
4 Stochastic di!erential equations

In chapter 2, we have discussed a specific case of stochastic di!erential equation (SDE), the
Langevin equation m

d

dt
v(t) = →ω v(t) + ε(t) involving a ϑ-correlated Langevin force. We took

advantage of the linearity to obtain an integral representation of the solution, which makes easy
the analysis of the statistical properties of the solution. The aim of this paragraph is to consider
a more general situation and consider SDE of the form d

dt
X(t) = F (X(t)) +

√
2D(X(t)) ϖ(t),

where ϖ(t) is a normalised Gaussian white noise :

↑ϖ(t)↓ = 0 and
〈
ϖ(t)ϖ(t→)

〉
= ϑ(t→ t

→) (4.1)

SDE are particularly well suited for numerical simulations (it is easy to generate many
realizations of such processes). Here, the aim is to introduce some tools which pave the route
for a statistical analysis of the solution. Finally, let us stress that by considering that ϖ(t) is a
Gaussian white noise in this chapter, we restrict ourselves to the study of continuous Markov
processes (with no jump). 26 There will be only one exception in b) of § 4.2.

4.1 SDE with drift and additive noise

Let us come back to the analysis of the stochastic process described by Eq. (2.25). We write

dX(t)

dt
= F (X(t)) +

↔

2D ϖ(t) (4.2)

An analysis similar to the one of Chapter 2 is not possible due to the nonlinear character of
the equation (the method of Chapter 2 only applies to the linear force F (x) = a+ b x). Let us
introduce the Wiener process

W (t) =

∫
t

0

dt→ ϖ(t→) (4.3)

what allows to rewrite the SDE in a form popular in the mathematical literature :

dX(t) = F (X(t)) dt+
↔

2D dW (t) . (4.4)

This emphasizes that X(t) has the same regularity as the Wiener process W (t) : continuous
but non di!erentiable. One of the question raised in this chapter is precisely to give a rigorous
meaning to the di!erential equation for non di!erentiable functions !

Being interested in statistical properties of the solution, it is natural to consider its distri-
bution, or at least to build an equation for it, the Fokker-Planck equation. Below we show that
the corresponding FPE is

ϱPt(x)

ϱt
= →

ϱ

ϱx
[F (x)Pt(x)] +D

ϱ
2

ϱx2
Pt(x) (4.5)

where Pt(x) = ↑ϑ(x→X(t))↓ is the distribution of X(t). In the next section, we will further
discuss how to solve this equation.

26Remember the end of chapter 2 : the Wiener process W (t) =
∫ t

0
du ω(u) is continuous but not di!erentiable.

The solution X(t) of the SDE has the same regularity.
We could also write a di!erential equation for a Markov process with jumps by considering that a noise ω(t)

such that
∫ t

0
du ω(u) is a Poisson process or a compound Poisson process, i.e. ω(t) =

∑
n ωn ε(t → tn) is a non

Gaussian white noise. The analysis would be more complicated because the equation for Pt(x) would then involve
an integral operator instead of a di!erential operator, like in the Fokker-Planck equation (e.g. the equation (3.44)
describing the simple case of the CPP involves an integral operator).
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Proof : I define the increment ϑW (t) = W (t + ϑt) →W (t). The most important observation
is the independence of the increments (chapter 2) and the property

〈
ϑW (t)2

〉
= ϑt i.e. ϑW (t) ↗ O

(↔
ϑt
)

(4.6)

see above, Eq. (2.32). The distribution of ϑW (t) does not depend on time t, but only on the
time di!erence ϑt. We now introduce the increment of the process

ϑX(t)
def

= X(t+ ϑt)→X(t) ↘ F (X(t)) ϑt+
↔

2D ϑW (t) (4.7)

Consider a test function ς(x). We study the evolution of ↑ς(X(t))↓.

↑ς(X(t+ ϑt))↓ → ↑ς(X(t))↓

=

〈
ς
→(X)

[
F (X) ϑt+

↔

2D ϑW

]
+

1

2
ς
→→(X)

[
F (X) ϑt+

↔

2D ϑW

]
2

+ · · ·

〉
(4.8)

=
〈
ς
→(X(t))F (X(t))

〉
ϑt+

↔

2D
〈
ς
→(X(t)) ϑW (t)

〉
+D

〈
ς
→→(X(t))

〉
ϑt+ · · · (4.9)

where we have kept terms O(ϑt). Because X(t) is only correlated with the increment ϑW (t→) for
t > t

→, we see that X(t) and ϑW (t) are uncorrelated, thus

〈
ς
→(X(t)) ϑW (t)

〉
=

〈
ς
→(X(t))

〉
↑ϑW (t)↓ = 0 . (4.10)

Finally
d

dt
↑ς(X(t))↓ =

〈
ς
→(X(t))F (X(t))

〉
+D

〈
ς
→→(X(t))

〉
(4.11)

The key point was that the expansion was performed up to second order in ϑX(t) because the
second order term in ϑW gives some first order contribution in ϑt, due to (4.6). We can now
rewrite the equation in terms of the distribution

ϱ

ϱt

∫
dxPt(x)ς(x) =

∫
dxPt(x)

[
ς
→(x)F (x) +Dς

→→(x)
]

(4.12)

=

∫
dxς(x)

(
→

ϱ

ϱx
[F (x)Pt(x)] +D

ϱ
2
Pt(x)

ϱx2

)
(4.13)

Because the equation is valid ≃ ς, we can remove the integral, hence (4.5). Qed.

4.2 SDE with multiplicative noise : Itô or Stratonovich ?

The SDE (4.2) is not the most general form of stochastic di!erential equation as it corresponds
to the case where the di!usion constant is independent of x. The aim of the paragraph is to
discuss the case of SDE of the form

dX(t)

dt
= a(X(t)) + b(X(t)) ϖ(t) (not well defined! ) (4.14)

where b(x) =
√
2D(x) can be related to a x-dependent di!usion constant (note that the sign of

b(x) plays no role because ϖ(t)
(law)

= →ϖ(t)). As we explain now, this form is however not well
defined.

The noise is here multiplied by a function of the process : one says that the noise is
multiplicative, whereas it is said additive in the SDE (4.2). For a multiplicative white noise,
with singular correlations ↑ϖ(t)ϖ(t→)↓ = ϑ(t → t

→), the di!erential equation (4.14) is ambiguous :
something is missing in order to define precisely the solution of this di!erential equation. This is
not surprising : if ϖ(t) is a Gaussian white noise, X(t) has the same regularity as the Brownian
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motion, i.e. is continuous but not di!erentiable. The existence of a di”culty comes from the
fact that we manipulate a di!erential equation involving objects which are not di!erentiable in
the sense of functions.

If the di”culty comes from the singular nature of the white noise (ϑ-correlations), one could
argue that we should rather study a di!erent model for a more regular (non white) noise.
However, that would be very painful ! The white noise is the simplest model which ensures that
the process defined by the SDE is Markovian. The price to pay for this simplicity is that we
have to add a prescription to interpret precisely the SDE (4.14).

a) Discretization (for numerical simulations)

A first approach to give a precise meaning to (4.14) could be to discretize time (this is natural
for numerical implementation of the stochastic di!erential equation). We introduce Xn = X(t =
n ϑt) together with i.i.d. Gaussian variables ϑWn such that ↑ϑWn↓ = 0 and ↑ϑWnϑWm↓ = ϑt ϑn,m.
The discretized SDE is

Xn+1 = Xn + a(Xn) ϑt+ b(Xn) ϑWn . (4.15)

Note that by construction Xn and ϑWm are independent for n ↭ m (the process does not depend
on the noise in the future or at equal time). Xn only depends on the noise ϑWm in the past,
for m < n.

This discretization procedure is perfectly fine (the recurrence (4.15) is well defined), however
it turns out that in the limit ϑt ⇐ 0, the resulting continuous function X(t) = Xn does not obey
the usual rules of di!erential calculus (for regular functions), as we will see below. This is not
necessarily a problem, however this deserves a clarification.

b) Origin of the ambiguity (the case of a non Gaussian white noise)

To clarify this point, we come back to the continuous description and consider dX

dt
= a(X) +

b(X) ε(t) for a di!erent type of noise, made of ϑ-peaks at random times

ε(t) =
∑

n

ϑ(t→ tn) . (4.16)

If the times tn’s occur with a finite rate φ, the noise ε(t) is a white noise since ↑ε(t)ε(t→)↓c =
φ ϑ(t → t

→), however it is of non Gaussian nature because higher cumulants are non zero (cf.
Exercise 3.15, page 76). Note that the e!ect of the non-zero average noise ↑ε(t)↓ = φ can be
removed by changing the drift as a(X) ⇐ a(X) → φ b(X) (we could also add some random
weigths, cf. Exercise 4.14, which would not change the following discussion).

In a close enough neighbourhood of time tn, we can focus on the evolution due to a single
ϑ-peak of the noise

dX(t)

dt
= · · ·+ b(X(t)) ϑ(t→ tn) for t ↗ tn (4.17)

This implies that X(t) is discontinuous at tn. When dealing with a continuous function ↼(t)
we can write ↼(t) ϑ(t → tn) = ↼(tn) ϑ(t → tn). The product is however not clearly defined
when the function ↼(t) is discontinuous at tn : should we replace ↼(t) by ↼(t↑n ), ↼(t+n ) or
1

2

[
↼(t↑n ) + ↼(t+n )

]
,... or something else ? Here, we are faced to this problem, which makes the

time evolution ambiguous : Eq. (4.17) shows thatX(t) makes a jump whose amplitude is b(X(t)),
i.e. depends on the process at a time where the process is discontinuous and still unkown ! How
to choose this time ? At this point, we must specify a choice, i.e. add a prescription to define
the evolution. Let us propose two possible interpretations of the evolution (4.17) :
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(i) Proposal 1 (⇒ Itô) : Interpret the equation as d

dt
X(t) = · · ·+ b(X(t↑n )) ϑ(t→ tn), then

X(t+n ) = X(t↑n ) + b(X(t↑n )) (4.18)

This is a natural choice for numerics. This is analogous to (4.15) : the process is not only
independent of the noise in the future (causality) but also at equal time.

(ii) Proposal 2 (⇒ Stratonovich) : A physicist rather considers that the ϑ-peak is a
mathematical model for a regular narrow function of finite width ϑ(t) ⇐ ϑ

ω(t), for exam-
ple ϑ

ω(t) = 1

2ω
e↑|t|/ω or ϑ

ω(t) = 1
↓
2εω

e↑t
2
/2ω

2

, etc. Then starting from (4.17) one writes

dX(t)/b(X(t)) ↘ ϑ
ω(t → tn) dt and integrate around the ϑ

ω, eventually taking the limit
↽ ⇐ 0+. One gets ∫

X(t
+
n )

X(t
→
n )

dx

b(x)
= 1 (4.19)

which obviously di!ers from (4.18) (unless b is independent of x, i.e. for additive noise).

✁ Exercise 4.1 – : Consider a multiplicative noise with b(x) = ⇀ x where ⇀ is a positive
constant. Compare the two evolutions (4.18) and (4.19) in this case.

The choice of the prescription, i.e. the precise meaning to give to the multiplicative noise
term, determines the evolution and contribute to define the stochastic process with the SDE. We
stress that given two di!erent interpretations of the same equation (4.17) leads to two di!erent
evolutions, (4.18) or (4.19), i.e. define two di!erent processes. An example is shown in Fig. 4.1.
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Figure 4.1: Simulation of the solution of the SDE d

dt
X(t) = X(t) ϖ(t) for ϖ(t) =


n
⇁n ϑ(t →

tn) with Itô prescription (4.18) (orange) and Stratonovich prescription (4.19) (blue), for the
same noise ϖ(t). Here, the coe”cients ⇁n are i.i.d. with a symmetric distribution p(⇁) =
(2a)↑1e↑|ϑ|/a. The Itô evolution is always below the Stratonovich evolution. Left : Nj = 100
jumps with amplitude a = 0.1. Right : for larger jumps, a = 0.25, the Itô jumps may likely
drag the process in the negative axis, whereas the Stratonovich solution always remains positive
(Nj = 50 jumps).

A similar problem occurs with the SDE (4.14) where ϖ(t) is a Gaussian white noise. Several
interpretations can be given to the multiplicative noise term.

The two evolutions (4.18) and (4.19) will be further studied in Exercise 4.14 below. In the
following, we come back to the study of SDE involving Gaussian white noise.

Remark : as the previous discussion has made clear, the problem raised by the definition of
the di!erential equation (4.14) is due the singular nature of the noise, but not its stochastic
nature. The very same discussion would be required if ϖ(t) is singular and deterministic, for
example a regular series of delta peaks ϖ(t) =


n
ϑ(t→ n).
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c) Itô convention and Itô calculus

The simpler choice which first comes in mind is to consider that the process and the increment at
equal time are independent. This is a natural choice if one discretizes the evolution, as explained
above, see Eq. (4.15). This is appropriate for numerical simulations. This is known as the Itô
convention, corresponding to the “proposal 1” discussed above (and to discretization procedure,
Eq. (4.15)). In order to specify in which sense the SDE is understood, we add a prescription

dX(t) = a(X(t)) dt+ b(X(t)) dW (t) (Itô). (4.20)

where the label “Itô” indicates that

Itô : X(t) and the noise dW (t) are independent at coinciding times

There is a subtle point here : causality means that the process only depends on the noise in the
past, i.e. ↑ς(X(t)) dW (t→)↓ ⇑ θH(t→ t

→) for any function ς(x). Assuming here independence at
equal time

↑ς(X(t)) dW (t)↓ = 0 (Itô) (4.21)

means that Itô choice corresponds to θH(0) = 0. Itô calculus also makes use of

dW (t)2 = dt (4.22)

(we can omit the averaging when considering the infinitesimal noise increment ; see the appendix
of this chapter in order to understand why ↑· · ·↓ can be omitted for infinitesimal increments, while
it should be kept for ↑ϑW (t)2↓ = ϑt). Roughly speeking we have dW (t) ↗ O(

↔
dt) and for this

reason dW (t)2+n = 0 for n > 0.

Itô formula.— An important formula concerns the change of variable X(t) ⇐ ς (X(t)),
where X(t) is a stochastic process and ς(x) is a regular function, di!erentiable a least twice. If
X(t) obeys (4.20), we deduce

dς(X(t)) =


ς
→(X) a(X) +

1

2
ς
→→(X) b(X)2


dt+ ς

→(X) b(X) dW (t) (Itô) (4.23)

(in the r.h.s. X stands for X(t)). This is known as the “Itô formula” (or the “Itô lemma”).

Proof : using Itô calculus, we must keep a second order term in equalities between in-
finitesimal increments :

dς(X) = ς
→(X) dX +

novelty of Itô calculus  
1

2
ς
→→(X) dX2

. (4.24)

This is due to (4.22) : a term O(dt) is produced by the O(dX2) term : dX2 =
[
a(X) dt +

b(X) dW (t)
]
2
= b(X)2 dW (t)2 + 2a(X)b(X)dW (t)dt + a(X)2dt2 = b(X)2 dt. The first term

dropped was O(dW (t)dt) = O(dt3/2) (= 0 in di!erential calculus).

✁ Exercise 4.2 – : Write the Itô formula for the multiplicative noise dX(t) = ⇀X(t) dW (t).
The apply the formula to ς(x) = x

2

Itô formula implies that “Itô calculus” does not correspond with the “usual” dif-
ferential calculus when W (t) and X(t) are regular (di!erentiable) functions. Indeed, (4.23)
shows that

dς(X(t)) ⇓= ς
→(X(t)) dX(t) (Itô) (4.25)
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Despite this drawback, the Itô calculus is widely used by probabilists (and arises in certain
specific physical situations). It is also natural for financial mathematics, which is not a surprise
as the time is discrete in finance : it corresponds to the discretization scheme mentioned above,
Eq. (4.15), where ϑt is the elementary time step for reactualization of assets on markets.

Remark : Within Itô convention, the process X(t) and the noise dW (t) are independent
at equal time. It follows that averaging (4.23) is straightforward (this is the interest of Itô’s
convention!) and gives

d

dt
↑ς(X(t)↓ = ↑ς

→(X(t)) a(X(t))↓+
1

2
↑ς

→→(X(t)) b(X(t))2↓ . (4.26)

Related FPE.– One can immediatly deduce the FPE related to the Itô equation (4.20). Write
(4.26) as

ϱ

ϱt

∫
dxPt(x)ς(x) =

∫
dxPt(x)


ς
→(x) a(x) +

1

2
ς
→→(x) b(x)2


(4.27)

In the r.h.s, integrations by part allow to factorize ς(x). Because the relation is true ≃ς(x), we
conclude that

ϱPt(x)

ϱt
= →

ϱ

ϱx
[a(x)Pt(x)] +

1

2

ϱ
2

ϱx2

[
b(x)2 Pt(x)

]
(4.28)

How to deduce the FPE from the SDE in a simple manner ? Above, the relation
between the Itô SDE and the FPE was demonstrated by introducing a test function. A simpler
way is to use ↑dW (t)2↓noise = dt (physicist’s notation) and to remark that the drift and the
“di!usion” are given by

↑a(X)↓ =
↑dX↓noise

dt
and

〈
b(X)2

〉
=

↑dX2
↓noise

dt
(4.29)

As an application we consider the multidimensional case

dXi(t) = ai( -X) dt+ bij( -X) dWj(t) (Itô). (4.30)

with ↑dWi(t)dWj(t)↓noise = ϑijdt. Only the di!usion term is more complicated

↑dXidXj↓noise

dt
= ↑bikbjk↓ (4.31)

(with Einstein’s convention for implicit summation over repeated indices). Then

ϱtPt(-x) = →ϱi [ai(-x)Pt(-x)] +
1

2
ϱiϱj [bik(-x)bjk(-x)Pt(-x)] . (4.32)

An alternative simple way to prove this result is to generalize the Itô formula and consider
dς( -X(t)).

Application : Kramers and Smoluchowski equations.— Consider the two coupled SDE
(equivalent to the Newton equation)


dx = v dt

dv =
(
→

1

ϖ
v + 1

m
F (x)

)
dt+ 1

m

↔
2kBTω dW (t)

(4.33)

for the motion of a particle of position x and velocity v. The particle is submitted to a friction
force Ff = →(m/▷) v, a conservative force F (x) and a Langevin force ε(t) =

↔
2kBTω ϖ(t). The
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drift terms in the two SDE are ax = ↔dx↗noise

dt
= v and av = ↔dv↗noise

dt
= →

v

ϖ
+F (x)

m
, respectively. The

di!usive terms are b
2
xx = ↑dx2↓noise/dt = v

2dt ⇐ 0, b2vv = ↑dv2↓noise/dt = 2kBTω/m
2 = 2D/▷

2

and b
2
xv = ↑dxdv↓noise/dt ↗ ↑v dW (t)↓noise ⇐ 0. Finally, the FPE for the joint distribution is

(
ϱt + v ϱx +

F (x)

m
ϱv

)
Pt(x, v) =

1

▷
ϱv

(
v +

D

▷
ϱv

)
Pt(x, v) (4.34)

This equation is called the Kramers equation. It is solved for F (x) = 0 in Exercise 3.14.

✁ Exercise 4.3 – Smoluchowski equation : Using the overdamped limit introduced in
chapter 2 get an equation for the marginal distribution Wt(x) =


dv Pt(x, v) in the limit of

strong friction.

Figure 4.2: Kiyoshi Itô (1915-2008) and Ruslan Leont’evich Stratonovich (1930-1997).

d) Stratonovich convention

ϑ-function does not exist in real life : for physicists, it is only a convenient mathematical model
for an extremely narrow function. Similarly, white noise is only a mathematical model and
physicists should find more natural to think at the Gaussian white noise in the SDE (4.14) as
the limit of a regular (non white) Gaussian noise with a small but finite correlation time. A
concrete example of such a “real life” correlator is 27

↑ϖ
ω(t)ϖω(t→)↓ =

1

2↽
e↑|t↑t

↑
|/ω (4.35)

with ↽ “small” (much smaller than all characteristic time scales of the problem). It is convenient
to introduce the notation W

ω(t) =

t

0
du ϖω(u), which is regular (not only continuous, but also

di!erentiable). In general we have

↑
[
ϱtW

ω(t)
]
2
↓ ↗ 1/↽ (4.36)

(for the correlator (4.35), we have ↑
[
ϱtW

ω(t)
]
2
↓ = 1/(2↽)). Let us write the regularised SDE

dXω(t) = ⇁(Xω) dt+ ◁(Xω) dW ω(t) . (4.37)

The noise is di!erentiable once, hence the regularised process X
ω(t) is also di!erentiable (this

di!erential equation is well defined mathematically). The standard rules of di!erential calculus
for regular functions apply toXω(t) : hence, the ↽ ⇐ 0+ limit of this equation does not correspond
to the Itô prescription, i.e. is NOT the SDE dX(t) = ⇁(X) dt+ ◁(X) dW (t) (Itô).

27This choice is interesting because, from the theoretical point of view, we know how to generate such a non
white noise from a white noise. We can simply solve the SDE d

dtω
ω(t) = →(1/ϑ)ωω(t) + (1/ϑ)ω̃(t) where ω̃(t) is a

white noise (this was done in chapter 2).
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Stratonovich SDE.— The limit ↽ ⇐ 0+ of the regularised SDE (4.37) is our definition of
the “Stratonovich SDE” :

dX(t) = ⇁(X) dt+ ◁(X) dW (t) (Stratonovich) (4.38)

Because it is defined as a limit of a regular process,

ordinary rules of di!erential calculus hold within the Stratonovich convention

(this is its interest !) : what is true for ↽ > 0 remains true at ↽ = 0, which is not a singular point
(this is the spirit of regularization in Physics). The drawback is that, as it di!ers from the Itô
convention, the correlations at equal times are more di”cult to characterize

Stratonovich : X(t) and the noise dW (t) are correlated at coinciding times

As stressed above, X(t) and dW (t→) are uncorrelated for t
→
> t, as the process depends only

on the noise in the past : ↑ς(X(t)) dW (t→)↓ ⇑ θH(t → t
→) (causality). Within the Stratonovich

convention, the process and the noise are correlated at equal time (these correlations are studied
in Exercise 4.6 below). Note that this has to do with our definition of θH(0) : in Itô convention
θH(0) = 0 while in Stratonovich convention θH(0) = 1/2. 28

Two questions now arise :

• Q1: what is the FPE related to the Stratonovich SDE (4.38) ?

• Q2: what is the relation between the Stratonovich SDE (4.38) and the Itô SDE (4.20) (if they
both aim to describe the same process) ?

Stratonovich SDE and FPE.— In the Exercise 4.4 below, we demonstrate that, using the
usual rules of di!erential calculus (for regular functions), the Stratonovich SDE (4.38) is related
to the FPE

ϱPt(x)

ϱt
= →

ϱ

ϱx
[⇁(x)Pt(x)] +

1

2

ϱ

ϱx


◁(x)

ϱ

ϱx
[◁(x)Pt(x)]


(4.39)

✁ Exercise 4.4 – Proof of Eq. (4.39) : We consider the Stratonovich SDE dX

dt
= ⇁(X) +

◁(X) ϖ(t). For additive noise (◁(x) = cste) the mapping onto the FPE is simple and has
been discussed above. Di!culties arise for multiplicative noise. To circumvent this, we
perform a transformation of the SDE which leads to additive noise. Interpreting the SDE in
the Stratonovich sense, we perform the change of variable by using ordinary rules of di”erential
calculus.

a) Consider the map Z(t) =

X(t) dx/◁(x). Write the SDE for Z(t).

b) Give the FPE for Qt(z), the distribution of Z(t).

c) Deduce that the FPE for Pt(x), the distribution of X(t), is given by (4.39).

Itô SDE versus Stratonovich SDE.— With this result in hand, it is easy to answer to the
second question : we can rewrite the FPE Eq. (4.39) as

ϱPt(x)

ϱt
= →

ϱ

ϱx

(
⇁(x) +

1

2
◁(x)◁→(x)

)
Pt(x)


+

1

2

ϱ
2

ϱx2

[
◁(x)2 Pt(x)

]
(4.40)

28This is consistent with the above discussion : the correlations of the noise are regularized as ε ↑ ε
ω, which

should correspond to a regularized Heaviside function ϖ
ω
H(x) =

∫ x

→↓ dt εω(t). Clearly ϖ
ω
H(0) = 1/2 follows from

ε
ω(→t) = ε

ω(t).
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which corresponds to (4.20) if

a(x) = ⇁(x) +
1

2
◁(x)◁→(x) = ⇁(x) +

1

4

[
◁(x)2

]→
and b(x) = ◁(x) . (4.41)

More physically, we can rewrite the relation in terms of the drift and the di!usion constant
D(x). Then, the Itô SDE dX = FIto(X) dt +

√
2D(X) dW (t) is related to the Stratonovich

SDE dX = FStrato(X) dt+
√
2D(X) dW (t) through

FIto(x) = FStrato(x) +
1

2
D

→(x) (4.42)

The term D
→(x)/2 is known as the “Wong-Zakai correction term”, from Ref. [76].

Remark 1 : Note that Mathematicians follow a di!erent strategy to define the Stratonovich
SDE : in 1961, Stratonovich introduced a “symmetrized” form of stochastic integrals and di!er-
ential forms (at the end of this chapter, the appendix on stochastic integrals give a flavour of
this strategy).

Remark 2 (regularization in practice) : The study of the Langevin equation (chapter 2)
suggests another approach to the problem. A way to introduce a regular noise with ↑ϖ

ω(t)ϖω(t→)↓ =
1

2ω
e↑|t↑t

↑
|/ω is to add to (4.37) a di!erential equation for the noise. We recognize the correlations

obtained in chapter 2 for the Ornstein-Uhlenbeck process. This provides a concrete way to
analyze the limit ↽ ⇐ 0+ : we can study the couple of di!erential equations


ϱtX

ω(t) = a(Xω) + b(Xω) ϖω(t)

↽ ϱtϖ
ω(t) = → ϖ

ω(t) + ϖ̃(t)
(4.43)

where ϖ̃(t) is a normalised Gaussian white noise (the first is Eq. (4.37)). In this perspective,
ϖ
ω(t) is called a “colored noise” for the process Xω(t). The model is also known as the “active

Ornstein-Uhlenbeck process” : it is one possible model for active particle, which are models for
which the noise exhibits some persistence over time scale ↽. Clearly, the limit ↽ ⇐ 0+ is the
white noise limit, ϖω(t) ⇐ ϖ̃(t) (cf. the discussion of the overdamped regime in chapter 2). The
analysis of the two coupled SDE in this limit can be achieved thanks to a “projection method”
(see [29, 75] for discussions).

To close the paragraph, I emphasize :

• when b(x) is not constant (case of multiplicative noise), the two SDE dX = a(X)dt +
b(X)dW (t) (Itô) and dX = a(X)dt+ b(X)dW (t) (Stratonovich) describe two di!erent
processes (related to di!erent FPEs).

• Conversely dX = a(X)dt + b(X)dW (t) (Itô) and dX = ⇁(X)dt + ◁(X)dW (t)
(Stratonovich) describe the same process provided (4.41) hold (then, they are related
to the same FPE).

✁ Exercise 4.5 – Stratonovich corresponds to standard di!erential calculus : Let us
check that the rules defined above for Stratonovich SDE are compatible with the usual rules of
di”erential calculus for ordinary regular functions. Using the relation (4.41), transform the Itô
formula (4.23) in the Stratonovich convention and check that

dς(X(t)) = ς
→(X(t)) dX(t) (Stratonovich). (4.44)
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I.e. within the Stratonovich’s prescription, standard rules of di!erential calculus for regular
functions do apply. This is precisely the purpose of Stratonovich’s interpretation.

✁ Exercise 4.6 – Correlation between the process and the noise (Stratonovich) :
Consider the Stratonovich equation (4.38).

a) Denoting ϖ(t) = dW (t)/dt, show that ↑◁(X(t)) ϖ(t)↓ can be expressed as the average of a
function of X(t).

Hint : use the relation between Itô and Stratonovich SDE.

b) Let us now consider a more general problem and analyze ↑#(X(t)) ϖ(t)↓, where #(x) is an
arbitrary function (in general # ⇓= ◁) and where X(t) solves (4.38). Noticing that the Gaussian
white noise ϖ(t) is a Gaussian field and using the Furutsu-Novikov theorem (1.50), show that

↑#(X(t)) ϖ(t)↓ =
1

2

〈
#→(X(t))◁(X(t))

〉
(Stratonovich) (4.45)

Remark : obviously ↑#(X(t)) ϖ(t)↓ = 0 in Itô convention.

e) Take home message

• Itô SDE appears as the limit of a discrete recurrence (4.15) in which the process and the
noise are independent at equal times (by construction). Such a discrete time recurrence
implies the existence of a finite time step, like for the evolution of assets on financial
markets.

• Itô calculus is simple, however one must take care that the rules of di!erential calcu-
lus should be changed : expansion must be performed up to second order dς(X) =
ς
→(X) dX + 1

2
ς
→→(X) dX2, in order to account that dX2 contains a contribution O(dt)

due to the propperty dW (t)2 = dt. We recover easily the Itô formula from this remark.

• The relation between Itô SDE with FPE is given by Eq. (4.28) (straightforward to deduce
from the Itô formula).

• If a SDE appears in a physical continuous model, most frequently the white noise should
be understood as a limit of a regular (non white/colored) noise with symmetric correlation
function, hence the SDE must be interpreted in the Stratonovich sense. Whithin the
Stratonovich convention, ordinary rules of di!erential calculus hold.

• The relation between the Stratonovich SDE (4.38) and the FPE (4.39) is important.

• Itô SDE (4.20) and Stratonovich SDE (4.38) are related through a transformation of the
drift term :

Itô ⇐ Stratonovich : ⇁(x) = a(x)→
1

2
b(x) b→(x) & ◁(x) = b(x)

Stratonovich ⇐ Itô : a(x) = ⇁(x) +
1

2
◁(x)◁→(x) & b(x) = ◁(x)

or more physically, Eq. (4.42).

Bibliography : More can be found in the book of Gardiner [29]. For a presentation for
mathematicians, see the book [57].

✁ Exercise 4.7 – A student makes a computer simulation of a SDE :
a) A student from the M2 PCS is doing an internship in finance. His advisor asks him to simulate
numerically the SDE controlling the evolution of an asset, dS(t) =

[
r dt+ ⇀ dW (t)

]
S(t), where
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the actualization rate contains a fixed part, r, and a fluctuating part controlled by the volatility
⇀. What recurrence should the student implement on the computer to simulate this evolution ?

b) Another PCS student is doing an internship in soft matter physics. His advisor asks him to
simulate the equation for the position of a particle in a viscous fluid, dX(t)/dt = F (X(t)) +√

2D(X(t)) ϖ(t), where ϖ(t) is a Gaussian white noise. Same question.

f) A simple illustration : geometric Brownian motion (evolution of an asset)

In finance, the simplest model for the time evolution of an asset is to assume a growth rate with
a fixed part and a random part, which corresponds to the simple SDE (“geometric Brownian
motion”)

dX(t) = X(t) [r dt+ ⇀ dW (t)] (Itô). (4.46)

(the amplitude ⇀ of the fluctuating part is the “volatility”). 29 If W (t) would be a regular
(di!erentiable) function, one would simply divide the equation by X and use d lnX = dX/X.
This cannot be done here : within Itô calculus, the expression of d lnX should account for the
second order term dX2. We can proceed in two equivalent manners.

Method 1 (use Itô formula) : Application of Itô formula is easy from

d
(
lnX

)
=

dX

X
→

dX2

2X2
(Itô). (4.47)

Here we have dX(t)2 = ⇀
2
X(t)2 dW (t)2 = ⇀

2
X(t)2 dt. Thus

d lnX(t) =

(
r →

⇀
2

2

)
dt+ ⇀ dW (t) (Itô). (4.48)

Because the noise in this new SDE is additive, the SDE can be as well be interpreted in the
Stratonovich sense. One can now safely integrate the equation


t

0
d lnX(t→) =

(
r →

ϱ
2

2

)
t +

⇀

t

0
dW (t→), i.e.

X(t) = X(0) e
(
r↑

ε2

2

)
t+ϱW (t) (4.49)

This analysis shows that one must be careful with integration of Itô di!erential equation.
Note that a naive integration of (4.46) with the usual rules of integration (i.e. interpreting

(4.46) within the Stratonovich sense), would have missed an exponential factor e↑ϱ
2
t/2.

Method 2 (use the relation to the Stratonovich SDE) : Using the rule given above, we
find that the Itô SDE is related to the Stratonovich SDE

dX(t) =

(
r →

⇀
2

2

)
X(t) dt+ ⇀X(t) dW (t) (Stratonovich). (4.50)

Now, we can divide the Stratonovich SDE byX(t), use dX/X = d lnX (usual rules of di!erential
calculus) and integrate. We obtain the same result, Eq. (4.49), as it should.

Let us stress an advantage of the Itô SDE : Using independence of X(t) and the noise
dW (t) at the same time, we can average the Itô equation, leading to d

dt
↑X(t)↓ = r ↑X(t)↓, hence

↑X(t)↓ = ↑X(0)↓ ert. This is pretty straightforward.

29Few typical values for the rate of return in 2025 : (i) the Livret A, which many ordinary people have, has a
rate 1.7 % (r = 1.017), below inflation. (ii) The “assurance vie” (in e), which is known to be highly secured, has
rate 2.5 % (r = 1.025). (iii) The 1800 super rich French people, with wealth larger than 100 Me, benefit from an
average rate of return of their wealth equal to 6 % (according to Gabriel Zucman who proposed to tax them with
a rate of 2 % of their wealth).
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We can recover this result as follows : we average the solution (4.49) for fixed X(0) in order
to check that it is consistent with this result :

↑X(t)↓ = X(0) e
(
r↑

ε2

2

)
t


eϱW (t)


= X(0) e(r↑ϱ

2
/2)t+

1

2
ϱ
2↑W (t)

2↓ = X(0) ert (4.51)

where we have used the Gaussianity of W (t). It was more direct to average the Itô SDE.

Historical note on Doblin-Itô calculus

Until 2000, Itô was considered as the foundator of what is usually denoted today the “Itô
calculus”. However in 2000, a sealed envelope (“pli cacheté” number 11-668), received in 1940
from a young mathematician named Vincent Doblin (born Wolfgang Döblin), was opened at
Académie des Sciences de Paris, which showed that Doblin’s contribution anticipated the work
of Itô on stochastic calculus. Hence, we should rather name it “Doblin-Itô calculus”.
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mines, Wolfgang Doeblin ne peut plus
travailler. En mai, il est décoré de la croix
de guerre pour avoir rétabli les commu-
nications de son bataillon sous le feu de
l'ennemi et à partir du 14 juin il participe,
avec bravoure et un réel mépris de la
mort, aux combats très durs du front de
la Sarre jusque dans les Vosges où son
régiment, décimé, encerclé, est sur le
point de se rendre. Dans la nuit du 20 au
21 juin, il tente de traverser, seul, les
lignes allemandes, mais il n'y parvient
pas et se tire une balle dans la tête le
matin du 21, après avoir détruit tous ses
papiers. Ce n'est qu'en avril 1944 que son
corps sera identifié, à la suite des
recherches entreprises par son amie
d'université, Marie-Antoinette Tonnelat,
qui deviendra professeur de Physique
théorique à la Sorbonne.

Que contient 
le pli 11668?
On considère une particule soumise à
l'action continuelle du hasard et d'une
dérive déterminée. Mathématiquement,
la façon dont la particule poursuit son
mouvement à partir d'une certaine posi-
tion x atteinte en un temps donné s peut
être décrite par deux coefficients, le coef-
ficient de diffusion et celui de dérive. On
se propose de calculer, par exemple, la
probabilité que cette particule ne

dépasse pas une certaine valeur, disons
y, en un temps ultérieur t. Tel est le
problème de Kolmogorov. Les méthodes
employées par Kolmogorov et ses
émules sont ”analytiques“, elles consis-
tent à résoudre une certaine équation
vérifiée par la probabilité dont il s'agit.
L'approche de Wolfgang Doeblin est tout
à fait différente, elle est ”trajectorielle“
et annonce la théorie moderne des
processus développée à partir des
années cinquante. Doeblin montre que
le mouvement le plus général se décom-
pose en deux parties, dont l'une, la plus
stochastique des deux, est une martin-
gale et suit les trajectoires d'un mouve-
ment brownien muni d'une horloge
particulière. Le mouvement brownien
mathématique est le plus simple des
mouvements continus sans mémoire,

son étude fine est connue déjà à l'époque
de Doeblin, notamment grâce aux
travaux remarquables de Paul Lévy. De
sorte que le théorème de représentation
de Doeblin permet une étude précise des
mouvements les plus généraux: étude
locale en un point, branches infinies, proba-
bilité d'atteinte de grandes valeurs, etc.

Le théorème de Doeblin ne sera retrouvé
que vingt ans plus tard. Sa méthode de

démonstration, qui consiste à se
ramener à des propriétés de martingale,
une notion qui vient juste d'être intro-
duite par J. Ville en 1939, est très nova-
trice. Elle ne sera pleinement comprise
que vingt ans plus tard, lorsqu'il aura été
prouvé que toute martingale continue
est un mouvement brownien changé de
temps. En outre, apparaît dans le pli une
ébauche originale du calcul différentiel
stochastique, qui avec l'apport d'Itô et
de sa célèbre formule, deviendra la 
clé de voûte de l'édifice probabiliste
moderne.

Qu'a-t-on découvert à l'intérieur du pli
11668, une fois ouvert? Une vie, trop vite
interrompue, qui renaît, et l'esquisse,
clairement dessinée, de l'analyse
stochastique des années 1950-2000…

1 Chargé de mission à l’Académie des sciences

Le Comité
de l’environ-
nement
Par Jean-Yves Chapron 1

Créé en 1989, le Comité de l’environ-
nement est à l’origine d’une dizaine

de rapports de l’Académie des sciences.
Il se penche actuellement sur trois
dossiers principaux: la surexploitation
des ressources biologiques marines, la
question des déchets en liaison avec la
santé, et l’éducation à l’environnement
et à la santé.
Les deux premiers thèmes feront l’objet
d’une présentation ultérieure dans ces
colonnes.
Les travaux sur le troisième thème
doivent aboutir à l’automne.
En effet, le Comité a constaté que la
perception des problèmes environne-
mentaux et de santé par le public se
forme selon une approche simplifica-
trice et souvent teintée de sensationna-
lisme. Le propos n’est pas de faire le
procès de la presse mais d’insister sur
l’importance d’une bonne formation de
nos concitoyens pour leur permettre de
décoder et d’évaluer les messages
médiatiques, et de mettre ainsi en pers-
pective, dans leur complexité, les ques-
tions de santé et d’environnement.
Après avoir procédé à plusieurs audi-
tions, le Comité a conclu que le socle des
connaissances de base en la matière
devait être construit dès l’école élémen-
taire, et que, précisément, on constatait
une insuffisance de la part scientifique
de la formation, naturellement polyva-
lente, délivrée aux professeurs d’écoles.
C’est pourquoi, en accord avec les
responsables ministériels, et en liaison
avec l’Académie de médecine, il a été
décidé de rédiger deux ” livrets de l’en-
seignant “, l’un consacré à l’environne-
ment, l’autre à la santé. Ces textes, de
taille limitée (une trentaine de pages
chacun), seront conçus comme des
aides pratiques pour les enseignants, et
regrouperont des items transversaux.
Ils sont destinés à figurer parmi les
documents d’accompagnement des
nouveaux programmes.

n et le Pli cacheté 11 668

Figure 4.3: Vincent Doblin (1915-1940). A page of the pli cacheté (from [10]).

Wolfgang Döblin was the son of a well-known german writer, Alfred Döblin. Because he was
jewish and opponent to the nazism, Alfred Döblin escaped Germany to Zürich at the begining
of 1933 with part of his family, followed by his son Wolgang. They arrived in Paris in the fall
of 1933. Wolfgang obtained the french nationality in 1936, becoming “Vincent Doblin”. In
1938 he passed his PhD, under the supervision of the famous mathematician Maurice Fréchet
(Fig. 1.12), however, at the end of 1938, he was incorporated in the French army. Refusing
to serve as an o”cer, he was a!ected to the communications. During this period in the army,
at the begining of the war, he was sent to the Ardennes and was able to produce important
scientific results, which he chose to send to the Académie des Sciences under the form of a “pli
cacheté”, entitled “sur l’équation de Kolmogoro!, par Vincent Doblin”. Just after the collapse
of the French army, as his company was surrounded by germans in the Vosges region, Vincent
Doblin tried unsuccessfully to cross the german lines and eventually preferred to commit suicide
rather being captured. It was only possible to open the “pli cacheté” 60 years after his death.
Although Vincent Doblin was already known in the mathematics community despite his youth,
the importance of his contribution was not anticipated before 2000.

To learn more : look at the article [10] (available on the internet) written by the two prob-
abilists Bernard Bru and Marc Yor, who analyzed the pli cacheté and recognized its scientific
importance. Or the book by Marc Petit [60].

APPENDIX : Stochastic integrals

If you feel unsatisfactory with the above presentation of Itô/Stratonovich convention, you can
read this paragraph (borrowed from chapter 4 of [29]). Instead of considering the SDE, one
considers integrals of the form


t

0
dW (t→)G(t→) which requires the same discussion as for SDE.
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Itô integral.— One defines the Itô integral as

Itô

∫
t

0

dW (t→)G(t→)
def

= ms-lim
N↘≃

N∑

i=1

ϑWiG(ti↑1) (4.52)

where ϑWi = W (ti) → W (ti↑1). Here “ms-lim” stands for “mean-square limit” of a random
variable, meaning that :

ms-lim
N↘≃

XN = X≃ if lim
N↘≃

↑[XN →X≃]2↓ = 0 . (4.53)

Let us study an example. Consider the integral Itô

t

0
dW (t→)W (t→). One has to analyze the

sum
N∑

i=1

ϑWiWi↑1 =
1

2

N∑

i=1

[
(ϑWi +Wi↑1)

2
→W

2

i↑1 → ϑW
2

i

]
=

1

2

N∑

i=1

W
2

i →
1

2

N↑1∑

i=0

W
2

i →
1

2

N∑

i=1

ϑW
2

i

=
1

2

[
W

2

N →W
2

0

]
→

1

2

N∑

i=1

ϑW
2

i (4.54)

It is easy to show that ms-lim
N↘≃


N

i=1
ϑW

2

i
= t (this is the reason why one writes dW (t)2 = dt

without the average). Thus

Itô

∫
t

0

dW (t→)W (t→) =
1

2

[
W (t)2 →W (0)2 → t

]
(4.55)

which di!ers (by →t/2) from the usual Riemann integral of a regular function.

Stratonovich integral.— Now introduce the definition of the Stratonovich integral

∫
t

0

dW (t→)G(t→)
def

= ms-lim
N↘≃

N∑

i=1

ϑWi

G(ti) +G(ti↑1)

2
(4.56)

(I use the standard notation for integration, anticipating that it will coincide with usual Riemann
integrals).

Consider now the same integral as before

t

0
dW (t→)W (t→) with the new convention. This

time, one deals with

N∑

i=1

ϑWi

Wi +Wi↑1

2
=

1

2

N∑

i=1

W
2

i →
1

2

N∑

i=1

W
2

i↑1 =
1

2
W

2

N →
1

2
W

2

0 (4.57)

so that we have recovered
∫

t

0

dW (t→)W (t→) =
1

2

[
W (t)2 →W (0)2

]
(4.58)

as for the integration of regular functions.

From stochastic integral to SDE : in the books [57, 29], stochastic integrals are first
discussed along these lines, then SDE are introduced as derivatives of stochastic integrals.

! Important points

• Understand the di!erence between Itô and Stratonovich conventions (for multiplicative noise).
• Remember dW (t)2 = dt and dW (t)n+2 = 0.
• For Itô calculus : be careful with di!erential calculus ! Be able to recover the Itô formula.
• Be familiar with the relations between SDE (Itô or Stratonovich) and the FPE.
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Additional exercises

✁ Exercise 4.8 – Vanishing of the mean velocity : Consider the SDE for the drift F (x)
and the x-dependent di”usion constant D(x) :

dX(t) = F (X) dt+
√

2D(X) dW (t) (Stratonovich). (4.59)

What is the condition ensuring that d

dt
↑X(t)↓ = 0 ?

✁ Exercise 4.9 – Correlation between X(t) and W (t) at coinciding times : Consider
a process X(t) which obeys the Itô SDE (4.20). We have ↑dW (t)X(t)↓ = 0. The aim of the
exercise is to study the correlation CXW (t) = ↑X(t)W (t)↓ =


t
↑dW (t→)X(t)↓.

a) Show that the correlator obeys

d

dt
↑X(t)W (t)↓ = ↑a(X(t))W (t)↓+ ↑b(X(t))↓ . (4.60)

Hint : Consider X(t) and Y (t) two stochastic processes defined by two Itô SDEs. Write the Itô formula for

dς(X,Y ). Apply this for Y = W .

b) Additive noise : Apply this to the Ornstein-Uhlenbeck process dX(t) = →kX(t) dt+⇀ dW (t).

c) Discuss also the case where k ⇐ →k. Analyze ↑X(t)W (t)↓ /
√

↑X(t)2↓
c
↑W (t)2↓.

d) Multiplicative noise : Consider now the Itô SDE dX(t) = X(t)
[
r dt + ⇀ dW (t)

]
(studied

below). Analyze ↑X(t)W (t)↓ /
√

↑X(t)2↓
c
↑W (t)2↓.

✁ Exercise 4.10 – Ornstein-Uhlenbeck process for time-dependent sti!ness and the
Brownian bridge : We consider the Ornstein-Uhlenbeck process (harmonic oscillator in the
overdamped regime) for a time-dependent sti”ness

dX(t)

dt
= →k(t)X(t) + ϖ(t) (4.61)

where the sti”ness k(t) is a known function and ϖ(t) a normalised Gaussian white noise.

a) Solve the SDE for X(0) = x0 ; it is convenient to introduce K(t) =

t

0
du k(u).

b) Deduce ↑X(t)↓ and Var[X(t)] (for x0 fixed). Give P (x, t|x0, 0).

c) Application for the Brownian bridge : We now consider the SDE

dX(t)

dt
= →

X(t)

T → t
+ ϖ(t) for t ⇔ [0, T ] (4.62)

Give the integral representation of the solution. Discuss X(t) for t ⇐ T
↑.

d) Deduce ↑X(t)↓ and the correlator C(t, t→) = ↑X(t)X(t→)↓. What is the nature of the distribu-
tion ?

e) We now introduce the process B(t) = W (t)→W (T ) (t/T ), where W (t) is the Wiener process,
with W (0) = 0. Plot a typical realization of B(t). Compute ↑B(t)↓ and CB(t, t→) = ↑B(t)B(t→)↓.
Comment.

f) Propose the SDE describing a Bridge with X(0) = x0 and X(T ) = xf . Give the integral
representation of the solution.

✁ Exercise 4.11 – Hyperbolic Brownian motion : The hyperbolic Poincaré half plane H2

is a surface of constant negative curvature with metric (dx2 + dy2)/y2, for x ⇔ R and y ⇔ R
+.

It is possible to analyze the free di”usion on H2, which can be described by two coupled SDE

dx =

↔
2Dy dWx(t)

dy =
↔
2Dy dWy(t)

(Itô) (4.63)
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where Wx(t) and Wy(t) are two independent Wiener processes, i.e. dWx(t)2 = dWy(t)2 = dt
and dWx(t)dWy(t) = 0.

a) Preliminary (Stratonovich/Itô conversion trick) : Starting from the Stratonovich SDE
dx = ⇁(x) dt+ b(x) dW (t), check that we can write the corresponding Itô SDE as

dx = ⇁(x) dt+ b

(
x+

1

2
dxnoise

)
dW (t) (Itô) (4.64)

where dxnoise = b(x) dW (t). Give the corresponding trick allowing to get rapidly the Stratonovich
SDE corresponding to the Itô SDE dx = a(x) dt+ b(x) dW (t).
b) Deduce the Stratonovich SDEs describing hyperbolic Brownian motion.
c) Which set of SDEs is the most convenient for integration ? Deduce two integral representa-
tions for x(t) and y(t) for initial conditions x(0) = 0 and y(0) = 1.
d) Deduce ↑x(t)↓ and ↑y(t)↓. Compute also Var[x(t)] and Var[y(t)]. Comment.

✁ Exercise 4.12 – Electromagnetic noise : We consider a model of electromagnetic noise :
the two components of the electric field Ex + iEy obey the two uncoupled SDE


dEx(t) = →ω Ex(t) dt+

↔
D dWx(t)

dEy(t) = →ω Ey(t) dt+
↔
D dWy(t)

(4.65)

where Wx and Wy are two independent Wiener processes, hence we can write

dW 2

x = dW 2

y = dt and dWxdWy = 0 (4.66)

(remember that averages can be omitted for elementary di”erential increments).

1/ We introduce the intensity and the phase : Ex = A cos θ and Ey = A sin θ. Write the SDE
for A(t) and θ(t) within the Stratonovich convention. What can you do next ?

2/ We write Ex + iEy = A eiς = eφ+iς.

Using Itô calculus, express dφ+i dθ as a function of φ, θ and the noises dWx(t) and dWy(t).
Show that

dWA(t) = cos θ(t) dWx(t) + sin θ(t) dWy(t) and dWς(t) = → sin θ(t) dWx(t) + cos θ(t) dWy(t)
(4.67)

are two independent noises. Deduce two Itô SDE for φ(t) and θ(t) involving these new noises.

3/ Using the Itô formula, deduce the Itô SDE for the amplitude A = |Ex + iEy|. Compare the
related Stratonovich SDE for A to the one obtained in the question 1/. Discuss

4/ Write the SDE for the amplitude under the form

dA(t) = →V
→(A(t)) dt+

↔

D dWA(t) (4.68)

and give the “potential” V (A). Find its minimum and plot V (A).

5/ Write the FPE related to the SDE for A(t). Deduce the stationary distribution. Discuss the
distribution of the intensity I = A

2. Compute ↑I↓ and
√
↑I2↓

c
.

✁ Exercise 4.13 – Anderson localization in 1D : We consider the 1D Schrödinger equa-
tion

→
⊋
2

2m
↼
→→(x) + V (x)↼(x) = E ↼(x) . (4.69)

Below we set ⊋
2
/(2m) = 1 for simplicity. For a translation invariant potential (for example a

periodic potential), the eigenstates are extended : plane waves or Bloch waves. The purpose of
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the exercise is to consider the situation where the static potential is random in space, although
translation invariant on average. Precisely, we study the statistical properties of the wave
function ↼(x). In principle, it is natural to analyze the eigenstates, i.e. study the spectral
(Sturm-Liouville) problem defined by imposing some boundary conditions on ↼(0) and ↼(L),
e.g. ↼(0) = ↼(L) = 0. Instead, we study the initial value (Cauchy) problem, i.e. the solution
obtained for given initial conditions ↼(0) and ↼

→(0) (in principle the solution of the spectral
problem are constructed by matching solutions of the initial value problem, which is possible on
a countable set of energies).

1/ Prüfer variables.— We first consider the solution of energy E = k
2
> 0 such that ↼(0) = 0

and ↼
→(0) = k for an arbitrary potential V (x) (not necessarily random). Performing the

change of variables ↼(x) = 0(x) sin θ(x) and ↼
→(x) = k 0(x) cos θ(x), show that 0 and θ obey

dθ(x)

dx
= k →

V (x)

k
sin2 θ(x) and

d0(x)

dx
=

V (x)

2k
0(x) sin 2θ(x) (4.70)

What are the initial conditions 0(0) and θ(0) ?

We now consider the case of a random potential : the simplest model is to assume that V (x) is
a Gaussian white noise in space

↑V (x)↓ = 0 and
〈
V (x)V (x→)

〉
= ⇀ ϑ(x→ x

→) , (4.71)

where ⇀ measures the disorder strength. For a given realization of the random potential, trans-
lation invariance is broken, however, the fact that the correlator is ↑V (x)V (x→)↓ = f(|x → x

→
|)

implies that translation invariance is recovered after disorder averaging.

2/ Having set ⊋
2
/(2m) = 1, all dimensions can be expressed in terms of length. What is the

dimension of an energy ? And the disorder strength ⇀ ?

3/ In what sense should the SDE for θ(x) and 0(x) be interpreted (Itô/Stratonovich) ?

4/ Introduce ε(x) = ln 0(x) and give the two sets of SDE (Stratonovich and Itô) for θ(x) and
ε(x) (write V (x)dx =

↔
⇀ dW (x) where W (x) is a Wiener process).

5/ Localization length.— The localization length εloc is the characteristic length controlling
the exponential growth (or decay) of the wave function. We define it as the inverse of the
“Lyapunov exponent” ω

1/εloc
def
= ω = lim

x↘≃

ln |↼(x)|

x
(4.72)

Show that ω = d

dx
↑ε(x)↓. Which SDE (Stratonovich or Itô) is more convenient in order

to get a formula for ω ? In the limit Energy↖disorder, we can assume that the phase is
uniformly distributed. Deduce an expression for the localization length in this limit.

6/ Localization of electromagnetic waves.— Consider now the Helmholtz equation for an
electromagnetic wave in a random medium

E
→→(x) + k

2

(
1 +

ϑ↽(x)

↽

)
E(x) = 0 (4.73)

where ϑ↽(x) represents the fluctuations of the dielectric constant. Transpose the results
obtained for the Schrödinger equation to this case.

✁ Exercise 4.14 – Itô and Stratonovich evolutions for a Poissonian noise : In the
beginning of § 4.2, we introduced a natural method to simulate an Itô SDE by discretizing time,
cf. Eq. (4.15). Using the connection between Itô and Stratonovich SDE, we can also use (4.15)
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to simulate a Stratonovich SDE, by a careful choice of the drift (Exercise 4.7). In the present
exercise, we discuss another approach, which allows to make a computer simulation of a Itô or
Stratonovich SDE. The idea is based on the discussion of § 4.2 using a Poissonian noise (a non
Gaussian white noise). We show here that, in a certain limit, the two evolutions (4.18) and
(4.19) indeed correspond to Itô and Stratonovich conventions, respectively. These equations
provide recurrences easy to implement on a computer.

We consider the SDE

dX(t)

dt
= a(X(t)) + b(X(t)) ε(t) where ε(t) =

∑

n

ϖn ϑ(t→ tn) (4.74)

is a Poissonian noise : tn are random times occuring with rate φ and the i.i.d. amplitudes are
chosen such that ↑ϖn↓ = 0 and φ

〈
ϖ
2
n

〉
= 1. Then ↑ε(t)ε(t→)↓ = ϑ(t→ t

→) (the noise is however non
Gaussian : higher cumulants are non zero, as discussed in Exercise 3.17).

a) How do the two equations (4.18) (“Itô”) and (4.19) (“Stratonovich”) are modified by the
introduction of the weights ϖn ?

b) Consider first a simple example and set a(x) = 0 and b(x) = ⇀ x (like in Exercise 4.1). Write
the two recurrences in this case.

c) What is the limit of the Gaussian white noise ? Show that the two rules correspond to Itô
and Stratonovich SDE in this limit.
Hint : it is more easy to consider the evolution of lnX(t).

d) We now consider the general case (4.74). Study the two recurrences of question a) in the
limit ϖn ⇐ 0 (up to second order). Deduce the corresponding SDE.
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5 The Fokker-Planck equation

When studying a stochastic process, the main goal is to determine its statistical properties, i.e.
its distribution. Langevin approach (SDE) provides a natural way to approach the problem,
as it starts from the microscopic stochastic time evolution usually at the root of a model,
however the statistical analysis comes in a second step. On the other hand, within the Fokker-
Planck approach, emphasis is already on the distribution since the Fokker-Planck equation
(FPE) governs the time evolution of the distribution, hence is a prominent tool. In this chapter,
we discuss several applications of the FPE and will demonstrate the power of the approach,
compared to the SDE approach : in particular we will see that we can address more subtle
properties, like exit problem or first passage time.

Figure 5.1: Adriaan Fokker (1887-1972) and Max Planck (1858-1947)

5.1 Interpretation of the Fokker-Planck equation

The FPE describes a specific class of stochastic processes (called “di!usions”) for which the
integro-di!erential master equation (3.26) can be reduced to a di!erential equation :

ϱPt(x)

ϱt
= →

ϱ

ϱx
[F (x)Pt(x)] +

ϱ
2

ϱx2
[D(x)Pt(x)] (5.1)

(in the most general case, we could consider time dependent drift F (x, t) and di!usion D(x, t)).
Below, we explain precisely within what limits and under what conditions we can go from (3.26)
to (5.1). The equation is also known as the “Kolmogorov equation”or, for D(x) ⇐ D, the
“Smoluchowski equation”. Let us first give the interpretation of the two terms in the Fokker-
Planck equation (applications will be discussed below).

a) Drift : e!ect of the energy

Imagine that only the first term is present and that F (x) ⇐ F is uniform, we get

ϱPt(x)

ϱt
= →F

ϱPt(x)

ϱx
. (5.2)

The general solution is Pt(x) = ς(x→ F t), where P0(x) = ς(x) is the initial distribution, thus
F is the velocity (for uniform F , there is no deformation of the distribution) : Fig. 5.2. The
first term in (5.1) is the drift term, where “the drift” F (x) is interpreted as the force acting on
the particle (remember that velocity=force). This is an e!ect of the energy as the force derives
from a potential energy (at least in 1D).
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Figure 5.2: Left : e!ect of drift. Right : the spreading of the distribution due to the di!usion
term.

b) Di!usion : e!ect of the entropy

Consider now the e!ect of the second term of (5.1) for a uniform D(x) ⇐ D.

ϱPt(x)

ϱt
= D

ϱ
2
Pt(x)

ϱx2
. (5.3)

As t grows, the distribution increases where the function is convex and diminishes where the
function is concave (Fig. 5.2). This leads to a spreading of the distribution. The second term
in (5.1) is the di!usion term, D(x) playing the role of a x-dependent di!usion constant. This
is an entropic e!ect (density tends to homogeneizes).

c) Current density

The Fokker-Planck equation can be rewritten under the form of a conservation equation

ϱPt(x)

ϱt
= →

ϱJt(x)

ϱx
(5.4)

where

Jt(x) = F (x)Pt(x)  
drift current

di!usion current  
→

ϱ

ϱx
[D(x)Pt(x)] (5.5)

is the current density. The drift current is the usual velocity↙density. The di!usion term
accounts for the fact that when the density is not uniform, particles moves from high density
regions to low density regions in order to homogenize the density (entropic e!ect).

d-dimensional case : the FPE reads ϱtPt(-x) = →ϱi

[
Fi(-x)Pt(-x)

]
+ ϱiϱj

[
Dij(-x)Pt(-x)

]
where

ϱi ∝ ϱ/ϱxi and Dij is the (anisotropic) symmetric di!usion tensor. The conservation equation

takes the form ϱtPt(-x) = →div -J(-x, t), where the current density is now a vectorial field

Ji(-x, t) = Fi(-x)Pt(-x)→ ϱj

[
Dij(-x)Pt(-x)

]
. (5.6)

Current has dimension [J ] = L
1↑d

/T (in 1D this is a current, however in d > 1 it is a current
density).

Remark : The (uniform) di!usion constant D is the coe”cient between the density gradient

and the di!usion current, J (di!)

t
(x) = →D ϱxPt(x). A natural generalization for x-dependent

di!usion constant D(x), which can be prefered to (5.5), is

Jt(x) = F (x)Pt(x)→D(x) ϱxPt(x) where F (x) = F (x)→D
→(x) (5.7)

The two terms are interpreted as contributions from drift and di!usion, respectively. This shows
that the splitting between drift and di!usion currents is a bit arbitrary when D(x) depends on x.
This choice corresponds to the FPE ϱtPt(x) = →ϱx

[ F (x)Pt(x)
]
+ ϱx

[
D(x) ϱxPt(x)

]
.
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Starting from Itô or Stratonovich SDE : As we have seen in chapter 4, the FPE (5.1) is
related to the Itô SDE dX = F (X) dt+

√
2D(X) dW (t), hence the splitting (5.5) is natural in

this case. On the other hand, the Stratonovich SDE dX = FS(X) dt+
√
2D(X) dW (t) is related

to the FPE ϱtPt(x) = →ϱx

[
FS(x)Pt(x)

]
+ ϱx

(√
D(x)ϱx

[√
D(x)Pt(x)

])
. Thus the current is

Jt(x) = FS(x)Pt(x)→
√
D(x)ϱx

[√
D(x)Pt(x)

]
where FS(x) = F (x)→

1

2
D

→(x) (5.8)

cf. Eq. (4.42). This suggests another possible splitting between drift and di!usion contributions
(see the discussion in Exercise 4.8).

5.2 From the master equation to the Fokker-Planck equation

In the previous chapter, we have related stochastic di!erential equations (SDE) to the FPE. This
connection has relied on the fact that the noise in the SDE is a Gaussian white noise. The FPE
thus describes a subclass of Markov processes. In this paragraph, we would like to understand
the emergence of the FPE from a broader perspective, starting from the more fundamental
master equation. We will show in which limit and under what conditions we can replace the
master equation by the FPE.

a) Kramers-Moyal expansion

We consider the case where the state of the system is described by a coordinate which varies
continuously in R. Our starting point is the general master equation (3.26), i.e.

ϱPt(x)

ϱt
=

∫
dx→W (x|x→)Pt(x

→) with

∫
dxW (x|x→) = 0 (5.9)

to ensure conservation of probability. This equation only relies on Markov assumption.
We have studied in detail the specific case of translation invariant jump processes (CPP,

Exercise 3.6) : in this case the transition kernel W (x|x→) is a function of the di!erence x → x
→

and takes the form W (x|x→) = φw(x→ x
→)→ φ ϑ(x→ x

→), with a simple interpretation : φ is the
jump rate and w(ϖ) the distribution of jump amplitude.

Let us now turn to a general jump process. Two remarks : (i) the kernel accounts for jump
from x

→ to x, hence, in the master equation, the term W (x|x→)Pt(x→) increases the probability
at x, thus W (x|x→) ↫ 0 for x ⇓= x

→. (ii) In order to fulfill the condition

dxW (x|x→) = 0, the

kernel must then contain a term ⇑ →ϑ(x → x
→). From these two remarks, we conclude that we

can in general rewrite the transition kernel as

W ( x
↔

final

| x
→

↔
initial

) ∝ w̃( x
→

↔
initial

; ϖ
↔

jump

= x→ x
→)→ ϑ(x→ x

→)

∫
dx→→ w̃(x→;x→→ → x

→) . (5.10)

where w̃(x→; ϖ) ↫ 0 is a positive function. Comparison with the CPP case shows that w̃(x→; ϖ) can
be interpreted as the distribution of the amplitude of the jumps made from the initial position
x
→, multiplied by a jump rate. With this reparametrisation of the transition kernel, the master

equation now reads

ϱPt(x)

ϱt
=

∫
dϖ w̃(x→ ϖ; ϖ)Pt(x→ ϖ)→ Pt(x)

∫
dϖ w̃(x; ϖ) . (5.11)

Although it will not much used below, we can introduce the rate to perform a jump from x :

φ(x)
def

=

∫
dϖ w̃(x; ϖ) (5.12)
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and the distribution of the amplitude of jumps from x : w(x; ϖ)
def

= w̃(x; ϖ)/φ(x), which is now
correctly normalised,


dϖw(x; ϖ) = 1. With these definitions, we can rewrite (5.11) as

ϱPt(x)

ϱt
=

∫
dϖ φ(x→ ϖ)w(x→ ϖ; ϖ)Pt(x→ ϖ)→ φ(x)Pt(x) , (5.13)

which is the correct generalization of (3.44).
The master equation being an integro-di!erential equation, its analysis is not straightforawrd

in general (unless in simple cases where translation invariance holds, as it was shown in Exer-
cise 3.6). We now want to show how (under what conditions) it can be replaced by a partial
di!erential equation (PDE) much more easy to handle. The main assumptions are now

• w̃(x→; ϖ) is a sharp function of ϖ (small jumps dominate)

• w̃(x→; ϖ) and P (x→; t) are smooth functions of x→.

These assumptions allow an expansion of the function of x→ ϖ in powers of ϖ

∫
dϖ w̃(x→ ϖ; ϖ)Pt(x→ ϖ) =

∫
dϖ

≃∑

n=0

(→ϖ)n

n!

ϱ
n

ϱxn
[w̃(x; ϖ)Pt(x)] (5.14)

After introduction of this series in (5.11), the n = 0 term is cancelled by the last term of
Eq. (5.11). We can introduce

an(x)
def

=

∫
dϖ ϖn w̃(x; ϖ) (5.15)

which is ↗ n-th moment of the jumps from x, multiplied by a rate. Precisely, with the above
notations : an(x) = φ(x)


dϖ ϖnw(x; ϖ) = φ(x) ↑ϖn↓

x
, where both the jump rate and the moment

depend on x.
The condition that w̃(·; ϖ) is a “narrow” function should be rather reformulated as an(x) < ′

≃n. Permuting integration over ϖ and derivations with respect to x, we end with

ϱPt(x)

ϱt
=

≃∑

n=1

(→1)n

n!

ϱ
n

ϱxn
[an(x)Pt(x)] (5.16)

which is known as the Kramers-Moyal expansion. Of course such an expansion only exists if
the distribution of jumps is such that all moments an(x) are finite. Under this form, the equation
is not more easy to manipulate than the integral form from which we started. However, with
the above assumption that w̃(x; ϖ) is a narrow function of ϖ, corresponding to small jumps at
high rate, we expect the moments an(x) to decay fast with n, which allows a truncation of the
expansion. The truncated equation

ϱPt(x)

ϱt
= →

ϱ

ϱx
[a1(x)Pt(x)] +

1

2

ϱ
2

ϱx2
[a2(x)Pt(x)] (5.17)

is the Fokker-Planck equation (5.1). 30 The FPE describes a continuous random process (i.e.
the jumps disappear in the continuum limit, which is only possible if the original distribution
of jumps is su”ciently narrow). 31

Bibliography : This discussion is inspired by the book of van Kampen (chapter VIII) [75].

30A proper justification of the truncation requires a neat rescaling of the jumps and the rate, like it was done
in the above Exercise 3.6. The argument follows the spirit of the central limit theorem.

31The condition “distribution of jumps su”ciently narrow” should have been made clear in Exercise 3.6. It is
further discussed in Exercise 3.11.
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Pawula theorem : Can we truncate the Kramers-Moyal expansion (5.16) at any n ? The
Pawula theorem states that it can only be stopped at n = 1 or n = 2. The positivity of the
solution implies that if not stopped at n = 1 or n = 2, one should keep the infinite series (cf.
§ 4.3, [62]). This reminds us the Marcinkiewicz theorem about the generating function of
cumulants (cf. page 12).

FPE describes large scale properties of the master equation.— Having in mind the
form w̃(x; ϖ) = φ(x)w(x; ϖ), let us now assume that there exists a unique characteristic scale
φ (inverse time scale) and that jumps are characterised by a unique scale ↽ (width of w(·; ϖ)).
In the master equation, the time can be rescaled as t̃ = φt, such that considering large times is
equivalent to considering a high rate. We expect the scaling of the coe”cients an(x) ↗ φ ↽

n. If
we send φ ⇐ ′ and ↽ ⇐ 0 such that a2(x) ↗ φ↽

2
↗ 1 is fixed (i.e. interesting physics occurs at

the scale related to a2), then higher coe”cients go to zero an(x) ↗ ↽
n↑2

⇐ 0, hence we end with
the Fokker-Planck equation. In conclusion, provided that the Kramers Moyal expansion exists
(or more precisely, at least the two coe”cients a1(x) and a2(x) are finite), the large scale
properties described the master equation (for a jump process) coincide with those given by the
Fokker-Planck equation (for a continuous process).

b) Conclusion : jump process versus di!usion

In general, the master equation can be written under the form

ϱtPt(x) = LPt(x) (5.18)

where L is a linear operator.

• For a jump process, the linear operator is an integral operator, of the form (5.9) or (5.11).
For example, a simple jump process is the CPP studied above, for which

[
Lς

]
(x) =

φ

dϖw(ϖ)

(
ς(x → ϖ) → ς(x)

)
. In the general case, the distribution of the jump amplitude

depends on the initial position, Eq. (5.11) or (5.13).

• If the linear operator is a di!erential operator, L = →ϱxF (x) + ϱ
2
xD(x), one says that the

process is “a di!usion”. From the Pawula theorem, the di!erential operator can be at most
second order. Physically, a di!usion is obtained as the limit of small jumps occuring with
high rate. This is the type of stochastic processes discussed in the previous chapter on SDE
and the present one on FPE.

• In general, a Markov process can combine a di!usion and jumps.

c) Lévy processes (More advanced)

Let us discuss further the simple and important case of homogeneous and translation invariant
processes. Consider such a process X(t), known as a Lévy process and characterized by its
Lévy exponent $(k) : 

e↑ikX(t)


= e↑t”(k) (5.19)

This behaviour is related to the Markov property and the property of i.i.d. increments (for
mathematicians it is related to the property of “infinite divisibility”). Cf. Exercise 1.17, page 14,
where the concept was discussed. This shows that cumulants of X(t) all grow linearly with t

(like for the sum of N i.i.d. variables whose cumulants are ⇑ N). The Lévy exponent $(k) is
the generating function of the cumulants of X(1).
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• The case of a di!usion corresponds to the drifted Brownian motion, hence $BM(k) = ikµ +
1

2
⇀
2
k
2, where µ is the drit and ⇀

2 the variance. The process can be written as X(t) =
µt+ ⇀W (t), where W (t) is the Wiener process.

• The compound Poisson process (CPP) studied above corresponds to $CPP(k) = φ (1→ ŵ(k))
where φ is the rate of jumps and ŵ(k) =


dϖw(ϖ) e↑ik↼ the characteristic function of the

jumps (see Exercises 3.6 or 3.17).

• Combinations of drifted Brownian motion and CPP belong to the class of “interlacing pro-
cesses” for which the Lévy exponent has the form $(k) = $BM(k)+$CPP(k) = ikµ+ 1

2
⇀
2
k
2+

φ (1→ ŵ(k)).

• Remarkably, the class of interlacing processes does not exhaust all possible Lévy processes.
The most general Lévy processes are characterized by the Lévy exponent given by the Lévy-
Khintchin formula 32

$(k) = ikµ̃+
1

2
⇀
2
k
2 +

∫
m(dϖ)

(
1→ e↑ik↼

→
ikϖ

1 + ϖ2

)
(5.21)

where the measure m(dϖ) is not always associated with a normalisable density. When it is
not, the Lévy process is “singular”. Roughly speaking, a singular Lévy process corresponds
to a situation where the density of small jumps goes to infinity. Let us clarify this point : if
m(dϖ) = φw(ϖ) dϖ where w(ϖ) is normalised, then we can split the integral and the process
is clearly an interlacing process for drift µ = µ̃ → φ


dϖw(ϖ) ϖ/(1 + ϖ

2). However, there
are cases where it is not allowed to split the integral, while $(k) is finite. For example, the
measure m(dϖ) = (dϖ/ϖ) e↑↼ is not related to a normalisable distribution of jumps, however
it leads to a finite Lévy exponent $(k) = ln(1 + ik) (this process is known as the “Gamma
subordinator”). Another example of singular Lévy process is the “alpha stable subordinator”
with m(dϖ) = dϖ ⇁/

(
%(1→ ⇁)ϖ1+ϑ

)
, related to the Lévy exponent $(k) = (ik)ϑ.

More can be found in the book [4] or the summary [3] (or the brief introduction in the
article [32]).

5.3 The generator of the di!usion and the stationary state

The Fokker-Planck equation (5.1) is a linear partial di!erential equation. For a uniform drift,
D(x) = D, it can be rewritten as →ϱtPt(x) = HFPPt(x), where I have introduced the notation

HFP = →D
↽
2

↽x2 + ↽

↽x
F (x) in order to emphasize the analogy with the Schrödinger equation in

imaginary time, whose study usually involves standard methods of spectral analysis. 33 With the
FPE, a complication however arises due to the fact that the operator HFP = →D

↽
2

↽x2 + ↽

↽x
F (x)

is not self-adjoint in the presence of the drift, 34
HFP ⇓= H

†

FP
. Let us first make some general

remarks on this operator.

32The idea of the Lévy-Khintchin formula is to regularize the ω ↑ 0 behaviour in the integrand. An alternative
version of the Lévy-Khintchin formula is [4, 3]

#(k) = ikµ̃+
1
2
ϱ
2
k
2 +

∫
m(dω)

(
1→ e→ikϑ

→ ikω ϖH(1→ |y|)
)

. (5.20)

33Here, the notation means that the operator ϖ
ϖxF (x) = F

↑(x) + F (x) ϖ
ϖx must be understood as acting on a

function ς(x) as ϖ
ϖx

[
F (x)ς(x)

]
= F

↑(x)ς(x) + F (x)ς↑(x).
34Self-adjointness can be broken not only by the drift term, but also by the boundary conditions if they induce

a drift at the boundaries (an example is studied in Exercise 5.20).

101



a) Generator of the di!usion

Instead of the notation HFP used in [62], I will prefer the mathematicians’ notation

ϱtPt(x) = G T
Pt(x) where G T =

ϱ
2

ϱx2
D(x)→

ϱ

ϱx
F (x) (5.22)

is the “adjoint of the generator” (standard), or the “forward generator” (these notes) ; here I
have reintroduced a x-dependent di!usion to keep the discussion general (the notation G † is also
used). By convention, probabilists call the adjoint of this operator

G = D(x)
ϱ
2

ϱx2
+ F (x)

ϱ

ϱx
(5.23)

the “generator of the di!usion”. I will also call it the “backward generator” as we will see that it
governs the evolution of the density backward in time. G T plays the same role as the matrix of
rates W in the master equation (3.31) or the Markov chains stochastic matrix M in Eq. (3.67)
(chapter 3) :

forward backward

Markov chains M ⇒ M
T

Master equation W ⇒ W
T

FPE G T
⇒ G

We have used above that
( ϱ

ϱx

)
T
= →

ϱ

ϱx
(like the adjoint in quantum mechanics, (ϱx)† =

→ϱx). 35

The generator and its adjoint have interesting structures which can be revealed after few
manipulations. Let us write

ϱ
2

ϱx2
D(x)→

ϱ

ϱx
F (x) =

ϱ

ϱx

(
ϱ

ϱx
→

F (x)

D(x)  
=e→U(x) ϖ

ϖx e
U(x)

)
D(x) (5.24)

where

U(x)
def

= →

∫
x

dx→
F (x→)

D(x→)
(5.25)

is an “e!ective potential”. Thus we can rewrite the generator and its adjoint in the following
nice forms

G T =
ϱ

ϱx
e↑U(x)

ϱ

ϱx
eU(x)

D(x) and G = D(x) eU(x)
ϱ

ϱx
e↑U(x)

ϱ

ϱx
(5.26)

This remark will allow us to obtain straightforwardly the stationary state and will play an
important role for the spectral analysis, as we show below.

35FPE being of the same form as the Schrödinger equation, it involves the same mathematics (spectral analysis
for linear di!erential operators acting in a vector space of functions). In particular, the adjoint of an operator
A can be defined from the matrix elements ↓$L

|A%R
↔ = ↓A

†$L
|%R

↔, where the scalar product is ↓$L
|%R

↔ =∫
dx$L(x)%R(x) (for a real operator A† = A

T). Hence the transposition of φx corresponds to an integration by
part, hence the sign.
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Case of uniform di!usion : For D(x) ⇐ D, the “e!ective potential” U(x) = V (x)/D is
proportional to the potential V (x) = →


dxF (x). The generator and its adjoint are then

G T = D
ϱ

ϱx
e↑V (x)/D

ϱ

ϱx
eV (x)/D and G = D eV (x)/D

ϱ

ϱx
e↑V (x)/D

ϱ

ϱx
(5.27)

✁ Exercise 5.1 – Form of the generator related to the Stratonovich SDE : The FPE
(5.1) considered above is related to the Itô SDE dX = F (X) dt+

√
2D(X) dW (t). Instead, we

consider here the Sratonovich SDE dX = FS(X) dt+
√
2D(X) dW (t).

a) Give the corresponding FPE.
b) Check that the generator has now the more symmetric structure

G T =
ϱ

ϱx

√
D(x)e↑US(x)

ϱ

ϱx

√
D(x)eUS(x) (5.28)

and give the Stratonovich “e”ective potential” US(x). Relate US(x) to U(x).
c) Check that the generator and its adjoint are related by a nonunitary transformation of the
form G T = U

↑1 G U .

b) Stationary state

Discussing the master equation, we have noticed that, when a stationary state P⇐(x) exists, the
convergence of the distribution Pt(x) towards it is exponential (cf. below). Hence P⇐(x) rapidly
dominates the properties of the system and for this reason we can often simply focus on the
stationary state.

The above remarks on the structure of the generator allow to read o! almost directly the
stationary state. Let us first recall that in 1D, the stationary current is necessary a constant :
ϱtPt(x) = →ϱxJt(x) = 0 implies that


Pt(x) ⇐ P⇐(x)

Jt(x) ⇐ J
(stationarity).

The probability current related to the stationary state P⇐(x) is conveniently written as

J = F (x)P⇐(x)→
ϱ

ϱx
[D(x)P⇐(x)] = →e↑U(x)

ϱ

ϱx

[
eU(x)

D(x)P⇐(x)
]
. (5.29)

The construction of the stationary state in a finite interval will be discussed in Exercise 5.18.
Here, we discuss a more simple situation where the stationary state is defined on R.

Equilibrium state on R (J = 0).— If the current vanishes, the stationary solution is an
equilibrium, P⇐(x) ⇐ Peq(x) with

Peq(x) =
c

D(x)
e↑U(x)

. (5.30)

When

dx e↑U(x)

/D(x) < ′, the distribution (5.30) is normalised and such an equilibrium
exists. This is the case if the potential grows at infinity so that it confines the particle in a
certain domain of space. c is a normalisation constant.

✁ Exercise 5.2 – : Consider the case D(x) ⇐ D and discuss precisely the condition on
the potential V (x) = →


dxF (x) ensuring the equilibrium. Give an example of a confining

potential.
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NESS on R (J ⇓= 0).— The function Peq(x) ⇑ D(x)↑1e↑U(x) is a solution of the equa-
tion G T

P (x) = 0. Being a second order di!erential equation, it has a second independent
solution, which can be considered if Peq(x) is not normalisable, in the absence of an equilib-
rium. The current interpretation allows us to get the second solution easily. We search the
solution under the form P⇐(x) = c(x)D(x)↑1e↑U(x) : we deduce that c

→(x) = →J eU(x), thus
P⇐(x) = →J/D(x)e↑U(x)


x dy eU(y). This is the second independent solution of G T

P⇐(x) = 0.
The lower bound depends on the boundary conditions (it plays the role of a constant of integra-
tion) : the choice must be consistent with a positive distribution, hence for a di!usion on R it
should be →′ or +′. As a result P⇐(x) ⇐ PNESS(x) is

PNESS(x) =
J

D(x)
e↑U(x)

∫
±≃

x

dy eU(y)
, where ± = sign(J) (5.31)

depends whether the potential drives the process from →′ to +′ (sign +) or the opposite.
The condition of exsitence of the NESS is the normalizability of the expression : the asymptotic
behaviour is more simply obtained by noticing that drift current is expected to dominate di!usion
current at infinity, see Eq. (5.5), hence PNESS(x) ↘ J/F (x) for x ⇐ ±′. As a result, the NESS
exists if


↑≃

dx/F (x) < ′ and

+≃ dx/F (x) < ′. Finally, the normalisation of PNESS(x)

provides a formula for the current J , in terms of F (x) and D(x) (see Exercise 5.22).
We discuss examples with NESS in Exercises 5.17 and 5.18.

Spectral interpretation : The equation for the stationary state has a spectral interpretation :
we have identified the right vector for a zero eigenvalue, i.e. G T#R

0
(x) = 0. Similarly the left

eigenvector such that G#L

0
(x) = 0 is clearly a constant :

#R

0 (x) = P⇐(x) and #L

0 (x) = 1 for e.v. φ0 = 0 (5.32)

where P⇐(x) is either Peq(x) or PNESS(x) (only one is normalisable ; if none is normalisable, the
process is transient). This choice corresponds to the normalisation condition


dx#L

0
(x)#R

0
(x) =

dxP⇐(x) = 1.

Remark (NESS in dimension d > 1) : in dimension higher than one, the situation can be
much more complicated as stationarity implies -∞ · -J(-x) = 0, hence the NESS may be character-
ized by a non trivial current distribution -J(-x).

5.4 Relaxation and spectral analysis

The spectral analysis already presented for the master equation (chapter 3, § 3.5) has shown that
when the stationary state (equilibrium or NESS) exists, it appears as an isolated zero mode of
the underlying linear operator. This is also true for the FPE (there is a finite gap between φ0 = 0
and the eigenvalues of the excited eigenvectors, unless the process is transient). The convergence
of the time dependent solution Pt(x) towards the stationary state is therefore exponentially fast.
This means that the stationary state rapidly dominates, which explains why it is important. On
the other hand, the full spectral information provides details on the dynamics on short time scale
and how the system reaches equilibrium or stationary state, allowing to identify a relaxation
time. 36

Finally, note that when the process is transient (no stationary state), the full time dependent
analysis is crucial.

36In quantum mechanics, the situation is completely di!erent. The Schrödinger equation i⊋φt$(x, t) = H$(x, t)
being complex, at any time in the future the dynamics involves all eigenstates which are initially occupied with
finite probability : $(x, t) =

∑
n cn e→iEn/⊋

↼n(x), where H↼n(x) = En↼n(x). Unless there is a reason to fall into
the ground state (dissipation), the ground state does not dominate the dynamics in general. The full spectral
information is essential in QM.
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A Mathematical tools

The appendix gathers few things that you are supposed to master (except the paragraph on
special functions).

A.1 Linear di!erential equations with source terms

First order.– First consider the simple di!erential equation

y
→(x)→ φ y(x) = s(x) (A.1)

where φ and s(x) are given. The solution of the homogeneous equation is y(x) = A eφx. Use
the “variation of the constant’s method” : search a particular solution under the form y(x) =
A(x) eφx, which leads to A

→(x) = s(x) e↑φx, i.e. A(x) =

x dt s(t) e↑φt. Hence the general

solution is

y(x) = y(0) eφx +

∫
x

0

dt s(t) eφ(x↑t) (A.2)

You can check that the method can be extended to the case where φ ⇐ φ(x) in the di!erential
equation (A.1). Then

y(x) = y(0) e
∫ x
0
duφ(u) +

∫
x

0

dt s(t) e
∫ x
t duφ(u) (A.3)

Second order.– The same idea can be applied to the second order linear di!erential equation

y
→→(x) + a(x) y→(x) + b(x) y(x) = s(x) (A.4)

The homogeneous equation has two independent solutions denoted y1(x) and y2(x). The Wron-

skian is W ∝ W[y1, y2]
def

= y1y
→
2
→ y

→
1
y2. We easily obtain the di!erential equation W

→ = →aW i.e.
W (x) = W (0) exp

[
→

x

0
du a(u)

]
. For a = 0 the Wronskian is constant. Applying the “variation

of the constant’s method”, we get the general solution

y(x) = Ay1(x) +B y2(x)→ y1(x)

∫
x

0

du
y2(u)s(u)

W (u)
+ y2(x)

∫
x

0

du
y1(u)s(u)

W (u)
. (A.5)

For example, for a(x) = 0 and b(x) = k
2 we can choose y1(x) = cos kx and y2(x) = sin kx, with

Wronskian W (x) = k.

A.2 Fourier transform

a) Fourier transform on R

Consider a complex function f defined on R. Its Fourier transform is defined as

f̂(k) =

∫

R

dx f(x) e↑ikx and f(x) =

∫

R

dk

21
f̂(k) eikx (A.6)

the inverse Fourier transform is recovered by using
∫

R

dk

21
eikx = ϑ(x) (A.7)
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You should now the basic properties of Fourier transform

Fk[f
→(x)] = ik f̂(k) , (A.8)

f̂(a k) = Fk[(1/a) f(x/a)] , (A.9)

Fk[f ∈ g] = f̂(k) ĝ(k) , etc. (A.10)

We can recover the standard properties of the Fourier transform. For instance, the Parseval-
Plancherel relation ∫

R

dx |f(x)|2 =

∫

R

dk

21
|f̂(k)|2 (A.11)

etc.

b) Discrete Fourier transform (over a finite interval)

Consider a function f(x) defined on a finite interval x ⇔ [0, L] (the function can be a periodic
function with period L). For a bounded domain, the wave vectors are quantized, hence the
function can be decomposed over a countable basis of plane waves

u
(n)(x) = eiknx for kn =

2n1

L
with n ⇔ Z . (A.12)

We easily check the orthonormalisation condition
∫

L

0

dx

L
u
(n)(x)⇐u(m)(x) =

∫
L

0

dx

L
ei(km↑kn)x = ϑn,m (A.13)

Thus Fourier transform takes the form

f(x) =
1

L

∑

n⇒Z

f̂n e
iknx where f̂n =

∫
L

0

dx f(x) e↑iknx = ↑u
(n)

|f ↓ (A.14)

If we take the limit L ⇐ ′, the spectrum of wave vectors becomes dense and we recover the
continuous Fourier transform, using 1

L


kn

⇐

R

dk

2ε
.

Note that ∫
L

0

dx |f(x)|2 =
1

L

∑

n⇒Z

|f̂n|
2
. (A.15)

c) Fourier transform of a discrete function

If we consider a function fx defined over Z (on a lattice), the basis of harmonic functions are

plane waves u(k)x = eikx where the wave vector varies continuously over a bounded domain, the

“Brillouin zone” k ⇔]→ 1,+1] (because u
(k+2ε)

x = u
(k)

x for x ⇔ Z). As a result

fx =

∫
+ε

↑ε

dk

21
f̂(k) eikx where f̂(k) =

∑

x⇒Z

fx e
↑ikx (A.16)

The passage between the two is now ensured by the Poisson formula

∑

n⇒Z

ϑ(k → 21n) =
1

21

∑

x⇒Z

eikx (A.17)

(because k is in the Brillouin zone, we only need the n = 0 term).
It is also possible to recover the Fourier transform for continuous functions by introducing

a lattice spacing a (writing now that x/a ⇔ Z). The Brillouin zone is then k ⇔]→ 1/a,1/a]. In
the limit a ⇐ 0 we recover the Fourier transform.
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d) Fourier transform of a discrete function defined over a finite set

If we now define a discrete function fx over a finite set x ⇔ {1, 2, · · · , L}, the wave vector is
both quantized (finite volume) and bounded (lattice problem) :

kn = 21n/L with n = →L/2 + 1, · · · ,→1, 0, 1, · · · , L/2 ⇔]→ 1,+1]

(for L even).

Preliminary.— consider the N roots of the identity, solutions of zN = 1,

zk = e2iεk/N for k = 0, 1 · · · , N → 1 (A.18)

Using that the characteristic polynomial is

P (z) = z
N
→ 1 =

N↑1

k=0

(z → zk) (A.19)


k
(z → zk) is a polynomial of degree N with only two terms. The z

1 coe”cient being zero, we
have


k
zk = 0. Similarly we can prove


k
z
n

k
= N ϑn,0 for n ⇔ {0, 1, · · · , N → 1}, i.e. more

explicitely

1

N

N↑1∑

k=0

e2iεnk/N = ϑn,0 . (A.20)

This relation can be used for the Fourier transform.

Fourier transform.— We have now

fx =
1

L

L∑

n=1

f̂n e
2iεnx/L where f̂n =

L∑

x=1

fx e
↑2iεnx/L (A.21)

A.3 Poisson formulae

Consider a function f defined on R and its Fourier transform f̂ , then

∑

n⇒Z

f(n) =
∑

n⇒Z

f̂(21n) where f̂(k) =

∫

R

dx f(x) e↑ikx
. (A.22)

In particular ∑

n⇒Z

ϑ(x→ n) =
∑

n⇒Z

e2iεnx (A.23)

✁ Exercise A.1 – : Check that

&(y|⇁, ϖ)
def
=

∑

n⇒Z

e2iεn↼ e↑ε
2
(n+ϑ)

2
y =

1
↔
1y

∑

n⇒Z

e2iε(n↑↼)ϑ e↑
(n→ϑ)2

y , (A.24)

This sum is related to the Jacobi theta function (DLMF, § 20) θ3(z, q) =


n
q
n
2

e2inz, i.e.

&(y|0, ϖ) = θ3(1ϖ, e↑ε
2
y).
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A.4 Laplace transform

Consider a function f(x) such that

f̃(p) ∝ Lp[f ] =

∫

R

dx f(x) e↑px (A.25)

exists (it is frequently used for functions defined on R
+, which makes convergence easier).

The transformation has many simple properties analogous to the Fourier transform, like

Lp[f
→] = p f̃(p) (A.26)

or Lp[f →] = p f̃(p)→ f(0+) if f is defined on R
+,

Lp[f ∈ g] = f̃(p) g̃(p) , (A.27)

etc.
The inverse Laplace transform involves an integral over the vertical axis in the complex

plane, called the “Bromwich contour B” :

f(x) =

∫

B

dp

2i1
f̃(p) e+px (A.28)

B is the vertical line (parallel to imaginary axis) at the right of all singularities of f̃(p).

Example : consider f̃(p) = 1/(p+ a). Then the Bromwich contour is at the right of p = →a

in the complex plane of p (it can be the imaginary axis for Re(a) > 0 : f(x) =

+i≃

↑i≃

dp

2iε

e
px

p+a
).

Since |e+px
| = exRe(p), we can use the residue theorem and close the contour from the left for

x > 0 and from the right for x < 0 : this gives f(x) = θH(x) e↑ax.

A.5 Asymptotics of integrals

One frequently deals with integrals involving large parameters (furthermore, many useful special
functions are defined through nice integral representations). Here I recall two methods allowing
to extract some asymptotic behaviour.

a) The Laplace method

Consider a monotonously increasing function ς(x) and the integral

≃

0
dx e↑φ⇀(x). When φ ⇐

+′, one expects the exponential to decay fast, on scale ↗ 1/(φς→(0)) ⇐ 0, and the integral
is dominated by the boundary. Note that in the expansion e↑φ⇀(x) = e↑φ⇀(0) exp


→ φς

→(0)t →

φς
→→(0)t2/2 + · · ·


, the exponential e↑φ⇀

↑↑
(0)t

2
/2 decays over a larger scale, ↗ 1/(φς→→(0))1/2. In

conclusion, adding a smooth function g(x) in the integral, we can write

I(φ) =

∫
≃

0

dx g(x) e↑φ⇀(x)
↘

φ↘+≃

g(0)

φς→(0)
e↑φ⇀(0) (A.29)

Note that if g(x) vanishes, we can extend the method. For example, a similar explansion gives

I(φ) =

∫
≃

0

dx g(x) e↑φ⇀(x)
↘

φ↘+≃

g
→(0)

[
φς→(0)

]
2
e↑φ⇀(0) for g(x) ↘ g

→(0)x for x ⇐ 0. (A.30)
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Remark : a systematic expansion under these lines usually produce an asymptotic series. For
example, one can apply the method to get the asymptotic of the exponential integral :

E1(z)
def

=

∫
≃

z

dt

t
e↑t (A.31)

One obtains E1(z) ↘ (1/z)e↑z for z ⇐ +′. This is the first term of the asymptotic series
(series with zero convergence radius)

E1(z) =
z↘≃

e↑z

z


n∑

k=0

(→1)k
k!

zk
+O(|z|↑n↑1)


(A.32)

(valid for | arg(z)| ↭ 1 → ϑ with ϑ > 0). 53

b) The steepest descent method (saddle point approximation)

Another frequently encountered case is an integral of the form

b

a
dx e↑φ⇀(x) where φ ⇔ R is a

large parameter and ς(x) a real function with one absolute minimum at x⇐ ⇔]a, b[ su”ciently far
from the boundaries, with ς

→→(x⇐) > 0. In the φ ⇐ +′ limit, the exponential is sharply peaked
around x⇐ and we can expand the function around it, which leads to a Gaussian integral. As a
result

I(φ) =

∫
b

a

dx e↑φ⇀(x)
↘

φ↘+≃


21

φς→→(x⇐)
e↑φ⇀(x↗) . (A.33)

Remarks :

• When ς(x) is analytic, contour deformations are allowed, which allows to pass through a
saddle point not on the original contour (the real axis) but somewhere else in the complex
plane.

• The method also applies to integral of the type I(φ) =

b

a
dx e↑iφ⇀(x) where φ and ς(x) are

real. In this case one should take into account the contributions of all stationary points along
the contour, i.e. both maxima and minima of ς(x). Then, the method is called the “stationary
phase method”.

✁ Exercise A.2 – : Extend the method when ς
→(x⇐) = 0, ς→→(x⇐) = 0, ς→→→(x⇐) = 0 and

ς
→→→→(x⇐) > 0.

✁ Exercise A.3 – Asymptotic of the MacDonald function : Using the integral represen-
tation (A.49) of the MacDonald function, use the steepest descent method to get the asymptotic
K⇁(z) ↘

z↘+≃

√
ε

2z
e↑z.

✁ Exercise A.4 – : Requirement of a contour deformation in the application of the steepest
descent method appears when studying the Airy function

Ai(z) =

∫
+≃

↑≃

dt

21
ei(

t3

3
+zt) (A.34)

solution of the Airy equation y
→→(z) = z y(z). We study the asymptotic for z ⇐ ±′. Find the

saddle point(s) and deduce the asymptotics

Ai(z) ↘






1

2
↓
ε z1/4

e↑
2

3
z
3/2

for z ⇐ +′

1
↓
ε(↑z)1/4

cos
(
2

3
(→z)3/2 → ε

4

)
for z ⇐ →′

(A.35)

53You can get the series easily by introducing Ek(z)
def

=
∫

+↓
z

dt
tk

e→t and use the recurrence En(z) = e
→z

zn →
n
z En+1(z)

152



argue that only one saddle point controls the asymptotic for z > 0.
Hint : plot ς(t) along the imaginary axis of the complex variable t.

A.6 Special functions

Special functions are very useful. You can find information in standard books [33, 2] or on the
internet [1].

Euler Gamma function

any integral of the form

≃

0
dxxϑ e↑c x

ϱ
can be related to the Euler Gamma function

%(z) =

∫
≃

0

dt tz↑1 e↑t for Re(z) > 0 . (A.36)

It can also be defined for Re(z) ↭ 0, however it presents simple poles for →n ⇔ N.

Important property : %(z + 1) = z %(z) .

Special values : %(1) = 1 and %(1/2) =
↔
1.

From these, we immediatly deduce %(n+ 1) = n! and %(n+ 1

2
) = 2↑n

↔
1 (2n→ 1)!!.

Asymptotic is given by the Stirling formula for z ↖ 1

%(z + 1) ↘
↔
21z zz e↑z

. (A.37)

✁ Exercise A.5 – : Demonstrate this result starting from the integral representation and
using the steepest descent method (cf. Appendix b) page 152).

✁ Exercise A.6 – : Express the integral
∫

≃

0

dxxµ e↑
1

2
a x

2

(A.38)

in terms of the Gamma function.

Digamma function : The Digamma function is ↼(z)
def

= d

dz
ln%(z) = #

↑
(z)

#(z)
. As a result it

obeys ↼(z + 1) = ↼(z) + 1

z
.

One specific value is ↼(1) = C ↘ →0.577216 ; this constant is known as the Euler-Mascheroni
constant.

Pochhammer symbol : sometimes it is useful to introduce the Pochhammer symbol

(a)n
def

= a(a+ 1) · · · (a+ n→ 1) =
%(a+ n)

%(a)
. (A.39)

It can be used in the following Taylor expansion :

(1→ x)↑ϑ = 1 + ⇁x+
⇁(⇁+ 1)

2!
x
2 + · · · =

≃∑

n=0

(⇁)n
n!

x
n (A.40)

(1 + x)ϑ = 1 + ⇁x+
⇁(⇁→ 1)

2!
x
2 + · · · =

≃∑

n=0

%(⇁+ 1)

%(⇁→ n+ 1)n!
x
n (A.41)

Note that this last expansion is stopped when ⇁ ⇔ N due to the divergence of the Gamma
function in the denominator when n > ⇁ ⇔ N (the formula then coincides with the binomial
formula).
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Euler Beta function

The Beta function is defined as

B(µ, 2) =
%(µ)%(2)

%(µ+ 2)
. (A.42)

Useful integrals :

B(µ, 2) =

∫
1

0

dt tµ↑1(1→ t)⇁↑1 = 2

∫
ε/2

0

dθ sin2µ↑1
θ cos2⇁↑1

θ . (A.43)

Error function

The error function is the integral of the Gaussian function :

erf(z)
def

=
2
↔
1

∫
z

0

dt e↑t
2

(A.44)

We also introduce the complementary error functions erfc(z) = 1→ erf(z). Asymptotics :

erfc(z) ↘
z↘≃

e↑z
2

↔
1

N∑

n=0

(→1)n
(1/2)n
z2n+1

+RN (z) (A.45)

where (a)n is the Pochhammer symbol.

Modified Bessel functions

The modified Bessel equation is z2 y→→(z) + z y
→(z)→ (22 + z

2) y(z) = 0.

• A solution is the modified Bessel function

I⇁(z) =
≃∑

n=0

(z/2)2n+⇁

n!%(2 + n+ 1)
(A.46)

It grows exponentially at infinity I⇁(z) ↗ e+z for z ⇐ +′.
The one for index 2 = 0 has been used :

I0(z) =

∫
ε

0

dt

1
ez cos t =

∫
+1

↑1

dt

1

e↑zt

↔
1→ t2

(A.47)

Asymptotics : I0(z) ↘ 1 + z
2

4
+ · · · for z ⇐ 0 and I0(z) ↘

e
z

↓
2εz

for z ⇐ ′.

• Another independent solution of the modified Bessel equation is given by the MacDonald
function (Bessel function of third kind)

K⇁(z) =
1

2 sin12
[I↑⇁(z)→ I⇁(z)] (A.48)

(the expression is valid for µ /⇔ Z). Obviously K⇁(z) = K↑⇁(z). For integer index, see [33], of
formula 10.31.1 of [1].

The MacDonald function is divergent for z ⇐ 0, as K⇁(z) ↘
#(⇁)

2

(
z

2

)↑⇁
, and decays expo-

nentially at infinity, K⇁(z) ↘
√

ε

2z
e↑z for z ⇐ +′. A useful integral representation is

K⇁(z) =
1

2

(
z

2

)
⇁
∫

≃

0

dt

t⇁+1
e↑t↑z

2
/4t for Re z > 0 (A.49)
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Elliptic integrals

Elliptic integral of first kind :

K(k) =

∫
ε/2

0

d⇁√
1→ k2 sin2 ⇁

(A.50)

Limit k ⇐ 0 : K(k) = ε

2

(
1 + k

2

4
+ · · ·

)

Limit k ⇐ 1↑ : K(k) = ln 4/k→ + k
↑2

4
(ln 4/k→ → 1) + · · · where k

→ =
↔
1→ k2.

A useful integral is

∫
+ε

↑ε

d2-k

(21)2
1

2a+ cos kx + cos ky
=

1

1a
K(1/a) (A.51)
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Henri Poincaré V(2), 115–158 (1935).

[35] E. J. Gumbel, Statistical Theory of Extreme Values and Some Practical Applications,
National Bureau of Standards Applied Mathematics Series 33 (1954), Issued February 12.

230



[36] E. J. Gumbel, Statistics of Extremes , Columbia University Press, New York (1958).
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339 (1940).

[45] R. Livi and P. Politi, Nonequilibrium statistical physics: a modern perspective, Cambridge
University Press (2017).

[46] E. Lutz and S. Ciliberto, Information: From Maxwell’s demon to Landauer’s eraser, Physics
Today 68, 30–35 (2015).

[47] S. N. Majumdar, Brownian Functionals in Physics and Computer Science, Current Science
89(12), 2076–2092 (2005), (available as arXiv: cond-mat/05 10 064).

[48] S. N. Majumdar, A. Pal and G. Schehr, Extreme value statistics of correlated random
variables: A pedagogical review, Phys. Rep. 840, 1–32 (2020), Extreme value statistics of
correlated random variables: A pedagogical review.
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