in d > 2, the ferromagnetic
fixed point is attractive and is characterized by a finite correlation length. The one-dimensional
case is a bit peculiar as the ferromagnetic fixed point is repulsive, which indeed characterizes a
critical point with £ = oo, as demonstrated by the exact calculation. For d > 2, the ferromagnatic
fixed point is attractive (with £ = 0)

9.3 RG flow

The renormalization group method is the study of the flow generated by the RG transformation
in the parameter space of the Hamiltonian. Note that the parameter space is nothing but the
phase diagram. This allows (in principle) to identify the fixed points and determine the critical
exponents. In the language of the previous paragraph, this amounts to the determination of the
function ¢, which is unfortunately a difficult task in general. I discuss few approaches for the
2D Ising model.

a) Decimation for the 2D Ising model on the square lattice

In dimension higher than one, the decimation should be done so that the nature of the lattice
is not changed. This is simple on the square lattice since it is a bipartite network made of two
intricated square lattices. One can remove half of the spins, N — N’ = N/2, as it is represented
in Fig. The lattice spacing changes as

€ =V2e. (567)
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Figure 47: Decimation on the square lattice. Half of the spins are removed (red crossed), hence
the number of spins changes as N' = N/2.

The correlation length is thus renormalized as
E(K') = E(K)/V2. (568)

We are however confronted with a new difficulty : if we ”"decimate” the spin og in the middle of
four spins, the result cannot be expressed in terms of nearest neighbour (n.n.) couplings only,
like in 1D. Indeed, >°, efroo(a1toatostos) — 9 cosh(K)Sie;) where Sior = 01 + 09 + 03 + 04 €
{0, 2, £4}. On the other hand H = 0109 + 0903 + 0304 + 0401 € {0, £4}. The problem is
that there is no simple correspondence between Si,; and H. Considering the 16 states, we find
several situations :

o Siot =4 for H=14
L Stot:j:Qforﬁ:()
e Siot =0for H=0or H=-4

Hence we cannot relate Y ef100(@1toatostor) 5 an effective nearest neighbour interaction

g0

between the four spins, of the form ez I,

Instead, the exact identity

n. n. n. couplings

——
E eKl oo (01+02+03+04) _ eK(/) G%Ki (o102+0203+0304+0401) eKé (o103+0204) eK:lg 01020304 (569)
~——

o0 n. n. couplings quartet couplings

shows that the decimation generates new types of couplings (the 1/2 in front of K7 is introduced
for convenience, as each such term will appear twice when decimating the two spins in the two
sides of the bond). While the simple decimation leaves the form of the Hamiltonian invariant
for the Ising chain (in 1D), this is not the case in 2D : the RG transformation now relates two
different Hamiltonians. One could introduce the partition function Zy (K1, Ko, K3) describing
the problem with nearest neighbour (n.n.) couplings (K7), next nearest neighbour (n.n.n.)
couplings (K3), and quartet couplings (K3), in order to write the RG transformation as

Zn(K1,0,0) = eMoN2 70 (K], K5, KY) . (570)

The relation is exact, however, another RG step will generate further types of couplings. In order
to proceed with "reasonable” calculation, one needs to perform approximations, i.e. neglect
certain couplings, which is however difficult to justify properly. Copying Brézin [3], “real space
RG transformations of the sort considered here are more an art than a science” !

#y Exercice 9.4 Decimation for the square lattice : We consider the decimation on the
square lattice, Eq. (569)). Identify four types of 16 states for the four spins (o1, 092,03,04) on a
square (i.e. classify the states with respect to their symmetries). Comparing the two sides of the
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equation (569) for each of these states, deduce four equations and show that the RG equations
corresponding to the decimation are

%0 = 16 cosh?(2K1)+/cosh(4K7) , (571)
1K1 — cosh(4K7) , (572)
K2 = \/cosh(4K7) , (573)
et — \/cosh(Wl)/ cosh?(2K,) . (574)

The RG analysis of the Ising model on the square lattice will be discussed at the end of the
chapter, with the help of these equations.

b) Block spins and projectors

We describe here a different approach allowing to integrate out a fraction of degrees of freedom,
using the idea of "block spin” of Leo Kadanoff. Consider N spins {o;} on a lattice. One
introduces blocks gathering each ny = ¢¢ spins and to which are attached new spin variables
denoted {S}, the “block spins”. Here the number of spins is reduced as N — N’ = N/(%,
hence £ is the rescaling factor for the lattice spacing. An example is represented in Fig. |48 which
shows the triangular lattice with block spins of n, = 3 spins on each plaquette (thus £ = v/3).
A standard choice for the relation between the original spins and the new variables is

Sb:sign< > ai> (575)

i€ block b

so that, if ny is odd, the new variables are similar to the original one : S, = +1. Note that for an
even number of spins per block, there is an ambiguity with the states such that ) .10 0i = 0,
however it is possible to choose blocks with an odd number of spins : for example, for the square
lattice, the smallest natural blocks with ¢ = 2 contain 4 spins, however choosing ¢ = 3 leads to
ny = 9 odd.

The RG transformation corresponds to integrate over the {o;}, keeping fixed the values of
the {Sp}. This is conveniently expressed with the help of the projector :

({8}, {oi}) = Hésb,sign(z (576)
b

i€ block b 9" Z)
so that the RG transformation, also known as the “Kadanoff transformation”, takes the form

e M 5D =3 I ({8}, {o1}) e (o) (577)
{oi}

where Hy and H}, are the Hamiltonians before and after the RG transformation, respectively.
The renormalization transformation of the partition function convert the sum over spins into a
sum over block spins

Zn = Z e PHN{oi}) — Z]/V’ — Z o BH N ({Sh}) (578)

{oi}i=1,... N {Sb}pzt,... N
In general the projector should satisfy three properties :

(i)  Positivity, IT ({Sp},{oi}) = 0, so that the previous expression makes sense.

(i) D gy L{Se},{oi}) = L.
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(i) The projector should reflect the symmetry of the problem so that Hy and H}, have the
same form (same types of couplings)

To emphasize the third point : for example, for vectorial spins (XY or Heisenberg model), the
block spins must also be vectorial, like the original spins [11]. For example, using incorrectly
the relation for the z component of vectorial spins would change the universality class.

We illustrate the method on the 2D Ising model for a triangular lattice (Fig. . The
analysis of the paragraph is due to Niemeyer and van Leeuwen [23] (see also § 9.6 of [11]). Each
plaquette (three spins) is associated with one block b. Thus

N' = N/3 and (=3. (579)

Let us denote by
Hb:K(Jla'z—i-JQUg—i-JgUl) (580)

the three couplings internal to the block b and by
Hey = Ko1(o4 + 05) (581)

the interblock couplings (cf. Fig. . The Ising Hamiltonian can be splitted as

fﬁHN({O'i}) = ZHb + Z Hb,b’ . (582)
b

(bb')

The implementation of (584) can be done by treating first #; and then H;p in perturbation.
The key observation is that at order 0 in the interblock couplings (i.e. forgetting Hpy ), the
blocks are independent :

e Sy = +1 corresponds to the four states (+++4), (++—), (+ —+), (—++). Thus the partition
function of the block, constrained by the value of the the spin block, is

ST D g s o = F 4 3K = 2 (583)

01,02,03

the (unconstrained) partition function of a block being 2z;.
e S, = —1 corresponds to the four states (— ——), (+——), (—+—), (— —+). The constrained
partition function is also z,

We now write

—BH,,({Sh}) _ N[ 2wy Mo 4
o BHY (2) <e >{sb} (584)

where (---);g,, is the average for a fixed configuration {Sy}, with the measure e "o 129 Then
we use (eV) =exp {(V) +1((V?) — (V)?) +---} (cumulant expansion).

First order in the interblock couplings : we first consider (see labels in Fig.
(Mow)s, 5, = K (01(0a 4 05))g, 5, = K {o1)g, (04 + 05), (586)

where I have used the independence of the blocks for the measure e H.

29Explicitely
1
<"'>{Sb} — Z ...sze b 5Sb,sign(2¢ebm) (585)
{oi} b
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Figure 48: The 2D Ising model on the triangular lattice. Blue triangles represent the “block
spins” and form another triangular lattice with larger lattice spacing.

Consider Sp = +1 :

B 1 3K K _83K+e_K_
Similarly, for S, = —1 :
1 _

(1) g1 = 5 (= + (-1 -1+1)e ) = -®(K) (588)

hence we obtain the useful relation
<01>Sb =d(K)S,. (589)

Finally we have

(o) s, s, = LK) Sy Sy (590)

If we truncate the cumulant expansion of (584) at the first order in the block couplings, we
have
o BH {S))) (Zb)Nre@(b,b/) Hb,b/>{sb} N ED K Sy S Sy (591)

where N’ = N/3 , K, = Inz, and

(592)

3K 4 oK 2
e3K 4 3eK

K' =(K)~2K®(K)* =2K <

is the function introduced above, cf. Eq. (566). The function is plotted in Fig. The RG
transformation of the partition function thus takes the form

ZN(K) ~ eN'Ko 2y (K') (593)

Because the lattice spacing changes as € = /3¢, the correlation length in lattice spacing unit
changes as

- 1 -
K= —"—¢K 594
§(K7) et (K) (594)
[this follows from the invariance of the correlation length ¢ = €£(K) = € £(K'), as discussed
above].
The fixed point, defined by K. = 1(K.), can be found explicitly. Using the approximate

form (592), one finds

1
Ko~ JIn(l+ 2v/2) ~ 0.3556 . (595)
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tanh(K)

Figure 49: Function 1(K) for the triangular lattice, given by Eq. (592).

At first order, only n.n. couplings matter and we can get the critical exponent as explained

above, see Eq. (564),
v~In(v3)/Iny'(K.) ~ 1.133 (596)

(cf. exercise|9.3]). I postpone the comparison with the exact results to the end of the section.

Second order in the interblock couplings : We have to consider contributions to the
renormalized Hamitonian —5HY);, of the form

1
5 [</Hb’b//HbH’bm>Sb75b/75b//75b/// B </Hb’b/>sb’sb/ </Hb//’bm>sb’hsb’"} (597)

Obviously, this vanishes if the blocks b and b do not have common spins with the blocks b”
and b". Tn fact, at least two blocks must coincide, like ' = 0. Note that (H; ) — (Hyp)? is
independent of the spin block variables, and thus only contributes to the term K.

2 2
7/ b
Py <=7
G b A4 /@: i?\ .
G gV g W
A Y

(a) (b) (c) (d)
Figure 50: Different configurations of blocks.

We have to consider several cases represented on the Fig. :

Case where b, b/ and V" are aligned [(a), (b), or (c)] : this is the case where the three
blocks are aligned. We write

<Hb,b’,Hb’,b”>Sb75b,75b,, = K*(01(04 + 05)06(07 + 08)) 8,8,/ .5, (598)

= K*(01)s,((04 + 05)06)s,, (07 + 08)s,, (599)
The calculation is similar as above : additionnaly to the rule

(0i)g, = P(K) Sp (600)
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obtained above (H87)588), the calculation requires

3K K

[§] —e

(0ioj) s,

the result is independent of S;. Note that £®(K) has the interpretation of the average magne-
tization in the block, constrained by S, = £1, and 3K [2®(K) — 1] is the average energy. In the
configuration (a) or (b) of Fig. one obtains after some simple calculations that

1
9 |:<Hbvb/Hblva>Sb,sb/,sb// o <Hb7b/>5b,sb/ <Hb/7b//>sb/,sb//] = _2K2@(K)2 (]‘ - q)(K))2 Sb Sb"

2

(602)
i.e. this produces next nearest neighbour couplings, like in the decimation procedure. For the
configuration (c) of Fig. one rather gets —K?®(K)? (1 — 3®(K) + 2®(K)?) Sy Syr. The
two contributions (b) and (c) should be added and describe another type of n.n.n. coupling,
renormalized in a different manner. Hence, one should introduce two parameters to describe
n.n.n. couplings : Ké” ~ —2K?®(K)?[1 - <I>(K)}2 the n.n.n. coupling for aligned sites [like (a)
for blocks], and Kb, ~ —K?®(K)?[3 — 7®(K) + 4®(K)?] the n.n.n. for non aligned sites [like
(b+c)].

Case where b, V' and V’ form a triangle [case (d)] : Similar arguments give

1
5 [(toi)g, s, s, — (w)s, s, (M), 5, | = 2K°8K) (1 - &(K)) S5y (603)

This time however the blocks b and b” are neighbours, hence this is another contribution to the
nearest neighbour couplings. If we consider a triangle of blocks, we have to consider the three
couplings

Moo Hiy pr + Hir o Hirr b + Heyr pH (604)

which produce the contribution to —SHY,, :
2K2®(K)?[1 — ®(K)] (Sp Sy + Sy Spr + Sy Sp) (605)

Because the bond (b, b') belongs to two such triangles, we conclude that the renormalized cou-
pling between nearest neighbour blocks is

K =¢(K) ~2K®(K)* + 4K*®(K)* [1 — ®(K))] . (606)

Note that the results have the form of an expansion in powers of the coupling K. Forgetting the
n.n.n. couplings, we can easily find the fixed point numerically : KC(Q) ~ (.2758 which is closer

to the exact value (I recall that the first approximation (592) has led to K ~ 0.3556). If we
apply the formula (596) to the new function 1 (kK), we get v(?) ~ 1.1246. We will compare to
the exact results below, and will provide a more precise discussion.

Effect of the magnetic field : the effect of the magnetic field is easy to analyze, at least at
the lowest order. We have to account for the term

BHy =---—h) o (607)

(from now on, the temperature is included in the field h for convenience). At lowest order, i.e.
)~ e<%nag'>, this corresponds to add to —3HY,,

+h< Z@{Sb} =13 Y o, = hzb:?)@(K) Sy . (608)

b i€ blockb

mag.

writing (e*
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We can interpret this term as a RG equation for the conjugated field

W ~3®(K)h (609)

Close to the critical fixed point, the magnetic eigenvalue is [see (565)]

on’ 3
=2 ~38(K.)=-—>1, 610
o0 | (Ke) 7 (610)

hence the RG flow drives the system away from the critical fixed point in the direction of the
field. The fixed point is repulsive both in the K direction and the h direction.

Ay

#> Exercice 9.5 Renormalization of the magnetic field: Because the magnetic Hamil-
tonian does not couple blocks, we can improve the treatment of the magnetic field. Write
Hznag' = h§b with §b = Y icp i, hence S, = sign(gb), and perform exactly the calculation of
(M) s,- Compare with the above analysis (in particular the RG eigenvalue Ap,).

Comparison with the exact results : Many exact results have been obtained for the 2D
Ising model. The critical temperature for the triangular lattice is known :

. 1
K (triang:) — 4 In(3) ~0.27465 . (611)

[

All the critical exponents in 2D can be deduced from the Onsager and Yang solutions : we
have determined the thermal and magnetic critical exponents controlling all critical exponents
in the exercise : yr = 1 and y, = 15/8. Correspondingly, the two RG eigenvalues are

Ay =09 = /3 ~1.732 and A}, = (¥ = (\/g) 15/8 ~ 2,801 (for the triangular lattice, the scaling
factor was chosen to be £ = /3).

Lowest order.— We can compare with the solution for lowest order (for nearest neighbour
couplings only) : above, we have obtained the form K’ = v (K), from which we have deduced

K ~ 0.3556. Linearization close to the fixed point gives K' — K. ~ ¢/(K,) (K — K.), i.e.

writing K — K. = (8 — f.)J ~ —t K,
t = (Kot = At (612)

The renormalization of the coupling constant is equivalent to renormalization of the temperature.
At lowest order, we can use the expression (592)) giving

AV ~1.6235. (613)
Renormalization of the magnetic field close to the fixed point is b’ ~ 3 ®(K,.)h = Ag) h hence

AV =30(K,) = ji ~2.1213 . (614)

Considering the simplicity of the analysis and the calculations, the agreement is quite satisfac-
tory.
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Second order.— The analysis at second order in the interblock couplings presented above
has neglected an important point : starting from the Hamiltonian for n.n. couplings only, we
have generated n.n. and n.n.n. couplings after RG transformation. As for the square lattice, the
correct analysis requires to consider from the begining of the calculation both the n.n. coupling
K; and the n.n.n. couplings Ky (for Fig. a) and Ky (for Fig. b+c). It is a bit long
but not difficult in principle. It has been performed in Ref. [23] for A = 0. These authors give

K®? ~0.251 (615)
showing a significant improvement, with respect to Kc(l). The RG eigenvalue is
AP ~ 17835, (616)

which gets closer to the expected value v/3. Correspondingly one finds the critical exponents

yg) ~ 1.053 and @ ~ 0.949 (this is better than the rough approximation neglecting the n.n.n.
couplings discussed above). E

c¢) RG in momentum space

As we have seen on these two examples, the derivation of the RG equations by real space renor-
malization is not very well controlled, although the block spins technique allows for systematic
improvement (the reference |23] also proposes other approximations). Another more systematic
approach is the one of renormalization in momentum space. The general idea is to consider the
free energy as the action of a (statistical) field theory : for the Ising universality class, this
is just the * theory for a real scalar field with Euclidean action in dimension d. The theory is
then studied as follows : for B = 0, the integral is Gaussian and can be performed exactly (at
least for A > 0, i.e. T > T,). Then, the ¢* term is treated in perturbation theory (for A < 0,
one should rather expand around ¢ # 0). Renormalization is needed to make the perturbative
calculations meaningful. In this case, the RG equations for the coupling constants are obtained
by successive integration over momentum shell, i.e. eliminating short scale degrees of freedom.
The procedure can be safely defined for the critical dimension d = d,, = 4. The dimensions
d < d, are considered by performing ” dimensional regularisation” and so-called ”e-expansion”
(where € = d,, — d). Such systematic expansions provide the best theoretical estimates for the
critical exponents. If you are interested in this more technical question, see [3] or [13].

9.4 General discussion

We now provide an abstract discussion : we assume that the problem is described by p couplings,
thus its partition function is Zn (K1, -+, Kp). A RG transformation by a factor £ is

N = N' = N/¢? degrees of freedom)

(
e =Lle (lattice spacing)
E—¢& =¢/0 (correl. length in latt. sp. unit) (617)
Ko = K, =9o(K1,--- ,Kp), a=1,---,p (
(

L ZN(Kly"' 7Kp) :eK{)N’ZN/(K{,"' 7K]’D)

couplings)

parition function)

where K|) represents a shift, which is the contribution to the free energy of integrating out the
degrees of freedom on short scale.

30In Refs. [23, [11], K20 and K3 are called ”second” and ”third” nearest neighbour couplings.
31 As we will see in the next section, the linearization of the RG transformation leads to consider a 3 x 3 matrix.
Niemeyer and van Leeuwen have found the eigenvalues A1 ~ 1.7835, Ay ~ 0.2286 and A3 ~ —0.1156.
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Let us assume that the transformation has a fixed point (K7,---, K;). We can linearize in
its neighbourhood

~ K}~ ZMaﬁ (Ks— Kj)  for Mug(f) < gf{‘;

(618)

I have emphasize that the RG transformation depends on the scaling factor ¢ for later con-
venience. We further assume that the matrix can be diagonalized : it has p eigenvalues
A, (€) corresponding to p directions in the parameter space, given by the (right) eigenvector,
M()R™ = A,(¢f) R™. Because the matrix has no reason to be symmetric, each eigenvalue
is related to a pair of right and left elgenvectors the latter satisfying M (¢0)TL(™ = A, (¢) L™,
They form a bi-orthogonal set, (L(”)) R = On,m- We denote by K, the new parameters,
linear combinations of the original couplings, K, = 3 o R (Ko — KY).

Combining two RG transformations for two scales £1 and {5 corresponds to one RG trans-
formation for scale #5¢1. This is also true for the linearized transformation

M (€)M (1) = M (L2ty) (619)

with M(1) = 1,. Le. the RG transformations form a semi-group (because ¢ > 1, there is no
inverse transformation). Correspondingly, the eigenvalues present the same property

An(C2)An(£y) = Ap(l207) (620)

leading to the power law behaviour
A (l) =9 (621)

where y,, is an exponent characterizing the behaviour of the coupling K, upon RG transforma-
tion : K, ~ A, (0) K,
We distinguish three cases :

(i)  yn < 0 : the corresponding coupling K, is said irrelevant. The RG transformations

drive such a coupling to zero, K,, — K/, — K/ - — 0. Hence it has no effect on the
critical behaviour : an irrelevant coupling can be set to zero, without changing the critical
properties.

(ii)  yn > 0 : the corresponding coupling K, is said relevant. It increases under the effect
of successive RG transformations, which eventually drive the system out of the critical
region.

(iii) yn, = 0: the corresponding coupling IN(n is said marginal. The influence of such couplings
cannot be determined from the linearized transformation.

The correlation length is infinite at the critical point £ = oo. Because the irrelevant cou-
plings play no role, on the critical properties, £ = oo everywhere in the ”surface” spanned by
the irrelevant directions : this subspace is called the critical manifold. All trajectories on
the critical manifold end at the critical point, hence the critical manifold is the basin of attrac-
tion of the critical point. This is the explanation for universality : all points of the critical
surface correspond to different Hamiltonians (with different couplings), however under the ac-
tion of succesive RG transformations they all end at the critical point. As a consequence, the
properties of all models living in the critical manifold are controlled by the same set of positive
exponents {Yn }n=1,... r, where 7 < p is the number of relevant directions.

#v Exercice 9.6 RG flow for the square lattice — Wilson solution : This exercise
aims at solving the RG equations obtained in the exercise[9.4. Wilson has proposed a solution
in 1975, which neglects the quartet couplings Kso1090304. Assuming small couplings, the
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Figure 51: RG flow in the parameter space. For example, consider the Ising model on the square
lattice at h = 0. We have seen that the first RG step involves the three couplings : K1 (nearest
neighbours), Ko (next nearest neighbours) and Ks (quartet). Assume that one can restrict to
these three couplings for the next RG steps. In this case there exists one relevant coupling
(associated witth the thermal eigenvalue) and two irrelevant couplings : the critical manifold is
a 2D surface in the three dimensional space, like on the figure.

equations for n.n. and n.n.n. couplings read K| ~ 2K? and K}, ~ K?. For consitency,
one should however introduce the n.n.n. couplings from the begining, i.e. add such terms in
the Lh.s. of Eq. : this is easy as n.n.n. couplings before decimation is independent of
the decimated spin and simply become n.n. couplings after decimation. |>| We can simply write
K| ~2K? — K{ ~ 2K} + K> in the previous equation :

(622)

K| ~2K} + K>
Ky~ K?

a) Find the fixed point (K7, K3).

b) Linearize the transformation : K; ~ K} + k; with k; < 1. Diagonalize the linearized
transformation and plot the RG flow in the neighbourhood of the two fixed points (the trivial
paramagnetic fixed point and the non trivial critical fixed point).

¢) The critical value K. for the Ising model with nearest neighbour couplings only corresponds
to the point (K., 0) on the critical manifold. A rough approximation can be obtained by finding
the projection of the fixed point along the irrelevant direction on the n.n. axis. Compute K..

d) Compare with the exact result in 2D :

K (savare) — %111(1 +2) (623)

Remembering that v = 1, give the related eigenvalue A; and compare with the approximation
found previously.
To learn more about RG

there are plenty of books introducing the RG. This last chapter is inspired by the three following
references :

e The excellent book of Edouard Brézin [3].

32note that this neglects the n.n.n. couplings of the spin oo with spins outside the square of four spins
(01,02,03,04).
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e The book of Pathria [28] (chapter 14) is detailed and pedagogical.
e Last but not least, I recommend the book of Goldenfeld [11].

I can also mention the little book of Cardy [5] or the book of Ma [21].
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