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0 Introduction

This set of lectures is devoted to stochastic processes and out-of-equilibirum statistical physics.

Equilibrium statistical physics provides a well defined procedure to study the thermodynamic
properties of systems with complex dynamics. The main idea is to replace the study of the
complex dynamics of the system, i.e. how its state f(t) evolves in time (here [’ represents a
point in phase space), by some statistical information, i.e. the probability p(f) to find the system
in a given state. The first approach would require to solve a macroscopic number of differential
equations, while the beauty of the second approach lies on the fact that the determination of
the probability density relies on very few information, what can be understood as a result of a
maximum entropy principle. The choice of the distribution, microcanonical, canonical, grand
canonical, etc, is driven by physical considerations or simply by convenience.

Out-of-equilibirum statistical physics requires a statistical treatment of the dynamics, what
can be achieved by various approaches, phenomenoligical or microscopic. On the more phe-
nomenological side : the Langevin equation, the master equation and the Fokker-Planck equation
provide different approaches for the analysis of stochastic processes. On the more microscopic
side : kinetic equations (BBGKY hierarchy, Boltzmann equation, Vlasov equation, hydrody-
namic equations, out-of-equilibrium Green’s function —Keldysh technique,...). Note that the
frontier between phenomenological and microscopic is not so sharp, as we will see by deriving a
Langevin equation from a microscopic model (§ page 46).

In these lectures, I will describe the main concepts allowing for a probabilistic analysis of
stochastic processes, without dwelling on the microscopic origin of the dynamics.

1 Probability : some useful concepts

Let us start with an introduction of several useful concepts of probability theory, with a physi-
cist’s point of view. For a mathematical monograph, see the standard book of Feller [26].

1.1 Events, probability and random variable

Whenever the dynamics of a system is too complex and its evolution is unpredictable, it becomes
more efficient to rely on a probabilistic description. This is for example the case when one plays
heads or tails,' as the motion of the coin in the fluid is too difficult to predict and can be
considered random.

Consider an event w belonging to the set of events Q (e.g. @ = {head, tail} when tossing a
coin). We denote by &?(w) > 0 the probability of occurence of the event, which is the frequency
of occurence of w when a large number of observations is made. Obviously, Z(Q2) = 1.

For a physicist, an event can be identified by making an observation, i.e. a measure of an
“observable” whose value depends on the event, X (w). Hence several observations would lead to
a random sequence of values and X (w) is called a “random variable”. Mathematically, a random
variable is a function defined over a certain space (the set of events). Rather to manipulate the
distribution of events Z?(w), we will introduce the distribution of the random variable

P(z) = Proba{X(w) =2} = Y _ P(w) dx(w)s (1.1)
we

that is the sum of probabilities for all events which realize X (w) = z. Importantly, the distri-
bution satisfies the normalisation condition

d Plx)=2(Q)=1. (1.2)

L4pile ou face” ; “testa o croce”.



For a random variable varying continuously, the Kronecker dx(,, is replaced by a Dirac
d(X(w) — z) and the sum by an integral, then P(z) is a density.

Probability in mathematics (if you want to read the first lines of math’s papers) :
Mathematicians have axiomatised probability theory.

e They first introduce the concept of o-algebra. Considering a given set  (the set of events),
one first define the family &7 of all subsets of € , such that (i) 0 € o, (ii) if A € &, the
complementary of A is also in o7, (iii) if Ay, Ay, --- € &, then |J,, An € &/. We say that “o/
is a o-algebra on 2”.

o The probability axioms are : (i) Z(A) > 0forall A € &7, (ii) 2(Q) = 1, (iii) if A1, Ag, --- €
4/ is a countable set of nonoverlapping sets (4; N A; =0, Vi # j), then

W(UAZ) ZZ@(AQ

e (O, &7, &) is called a probability space.

If you like this style, you can look at @ksendal’s book [57].

Example 1 : Bernoulli distribution.— Consider a random variable £ € {0, 1} (e.g. when
tossing a coin, the two values correspond to head and tail). The Bernoulli distribution is
Proba{¢ = 1} = p and Proba{¢ =0} =1 — p.

Example 2 : Binomial distribution.— Play to head or tail N times and denote Hy the
number of heads, p being the probability to get “head” (p = 1/2 for an unbiased coin and
p # 1/2 for a biased coin). The distribution of Hy is the binomial distribution

Proba{Hy =n} = C%p" (1 —p)N ™" (1.3)

Note that the random variable may be decomposed as the sum of N independent Bernoulli
variables (the n-th one counts if one gets head at step n) : Hy = Ziv:l &n.

Example 3 : Geometric distribution (first success for Bernoulli trials).— Consider
a sequence of Bernoulli trials (each trial successes with probability p or fails with probability
g =1 — p). The probability that the first success arises at the n-th trial is

This is the “geometric distribution” ; it is obviously normalised > 7 | P, = 1.

#v Exercise 1.1 — Lifetime of an apparatus: Each time an apparatus is used, it has a
probability p < 1 to break down. What is the distribution of its lifetime T' € N* 7 What is the
average lifetime (T") and its variance Var(T) ?

Example 4 : Poisson distribution (counting uncorrelated events).— The distribution
of the number of occurences of uncorrelated events occuring with constant rate during a finite
time "

Proba{X =n} = % e 9 (1.5)

For example, this is the probability that n drops of rain fall into a definite area during a specific
amount of time.



Example 5 : Gaussian distribution.— It is characterised by two parameters

1 r—)2 /(202
g#70($) = me (x—p)?/(2 ) (16)

This is the distribution of one component v, of the velocity of molecules in a classical fluid (then
p=0and 02 = kgT/m).

Example 6 : Cauchy distribution.— A distribution with power law tail

a/m
C = 1.7
u,a(x) (33‘ —M)2 +CL2 ( )
Example 7 : Pareto distribution.— A positive random variable with power law distribu-
tion
P(z) = pxz "t forx >1 (1.8)

for exponent p > 0.
The Italian scientist Vilfredo Pareto (1848-1923) was interested in wealth distribution. Sev-
eral examples exhibiting Paretian tails are shown in figures 1.1 and 1.2.

Fraoce

Figure 1.1: Distribution of normalised wealth (w = W/(W)) in USA and in France ; tail
p(w) oc w™I=H characterized by exponents u = 1.4 and p = 1.68, respectively. Note that wealth

can be negative (debts) ; this part of the distribution is not shown. From I. Gere et al., Physica
A 581, 126194 (2021).

Figure 1.2: Distribution of French salaries (net) in the private sector in 2022 (source : INSEE).
The right figure (in log-log) is an attempt of fit, leading to exponent p =~ 2.



Transformation of random variables

Sometimes we are interested in the distribution of a function of a random variable whose dis-
tribution is known. For example, the distribution of the velocity v, of the molecules in a gas is
well known (Maxwell distribution), and one could be interested in the distribution of the kinetic

energy %mvg Let us consider a random variable X with known distribution p(z). Given the

monotonous function ¢(x), what is the distribution ¢(y) of
Y =¢(X)? (1.9)
(the case of a non monotonous ¢ is not much more difficult).
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Figure 1.3: Proba{X € [z,x + dz]} equals Proba{Y € [y,y + dy| = [p(z), o(z) + dp(z)]}.

It is important to remember that only probabilities can be made equal (not densities, which
may have different physical dimensions) : p(xz)dx = Proba{X € [z,z + dz]} = Proba{Y €
(o), 9() + dp(a)]} = g(p(x)) @' (2)dz, ie. p(x) = a(p(x)) ¢ (x). To be short, remember

]p(x) dz = q(y) dy with y = ¢(z) \ (1.10)
Note that it can also be convenient to write

1(y) = (6(y — p(X))) = / d p(x) 6(y — () (1.11)

(this form allows to deal with the case when ¢ is a non monotonous function).

#» Exercise 1.2 — Generate random numbers with a computer: A computer generates
a random number Y with a box distribution B(y) = 1 for y € [0,1] and B(y) = 0 otherwise.
Consider a monotonously inscreasing function

@ : [a,b] = [0,1]
where the interval [a,b] is arbitrary (boundaries can be sent to +00).
a) What is the distribution of X such that Y = ¢(X) ?

b) Deduce a method to generate a random number X with arbitrary distribution p(z) from the
computer random number Y .

c¢) Application : how to generate a positive random variable with exponential distribution p(z) =
Ae M ?

#v Exercise 1.3 — Applications for several distributions with power law tails: Using
the outcome of Exercise 1.2, explain how, using the random generator of a computer (from a
box distribution), one can generate random variables with the following distributions :

a) Pareto distribution :
p(z)=pz™17F forz>1. (1.12)

b) Same question for the symmetric distribution q(z) = (1 + |z|)~'~* defined on R.
¢) Cauchy distribution : same question for C(z) = n~ (22 +1)7! for x € R.

d) Student distribution : same question for the Student distribution S®(x) for x € R (cf.
Student distribution is defined in Exercise 1.36).



1.2 Stochastic independence — Joint and conditional probabilities

Let us consider A and B, two subsets of 2. The joint probability P(A N B) is the probability
that both A and B occur, which is possible if the two sets share some events. The conditional
probability is the probability that A occurs, given that B has occured :

P(AN B)

PAIB) = =5

(1.13)

)
v o

Figure 1.4: It is easy to visualize the meaning of (1.13) : imagine that the probability is propor-
tional to the area of the ensemble of events drawn on the figure. Then P(A) is identified with
Area(A)/Area(QY) and the conditional probability P(A | B) is the ratio Area(A N B)/Area(B).

As a consequence it is clear that
P(ANB)=P(A|B)P(B)=P(B|A)P(A) (Bayes theorem). (1.14)

If A and B are stochastically independent, the conditional probability is independent of B,
hence P(A|B) = P(A), i.e. P(ANB) = P(A) P(B).
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Figure 1.5: Parisian mice during the 2024 olympic games.... and a cat. P(n|l) is the distribution
of the mouse number, when there is one cat. (© Eiffel tower photo by B. Rega.

It is probably more intuitive to define the concept for random variables. Let us consider X
and Y two random variables. For example the number of mice and cats in an ecological system,
which both evolve over time at random. We denote by

P(m,c) = Proba{# of mice = m & # of cats = ¢} (1.15)

the joint probability to have m mice and ¢ cats at a certain time ; we assume for simplicity that
the two populations are stable, i.e. that the joint distribution does not depend on time. The
marginal distribution of the mouse number is

p(m) =Y _P(m,c) (1.16)



(probability to have m mice, irrespectively of the number of cats). We denote g(c) =), P(m,c)
the marginal distribution of the number of cats. We then introduce the conditional probability

P(m,c)
q(c)

which is the distribution of the population of mice given that the number of cats equals ¢. Note
that it is normalised

P(m|c) = (1.17)

> P(mlc)=1. (1.18)
m
Let us now discuss two different situations :

e If we consider mice in Paris and cats in Torino, we expect the two random variables to be
independent, 2 hence P(m|c) is independent of ¢ (the Turin cats have no influence on the
population of Parisian mice), i.e. P(m|c) = p(m). In other terms, in this case we have

’P(m, ¢)=p(m)q(c) VYm,c : stochastic independence‘ (1.19)

e If instead we focus on Parisian cats and mice, we expect that the two populations interact
and their numbers are not independent : the more there are cats to eat mice, the smaller is
the mouse population. 3 Hence the conditional probability P(m |c) does not coincide with
p(m) and

3 (m,c) such that  P(m,c) # p(m) q(c) (1.20)

In this case we expect that the distribution P(m|c) becomes more concentrated on small
values of m when then number of cats increases (they eat more mice). Instead, for small ¢,
the distribution is expected to be broader.

#y Exercise 1.4 — Conditional probability for 2 Gaussian variables: Consider two real
random variables distributed according to the Gaussian distribution P(z,y) = N exp [— %a 2+
cxy — %b yz] .

a) Compute the normalisation constant N'. What is the condition on a, b and ¢ 7 Give <X2>,
(Y?) and (XY).

b) Determine the conditional probability P(x|y). Deduce (X |Y =y) the average of X condi-
tioned by Y = y. Give also <X 2y = y> and the corresponding conditioned variance.

c) Application to the Brownian motion : We consider a mesoscopic particle at equilibrium in
a homogeneous fluid. We assume that the joint distribution P(x;,xzq) of its position at time
t =0 and at time t is Gaussian. For simplicity assume (xo) = (x¢) = 0. Deduce the conditional
probability P(x|xg) and the conditioned mean (X | Xo = xo).

Hint : you can determine the coefficients a, b and ¢ by noticing that ((x; — z0)*) = 2Dt, where D is the
diffusion constant.

A remark : the concept of independence should not be confused with that of correlation

independence = uncorrelated

uncorrelated #- independence

Correlations are characterized by a specific correlation function. We illustrate this in the fol-
lowing exercise, and allow later in exercise 1.20.

2unless the people of Torino bring their cats in Paris and/or the Parisians their mice in Torino.
3unless all Parisian cats are domestic cats who never meet a mouse in their life!



# Ezercise 1.5 — Independence and correlations : Consider a random angle  uniformly
distributed over [0, 2rr]. We introduce the two coordinates on the circle, x = cos 6 and y = sin 6.

a) Compute the correlation C = (x(0)y(6)) — (z(0)) (y(0)). Are the coordinates correlated 7 Are
they independent ?

b) Propose another correlator which is non zero.

1.3 Mean, variance, moments and generating function

Let us consider a random variable X, now assumed to vary continuously in R, and its probability
distribution P(z), i.e. P(z)dz = Proba{X € [,z + dz]}. The average, or “mean value” 4 of
the variable is (X) = [ dz P(z)z. For any known function ¢(z), the average of ¢(X) is

(6(X)) = / dz P(z) $(x) (1.21)

a) Moments
We denote by
fon = (X) (1.22)

the n-th moment. It exists if the integral [ da P(x)z™ is convergent, which requires that P(z)
decays sufficiently rapidly, at least like |z| =1~ for any € > 0.

b) Generating function

If all moments exist, i.e. P(z) decays faster than any power law, we can define the generating
function

oo
G(k) = (o) = 37 ok (1.23)
n=0

where k is the “conjugated variable”. Often, the generating function is more simple to obtain
than the moments : this is why one computes partition functions in statistical physics. Given
G(k), one can deduce the moments by simple derivations

Hn = G(n) (0) ) (1'24)

the function G “generates” the moments (by derivations).

Important example in physics : the canonical partition function Zgz = ), e PEe is a
generating function for energy levels which are randomly occupied.

#y Exercise 1.6 — Gamma distribution : The Gamma distribution is defined by

PW(z) = ¢ O(z) z*te™® (1.25)
where o > 0. We introduce the Heaviside function 0y (x) and c is a normalisation constant.
a) Compute the normalisation c.

b) Compute the moments fiy,.

c¢) Compute the generating function G(k). Specify for which values of k the generating function
is well defined.

d) Expand G(k) in order to recover the moments.

e) Discuss more specifically the case a = 1.

“also called “expectation value” by Mathematicians, and usually denoted E(X).... However, unless the distri-
bution is very narrow, there is no reason to “expect” the mean value.



# Exercise 1.7 — : Compute the moments of the symmetric Gaussian distribution go ()
and the generating function.
Hint : express the moments in terms of the Euler Gamma function T'(z) = fooo dtt*—te .

# Exercise 1.8 — The domain of definition of G(k) for finite moments : For finite
moments (u, < ooV n), the generating function is not always defined on the full real axis. Let
us consider three examples to illustrate this point.

1 —x2/2

a) Gaussian distribution : consider g(x) = o

convergence radius of the series ) nk™. Comment.

Give the moments p,. Discuss the

b) Exponential distribution : consider now w(zx) = %e"x‘. Same question.
¢) Distribution

Mﬂz—if€”a (1.26)

Same question.

c¢) The case of divergent moments

If the distribution does not decay sufficiently fast, highest moments are divergent. However, it
is always possible to choose k purely imaginary, which corresponds to consider the characteristic
funtion, i.e. the Fourier transform of the distribution

~

P(k) = (e %) = G(—ik) (1.27)

which always exists (the integral P(k) = [ dx P(x) e ** is absolutely convergent for real k).
For example, consider a positive random variable X with distribution with power law tail

P(z)~z ' for z— o0 (1.28)

with g > 0. Clearly

= (X" < for n <
= (X") <00 forn < p 129
pn = (X™) =00 forn=p
We now show that this has an interesting consequence on the characteristic function.
# Ezxercise 1.9 — : Discuss the moments of the Cauchy distribution (1.7).
Compute its characteristic function C, q(k).
The n-th moment is related to the derivative of the characteristic function :
fn = i" P(0) . (1.30)

If the n-th moment is finite, the characteristic function is differentiable at least n times.

V\A/'hen all moments are finite, we can write the series representation P(k) = Y 7° ; £v(—ik)™,
i.e. P(k) is an analytic function of the variable k. However, when some moments are infinite,
such a series representation does not exist. Diverging moments indicate that the characteristic
function is not differentiable, hence is non analytic at k = 0. For the tail P(x) ~ x~17#,
moments up to n = || are finite, thus P(k) is differentiable |p| times but higher derivatives

are infinite for £ = 0. We illustrate this on two examples.

10



Example : We consider a random variable X with distribution f(z) = ﬁk/;. Only the two

first moments are finite : (X) = 0, (X?) = 2 and (X?") = oo for n > 1 (odd moments being
zero by symmetry). R
The characteristic function is f(k) = (e7**) = (cosk + sin |k|)e_|k|. Expansion of the function

~

for k — 0 reads f(k) = 1 — k? + 2|k[> + O(k"), which shows that f(k:) € %>(R) (continuous
function differentiable twice everywhere).

# Ezercise 1.10 — : Compute the Fourier transform of f(z) = ;i/: 1 using residue theorem.
Compute also the Fourier transform of g(x) = (wgfl)Q. Compare their k — 0 behaviours.
# Exercise 1.11 — : Consider a positive random variable X distributed according to the law
_ 1 —1/x
’LU(CC) - P(,LL) J;l"'l/’ e ’ (131)

where 1 > 0. Compute the moments and the generating function w(8) = G(—p) = (e=PX).
Discuss its expansion for 8 — 0.
Hint : use the integral representation of the MacDonald function (cf. appendix).

Remark : the law (1.31) for = 1/2 is known as the Lévy distribution.

#v Ezercise 1.12 — “Laplace reciprocity” : In this exercise we show that the x — oo be-
haviour of the distribution is related to the k — 0 of its Laplace transform. We consider a
positive random variable X > 0, with distribution with tail w(z) ~ cx~17# with u > 0. Then
it is possible to define its Laplace transform (i.e. the generating function).

a) Case p €)0,1] : show that the characteristic function (Laplace transform) presents the be-
haviour w(3) £ G(—fB) ~ 1 — " for § — 0 (give the constant ¢).

Hint : start from @(8) = [;° dzw(z)e ™ =1— [ dzw(z) (1 — e F7).

b) Consider now p €]1,2[. How could you adapt the same trick ? Deduce the 3 — 0 behaviour
of w(p).

Conclusion : The above discussion and the careful study of the examples of the exercices
show that the large x power law tail is related to the short k behaviour

L1]
P(x) ~ a7i-n o Pk =~ S Er(ikyr 4 O (1.32)

T—00 k=0 n!
n=0

(cf. Exercise 1.13 for a discussion of the coefficient C’) When p = N is integer, the non analytic
term is |k|V (for a symmetric law with N odd) or k" In ||.
Such property is a manifestation of Fourier reciprocity.

#) Ezercise 1.13 — Coefficient C for a symmetric distribution: We consider a real
random variable with a symmetric distribution P(x) = P(—x) exhibiting a power law behaviour
P(x) ~ C |z|~'~* at infinity. Using the results of Exercise 1.12, deduce the coeflicient C' of the
expansion (1.32).

1.4 Variance and cumulants

a) Variance and standard deviation

The fluctuations of a random variable around its average can be quantified by considering the
variance

var(X) % <[X - (X)]2> = (X?) = (X)? (1.33)

11



We also introduce the standard deviation

f

o< /var(X) (1.34)

which gives the order of magnitude of the fluctuations.

The average tells us where the distribution of the random variable is centered, while the vari-
ance characterizes the width of the distribution. To some extent, the variance is the information
about the distribution which remains when we forget the average (if we center the distribution
by performing a shift by — (X)). Can we proceed and remove the information encoded in the
variance 7 The answer is yes and corresponds to introduce cumulants.

b) Generating function of the cumulants

where k,, is the cumulant of order n.

# Exercise 1.14 — : Expand W(k) = InG(k) = In (Y7 “+k™) and deduce that the ex-

n=0 n!
pression of the four first cumulants in terms of the moments are

R1 = M1

Ko = pia — 115 = ([X — (X))

Ky = p3 — Bpap + 205 = (X — (X)]°)

Ka = pa — dpspn — 3p5 + 12p0pF — 67 = ([X — (X)]") = 3([X — (X)]*)?

Remark : The expression of the fourth cumulant shows that cumulants should NOT be confused
with the centered moments ([X — (X)]")

# Ezercise 1.15 — : Give all cumulants of the Gaussian distribution g, ().
Sketch a symmetric distribution with x4 > 0 and one with k4 < 0.

Convexity of W(k) : The cumulant generating function is a convex function. We can deduce
this property from the Holder inequality >, =y < (3, \xill/o‘)a > \yi\l/ﬁ)ﬂ, with a4+ =1
and «, B € [0,1]. The substitution z; — e**X¢ and y; — ePF'Xi Jeads to the form :

In (Z eakXi"'ﬁk/X") <aln (Z ekXi> +fln (Z ek/Xi> (1.40)

Because W (k) has the form of a sum In (3, e"%7) — W(k), we can write

W (ak+(1—a)k') <aW(k)+(1—a)W(K) Vael0l] (1.41)
which means that W (k) is convex (draw a plot).
The Marcinkiewicz theorem : A theorem proved by Marcinkiewicz in 1939 [49] (see also

[11]). If it is polynomial, the function W (k) is necessary of degree 1 or 2. In other terms, either
cumulants «,, all vanish for n > 2 (Gaussian variable), or all cumulants are non zero.

Remark : note that the odd cumulants could all vanish for symmetry reason (symmetric distri-
bution). This is trivial.
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Meaning of the first camulants.— The third cumulant x3 indicates whether positive (k3 >
0) or negative (k3 < 0) fluctuations are favoured (Fig. 1.6). In order to introduce a dimensionless
quantity, it is customary to define the “skewness”

skewness = /-@3//—;3/2 . (1.42)

02r c3>0 02r c3<0

-6 -4 -2 2 4 6 X -6 -4 -2 2 4 6 X
Figure 1.6: A gauche : la loi de Gumbel f(x) = exp(—z — e™®) a pour premiers cumulants :
k1 = C = 0.577... (constante d’Euler), ko = 72/6, k3 = 2((3) (fonction zeta de Riemann),
Ky = m/15, etc. Le signe de k3 indique si les fluctuations positives ou négatives (relativement
a (X)) sont favorisées. From [71].

The fourth cumulant k4 encodes whether large (k4 > 0) of small (k4 < 0) fluctuations are
favoured, compared to the Gaussian case (k4 = 0) : an illustration is shown in Fig. 1.7. One
defines the “kurtosis”

kurtosis = 4 /K3 . (1.43)

0.100

0.010 C4<0
0.001
1074
- X
), ici tracée pour a = 1 (a

. . VT (B/a)
Figure 1.7: La distribution g,(x) = 21,(1/%@( (— ‘\/ ?;Z
gauche) et a =4 (a droite), a pour premiers cumulants (non nuls) : ke =1, ky = %—3,

etc. Le quatriéme cumulant change de signe pour a = 2 (les grandes fluctuations sont favorisées
st a < 2). La courbe en tirets est la distribution gaussienne (a =2). From [71].

c) Addition of random variables

The study of statistical properties of sums of random variables is a standard and important
problem which has many occurences in mathematics, physics, etc. For example, given the
Maxwell distribution of the velocity of molecules, what is the distribution of the kinetic energy
of a gas 7

If variables are correlated, the problem can be rapidly tricky. On the other hand, for inde-
pendent variables, there exist a lot of powerful results (like the central limit theorem for identical
variables). Let us start with the simplest case of two independent random variables X and Y’
and denote by S = X + Y their sum. Moments of S are not simply related to those of X and
Y, obviously u # uX + pY (for example, <(X + Y)2> #+ <X2> + <Y2> in general, the difference
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between the two sides being 2 (X) (Y') for independent variables). Cumulants are the specific
combinations of the moments such that additivity is preserved for independent variables. Denote

by kX, kY and k7 the cumulants of the three variables. We have
RXTY = kX 4 kY for X and Y independent. (1.44)
# Ezxercise 1.16 — : (IMPORTANT) Prove the equality.

#v Exercise 1.17 — Divisibility : We have shown above that cumulants are additive when
independent variables are added. This is a crucial property leading in particular to the central
limit theorem discussed below. Can we now discuss the opposite : given a random variable S
with distribution w(s), does it exist a couple of i.i.d. random variables X, and X5 such that
S = X1 4+ Xy ? If the answer is yes, the variable S is said to be divisible.

Denote w(k) = [dsw(s)e ** = (e7*9) the characteristic function. Divisibility requires that
p(k) = \/w(k) can be interpreted as a characteristic function, ie. [ 3£/ (k)e® = p(z) is
positive and can be interpreted as a distribution. We discuss two examples.

a) Consider a random variable S with characteristic function w(k) = e~¥I" with u €]0,2]. Is S
divisible ? If yes, what is the distribution p(z) of X; 7

b) Now, we consider the box distribution w(s) = 3 6u(1 — |s|). In this case, we use a weaker
criterion based on Exercise 1.38. Compute the moments u,’s of S. Deduce the first four
cumulants k, and the kurtosis. Discuss the divisibility.

1.5 Multivariate Gaussian distribution

We consider N Gaussian random variables z1,--- ,xn. The most general Gaussian distribution
has the form

P(X) = y/det <2‘3T> o~ 3 (X—X0)TA(X—Xo) (1.45)

where X and X are column vectors € RY and A is a real and strictly positive ° symmetric
matrix.

The first interesting question is to characterize the correlations (x;x;) between the random
variables. The most simple way is to compute the generating function

G(K) = (ef'X) = T Ko s KTATE (1.46)
Remark that this does not even require to compute the multiple integral over X as it is sufficient
to manipulate the quadratic form :
(X — Xo)TA(X — X¢) —2KTX
= (X - Xo)TAX — X)) - (X — Xo)TK — KT(X — Xo) — 2K X,
— [X —Xo— A'K]TA[X — Xg— AT'K] - KTAT' K — 2K X,

From the knowledge of the generating function G(K) = <eKTX> we can deduce any cor-

relation function from simple derivation operations : (z;) = 80 K) ’ Keo = <9:ieKTX > } K0’
Tixi) = PG(K , etc. We can also compute the connex correlatlon function (cumulant
J 0k; 0k, 8k’ K=0
def
(izj), = (wiwj) — (i) (25) )
0
(wixj), = ik, InG(K)|,_ 0 (1.47)

Swith positive e.v.
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For Gaussian variables, from the above expression, we deduce the important relation

(.Z'il'j>c = (A_l)z.j (1.48)

The result is remarkable : it is sufficient to identify the matrix A in the Gaussian
measure (and inverse it) to get the correlation function (no need to compute a multiple
integral). This is also true for any correlation function, as we show below (Wick theorem).

#y Exercise 1.18 — “Discrete Furutsu-Novikov theorem” : We consider f(X), a function
of X = (x1,---,2n)" € RV, differentiable and such that (X f(X)) < oo. Show that for
Gaussian random variables with (x;) = 0 one has

<mﬂX»=§:@wﬁ<§£>- (1.49)

J

Furutsu-Novikov theorem.— The Furutsu-Novikov theorem was proven in 1963 by Furustu
in the context of fluctuating electrodynamics and in 1964 by Novikov in the context of turbu-
lence. ¢ Consider ¢(z) a Gaussian field (i.e. with Gaussian measure), and F[¢] a functional of
this field, then

(ole) Fleh = [ o’ (pta)e@)) (52

dp(a’)
[¢]

where gi(r) is a “functional derivative”. This is the continuous version of (1.49).

> for a Gaussian field p(z) . (1.50)

#) Exercise 1.19 — Wick theorem : We consider N Gaussian random variables with dis-
tribution P(X) o o3 XTAX

a) Compute the four point correlation function (x;x;x,x;).

b) Generalize to the 2n-point correlation function (x1xg - - x2y,). Show that

<J,‘1 cee $2n> = Z <xi1xj1> <$i2$j2> e <Iinxjn> (151)

contractions

What is the number of terms in the sum (“contractions” of the 2n indices) ?

# Ezercise 1.20 — Independence and correlations (2): Consider a set of Gaussian cor-
related random variables y; of zero mean, such that (y;y;) = Cy(|i — j|), and an independent set
of i.i.d. random variables ¢; = +1 with (¢;) = 0.

a) We define x; = €;y;. Are these variables correlated 7 (consider (x;z;))

b) Are the variables z; independent 7 What can you study to answer the question ?

1.6 The central limit theorem

A fundamental theorem of probability theory is the “central limit theorem”, which provides sta-
tistical informations for the sum of N identically and independently distributed (i.i.d.) random

variables X1, -+, X, with common distribution p(z). We denote their sum
N
Sv=> X,. (1.52)
n=1

SK. Furutsu, On the Statistical Theory of Electromagnetic Waves in a Fluctuating Medium (I), Journal of
Research of the National Bureau of Standards 67D(3), 303-323 (1963).
E. A. Novikov, Functionals and the random-force method in turbulence theory, Sov. Phys. JETP 20(5), 1290-1294
(1965), [Zh. Eksp. Teor. Fiz. 47, 1919 (1964)].
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e Assuming that the first moment exists, (X;) < oo, the law of large numbers holds : the
limit g
N
y (X 1.

is finite. Sy/N is a random quantity, however the limit is deterministic (non random).

e Assuming that the second moment exists, <X12> < 00, the central limit theorem holds :
the distribution of Sy is a universal Gaussian law centered on N (X;) and with variance
var(Sy) = Nvar(X;).

It is worth stressing that, while the additivity of the mean is trivial and simply follows from
the linearity of the average, the additivity of the variance is quite non trivial and relies on the
independence of the variables, as previously emphasized.

a) Proof of the theorem

It is useful to recall the proof of the theorem. The distribution of the sum is 7

Py(s) = (s (s—zx)y“dep coap)(e) = [ G e (154

N times

where we have found convenient to write the convolution in terms of the Fourier transform. We
now want to analyze the integral in the limit NV — oco. For this reason we use the expansion in
terms of the cumulants

ﬁ(k) — eW(—ik) — o ikl k+%n2(—ik)2+(’)(k3) (155)
This leads to dk
PN(S) _ / 27T 1ks iNk1 k77ﬂ2k2+(9( k3) (156)

Then we rescale the argument of the distribution as
s=Nk1++/Nkay (1.57)

and change the variable of integration as k = t/y/Nkg leading to

Py(Nk1+ v/ Nkay) = / dt ity P HONTI2E) (1.58)

1
27T\/N/£2 R

Finally we use

A}im dt et 3" FONTI2E) (/o o= 30 (1.59)
—0 JR
leading to
1
V/Nks Py(Nky + /Nray) =~ e o¥’ (1.60)

N—oo /21

which completes the proof.
In conclusion, the central limit theorem states that

N 1 (s — N (X;))®
Py (s) N>1 27N var(X;) xp {_ 2N var(X;) } ’ (1.61)

"Start with Py(s fdwl p(z1)dze p(z2) 6(s — z1 — x2) = fdxl p(z1) p(s —x1) = (p*p)(s).
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b) Convergence towards the Gaussian : Edgeworth expansion

At this stage, a natural question is : for a finite (large) N, how close is Py (s) to the Gaussian dis-
tribution ? The convergence towards the Gaussian distribution as N grows can be characterised
precisely. For this purpose, it is convenient to use the rescaled variable y = (s — Nk1)/v/Nko
(which is ~ O(1) for typical fluctuations) and consider the rescaled distribution

Un(y) = VN kg Py (N K1+ VN kg y) (1.62)

In the limit N — oo, we have shown that limy_,e0 tn (y) = g(y) = (27)"/2e~(1/2¥* | We have
(Edgeworth expansion)

Qr(y)
NE/2

Uny) —gy) = (1.63)
k=1

where the function Q(y) involved in the correction of order O(N~%/2) combines derivatives of

the Gaussian weighted the dimensionless parameters Ax E kk / /{g/ 2 (this is the k-th cumulant of
X;//k2). In particular

2
Qi) =~ 22 ") = 208 “ 3y g(y) . Qaly) = M gD(y) + 23 gO(y) | cte.  (1.64)

6 6 24 72
(more terms can be found on the wikipedia’s page). Stricto sensu (1.63) is an asymptotic
series. It is also known as the Edgeworth-Chebyshev expansion.

Figure 1.8: Truncated Edgeworth expansion for an exponential law (p(x) = Oy(x)e "), for
N = 5. Dashed line is the Gaussian distribution ; the blue line is the exact distribution
Py (s) = 0u(s) ﬁsN_le_s rescaled ; the orange and green lines show approrimations from

the Edgeworth expansion (1.63) truncated after k =1 and k = 2 terms, respectively.

c¢) Beyond the central limit theorem : several directions

What are the limitations of the central limit theorem ? Of course, we could ask for generalizations
when one relaxes various hypothesis :

e What about the case where <X3> = oo ? This might occur when p(x) presents a power law.
We will discuss this below in § 1.8.

e What about the case of correlated variables 7 The story is then more complicated as there are
many ways to introduce correlations. At the end of the lectures (chapter 6) we will explain a
method to study the distribution of Zi\i 1 U(xt), where U(z) is a known function and x; is a
stochastic process correlated in time (like a Brownian motion).

e A more subtle point, somehow hidden in the previous demonstration : the permutation of
the limit limy_,o and the integral [, dt is in fact licit only when the argument s of Py (s)
is not too large, being the origin of the theorem’s name. The theorem only characterizes
the central universal Gaussian part of the distribution, of width §S ~ O(v/N). Where does
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the Gaussian approximation breaks down ? Can we say something about the tails of the
distribution Py(s), for s — oo ? To shed light on this subtle point, we will introduce the
concept of large deviations in the next §.

e A last direction, which will not be addressed in these lecture notes : generalized central limit
theorem involving non commutating objects is an important development in mathematics and
physics. The study of random matrix products enters this direction and has many applications.
References are [17, 14, 70] (or [9] in the Mathematical literature).

At this point it is important to check that one is comfortable with the steepest descent
method : cf. § in the Appendix page 152.

1.7 Large deviations : typical and atypical fluctuations

What is central in the Central Limit Theorem 7
Let us now study more precisely the distribution of Sy . This time, we find more convenient
to use the Laplace transform. We introduce the cumulant generating function

W (k) = In(ek¥) (1.65)

The distribution of Sy can be written as an inverse Laplace transform (cf. Appendix A.4) :

_ [ Ak eiNww)
Pn(s)=(px---%xp)(s) = /iR 51 e . (1.66)
N times

In the exponential, we write the argument s = N y with y = s/N ~ O(1). Then the integral has
the form [ dk e~ Nky=W(E)] which suggests to use the steepest descent method (cf. Appendix
page 152). Assuming that the integral is dominated by a single (real) saddle point at k., we

have |
Py(s=Ny) ~ ——" o Nky-W(k) 1.67
w ( Y) N IR N (1.67)

where the saddle point is given by a%ﬂfy —W(k)] =0, ie.

(i.e. ky is function of y). It is important to note that W (k) being a convex function (general
property of the cumulant generating function), W’(k) is monotonous and the equation W' (k,) =

y has a unique solution (the function is invertible). We now introduce the “large deviation
def

function” ®(y) = kyy — W (k). This shows that the cumulant generating function W (k) and
the large deviation function ®(y) are related through a Legendre transform, i.e. we can write

Py(s) ~_exp {—N(I)(%)} where  ®(y) = max {ky — W (k)} (1.69)

This result is known as the Cramér theorem (1938) [16] and the large deviation function ®(y)
is sometimes called the Cramér function [8].

Recover the central limit theorem.— Let us stress that the central limit theorem corre-
sponds to a certain limit of (1.69) : consider the limit y — 0 (i.e. consider that the argument
of the distribution Py(s) is s = Ny < N), we expect that k., — 0 as well, so that we can
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use the expansion in terms of the cumulants W (k) ~ xik + (1/2)xk2k?. The saddle point is
ki ~ (y — k1)/Kk2 and we get

1 (y — k1)?
Bly) =kyy —W(ky) ~ ky(y—r1)— —kok?=-2—74_ 1.70
(1) = oy = W(k) % b (y =) = grak = (1.70
This means that the distribution of the sum has a Gaussian form
Pn(s) ~ exp[—(s— NK1)2/(2NK,2)] (central limit theorem (1.61)). (1.71)

0s<KN

where ds = s — Nk1. This now makes clear over which range the Gaussian form is expected :
the quadratic behaviour is obtained for |y — k1| < 1, i.e. |0Sn| < O(N). Le. (1.69) contains the
Central limit theorem. Above this scale, for 6Sy 2 O(N), the LDF is not quadratic in general
and the distribution deviates from the universal Gaussian form obtained around Nk;.

Gartner-Ellis theorem.— The Gartner-Ellis theorem relates more generaly the scaled cu-
mulant generating function to the large deviation function, through the Legendre transform
(1.69), for more general observables (not only the sum of i.i.d. variables). The key point
is the existence of a unique scaling with N for all cumulants, i.e. the existence of the limit
lmy_yo0(1/N®)In (ekS¥) = W(k), where a is some exponent. For the sum of independent
random variables (above) we have « = 1. Another example where & = 2 : in random ma-
trix theory, several interesting questions rely on the analysis of linear statitics of eigenval-
ues, that is, observables of the form Sy = IV, f(\;), where the eigenvalues {Ay,---, Ay}
are strongly correlated (in this case, the scaled cumulant generating function is obtained from
W (k) = limy_y00(1/N?) In (e?5n)).

The Cramér theorem is a specific case of the Gértner-Ellis theorem applying to the sum of
i.i.d. random variables.

Universal typical fluctuations and non universal large deviations.— The sum Sy =
Zf\i 1 X; is a random variable with typical fluctuations scaling like 6Sn ~ VN (width of the
distribution). The typical fluctuations are encoded by the central limit theorem and have a
universal Gaussian character. However rare events such that 0S5y 2 O(N) are not forbidden :
probability of such extreme events are described by the large deviation tails, controlled by ®(y)
for y > 1. The behaviour of ®(y) for y = 1 is not universal and depends strongly on W (k)
i.e. on the details of the law p(x) : large deviation tails for |s — N (X)| 2 O(N) characterize
atypical fluctuations (rare events), which are non universal.

RO
Non universal Umvgrsal : Non universa
— GausSian —
Large Large
deviations deviations
—— (non Gaussian in gen.)
~/N / rare events
s—NX

~N

Figure 1.9: The distribution of the sum of i.i.d. variables presents a Gaussian universal central
part of width ~ v/ N (central limit theorem) and large deviation tails which are in general non
Gaussian.
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#v Exercise 1.21 — Large deviation function of the binomial distribution : Using the

Stirling formula, show that the binomial distribution (1.3) obeys the large deviation principle,

i.e. has the form Proba{Hy = n} N exp {-N®(%)}. Give the large deviation fuction ®(y).
— 00

Legendre transform and duality.— The Cramér theorem allows to deduce the LDF ®(y)
from the cumulant generating function W (k). Another Legendre transform allows to go in the
other way

W (k) = max {ky — @(y)} (1.72)

which simply follows from the steepest descent approximation of the Laplace transform
Wk — <ekSN> = /ds P (s)e* ~ N/dy e (k2] eNm’?X{ky_(b(y)} (1.73)

The two Legendre transforms (1.69,1.72) introduced above are

{(IJ(y) =ky — W(k) wherey=W'(k) (1.74)
W(k) =ky — ®(y) where k = ®'(y)
It is convenient to write
{@(W (k) = kW' (k) — W (k) 1.75)
W(®'(y)) = y®'(y) — 2(y)

Setting £ = 0 in the first equation gives ®(k;) = —W(0) = 0, which is the minimum of the
function ®. Differentiations of the two equations give ®' (W' (k)) = k and W/(®'(y)) = y as it
should (the two functions W’ and &’ are inverse). Differentiating once more gives

{@%W'(m) =1/W" (k)
W"(®'(y)) = 1/2"(y)

or in short ®”(y) = 1/W" (k) with y = W’(k), i.e. the curvatures are inverse.

(1.76)

#y Ezercise 1.22 — Duality between W and ® : Consider the cumulant generating function
with limiting behaviour

W (k) ~ {/{1]{7 + (1/2)kok? fork — 0 (1.77)

c k|t for k — +oo

Performing the Legendre transform, deduce the limiting behaviours of the large deviation func-
tion ®(y) close to its minimum and at infinity.

#» Exercise 1.23 — Large deviations and statistical physics: In statistical physics, the
fundamental function is the entropy S(F) characterizing the number of microstates at a given
energy E : Q(E) = ¢5F) (here ky = 1). Argue that the canonical partition function Z(f) is
related to Q(F) through a Laplace transform.

Deduce that the free energy F () = —(1/8)In Z(5) and the entropy S(E) are related through
a Legendre transform (use extensivity). Interpret S(E) and F(f) within the large deviation
frame.

For a simple discussion : see chapter 7 of [71]. For a broader perspective on the role of the
large deviations in statistical physics, see the review article by Touchette [73].
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#v Exercise 1.24 — : Consider the symmetric distribution

1
pz) = eIl (1.78)
a) Compute the generating function W (k) = In(e*X) and discuss its domain of definition. Deduce

the two first cumulants.

b) Get the large deviation function from the Legendre transform ®(y) = max {ky—W(k)}
which controls the distribution Py(s) of the sum of N such i.i.d. random variables.

Analyze the k — 0 result to check your result (compare to the central limit theorem).

¢) The distribution Py(s) can be computed exactly : it is expressed in terms of the MacDonald
function

1 ‘s
Vrnl 12

n+1/2 e_lsl n (n+m)|

Pata(s) = 3% T oIy m!(n —m)
m=0

(s (1.79)

Using the asymptotic of the MacDonald function (Exercise A.3), compare to the behaviour of
previous question.

Does the large deviation form Py(s) ~ exp{—N ®(s/N)} always holds ? (More ad-
vanced)

The previous exercise reveals some interesting observation : for a distribution with purely ex-
ponential tail p(z) ~ e~ |*|, the large deviation is also linear ®(y) ~ |y| at large y, hence N in
absent in the exponential tail of the distribution of the sum : Py(s) ~ exp[—|s|]. On the other
hand, the domain of definition of G(k) = <ekX > is a bounded domain in this case. From these
two remarks we can guess that such a tail is a kind of threshold in the space of distributions.
Indeed, if we consider distribution with streched exponential tail

plz) ~ e l° for a €]0, 1] (1.80)

T—00

all the moments exist u, = (X") < oo however the generating function does not exist G(k) = oo
for k € R. In this case, it is possible to show that the distribution of the sum presents a different
large deviation form

Pn(s) N eXP {—Nﬁ @(N_ﬁ s)} (1.81)

We check that it matches with the usual form when a = 1.
In statistical physics, there are several occurences of such large deviation form Py(X) ~
e~ N ®(X/N') .+ the large deviation function ®(y) is also called the rate function, N is the speed

and N? the scale.

# Exercise 1.25 — : Consider i.i.d. random variables with distribution p(z) = (41/]z|)~* e~ Vel
(studied in exercise 1.8). Using the above remark, give the corresponding large deviation
form (1.81).

Summary : if one considers i.i.d. random variables with distribution presenting an exponen-
tial tail p(z) ~ e~1#1* for 2 — oo, the situation is as follows :

e For @ > 1 : the distribution of the sum presents the usual large deviation form Py(s) ~
exp{—N ®(s/N)}.

e For 0 < a < 1: the distribution of the sum presents the form (1.81), involving non trivial
powers of N.
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#v Ezercise 1.26 — Large deviation function for power law distributions: Let us dis-
cuss the possible forms of the large deviation function when the distribution exhibits some power
law tail. For simplicity we consider the distribution of the sum of N > 1 positive i.i.d. ran-
dom variables, with support R*. Assume the large deviation form Py(s) ~ exp{—N ®(s/N)}.
Imagine that it presents the behaviour Py(s) ~ exp{—N?/s} for s — 0.

a) Sketch the large deviation function ®(y) if Py(s) ~ s™N=1 for s — oo.

b) Same question if Py(s) ~ s3 for s — co.

1.8 Generalization of the central limit theorem for power law distributions

The central limit theorem applies when the second moment is finite, <X 2> < 00, meaning that
the characteristic function behaves as 8 p(k) = 1 — ipk — Lp2k? + o(k?). When (X?) = oo
(or (X) = 00), we have seen that the characteristic function is non analytic for £ — 0 and the
central limit theorem does not apply. Because the characteristic function is well defined, we
can as well characterize the distribution of the sum Py(s) with the help of a large deviation
function.

a) Case of symmetric distributions p(z) : symmetric Lévy laws

Let us first consider the specific case of a symmetric distribution p(z) = p(—=x), then p(k) is real
symmetric : this will simplify the discussion. There are three situations in general :

(k) is analytic for k£ — 0, all moments are finite, the central limit theorem holds.

p
(ii)  p(k) is not analytic for k& — 0, however the second moment is finite, meaning that p(k) ~
1—- %/12]62 + .-+ ¢|k|* where u > 2 is non integer. The central limit theorem still holds.

(iii) p(k) is not analytic for K — 0, and behaves as
p(k) ~1—¢|k* for p €]0,2[ (1.82)
meaning that <X 2> = oo and the central limit theorem does not hold.

We now examine further this last situation. We analyze Py(s) = [p 9% elks+NInp(Kand
proceed as for the central limit theorem. The behaviour (1.82) however suggests to introduce a
different scaling variable. We now write

(6N)1/“PN(52(6N)1/“y) ~ (5N)1/u/ %G(EN)l/“iknyélkl“ :/dqeiqqu“ (1.83)
R R

N—oo 2 2

In other terms

1 s dk

~ def S ikx—|k|*
Pn(s) N GV L0 <(EN)1/#> where £, 0(z) /R 5 © (1.84)

is a new universal function called a Lévy law, where the second index “0” refers to the symmetric
case (see below). The Lévy law is defined from its Fourier transform £, (k) = e " ~ 1 — |k|#
for £ — 0, which shows that £, o(x) presents the same power law tail as the initial distribution
p(x) : X
~ —1—p

Luo(x) o~ |zl ~ (1.85)
Thus Py(s) ~ N/|s|'**# for s — co. The precise coefficient of the power law is given below (see
below and Exercise 1.28).

81 recall that o(x) is something small compared to z — 0. Precisely o(z)/z — 0 while O(z)/xz — cst for  — 0.

22



Eq. (1.84) can be understood as an extension of the central limit theorem, which now involves
a family of universal functions £, o(z) for 0 < p < 2, replacing the Gaussian distribution.

Let us discuss more into detail the scaling of the sum Sy with N. The present discussion
holds for symmetric power law distribution for p €]0,2[. The fluctuations of Sy now scale with
N as

Sy ~ N, (1.86)
(for the marginal case p = 2, there is a logarithmic correction, Sy ~ v/ N In N). This has some
important consequences :

e For 1 < p < 2 the relative fluctuations go to zero, Sy /N ~ NY/b=1 5 0 for N — oo,
hence the distribution of Sy /N is sharply peaked. The law of large numbers holds.

e For 0 < pu < 1, the relative fluctuations grow with N as Sy /N ~ NY/E=1 5 o6 for N — oo,
and the law of large numbers does not hold. Indeed, we will argue below that the sum is
dominated by few extreme values (the largest X;’s).

The mechanism which explains the scaling is different in the two cases : in the first case, in
general (for non symmetric p(z)), all terms equally contribute to the sum Sy ~ N (4 fluct. of
order N'/h < N ), hence the main linear behaviour is explained by the fact that the sum has N
terms. In the second case, when 0 < 1 < 1, the sum is dominated by the largest contribution ;
as N grows it becomes more and more probable to pick a larger X;, which explains the scaling
as N/t > N,
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Figure 1.10: Different random walks.—  We plot Sy = > ;" X; as a function N for

two different distributions p(x) of the X;’s : i is the “time”, N the final time and X;’s are
gumps. Top : Gaussian distribution (three realizations). Bottom : Power law distribution with
decreasing exponent from left to right : u = 2.5 (left), p = 1.5 (center) and p = 0.75 (right). As
u decreases, large jumps become more important and few large jumps dominate the sum when
w < 1. (the random numbers with power law distribution are generated thanks to the method of
Ezercise 1.3).

To emphasize this point, I have performed some simulations (Fig. 1.10) : generating i.i.d.
random numbers, the sum Sy = Zf\i 1 X; is plotted as a function of N. This is similar to the
random walk problem. For Gaussian random numbers, looking at the process at large scale,
the random walk seems continuous. For power law distribution with p > 2, the random walk
exhibits some moderate jumps, which do not seem to contribute much to the final position. For
1 < p < 2, we can see that the contributions of the big jumps become more important (look at
the range). For p < 1, very few large jumps are prominent and strongly dominate the sum.
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Universal large deviations.— As we have seen above with the central limit theorem when
<X 2> < 00, typical fluctuations are described by the universal Gaussian form, while non univer-
sality manifests in the atypical fluctuations (tails for large x). For the new universality classes
corresponding to Lévy laws, one obtains distributions characterized by power law tails, hence
universality extends to large deviations and, in this sense, is stronger than in the central limit
theorem.

Figure 1.11: Paul Lévy (1886-1971).

b) Stable Lévy laws : general case (More advanced)

In the central limit theorem, the origin of the universal Gaussian law lies in the stability of the
law against addition, which is clear from the expression of the characteristic function g, (k) =

ik 122 .
e =39k eading to

s Dsira(K) = 3, a(h)
Stable laws against addition have been classified by Paul Lévy and are known as a-stable Lévy
laws (because the exponent  is often denoted «). They provide the correct extension of the

central limit theorem to the case where the distribution exhibits power law tails with pu < 2,
being non symmetric. The characteristic function is [4]

R e—|k|” [l—l—iﬂsign(k) tan(mt/2)] for m G]O, 2] & [ # 1

Lpup(k) = - [1 22 gy ] (1.87)

forp=1

The index u controls the exponent of the tail £, g(z) ~ |z|~!7# and the parameter 8 € [—1,+1]
controls the asymmetry, cf. Eq. (1.90). For 8 = 0, the distribution is symmetric. The Lévy
distribution £,, g(x) does not have a simple analytic form in general, and is defined by its integral
representation (inverse Fourier transform of Em 3(k)). In order to get some intuition, let us make
few concrete remarks.

e For 5 =0, there exist expansions for x — 0 :

ﬁp,o(fﬁ) _ i Z (—1)”F((2n + 1)/“) 22"~ i (P(l/u) _ %FC)’/U) $2> (1.88)

L/t (2n)! U

and for z — oo

1~ a1 DA+ np)sin(rpn/2) 4, T(1+ p) sin(rp/2)
Lunle) = - D1 = ol o o (159)
#y Ezercise 1.27 — : Get the convergence radius of the two series representations (1.88)
and (1.89).
. El’o(k) = e ¥l corresponds to the Cauchy distribution £; o(x) = 21%:1
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e For 8 # 0, the asymptotic of the Lévy distribution is (wikipedia)

P o osin(FF)T(p+1) 1+ Bsign(x)
“’6@:) z—+o0 T ‘$|/H‘1

(1.90)

In particular, this shows that the power law tail is present only on one side for g = +1.
e For § = +1, the characteristic function is E#,l(k:) = e~ (R \where ¢, = 1/ cos(mu/2). For
w €10, 1[, the support of the distribution is R4. For u €]0,1[ and 8 = —1, the support is R_.
e For 0 < p < 1, the distribution £,, 1(x) presents the essential singularity

2
L1(x) ~ T exp { — ay x_ﬁ} for x — 0T, (1.91)

where a,, = I*T“ [/ COS(7TIU,/2)]1/(1_'LL) (cf. appendix of Ref. [6]).

. El/le(k) = o V2ik corresponds to the Lévy distribution °

_ ; —1/2z
5%71(@ = \/%1:3/26 forz > 0. (1.92)

e Penson and Gérska [58] have recently obtained analytic expressions for the one-sided Lévy
law with fractional exponent L/, (x) with p, ¢ € N* and pu = p/q €]0, 1] (few specific cases
were know earlier, for = 1/2, 1/3, 1/4, 3/4).

e For p €]1,2[, the support of £, +1(x) is R (and not Ry ), although the power law only exists
on Ry (and the decay is faster on R_). Example :

223 3
— &L < _ 2z
V3 3 W1%< 27) fOl"l‘\ON % /%ew for z = —0 (1.93)

zZ 2
27 =~
1 2z3 3
sW_11 (ﬁ) forz >0 (3vare for  — +o0

E%’l(aj) = el e

where W), ,,(z) is the Whittaker function.
o L93(x) = Lop(x) is the Gaussian distribution.

Remark : The Lévy law £y g(x) = Lo(z) is the Gaussian distribution. A distribution with
power law tail p(z) ~ |z| =3 is in the basin of attraction of the Gaussian distribution, although the
variance is infinite (the typical fluctuations of the sum Sy scale as VN In N). The characteristic
function presents an additional logarithmic term, i.e. exhibits a behaviour of the type p(k) ~
1 — k%1 —In|k|) for k — 0. The inverse Fourier transform of e ¥~k js Gaussian in the
central part, with non Gaussian large deviation tails.

# Exercise 1.28 — Tail of Py(s): We consider a symmetric distribution with power law
tail p(x) ~ c|x|~17F for x — oo, for u €]0,2[. Its Fourier transform behaves as p(k) ~ 1 — ¢ |k|*
for k — 0, where ¢ = —2¢I'(—u) cos(mu/2) > 0 (Exercise 1.13). Using the asymptotic (1.89),
check that the asymptotic of the distribution of the sum is

Py(s) =~ Necl|s|717+. (1.94)

T—r100

9To check this, it is more easy to compute the Laplace transform of the distribution, which is related to the
MacDonald function K /3(1/25), leading to fooo da Ly/2,1(x) e P — o V2B,
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Stability and universality classes.— Lévy has classified the different universal laws by
identifying the functions which are stable against convolution (addition of the i.i.d. random vari-
ables). This is clear by inspection of the Fourier transform, for example Eujg(k:)N = Eltﬂ (NVrE),
meaning that the result of NV convolutions is the same function, up to a rescaling. The gener-
alised central limit theorem shows that these laws are not only stable, they are also attractors
under the action of many convolutions. In other terms, in the space of distributions, the expo-
nent p of the tail and the symmetry index 3, which are stable properties for the convolution,
define a universality class : the action of many convolutions on any distribution of a class (u, 3)
ends to the Lévy law £, g(x), which is the attractive fixed point.

This illustrates the idea of universality classes for critical phenomena. Here the convolution
plays the role of the renormalisation group transformation.

&> Exercise 1.29 — : Consider a set of N i.i.d. random variables X; distributed according to
p(z).

a) When p(z) = Ay (m6+4x4+112+1)1/3 for x € R, what is Py(s) for N > 1 7 (A; is a normalisa-
tion).

b) Same question for p(z) = As w—ﬁig‘/)@ for z € RY.

c¢) Same question for p(x) = As % for x € R.

#» Exercise 1.30 — Condition for CLT : Consider a set of i.i.d. random variables with
common distribution p(x). In the book of Gnedenko and Kolmogorov [31] (cf. p. 172), the
condition for the CLT to hold is

A? dz p(x)
/$'>A .0 (1.95)

/ dz 2% p(z) Ao
|z|<A

Discuss the case of an exponential tail p(z) ~ e~ and the case of a power law tail p(z) ~
|#|7#~1 (with a special attention to the marginal case y = 2).
¢) Scaling of Sy in the general case

Let us now discuss the scaling of Sy with N for power law distribution p(z) ~ |z#|~'=#. T denote
X = (X;) when it exists.

CLT M1 [7%) PN(S) F
1 s— NX
> 2 es <oo <00 Pn(s) ~ F Gaussian
1 s— NX
=2 es < o0 00 Pn(s) ~ Gaussian
a Y N) = <\/NlnN)

1 - NX
l<p<2 mno <oo 0 Py (s) F (S ) L, 5(x)

= N1/w N/w
1 —c¢cNInN
w=1 no 00 00 Py (s) ~ N F <5ch1> Ly 5(x)
1 S
O<pu<1l no 00 00 Py (s) ~ Nk F <W> L, 5(x)
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To learn more : The review article by Bouchaud and Georges [6] contains a nice appendix
(I borrowed few remarks from it).

#v Exercise 1.31 — The marginal case ;. = 1: We discuss the distribution of the sum
corresponding to the case u = 1.

a) We first consider the case of random variables with a distribution given by the stable Lévy
law p(x) = L4 g(x), with characteristic function (1.87). Show that the distribution of Sy is

1 s—2BNInN
Py(s) = ~ L1s (Zv) (1.96)

b) Consider now random variables with an arbitrary distribution with tail p(x) ~ x~2 (with
different weigths for © — +o00 and x — —o0). Discuss the distribution of the sum Py (s).

1.9 Extreme value statistics

The study of extreme events has become very important these last decades, in physics (records,
avalanches,...) [48], in climate (hurricane, typhoon,...), economy (market cracks,...), earthquakes,
etc. In the paragraph 1.7, we have been interested in the rare events corresponding to atypical
values of the sum of NV i.i.d. random variables. Here, the “extreme value statistics” problem
corresponds to analyze the distribution of the largest (or smallest) among N variables. More
generally we can consider also the distribution of the second largest, etc, hence one sometimes
refers to “ordered statistics”. The case of independent identically distributed (i.i.d) random
variables is well documented since the pioneering work of Fréchet [27] and Gumbel [34]. We will
only focus on this case here (see books [35, 36, 19]). For a recent review discussing the case of
correlated variables in the context of statistical physics, see Ref. [48].

The question is as follows : consider a set of N random variables X1, -+, X with the same
law f(x) and joint distribution Py (x1, - ,zx). What is the distribution of the maximum

MN :max(Xl,--- ;XN)?

In general, the cumulative distribution of the maximum involves a multiple integral of the joint
distribution

&y (z) = Proba{ My < z} = Proba{X; <z & --- & Xy <z} (1.97)
:/ dxl---/ deny Pn(z1,--- ,xN) (1.98)

which can be extremely difficult to analyze for large N.

Figure 1.12: Maurice Fréchet (1878-1973) and Emil Julius Gumbel (1891-1966).

If now the random variables are independent, the joint distribution factorizes Py (z1, -+ ,zn) =
Hi]\il f(x;) and the multiple integral is separable. Introducing the cumulative distribution of
one random variable

Pla) = / " 4y f(y) = Proba{ X, < z} (1.99)

—0o0
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we have the simple form
dy(z) = [F(z)V . (1.100)

As we will see, the analysis of this distribution for N — oo is interesting and reveals some
universal character.

a) Typical value of the maximum

The first question is : if we pick N i.i.d. variables at random, where is typically the maximum ?
For N variables, we can draw an histogram (the “empirical distribution”), which will get closer
to N f(z) as N grows. This is what is shown on the following plots, where I have picked N
variables with distribution f(x) = %e*b". I have produced three histograms for N = 100,
N =1000 and N = 10000 :

e

, l -

] L X

The red arrow shows the position of the maximum My, which clearly grows with N. Here,
for the exponential distribution, we show below that it grows like In N' (this is consistent with
the figure since In 100 ~ 4.6, In 1000 ~ 6.9 and In 10000 ~ 9.2). The maximum also fluctuates
between different realisations of the N variables, for a given N. Here, several realizations of
histograms for N = 1000 are

l A ' u : A - : A
max = 6.29 max = 7.83 max = 8.78
In general, the maximum is typically at ax given by :
1
Flay)=1- N (1.101)

Interpretation of this equation : the histogram is close to the average density for N variables
pn(x) = N f(x). The average number of variables above z is (# of variables above x) =
[ da’ pn(2') = N1 — F(x)]. The position of the largest variable is typically expected to
be My ~ ay where ay is given by 1 = N [1 — F(ay)] (one variable above ay).

Let us give few examples in the following table :

Distribution f(x) F(z) an by
Exponential  (1/a)e™/% for z > 0 1—e %@ a In(N) a
Gaussian ;ﬂae_xz/@“z) s[1+erf(z/vV2a)] a/2In(N) a/y/2n(N)
Power law p Azt for 2 — oo 1—Az# (AN)/m an/u

For the power law tail, the scale of variation is given by ay, hence there is only one relevant
scale (i.e. by ~ an, where by is defined below as the scale over which the distribution varies
significantly).

# Exercise 1.32 — : Argue thatay ~ [ln(N)]l/O‘ for a distribution with tail f(x) ~ exp[—xz®].
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Consequence for the generalised central limit theorem : This table allows us to un-
derstand precisely the remark about the law of large numbers. We consider the sum of i.i.d.
random variables Sy = ZnN:1 Xp,. Let us denote by My the maximum of the N variables { X, }.

e When the decay of the probability f(z) is of exponential type, f(z) ~ exp[—z?], the typical
value of the maximum scales as My ~ [ln(N )}1/ ® < N, hence it cannot dominate the sum
of N terms. All terms equally contribute to the average (Sy) ~ N.

e When f(z) ~ z~'7*, we have instead My ~ N'/#. When p > 1, the scaling of the maximum
is ~ N/t « N, and hence it does not dominate the sum Sy, which again scales as N ; the
law of large numbers holds, Sy /N el (Xi).

e When 0 < p < 1, the scaling of the maximum is faster than IV, hence the sum is dominated
by its maximum, not by the N terms. It scales as Sy ~ My ~ NY/# > N. The law of large
numbers breaks down.

Now we come back to the analysis of the distribution of the maximum and discuss the three
universality classes.

b) Case of exponentially decaying distributions : Gumbel class
We consider the case where f(z) presents a decay of exponential type at large x :
f(z) ~e ™ for z — 0o, (1.102)

for a > 0. As we have discussed, the maximum My of N such i.i.d. random variables is typical
close to ay ~ (In N )1/ @, In the vicinity of ay, we can approximate the law as

—a® —aqa® L . —a® —(z—
fle=an+e) ~ e RN ¢ je  f(z) ~ e e @an)/by (1.103)
e—0 T~aN
where by = a}v_o‘ /o is a second characteristic scale which measures over which scale does

the distribution vary significantly. ' A more general definition of this scale is thus 1/by =
—f'(an)/f(an), or (almost) equivalently

F'(an)

1oy —Y N . 1.104
/bn 1= Flan) flan) ( )
This scale also measures the sensitivity of ay as a function of NV : indeed, differentiation of

(1.101) with respect to N gives f(aN)cilaj{,V =1/N?i.e.

b_daN
N dIn(N)

(1.105)

Examples are given in the table. An immediate consequence of this relation is that, for expo-
nentially decaying distribution (1.102), we have

v 1
ay alnN|

(1.106)

which is shown below to characterize the relative fluctuations of the maximum.

'""Note that the next term of the ¢ — 0 expansion in the exponential is 2a(a — 1)a% ? €?, however the term
aifz should be smaller than a‘f\fl as an grows with N, hence the O(e?) is negligible on the scale by where the

function decays significantly.

29



This discussion shows that the distribution behaves locally as an exponential, Eq. (1.103),
when x ~ apn. This is also true for the cumulative distribution :

F(z) ~ 1_%8_(90_@)/@ (1.107)

(from its definition, 1/by is the decay rate of F(x) around ay). We stress that we do not
assume that the distribution is exponential, however it decays locally exponentially over the
scale by (consider the example of the Gaussian distribution, cf. Exercise 1.45). Introducing this
form in the expression of the cumulative of the maximum, we have

N
Dy(z) ~ 1—]176—@—%)/%] ~ exp [—e—@—aN)/bN} (1.108)

r~an

where we considered the limit N — oo with (z —an)/by ~ O(1). Hence, introducing the scaling
variable

y=(r—an)/bn (1.109)

we deduce the scaling form
Oy (z=an+bNYy) N exp [—e Y] =V(y) fory~O(1), (1.110)
— 00

characterizing the cumulative distribution in the vicinity of ay. This also shows that by mea-
sures the fluctuations of the maximum M.

0.3

0.1F

0.0+

-4 -2 0 2 4

y

Figure 1.13: The Gumbel distribution (1.111).

The distribution of the maximum ¢y (x) = ®(x) involves the universal scaling function
¥(y) = ¥'(y) known as the Gumbel distribution

P(y) = exp [~y —e7Y] (1.111)

It reaches its maximum for y = 0 (i.e. ay is the value where the distribution of My is maximum).
The distribution is strongly asymmetric : for y — +o0 its decay is reminiscent of the exponential
decay of the distribution f(z), while for y — —oo it is strongly suppressed (exponential of
exponential). As a result the distribution ¢y (z) = @y (x) of the maximum My is

on(z) ~ 1¢<$“N> for T3 ~ O(1), (1.112)

N>1 bN bN

# Ezxercise 1.33 — Mean and variance of My : Compute (My) and Var(My).

Hint : We give [[~dt(—Int)e™" = —C and [;°dt(—Int)?e " = C? + %2, where C ~ —0.577216 is the
FEuler-Mascheroni constant.
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Figure 1.14: Sketch of the distribution ¢n(z) = D\ (x) of the maximum in the Gumbel class.
The Gumbel distribution describes the universal (central) part of the distribution of width ~ by.
There exists also non universal tails [similar to large deviation tails of Pn(s)].

Large deviations for the distribution of the maximum.— Note that the universal form
(1.111) has been obtained by keeping y ~ O(1), while sending N — oo, hence it only describes
the distribution close to the typical value of the maximum, in the “central part”, corresponding to
the typical value of the maximum. Going further away, there exist non universal large deviation
tails (cf. Exercise 1.45).

Considering first the limit  — oo for fixed IV, the maximum is isolated from the other values
and we have ¢n(x) ~ f(z) ~ e ", which indeed depends on the precise distribution. This
corresponds to the expansion of the general formula @y (z) = [F(x)]N =[1-[7du f(u)]N o~
1-N f;o du f(u), when z is sent to infinity first, i.e. the tail of the distribution is

on(x) =~ N f(x), (1.113)

r——+00

i.e. is non universal, as it depends on the “microscopic details” (the distribution f). The
large deviation tail for y — —oo is less straightforward to discuss as this corresponds to rare
configurations where the N random values are all pushed to the left, below z.

# Exercise 1.34 — Mazimum for the exponential distribution : Consider the distri-
bution f(x) = e for x > 0. Compute F(z) and deduce explicitly ®xn(z). Deduce an and
bn

# Ezxercise 1.35 — Maximum for the Gaussian distribution : Now consider a Gaussian
distribution f(z)? i.e. F(z)=1— jerfe(x/v2). Find ay and by.

We can also extend the analysis and ask the question of the distribution of the position the
of N — k + 1-th largest value, for kK =1, 2,--- (the maximum corresponding to k = 1). We have
now to consider

CI)N7k($):PI'Oba{X1 gaz& &AXN,]c gx&XN,k+1 Z:C& &XN 21’}
= [F@)V 11— P! (1.114)

ie. ®n(z) = Pn,1(z) for the cumulative distribution of the largest value. Introducing again
(1.107) we obtain the scaling form

Py (z=an+bnY) v (- )exp[—(k—1)y—ke V] = Uy(y) (1.115)

for y ~ O(1). The related distribution is ¥} (y) = ¢ (y) with
k‘k

exp [—k:y — k:e_y] . (1.116)
The typical value (max of the distribution) is still for y = 0.
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c) Case of distributions with power law tails : Fréchet class

The second university class corresponds to distributions with power law tail
flz)~pAz=17H  forz — o0o. (1.117)

As shown in the table above, the typical position of the maximum among N variable is ay =
(AN)YE, Because the distribution is a power law, it exhibits scale invariance properties
and is only characterised by one scale. We can check that the scale by introduced above,
Egs. (1.104,1.105), is here by = an/p ~ an (same N-dependence as ay). Now, we can rewrite
the cumulative distribution F'(z) ~1— Az~* for  — oo as

Fla) ~ 1-— (Q—N)” . (1.118)

rZan N\ zx

Contrary to the Gumbel case, where the exponential form (1.107) only holds for | — ayn| < by,
the behaviour (1.118) is valid both in the neighbourhood of ay, = ~ ay and in the tail x > ay.
Inserting this form in ®y(z) = [F(x)]" we eventually obtain the scaling form

dy(r=ayy) ~ eV " =Ty (1.119)

N—oo

where y ~ O(1) (i.e. y does not scale as N to some power).

Figure 1.15: The Fréchet distribution (1.120) for p = 3/2.

The corresponding (Fréchet) distribution is ¢ (y) = ¥ (y)

D(y) = y/ﬁle*y"‘ . (1.120)

I.e. we have obtained another universal function describing the distribution of the maximum for
variable with power law distribution. In conclusion, the distribution of the maximum is now

on(z) =~ 1 w(x) for z/an 2 O(1), (1.121)

N>1 anN anN

The tail for large y corresponds to (1.113). Interestingly, we see that for power law distribution,
the universal behaviour extends to infinity (which was not the case for the Gumbel class).

d) Weibull class

The last universality class corresponds to a distribution defined over a bounded domain. For
example, consider positive random variables X,, > 0 for a distribution such that f(z) ~ 2#~!
for z — 0 (with 4 > 0). We now discuss the distribution of the minimum of N such random
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variables. This situation can be analysed straighforwardly by noticing that this is dual to the
Fréchet case doing x <> 1/x, i.e. u — —pu. As a result, the distribution of the minimum is given
by the universal scaling function

U(y) = py e V" (1.122)

® Important points

e Basic concepts : random variable, moments, cumulants, generating functions, independence,
conditioning,...

e The case of divergent moments : distribution with power law tail p(x) ~ c|z|~17# for x — 400
is related to p(k) ~ 1 — ¢|k|* for k — 0 when p €]0,1[, p(k) ~ 1 — ik T — ¢ |k|"* when p €]1,2],
etc.

e Gaussian random variables : relate correlations to the measure.

e Central limit theorem and its generalisations for power law distributions. For a distribution
with power law tail p(x) ~ c|z|~17#, the typical scaling of the fluctuations of N i.i.d. variables
is N'/2 for > 2 and N'V# for u < 2. For p €]1,2][, the sum is dominated by the mean Sy ~
N X +fluct. of order NV/#. For u €]0, 1], the average does not exist, Sy ~ fluct. of order N1/#.
e Large deviations, large deviation function : distinction between typical and atypical fluctua-
tions.

e Fxtreme value statistics : Typical position ay of the maximum of N i.i.d. variable is given by
F(an)=1-1/N, where F(z) = [*dtp(t) is the cumulative.
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Additional exercises

# Ezercise 1.36 — Student distribution : The student distribution of index p > 0 is defined
as
S 1)

SW () =c (1+a?/p) 2 (1.123)
It is symmetric and presents the power law tail S (z) ~ ¢ |z|~1~H.

a) Compute the normalisation constant
b) We denote by CW(z) = [* dt SW(t) the cumulative distribution. Give C(V(z).

¢) check that C®)(z) = 1 + 2\/%

d) What is lim, oo SW () ?

# Exercise 1.37 — Generate a Gaussian variable (Box-Muller algorithm): We dis-
cuss how to generate a Gaussian random number with a computer (preliminary : you should
study at least the first questions of Exercise 1.2).

We consider two i.i.d. Gaussian random variables X and Y with zero mean and unit variance.

a) What is the distribution of the radius R = vVX? +Y? ? What is the distribution of the
angle © 7
b) What is the distribution of £ = 3(X?+Y?) ?

¢) Deduce a method to generate a Gaussian random number from a box distribution.

& Exercise 1.38 — Minimal kurtosis: Let us consider a random variable X with distri-
bution p(x). We demonstrate in this exercise that the kurtosis K £ k4/(kg)? is bounded from
below.

Without loss of generality, we assume (X) = 0, hence k4 = pq — 3(p2)?, where p, are the
moments.

a) Show that s > p%. Deduce an inequality for the kurtosis.

b) Consider the symmetric exponential law p(x) = %e"x‘. Compute the moments py’s and
deduce the kurtosis K.

c) Consider the Bernoulli distribution B(z) = 5 [§(z — 1) + §(z + 1)]. Compute the generating
function G(k) and the moments p,’s.

d) Give a distribution for which K reaches its lower bound.

# Exercise 1.39 — Conditional distribution for i.i.d. random wvariables: Consider
N ii.d. random variables Xy,---, Xy with distribution f(z). Express formally the joint dis-
tribution conditioned on the sum S = Zf\il X, denoted P(x1,---,xzn|S). Deduce an ex-
pression for the marginal distribution conditioned on the sum, p(x|S), in terms of f(x) and
Qn(S) = [day---doy f(z1) - fzn) 5(S — N, ).

& Exercise 1.40 — Heteroscedasticity : Let us consider the return X (in finance), assumed
to be a centered Gaussian variable with variance <X 2> = ¢2. During periods of uncertainty,
the volatility o usually increases, compared to quiet periods (the phenomenon of variance in-
homogeneity is called heteroscedasticity). Denoting Q(o) the distribution of the volatity, the

distribution of return takes the form
e~/ (20%)

T (1.124)

P = [ 4o Qo)

a) Analyze the fourth cumulant k4.
b) Consider a Gaussian distribution of volatility Q(c) = \/2/me~7"/2. Show that P(xz) is related
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to a MacDonald function (see Appendix A). Analyze the limiting behaviours.

¢) Consider now the volatility distribution with tail of the form Q(c) ~ e~7"/® for a > 0. Use
a saddle point approximation to deduce the tail of P(x).

#y Exercise 1.41 — Discrete Ornstein- Uhlenbeck process: We consider random Gaussian
variables (- -, ¢p,---) with probability weight P(¢) o exp|—S| where the action is

S = %Z [(¢t+1 - ¢t)2 + M%?] (1.125)

teZ

Write the action as S = %quAd) and show that the matrix A involves the discrete Laplace
operator Ay m = Onm+1 — 20n,m + Onm—1-

Give the eigenvalues and (normalised) eigenvectors of A on the infinite line (n € Z). Deduce
the correlation function (¢ipy).

Discuss the limit p — 0.

T d6 sinh A elnt — e—)\|n|

. . . 2
Hint : we give the integral [ 5% %155

#y Exercise 1.42 — Gaussian random walk and the Wiener measure : We consider N
ii.d. Gaussian random numbers of zero mean and unit variance, £1,--- ,€éN.

a) Write the joint PDF Wy (én, -+ ,&1).

We now consider the Gaussian random walk (RW)
T = Tt +En  withao=0. (1.126)

b) Argue that the Jacobian related to the change of variables &1, -+ ;N — 1, - , N IS unity.

c¢) Give the joint PDF Py(xy,---,x1) of the RW. Express the distribution under the form
Py(X)=Cn e 2XTANX and give the N x N matrix Ay and the normalisation constant Cl.

d) Argue that the probability for a configuration of the RW passing through the sequence of
positions (z1, x2, -+ ,xx) has the form

N
PN(.T}N, e ,371) = (HP(mz\xz_1)> Pl(acl) (1.127)

1=2

e) Wiener measure : what is the form of the measure Py (X)dVX oc dVX e 2 X ANX in the
continuum limit z; — x(t) ?

# Exercise 1.43 — N identical Gaussian variables: Consider N Gaussian random vari-

ables x1,- -+ ,xy of zero mean, with distribution P(X)  exp { — %XTAX}, where A is a positive
definite real symmetric matrix. We assume known the correlation matrix C;; = (x;x;) : the
variables are identical, <JJ%> = ... = <£U?V> = v, but not independent, (z;x;) = c V(i,j),
i

a) Relate the matrices A and C' (in general).
b) Write the correlation matrix C in terms of 1y and the projector I1 = (1/N)X X* on the
vector X = (1 1 - 1)

c¢) Show that X is an eigenvector of C'. Show that any vector L to X is also an eigenvector.
Deduce the spectrum of eigenvalues of C.

d) Deduce two constraints on the correlation c¢. Comment.
e) Compute the variance of the sum S =), x;. Comment.

f) Give the general form for the measure P(x) for identical (correlated) Gaussian variables.
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#v Exercise 1.44 — Random trap model : We consider a line with traps at regular positions.
A particle on a site is trapped during a random time 7, and eventually jumps to one of the
two neighbouring traps with probability 1/2 (symmetric random walk with waiting times). At a
given time t, the particle has done N, jumps, and is typically at distance x; ~ Ntl/2 (the number
of jumps N, is random). The question is now to determine how the time t scales with the number
of jumps Ny. We rather consider a fixed number of jumps N, then the time is random, given by

N
t=> 14 (1.128)
a=1

where the waiting times are 1.i.d. random variables with distribution (7).

a) Assuming the power law tail 1(7) ~ 7=17# for T — oo, discuss how t scales with N depending
on [i.

b) Deduce the nature of the random walk.

c) Diffusion along the skeleton of a comb : We consider a regular random walk between
the nearest neighbour sites of a comb as shown on this figure :

v X

In one dimension, the probability of first return to the starting point is 1 (1) ~ 773/ (cf. § 5.8).
We denote by x; the position of the particle along the skeleton. Deduce how x; scales with time.

#» Ezercise 1.45 — Typical value and large deviations for the mazimum of Gaussian
variables : We consider i.i.d. random Gaussian variables with zero mean and unit variance.

a) Argue that we can write the cumulative of the maximmum under the form ®y(z) ~ exp [ —
L erfe(z/V2)].

b) Compare the behaviour for y = (x —an)/bn ~ O(1) and z ~ O(1). We give ay ~ vV2In N —
In(47ln N)

m and bN ~ l/aN.

#» Ezercise 1.46 — Concentration of measure for power law random variables — Ap-
plication for the R.E.M. : We consider N i.i.d. positive random variables zy,--- ,zy with
distribution f(z) and denote Z their sum. The relative weights are w; = z;/Z. Let us introduce
the moments Y, & Zfi L (w;)¥, which characterize the relative importance of the variables. The
aim of the exercice is to study the average of these moments, (Yy), when the distribution of
the 2z;’s has a power law tail f(z) ~ c2~17F for 2 — co. We show that (Y},) exhibits a phase
transition tuned by p

a) Preliminary.— compare the moments in two situations : (i) all weights are equal, w; = 1/N.
(ii) one weight dominates, e.g. wi = 1/2, with all other weights equal w; = w; for i, j > 1.

b) now we come back to the case of random variables. Use the identity Z % = ﬁ fooo dtth=1te=t%,
in order to express (Y;) in terms of the characteristic function G(8) £ (e=#%1).

c) We first consider the case 0 < u < 1 : recall the behaviour of G(f) for 5 — 0. Deduce that
(Yy) remains finite when N — oo.

d) We now consider the case i > 1 : recall the behaviour of G(8) for f — 0 then. Deduce that
(Yi) — 0 as N — oo. Plot (Y2) as a function of . Plot also (Y3). Comment.

e¢) Random Energy Model.— The R.E.M. is an important model describing the statistical
physics of disordered systems. The model has been introduced in 1980 by Derrida [20, 21].
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Despite being the simplest model for a complex system, we will see that it has an interesting
phenomenology.  The REM is defined as follows : consider a system with N = 2M energy
levels E;, which are assumed i.i.d. random variables (originally, Derrida assumed a Gaussian
distribution for the energies). This assumption was shown to correspond to a model of spin glass
with random p-spin interactions between M spins. Here we can consider a generalized version
of Derrida’s model [7] such that the marginal distribution of energy levels is of exponential type,
p(E) ~ exp{—c|E|*} for E — —oo. Argue that, for N > 1 variables, the distribution can
be approximated by an exponential p(E) ~ (byN)!exp {(E — aN)/bN} in the scaling region
(i.e. when E is in the neighbourhood of the typical position ay of the ground state energy).
Recall how ay and by behave with N. We consider the partition function Z = Zfil e BE:
Making the connection with the problem studied previously, show that the R.E.M. exhibits a

phase transition tuned by the temperature T'= 1/3. Interpret.
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2 The Langevin equation for a particle in a fluid

The aim of this introductory chapter is to start the discussion of stochastic processes with a
concrete and simple example, and introduce several general and important ideas. Consider a
particle in a fluid, submitted to a friction force. The usual phenomenological model is friction
proportional to the velocity (Stokes regime) :

Fp=—yv, (2.1)

where v is the friction coefficient. For a spherical particle of radius R, fluid mechanics gives
v = 6mn R where 7 is the viscosity of the fluid (for example, n ~ 1073 kg.m~1.s7! for water at
T = 20°C). In the absence of any other external force, the Newton equation of motion takes
the form m© = —vywv. The friction coefficient has dimension of a mass divided by a time, hence

we can write
m

T== (2.2)

where 7 is the relaxation time for the velocity.

2.1 Fluctuations and Langevin force

In 1827, the scottish botanist Robert Brown observed with a microscope that pollen grains at
the surface of water move erratically. ' It was understood later that this observation supports
the atomist description of matter as it is the manifestation of the fluctuations in the fluid (erratic
motion of the molecules). A clear description of the phenomenon was given much later by Albert
Einstein in 1905. If the particle (the pollen grain) is small, it is not only submitted to the friction
force but it is also sensitive to the fluctuations in the fluid, i.e. the collisions with molecules.
The typical collision time between molecules in a fluid is 7eon ~ 10719 s, thus we expect that
the Brownian particle experiences collisions with the rate 1/7., and which can be considered
as independent. The friction force is due to the effect of these collisions over a much larger time
scale. Additionally to the friction force, we model the frequent collisions by introducing in the
Newton equation a force £(t) fluctuating in time, called the “Langevin force” :

R0 (2.
dz(t)
() (2.4)

Because the collisions are exerted at random along all directions, we expect that

(@) =0 (2.5)

where (---) denotes statistical averaging '? (it is also true if we consider averaging over time

for a single history). As the Langevin force models the force exerted on the particle by the
C

molecules, it is natural to assume short time correlations (£(¢)§(t)) = 7= ¢ ((t —t)/Tcon) where

¢ is normalised function of width ~ 1 centered on the origin (like (1/2)e1#l or 7=1/2¢=%") and C

"Brown was not the first one to observe this phenomenon, but he was the first to study it systematically
(varying parameters of the experiment). You can find some historical perspectives in the excellent article of
Bertrand Duplantier [25].

12Gtatistical averaging corresponds to average over different histories of the particle, with same initial condi-
tions but different realisations of the Langevin force. This is the procedure followed by Jean Perrin (Nobel prize
in 1926) in his experiments [59] ; cf. Fig. 2.3. The difference between statistical averaging and time averaging is
described more concretely in Exercise 2.7.
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the strength of the fluctuations. As we are interested in the dynamics of the Brownian particle
over time >> 7., we can simply consider

(EBER)) =Co(t—t) (2.6)

(which corresponds formally to 7.on — 0). A random function characterised by such local
correlations is called a “white noise”.

Figure 2.1: Robert Brown (1773-1858), Albert Finstein (1879-1955), Paul Langevin (1872-1946)
and Jean Perrin (1870-1942).

This model was introduced by Paul Langevin [12]. Why studying a model for the motion
of a pollen grain at the surface of a fluid (or more generally a “colloid” in a fluid) is an impor-
tant problem ? The reason is that several ideas of the Langevin model have a much broader
application in out-of-equilibrium statistical physics.

A

time

Figure 2.2: A realization of the Ornstein-Uhlenbeck process v(t) defined by (2.3) when £(t) is a
Gaussian white noise.

We now analyse the statistical properties of the particle. Taking advantage that the equation
of motion is linear, its integration gives

1t ,
o(t) = v(0)e ™7™ + ~ / A’ (') e~ /T (2.7)
0

This representation makes easy to deduce the statistical properties of v(t) from those of (¢). If
the initial velocity is non random, we have

(w(t)) = v(0)e /T, (2.8)

After a time larger than 7 = m/~, the memory of the initial velocity is lost and the velocity is
def

independent of v(0). We also get the correlator (v(t)v(t')),. = (v(t)v(t')) — (v(¢)) (v(t')) :

’

1 t t , Ce—t+t)/T min(¢,t’)
(v(t)o(t)), = mg/o dty e_(t_tl)/T/O dty ™R (g (1) E(t2)) = mg/o dty ¥/
(2.9)

(v(t)o(t)), = C% (e*IH’\/T - e*<t+t’>/f) . (2.10)

- 2m
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The correlations decay in time over the same time scale 7 like the average time. The decorrelation
of the velocity can be understood from the fact that the velocity decorrelates from the noise on
the same time scale : we check easily that

(v(t)E()) = % On(t — t') e~ E1/7 (2.11)

The velocity v(t) is only correlated to the noise in the past, not too far (i.e. for t — ' < 7).
The stochastic process described by (2.3) where £(t) is a Gaussian white noise is known as
the “Ornstein-Uhlenbeck process”.

2.2 A fluctuation-dissipation relation

After a sufficient long time, we expect that the particle is at thermal equilibrium with the
fluid (which should be at thermal equilibrium), hence (v(t)?) = ksT/m (equipartition theorem).
On the other hand, the outcome of the Langevin analysis is (v(¢)?) = C/(2m~). Consistency
of the previous analysis with equilibrium statistical physics imposes a constraint between the
strength C of the Langevin noise (the fluctuations in the fluid), the friction coefficient v and the

temperature :
dissipation

;
C =2 ~v kT (2.12)

ﬂuctuiations
this is a “fluctuation-dissipation relation” and a first formulation of the fluctuation-dissipation

theorem (FDT). The mass has disappeared, which emphasizes that this is a property of the
thermal bath (the fluid). We could write the correlator of the noise

(EER)) =29k T 6(t — 1) . (2.13)

The phenomenological coefficients C, the strength of the Langevin force, and ~, the friction
coefficient, are not two independent parameters (at least when thermal equilibrium holds). This
reminds that friction and fluctuations have the same physical origin : the interaction of the
particle with the molecules of the fluid. Below (§ p. 46), we will introduce a microscopic model
of friction and try to clarify the origin of this relation.

& Exercise 2.1 — Langevin equation for random initial velocity : The correlator (2.10)
corresponds to a fixed initial velocity. Consider now the case where the initial velocity is random,
va

ST S

distributed according to P(vg) o exp { —

equil

a) Compute the new correlator, denoted (v(t)v(t'))
b) Can we compare the two correlators ?
#) Exercise 2.2 — Stationary measure of the Ornstein-Uhlenbeck process: In the

stationary regime, compare the correlator with the one obtained in Exercise 1.41. Deduce what
is the measure of the Ornstein-Uhlenbeck process.

In Eq. (2.10), the second term is a transient term coming from the initial condition v(0) = 0.
Hence for times ¢, t' > 7 we can write

(o(Epu(t')) = % el (2.14)

The correlations (2.11) between velocity and Langevin force can also be rewritten in terms of

the temperature

(o(t)E(t)) Ou(t —t') e -1/ (2.15)
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2.3 Diffusion

Now that we have obtained the statistical properties of the velocity, let us analyze the statistical
properties of the position. The average position is simply

(2(t)) = v(0)r (1—e7/7) (2.16)

On average, after a time ¢ > 7, the particule covers a distance v(0)7, which is not surprising as
the memory of the initial velocity v(0) is lost after time 7. What about the fluctuations ? In
the stationary regime the correlator of the speed is a “narrow function” of width 7, with weight

+o0 .
/_ At — ) (u(t)o(t)) " = %jT . (2.17)

As a result, neglecting the transient regime at short times, we can write

(alt?), = | L, / s (ot )u()), ~ 1 / :odmt2><v<t1>v<t2>>iqml=%jTt (2.18)

The linear behaviour characterizes diffusive motion. We introduce the diffusion constant

D% iy e

Jim (2.19)

In other terms, we have obtained above a general relation between the velocity correlator and
the diffusion constant

pe [T ((t)v(0)) (2.20)
0

Coming back to Langevin model, Egs. (2.3,2.4), we get the expression

kT
Y

D

(2.21)

which is known as the “FEinstein relation”. It was obtained in Einstein 1905’s article on the Brow-

13 Tt is also known as the “Einstein-Stokes law” or “Einstein-Stokes-Sutherland
law”. This is another formulation of the FDT, relating three different physical quantities, the
diffusion constant characterizing the fluctuations of the motion, the friction coefficient charac-
terizing the dissipation and the temperature.

nian motion.

# Exercise 2.8 — : Choose initial conditions for a fixed initial velocity z(0) = 0 and v(0) = v.
Compute (z(t)). Study precisely <£L'(t)2>c. Analyze the crossover between the short time and
large time <x(7§)2>C x t diffusive behaviour.

2.4 Large scale properties and the overdamped regime

Over large time scales (> 7), the correlator (2.14) seems a narrow function which can be replaced
by a delta function

!
equil C e t=tl/T large scale (' 1

()™ = o5 = R a1 = 5 (eWew)) (2.22)

13 A. Einstein, “ Uber die von der molekularkinetischen Theorie der Wirme geforderte Bewegung von in ruhenden
Fliissigkeiten suspendierten Teilchen”, Annalen der Physik 322(8), 549-560 (1905).
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Figure 2.3: Measurements of Jean Perrin (1908) ; from [59]. Left : few examples of trajectories.
Right : final points after the several histories (for a fized time).

Furthermore, assuming that £(t) is Gaussian, '* this corresponds to write

large scale 1

u(t) = 5 §(t) (2.23)

i.e. to neglect the acceleration term in Newton’s equation :
~ —yu(t) +£(t) (overdamped regime) . (2.24)

This approximation is called the “overdamped regime”, which is achieved either by studying the
process over large time scales, , or by formally considering the limit of strong damping,
v — 00. As a result we obtain that the velocity equals the force.

Overdamped regime : “Aristotle equation”.— The pre-Galileo-Newtonian postulate,
proposed by Aristotle, asserted that velocity is proportional to force. > The above discussion
has shown that this makes sense for the motion of a particle in a viscous fluid. If an additional
(conservative) force F'(x) is introduced in the equation of motion for the overdamped regime

(2.24), we have

diit) ~ 'ly [F(x(t)) + £(1)] (overdamped regime) . (2.25)

We can call the equation (velocity) = (force)/(friction) the “Aristotle equation”, although this
is a bit anachronistic (differential calculus was invented only at the end of XVIIth century by
Leibniz and Newton).

A last comment about the physical content of the overdamped regime, which we rewrite

de(t)  10V(x)

i 5 o + V2D n(t) (overdamped regime) . (2.26)

where V() is the potential, such that F'(z) = —V’(x), and 7(t) a normalised Gaussian white
noise, i.e. with (n(¢t)) = 0 and (n(t)n(t')) = o(t — t'). Contrary to the Newton equation,
which describes a conservative dynamics, the Aristotle equation describes a non conservative
dynamics, along which energy is dissipated (cf. Exercise 2.9). In particular, in the D — 0 limit,

!4 Gaussian processes have only two finite cumulants x1 and k2, all others being zero. Equality of averages and
variances of two Gaussian processes implies that the have the same statistical properties.

151n the book “Aristotle’s Physics”, it is claimed that the velocity of a falling body is proportional to its weight,
i.e. the velocity is proportional to the force. In other terms the motion requires a force for Aristotle (384-322
BC). It required almost two thousand years to understand that force induces acceleration, not motion : motion
can exist without force. This was the achievement of Galileo Galilei (1564-1642 AC).
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Newton "Aristotle"
(conservative) (non conservative)

Figure 2.4: The dynamics described by the Newton equation conserves the energy, whereas the
enerqy is dissipated during the “Aristotle dynamics”.

the trajectory converges towards the first stationary point (Fig. 2.4). If the first stationary point
is a local minimum like on the figure, only a fluctuation (finite D) can untrap the particle in
order to visit another neighbouring (local or global) minimum.

We will come back later to a general analysis of this stochastic differential equation.

2.5 The free Brownian motion (the Wiener process)

In the overdamped regime, in the absence of the external force F'(x), the position is just the
integral of a Gaussian white noise

t
2(t) = 2(0) 4+~ /0 du £(u) (2.27)

~~— 7

Figure 2.5: A typical Brownian trajectory : W(t) as a function of t. If one zooms, trajectory
looks the same (scale invariance).

Let us simplify the notations and introduce a normalised Gaussian white noise n(t) =
£(t)/v/C so that
(n(t)) =0 and (n(t)n(t)) =6t —1t). (2.28)
We now consider the normalised free Brownian motion, with no external force (the “Wiener
process”) by setting x(t) = @W(t) Obviously

AW (t)
dt

= n(t) = W (t) :/0 dun(u) (2.29)
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thus
t t/ min(¢,t")
(W)W () = /0 du/O dvé(u—wv) = /0 du (2.30)

Finally

(W)W (t")) = min (¢,¢) (2.31)

Interpretation : consider the case t < ¢/, we have (W(t)W(t')) = (W) — W)W (t)) +
(W(t)?). The second term is t (diffusion) ; the first term vanishes as the two increments
W(t') —Wi(t) = ftt, dun(u) and W (t) = [i dun(u) are independent.

# Exercise 2.4 — : Check that the increment depends only on the time difference

(W) - W) =t -t (2.32)

Continuity.— In the limit ¢ — ¢’ we get lim_,y ([W(t) — W (¥ )]2> = 0. This last equation
suggests that the curve W (t) is continuous. As a matter of fact the two statements are
disconnected : the fact that this limit is zero does not imply continuity (cf. Exercise 3.5)!

In order to prove continuity, we should consider the probability

Proba{|W(t) - W(t')| < €} = erf< (2.33)

)

This expression simply follows from the fact that the increment between times ¢ and ' is Gaus-
sian, with variance |t — |, hence the cumulative distribution related to the error function erf(x)
(see Appendix A). This expression shows that Ve > 0, there exists a sufficiently small time
difference, choose |t — | < €2, so that we are sure that the distance is smaller than e :
Proba{|W(t) - W(t')| < €} ~ 1 — O(e=<*/@l=t')) " Because we can choose € as small as we
want, this corresponds to continuity of the process.

Continuity can also be understood in a simpler manner by constructing the Brownian motion
from the discrete random walk, W (t) = Zi/zel dW; where (0W;) = 0 and (0W,6W,) = €6, 1,
and taking the continuum limit of small jumps 6W, ~ /e — 0 occuring with high rate 1/e — oo.

# Exercise 2.5 — : Prove (2.33).

Non differentiability Another consequence of (2.32) is that

W) - W(E)\? 1
<( t—t ) >: it — | (2.34)

which goes to infinity when ¢ — ¢’ : the derivative of typical curves is infinite, i.e. W (t) is non
differentiable. We can see on the plot that the curve is indeed extremely irregular on small scale
(see Fig. 2.5).

Scale invariance.— This irregularity is related to scale invariance and fractal behaviour
(with fractal dimension 1/2). For a scaling factor a > 0, it is clear that

(W (at)W(at')) = a min (t,t') = a (W ()W (t)) (2.35)

Because W (t) is Gaussian, all statistical information is encoded in the two point function,
hence this equality means that we can identify the statistical properties of W («t) with those of

44



VaW (t). Mathematicians express this through and “equality in law” (or “equality in distribu-
tion”)

W(at) "= aW(t) (2.36)

(the “laws” of the two sides are equal). The same argument applies to the Gaussian white noise

gives
n(at) % n(t). (2.37)

The property is extended in Exercise 2.10.

® Important points

e Master the analysis of the linear Langevin equation (2.3) (integrate the eq., averages, etc)

e Fluctuation-dissipation relation (different forms) : Langevin force and damping force have the
same origin, hence the relation.

e Wiener process : main properties.
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APPENDIX : Microscopic foundations of the Langevin equation

The aim of this paragraph is to go beyond the phenomenological Langevin model and clarify
the physical origin of the Langevin equation from a microscopic description. We introduce a
model with a purely Hamiltonian (conservative) dynamics, within which will emerge the effec-
tive dissipative dynamics described by the Langevin equation. This will allow to identify the
microscopic origin of the dissipation.

Model.— One could be tempted to model the collisions in the fluid, however the microscopic
dynamics would be difficult to analyze. Instead, we consider a particle coupled to a macro-
scopic number of uncoupled harmonic oscillators modelling the “environment” (also called the
“bath”). In this model, the oscillators represent the eigen-modes of the macroscopic system
(like the phonon modes in a fluid). We now study the deterministic dynamics governed by the

Hamiltonian
p2 p% 1 2 Cn T 2
i.e.
p2
Hsys(xap) = % + V(x) (239)
pa 1 2 2
Henv({Qnapn}) — Z |:2n + QWnQn] (240)
n

The crucial assumption here is that the coupling between the system and the bath is linear

1 2
Hiyy = —x Z Cn qn + 5962 Z w% (2.41)
n n n

where ¢, are coupling constants.
Physical realizations are : an electron in an atom, coupled to the electromagnetic modes, or
an electric device coupled to a L-C line, etc.

# Exercise 2.6 — Dissipation in a transmission line: A perfect transmission line (a
coaxial cable) is characterised by an inductance and a capacitance per length. A possible discrete
model is a series of discrete capacitive and inductive elements (without resistance), i.e. only non-

dissipative elements.
Uo7 Uy Un 52
R
1 I I

We consider harmonic solutions I,,(t) = I,e™“*. We recall that the impendance of the capaci-

tance is Z¢ = 1/(—iwC') and that of the inductance Zj, = —iwL, where w is the frequency.
1/ We first study the eigenmodes of the infinite line. Using Kirchhoff laws, write the equations
satisfied by the currents I,,.

2/ Propagative modes.— Show that the modes I,,(t) = 4"~ (@t only exist in a finite band-
def

width w € [0,wp] where wy = 2/ LC. Give the dispersion relation.

3/ Evanescent modes.— Study solutions of the form I,,(t) = (—=1)"e®~“(@!  Over what dis-
tance can propagate such modes ?
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4/ Impedance of semi-infinite line.— We denote by Z,, the impedance of a finite line in-
volving n couples of L — C' elements. Give the recurrence between Z, and Z,i1. Deduce the
impedance of the semi-infinite line Zo, = Z(w). Plot Re Z(w) and Im Z(w). Discuss the fact
that Re Z(w) # 0 for a certain interval of frequencies (comment this at the light of question 1).

Integration of the bath equations of motion.— We first derive the equations of motion
oy
mi=F(z)—z) —+ ) cnq
— Wi = (2.42)
Gn = _W%Qn +cnx

where F(z) = —V'(z). Let us integrate the equations of motion for the bath, which is possible
thanks to the linearity. We can use that the retarded Green’s function for the harmonic oscillator,
i.e. the causal solution of GR(t) + w2GR(t) = 6(t) is GR(t) = Ou(t) % Thus we can solve
the equation of motion for the oscillators

qn(t) = qn(0) cos(wnt) + ¢, (0) SIHLW + cn/o dt’ sm(wnugt—t’)) x(t) (2.43)

We split the source term in Eq. (2.42) into two parts

e ()

A\

S cntnlt) = X e (an(0) cosnt) +(0) 2220 )

w
n n

+/t dt' T(t —t') z(t) (2.44)

0

where _ .
P(r) & 2 Snlent) (2.45)
Wn,

is a function depending of the microscopic parameters of the model. We denote £(t) “the
noise”, which is controlled by the dynamical variables of the bath, i.e. a macroscopic number
of degrees of freedom. For this reason, it is expected to exhibit a complex dynamics. Using

fooo dtelwt = 0+1—iw we remark that

2

/OO atry =3 % (2.46)

0

which appears in the equation of motion above. With these definitions, we can rewrite the
effective equation for the particle as

mi(t) = F(x(t)) — z(t) /OOO dr (1) + /0 dr () z(t — 1) + £(¢) (2.47)

Integration over the bath degrees of freedom is responsible for both the integral term and the
“noise” term.

Noise and spectral function.— Because the bath involves a macroscopic number of degrees
of freedom, it is natural to assume thermal equilibrium for the bath, say at ¢t = 0, for the
bath variables

P({qn, pn}) oc e PHen (2.48)
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so that

ksT
<qn(0)Qm(0)> = 5n,m % (2.49)
(Gn(0)Gm(0)) = pm kT (2.50)
Then the noise correlator is
n( t —t
Ct—t) = (§()E)) = kBTZ G o8 ) (2.51)
At this stage it is useful to define the spectral function
T Y b — ) (252
w)=T7 > W — Wp .

which depends on the distribution of frequencies and coupling constants. We can write the
function

2 [e.e]
I'(t) = / dw J(w) sin(wt) (2.53)
T Jo
and the correlator kT [® ]
C(t) = =2 / dw L) o5ty (2.54)
s 0 w
in terms of the spectral function. In particular C’(t) = —ksT I'(¢). Two remarks :

e In practice, we expect a dense spectrum of oscillators for frequencies w > 0 (it is natural

to assume that the spectrum of eigenmodes start at w = 0 since there exist low frequency
excitations ususally).
What kind of behaviour can we expect for J(w) ? Imagine that coupling constant is a smooth
function of the frequency ¢ = g(wy). Then J(w) = £ > g(wn) §(w — wy) =~ £ g(w) p(w) for
w — 0, where p(w) is the spectral density. For a linear spectrum (like photons, or phonons)
we have p(w) ~ w?! and thus we expect a power law J(w) ~ g(w) w?? at low frequency. A
simple assumption is g(0) =cste. In dimension d = 3, ¢(0) =cste gives J(w) o w for w — 0.

e The spectrum of eigen-frequencies is usually cut off at a frequency wp related to the micro-
scopic scale (for phonon modes in a crystal, wp is the Debye frequency, related to the lattice
spacing).

The Ohmic case, J(w) x w for small frequency : a concrete example.— Assuming a
broad spectrum of frequencies, of width wp of the form

2

J(w)=vw uﬂa—)&—DwZD (2.55)
gives
C(t) = ksT yowp e Pl (2.56)
Its integral is
/+OO dt C(t) = 20 kT (2.57)

which recall us something...
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Effective equation of motion.— Let us come back to the analysis of the effective equation
of motion (2.47). If the spectral function J(w) is broad (width ~ wp), we expect the function
I'(t) to be narrow in time (width ~ 1/wp). For future convenience, we introduce

() = /t T ar () (2.58)

which also decays rapidly over the scale ~ 1/wp. We introduce a Heaviside function in its
definition to make it causal

c? cos(w e w
~(t) = HH(t)Z n cos(wnt) _ 29H(t)/0 dw qu> cos(wt) (2.59)

2
w2 ™

n

is a “narrow function” of width 1/wp.
An integration by parts gives

/ Ar T () a(t — 7) = 4(0) 2(t) — 4(t) 2(0) — / dr(r) it — 7) (2.60)
0 0

Considering times ¢t > 1/wp, we drop the term ~(¢) (0). We end with the effective equation of
motion

mi(t) = F(a(t)) — /0 dr(7) it — 7) + £(1) (2.61)

After “integration over the bath degree of freedom”, we have obtained that the evolution the
system is described by a integro-differential equation. This form makes clear the physical inter-
pretation of the integral term as a friction term. The nonlocality of the friction term is not a
surprise : from a microscopic perspective, friction results from the multiple interactions between
the system and the bath, hence damping needs some time to establish.

FDT.— Finally we have the relation between the correlator of the noise and the friction

(C(r) = keTH(7) for7>0 (FDT)| (2.62)

which relates the correlator of the noise to the damping (friction) function.

In the microscopic model, the damping term is an integral term. The relation between the
damping and the strength of the noise results from the integration of the microscopic equation
of motions, assuming equilibrium for the bath only (not for the particle, like in the phenomeno-
logical Langevin approach). We can compare the two approaches

e In the § 2 we have introduced two terms in the Langevin equation : the friction controlled
by 9 and the noise controlled by the strength C. We have then assumed that the particle
is at canonical equilibrium Pyys(, p) o exp[—%va]. Comparing with the statistical prop-
erties of the solution of the Langevin equation, we have deduced that the two parameters
of the model cannot be independent but must be related by C' = 2vpkgT. To some extent,

this relation was assumed for consistency.

e Here, we have only assumed that, being macroscopic, the bath is at thermal equilibrium
Poatn(z,p) o< e PHvatn - Ag a result of the integration of the conservative dynamics, we have
deduced the relation C' = 2vokgT. A by-product is that if we study the statistic for the
particle, one can show that it is described by canonical equilibrium (the particle reaches
equilibrium because it interacts with the bath).
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Quantum model : a very similar analysis can be performed within a quantum frame. Mainly,
the correlator of the noise (i.e. of the initial bath variables) involves a different function and
one is led to a “quantum Langevin equation” (cf. [30] or [67]).

Energetic considerations : We now study the energy of the system

d t
EHSYS =& [mi — F(z)] = —v(t) / dry(r)v(t — 1)+ v(t) £(t) (2.63)
0
Clearly, the second term corresponds to the work of the Langevin force
daw
— =0(t) &L 2.64
=)&) (264)
hence the first term should be interpreted as the heat received by the system
d t
d—cf = —v(t)/ dry(r)v(t —7). (2.65)
0

One can consider the model with v(7) = ywpe ™“P7. Assuming 1/wp < 7 = m/vyy, we
expect that v(t) is smooth on the scale 1/wp so that we can treat £(t) as a white noise. Hence
o(t) ~ L fg dt’ £(t') e=#=1)/7 We can estimate the average work of the Langevin force

aw)
— = () &) =
L= W) w)
where (v(t)£(t)) was computed in Chapter 2, cf. Eq. (2.15). We have used that i (0) = 1/2
(this is consistent with a symmetric regularised 0 function). The particle receives work dW) > 0
on average. The averaged heat is

2ksT ksT
B 0H< ) B

T T

(2.66)

2 = [[arate—) (i) (267)

Because the correlator (v(t)v(t')) decays much slower than the damping function (we have as-
sumed wpT > 1) we can write v(t — t') (v(t)v(t')) =~ v(t — ') (v(t)?), hence

a ks T kT
<dct2 ~ >/ dt" ~(t") = — =l ’y():—]j_ (2.68)

i.e. the bath receives some heat from the particle. As it should the total energy is conserved on
average

@w) +@Q) =0 (2.69)

On average, the Langevin force gives some work to the particle and the bath receives the heat
which is dissipated. Fluctuations allow that the opposite occurs.

The bath receives the entropy dSpatn = —dQ/T, thus the dissipation corresponds to the
entropy production with rate

d (Shath) ks
—_— =4 — 2.70
" + (2.70)
Stochastic thermodynamics.— Here, I have applied some concepts of thermodynamics to

a single particle. This type of question has attracted a lot of attention for ~ 25 years and is the
subject of the field of “stochastic thermodynamics”. If you are interested you can have a look
to the reviews [43, 23, 50, 64, 63, 46] or to the lectures of Bernard Derrida at college de France
(2015-2016),
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Additional exercises

# Ezercise 2.7 — Comparison between time average and statistical average: One
considers the random “function” given by the sum of impulses £(t) = SN | k,, 6(t — t,,) defined
over the interval [0, T, where

e the t,,’s are independent and identically distributed (i.i.d) random times uniformly distributed
over 0,7 (i.e. one t,, has distribution p(t,) = 1/T'). We denote by A = N/T (for N — oo and
T — o0) the rate of occurence of the random times.

e The ky,,’s are i.i.d random variables with common distribution w(x) with finite </<c%>

a) Compute the time average of {(t), over the time interval [0, T]. Compare with the statistical
average (over t,,’s and k;,’s).

b) What is the condition on the random function §(t) allowing to define a time averaged cor-
relator C(t —t') = E@)EWH) = E@R)EW) — £(t) £(F') ? Compare to C(t —t') = €@eEd)), =
(€@)E)) — (£(t)) (&(1))-

# Exercise 2.8 — Mean square displacement from the Langevin equation: Our aim
is to compute the mean square displacement <x(t)2> of a Brownian particle in a fluid described
by (2.3,2.4). We assume that x(0) = 0 and that the particle is initially at equilibrium with the
fluid.

a) Recover the correlator (v(t)£(t')) and deduce (x(t)E(t')). What is (x(¢)E(t)) ?
b) Prove that %x(t)Q + 14 2(1)2 = 20(t)2 + 2x(t) £(1).

c) What is (v(t)*) ?

d) Argue that & (x(t)?) ‘t:O = 0 and deduce that

() =2D [t =7 (1-e77)] (2.71)

Analyze carefully the limiting behaviours (interpret the t — 0 behaviour) and plot the function.

#v Exercise 2.9 — Dissipation of the energy in the Langevin equation: We consider
the Langevin equation m%v(t) = —yu(t) + £(t) for the velocity of a particle in a fluid where
&(t) is a Gaussian white noise such that (£(t)) = 0 and ({(t)&(t')) = 2y kgT 6(t — /).

a) Solve the Langevin equation. Deduce the correlator between the velocity and the Langevin
force (v(t)E(t)).

b) Consider now the kinetic energy Fiin(t) = 3mu(t)?.
dg% and interpret the two terms.

¢) Deduce a differential equation for (Ey(t)).

Hint : you should need (v(t)&(t)) at coinciding times, which requires 0y(0) = 1/2 (Heaviside
function at the origin).

d) Solve the differential equation for (Fiyi,(t)) and discuss the result.

Using the Langevin equation, deduce

#y Ezercise 2.10 — From the Wiener process to the Ornstein- Uhlenbeck process : We

consider the Wiener process described by the equation dvgiéu) = n(u), where n(u) is a normalised
Gaussian white noise.
a) Consider p(u) a monotonous function. Argue that
(law) 1
n(p(u) = —==n(u) (2.72)
|/ (u)]
b) Deduce the stochastic differential equation for
W
x(t) = (u) with — u = uge®” (2.73)
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3 Markov processes and the master equation

We have discussed above few simple stochastic processes (the Wiener process and the Ornstein-
Uhlenbeck process). Let us now introduce some general ideas and concepts (and the vocabulary)
allowing for a general analysis of stochastic processes.

Figure 3.1: Marian von Smoluchowski (1872-1917) is considered as the father of the theory of
stochastic processes.

3.1 Generalities : joint probabilities and conditional probabilities

The aim of the section is to introduce some useful tools and concepts needed to describe random
processes. In general, the characterization of the distribution of a random process X (¢) defined
on an interval [0,7], i.e. a random function of time, should require to introduce a probability
weight taking the form of a functional P[x(t)] ~ Proba{X(t) = z(t), Vt € [0,T]}, which is
rather tricky to handle. However if we are interested in an average value, formally written as
a functional integral (X (t)) = [ Dz P[z(t)] z(t), we do not need all the information about the
process at all times, but only at time ¢. In this chapter and the following two chapters, we will
restict ourselves to simple questions which only require to know the probability that the process
X (t) takes some values at a discrete set of times (at ¢ for (X (¢)), or at t; and to for (X (¢1)X (t2)),
etc). This leads to introduce the joint distribution of the values taken by the process at those
times only. At the end of the lectures (chapter 6), we will address more complicated questions
requiring the knowledge of the process in the full time interval.

Joint probability : In order to characterize the statistical properties of the random process,
we introduce the joint probability or “the n-point function”

Pro(@n, tn; -+ 522, ta;5 @1, 1) = (0(zn — X (tn)) -+~ 0(z1 — X (t1))) (3.1)
—
time
corresponding to the probability (density) for the process to be equal to z1,---,z, at times
t1, -+ ,t,. We can also write
Po(n,tn; -5 m2, 2521, 1) dog - - - day
=Proba{X (t1) € [x1,21 +dx1] & -+ & X (tp) € [¥n, xy + dzy]} (3.2)

From the definition, it is clear that one integration relates the n-point to the n— 1-point function

/dﬂfk Po(xn,tns - Tt Lot 1 Ty Ty T, t—1s - -5 1, 11) (3.3)

= Po1(zn,tn; 5 Tt b1 Thom1, T3 -+ -5 T1, 1) (3.4)
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The main interest of the joint distribution with n arguments is to allow us to express the average
and correlations of the process. Eq. (3.1) makes clear that

(X(t1)) Z/dxl Py(x1,t1) 21 (3.5)

(X(t2) X (t1)) = /dxldxg Py(x9,to;xy1,t1) T2 21 (3.6)

etc.

Conditional probability : Another important concept is the one of conditional probability

corresponding to the probability for the process to pass through z1,--- ,z, at successive times
t1,- - ,tn, given that it has previously passed through y1, - - - ,y, at successive times 71, -+ , 7, :
Prym(Zn, tns - 521,81 Ym, Tmi 391, T

P (Yt -5 91, 71)
In particular, the conditional probability is useful if we are interested in conditional averages.
Examples :

<X(t1) ‘ X(O) = .CC[)> = /d(L‘l I P1|1(a:1,t1 |1‘0, 0) (38)

(X(t2) X (t1) | X(0) = zp) = /dﬂild@ w2 21 Pyyy (22, t2; 71,11 | 70, 0) , (3.9)

etc, which involve averaging over trajectories which all start from the same point X (0) = xg.

Propagator : Integrating the two point-point function P (z,¢; zo,t0) = Pij1(z, t|zo, to) P1 (o, to)
over the initial coordinate, we get

Pl(x,t) = /dxo Pl‘l(l',t’wo,to) Pl(l'o,t()). (310)

The equation shows that the conditional probability plays the role of a “time evolution operator”
for the distribution P;(z,t) : it “propagates” the stochastic evolution. For this reason, it is also
called the “propagator”.

3.2 Markov processes

A very important class of random processes are Markov processes. A Markov process is a random
process whose evolution after time ¢y only depends on its value at time tg, and not on its past
history before tg. Mathematically, this property takes the form

Pojm (Tt 520,00 | Yms T =591, TL) = Pt (Tns tns 521,11 [ Y, Tim) (3.11)
——
past history

which expresses that history prior to 7,,, does not matter : only the last position ¥, at time 7,
determines the evolution at times t1,--- ,t,.

Let us examine the consequences of this fundamental assumption. Consider for example the
three point function :

Ps(x3,t3; w2, t2; 11, t1) = Prja(w3, t3]wa, t2; w1, t1) Pa(x2, t2; 71, 1) (3.12)
= Pijp(w3, t3|w2, t2; 21, t1) Pyj1 (22, t2|21, t1) Pr(21,t1) (3.13)

Markov
= P1|1(563, t3‘$2, tg) P1|1(562, tg‘l‘l, tl) Pl(ﬂfl, tl) (314)

We can generalize this to any joint distribution. We simplify the notation as Py (z,t|y,t0) =
P(x,tly,to) and P;(z,t) = P(z,t) and we conclude that
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Figure 3.2: Andrei Andreievich Markov (1856-1922).

’ A Markov process is fully characterized by P(xz,t|xzg,tp) and P(x,t) only. ‘

In practice, the following property is useful

n

Py (@, tos -+ 21, b | @0, t0) = [ [ Plars th | wx1, tr) (3.15)
k=

—

as it allows to compute any average (X (t,) -+ X (t1)X (to)) or (X (t) - X (t1) | X (to) = zo).

Chapman-Kolmogorov equation : Start from the general property
/dIE2 Ps(3,t3;m2,t2; w1, t1) = Pa(xs, t3521, 1) - (3.16)

For a Markov process, using (3.14), one gets the Chapman-Kolmogorov equation

/dxg P(:L’3,t3|x2,t2) P(azg,t2|x1,t1) = P(:Ug,t3|l'1,t1) (317)

The probability to go from z1 to z3 is the sum over x5 of the probabilities conditioned to passed
through zs.

Figure 3.3: Andrei Nikolaievitch Kolmogorov (1903-1987), well-known by physicists for his major
contributions to the theory of dynamical systems and probability.

Homogeneous Markov processes : In the following, in order to simplify the discussion, we
will restrict ourselves to Markov processes such that the transition probability is invariant under
time translation

P(xg,tg‘xl,tl) :P(.CCQ,tQ —tl\xl,O) (318)

Such random processes are denoted “homogeneous”. Since it only depends on the time difference,
we will also write the propagator as P;(z|xg).
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a) A first example of Markov process

We can come back to the Langevin equation (2.3) for the velocity. (i) The equation for v(t) is
first order, hence the evolution at ¢t > 0 is fully determined by v(0) = vp. (ii) The Langevin
force is a white noise (§ uncorrelated in time), thus no time correlations are hidden in the noise.
From (i) & (ii) we conclude that the process is Markovian.

Let us now discuss the related fundamental probabilities P(v,t) and P(v,t|vg,0), which
can be easily obtained if we assume furthermore that the Langevin noise is Gaussian. ' We
have obtained above the two first moments, cf. (2.8,2.10), which are conditioned averages now
denoted

(v(t) [v(0) = vo) =woe /7 (3.19)
Var[uo(t) | v(0) = vo] = ’“fnT (1-e2) (3.20)

The process v(t) is a convolution of the Gaussian Langevin force £(t), hence it is also Gaussian
(a sum of Gaussian variables is also Gaussian). The knowledge of these two moments is sufficient
to characterize the full distribution : 7

m m (v —vget/T)?
P, = — . 3.21
t(vlo) \/ okal (1—e2/7) ©F { WenT (1— e2t/7) (3.21)

At large time, the conditional probability converges toward the equilibrium distribution

RN~ s
Pt(v|vo)tz>oP(v)— 27rkBTe B (3.22)

the Maxwell distribution (or Gibbs distribution). Here, the “one point distribution” P(v) is
independent of the time due to the existence of a stationary state (this is not always the case).
This is also why the conditional probability rapidly converges (exponentially fast) toward the
equilibrium distribution. The process described by equation (2.3), or the conditional probability
(3.21), is known as the Ornstein-Uhlenbeck process. It is the subject of a theorem by Doob
(1942) : the only homogeneous Gaussian stationary random process is the Ornstein-Uhlenbeck

process. 18

#v Exercise 3.1 — : Express the correlator (v(t)v(t') | v(0) = vg) as a double integral involving
the conditional probability P;(v|vg). Check that one recovers Eq. (2.10) by using (3.21).
Same question for the correlator (v(t)v(t')),. corresponding to an initially random velocity vy.

b) Markovian or non-Markovian ? Few examples
Random walk.— After each step, a random walker forgets his past history (where he is

coming from) : this is a Markov process.

Choosing clothes every morning.— Consider choosing clothes from a closet every morning
without looking at the weather forecast, as a stochastic process. The selection depends on the
weather of the previous day : there is a memory effect hence the process is non Markovian.

The distribution of the noise is a Gaussian : P[¢] o« exp { — 55 [ dt&(¢)*}. On can deduce from this that
(E@)E(')) = C (¢t —t') [hint : discretize the time to check this].

17This argument was used in the historical paper : G. E. Uhlenbeck and L. S. Ornstein, “On the Theory of the
Brownian Motion”, Phys. Rev. 36(5), 823-841 (1930).

18The Ornstein-Uhlenbeck process is more frequently introduced as a model for a particle attached to a spring
in the overdamped regime : ©(t) = —kz(t) + £(t) (I forget the friction coefficient ).
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Velocity v(t) : a Markov process.— We have pointed out that the Langevin equation (2.3)
describes a Markov process because

(i) the differential equation is first order, hence the solution for ¢ > 0 depends only on some
initial value v(0) ;

(ii) the noise is d-correlated, hence there is no memory hidden in the Langevin force.

Position z(t) = fg’ dt’ v(t') : a non Markovian process.— The position z(t) of the
particle is a non Markovian process. There are two points of view leading to this conclusion.
(1) it obeys the stochastic differential equation (SDE) m &(t) = —vy &(t) + £(t), which is second
order. The noise is still d-correlated, however, the solution of the differential equation is de-
termined both by the initial position 2(0) and the initial velocity #(0), which depends on the
history before t = 0 (velocity indicates where the particle comes from). We break point (i) while
point (ii) holds. The process z(t) is non Markovian.

(2) We could also argue that z(t) obeys a first order SDE, () = v(¢), whose solution is de-
termined only by z(0), hence point (i) holds. The velocity now plays the role of the noise.
This “noise” is now characterized by a finite correlation time (memory time), (v(t)v(t')) =
kBﬁTe_'t_t,'/T (one says that the SDE for z(t) involves a “colored noise”). Within this point
of view we break point (ii), which leads to the same conclusion, as it should, that x(¢) is non
Markovian.

A 2D Markov process : (xz(t),v(t)).— x(t) alone is a non Markovian process, how-
ever it can be considered as the first component of a two-dimensional Markov process X (t) =
(z(t),v(t)). Indeed, the system of differential equations for (z(t),v(t)) is first order and involves
a d-correlated noise. It presents the more general form of a multidimensional Langevin equation

Xi = Ai(X) + By E;(t) (3.23)

where here A = (v, F(z) — yv) is the drift (we have added a conservative force). The noise
é(t) = (& (t),&(t)) is uncorrelated in time. The matrix is Byy = Byy = Byy = 0 and By, = 1.
Hence it is a 2D Markovian process. We will see that the joint distribution P;(x,v) obeys the
“Kramers equation” O, P; = [— Opv — %&(F(:c) —yv)+ #’kaT 85]Pt.

Conclusion : The analysis of this example shows that the identification of a Markov process
is sometimes a question of perspective, and also illustrates that Markov processes are elementary
building blocks. Many non Markovian processes can be constructed from Markov processes.

3.3 Master equation
a) Master equation for continuous processes

Let us start with the case of continuous processes, which is more general. As we have seen, the
time evolution of the distribution P(z,t) of a Markov process can be represented in terms of
the conditional probability, Eq. (3.10). However, this equation and (3.17) are not of great help
to determine the two fundamental functions P(x,t) and P(z,t|zo,to). The distribution is more
conveniently obtained by solving an evolution equation for an infinitesimal time step : such an
evolution equation can be related to the above integral equation by considering the evolution
during an infinitesimal time §t — 0. In this case we expect

P(z,t 4 6t|xg, t) =~ 0(x — x0) + 6t Wi(z|z0) + O(5t%) (3.24)
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The linear correction follows from the Markov assumption : at short time, the transition proba-
bility is linear with time and involves a transition rate Wi(x|zo)dz for performing the transition
from xg to [z, x + dx], which is the elementary information defining the process.

If we restrict ourselves to homogeneous processes (time translation invariant) we have

Wi(z|xo) — W(z|xo) (homogeneous process) (3.25)

independent of time. For homogeneous processes, we find the differential equation (in time)

51[’((;7';"715) _ / da’ W (a]a’) P(«/,¢) (3.26)

This is the general form of the Master equation for a continuous process. The fact that the
differential equation in time is first order means that the future evolution of the probability
density for times ¢ > 0 depends only on the distribution P(x,0) and not on the past history
(Markov property). This is the (a posteriori) justification for the expansion (3.24). Note that
the conservation of probability requires that

[awpm =0 = [apen=ove (3.27)
so that probability [ dz P(z,t) =1 is conserved. This condition follows from the normalization
condition of the conditional probability, in the expansion (3.24).

Note that, being related to a transition rate, the transition kernel should be positive W (z|zo) >
0 for x # x9. As a result, it must contain a singular negative contribution of the form
—A(x)é(x — zp) in order to fulfill the condition (3.27), where A(z) is therefore the probabil-
ity rate for leaving point x (see examples below in this chapter).

Obviously, the conditional probability obeys the same equation

OP,(z|xo)

T = /dx' W (x|z") Py(2'|zg)  for initial condition Py(x|zg) = §(z —xp).  (3.28)

In a specific problem, the transition “rates” W (z|xg) encode the elementary information about
the stochastic process. The aim is to solve the master equation (3.26), or (3.28), given the
integral kernel W (x|z).

In the most general case, a Markov process can combine

e a diffusion : in this case the integral kernel W (xz|z') is replaced by a second order differential
operator
e jumps : leading to an integral term in the master equation, like in (3.26).

Below, we will give concrete examples. We will come back on this discussion in chapter 5 (§ 5.2).

b) Master equation for discrete processes

For simplicity, let us first consider a random process which takes discrete values X (¢) € {z1,--- ,zn}
and denote P, (t) = Proba{X () = z,} (in certain situations the total number of states can be
infinite, N — o0). The Markovian nature of the process implies that what happens on [t, t + §t]
is independent to what has occured on [0, ¢]. Hence the probability P, (¢ + dt) can be expressed
in terms of products of probabilities, one characterizing the evolution up to time ¢, i.e. the
probabilities P, (t)’s, and the probabilities for transitions between states during time interval
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0t. We denote by W, ,, > 0 the rate for a transition from m to n, with n # m, meaning that
the probability to make a transition m — n in the time interval [t,t + 6t] is W, ,,,0t. Therefore

Markov Markov
\ 4
Py(t+ 6t) ~ (1 -y Wm,n5t> X Pu(t)+ Y Wambt X Pult) (3.29)
m(#n) m(#n) proba for m—n

proba to leave n
Letting 6t — 0 we obtain the first order differential equation

d
P = > WamPu(t) = Wi Pa(®)] (3.30)

m (#n)

(we can also replace 3., .,y = 2_,,)- Eq. (3.30) is the master equation for a discrete process.

The previous equation does not depend on W), ,,, which was not defined so far, however it is

convenient to introduce W, ,, e Yom (#n) W < 0, which is the probability rate for leaving

state n, up to the sign. We deduce the form

dP.(t)
= %: Wim P (t) (3.31)

The coefficients W, ,,, form a N x N matrix W, which satisfies the condition

> Wam =0 (3.32)

ensuring the conservation of probability ) P,(t) =1 Vt. Note that this condition is related to
an asymmetry of the matrix (W, ,, # Wi, in general) : the sum of all elements of a column is
zero, however summing elements along a line is non zero in general.

We now discuss several examples of Markov processes (discrete or continuous).

c¢) The random telegraph process (N = 2)

Let us first consider the most simple Markov process X (t), taking only two possible values X
or Xy (this is a “two level system” for stochastic processes). A typical realization of the process

nnmr
B

Figure 3.4: Random telegraph process with X1 = —1 and X9 = +1.

There are many different realizations of the random telegraph process (according to wikipedia,
it is also known as the Kac process, from the name of the famous Mathematician Mark Kac, or
random telegraph noise, or burst noise, or popcorn noise). It may occur any time we deal with
a two state system with a random switching mechanism. For example, since the 1990s, there
has been a huge interest in micrometric structures known as “quantum dots” (QD), which can
trap a tunable number of eletrons (see for example the review [74]). Such a device is shown in
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Fig. 3.5 (see also Fig. 3.6 p. 60) : a small island is patterned in a two dimensional electron gas
at an interface GaAs/GaAlAs. Due to Coulomb interaction, the addition of an extra electron
in the island has a high energy cost, however, playing with some external gate voltages, the QD
can be prepared in a configuration such that the two states, the one with n electrons and the
one with n + 1 electrons, are degenerate. Then, the QD is switching between the two states.
Morevover, the figure 3.5 shows that the switching occurs with a rather low frequency, on a
millisecond scale, which is a macroscopic time for the electrons.

1 Voo oo

Time [ms]

Figure 3.5: A physical realization of the random telegraph process : the charge inside a quantum
dot is measured as a function of the time with a neighbouring probe. The current Iqpc through
the probe is proportional to the number of electrons inside the central island, which fluctuates
by one unit (one electron). From : S. Gustavsson, I. Shorubalko, R. Leturcq, S. Schén, and K.
Ensslin, “Measuring current by counting electrons in a nanowire quantum dot”, Appl. Phys.
Lett. 92, 152101 (2008)

We introduce two probabilities P;(t) = Proba{X(t) = X;} with ¢ € {1, 2} and in general,
there are two different transition rates ;3 = rate(X; — X2) and 2 = rate(Xeo — X;) The

matrix Wis 2 x 2
W = (‘71 72) . (3.33)
Y1 T2

The two probabilities obey the set of coupled differential equations
dPy (1)

- nh (t) + 72 Pa(t) (3.34)
det(t) = +71 Pi(t) — 72 Pa(t) (3.35)

in each equation, one term populates the state and the other empties the state.
In the following exercice, we solve this system of equations.

#v Exercise 3.2 — Random telegraph process :

a) Derive the set of differential equations for Pi(t) and Py(t) from the definitions of the rates.
Deduce a matricial form %P(t) = W P(t), where P = (P, P;)7T is the column vector (T denotes
tranposition).

b) Find the stationary solution, denoted by P}, and give the general solution of the master
equation.

¢) Determine the conditional probability Py(i|j). Compute ), Fi(n|j) P; and interpret. Discuss
detailed balance.

d) Express (X(t)) and (X (¢)X(t')) in the stationary regime. For simplicity, choose X1 = 0 and
Xy = 1. Show that the correlator C(t —t') = (X (t) X (t')) — (X (t)) (X (¥')) is

Y17 - —t/
C(t — t,) = ﬁe (’71+’72)‘t t ‘ . (336)
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Figure 3.6: Left : The microstructure studied. Right : Power spectrum. From : Y. Okazaki, S.
Sasaki and K. Muraki, Shot noise spectroscopy on a semiconductor quantum dot in the elastic
and inelastic cotunneling regimes, Phys. Rev. B 87, 041302(R) (2013).

e) Electric noise power spectrum : in the experiments, the fluctuations of the charge in
the QD can be characterized by measuring the power spectrum S(w) (see the Wiener-Khintchin
theorem discussed below, § 3.8, and the relation with the correlation function C(t)). Deduce
S(w) for the random telegraph process. The measurment is reported in another article, Fig. 3.6.
Compare your result with the data.

d) Birth and death processes

A subclass of discrete processes are “birth and death processes”. They correspond to the case
where the transition matrix is tridiagonal, i.e. allows only transitions between nearest neighbour
states. The master equation has the form

AP, (t)
dt

=dpt1 Pn+1(t) + bp_1 Pn_l(t) — (dn -+ bn) Pn(t) (3.37)

where d,, > 0 and b, > 0 are death and birth rates, respectively (cf. Fig. 3.7). A simple
example is the Poisson process studied below in great detail (in this case the death rates are
zero, d, = 0 and birth rates are all equal, b, = AVn). Birth and death processes have some
applications in queueing theory (Exercise 3.18), in biology, etc. Another example will be studied
in Exercise 3.19.

Figure 3.7: Transition rates in the birth and death process.

e) The Poisson process (statistics of uncorrelated events)

The Poisson process takes integer values .4 '(t) € N and starts at initial time from .47(0) = 0.
With probability rate A, the process is incremented by one, i.e. during an interval of time of dura-
tion dt, the process increases by one with probability A d¢. We denote P, (t) = Proba{. 4/ (t) = n}
its probability.

The Poisson process (PP) counts the occurences of independent events. For instance the
number of drops of rain falling on the floor during a time interval t. Or the number of desinte-
grations in a radioactive material during a time ¢.
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Figure 3.8: A typical realization of the Poisson process : N (t) as a function of t. On the right
plot, the average is removed. Typical fluctuations grow as ~ /.

The master equation of the PP is

dPa(t) _ AP, 1(t) = APy(t) forn>0
d};it(t) (3.38)
(;t = —APy(t)

In other terms, the rate “matrix” has elements on the diagonal and just below the diagonal
Wn,m = A ( - 5m,n + 5m,n—1)-

#v Exercise 3.3 — Master equation for the PP :

a) Show that the master equation for the Poisson process is (3.38).

b) Introduce the generating function G(z;t) & Yoo 2" Po(t). What is the value of G(z;0) ?
Get a differential equation for G(z;t) and solve it.

¢) Deduce that

Py(t) = A" (3.39)

n!

d) Determine the cumulants (A (t)*). of the Poisson process.
e) Give the distribution q(7) of the time separating two successive events [indication : relate q(T)
and Py(t)].

Note that (3.39) was obtained by choosing the initial condition .4#°(0) = 0, hence, (3.39)
corresponds to the conditional probability P;(n|0). Using translation invariance of the Poisson
process, we deduce the general expression of the conditional probability

(At)nm /\tf >
R o i o

The Poisson process is both translation invariant in time (W, ,,, does not depend on time) and
Ltspace”
Whom = A ( — Om—n,0 + 5n—m,1) = function(n —m) . (3.41)

#v Exercise 3.4 — Conditional probability for the PP : Consider the Poisson process with
A (0) = 0. Check that ), Pi;(n|m) Py(m|ng) = Py (n|no).

#y Exercise 3.5 — Two-point correlator of the PP :
a) For A4°(0) =0, express (#'(t)) in terms of the probability. Compute it.

b) EXpress (AN (t)N (1)) as a double sum and compute it when t' < t. Deduce the correlator
(AN ()N () = (AN ( YA () — (A (t)) (A (t')). Compare with the Wiener process.
¢) Deduce <[JV (t) )]2> . Comment on the limit t — t'.
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f) The compound Poisson process (or “Poisson jump process”)

A natural generalization of the Poisson process is the compound Poisson process (CPP) 19 : we
consider now that the process X (¢) makes random jumps

X(ty) = X(ty) +1m (3.42)

where the n,,’s are i.i.d., distributed according to a distribution w(n). As for the Poisson process,
the jumps occur at random times t,, with rate A (for the PP, we have A4 (t,f) = A (¢t)) + 1).
After a time ¢, the number of jumps .4(¢) is random (it is a PP), hence we can represent the
CPP in terms of a PP as

N (1)
X(t)=) mn with X(0)=ng=0. (3.43)

n=0

Numerics : this form shows that it is very simple to simulate the CPP with a computer.
One can generate two independent sequences of random numbers : the random time intervals
T =ty —tn_1 > 0 with exponential distribution ¢(7) = Ae™*7 (cf. Exercise 3.3) and the random
amplitudes 7,,’s with distribution w(n).

A

time

Figure 3.9: Three realizations of the Compound Poisson Pro-
cess X (t) for Gaussian jumps.

Master equation : The master equation of the CPP is

8P§;’t) = /\/dn w(n) [P(x —n,t) — P(z,t)] (3.44)
i.e. of the form (3.26) for
W (z|zo) = A [w(z — z0) — 6(z — 20)] - (3.45)

Note that here, the transition kernel is (time and space) translation invariant, as for the PP.

#y Exercise 3.6 — Master equation for the CPP:

a) Show that the master equation for the CPP is (3.44).

b) Continuum limit.— Study the limit A\ — oo with 1, — 0 such that a = \(n,) and b = \(n?)
are kept finite (argue that, in this limit, \(nf) — 0 for k > 2).

¢) Introducing the Fourier transforms ﬁ(k,t) = [dzxe % P(x;t) and w(k) = [dne 1 w(n),
show that the solution is

Plot) — A\t (k)—1]+ike 3.46
(z,t) = 5 © : (3.46)

19in French: “processus de Poisson composé”.
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Discuss the continuum limit.

d) When (n2) = oo, the process belongs to the class of Lévy flights. For example, ifw(n) ~ c¢/n?
for n — oo we have w(k) ~ 1 — ¢|k| for k — 0. Deduce P(x,t) over large scales. Discuss also
the more general case where w(k) ~ 1 — ¢|k|* for k — 0, with u €]0,2].

3.4 Classification of Markov processes

We now discuss the different scenarii which might occur when studying the master equation
(3.31).

Notations for vectors and matrices : In order to use unified notations, “vectors” in R¢
will be column vectors (d x 1 matrices) :

z1
X=1": and Xt = (x1 -+ xq) (3.47)

Lq

is a line vector (a 1 x d matrix). We denote by ()T the transposition of a matrix. As a result, if
X and Y are two (column) vectors, the scalar product is X Ty while X YT represents a matrix
(a projector). Explicitly (for d = 2) :

(:1:1 562) (g;) = z1y1 + x2y2 and <x1) (yl y2) = <x1y1 x1y2> . (3-48)

X2 T2Yr T2Y2

a) Stationary state

The equation (3.32), which guarantees the conservation of the total probability, has a clear linear
algebra interpretation : it expresses that the (column) vector with unit components

1
LO = |: (3.49)

is a left eigenvector with eigenvalue \g = 0 :
LOTwW =0 or wTrL©® =o. (3.50)

Because the N x N matrix W is non-symmetric in general, the eigenvalue is associated with a pair
of left and right eigenvectors which differ. Let us denote R(?) the corresponding right eigenvector,
i.e. WRO) =0, with components R(®) = (P, -, P§)T. Using (3.32), it is convenient for future
discussion to rewrite the equation under the form

> WamPj = Wan P31 =0 Vn. (3.51)
m (#n)

For matrices W with W, ,,, > 0 and constraint Zn Wy.m = 0, there exists a theorem in Mathe-
matics (the Perron-Frobenius theorem discussed below) which guarantees that (i) the eigenvalue
Ao = 0 is the largest one, (ii) it is non degenerate, (iii) it is associated with a right eigenvec-
tor with positive components R(®) = (Pf,--- ,P]"\})T, which can therefore be interpreted as the
stationary distribution. 29

29The Perron-Froébenius theorem applies to “stochastic matrices”, i.e. matrices with positive entries and such
that >° Mpm =1V m. Here, the matrix W is a stochastic matrix shifted by the unity matrix : M =1y +uW
where 1y is the identity matrix and p is a real number chosen such that all diagonal elements of M are positive.
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b) Three types of stochastic processes

The nature of the different stochastic processes can be related to the properties of the stationary
state. Depending on the matrix W, which defines the stochastic process, one encounters one of
the three following situations.

(i)  Equilibrium.— Often, the existence of a stationary solution is ensured by a condition
stronger than (3.51), called the detailed balance condition

(W Py = Wonn Py ¥ (0, m) | (detailed balance = equilibrium)  (3.52)

i.e. ratio of occupations coincides with the ratio of transition rates

Wym P
Wi PE

(3.53)

If detailed balance is fulfilled, one says that the distribution P} describes an equilibrium
state. This is a probabilistic definition of equilibrium.

The detailed balance condition defines a first class of stochastic processes, those eventually
reaching an equilibrium. From the point of view of the N x N matrix W, there a ~ N?
conditions [there are ~ N? equations (3.52)], which is rather restrictive.

(i) Non-equilibrium stationary state (NESS).— If the detailed balance condition (3.52)
is not fulfilled (at least for some couples (n,m)) but the condition

> [ Wam Pjy = Won Pr] =0 (stationarity) (3.54)
m(#n) 20

holds (V n) for a normalisable distribution, one says that the stationary state is a non-
equilibrium steady state.

This property defines a second class of stochastic processes, those reaching a NESS at
large time. Note that the existence of the NESS involves only a set of ~ N conditions 2!

(iii) Transient process.— When the size N of the matrix W is finite, the existence of a
stationary state follows from the definition of the matrix (i.e. from the Perron-Frébenius
theorem). However, when N — oo, the eigenvector R(®) = (.-, P* ...)T can be normal-
isable [cases (i) or (ii)], or not. In this latter case, when ) Py = oo, the system never
reaches a stationary state and the process is said to be transient. This defines the last
family of stochastic processes.

Current interpretation : Detailed balance condition has a simple interpretation in terms
of probability currents : for n # m, the matrix element W, being a rate, J*(m — n) = Wy, P},
is the probability current from state m to state n. In the stationary state, currents between
states should compensate globally, if probability is conserved : (3.54) expresses the vanishing of
the sum of all currents arriving and leaving state n.

Detailed balance (3.52) means that probability currents equilibrate, J*(m — n) = J*(n — m),
for all pairs of states. There is no circulating probability current between more than two states
(Fig. 3.10).

On the other hand, if detailed balance does not hold, the NESS is characterized by the
existence of circulating probability currents around loops.

21The definition of the matrix W involves N constraints Zn Wam =0 form =1,---, N ; those conditions are
directly related to the N equations (3.54).
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Figure 3.10: Equilibrium state versus NESS.— Denote by J*(m — n) = Wy, P}, the prob-
ability current between two states, in the stationary state. At equilibrium, currents equilibrate
for all pairs of states J*(n — m) = J*(m — n). In the NESS, there exist loop(s) in which
probability current(s) circulate : here, due to an imbalance J*(n — m) > J*(m — n), there is
a net circulation n -+ m — k — n.

c) Simple examples :

Molecular vapour at thermal equilibrium : consider a vapour of molecules at thermal
equilibrium. Each molecule has energy levels ¢, expected to be occupied according to canonical
weights P¥ oc e #». The molecule in an excited state falls in a state with lower energy by emis-
sion. Equilibrium and detailed balance imply that the absorption and emission rates between
two levels fulfill the relation

*
Fn(—m _ P:(L _ e—ﬁ(an—am) (355)
Fm<—n Pm
i.e. emission is more probable than absorption. This observation (Gibbs equilibrium is compati-
ble with an imbalance between emission and absorption) is the key point of Einstein first theory
of spontaneous emission (at the origin of the difference between emission and absorption). 22

Equilibrium statistical physics : more generally, all situations described by equilibrium
statistical physics and ensemble theory [71, 72] rely on the existence of transition rates which
satisfy detailed balance (dynamical aspects, like transitions between microstates, are usually
not deeply described in introductory courses on statistical physics ; however transitions are
fundamental to ensure that the system reaches an equilibrium state).

Other simple examples : Exercise 3.10 discusses an extremely simple model of biased ran-
dom walk in a ring, which illustrates the three situations. Another illustration is given in Exer-
cise 3.19, where a richer model of random walk on Z for non uniform transition rates modeling
the presence of a potential is studied,.

3.5 Spectral decomposition - Relaxation

In the previous paragraph, we have discussed the solution of the master equation (3.31) in the
t — oo limit. What can we say about the solution for finite ¢ 7 The master equation is a first
order differential equation of the form %Vector(t) = Matrix - Vector(¢). Obviously such equation
is conveniently solved by using the information on the spectrum of eigenvalues and eigenvectors
of the matrix. The main difficulty is here related to the fact that the matrix is non symmetric
in general.

22 Albert Einstein, “Zur Quantentheorie der Strahlung”, Physilakische Zeitschrift 18, 121-128 (1917).
Einstein’s article is reproduced (and translated in french) in : A. Einstein, (Fuvres choisies. 1. Quanta, Seuil
(1989), textes choisis et présentés par F. Balibar, O. Darrigol & B. Jech.
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# Exercise 3.7 — Warm up : right and left eigenvectors of a non-symmetric 2 x 2
matrix: We consider the real non-symmetric matrix

M= <% egh) (3.56)

e

Show that it is diagonalisable. Find the right and left eigenvectors and discuss the normalisation.

In the master equation, the matrix W is not symmetric in general, W7T # W. We have seen
above that its eigenvalue \g = 0 is associated with a couple of left and right eigenvectors L(%)
and RO, If W is diagonalisable, its eigenvalues are associated with a biorthogonal set of left and
right eigenvectors L(™ and R(™. Let us write for convenience the equation for the eigenvalue as

where \g = 0 < A\; < A9 < --- (the Perron-Frobenius theorem discussed below guarantees this
property).

Let us prove now that two left and right eigenvectors for different eigenvalues are orthogonal
(but not the right eigenvectors among themselves, nor the left eigenvectors in general). We write
the two equations (3.57) for two eigenvalues, WR™ = —\, R and L™TW = —X,,, L(™T and
multiply by the left and right eigenvectors, respectively,

BP0 = (Ap — Am) LWTRM

LTy R = ), L(MTR{)
LMTwRM = ), [(MTRM)

Hence, A\p, # A\, implies orthogonality L™TR(™ = 0. The choice of normalization is arbitrary.
A convenient one is

LOTRM™ 5, (3.58)

which ensures that the identity can be written

> RMWLMT =1y (3.59)

n

where R LMT ig the projector on the eigenvector R(™. More importantly for the analysis,
this leads to the spectral representation of the matrix

W==3 M\RMWLMT, (3.60)
n
This is very useful in order to solve the master equation. Denoting by P(0) = (P;(0),--- , Px(0))*

the initial state, we can write the solution of (3.31) in a matrix form and then get the probabil-
ities :

P(t) =" P0) ie Pyt)=)Y e M RY LUTPO0) =) c;e ' RY). (3.61)
j I e
def

cj =

¢;’s are the coefficients of the initial vector in the basis of eigenvectors P(0) = > j ch(j). Note
that co = LOTP(0) = >_; Pj(0) = 1 carries all the normalisation (orthonormalisation indeed

implies that LIOTRU) =S RY) =0 for j #0).
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Relaxation towards the stationary state.— Now let us discuss the large time behaviour.
Using that A\g =0 < A\; < Ay < ---, the large time behaviour takes the form

Po(t) = Py +o e MR (3.62)
=R{") tjoo

where we have used ¢y = 1 (normalisation). This shows that 1/7pax = A1 is the relaxation
rate towards the stationary state. Relaxation is usually exponentially fast, unless the gap in the
spectrum vanishes and the spectrum is continuous.

Remark 1 : apart A\g = 0, the eigenvalues are not real in general. However, if some
eigenvalues are complex, eigenvalues should come in conjugate pairs since M is a real matrix
(and the same for eigenvectors). Thus, in the general case, the rate of relaxation towards
stationary state is

1
= Re(\1) (3.63)
Trelax
and the ranking of e.v. is
Ao < Re()\l) < Re(/\g) <L --- (3.64)

Remark 2 : a non symmetric is not always diagonalisable. However, W can always be
decomposed in terms of Jordan blocks associated to each degenerate eigenvalue. An example
will be discussed in Exercise 5.20.

Conditional probability.— If we choose the initial condition P, (0) = 0y, the coefficients
are ¢; = L%). This solution of the master equation is the conditional probability P, (t) =
Py(n|m) = 3, et RY )L%), which corresponds to the spectral decomposition of e/V. This
shows that the conditional probability can be written as

Py(n|m) = (")

(3.65)

nm

#1 Exercise 3.8 — : Check that

> Pi(n|m) P}, = P (3.66)

3.6 Markov chains

An important class of stochastic processes are Markov chains, which are homogeneous stochastic
processes, discrete with respect to both the time and the state. This makes such processes rather
convenient for numerical analysis.

a) Stochastic matrix

We consider a stochastic process X (t) € {1,---,N} and denote P,(t) = Proba{X(t) = n}.
The master equation (3.31) introduced above involves transitions at random times. For Markov
chain, the jumps occur at regular discrete times, thus the master equation takes the form

Po(t+1) = My Pr(t) (3.67)

where
M, = Proba{m — n} € [0, 1] (3.68)
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is the N x N matrix of transition probabilities at each elementary time step. M is called a
“stochastic matriz”. It has non negative elements and satisfies

> Mym=1 (3.69)

Example of Markov chain : the biased RW.— A simple example is the case of the
random walk on the line, where, at each time step, the walker jumps to the left with probability
q or to the right with probability p. Then

My = p(sm,n—l +q 6m,n+1 (37())
(with p+ ¢ = 1). The problem is studied in detail in Exercise 3.10 below.

For the following, it is useful to rewrite the master equation (3.67) in a form closer to the
differential equation (3.30) by using (3.69)

Pi(t+1) = Py(t) = Y [My; Pj(t) — Mj; Pi(1)] (3.71)
J(#4)

# Exercise 3.9 — Continuum limit of the Markov chain : Consider a Markov chain with
jumps occuring every dt. Argue that the master equation (3.31) is recovered by considering the
continuum limit

Mij = 5@' + 6t Wij with 6t — 0. (3.72)

If M is a stochastic matrix, what is the constraint on the matrix W 7

b) The Perron-Frobenius theorem and the stationary state

Discussion is similar as the one of previous paragraph. We can interpret the condition (3.69) as
the existence of a left eigenvector L(®) = (1,---,1)7 for eigenvalue Ag =1 :

LOTA = LOT  or  MTLO = 1O (3.73)

The Perron-Frobenius theorem states that, if M is a stochastic matrix,
(i) Ag = 1 is non-degenerate, 23
(ii) Ap is the largest eigenvalue (and the spectral radius of M is one, i.e. |A,| < 1Vn),
(iii) the related right eigenvector
M RO = RO (3.74)

has positive components. For a finite number of states IV, this corresponds to the stationary
solution, R(®) = (Py,---, P%)". Normalization condition reads LOTR®) = $°. P* = 1 (the
scalar product is the product of the line and the column vectors). We can rewrite the equation
(3.74) as

*k *
> [MiyPf— M P} =0. (3.75)
J(F#)
Zstrictly speaking, Aop = 1 is non-degenerate only if the states are not disconnected in the stationary state,
1 0 p
for trivial reason(s). An example where this occurs is M = (0 1 q) with p + ¢ = 1, which describes the
0 0 O

situation where the system ends either on 1 or on 2, where it remains trapped forever. Because the stationary
state describes two isolated islands, Ag = 1 has degeneracy two. The Perron-Frébenius theorem requires that the
matrix M is irreducible, so that this situation does not happen.
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c) Spectral analysis

We can solve (3.67) by using the spectral information on the matrix M. In the simplest situation,
the matrix M is diagonalisable and has a biorthogonal set of right and left eigenvectors R,
L™ for eigenvalue A,, (with |A,| < 1 according to the Perron-Frébenius theorem). As a result,
the solution of the master equation (3.67) is

t—o00

P(t) = MP(0) = Y ¢ ARG ~ RO 4 ey AL RW 4. (3.76)
J

where ¢; = LOTP(0) is the component of the initial vector on the eigenvector RY) ; in particular
cp = 1. In this case, the relaxation rate is 1/7yelax = — In|Aq].

Example : Let us illustrate the spectral analysis on a concrete example : I have constructed
a random N x N stochastic matrix as follows : on each column, the number to matrix elements
is taken from a binomial distribution ¢ = B(NN,p) (there are ¢ non zero matrix elements M. ,,,
i.e. there are ¢ possible transitions from the state m to other states). The ¢ matrix elements
are then picked at random so that their sum is one (i.e. the non zero matrix elements are
~ 1/¢c ~ 1/(Np)). Here is an example of matrix obtained in this manner (for N = 10 and

p=1/3):

0 0 0 0 0 0 0 0.068 0.125 0
0 0.156 0 0.322 0.400 0.060 0.641 0 0 0

0.452 0 0 0 0.220 0.137 0.054 0 0 0

0.087 0 0 0 0 0.329 0 0 0 0

0.075 0.844 0.419 0 0.157 0 0 0 0 0

M= 0 0 0.373 0.071 0 0.067 0 0 0 0.556 (3.77)

0 0 0 0.071 0 0.155 0 0 0.396 0

0.048 0 0 0.536 0 0.112 0 0 0.268 0.366

0.202 0 0.208 0 0 0.140 0.305 0 0.116 0.078

0.136 0 0 0 0.223 0 0 0.932 0.093 0

One can check that the sum of probabilities on each column is one. Since some transitions are
forbidden, this matrix describes an oriented graph. The possible connections are represented in
Figure 3.11 : for example, the first column has ¢ = 6 non zero elements corresponding to the
possible transitions 1 +3,1 —-4,1—=5and 1 —+8,1—9, 1 — 10.

3 2

/

6 9

7 8

Figure 3.11: N = 10 states : connections described by the matriz (3.77).

The spectrum of eigenvalues of such matrix is complex. Examples of spectra are plotted in
Fig. 3.12 for N = 500 and various values of p.
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Figure 3.12: Ezamples of spectra of some random stochastic N x N matrices in the complex
plane. Here N = 500 and p = 1/250 (left), p = 1/50 (center) and p = 1/10 (right). The red dot
is Ag = 1, all others e.v. being inside the circle of unit radius. The symmetry with respect to
the real axis is visible (e.v. come in c.c. pairs). The absence of an accumulation of e.v. close to
Ao = 1 ensures the existence of the stationary state. The symmetry of the spectra with respect
to the real axis is visible (e.v. come in c.c. pairs).

Conditional probability.— An example of initial condition is P,,(0) = 0y, i.e. coefficients
cj = L,(q]@). Then, the solution of the master equation (3.67) is the conditional probability

P,(njm) = (M") (3.78)

nm

which is analogous to (3.65).

# Exercise 3.10 — Biased random walk in a ring: Consider the random walk in a ring
with L sites, such that with My, = pdpm+1+q0nm—1 forn,m € {1,---,L}. Periodic boundary
conditions are M1y, = p and My, = q.

a) Argue that the stationary state is an equilibrium state when p = q¢ = 1/2 and a NESS for
p#q

b) Give the spectrum of eigenvalues Ay and eigenvectors (left/right) of the stochastic matrix
M. Write p = 1%” and q = 1_T” with v € [—1,41]. Check that the “spectral radius” is unity,

¢) Decompose the conditional probability P,(n|m) over the eigenvalues and the eigenvectors.

d) Consider the limit L — oo and discuss the bottom of the spectrum. Compute P;(n|m).
Discuss the case v = £1.

d) Detailed balance, reversibility and ergodicity

Let us consider a Markov chain with master equation (3.67), such that detailed balance is
fulfilled. We denote by P;* the equilibrium solution. Define

p oy PO R RUE (379

% t i

which measures the distance of the distribution at time ¢ to the equilibrium distribution. One
can study the evolution of the quantity by considering AD; = Dy — D;. Some algebra making
use of detailed balance condition MijP;‘ = M;; P} leads to

2

1 [ Bi()  Pe(t)

AD; = ) Z;CMjiMkiPi (;3]* - p7]: <0 (3.80)
’L’],
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Conclusion :

(] Dt 2 0
[ ] ADt < 0
e We conclude that D, \, and thus P;(t) — P;.

This shows that detailed balance ensures that the system reaches equilibrium. This remark is
borrowed from [45].

e) A practical (and important) application of Markov chains : the Monte Carlo
method

Consider a physical observable 0. At thermal equilibrium, the probability of a microstate
is P, oc e PEe. If the number of states Ngate is t00 large, it might be difficult to compute

numerically the sum
Nstatc

(O)eq= D PO (3.81)
/=1

For example, if one considers N Ising spins, the sum runs over Ngate = 2N microstates, which
becomes rapidly untracktable if N is large (a square of 10 x 10 spins 1/2 has Ngtate ~ 1030
microstates).

The central idea of equilibrium statistical physics is to replace the study of the microscopic
(deterministic) dynamics by a probabilistic description. The main idea of Monte Carlo method is
to replaces the probabilistic description by a stochastic dynamics which explores reasonnably well
the states of the system, and perform a time averaging over the stochastic dynamics involving
Nstep

Nstep
Ot) = Nl > o). (3.82)
step =1

The number of steps Ngep can be chosen orders of magnitude smaller than Nggate, still large
enough in order to ensure some ergodicity (see the book [11] for a detailed discussion). There
are several possible such dynamics.

l

Figure 3.13: Nicholas Metropolis (1915-1999).

Metropolis-Hastings algorithm.— if the system is in state |4 ) at time ¢, a move to another
state | f) chosen randomly is made with probability

Proba{ movei — f} = My; = min <1, e*’B(Ef*Ei)> . (3.83)

For example, in a spin system, one chooses a spin randomly and flip it, thus the difference of
energy Ey — Ej; is due to a local change, and the energy difference is very easy to compute.
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This means that the matrix M,,, changes randomly at each elementary time step. Assuming
E; > E;, the stochastic matrix has the form

1—e BE—E) 1 — i)
(7

e PE—E) | f) (3.84)

All other diagonal matrix elements are equal to one and all other non diagonal matrix elements
equal to zero. Because My;/M;; = e PE—Ei)  guch dynamics converges towards the Gibbs
equilibrium P’ oc e #Fn,

Glauber dynamics.— Another popular dynamics is the Glauber dynamics, where

1

Proba{movei — f} = My; = 14 AE )

(3.85)
while the probability for no move is M;; = efB(Ef_Ei)/(l + eﬂ(Ef_Ei)). Selecting a pair of
states, the stochastic matrix has a 2 x 2 block with these two probabilities and M;; = M;; and

Mgy = My;. One can also check that Glauber dynamics satisfies detailed balance, hence we
expect convergence towards the Gibbs equilibrium as well.

Conclusion.— Going from the microscopic dynamics to the Monte Carlo method, the scheme
is the following :

Classical mechanics Equilib. statistical physics Monte Carlo method
deterministic — probabilistic — stochastic
evolution description dynamics

3.7 Beyond the master equation : renewal processes

I introduce here another class of stochastic processes, known as Markov renewal processes, which
generalize the jump processes described by the master equation (3.26). I have pointed out that
in the specific case of translation invariant jump processes (CPP, Exercise 3.6), the transition
kernel takes the form W (x|z') = Aw(z —2') — X\ §(x — 2’), where X is the jump rate and w(n) the
jump distribution (we will see in § 5.2 that this structure is not restricted to translation invariant
processes like the CPP, but is very general and encoded in Eq. (3.26)). This observation makes
clear that the process stays at its initial position during a random time 7 distributed with an
exponential law ¢(7) = Ae™" (this was discussed in Exercise 3.3).

We consider here a more general type of processes characterized by a general waiting time
distribution q(7). We do not discuss the general renewal theory, instead we concentrate on a
situation which is translation invariant in space, i.e. simply generalizes the compound Poisson
process. We consider a particle with position X (¢) starting from the origin at initial time
X (0) = 0 and performing random jumps at random times

X(ty) = X(ty) + 1 - (3.86)

The jump amplitudes are distributed according to the distribution w(n). For Markov renewal
processes, the distribution ¢(7) of time intervals 7, = t,, — t,,—1 > 0 is arbitrary (7,,’s are i.i.d.).
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a) Continuous time random walks (CTRW)

CTRW were introduced by Montroll and Weiss [56, 54, 55] in order to generalize normal diffu-
sion and describe anomalous diffusion (sub- or super-diffusion). Let us denote w(n) the jump
distribution. The master equation for a jump process starting from X (0) = 0 is now replaced
by the integral equation for CTRW (the “renewal equation”)

P@Jy:A(hquxédnwmﬂ%x—mt—ﬂ+wuaLdeﬁn. (3.87)

The last term corresponds to the probability that no jump has occured up to time t. CTRW
are translation invariant renewal processes (the jump distribution w(n) does not depend on z,
i.e. the point from which the jump is made), which makes the problem easily solvable.

# Exercise 3.11 — CTRW : We assume that the jump distribution w is a symmetric function.
a) Justify (3.87). Check normalisation.
b) If (1) = Ae™7, check that one recovers (3.44) (compound Poisson process).

¢) Solve the equation by introducing the Laplace-Fourier transform

ﬁ@@ﬂ/'aa{/mymp@w (3.88)
0 R

Deduce P(k, s) in terms of §(s) = Joo dre *7q(7) and w(k) = [ dne *7w(n). Express P(x,t)
under an integral form.

C

d) Consider distributions with power law tails w(n) ~ e

T — +00.

What is the s — 0 behaviour of ¢(s) for a > 1 7

For ae < 1, show that §(s) ~ 1 — As®, where A is a constant.
Same questions for w(k) (distinguish p > 2 and p < 2).

+ for n — +oo and q(7) ~ —F for

¢) Phase diagram.— Discuss the limiting behaviour of P(k, s) for k — 0 and s — 0. Deduce
the scaling relation between space x and time t [hint : analyze the integral representation for
P(z,t)].

Draw a “phase diagram” in the plane (u,«) and identify the regions of normal diffusion, subd-
iffusion and superdiffusion.

Discuss the case = 2« €0, 2.

3.8 Fourier analysis of stochastic processes — Wiener-Khintchin theorem

Let us close the chapter on general properties of stochastic processes with a somehow discon-
nected problem : the Fourier analysis of stochastic processes.
Consider a homogeneous (time translation invariant) and stationary random process z(t)

defined on the interval ¢t € [0,7], where T is the observation time. It is characterised by the

correlation function Cye(7) £ (2(t) 2:(t + 7)), assumed rapidly decreasing (assume (z(t)) = 0 for

simplicity). Because the process is stationary, we prefer to consider its discrete Fourier transform

(cf. appendix page 148) %
T
dt , : 2
;En = /0 ? x(t) e+1""nt et x(t) = Zfi’neiwnt ol Wy, = % avecn € 7. (389)

n

24Later, we will define the Fourier transform in space as f;, = fv dr f(r)e™9" where q is quantized if the volume

is finite, and f(r) = & > fa etiar | (2?)(1 fyetior,
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Figure 3.14: Measure of the noise : the signal is amplified, duplicated and multiplied by itself.
The result is averaged over a long time T'.

Noise spectrum.— Let Aw be the bandwidth of the apparatus (with Aw > 1/T"). We define
the noise spectrum as the average of the square modulus of the Fourier components in the
bandwidth, i.e. in the interval [w,w + Aw] :

S LS (ap (3.90)

w
wn €|w,w+Aw]

This is precisely the outcome of the device represented in figure 3.14 : sample — ampli/filter —
multiplicator — measurement. It measures the fluctuations of the Fourier components beloging
to the bandwidth.

Figure 3.15: Norbert Wiener (1894-1964) & Aleksandr Yakovlevich Khinchin (1894-1959).

Wiener-Khintchin theorem.— From the above hypothesis, one can verify that :
~ o~ 1 =~ =~ def Foo iwT
(Tny,) = T(Sn’mCm (wn) where Cpp(w) = dr Cpp(T) € (3.91)
—00

is the Fourier transform of the correlation function. Only components corresponding to opposite

frequencies w,, and w_,, are correlated ?*. Thus one has : ane[ ot Aw}<‘jn’2> = ~R2Cpp(w)
where Na, = Aw T'/27 is the number of frequencies wy, in the bandwidth. Finally one gets

S(w) = (3.92)

i.e. a relation between the noise spectrum (fluctuations at frequency w) and the correlations.
A random process characterized by short time correlations thus corresponds to a broad noise
spectrum. The limit of correlation with zero range is called a “white noise” (flat spectrum).

250One can as well consider a process defined on R by writing 7" — co. The Fourier transform is then defined as
#(w) = [dtxz(t)e" and one can show that (F(w)Z(w')) = 270(w + w')Cye(w). Correspondence between the two
formulations is ensured by the substitutions Z(w) <> TZn and 2md(w — w') > Ty, .
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Details of derivation of (3.91) : Write

L dt / At it / dt ., _ t ,
l‘n.fl?* elwnt—iwm Crw(t —t (wn 1wm)t/ due“n " C,.(u
- [ A=ty = [ e B (w)

where we have performed the change of variable (¢,¢') — (t u=t-—1) (With Jacobian one).
Short range correlation assumption allows to write ft rd - [ T du- - -, leading to (3.91).
QED.

Note that we have considered the discrete Fourier transform of the process (due to translation
invariance in time), however the calculation involves the Fourier transform of the correlation
function on R, as it decays fast.

S()

>

]./Tc

Figure 3.16: Wiener-Khintchin theorem : width of noise spectrum is inversely proportional
to the correlation time 1. of the process (1. is the width of C(1)).

#v Exercise 3.12 — : As a simple application of the Wiener-Khintchin theorem, we analyze
the correlation of the velocity for the process defined by the phenomenological Langevin equation

dZit) - —/dt"y(t — ) u(t)) + £(t) (3.93)

where £(t) is the Langevin force (assumed to be a stationary random process with short time
correlations). Here the friction is nonlocal in time, controlled by a causal function ~(t), with
finite width 7,,,. Show that

+oo ~ —iwT
Coo(r) = / o Jew) e (3.94)
oo 21 |y (w) — iw|?
—
SForce(w)

Consider the limit Cee(7) = 2D~%5(7) et v(t) = v 6(t) and compute explicitly the correlator.

# Exercise 3.13 — : Consider now the case of a Langevin force correlated over the finite time
Te (a microscopic time) : Cpp(t ) =2Dy2L e*M/TC We expect the function (t) to be of finite

width 7, ; Assume y(t) = v 0(t) = e~t/mm, The three time scales fulfill : 7, < 7, < 1/7y. Analyze
the residus of |(w) — iw| ™2 Just1fy that one can consider 1, — 0 while keeping a finite 7., what
simplifies the evaluation of the integral. Show then that Cy,(7) = 175716)2[63_7‘” — yree” 1t/

Analyze the behaviour at short time as well.

® Important points

e Markov process (definition).

e Be familiar with the various forms of the master equation (continuous/discrete ; Markov chain).
e A good exercise : recover the properties of the Poisson process (and the CPP).

e Definition of the stochastic matrix. Use of spectral information to solve the master equation.
e Detailed balance and the classification of Markov processes.

e Wiener-Khintchin theorem : relation between the correlation function of an homogeneous
process and its noise spectrum.
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Additional exercises

& Exercise 3.14 — Solution of the Kramers equation (free case) : We consider a particle
in a fluid described by the two differential equations (2.3,2.4), where we recall that the Langevin
force is a Gaussian white noise such that (£(t)&(t')) = 2y kgT §(t —t'). The Kramers equation is
the related equation for the joint distribution Py(x,v), which was discussed in this chapter and
is also given in the next chapter, Eq. (4.34). Here we consider fixed initial conditions z(0) = zg
and v(0) = vg.

a) What is the form of the conditional joint probability Pi(x,v|xg,vo) 7

b) Collecting the results obtained in chapter 2 (lecture and exercises), give (z(t)), (v(t)), (z(t)?)
and (v(t)?) . Compute also (x(t)v(t))
¢) Deduce Py(x,v |xzg,vp).

C

c*

def

d) Discuss the marginal distribution of the position Wi(z|xo,v0) = [dv Py(z,v]|xzo,v0) for

fixed initial velocity and also when the particle is initially at equilibrium, i.e. Q(x|z) &t
[ dvdvg Py(z, v | xo,v0) Peg(vo)-
e) Compute [ dz Qi(z|z1)Qu(z1|z0) and discuss the result.

# Exercise 3.15 — Poisson noise (derivative of the PP): We consider the noise &(t) =
>, 0(t —t,), where the times are i.i.d. for a uniform density A. Ie., when they are ordered,
the events occur randomly and independently with rates \. In other terms, the noise is the
derivative of the Poisson process introduced above £(t) = A (t).

We introduce the generating function of the noise G[h] £ (exp [ dth(t)&(t)), where (o) is the
averaging over the random times t,,’s.

a) Show that G[h] = exp {\ [ dt(e"® —1)}.

Hint: Consider that the N times are not ordered, distributed over [0, TN with measure dt; ---dty /T .
b) Deduce the connex correlation functions (cumulants) : (£(t)) = X and (£(t1)---&(tn)),. =
AO(ty —ta) - 0(t1 — tp).

Hint: Consider functional derivatives of In G[h].
In conclusion, £(t) = A4"'(t) is a non Gaussian white noise.

#v Exercise 3.16 — n-point correlations of the PP : Using the result of Exercise 3.15,
show that the n-point correlation function is

(N ()N (t2) - N (t)), = Amin(ty, o, 1) . (3.95)

#y Exercise 3.17 — Derivative of the CPP - a non Gaussian white noise :

a) Using the representation £(t) = X'(t) = >, nn 0(t — tn), where both the times t,’s and the
coefficients ny,’s are random, derive the connex correlation function of the noise (£(t1) -+ - &(ty))
(the analogous of a cumulant).

C

Hint: follow the same steps as in Exercise 3.15.

b) Show that the noise becomes a Gaussian white noise in a certain limit.

& Exercise 3.18 — Queueing theory: We are interested in the state of a queue withn > 0
individuals, arriving or leaving the queue at random times one by one. When the queue has
length n, the rate for arrival of one individual is b, and the rate of departure is d,. A natural

question is to know what is the state of the queue at time t. Can it exist a stationary state for
the queue, or does it keep growing ?

a) Write the master equation for the distribution P, (t) of the length of the queue at time t.
Identify the related probability current J, 11/2(t) between states n and n + 1.

b) If there exists a stationary state, is it an equilibrium or a NESS 7
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¢) Deduce a condition on the rates for the existence of a stationary state Py.

d) M/M/1 queueing system : For uniform rates, b, = b and d,, = d ¥V n, give P} and compute
the average length of the queue.

e) Discuss the length of the queue when b = d.
#y Exercise 3.19 — Random walk on 7 with a potential : the 3 scenarii of stochastic

processes : Let us consider the master equation describing the one dimensional diffusion on 7Z
with transitions between nearest neighbour sites

dP,(t
(71;( ) — Wmn—lpn—l(t) + Wn,n—l—lpn—i—l(t) - (Wn—l,n + Wn+1,n) Pn<t) (396>
ie. Wy m is a tridiagonal matrix with W, , = —Wy,_1 5, — Wyi1, (if n € Z, the matrix has an

infinite size). Hence, this is another example of birth and death process.
a) Current : check that the master equation can be rewritten under the form

dP,

and express the probability current J,(t) related to the distribution P,(t) (J, measures the
current at time t between sites n and n + 1).

We now choose the matrix such that

W, = V)=V (3.98)

)

where V (z) is a known function.
b) Equilibrium (J = 0).— Show that

Pr=Ce VM (3.99)
is a stationary solution corresponding to a vanishing probability current. Discuss the normalis-

ability. Give an example of V(n) leading to an equilibrium.
¢) NESS (J # 0).— Find the stationary solution corresponding to J, = J ¥Yn. Show that it is

o0
P = Je V() Z olV(m+1)+V(m)]/2 (3.100)

m=n

Discuss the normalisability (consider the continuum limit for simplicity). Give an example of
V(n) leading to a NESS.

d) Provide an example where there is no stationary state.
#v Ezercise 3.20 — Broadening of the line shape by phase noise: A field £(t) is mea-

sured with a detector characterized by the response function x(w) (the response of the detector
at frequency w) such that

dw 9
— =1 101
IR0 (3.101)
The outcome of the detector (the signal) is
dw ~ 2 ~ :
S = / @ @) Ew)| where 8(w) = / dt et £(1) (3.102)
R 2 R

We consider a monochromatic field with frequency wg, carrying additionally a random
phase 0(t) o
E(t) = E e worHion) (3.103)
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We assume that the phase shows normal diffusion, i.e. (t) is a free Brownian motion starting
from 6(0) = 0 (Wiener process) such that (6(t)*) = 2Dt, where D is the diffusion constant of
the phase (here we can consider that § € R).

a) Compute ([0(t) — 0(t')]°).
b) Argue that <ei[9(t)*9(t/)]> — o3 {0®)—-0(]?)

¢) Compute (€(w)E(w')*). Compare the result to the expected one in the absence of the random
phase.

d) Deduce (S) as a simple integral over the frequency. Analyse (S) in the limit D — 0 and in
the limit D — oo.
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