4 Stochastic differential equations

In chapter 2, we have discussed a specific case of stochastic differential equation (SDE), the
Langevin equation m%v(t) = —yu(t) + £(t) involving a d-correlated Langevin force. We took
advantage of the linearity to obtain an integral representation of the solution, which makes easy
the analysis of the statistical properties of the solution. The aim of this paragraph is to consider
a more general situation and consider SDE of the form %X(t) = F(X(t)) + /2D(X (t)) n(t),

where 7(t) is a normalised Gaussian white noise :

(n(t)) =0 and (n(t)n(t)) = ot —t) (4.1)

SDE are particularly well suited for numerical simulations (it is easy to generate many
realizations of such processes). Here, the aim is to introduce some tools which pave the route
for a statistical analysis of the solution. Finally, let us stress that by considering that n(t) is a
Gaussian white noise in this chapter, we restrict ourselves to the study of continuous Markov
processes (with no jump). 26 There will be only one exception in b) of § 4.2.

4.1 SDE with drift and additive noise
Let us come back to the analysis of the stochastic process described by Eq. (2.25). We write

dX(t

L0 _ px(0) + V2D (42)
An analysis similar to the one of Chapter 2 is not possible due to the nonlinear character of
the equation (the method of Chapter 2 only applies to the linear force F/(z) = a + bx). Let us

introduce the Wiener process
W(t) = /Ot dt’ n(t') (4.3)
what allows to rewrite the SDE in a form popular in the mathematical literature :
dX(t) = F(X(t))dt + V2D dW(t) . (4.4)

This emphasizes that X (¢) has the same regularity as the Wiener process W(t) : continuous
but non differentiable. One of the question raised in this chapter is precisely to give a rigorous
meaning to the differential equation for non differentiable functions !

Being interested in statistical properties of the solution, it is natural to consider its distri-
bution, or at least to build an equation for it, the Fokker-Planck equation. Below we show that
the corresponding FPE is

OP@) _ _ 9 12y Pyw)] + D 59;2

Py(x) (4.5)

ot Ox

where Pi(z) = (§(x — X (¢))) is the distribution of X (¢). In the next section, we will further
discuss how to solve this equation.

26Remember the end of chapter 2 : the Wiener process W (t) = fot dun(u) is continuous but not differentiable.
The solution X (¢) of the SDE has the same regularity.

We could also write a differential equation for a Markov process with jumps by considering that a noise 7(t)
such that fot dun(u) is a Poisson process or a compound Poisson process, i.e. n(t) = > nnd(t — tn) is a non
Gaussian white noise. The analysis would be more complicated because the equation for P;(x) would then involve
an integral operator instead of a differential operator, like in the Fokker-Planck equation (e.g. the equation (3.44)
describing the simple case of the CPP involves an integral operator).
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Proof : I define the increment W (t) = W (t + 6t) — W(¢). The most important observation
is the independence of the increments (chapter 2) and the property

(W (t)?) = ot ie. OW(t)~O(Vdt) (4.6)

see above, Eq. (2.32). The distribution of 6W () does not depend on time ¢, but only on the
time difference dt. We now introduce the increment of the process

X (1) = X(t+6t) — X(t) ~ F(X(t)) 6t + V2D W (¢t) (4.7)
Consider a test function ¢(x). We study the evolution of (p(X (t))).

(p(X(t+6t))) — (p(X(1)))
- <¢(X) [F(X) 5t + \/an} + %(p”(X) [F(X) 5t + \/ﬁawr ¥ > (4.8)
= {(Q (X)) F(X(t))) ot + V2D (¢ (X(t)) SW(t)) + D (" (X (1)) 6t + - -- (4.9)

where we have kept terms O(dt). Because X (¢) is only correlated with the increment §W (¢') for
t > t', we see that X (t) and W (t) are uncorrelated, thus

(' (X (1) sW (1)) = (¢'(X(1))) (GW(t)) = 0. (4.10)

Finally

d
3 (X)) = (¢'(X(0) F(X (1)) + D (" (X(1))) (4.11)
The key point was that the expansion was performed up to second order in § X (¢) because the
second order term in 6W gives some first order contribution in 6¢, due to (4.6). We can now
rewrite the equation in terms of the distribution

gt/da?Pt(x)cp(x) = /da: Pi(z) [¢'(z) F(z) + D ¢"(z)] (4.12)

(4.13)
Because the equation is valid V ¢, we can remove the integral, hence (4.5). QED.

4.2 SDE with multiplicative noise : It6 or Stratonovich ?

The SDE (4.2) is not the most general form of stochastic differential equation as it corresponds
to the case where the diffusion constant is independent of z. The aim of the paragraph is to
discuss the case of SDE of the form

dX(t)

5 = a(X (1)) +b(X(t))n(t) (not well defined!) (4.14)

where b(z) = y/2D(x) can be related to a x-dependent diffusion constant (note that the sign of

b(x) plays no role because 7(t) () —n(t)). As we explain now, this form is however not well
defined.

The noise is here multiplied by a function of the process : one says that the noise is
multiplicative, whereas it is said additive in the SDE (4.2). For a multiplicative white noise,
with singular correlations (n(t)n(t')) = 6(t — t’), the differential equation (4.14) is ambiguous :
something is missing in order to define precisely the solution of this differential equation. This is
not surprising : if n(t) is a Gaussian white noise, X (t) has the same regularity as the Brownian
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motion, i.e. is continuous but not differentiable. The existence of a difficulty comes from the
fact that we manipulate a differential equation involving objects which are not differentiable in
the sense of functions.

If the difficulty comes from the singular nature of the white noise (d-correlations), one could
argue that we should rather study a different model for a more regular (non white) noise.
However, that would be very painful ! The white noise is the simplest model which ensures that
the process defined by the SDE is Markovian. The price to pay for this simplicity is that we
have to add a prescription to interpret precisely the SDE (4.14).

a) Discretization (for numerical simulations)

A first approach to give a precise meaning to (4.14) could be to discretize time (this is natural
for numerical implementation of the stochastic differential equation). We introduce X,, = X (t =
n dt) together with i.i.d. Gaussian variables §W,, such that (6W,,) = 0 and (6W,W,,,) = 0t 0y, .-
The discretized SDE is

Xnt1 = Xy + a(Xy) 0t + b(Xy,) W, . (4.15)

Note that by construction X,, and §W,, are independent for n < m (the process does not depend
on the noise in the future or at equal time). X, only depends on the noise 6W,, in the past,
for m < n.

This discretization procedure is perfectly fine (the recurrence (4.15) is well defined), however
it turns out that in the limit 6t — 0, the resulting continuous function X (¢) = X,, does not obey
the usual rules of differential calculus (for regular functions), as we will see below. This is not
necessarily a problem, however this deserves a clarification.

b) Origin of the ambiguity (the case of a non Gaussian white noise)

To clarify this point, we come back to the continuous description and consider 4 = a(X) +

dt
b(X)&(t) for a different type of noise, made of d-peaks at random times
§) = ot —tn) . (4.16)

If the times t,,’s occur with a finite rate A, the noise £(t) is a white noise since (£(£)&(t))e =
Ao(t — t'), however it is of non Gaussian nature because higher cumulants are non zero (cf.
Exercise 3.15, page 76). Note that the effect of the non-zero average noise ({(t)) = A can be
removed by changing the drift as a(X) — a(X) — Ab(X) (we could also add some random
weigths, cf. Exercise 4.14, which would not change the following discussion).
In a close enough neighbourhood of time t,, we can focus on the evolution due to a single
d-peak of the noise
dX(t)
dt
This implies that X (¢) is discontinuous at t,. When dealing with a continuous function ()
we can write (t)6(t — t,) = ¥(t,)d(t — t,). The product is however not clearly defined
when the function 1(t) is discontinuous at ¢, : should we replace 1(t) by ¥(t.), ¥(t}) or
%[w(t; )+ (th )] ,... or something else 7 Here, we are faced to this problem, which makes the
time evolution ambiguous : Eq. (4.17) shows that X (¢) makes a jump whose amplitude is b(X (¢)),
i.e. depends on the process at a time where the process is discontinuous and still unkown ! How
to choose this time 7 At this point, we must specify a choice, i.e. add a prescription to define

the evolution. Let us propose two possible interpretations of the evolution (4.17) :

= (X (1) 6(t — ty) for t ~ t, (4.17)
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(i) Proposal 1 (+» Itd) : Interpret the equation as %X(t) =---+b(X(t,))d(t —tn), then
X(ty) = X(t;) +b(X(t,)) (4.18)

This is a natural choice for numerics. This is analogous to (4.15) : the process is not only
independent of the noise in the future (causality) but also at equal time.

(ii) Proposal 2 (+» Stratonovich) : A physicist rather considers that the J-peak is a
mathematical model for a regular narrow function of finite width §6(¢) — d¢(¢), for exam-

ple 0¢(t) = ie"t‘/g or 6°(t) = ﬁe_ﬂ/zg, etc. Then starting from (4.17) one writes
dX (t)/b(X(t)) ~ d°(t — t,)dt and integrate around the J¢, eventually taking the limit
e — 0. One gets
X(t4)
/ dr oy (4.19)
x(t;) 0()

which obviously differs from (4.18) (unless b is independent of z, i.e. for additive noise).

# Exercise 4.1 — : Consider a multiplicative noise with b(z) = oz where o is a positive
constant. Compare the two evolutions (4.18) and (4.19) in this case.

The choice of the prescription, i.e. the precise meaning to give to the multiplicative noise
term, determines the evolution and contribute to define the stochastic process with the SDE. We
stress that given two different interpretations of the same equation (4.17) leads to two different
evolutions, (4.18) or (4.19), i.e. define two different processes. An example is shown in Fig. 4.1.

= Stratonovich

15 \
G 0.5
g = Stratonovich

0.5 1 1 1 1 t
10 20 30 40

Figure 4.1: Simulation of the solution of the SDE %X(t) = X(t)n(t) for n(t) = >, and(t —
tn) with Ité prescription (4.18) (orange) and Stratonovich prescription (4.19) (blue), for the
same noise n(t). Here, the coefficients «,, are i.i.d. with a symmetric distribution p(a) =
(2a)~ e~V The Ité evolution is always below the Stratonovich evolution. Left : N; = 100
jumps with amplitude a = 0.1. Right : for larger jumps, a = 0.25, the It jumps may likely
drag the process in the negative axis, whereas the Stratonovich solution always remains positive
(Nj = 50 jumps).

A similar problem occurs with the SDE (4.14) where 7(t) is a Gaussian white noise. Several
interpretations can be given to the multiplicative noise term.

The two evolutions (4.18) and (4.19) will be further studied in Exercise 4.14 below. In the
following, we come back to the study of SDE involving Gaussian white noise.

Remark : as the previous discussion has made clear, the problem raised by the definition of
the differential equation (4.14) is due the singular nature of the noise, but not its stochastic
nature. The very same discussion would be required if 7(¢) is singular and deterministic, for
example a regular series of delta peaks n(t) =, 0(t —n).
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c¢) Itd convention and It6 calculus

The simpler choice which first comes in mind is to consider that the process and the increment at
equal time are independent. This is a natural choice if one discretizes the evolution, as explained
above, see Eq. (4.15). This is appropriate for numerical simulations. This is known as the [t6
convention, corresponding to the “proposal 1”7 discussed above (and to discretization procedure,
Eq. (4.15)). In order to specify in which sense the SDE is understood, we add a prescription

dX(t) = a(X(t)) dt + b(X (£)) dW (t) (Ttd). (4.20)

where the label “It6” indicates that

’Ité : X(t) and the noise dW (t) are independent at coinciding times‘

There is a subtle point here : causality means that the process only depends on the noise in the
past, i.e. (p(X(t))dW (t')) x Ou(t —t') for any function p(z). Assuming here independence at
equal time

(P(X(E)AWE) =0 (Ito) (4.21)

means that It6 choice corresponds to #1(0) = 0. It6 calculus also makes use of

dw (t)? = dt (4.22)

(we can omit the averaging when considering the infinitesimal noise increment ; see the appendix
of this chapter in order to understand why (- - -) can be omitted for infinitesimal increments, while
it should be kept for (§W(t)?) = 6t). Roughly speeking we have dW (t) ~ O(+v/dt) and for this
reason dW ()2T" = 0 for n > 0.

It6 formula.— An important formula concerns the change of variable X (¢t) — ¢ (X(t)),
where X () is a stochastic process and ¢(z) is a regular function, differentiable a least twice. If
X (t) obeys (4.20), we deduce

do(X (1)) = cp/(X)a(X)—l—%tp”(X) b(X)?| dt 4 ¢’ (X) b(X) dW (1) (Ito) (4.23)

(in the r.h.s. X stands for X (¢)). This is known as the “It6 formula” (or the “It6 lemma”).

Proof : wusing It6 calculus, we must keep a second order term in equalities between in-

finitesimal increments :
novelty of It6 calculus
——

de(X) = ¢'(X)dX + %@”(X) dx? . (4.24)

This is due to (4.22) : a term O(d¢) is produced by the O(dX?) term : dX? = [a(X)dt +
b(X) dW(t)]2 = b(X)2dW (t)% + 2a(X)b(X)dW (t)dt + a(X)?dt?> = b(X)?dt. The first term
dropped was O(dW (t)dt) = O(dt3/?) (= 0 in differential calculus).

# Exercise 4.2 — : Write the It6 formula for the multiplicative noise dX (t) = o X (t) AW (t).
The apply the formula to ¢(x) = 2

It6 formula implies that “It6 calculus” does not correspond with the “usual” dif-
ferential calculus when W (t) and X (t) are regular (differentiable) functions. Indeed, (4.23)
shows that

A dp(X(t) # ¢'(X(#) dX(1) (Ito) (4.25)
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Despite this drawback, the It6 calculus is widely used by probabilists (and arises in certain
specific physical situations). It is also natural for financial mathematics, which is not a surprise
as the time is discrete in finance : it corresponds to the discretization scheme mentioned above,
Eq. (4.15), where dt is the elementary time step for reactualization of assets on markets.

Remark : Within It6 convention, the process X (¢) and the noise dW(¢) are independent
at equal time. Tt follows that averaging (4.23) is straightforward (this is the interest of Itd’s
convention!) and gives

d 1

3 (P(X®) = (@' (X(#) a(X (1) + " (X (1) b(X (1)) - (4.26)

Related FPE.— One can immediatly deduce the FPE related to the It6 equation (4.20). Write

(4.26) as

gt/dac Pi(z) p(z) = /dx Py(z) {@'(m)a(x) + %w”(m) b(x)? (4.27)

In the r.h.s, integrations by part allow to factorize p(x). Because the relation is true V ¢(x), we
conclude that

OP(x) 0 1 &
S = =5 la(@) P@)] + 55 [b(a)? Pi(a)] (4.28)

How to deduce the FPE from the SDE in a simple manner ? Above, the relation
between the It6 SDE and the FPE was demonstrated by introducing a test function. A simpler
way is to use (AW (t)?)noise = dt (physicist’s notation) and to remark that the drift and the
“diffusion” are given by

<dX> noise 2 (dX2>noise
X)) =——"F"— X)) =—"F"-— 4.2
(a(x)) = and  ((x)) = (129)
As an application we consider the multidimensional case
AX; (1) = ai(X) dt + bij(X) dW;(t) (Itd). (4.30)
with (dW;(t)dW; (%)) oie = 9ijdt. Only the diffusion term is more complicated
(dX;dX;),
1 = (b, 4.31
= (i) (431)
(with Einstein’s convention for implicit summation over repeated indices). Then
- D], L - N D (2
P (T) = —0; [ai(Z) P(Z)] + 582-8]- [bik (Z)bjr (Z) Py ()] . (4.32)

An alternative simple way to prove this result is to generalize the It6 formula and consider
dep(X (1))

Application : Kramers and Smoluchowski equations.— Consider the two coupled SDE
(equivalent to the Newton equation)
der =ovdt
e X (4.33)
dv=(—1v+ L F(z))dt + L2k Ty dW (t)

for the motion of a particle of position x and velocity v. The particle is submitted to a friction
force Fy = —(m/7)v, a conservative force F'(x) and a Langevin force £(t) = v/2ksTyn(t). The
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drift terms in the two SDE are a, = {dodnoise — 4, apd Ay = @1% =—2+ ( ) , respectively. The
diffusive terms are b2, = (dx?),oise/dt = v2dt — 0, b2, = (dv? )nmse/dt = 2kBT'y/m = 2D/7?
and b2, = (dzdv)peise/dt ~ (v AW (t))noise — 0. Finally, the FPE for the joint distribution is

<at f vy + 115?@) Pi(z,v) = %av (v + fav> Py(z,v) (4.34)

This equation is called the Kramers equation. It is solved for F(z) = 0 in Exercise 3.14.

#v Exercise 4.3 — Smoluchowski equation : Using the overdamped limit introduced in
chapter 2 get an equation for the marginal distribution Wy(z) = [ dv Py(z,v) in the limit of
strong friction.

Figure 4.2: Kiyoshi Ito (1915-2008) and Ruslan Leont’evich Stratonovich (1930-1997).

d) Stratonovich convention

d-function does not exist in real life : for physicists, it is only a convenient mathematical model
for an extremely narrow function. Similarly, white noise is only a mathematical model and
physicists should find more natural to think at the Gaussian white noise in the SDE (4.14) as
the limit of a regular (non white) Gaussian noise with a small but finite correlation time. A

concrete example of such a “real life” correlator is 27
€ €(4! 1 —|t—t'|/e
OO (1)) = e (435)

with € “small” (much smaller than all characteristic time scales of the problem). It is convenient
to introduce the notation W€(t fo dun(u), which is regular (not only continuous, but also
differentiable). In general we have

([oWe()]?) ~ 1/ (4.36)
(for the correlator (4.35), we have ([@We(t)]2> = 1/(2¢)). Let us write the regularised SDE
dX€(t) = a(X)dt + B(X)dWVE(2) . (4.37)

The noise is differentiable once, hence the regularised process X¢(t) is also differentiable (this
differential equation is well defined mathematically). The standard rules of differential calculus
for regular functions apply to X¢(¢) : hence, the e — 0T limit of this equation does not correspond
to the It6 prescription, i.e. is NOT the SDE dX (t) = a(X) dt + 5(X)dW (¢t) (1to).

2"This choice is interesting because, from the theoretical point of view, we know how to generate such a non
white noise from a white noise. We can simply solve the SDE &n°(t) = —(1/€)n(t) + (1/€)7j(t) where 7j(t) is a
white noise (this was done in chapter 2).
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Stratonovich SDE.— The limit ¢ — 0" of the regularised SDE (4.37) is our definition of
the “Stratonovich SDE” :

dX(t) = a(X)dt + S(X) dW (1) (Stratonovich) (4.38)

Because it is defined as a limit of a regular process,

’ ordinary rules of differential calculus hold within the Stratonovich convention‘

(this is its interest !) : what is true for € > 0 remains true at ¢ = 0, which is not a singular point
(this is the spirit of regularization in Physics). The drawback is that, as it differs from the Ito
convention, the correlations at equal times are more difficult to characterize

’Stratonovich : X(t) and the noise dW (t) are correlated at coinciding times

As stressed above, X (t) and dW(t') are uncorrelated for ¢ > ¢, as the process depends only
on the noise in the past : (p(X(t))dW (t')) x Og(t —t') (causality). Within the Stratonovich
convention, the process and the noise are correlated at equal time (these correlations are studied
in Exercise 4.6 below). Note that this has to do with our definition of 63(0) : in It6 convention
01 (0) = 0 while in Stratonovich convention 0y (0) = 1/2. 2

Two questions now arise :

e QQ1: what is the FPE related to the Stratonovich SDE (4.38) ?

e (2: what is the relation between the Stratonovich SDE (4.38) and the Ité6 SDE (4.20) (if they
both aim to describe the same process) ?

Stratonovich SDE and FPE.— In the Exercise 4.4 below, we demonstrate that, using the
usual rules of differential calculus (for regular functions), the Stratonovich SDE (4.38) is related
to the FPE

8Pt(:z:) _ _é
ot Ox

[a(z) Pi(2)] + [6(x) Py(x)] (4.39)

10 0

& Exercise 4.4 — Proof of Eq. (4.39) : We consider the Stratonovich SDE % = a(X) +
B(X)n(t). For additive noise (B(x) = cste) the mapping onto the FPE is simple and has
been discussed above. Difficulties arise for multiplicative noise. To circumvent this, we
perform a transformation of the SDE which leads to additive noise. Interpreting the SDE in
the Stratonovich sense, we perform the change of variable by using ordinary rules of differential
calculus.

a) Consider the map Z(t) = fX(t) dxz/B(z). Write the SDE for Z(t).

b) Give the FPE for QQ:(z), the distribution of Z(t).

¢) Deduce that the FPE for P,(x), the distribution of X (t), is given by (4.39).

It6 SDE versus Stratonovich SDE.— With this result in hand, it is easy to answer to the
second question : we can rewrite the FPE Eq. (4.39) as

" 2
D =i (0@ + 3o R0+ 5 BerRw] @)

28This is consistent with the above discussion : the correlations of the noise are regularized as § — 6°, which
should correspond to a regularized Heaviside function 65 (x) = [“_dtd°(t). Clearly 65(0) = 1/2 follows from
0°(—t) = 0°(¢).
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which corresponds to (4.20) if

1

a(z) = a(z) + %ﬁ(ﬂ:) B'(z) = a(z) + 1 [B(CC)Z]/ and  b(z) = B(x) . (4.41)

More physically, we can rewrite the relation in terms of the drift and the diffusion constant
D(x). Then, the It6 SDE dX = Fyo(X)dt + /2D(X)dW (t) is related to the Stratonovich
SDE dX = Fgirato(X) dt + /2D (X) dW (t) through

F1t0<m) - FStrato(x) + %D/(Z) (442)

The term D'(x)/2 is known as the “Wong-Zakai correction term”, from Ref. [76].

Remark 1: Note that Mathematicians follow a different strategy to define the Stratonovich
SDE : in 1961, Stratonovich introduced a “symmetrized” form of stochastic integrals and differ-
ential forms (at the end of this chapter, the appendix on stochastic integrals give a flavour of
this strategy).

Remark 2 (regularization in practice) : The study of the Langevin equation (chapter 2)
suggests another approach to the problem. A way to introduce a regular noise with (n¢(¢t)n(t')) =
ie_‘t_t/‘/ € is to add to (4.37) a differential equation for the noise. We recognize the correlations
obtained in chapter 2 for the Ornstein-Uhlenbeck process. This provides a concrete way to
analyze the limit e — 0% : we can study the couple of differential equations

{&Xe(t) = a(X) + (X ) n(t)
€0 (t) = —n(t) +1(t)

where 7)(t) is a normalised Gaussian white noise (the first is Eq. (4.37)). In this perspective,
n°(t) is called a “colored noise” for the process X(¢). The model is also known as the “active
Ornstein- Uhlenbeck process” : it is one possible model for active particle, which are models for
which the noise exhibits some persistence over time scale €. Clearly, the limit ¢ — 0% is the
white noise limit, n°(t) — 7(¢) (cf. the discussion of the overdamped regime in chapter 2). The
analysis of the two coupled SDE in this limit can be achieved thanks to a “projection method”
(see [29, 75] for discussions).

(4.43)

To close the paragraph, I emphasize :

e when b(z) is not constant (case of multiplicative noise), the two SDE dX = a(X)dt +
b(X)dW (t) (It6) and dX = a(X)dt + b(X)dW (t) (Stratonovich) describe two different
processes (related to different FPEs).

e Conversely dX = a(X)dt + b(X)dW () (Ité) and dX = «(X)dt + B(X)dW(t)
(Stratonovich) describe the same process provided (4.41) hold (then, they are related
to the same FPE).

# Ezxercise 4.5 — Stratonovich corresponds to standard differential calculus: Let us
check that the rules defined above for Stratonovich SDE are compatible with the usual rules of
differential calculus for ordinary regular functions. Using the relation (4.41), transform the It6
formula (4.23) in the Stratonovich convention and check that

dp(X(t)) = ' (X(¢))dX (t) (Stratonovich). (4.44)
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L.e. within the Stratonovich’s prescription, standard rules of differential calculus for regular
functions do apply. This is precisely the purpose of Stratonovich’s interpretation.

# Exercise 4.6 — Correlation between the process and the moise (Stratonovich) :
Consider the Stratonovich equation (4.38).

a) Denoting n(t) = dW (t)/dt, show that (B(X(t))n(t)) can be expressed as the average of a
function of X (t).

Hint : use the relation between Ité and Stratonovich SDE.

b) Let us now consider a more general problem and analyze (®(X (t))n(t)), where ®(x) is an
arbitrary function (in general ® # [3) and where X (t) solves (4.38). Noticing that the Gaussian
white noise n(t) is a Gaussian field and using the Furutsu-Novikov theorem (1.50), show that

(®(X(t)n(t)) = %((I)’(X(t))ﬁ(X(t))} (Stratonovich) (4.45)

Remark : obviously (®(X(t))n(t)) = 0 in It6 convention.

e) Take home message

e 1t6 SDE appears as the limit of a discrete recurrence (4.15) in which the process and the
noise are independent at equal times (by construction). Such a discrete time recurrence
implies the existence of a finite time step, like for the evolution of assets on financial
markets.

e [t6 calculus is simple, however one must take care that the rules of differential calcu-
lus should be changed : expansion must be performed up to second order dp(X) =
¢'(X)dX + 1¢"(X)dX?, in order to account that dX? contains a contribution O(dt)
due to the propperty dW (t)? = dt. We recover easily the It6 formula from this remark.

e The relation between 1t6 SDE with FPE is given by Eq. (4.28) (straightforward to deduce
from the It6é formula).

e If a SDE appears in a physical continuous model, most frequently the white noise should
be understood as a limit of a regular (non white/colored) noise with symmetric correlation
function, hence the SDE must be interpreted in the Stratonovich sense. Whithin the
Stratonovich convention, ordinary rules of differential calculus hold.

e The relation between the Stratonovich SDE (4.38) and the FPE (4.39) is important.

e 1t6 SDE (4.20) and Stratonovich SDE (4.38) are related through a transformation of the

drift term :
It6 — Stratonovich :  a(x) = a(z) — %b(m) Viz) & B(x)=b(x)
Stratonovich — It6 :  a(z) = a(x) + %5(3}) B(z) & blx)=p(x)

or more physically, Eq. (4.42).

Bibliography : More can be found in the book of Gardiner [29]. For a presentation for
mathematicians, see the book [57].

#v Exercise 4.7 — A student makes a computer simulation of a SDE:
a) A student from the M2 PCS is doing an internship in finance. His advisor asks him to simulate
numerically the SDE controlling the evolution of an asset, dS(t) = [rdt + o dW (t)] S(t), where
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the actualization rate contains a fixed part, r, and a fluctuating part controlled by the volatility

o. What recurrence should the student implement on the computer to simulate this evolution 7

b) Another PCS student is doing an internship in soft matter physics. His advisor asks him to

simulate the equation for the position of a particle in a viscous fluid, dX (t)/dt = F(X(t)) +
2D(X (t))n(t), where n(t) is a Gaussian white noise. Same question.

f) A simple illustration : geometric Brownian motion (evolution of an asset)

In finance, the simplest model for the time evolution of an asset is to assume a growth rate with
a fixed part and a random part, which corresponds to the simple SDE (“geometric Brownian
motion”)

dX(t) = X(¢t) [rdt + o dW (t)] (It0). (4.46)

(the amplitude o of the fluctuating part is the “volatility”). 2° If W (¢) would be a regular
(differentiable) function, one would simply divide the equation by X and use dln X = dX/X.
This cannot be done here : within It6 calculus, the expression of dIn X should account for the
second order term dX?2. We can proceed in two equivalent manners.

Method 1 (use Itd formula) : Application of It6 formula is easy from
4x _dx?
X  2X?
Here we have dX (¢)? = 02 X (t)2dW (t)? = 0? X (¢t)?dt. Thus

d(lnX) = (Ito). (4.47)

2
dln X (t) = <r - ‘;) dt + o dW (t) (Itd). (4.48)

Because the noise in this new SDE is additive, the SDE can be as well be interpreted in the
2
Stratonovich sense. Omne can now safely integrate the equation fg dln X (') = (r — %) t+

o [odW(t'), Le.
0_2
X(t) = X (0) =)o (4.49)
This analysis shows that one must be careful with integration of It6 differential equation.

Note that a naive integration of (4.46) with the usual rules of integration (i.e. interpreting
(4.46) within the Stratonovich sense), would have missed an exponential factor emot/2,

Method 2 (use the relation to the Stratonovich SDE) : Using the rule given above, we
find that the Itd6 SDE is related to the Stratonovich SDE

dX(t) = (7“ - J;) X(t)dt + o X (t)dW (t) (Stratonovich). (4.50)

Now, we can divide the Stratonovich SDE by X (¢), use dX/X = dIn X (usual rules of differential
calculus) and integrate. We obtain the same result, Eq. (4.49), as it should.

Let us stress an advantage of the It6 SDE : Using independence of X (¢) and the noise
dW (t) at the same time, we can average the It6 equation, leading to % (X(t)) =7 (X(t)), hence
(X(t)) = (X(0)) e". This is pretty straightforward.

29Few typical values for the rate of return in 2025 : (i) the Livret A, which many ordinary people have, has a
rate 1.7 % (r = 1.017), below inflation. (ii) The “assurance vie” (in €), which is known to be highly secured, has
rate 2.5 % (r = 1.025). (iii) The 1800 super rich French people, with wealth larger than 100 M€, benefit from an
average rate of return of their wealth equal to 6 % (according to Gabriel Zucman who proposed to tax them with
a rate of 2 % of their wealth).
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We can recover this result as follows : we average the solution (4.49) for fixed X (0) in order
to check that it is consistent with this result :

0_2
(X(8)) = x(0)elr=% )t (W) = x(0) o203 W) = x(0) o (4.51)
where we have used the Gaussianity of W (t). It was more direct to average the 1t6 SDE.

Historical note on Doblin-Ito calculus

Until 2000, Itd6 was considered as the foundator of what is usually denoted today the “Ito
calculus”. However in 2000, a sealed envelope (“pli cacheté” number 11-668), received in 1940
from a young mathematician named Vincent Doblin (born Wolfgang Déblin), was opened at
Académie des Sciences de Paris, which showed that Doblin’s contribution anticipated the work
of It6 on stochastic calculus. Hence, we should rather name it “Doblin-It6 calculus”.

Figure 4.3: Vincent Doblin (1915-1940). A page of the pli cacheté (from [10]).

Wolfgang Do6blin was the son of a well-known german writer, Alfred D6blin. Because he was
jewish and opponent to the nazism, Alfred Doblin escaped Germany to Ziirich at the begining
of 1933 with part of his family, followed by his son Wolgang. They arrived in Paris in the fall
of 1933. Wolfgang obtained the french nationality in 1936, becoming “Vincent Doblin”. In
1938 he passed his PhD, under the supervision of the famous mathematician Maurice Fréchet
(Fig. 1.12), however, at the end of 1938, he was incorporated in the French army. Refusing
to serve as an officer, he was affected to the communications. During this period in the army,
at the begining of the war, he was sent to the Ardennes and was able to produce important
scientific results, which he chose to send to the Académie des Sciences under the form of a “pli
cacheté”, entitled “sur [’équation de Kolmogoroff, par Vincent Doblin”. Just after the collapse
of the French army, as his company was surrounded by germans in the Vosges region, Vincent
Doblin tried unsuccessfully to cross the german lines and eventually preferred to commit suicide
rather being captured. It was only possible to open the “pli cacheté” 60 years after his death.
Although Vincent Doblin was already known in the mathematics community despite his youth,
the importance of his contribution was not anticipated before 2000.

To learn more : look at the article [10] (available on the internet) written by the two prob-
abilists Bernard Bru and Marc Yor, who analyzed the pli cacheté and recognized its scientific
importance. Or the book by Marc Petit [60].

APPENDIX : Stochastic integrals

If you feel unsatisfactory with the above presentation of It6/Stratonovich convention, you can
read this paragraph (borrowed from chapter 4 of [29]). Instead of considering the SDE, one
considers integrals of the form fg dW (¥') G(t') which requires the same discussion as for SDE.
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It6 integral.— One defines the It6 integral as

t N
Tto /0 AW (#) G(t') H]{[sj(i;n; Wi G(ti 1) (4.52)

where 6W; = W(t;) — W(t;—1). Here “ms-lim” stands for “mean-square limit” of a random
variable, meaning that :

ms-lim Xy = X if  lim ((Xy — Xoo]?) =0. (4.53)

N—o0 N—oo

Let us study an example. Consider the integral It fg dW (') W(t'). One has to analyze the
sum
N

N 1 1 N 1 N-1 1 N
2 2 2 2 2 2
?:1: Wi Wima = 5 ;:1 [(OWi + Wima)? = Wy = 0W7] = 3 ;le WP -3 ;:0: WP -3 ;le SW;

1 1 Y
=5 (W2 —Wg] - 3 > owy (4.54)
=1

It is easy to show that nj{fs—lim Zfil W2 =t (this is the reason why one writes dW (t)? = dt
—00
without the average). Thus
t
1
Ito / AW YW (') = 3 (W (t)? — W(0)* —¢] (4.55)
0

which differs (by —t¢/2) from the usual Riemann integral of a regular function.

Stratonovich integral.— Now introduce the definition of the Stratonovich integral
¢ N
. ) G(t;) + G(ti—1)
/ 7y def % i
W = ms-1 § W; 4.
/0 dW (t") G(t") ms-lim 2 ) 5 (4.56)

(I use the standard notation for integration, anticipating that it will coincide with usual Riemann
integrals).

Consider now the same integral as before fot dW (¢') W(t') with the new convention. This
time, one deals with

N N N
oW, —————— = = wWs — = Wz, =Wy — =W, 4.57
so that we have recovered
t
1
/ AW ()W) = 5 W)~ W) (4.58)
0

as for the integration of regular functions.

From stochastic integral to SDE : in the books [57, 29], stochastic integrals are first
discussed along these lines, then SDE are introduced as derivatives of stochastic integrals.

® Important points

e Understand the difference between It6 and Stratonovich conventions (for multiplicative noise).
e Remember dW ()% = dt and dW (¢)"*2 = 0.

e For It6 calculus : be careful with differential calculus ! Be able to recover the Ito formula.

e Be familiar with the relations between SDE (It6 or Stratonovich) and the FPE.
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Additional exercises

# Exercise 4.8 — Vanishing of the mean velocity : Consider the SDE for the drift F(x)
and the xz-dependent diffusion constant D(x) :

dX(t) = F(X)dt+ +/2D(X)dW(t) (Stratonovich). (4.59)
What is the condition ensuring that % (X(t)=07

& Ezercise 4.9 — Correlation between X (t) and W (t) at coinciding times : Consider
a process X (t) which obeys the It6 SDE (4.20). We have (dW(t) X(t)) = 0. The aim of the
exercise is to study the correlation Cxw (t) = (X (t)W(t)) = ft (AW (t') X (t)).
a) Show that the correlator obeys

7 XOW () = (X)W (1)) + (b(X(2))) - (4.60)
Hint : Consider X (t) and Y (t) two stochastic processes defined by two [t6 SDEs. Write the Ité formula for
de(X,Y). Apply this for Y = W.
b) Additive noise : Apply this to the Ornstein-Uhlenbeck process dX (t) = —k X (t) dt+o dW ().
c) Discuss also the case where k — —k. Analyze (X ()W (1)) /\/(X(t)?), (W (£)?).
d) Multiplicative noise : Consider now the Ito SDE dX(t) = X (t) [rdt + o dW (¢)] (studied
below). Analyze (X (t)W (t)) /1/(X(t)2). (W (t)?).

# Exercise 4.10 — Ornstein- Uhlenbeck process for time-dependent stiffness and the
Brownian bridge : We consider the Ornstein-Uhlenbeck process (harmonic oscillator in the
overdamped regime) for a time-dependent stiffness

dX (¢

0k x(0) 00 (4.61)
where the stiffness k(t) is a known function and n(t) a normalised Gaussian white noise.
a) Solve the SDE for X (0) = xq ; it is convenient to introduce K (t) = fg du k(u).
b) Deduce (X (t)) and Var[X (t)] (for o fixed). Give P(z,t|xo,0).

c) Application for the Brownian bridge : We now consider the SDE

d);ft) = —;((_t)t +n(t) for t € [0, T] (4.62)

Give the integral representation of the solution. Discuss X (t) for t — T~ .

d) Deduce (X (t)) and the correlator C(t,t') = (X (¢)X (¢')). What is the nature of the distribu-
tion 7

e) We now introduce the process B(t) = W (t)— W (T) (t/T), where W (t) is the Wiener process,
with W (0) = 0. Plot a typical realization of B(t). Compute (B(t)) and Cp(t,t') = (B(t)B(t')).
Comment.

f) Propose the SDE describing a Bridge with X(0) = zo and X(T) = xzy. Give the integral
representation of the solution.

# Exercise 4.11 — Hyperbolic Brownian motion : The hyperbolic Poincaré half plane Hy
is a surface of constant negative curvature with metric (da? + dy?)/y?, for v € R and y € R™.
It is possible to analyze the free diffusion on Hs, which can be described by two coupled SDE

{dx = V2D ydW,(t)

dy = VED W () (It6) (4.63)
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where W, (t) and W (t) are two independent Wiener processes, i.e. dWy(t)? = dW,(t)? = dt
and AWy (t)dW,(t) = 0.

a) Preliminary (Stratonovich/It6 conversion trick) : Starting from the Stratonovich SDE
dz = a(x) dt 4+ b(x) AW (t), check that we can write the corresponding Ité6 SDE as

dr = a(x)dt + b(m + ;da:noise> aw() (1) (4.64)

where dxyeise = b(x) AW (t). Give the corresponding trick allowing to get rapidly the Stratonovich
SDE corresponding to the Ité SDE dx = a(z) dt + b(z) dW ().

b) Deduce the Stratonovich SDEs describing hyperbolic Brownian motion.

¢) Which set of SDEs is the most convenient for integration ? Deduce two integral representa-
tions for z:(t) and y(t) for initial conditions x(0) = 0 and y(0) = 1.

d) Deduce (x(t)) and (y(t)). Compute also Var|x(t)] and Var[y(t)]. Comment.

#» Ezercise 4.12 — Electromagnetic noise : We consider a model of electromagnetic noise :
the two components of the electric field E, +iE, obey the two uncoupled SDE

{dEx (t) = —y E,(t) dt + v/ D dW,(t) (4.65)
dE,(t) = —v Ey(t) dt + /D dW,(t)
where W, and W, are two independent Wiener processes, hence we can write

AW} = dW, = dt and dW,dW, =0 (4.66)

(remember that averages can be omitted for elementary differential increments).

1/ We introduce the intensity and the phase : E, = A cosf and E, = A sinf. Write the SDE
for A(t) and 0(t) within the Stratonovich convention. What can you do next ?
2/ We write E, +iE, = Ael? = M1,

Using Ito calculus, express d\+1d6 as a function of A\,  and the noises AW, (t) and dW(t).
Show that

dWa(t) = cos0(t) AW, (t) +sinf(t) dWy(t) and dWy(t) = —sin0(t) dW,(t) + cos §(t) AWy (t)
(4.67)
are two independent noises. Deduce two It6 SDE for A(t) and §(t) involving these new noises.

3/ Using the It6 formula, deduce the Ito SDE for the amplitude A = |E, +1iE,|. Compare the
related Stratonovich SDE for A to the one obtained in the question 1/. Discuss

4/ Write the SDE for the amplitude under the form
dA(t) = —=V'(A(t)) dt + VD dWa(t) (4.68)

and give the “potential” V(A). Find its minimum and plot V (A).

5/ Write the FPE related to the SDE for A(t). Deduce the stationary distribution. Discuss the
distribution of the intensity I = A%. Compute (I) and \/{I?),.

# Ezxercise 4.13 — Anderson localization in 1D : We consider the 1D Schrédinger equa-
tion
h2 1
—5, ¥ (@) + V(@) ¥(z) = Ey(z) . (4.69)
Below we set h%/(2m) = 1 for simplicity. For a translation invariant potential (for example a
periodic potential), the eigenstates are extended : plane waves or Bloch waves. The purpose of
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the exercise is to consider the situation where the static potential is random in space, although
translation invariant on average. Precisely, we study the statistical properties of the wave
function (z). In principle, it is natural to analyze the eigenstates, i.e. study the spectral
(Sturm-Liouville) problem defined by imposing some boundary conditions on 1(0) and ¢ (L),
e.g. ¥(0) = (L) = 0. Instead, we study the initial value (Cauchy) problem, i.e. the solution
obtained for given initial conditions 1(0) and 1'(0) (in principle the solution of the spectral
problem are constructed by matching solutions of the initial value problem, which is possible on
a countable set of energies).

1/ Priifer variables.— We first consider the solution of energy E = k? > 0 such that 1)(0) = 0
and ¢'(0) = k for an arbitrary potential V(x) (not necessarily random). Performing the
change of variables (x) = p(z) sinf(x) and ¢'(z) = k p(x) cos(x), show that p and 6 obey

dé(z) Vix)

— . _ 12
1 =k - sin 0(x) and

dp(x)  V(z)
ar 2k ©

(x) sin 26(x) (4.70)

What are the initial conditions p(0) and 6(0) 7

We now consider the case of a random potential : the simplest model is to assume that V (z) is
a Gaussian white noise in space

(V(z)) =0 and (V(z)V(2'))=0d(z—2'), (4.71)

where o measures the disorder strength. For a given realization of the random potential, trans-
lation invariance is broken, however, the fact that the correlator is (V(z)V(2')) = f(|z — 2'|)
implies that translation invariance is recovered after disorder averaging.

2/ Having set h%/(2m) = 1, all dimensions can be expressed in terms of length. What is the
dimension of an energy ? And the disorder strength o 7

3/ In what sense should the SDE for 6(x) and p(x) be interpreted (It6/Stratonovich) ?

4/ Introduce £(x) = Inp(x) and give the two sets of SDE (Stratonovich and It6) for 6(x) and
&(z) (write V(z)de = /o dW (z) where W (z) is a Wiener process).

5/ Localization length.— The localization length £ is the characteristic length controlling
the exponential growth (or decay) of the wave function. We define it as the inverse of the
“Lyapunov exponent” ~y

o 1
1/60c £ = tim 2

T—$00 €

(4.72)

Show that v = % (&(x)). Which SDE (Stratonovich or It6) is more convenient in order
to get a formula for v 7 In the limit Energy>>disorder, we can assume that the phase is
uniformly distributed. Deduce an expression for the localization length in this limit.

6/ Localization of electromagnetic waves.— Consider now the Helmholtz equation for an
electromagnetic wave in a random medium

€

J
E"(x) + k2 (1 + e(m)) E(x)=0 (4.73)
where de(x) represents the fluctuations of the dielectric constant. Transpose the results
obtained for the Schrédinger equation to this case.

#v Exercise 4.14 — Ité and Stratonovich evolutions for a Poissonian noise : In the
beginning of § 4.2, we introduced a natural method to simulate an It6 SDE by discretizing time,
cf. Eq. (4.15). Using the connection between It6 and Stratonovich SDE, we can also use (4.15)
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to simulate a Stratonovich SDE, by a careful choice of the drift (Exercise 4.7). In the present
exercise, we discuss another approach, which allows to make a computer simulation of a Ité or
Stratonovich SDE. The idea is based on the discussion of § 4.2 using a Poissonian noise (a non
Gaussian white noise). We show here that, in a certain limit, the two evolutions (4.18) and
(4.19) indeed correspond to It6 and Stratonovich conventions, respectively. These equations
provide recurrences easy to implement on a computer.

We consider the SDE

d)it(t) = a(X(t) +b(X()&(t)  where  £(t) = d(t — tn) (4.74)

is a Poissonian noise : t, are random times occuring with rate A and the i.i.d. amplitudes are
chosen such that (n,) =0 and A (n2) = 1. Then (£(t)é(t')) = 6(t —t') (the noise is however non
Gaussian : higher cumulants are non zero, as discussed in Exercise 3.17).

a) How do the two equations (4.18) (“It6”) and (4.19) (“Stratonovich”) are modified by the
introduction of the weights n, 7

b) Consider first a simple example and set a(x) = 0 and b(x) = o x (like in Exercise 4.1). Write
the two recurrences in this case.

¢) What is the limit of the Gaussian white noise 7 Show that the two rules correspond to Ité
and Stratonovich SDE in this limit.
Hint : it is more easy to consider the evolution of In X (t).

d) We now consider the general case (4.74). Study the two recurrences of question a) in the
limit 1, — 0 (up to second order). Deduce the corresponding SDE.
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5 The Fokker-Planck equation

When studying a stochastic process, the main goal is to determine its statistical properties, i.e.
its distribution. Langevin approach (SDE) provides a natural way to approach the problem,
as it starts from the microscopic stochastic time evolution usually at the root of a model,
however the statistical analysis comes in a second step. On the other hand, within the Fokker-
Planck approach, emphasis is already on the distribution since the Fokker-Planck equation
(FPE) governs the time evolution of the distribution, hence is a prominent tool. In this chapter,
we discuss several applications of the FPE and will demonstrate the power of the approach,
compared to the SDE approach : in particular we will see that we can address more subtle
properties, like exit problem or first passage time.

Figure 5.1: Adriaan Fokker (1887-1972) and Max Planck (1858-1947)

5.1 Interpretation of the Fokker-Planck equation

The FPE describes a specific class of stochastic processes (called “diffusions”) for which the
integro-differential master equation (3.26) can be reduced to a differential equation :

dP,(x) ) 02

o = g F@) R@)]+ 75 D) Bi(2)] (5.1)

(in the most general case, we could consider time dependent drift F'(x,t) and diffusion D(z,t)).
Below, we explain precisely within what limits and under what conditions we can go from (3.26)
to (5.1). The equation is also known as the “Kolmogorov equation”or, for D(xz) — D, the
“Smoluchowski equation”. Let us first give the interpretation of the two terms in the Fokker-
Planck equation (applications will be discussed below).

a) Drift : effect of the energy

Imagine that only the first term is present and that F'(z) — F is uniform, we get

0P(xz) OP,(x)
5t =—_F 51' . (5.2)

The general solution is P;(x) = ¢(x — F't), where Py(z) = ¢(x) is the initial distribution, thus
F' is the velocity (for uniform F', there is no deformation of the distribution) : Fig. 5.2. The
first term in (5.1) is the drift term, where “the drift” F'(z) is interpreted as the force acting on
the particle (remember that velocity=force). This is an effect of the energy as the force derives
from a potential energy (at least in 1D).
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Figure 5.2: Left : effect of drift. Right : the spreading of the distribution due to the diffusion
term.

b) Diffusion : effect of the entropy
Consider now the effect of the second term of (5.1) for a uniform D(z) — D.

8Pt(l‘) . 62Pt(33)
5 =D (5.3)

As t grows, the distribution increases where the function is convex and diminishes where the
function is concave (Fig. 5.2). This leads to a spreading of the distribution. The second term
in (5.1) is the diffusion term, D(z) playing the role of a z-dependent diffusion constant. This
is an entropic effect (density tends to homogeneizes).

c) Current density

The Fokker-Planck equation can be rewritten under the form of a conservation equation

ot Ox (54)

where

diffusion current
o\

Ji(z) = F(z) Bi(z) _8837 [D(x) Py(x)] (5.5)

drift current

is the current density. The drift current is the usual velocityxdensity. The diffusion term
accounts for the fact that when the density is not uniform, particles moves from high density
regions to low density regions in order to homogenize the density (entropic effect).

d-dimensional case : the FPE reads 9,P(%) = —0; [F;(Z) P,(Z)] + 0,0; | Di;(&) P:(Z)] where

0; = 0/0x; and D;j is the (anisotropic) symmetric diffusion tensor. The conservation equation

—

takes the form 0,P,(Z) = —divJ(&,t), where the current density is now a vectorial field
Ji(Z,t) = Fy(%) P() — 0;[Dy(Z) P(T)] - (5.6)
Current has dimension [J] = L'~/T (in 1D this is a current, however in d > 1 it is a current

density).

Remark : The (uniform) diffusion constant D is the coefficient between the density gradient

and the diffusion current, Jt(diﬁ)(a;) = —D 9, P,(x). A natural generalization for z-dependent
diffusion constant D(x), which can be prefered to (5.5), is
Ji(z) = F(z) P(z) — D(z) 8, P, () where F(z) = F(z) — D'(z) (5.7)

The two terms are interpreted as contributions from drift and diffusion, respectively. This shows
that the splitting between drift and diffusion currents is a bit arbitrary when D(x) depends on z.
This choice corresponds to the FPE 8, Pi(z) = —0,[F () Pi(z)] + 0, [ D () 0, P:()].

97



Starting from It6 or Stratonovich SDE : As we have seen in chapter 4, the FPE (5.1) is
related to the Ité6 SDE dX = F(X)dt + /2D (X)dW (), hence the splitting (5.5) is natural in
this case. On the other hand, the Stratonovich SDE dX = Fg(X)dt++/2D(X)dW (¢) is related
to the FPE 9, Py(z) = =0, [Fs(2)Pi(z)] 4+ 05 (1/D(2)d:[\/D(z) Pi(z)]). Thus the current is

Ji(z) = Fs(z)Py(x) — \/D(2)0: [\/D(z) Pi(z)] where Fg(x) = F(x) — %D,(SL') (5.8)

cf. Eq. (4.42). This suggests another possible splitting between drift and diffusion contributions
(see the discussion in Exercise 4.8).

5.2 From the master equation to the Fokker-Planck equation

In the previous chapter, we have related stochastic differential equations (SDE) to the FPE. This
connection has relied on the fact that the noise in the SDE is a Gaussian white noise. The FPE
thus describes a subclass of Markov processes. In this paragraph, we would like to understand
the emergence of the FPE from a broader perspective, starting from the more fundamental
master equation. We will show in which limit and under what conditions we can replace the
master equation by the FPE.

a) Kramers-Moyal expansion

We consider the case where the state of the system is described by a coordinate which varies
continuously in R. Our starting point is the general master equation (3.26), i.e.

OP(z)
ot

= /dx'W(m|x’)Pt(fv') with /dx W(z|lz') =0 (5.9)

to ensure conservation of probability. This equation only relies on Markov assumption.

We have studied in detail the specific case of translation invariant jump processes (CPP,
Exercise 3.6) : in this case the transition kernel W (z|z’) is a function of the difference x — '
and takes the form W (z|z') = Aw(x — 2') — Ad(z — 2’), with a simple interpretation : A is the
jump rate and w(n) the distribution of jump amplitude.

Let us now turn to a general jump process. Two remarks : (i) the kernel accounts for jump
from 2’ to x, hence, in the master equation, the term W (z|z')P;(z’) increases the probability
at z, thus W(z|z’) > 0 for « # 2/. (ii) In order to fulfill the condition [dx W (z|z') = 0, the
kernel must then contain a term o< —0(z — 2’). From these two remarks, we conclude that we
can in general rewrite the transition kernel as

W( x| 2 )=w( 2 ; 7]:33—:5/)—5(az—x/)/d$”ﬂ)(m/;x”—x/). (5.10)

1 1 1
final initial initial jump

where w(x’;n) > 0 is a positive function. Comparison with the CPP case shows that w(x’;n) can
be interpreted as the distribution of the amplitude of the jumps made from the initial position
2/, multiplied by a jump rate. With this reparametrisation of the transition kernel, the master
equation now reads

mzix) - /d”ﬂ’@”?”) Py(z =) Pt(x)/dnw(x;n). (5.11)

Although it will not much used below, we can introduce the rate to perform a jump from x :
M) [ dnitasn) (5.12)
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and the distribution of the amplitude of jumps from z : w(z;n) < @(x;n)/A(z), which is now
correctly normalised, f dnw(xz;n) = 1. With these definitions, we can rewrite (5.11) as

otz / dn Az — ) w(x —mn) Px —n) — M) Pi(x) | (5.13)

which is the correct generalization of (3.44).

The master equation being an integro-differential equation, its analysis is not straightforawrd
in general (unless in simple cases where translation invariance holds, as it was shown in Exer-
cise 3.6). We now want to show how (under what conditions) it can be replaced by a partial
differential equation (PDE) much more easy to handle. The main assumptions are now

e w(2';n) is a sharp function of 7 (small jumps dominate)
e w(x';n) and P(a';t) are smooth functions of 2.

These assumptions allow an expansion of the function of x — n in powers of n

/dmb(a:—n, n) Pi(z — ) / Z n' (%n w( n) Pi(z)] (5.14)

After introduction of this series in (5.11), the n = 0 term is cancelled by the last term of
Eq. (5.11). We can introduce

an(z) / dn o () (5.15)

which is ~ n-th moment of the jumps from z, multiplied by a rate. Precisely, with the above
notations : an(z) = A(z) [ dnn" w(z;n) = A(z) (n"),, where both the jump rate and the moment
depend on z.

The condition that w(-;7) is a “narrow” function should be rather reformulated as a,(z) < 0o
Vn. Permuting integration over 7 and derivations with respect to x, we end with

o) S O ) P (5.16)

n! 83;"

n=1

which is known as the Kramers-Moyal expansion. Of course such an expansion only exists if
the distribution of jumps is such that all moments a,(z) are finite. Under this form, the equation
is not more easy to manipulate than the integral form from which we started. However, with
the above assumption that @w(x;n) is a narrow function of 7, corresponding to small jumps at
high rate, we expect the moments a,,(z) to decay fast with n, which allows a truncation of the
expansion. The truncated equation

2 2
81355 ) _ _;C [a1(x) Pi(2)] + %% [az(z) Pi(x)] (5.17)

is the Fokker-Planck equation (5.1). 3 The FPE describes a continuous random process (i.e.
the jumps disappear in the continuum limit, which is only possible if the original distribution
of jumps is sufficiently narrow). 3!

Bibliography : This discussion is inspired by the book of van Kampen (chapter VIII) [75].

39A proper justification of the truncation requires a neat rescaling of the jumps and the rate, like it was done
in the above Exercise 3.6. The argument follows the spirit of the central limit theorem.

31The condition “distribution of jumps sufficiently narrow” should have been made clear in Exercise 3.6. It is
further discussed in Exercise 3.11.
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Pawula theorem : Can we truncate the Kramers-Moyal expansion (5.16) at any n 7 The
Pawula theorem states that it can only be stopped at n = 1 or n = 2. The positivity of the
solution implies that if not stopped at n = 1 or n = 2, one should keep the infinite series (cf.
§ 4.3, [62]).  This reminds us the Marcinkiewicz theorem about the generating function of
cumulants (cf. page 12).

FPE describes large scale properties of the master equation.— Having in mind the
form w(x;n) = Az)w(x;n), let us now assume that there exists a unique characteristic scale
A (inverse time scale) and that jumps are characterised by a unique scale € (width of w(+;n)).
In the master equation, the time can be rescaled as t = M, such that considering large times is
equivalent to considering a high rate. We expect the scaling of the coefficients a,(x) ~ Ae™. If
we send A — oo and € — 0 such that as(x) ~ Ae? ~ 1 is fixed (i.e. interesting physics occurs at
the scale related to az), then higher coefficients go to zero a,(z) ~ €*~2 — 0, hence we end with
the Fokker-Planck equation. In conclusion, provided that the Kramers Moyal expansion exists
(or more precisely, at least the two coefficients a;(x) and ay(z) are finite), the large scale
properties described the master equation (for a jump process) coincide with those given by the
Fokker-Planck equation (for a continuous process).

b) Conclusion : jump process versus diffusion

In general, the master equation can be written under the form
where £ is a linear operator.

e For a jump process, the linear operator is an integral operator, of the form (5.9) or (5.11).
For example, a simple jump process is the CPP studied above, for which [,2”90] () =
A [dnw(n)(e(z — 1) — ¢(z)). In the general case, the distribution of the jump amplitude
depends on the initial position, Eq. (5.11) or (5.13).

e If the linear operator is a differential operator, .¥ = —0,F(x) + 02D(z), one says that the
process is “a diffusion”. From the Pawula theorem, the differential operator can be at most
second order. Physically, a diffusion is obtained as the limit of small jumps occuring with
high rate. This is the type of stochastic processes discussed in the previous chapter on SDE
and the present one on FPE.

e In general, a Markov process can combine a diffusion and jumps.

c¢) Lévy processes (More advanced)

Let us discuss further the simple and important case of homogeneous and translation invariant
processes. Consider such a process X (), known as a Lévy process and characterized by its
Lévy exponent A(k) :

<e7ik:X(t)> — o—tAR) (5.19)

This behaviour is related to the Markov property and the property of i.i.d. increments (for
mathematicians it is related to the property of “infinite divisibility”). Cf. Exercise 1.17, page 14,
where the concept was discussed. This shows that cumulants of X (¢) all grow linearly with ¢
(like for the sum of N i.i.d. variables whose cumulants are o< N). The Lévy exponent A(k) is
the generating function of the cumulants of X (1).
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e The case of a diffusion corresponds to the drifted Brownian motion, hence Apy(k) = ikp +
%027472, where 1 is the drit and o2 the variance. The process can be written as X (t) =
pt + o W (t), where W (t) is the Wiener process.

The compound Poisson process (CPP) studied above corresponds to Acpp(k) = A (1 — w(k))
where ) is the rate of jumps and w(k) = [dnw(n)e *7 the characteristic function of the
jumps (see Exercises 3.6 or 3.17).

Combinations of drifted Brownian motion and CPP belong to the class of “interlacing pro-
cesses” for which the Lévy exponent has the form A(k) = Apn(k) + Acpp(k) = ikp+ 02k* +
A(1—w(k)).

Remarkably, the class of interlacing processes does not exhaust all possible Lévy processes.
The most general Lévy processes are characterized by the Lévy exponent given by the Lévy-
Khintchin formula 32

A(k) = ikji + %asz + /m(dn) <1 — et 1:’?%) (5.21)
where the measure m(dn) is not always associated with a normalisable density. When it is
not, the Lévy process is “singular”. Roughly speaking, a singular Lévy process corresponds
to a situation where the density of small jumps goes to infinity. Let us clarify this point : if
m(dn) = Aw(n) dn where w(n) is normalised, then we can split the integral and the process
is clearly an interlacing process for drift p = i — X [dnw(n)n/(1 + n?). However, there
are cases where it is not allowed to split the integral, while A(k) is finite. For example, the
measure m(dn) = (dn/n)e~" is not related to a normalisable distribution of jumps, however
it leads to a finite Lévy exponent A(k) = In(1 + ik) (this process is known as the “Gamma
subordinator”). Another example of singular Lévy process is the “alpha stable subordinator”
with m(dn) = dno/(I(1 — a)n'™®), related to the Lévy exponent A(k) = (ik).

More can be found in the book [4] or the summary [3] (or the brief introduction in the
article [32]).

5.3 The generator of the diffusion and the stationary state

The Fokker-Planck equation (5.1) is a linear partial differential equation. For a uniform drift,
D(z) = D, it can be rewritten as —0;P;(x) = HppP;(x), where I have introduced the notation
Hyp = —D 88—;2 + %F () in order to emphasize the analogy with the Schrodinger equation in
imaginary time, whose study usually involves standard methods of spectral analysis. 3 With the

FPE, a complication however arises due to the fact that the operator Hpp = —D 59—;2 + %F(:c)

is not self-adjoint in the presence of the drift, >* Hgp # HEP. Let us first make some general
remarks on this operator.

32The idea of the Lévy-Khintchin formula is to regularize the n — 0 behaviour in the integrand. An alternative
version of the Lévy-Khintchin formula is [4, 3]

A(k) = ikfi + %02k2 + /m(dn) (1= 7™~ ik Ou (1~ ) - (5.20)

% Here, the notation means that the operator 2 F(z) = F'(z) + F(z)-Z must be understood as acting on a

ox
function ¢(z) as 2 [F(z)¢(z)] = F'(z)¢(z) + F ()¢ (2).
34Gelf-adjointness can be broken not only by the drift term, but also by the boundary conditions if they induce
a drift at the boundaries (an example is studied in Exercise 5.20).
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a) Generator of the diffusion

Instead of the notation Hpp used in [62], I will prefer the mathematicians’ notation

0? 0
O Py(x) = 9T Pi(x) where ¢T = 5.2 D(@) = 5 F(2) (5.22)
z
is the “adjoint of the generator” (standard), or the “forward generator” (these notes) ; here I
have reintroduced a z-dependent diffusion to keep the discussion general (the notation ¢ tis also
used). By convention, probabilists call the adjoint of this operator

0? 0

g:D(az)@—i—F(x)%

(5.23)

the “generator of the diffusion”. 1 will also call it the “backward generator” as we will see that it
governs the evolution of the density backward in time. ¥T plays the same role as the matrix of
rates W in the master equation (3.31) or the Markov chains stochastic matrix M in Eq. (3.67)
(chapter 3) :

forward backward
Markov chains M e MT
Master equation w - wt
FPE gt & g
T o .. . .
We have used above that (%) = "% (like the adjoint in quantum mechanics, (9,)7 =

—0,). 3
The generator and its adjoint have interesting structures which can be revealed after few
manipulations. Let us write

0* 0 0 0  F(x)
wD(x) — %F(x) = w( 9x D) )D(m) (5.24)
—e-U() 2 U@)
where
Uz) < —/ da’ ]_F)Ei’; (5.25)

is an “effective potential”. Thus we can rewrite the generator and its adjoint in the following
nice forms

gt = ieU(x)gceU(@D(m) and ¥ = D(x) eU(I)aaer(x);U (5.26)

This remark will allow us to obtain straightforwardly the stationary state and will play an
important role for the spectral analysis, as we show below.

35FPE being of the same form as the Schrédinger equation, it involves the same mathematics (spectral analysis
for linear differential operators acting in a vector space of functions). In particular, the adjoint of an operator
A can be defined from the matrix elements (W™ | A®R) = (ATW|®®), where the scalar product is (¥"|dR) =
[ dz ¥ (z) ®%(x) (for a real operator AT = AT). Hence the transposition of 9, corresponds to an integration by
part, hence the sign.
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Case of uniform diffusion : For D(z) — D, the “effective potential” U(x) = V(z)/D is
proportional to the potential V(z) = — [ dx F(x). The generator and its adjoint are then

4T =D ;)xev(x)/Dger(‘”)/D and ¥ = Dev(x)/D;eV(”)/Dfi} (5.27)

#v Ezercise 5.1 — Form of the generator related to the Stratonovich SDE : The FPE
(5.1) considered above is related to the Ité SDE dX = F(X)dt + /2D(X)dW (t). Instead, we
consider here the Sratonovich SDE dX = Fg(X)dt + /2D(X)dW ().

a) Give the corresponding FPE.
b) Check that the generator has now the more symmetric structure

0 D(alt)e*US(C”’)E D(z)eVs@) (5.28)

~ oz ox

gT

and give the Stratonovich “effective potential” Ug(z). Relate Ug(z) to U(x).
c¢) Check that the generator and its adjoint are related by a nonunitary transformation of the
form 9T =U1 g U.

b) Stationary state

Discussing the master equation, we have noticed that, when a stationary state P, (z) exists, the
convergence of the distribution P;(x) towards it is exponential (cf. below). Hence P, (x) rapidly
dominates the properties of the system and for this reason we can often simply focus on the
stationary state.

The above remarks on the structure of the generator allow to read off almost directly the
stationary state. Let us first recall that in 1D, the stationary current is necessary a constant :
Oy P(x) = —0yJi(x) = 0 implies that

{Pt(:v) — P,(z)

stationarity).
Ji(w) = J ( y)

The probability current related to the stationary state Pi(z) is conveniently written as

9
ox

0

J = F(x) Pi(x) p

[D(z)P,(z)] = —e~ U@ [eU(””)D(x)P*(x) . (5.29)
The construction of the stationary state in a finite interval will be discussed in Exercise 5.18.

Here, we discuss a more simple situation where the stationary state is defined on R.

Equilibrium state on R (J = 0).— If the current vanishes, the stationary solution is an
equilibrium, Py (z) = Pey(x) with

c
P () = ——— e U@ | .
When [dze V@) /D(z) < oo, the distribution (5.30) is normalised and such an equilibrium

exists. This is the case if the potential grows at infinity so that it confines the particle in a
certain domain of space. ¢ is a normalisation constant.

# Ezercise 5.2 — : Consider the case D(z) — D and discuss precisely the condition on
the potential V(z) = — [ dz F(z) ensuring the equilibrium. Give an example of a confining
potential.

103



NESS on R (J # 0).— The function Pey(x) o< D(x)"'e U@ is a solution of the equa-
tion %TP(ac) = 0. Being a second order differential equation, it has a second independent
solution, which can be considered if Pyq(x) is not normalisable, in the absence of an equilib-
rium. The current interpretation allows us to get the second solution easily. We search the
solution under the form P,(z) = c(z)D(z) e V® . we deduce that ¢'(z) = —JeV® thus
P.(z) = —J/D(2)e”V® [*dyeV®). This is the second independent solution of ¢ P,(z) = 0.
The lower bound depends on the boundary conditions (it plays the role of a constant of integra-
tion) : the choice must be consistent with a positive distribution, hence for a diffusion on R it
should be —oo or +00. As a result Pi(x) — Pygss(z) is

+o0
Pnpss(z) = S e V@) / dyeV®) | where + = sign(J) (5.31)
D(x) z
depends whether the potential drives the process from —oo to +oo (sign +) or the opposite.
The condition of exsitence of the NESS is the normalizability of the expression : the asymptotic
behaviour is more simply obtained by noticing that drift current is expected to dominate diffusion
current at infinity, see Eq. (5.5), hence Pygss(z) ~ J/F(z) for x — f+o00. As a result, the NESS
exists if [ dz/F(x) < oo and f+°° dz/F(x) < oo. Finally, the normalisation of Pygss(z)
provides a formula for the current J, in terms of F(z) and D(z) (see Exercise 5.22).
We discuss examples with NESS in Exercises 5.17 and 5.18.

Spectral interpretation : The equation for the stationary state has a spectral interpretation :
we have identified the right vector for a zero eigenvalue, i.e. ¥T®F(x) = 0. Similarly the left
eigenvector such that ¥®{(z) = 0 is clearly a constant :

O (x) = Pi(x) and ®f(z)=1 forev. \g=0 (5.32)

where P, (x) is either Peq(z) or Pygss(z) (only one is normalisable ; if none is normalisable, the

process is transient). This choice corresponds to the normalisation condition [ dz ®§(z)®f(z) =
[ dz Py(z) = 1.

Remark (NESS in dimension d > 1) : in dimension higher than one, the situation can be
much more complicated as stationarity implies V - J(Z) = 0, hence the NESS may be character-
ized by a non trivial current distribution J(Z).
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A Mathematical tools

The appendix gathers few things that you are supposed to master (except the paragraph on
special functions).

A.1 Linear differential equations with source terms

First order.— First consider the simple differential equation

Y (@) — Ay(x) = 5(a) (A1)

where A and s(z) are given. The solution of the homogeneous equation is y(z) = Ae*. Use
the “variation of the constant’s method” : search a particular solution under the form y(z) =
A(z) e, which leads to A'(z) = s(z)e ?, ie. A(x) = [“dts(t)e . Hence the general
solution is

y(x) = y(0) e + /Ox dt s(t) @) (A.2)

You can check that the method can be extended to the case where A — A(z) in the differential
equation (A.1). Then

y(z) = y(0) elo dur) 4 / dt s(t) ot duA(w) (A.3)

0
Second order.— The same idea can be applied to the second order linear differential equation
y' (@) + a(z) y'(z) + b(z) y(z) = s(z) (A4)

The homogeneous equation has two independent solutions denoted y(z) and y2(x). The Wron-
skian is W = Wly1,y2] = y19h — v, y2. We easily obtain the differential equation W’ = —aW i.e.
W(x) =W(0)exp [— [, dua(u)]. For a = 0 the Wronskian is constant. Applying the “variation
of the constant’s method”, we get the general solution

y(x) = Ayi(x) + Byz(x) — y1(2) /01 du W + ya(z) /05'3 duw ) (A.5)

For example, for a(z) = 0 and b(x) = k? we can choose y1(x) = cos kz and ya(x) = sin kx, with
Wronskian W (x) = k.

A.2 Fourier transform

a) Fourier transform on R

Consider a complex function f defined on R. Its Fourier transform is defined as

. . dk - _
fo = [(def@ye™ and f@) = [ GEim) e (A.6)
R R 2T
the inverse Fourier transform is recovered by using
dk
Uik s A7
[ S = (@) (A7)
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You should now the basic properties of Fourier transform

Filf'(@)] =ik f(k) (A.8)
flak) = Fl(1/a) f(x/a)], (A.9)
Filf xg) = f(k)a(k), ete. (A.10)

We can recover the standard properties of the Fourier transform. For instance, the Parseval-
Plancherel relation

o [dk 210
[ asls@p = [ SEif) (A1)

etc.

b) Discrete Fourier transform (over a finite interval)

Consider a function f(z) defined on a finite interval = € [0, L] (the function can be a periodic
function with period L). For a bounded domain, the wave vectors are quantized, hence the
function can be decomposed over a countable basis of plane waves

u™(z) = *T for ky, = ZnTTr withn € Z . (A.12)
We easily check the orthonormalisation condition
L L
d dx
/ R C) (z)*u™ (z) = / S gilkm—kn)w _ On.m (A.13)
o L o L 7

Thus Fourier transform takes the form

L
fa) = 7 Y faek where f = /0 do f(z)e e = (W | f)  (A14)

nel

If we take the limit L — oo, the spectrum of wave vectors becomes dense and we recover the

continuous Fourier transform, using %an — Jr %.
Note that .
1 A
d 2= 2. A15
| @l LI (A15)

c) Fourier transform of a discrete function

If we consider a function f, defined over Z (on a lattice), the basis of harmonic functions are

plane waves u;(,;k) = " where the wave vector varies continuously over a bounded domain, the
“Brillouin zone” k €] — m, +m] (because W = ) for 2 € Z). As a result
+m dk - ” . 0
fz= /_Tr %f(k) e™  where f(k)= Z foe (A.16)

TEL
The passage between the two is now ensured by the Poisson formula
1 ikx
> Ok —2mn) = - e (A.17)
neL TEZ

(because k is in the Brillouin zone, we only need the n = 0 term).

It is also possible to recover the Fourier transform for continuous functions by introducing
a lattice spacing a (writing now that x/a € Z). The Brillouin zone is then k €] — 7/a,7/a]. In
the limit @ — 0 we recover the Fourier transform.
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d) Fourier transform of a discrete function defined over a finite set

If we now define a discrete function f, over a finite set z € {1, 2, ---, L}, the wave vector is
both quantized (finite volume) and bounded (lattice problem) :

kn, =2mn/L with n=-L/2+1,---,-1,0,1,---,L/2 €] — 7, +7]

(for L even).

Preliminary.— consider the N roots of the identity, solutions of 2% =1,
e =N fork=0,1---,N—1 (A.18)

Using that the characteristic polynomial is

N-1
Piz)=2N-1=[](z— =) (A.19)
k=0

[1.(z — 2zx) is a polynomial of degree N with only two terms. The 2! coefficient being zero, we

have ), z; = 0. Similarly we can prove ) , 2;) = N dppo for n € {0, 1,--- , N — 1}, i.e. more
explicitely

=

¥ 2 Zmmk/N — 5 . (A.20)

This relation can be used for the Fourier transform.

Fourier transform.— We have now

L
An e2i7mx/L where fn _ Z fa e—2i7rn:c/L (A.Ql)

r=1

SIS
10~
Kﬁ

A.3 Poisson formulae

Consider a function f defined on R and its Fourier transform f , then

Zf(n) = Zf(%m) where f(k) = /Rda: f(z)e ke, (A.22)

neZ nel

In particular

Y bz —n)=) e (A.23)

neZ nez
#1 Exercise A.1 — : Check that

. . _(n=n)?
O(yla,n) & 3 e o= nta)’y z B (A.24)
nez nEZ

This sum is related to the Jacobi theta function (DLMF, § 20) 63(z,q) = >, g etnE
2
G)(y‘077]) = 93(71.777e—7r y)‘
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A.4 Laplace transform

Consider a function f(z) such that

i) = %] = /R d f(z)e " (A.25)

exists (it is frequently used for functions defined on R, which makes convergence easier).
The transformation has many simple properties analogous to the Fourier transform, like

Ll =p f(p) (A.26)
or Z,[f']=p f(p) — F(0F) if f is defined on R,
Llf g = fp) i), (A.27)

etc.
The inverse Laplace transform involves an integral over the vertical axis in the complex
plane, called the “Bromwich contour %~ :

fa) = [ s Fye (A.29)

2 is the vertical line (parallel to imaginary axis) at the right of all singularities of f (p).

Example : consider f (p) =1/(p+ a). Then the Bromwich contour is at the right of p = —
f—i-loo dp epx

in the complex plane of p (it can be the imaginary axis for Re(a) > 0 : f(z ‘oo Dir p+a

Since |etP?| = *ReP) we can use the residue theorem and close the contour from the left for
x > 0 and from the right for # < 0 : this gives f(z) = Ou(x)e™*.

A.5 Asymptotics of integrals

One frequently deals with integrals involving large parameters (furthermore, many useful special
functions are defined through nice integral representations). Here I recall two methods allowing
to extract some asymptotic behaviour.

a) The Laplace method

Consider a monotonously increasing function ¢(z) and the integral fooo dze @) When \ —
+00, one expects the exponential to decay fast, on scale ~ 1/(A¢’(0)) — 0, and the integral
is dominated by the boundary. Note that in the expansion e () = ¢=2(0) exp { — A/ (0)t —

A@"(0)t?/2 + - -+ }, the exponential e " (0/2 decays over a larger scale, ~ 1/(A”(0))/2. In
conclusion, adding a smooth function g(x) in the integral, we can write

—\© g 0) —\©
I = d X Ap(@) =~ 7( e A(0) A.29

Note that if g(x) vanishes, we can extend the method. For example, a similar explansion gives

o) B / 0) B
I(A —/ drg(x)e Ap(@) Le Ap(0) for g(x) ~ ¢'(0) x for z — 0. A.30
W= [ e = E () ~ 4(0) (A30)
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Remark : a systematic expansion under these lines usually produce an asymptotic series. For
example, one can apply the method to get the asymptotic of the exponential integral :

INOES / % et (A.31)

One obtains Ej(z) ~ (1/z)e™* for z — +oo. This is the first term of the asymptotic series
(series with zero convergence radius)

B = (Z(—l)kf,i - 0<|z|—”—1>> (4.32)

z—_>oo z
k=0

(valid for |arg(z)| < 7 — & with § > 0). 3

b) The steepest descent method (saddle point approximation)

Another frequently encountered case is an integral of the form fab dze () where A € R is a
large parameter and ¢(z) a real function with one absolute minimum at z, €]a, b sufficiently far
from the boundaries, with ¢”(z,) > 0. In the A — 400 limit, the exponential is sharply peaked
around z, and we can expand the function around it, which leads to a Gaussian integral. As a
result

b 2
— (@) A~ _ AT ()
I()\) /a dze e\ 3 () e . (A.33)

Remarks :

e When ¢(z) is analytic, contour deformations are allowed, which allows to pass through a
saddle point not on the original contour (the real axis) but somewhere else in the complex
plane.

e The method also applies to integral of the type I(\) = fab dz e (@) where A and ¢(z) are
real. In this case one should take into account the contributions of all stationary points along
the contour, i.e. both maxima and minima of ¢(x). Then, the method is called the “stationary
phase method” .

# Ezercise A.2 — : Extend the method when ¢'(x,) = 0, ¢"(zs) = 0, ¢"'(z+) = 0 and
" (2,) > 0.

#v Exercise A.3 — Asymptotic of the MacDonald function : Using the integral represen-
tation (A.49) of the MacDonald function, use the steepest descent method to get the asymptotic
K, (z) =~ e 7.

200 V 22
#v Ezercise A.} — : Requirement of a contour deformation in the application of the steepest
descent method appears when studying the Airy function
toodt e
Ai(z) = / = ¢i(gtat) (A.34)
oo 2m

solution of the Airy equation y"(z) = zy(z). We study the asymptotic for z — +oo. Find the
saddle point(s) and deduce the asymptotics

] We‘%z‘m for z — 400
Alfz) = —-L > cos (2(—,2)3/2 — %) forz— —o0 (4.35)
Vr(=2)t/4 3 4

53You can get the series easily by introducing FEj (2) def f;oo f—,f e”" and use the recurrence E,(z) = Cz;nz

n

Z nt1(2)
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argue that only one saddle point controls the asymptotic for z > 0.
Hint : plot ¢(t) along the imaginary axis of the complex variable t.

A.6 Special functions

Special functions are very useful. You can find information in standard books [33, 2] or on the
internet [1].

Euler Gamma function

any integral of the form fooo dz 2% e=¢*” can be related to the Euler Gamma function
I'(z) = / dtt*~te™ for Re(z) > 0. (A.36)
0

It can also be defined for Re(z) < 0, however it presents simple poles for —n € N.

Important property : ’I‘(z +1)=zI(2) ‘

Special values : I'(1) = 1 and I'(1/2) = /7.

From these, we immediatly deduce I'(n + 1) = n! and I'(n + ) = 27"/7 (2n — 1)!L.
Asymptotic is given by the Stirling formula for z > 1

Nz+1)~V2rzz7e *. (A.37)
#> Exercise A.5 — : Demonstrate this result starting from the integral representation and

using the steepest descent method (cf. Appendix b) page 152).
# Exercise A.6 — : Express the integral

/ dz gt e~297° (A.38)
0

in terms of the Gamma function.

Digamma function : The Digamma function is ¢(z) o %ln I'(z) = 1;/((;)). As a result it
obeys 1(z + 1) =(z) + 1.

One specific value is (1) = C ~ —0.577216 ; this constant is known as the Euler-Mascheroni
constant.

Pochhammer symbol : sometimes it is useful to introduce the Pochhammer symbol

I'(a+n) .

(@) Zala+1)---(a+n—1)= a) (A.39)
It can be used in the following Taylor expansion :
—a Oé(Oé + 1) 2 _ = <a>n n
(1—-=x) —1+0¢x+Tw —|—-~—Z R (A.40)
n=0
ala—1) 4 = T(a+1)
1 (63 — 1 e e — [ S —; L A.41
(1+x) toar+ ——r—a"+ ;F(a—n—i—l)n!x (A.41)

Note that this last expansion is stopped when a € N due to the divergence of the Gamma
function in the denominator when n > a € N (the formula then coincides with the binomial
formula).
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Euler Beta function

The Beta function is defined as

L(p)T'(v)
B = ) A .42
) = T (A.42)
Useful integrals :
1 w/2
B(u,v) = / deth= 11 —t)r 1 = 2/ df sin®* 19 cos* 1 4. (A.43)
0 0

Error function

The error function is the integral of the Gaussian function :

a2 [
erf(z) * /0 dte" (A.44)

We also introduce the complementary error functions erfc(z) = 1 — erf(z). Asymptotics :

_22 N
erfc(z) = eﬁ Z(—l)”(;/n%r)f + Rn(2) (A.45)
n=0

where (a),, is the Pochhammer symbol.

Modified Bessel functions
The modified Bessel equation is 223" (2) + 29/ (2) — (v? + 22) y(z) = 0.
e A solution is the modified Bessel function
o0
B (z/2)2n+1/
W) =2 r D (440

n=0

It grows exponentially at infinity I,(z) ~ e™* for z — +o0.
The one for index v = 0 has been used :

T dt zcost i di e_Zt
Io(z)—/o —e —/_1 TR (A.47)

Asymptotics : Ip(z) ~ 1+ % +--- for z — 0 and Ip(2) ~ \/% for z — oc.

e Another independent solution of the modified Bessel equation is given by the MacDonald
function (Bessel function of third kind)

™

K, (z)

= I — 1 A4
s 1) ~ L) (A.48)
(the expression is valid for u ¢ Z). Obviously K, (z) = K_,(z). For integer index, see [33], of
formula 10.31.1 of [1].

The MacDonald function is divergent for z — 0, as K,(z) ~ F(QV) (%)ﬂ', and decays expo-
nentially at infinity, K, (z) ~ \/4- e~ * for z — +oo. A useful integral representation is

- 2z
o 1 Z\V o0 dt —t—22/4t
Ky (2) = 5 (5) /0 1® for Rez > 0 (A.49)
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Elliptic integrals
Elliptic integral of first kind :

/2
Ky = [ e (A.50)
s 02
0 1 — k2sin” o
Limit k=0 K(k) = 3 (145 +---)

Limit k — 17 : K(k) = In4/K + & (In4/k —1) + --- where ¥ = V1 — k2.
A useful integral is

a2k 1 1
= —K(1 A5l
/_7r (27m)? 2a + cos kg + cosk,  ma (1/a) ( )
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