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Tutorials 6 — Stochastic differential equations

1 Brownian bridge

Consider the SDE A (t) ®)

x x

" ——T_t+77(t) for t € [0, T (1)
where 7(t) is a normalised Gaussian white noise. We choose z(0) = 0.

1/ Find an integral representation of the solution. Discuss z(t) for ¢t — T".

2/ Deduce (x(t)) and C(t,t') = (x(t)x(t')). What is the nature of the distribution ?

3/ We now introduce the process B(t) = W (t) — W(T) (t/T"), where W (t) is the Wiener pro-
cess, with W(0) = 0. Plot a typical realization of B(¢). Compute (B(t)) and Cp(t,t') =
(B(t)B(t")). Comment.

2 Process with no averaged drift

The drift of a process is usually defined by V' = lim;_, (x(t)) /t. Here we remove the limit to
define the averaged drift as d (z(t)) /d¢. We consider the SDE

da(t
z(t ) = F(x(t)) + \/2D(z(t)) n(t) (Stratonovich) (2)
where F'(x) is a force and D(x) a z-dependent diffusion constant.
1/ Using the Stratonovich/It6 relation, express d (x(t)) /dt under the form (¥(x(t))).
2/ What is the condition for a driftless process ? Discuss in particular the case D(x) = o 2.

3 Hyperbolic Brownian motion

The hyperbolic Poincaré half plane Hs is a surface of constant negative curvature with metric
ds? = (da? + dy?)/y?, for x € R and y € RT. It is possible to analyze the free diffusion on Hy,
which can be described by two coupled SDE

dz = V2D ydW,(t)

dy = V2D y dW,(t)
where W, (t) and W, (¢) are two independent Wiener processes, i.e. dW(t)? = dW,(t)? = dt
and dW(t)dW,(t) = 0.

1/ Preliminary (Stratonovich/Ité conversion trick) : In order to relate the Stratonovich
SDE dz = a(z) dt + b(z) dW (¢) to the corresponding Itd6 SDE, check that we can write

(Ito) (3)

dz = a(z) dt + b<:n + ;dmnoise> ave (1) (4)

where dapeise = b(z)dW(t). Give the corresponding trick allowing to get rapidly the
Stratonovich SDE corresponding to the It6 SDE dz = a(z) dt + b(x) dW (t).

2/ Deduce the Stratonovich SDEs describing hyperbolic Brownian motion.

3/ Which set of SDEs is the most convenient for integration ? Deduce two integral representa-
tions for z(t) and y(¢) for initial conditions x(0) = 0 and y(0) = 1.

4/ Deduce (z(t)) and (y(t)). Compute also Var[z(t)] and Var[y(t)]. Comment.



4 Correlation between the process and the noise (Stratonovich)

Consider the Stratonovich SDE
dz(t) = a(z) dt + S(z) AW (¢) (Stratonovich) (5)

1/ Denoting n(t) = dW(t)/dt, show that (5(z(t))n(t)) can be expressed as the average of a
function of x(t).
Hint: use the connection to the It SDE.

2/ Another proof of the relation makes use of the following general result. Consider p(z) a
Gaussian field (i.e. with Gaussian measure), and F[p] of functional of this field, then

(olo) i) = [ s (ptaote) (520 ©
OF ]

where 5o(z) is a "functional derivative”. This is the Furutsu-Novikov theorem.

Application of the theorem relies on the observation that the noise of the SDE has the
Gaussian measure P[n] oc exp { — % [ dtn(t)?}.

Writing z(t) = zo + fg dt” [a(z(t")) + B(z(t")) n(t")] deduce a formula for (?;CT(Z,)). Discuss the
t' — t limit.

Using the Furutsu-Novikov theorem, deduce a formula for (®(x(t)) n(t)).

5 Electromagnetic noise

We consider a model of electromagnetic noise : the two components of the electric field £, +i E,
obey the linear SDE

{dEx(t) = —y E,(t)dt + VD dW,(t) -

dE,(t) = —v E,(t) dt + /D dW,(t)

where W, (t) and W, (t) are two independent Wiener processes, i.e. dW,(t)? = dW,(t)? = dt
and dW,(t)dW,(t) = 0 (averages can be omitted for elementary differential increments).

1/ We introduce the amplitude A = /I, where I is the intensity, and the phase : FE,(t) =
A(t) cosf(t) and Ey(t) = A(t) sinf(t). Write the SDEs for the amplitude A and the phase
within the Stratonovich convention. What can you do next ?

2/ We write E, +1E, = M9 where A = e and 6 its phase. Within It6 calculus, express
d\ +1df as a function of A, § and the noises dW,(t) and dW,,(t). Show that

dW4(t) = cos O(t) AW, (t) +sin0(t) dWy(t) and dWpy(t) = —sin0(t) dW,(t) + cos (t) AWy (t)
are two independent noises. Deduce two Ito6 SDE for A(¢) and 6(t).

3/ Using the It formula, deduce the It6 SDE for the amplitude A = |E, + i E}| and then for
the intensity I = A2. Relate the It6 SDE for I to a Stratonovich SDE and compare to the
equation obtained in the first question.

4/ Write the SDE for the amplitude under the form
dA(t) = —V'(A®t)) dt + VD dW4(t) (8)

and give the "potential” V' (A). Find its minimum. Using a harmonic approximation, deduces
the equilibrium distribution for the amplitude and the correlator (A(t)A(t)),.. Discuss the
approximation.

5/ Write the FPE related to the SDE for A(t). Deduce the exact stationary distribution and
compare (A) and <5A2> with the one given by the harmonic approximation. Discuss also
the stationary distribution of the intensity.



Appendix : Stochastic calculus

Doblin-Itd calculus.— W (t) a Wiener process. Start from the It6 SDE dz(t) = a(x(t)) dt +
b(x(t))dW (t) (It6), meaning that z(¢) and dW(¢) are uncorrelated at equal time. The Ito
formula is dp(z(t)) = [a(z) ¢'(z) + $b(z)2¢" (z)] dt + b(x) ¢’ (z) AW (t) (1td).

Using the It6 formula, one can recover the relation between the 1t6 SDE and the FPE 0, P(z) =
—0y [a(z)Pi(z)] + 302 [b(2)?Py(z)].

The generalization to higher dimensions is :

de; = a;(F) dt + by (F)dW; (1) (Ito) )
maps to
. L 1 - R
OP(T) = =05 [ai(T) P(T)] + 50:0; [bin ()bje(7) Py ()] (10)
Stratonovich.— The stratonovich SDE
do; = oy (Z) dt + b (2) dW;(t) (Stratonovich) (11)

describes the same process as @ if ; = a; — %bjkﬁjbik. In other terms, the related FPE is

Q@) = ~0H[oa(@PD) + 50, ()0, [ (D) ()] (12)
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