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Historical note on Döblin-Itô calculus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
Appendix : Stochastic integrals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
Additional exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

4 Stochastic processes (4) : the Fokker-Planck approach 56
4.1 Interpretation of the Fokker-Planck equation . . . . . . . . . . . . . . . . . . . . . . . . . 57
4.2 The generator of the di!usion and the stationary state . . . . . . . . . . . . . . . . . . . . 59
4.3 Conditional probability, backward FPE and a useful relation . . . . . . . . . . . . . . . . 62
4.4 Relaxation and spectral analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
4.5 Boundary conditions for the FPE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
4.6 First passage and exit problem (in 1D) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
Additional exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

1



5 Linear response theory 77
5.1 Theory of thermodynamic fluctuations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
5.2 Thermodynamics of irreversible processes . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
5.3 Correlation functions and response functions . . . . . . . . . . . . . . . . . . . . . . . . . 84
5.4 Once more the fluctuation-dissipation theorem . . . . . . . . . . . . . . . . . . . . . . . . 88
5.5 Causality and Kramers-Kronig relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

PART 2 : Introduction to phase transitions and critical phenomena 92

6 Mean field 92
6.1 Introduction : the liquid-gas transition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
6.2 The phenomenological Landau approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
6.3 The case of inhomogeneous systems : Ginzburg-Landau’s approach . . . . . . . . . . . . . 115

7 Beyond mean field 122
7.1 Fluctuation-response relation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
7.2 The Gaussian approximation and the ”one-loop” correction . . . . . . . . . . . . . . . . . 123
7.3 The Ginzburg criterion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
7.4 Scaling laws . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

8 Introduction to the renormalization group 137
8.1 The Ising chain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138
8.2 Fixed points . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140
8.3 RG flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144
8.4 General discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

A Mathematical tools 156
A.1 Linear di!erential equations with source terms . . . . . . . . . . . . . . . . . . . . . . . . 156
A.2 Poisson formulae . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158
A.3 Asymptotics of integrals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158
A.4 Special functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

B Solutions of some of the exercises 162

References 191

Index 193

Prerequisites :

• equilibrium statistical physics (ensemble theory)

• probability : moments, cumulants (variance, etc), generating function, central limit theorem,...

• Gaussian integrals, saddle-point (steepest descent)

2



PART 1 : Out-of-equilibrium statistical physics

0 Introduction

This first set of lectures is devoted to out-of-equilibirum statistical physics. Equilibrium statisti-
cal physics provides a well defined procedure to study the thermodynamic properties of systems
with complex dynamics. The main idea is to replace the study of the complex dynamics of the
system, i.e. how its state ω”(t) evolves in time (here ω” represents a point in phase space), by
some statistical information, i.e. the probability ε(ω”) to find the system in a given state. The
first approach would require to solve a macroscopic number of di!erential equations, while the
beauty of the second approach lies on the fact that the determination of the probability density
relies on very few information, what can be understood as a result of a maximum entropy prin-
ciple. The choice of the distribution, microcanonical, canonical, grand canonical, etc, is driven
by physical considerations or simply by convenience.

Out-of-equilibirum statistical physics requires a statistical treatment of the dynamics, which
can be achieved by various approaches, phenomenoligical or microscopic. On the more phe-
nomenological side : the Langevin equation, the master equation and the Fokker-Planck equation
provide di!erent approaches for the analysis of stochastic processes. On the more microscopic
side : kinetic equations (BBGKY hierarchy, Boltzmann equation, Vlasov equation, hydrody-
namic equations,...). Note that the frontier between phenomenological and microscopic is not so
sharp, as we will see by deriving a Langevin equation from a microscopic model (§ 1.5 page 10).

1 Stochastic processes (1) : the Langevin equation for a particle
in a fluid

The aim of this introductory chapter is to start the discussion of stochastic processes with a
concrete and simple example, and introduce several general and important ideas. Consider a
particle in a fluid, submitted to a friction force. The usual phenomenological model is friction
proportional to the velocity (Stokes regime) :

Ff = →ϑ v , (1.1)

where ϑ is the friction coe#cient. For a spherical particle of radius R, fluid mechanics gives
ϑ = 6ϖϱR where ϱ is the viscosity of the fluid (for example, ϱ ↑ 10→3 kg.m→1.s→1 for water at
T = 20 oC). In the absence of any other external force, the Newton equation of motion takes
the form mv̇ = →ϑ v. The friction coe#cient has dimension of a mass divided by a time, hence
we can write

ϑ =
m

ς
(1.2)

where ς is the relaxation time for the velocity.

1.1 Fluctuations and Langevin force

In 1827, the scottish botanist Robert Brown observed with a microscope that pollen grains at
the surface of water move erratically. 1 It was understood later that this observation supports
the atomist description of matter as it is the manifestation of the fluctuations in the fluid (erratic

1Brown was not the first one to observe this phenomenon, but he was the first to study it systematically
(varying parameters of the experiment). You can find some historical perspectives in the excellent article of
Bertrand Duplantier [10].
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motion of the molecules). A clear description of the phenomenon was given much later by Albert
Einstein in 1905. If the particle (the pollen grain) is small, it is not only submitted to the friction
force but it is also sensitive to the fluctuations in the fluid, i.e. the collisions with molecules.
The typical collision time between molecules in a fluid is ςcoll ↓ 10→15 s, thus we expect that
the Brownian particle experiences collisions with the rate 1/ςcoll and which can be considered
as independent. The friction force is due to the e!ect of these collisions over a much larger time
scale. Additionally to the friction force, we model the frequent collisions by introducing in the
Newton equation a force φ(t) fluctuating in time, called the “Langevin force” :

m
dv(t)

dt
= →ϑ v(t) + φ(t) (1.3)

dx(t)

dt
= v(t) (1.4)

Because the collisions are exerted at random along all directions, we expect that

↔φ(t)↗ = 0 (1.5)

where ↔· · ·↗ denotes statistical averaging 2 (it is also true if we consider averaging over time
for a single history). As the Langevin force models the force exerted on the particle by the
molecules, it is natural to assume short time correlations ↔φ(t)φ(t↑)↗ = C

ωcoll
↼((t→ t

↑)/ςcoll) where

↼ is normalised function of width ↓ 1 centered on the origin (like (1/2)e→|x| or ϖ→1/2e→x
2

) and C

the strength of the fluctuations. As we are interested in the dynamics of the Brownian particle
over time ↘ ςcoll we can simply consider

〈
φ(t)φ(t↑)

〉
= C ↽(t→ t

↑) (1.6)

(which corresponds formally to ςcoll ≃ 0). A random function characterised by such local
correlations is called a “white noise”.

Figure 1.1: Robert Brown (1773-1858), Albert Einstein (1879-1955), Paul Langevin (1872-1946)
and Jean Perrin (1870-1942).

This model was introduced by Paul Langevin [20]. Why studying a model for the motion
of a pollen grain at the surface of a fluid (or more generally a “colloid” in a fluid) is an impor-
tant problem ? The reason is that several ideas of the Langevin model have a much broader
application in out-of-equilibrium statistical physics.

We now analyse the statistical properties of the particle. Taking advantage that the equation
of motion is linear, its integration gives

v(t) = v(0) e→t/ω +
1

m

∫
t

0

dt↑ φ(t↑) e→(t→t
→
)/ω

. (1.7)

2Statistical averaging corresponds to average over di!erent histories of the particle, with same initial condi-
tions but di!erent realisations of the Langevin force. This is the procedure followed by Jean Perrin (Nobel prize
in 1926) in his experiments [37] ; cf. Fig. 1.3. The di!erence between statistical averaging and time averaging is
described more concretely in Exercise 1.6.
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time

Figure 1.2: A realization of the Ornstein-Uhlenbeck process v(t) defined by (1.3) when φ(t) is a
Gaussian white noise.

This representation makes easy to deduce the statistical properties of v(t) from those of φ(t). If
the initial velocity is non random, we have

↔v(t)↗ = v(0) e→t/ω
. (1.8)

After a time larger than ς = m/ϑ, the memory of the initial velocity is lost and the velocity is

independent of v(0). We also get the correlator ↔v(t)v(t↑)↗
c

def

= ↔v(t)v(t↑)↗ → ↔v(t)↗ ↔v(t↑)↗ :

〈
v(t)v(t↑)

〉
c
=

1

m2

∫
t

0

dt1 e
→(t→t1)/ω

∫
t
→

0

dt2 e
→(t

→
→t2)/ω ↔φ(t1) φ(t2)↗ =

C e→(t+t
→
)/ω

m2

∫
min(t,t

→
)

0

dt1 e
2t1/ω

(1.9)

thus 〈
v(t)v(t↑)

〉
c
=

C ς

2m2

(
e→|t→t

→
|/ω → e→(t+t

→
)/ω

)
. (1.10)

The correlations decay in time over the same time scale ς like the average time. The decorrelation
of the velocity can be understood from the fact that the velocity decorrelates from the noise on
the same time scale : we check easily that

〈
v(t)φ(t↑)

〉
=

C

m
⇀H(t→ t

↑) e→(t→t
→
)/ω

. (1.11)

The stochastic process described by (1.3) where φ(t) is a Gaussian white noise is known as
the “Ornstein-Uhlenbeck process”.

1.2 A fluctuation-dissipation relation

After a su#cient long time, we expect that the particle is at thermal equilibrium with the
fluid (which should be at thermal equilibrium), hence ↔v(t)2↗ = kBT/m (equipartition theorem).
On the other hand, the outcome of the Langevin analysis is ↔v(t)2↗ = C/(2mϑ). Consistency
of the previous analysis with equilibrium statistical physics imposes a constraint between the
strength C of the Langevin noise (the fluctuations in the fluid), the friction coe#cient ϑ and the
temperature :

C
↑

fluctuations

= 2

dissipation

↓

ϑ kBT (1.12)

this is a “fluctuation-dissipation relation” and a first formulation of the fluctuation-dissipation
theorem (FDT). The mass has disappeared, which emphasizes that this is a property of the
thermal bath (the fluid). We could write the correlator of the noise

〈
φ(t)φ(t↑)

〉
= 2ϑ kBT ↽(t→ t

↑) . (1.13)
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The phenomenological coe#cients C, the strength of the Langevin force, and ϑ, the friction
coe#cient, are not two independent parameters (at least when thermal equilibrium holds). This
reminds that friction and fluctuations have the same physical origin : the interaction of the
particle with the molecules of the fluid. Below (§ p. 10), we will introduce a microscopic model
of friction and try to clarify the origin of this relation.

✁ Exercice 1.1 Langevin equation for random initial velocity : The correlator (1.10)
corresponds to a fixed initial velocity. Consider now the case where the initial velocity is random,

distributed according to P (v0) ⇐ exp
{
→ mv

2

0

2kBT

}
.

a) Compute the new correlator, denoted ↔v(t)v(t↑)↗equil.
b) Can we compare the two correlators ?

✁ Exercice 1.2 Stationary measure of the Ornstein-Uhlenbeck process : In the sta-
tionary regime, compare the correlator with the one obtained in Exercise ??. Deduce what is
the measure of the Ornstein-Uhlenbeck process.

In Eq. (1.10), the second term is a transient term coming from the initial condition v(0) = 0.
Hence for times t , t↑ ↘ ς we can write

〈
v(t)v(t↑)

〉
=

kBT

m
e→|t→t

→
|/ω (1.14)

The correlations (1.11) between velocity and Langevin force can also be rewritten in terms of
the temperature

〈
v(t)φ(t↑)

〉
=

2kBT

ς
⇀H(t→ t

↑) e→(t→t
→
)/ω

. (1.15)

1.3 Di!usion

Now that we have obtained the statistical properties of the velocity, let us analyze the statistical
properties of the position. The average position is simply

↔x(t)↗ = v(0)ς
(
1→ e→t/ω

)
(1.16)

On average, after a time t ↘ ς , the particule covers a distance v(0)ς , which is not surprising as
the memory of the initial velocity v(0) is lost after time ς . What about the fluctuations ? In
the stationary regime the correlator of the speed is a ”narrow function” of width ς , with weight

∫
+↓

→↓

d(t→ t
↑)
〈
v(t)v(t↑)

〉
equil

c
=

2kBT

ϑ
. (1.17)

As a result, neglecting the transient regime at short times, we can write

〈
x(t)2

〉
c
=

∫
t

0

dt1

∫
t

0

dt2 ↔v(t1)v(t2)↗c ↑ t

∫
+↓

→↓

d(t1 → t2) ↔v(t1)v(t2)↗equilc
=

2kBT

ϑ
t (1.18)

The linear behaviour characterizes di!usive motion. We introduce the di!usion constant

D
def

= lim
t↔↓

〈
x(t)2

〉
c

2t
(1.19)

In other terms, we have obtained above a general relation between the velocity correlator and
the di!usion constant

D
def

=

∫
↓

0

dt ↔v(t)v(0)↗ (1.20)
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Coming back to Langevin model, Eqs. (1.3,1.4), we get the expression

D =
kBT

ϑ
(1.21)

which is known as the “Einstein relation”. It was obtained in Einstein 1905’s article on the Brow-
nian motion. 3 It is also known as the “Einstein-Stokes law” or “Einstein-Stokes-Sutherland
law”. This is another formulation of the FDT, relating three di!erent physical quantities, the
di!usion constant characterizing the fluctuations of the motion, the friction coe#cient charac-
terizing the dissipation and the temperature.

✁ Exercice 1.3 : Choose initial conditions for a fixed initial velocity x(0) = 0 and v(0) = v0.
Compute ↔x(t)↗. Study precisely

〈
x(t)2

〉
c
. Analyze the crossover between the short time and

large time
〈
x(t)2

〉
c
⇐ t di!usive behaviour.

Figure 1.3: Measurements of Jean Perrin (1908) ; from [37]. Left : few examples of trajectories.
Right : final points after the several histories (for a fixed time).

1.4 Large scale properties and the overdamped regime

Over large time scales (↘ ς), the correlator (1.14) seems a narrow function which can be replaced
by a delta function

〈
v(t)v(t↑)

〉
equil

c
=

C

ϑ2

e→|t→t
→
|/ω

2ς

large scale

⇒ C

ϑ2
↽(t→ t

↑) =
1

ϑ2

〈
φ(t)φ(t↑)

〉
. (1.22)

Furthermore, assuming that φ(t) is Gaussian, 4 this corresponds to write

v(t)
large scale

⇒ 1

ϑ
φ(t) (1.23)

i.e. to neglect the acceleration term in Newton’s equation :

0 ⇒ →ϑv(t) + φ(t) (overdamped regime) . (1.24)

This approximation is called the “overdamped regime”, which is achieved either by studying the
process over large time scales, t ↘ ς , or by formally considering the limit of strong damping,
ϑ ≃ ⇑. As a result we obtain that the velocity equals the force.

3A. Einstein, “Über die von der molekularkinetischen Theorie der Wärme geforderte Bewegung von in ruhenden

Flüssigkeiten suspendierten Teilchen”, Annalen der Physik 322(8), 549–560 (1905).
4Gaussian processes have only two finite cumulants ω1 and ω2, all others being zero. Equality of averages and

variances of two Gaussian processes implies that the have the same statistical properties.
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Overdamped regime : ”Aristotle equation”.— The pre-Galileo-Newtonian postulate,
proposed by Aristotle, asserted that velocity is proportional to force. 5 The above discussion
has shown that this makes sense for the motion of a particle in a viscous fluid. If an additional
(conservative) force F (x) is introduced in the equation of motion for the overdamped regime
(1.24), we have

dx(t)

dt
⇒ 1

ϑ
[F (x(t)) + φ(t)] (overdamped regime) . (1.25)

We can call the equation (velocity) = (force)/(friction) the ”Aristotle equation”, although this
is a bit anachronistic (di!erential calculus was invented only at the end of XVIIth century by
Leibniz and Newton).

x

E

V(x)

x

E

V(x)

oscillations

Newton "Aristotle"

dissipation

(conservative) (non conservative)

STOP

Figure 1.4: The dynamics described by the Newton equation conserves the energy, whereas the
energy is dissipated during the ”Aristotle dynamics”.

A last comment about the physical content of the overdamped regime, which we rewrite

dx(t)

dt
= →1

ϑ

⇁V (x)

⇁x
+
⇓
2D ϱ(t) (1.26)

where V (x) is the potential, such that F (x) = →V
↑(x), and ϱ(t) a normalised Gaussian white

noise, i.e. with ↔ϱ(t)↗ = 0 and ↔ϱ(t)ϱ(t↑)↗ = ↽(t → t
↑). Contrary to the Newton equation,

which describes a conservative dynamics, the Aristotle equation describes a non conservative
dynamics, along which energy is dissipated (cf. Exercise 1.8). In particular, in the D ≃ 0 limit,
the trajectory converges towards the first stationary point (Fig. 1.4). If the first stationary point
is a local minimum like on the figure, only a fluctuation (finite D) can untrap the particle in
order to visit another neighbouring (local or global) minimum.

We will come back later to a general analysis of this stochastic di!erential equation.

1.5 The free Brownian motion (the Wiener process)

In the overdamped regime, in the absence of the external force F (x), the position is just the
integral of a Gaussian white noise

x(t) = x(0)︸︷︷︸
=0

+
1

ϑ

∫
t

0

du φ(u) (1.27)

5In the book ”Aristotle’s Physics”, it is claimed that the velocity of a falling body is proportional to its weight,
i.e. the velocity is proportional to the force. In other terms the motion requires a force for Aristotle (384-322
BC). It required almost two thousand years to understand that force induces acceleration, not motion : motion
can exist without force. This was the achievement of Galileo Galilei (1564-1642 AC).
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Figure 1.5: A typical Brownian trajectory : W (t) as a function of t. If one zooms, trajectory
looks the same (scale invariance).

Let us simplify the notations and introduce a normalised Gaussian white noise ϱ(t) =
φ(t)/

⇓
C so that

↔ϱ(t)↗ = 0 and
〈
ϱ(t)ϱ(t↑)

〉
= ↽(t→ t

↑) . (1.28)

We now consider the normalised free Brownian motion, with no external force (the “Wiener

process”) by setting x(t) =
↗
C

ε
W (t). Obviously

dW (t)

dt
= ϱ(t) ⇔ W (t) =

∫
t

0

du ϱ(u) (1.29)

thus
〈
W (t)W (t↑)

〉
=

∫
t

0

du

∫
t
→

0

dv ↽(u→ v) =

∫
min(t,t

→
)

0

du (1.30)

Finally 〈
W (t)W (t↑)

〉
= min

(
t, t

↑
)

(1.31)

Interpretation : consider the case t < t
↑, we have ↔W (t)W (t↑)↗ = ↔[W (t↑)→W (t)]W (t)↗ +〈

W (t)2
〉
. The second term is t (di!usion) ; the first term vanishes as the two increments

W (t↑)→W (t) =
∫
t
→

t
du ϱ(u) and W (t) =

∫
t

0
du ϱ(u) are independent.

✁ Exercice 1.4 : Check that the increment depends only on the time di!erence

↔
[
W (t)→W (t↑)


2↗ = |t→ t

↑| (1.32)

Continuity.— In the limit t ≃ t
↑ we get limt↔t→↔

[
W (t) → W (t↑)


2↗ = 0. This last equation

suggests that the curve W (t) is continuous. As a matter of fact the two statements are
disconnected : the fact that this limit is zero does not imply continuity (cf. Exercise 2.5)!

In order to prove continuity, we should consider the probability

Proba
{
|W (t)→W (t↑)| < ε

}
= erf


ε

2|t→ t↑|


. (1.33)
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This expression simply follows from the fact that the increment between times t and t
↑ is Gaus-

sian, with variance |t→ t
↑|, hence the cumulative distribution related to the error function erf(x)

(see Appendix A). This expression shows that ↖ ε > 0, there exists a su#ciently small time
di!erence, choose |t → t

↑| ↙ ε
2, so that we are sure that the distance is smaller than ε :

Proba
{
|W (t) → W (t↑)| < ε

}
↑ 1 → O(e→ϑ

2
/(2|t→t

→
|)). Because we can choose ε as small as we

want, this corresponds to continuity of the process.
Continuity can also be understood in a simpler manner by constructing the Brownian motion

from the discrete random walk, W (t) =
t/ϑ

ω=1
↽Wω where ↔↽Wω ↗ = 0 and ↔↽Wω↽Wω →↗ = ε ↽ω,ω → ,

and taking the continuum limit of small jumps ↽Wω ↓
⇓
ε ≃ 0 occuring with high rate 1/ε ≃ ⇑.

Non di!erentiability Another consequence of (1.32) is that


W (t)→W (t↑)

t→ t↑


2


=
1

|t→ t↑| (1.34)

which goes to infinity when t ≃ t
↑ : the derivative of typical curves is infinite, i.e. W (t) is non

di!erentiable. We can see on the plot that the curve is indeed extremely irregular (see Fig. 1.5).

Scale invariance.— This irregularity is related to scale invariance and fractal behaviour
(with fractal dimension 1/2). For a scaling factor α > 0, it is clear that

〈
W (αt)W (αt↑)

〉
= α min

(
t, t

↑
)
= α

〈
W (t)W (t↑)

〉
(1.35)

Because W (t) is Gaussian, all statistical information is encoded in the two point function,
hence this equality means that we can identify the statistical properties of W (αt) with those of⇓
αW (t). Mathematicians express this through and “equality in law” (or “equality in distribu-

tion”)

W (αt)
(law)

=
⇓
αW (t) (1.36)

(the ”laws” of the two sides are equal). The same argument applies to the Gaussian white noise
gives

ϱ(αt)
(law)

=
1⇓
α
ϱ(t) . (1.37)

! Important points

• Master the analysis of the linear Langevin equation (1.3) (integrate, average, etc)
• Fluctuation-dissipation relation (di!erent forms) : Langevin force and damping force have the
same origin, hence the relation.
• Wiener process : main properties.

APPENDIX : Microscopic foundations of the Langevin equation

The aim of this paragraph is to go beyond the phenomenological Langevin model and clarify the
physical origin of the Langevin equation from a microscopic description. We introduce a model
with a purely Hamiltonian conservative dynamics, within which will emerge the e!ective dissi-
pative dynamics described by the Langevin equation. This will allow to identify the microscopic
origin of the dissipation.
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Model.— One could be tempted to model the collisions in the fluid, however the microscopic
dynamics would be di#cult to analyze. Instead, we consider a particle coupled to a macro-
scopic number of uncoupled harmonic oscillators modelling the “environment” (also called the
“bath”). In this model, the oscillators represent the eigen-modes of the macroscopic system
(like the phonon modes in a fluid). We now study the deterministic dynamics governed by the
Hamiltonian

H =
p
2

2m
+ V (x) +



n


p
2
n

2
+

1

2
▷
2

n


qn → cn x

▷2
n


2


(1.38)

i.e.

Hsys(x, p) =
p
2

2m
+ V (x) (1.39)

Henv({qn, pn}) =


n


p
2
n

2
+

1

2
▷
2

nq
2

n


(1.40)

The crucial assumption here is that the coupling between the system and the bath is linear

Hint = →x



n

cn qn +
1

2
x
2


n

c
2
n

▷2
n

(1.41)

where cn are coupling constants.
Physical realizations are : an electron in an atom, coupled to the electromagnetic modes, or

an electric device coupled to a L-C line, etc.

✁ Exercice 1.5 Dissipation in a transmission line : A perfect transmission line (a coaxial
cable) is characterised by an inductance and a capacitance per length. A possible discrete
model is a series of discrete capacitive and inductive elements (without resistance), i.e. only
non-dissipative elements.

Qn

n ...
In−1In+1 In

n+1U

n+2Q Qn+1

UUn+2...

We consider harmonic solutions In(t) = Ĩne→iϖt. We recall that the impendance of the capaci-
tance is ZC = 1/(→i▷C) and that of the inductance ZL = →i▷L, where ▷ is the frequency.

1/ We first study the eigenmodes of the infinite line. Using Kirchho! laws, write the equations
satisfied by the currents Ĩn.

2/ Propagative modes.– Show that the modes In(t) = eiqn→iϖ(q)t only exist in a finite band-

width ▷ ∝ [0,▷0] where ▷0

def
= 2/

⇓
LC. Give the dispersion relation.

3/ Evanescent modes.– Study solutions of the form In(t) = (→1)neqn→iϖ(q)t. Over what dis-
tance can propagate such modes ?

4/ Impedance of semi-infinite line.– We denote by Zn the impedance of a finite line in-
volving n couples of L → C elements. Give the recurrence between Zn and Zn+1. Deduce the
impedance of the semi-indinite line Z↓ ′ Z(▷). Plot ReZ(▷) and ImZ(▷). Discuss the fact
that ReZ(▷) ∞= 0 for a certain interval of frequencies (comment this at the light of question 1).

Integration of the bath equations of motion.— We first derive the equations of motion





mẍ = F (x)→ x



n

c
2
n

▷2
n

+


n

cnqn

q̈n = →▷
2

nqn + cn x

(1.42)
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where F (x) = →V
↑(x). Let us integrate the equations of motion for the bath, which is possible

thanks to the linearity. We can use that the retarded Green’s function for the harmonic oscillator,
i.e. the causal solution of G̈R(t) + ▷

2
nG

R(t) = ↽(t) is GR(t) = ⇀H(t)
sin(ϖnt)

ϖn
. Thus we can solve

the equation of motion for the oscillators

qn(t) = qn(0) cos(▷nt) + q̇n(0)
sin(▷nt)

▷n

+ cn

∫
t

0

dt↑
sin(▷n(t→ t

↑))

▷n

x(t↑) (1.43)

We split the source term in Eq. (1.42) in two parts



n

cn qn(t) =

def
= ϱ(t)

︷ ︸︸ ︷


n

cn


qn(0) cos(▷nt) + q̇n(0)

sin(▷nt)

▷n


+

∫
t

0

dt↑ ”(t→ t
↑)x(t↑) (1.44)

where

”(t)
def

=


n

c
2

n

sin(▷nt)

▷n

(1.45)

is a function depending of the microscopic parameters of the model. We denote φ(t) “the
noise”, which is controlled by the dynamical variables of the bath, i.e. a macroscopic number
of degrees of freedom. For this reason, it is expected to exhibit a complex dynamics. Using∫
↓

0
dt eiϖt = 1

0+→iϖ
we remark that

∫
↓

0

dt”(t) =


n

c
2
n

▷2
n

(1.46)

which appears in the equation of motion above. With these definitions, we can rewrite the
e!ective equation for the particle as

mẍ(t) = F (x(t))→ x(t)

∫
↓

0

dς ”(ς) +

∫
t

0

dς ”(ς)x(t→ ς) + φ(t) (1.47)

Integration over the bath degrees of freedom is responsible for both the integral term and the
”noise” term.

Noise and spectral function.— Because the bath involves a macroscopic number of degrees
of freedom, it is natural to assume thermal equilibrium for the bath, say at t = 0, for the
bath variables

P ({qn, pn}) ⇐ e→ςHenv (1.48)

so that

↔qn(0)qm(0)↗ = ↽n,m
kBT

▷2
n

(1.49)

↔q̇n(0)q̇m(0)↗ = ↽n,m kBT (1.50)

Then the noise correlator is

C(t→ t
↑) =

〈
φ(t)φ(t↑)

〉
= kBT



n

c
2
n cos(▷n(t→ t

↑))

▷2
n

(1.51)

At this stage it is useful to define the spectral function

J(▷)
def

= ϖ



n

c
2
n

2▷n

↽(▷ → ▷n) (1.52)
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which depends on the distribution of frequencies and coupling constants. We can write the
function

”(t) =
2

ϖ

∫
↓

0

d▷ J(▷) sin(▷t) (1.53)

and the correlator

C(t) =
2kBT

ϖ

∫
↓

0

d▷
J(▷)

▷
cos(▷t) (1.54)

in terms of the spectral function. In particular C ↑(t) = →kBT ”(t). Two remarks :

• In practice, we expect a dense spectrum of oscillators for frequencies ▷ ↭ 0 (it is natural
to assume that the spectrum of eigenmodes start at ▷ = 0 since there exist low frequency
excitations ususally).
What kind of behaviour can we expect for J(▷) ? Imagine that coupling constant is a smooth
function of the frequency c

2
n = g(▷n). Then J(▷) = φ

2ϖ


n
g(▷n) ↽(▷→ ▷n) ↑ φ

2ϖ
g(▷) ε(▷) for

▷ ≃ 0, where ε(▷) is the spectral density. For a linear spectrum (like photons, or phonons)
we have ε(▷) ↓ ▷

d→1 and thus we expect a power law J(▷) ↓ g(▷)▷d→2 at low frequency. A
simple assumption is g(0) =cste. In dimension d = 3, g(0) =cste gives J(▷) ⇐ ▷ for ▷ ≃ 0.

• The spectrum of eigen-frequencies is usually cut o! at a frequency ▷D related to the micro-
scopic scale (for phonon modes in a crystal, ▷D is the Debye frequency, related to the lattice
spacing).

The Ohmic case, J(▷) ⇐ ▷ for small frequency : a concrete example.— Assuming a
broad spectrum of frequencies, of width ▷D of the form

J(▷) = ϑ0 ▷
▷
2

D

▷2 + ▷
2

D

(1.55)

gives
C(t) = kBT ϑ0 ▷D e→ϖD|t|

. (1.56)

Its integral is ∫
+↓

→↓

dt C(t) = 2ϑ0 kBT (1.57)

which recall us something...

E!ective equation of motion.— Let us come back to the analysis of the e!ective equation
of motion (1.47). If the spectral function J(▷) is broad (width ↓ ▷D), we expect the function
”(t) to be narrow in time (width ↓ 1/▷D). For future convenience, we introduce

ϑ(t) =

∫
↓

t

dt↑ ”(t↑) (1.58)

which also decays rapidly over the scale ↓ 1/▷D. We introduce a Heaviside function in its
definition to make it causal

ϑ(t) = ⇀H(t)


n

c
2
n cos(▷nt)

▷2
n

=
2 ⇀H(t)

ϖ

∫
↓

0

d▷
J(▷)

▷
cos(▷t) (1.59)

is a ”narrow function” of width 1/▷D.
An integration by parts gives

∫
t

0

dς ”(ς)x(t→ ς) = ϑ(0)x(t)→ ϑ(t)x(0)→
∫

t

0

dς ϑ(ς) ẋ(t→ ς) (1.60)
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Considering times t ↘ 1/▷D, we drop the term ϑ(t)x(0). We end with the e!ective equation of
motion

mẍ(t) = F (x(t))→
∫

t

0

dς ϑ(ς) ẋ(t→ ς) + φ(t) (1.61)

After ”integration over the bath degree of freedom”, we have obtained that the evolution the
system is described by a integro-di!erential equation. This form makes clear the physical inter-
pretation of the integral term as a friction term. The nonlocality of the friction term is not a
surprise : from a microscopic perspective, friction results from the multiple interactions between
the system and the bath, hence damping needs some time to establish.

FDT.— Finally we have the relation between the correlator of the noise and the friction

C(ς) = kBT ϑ(ς) for ς > 0 (FDT) (1.62)

which relates the correlator of the noise to the damping (friction) function.
In the microscopic model, the damping term is an integral term. The relation between the

damping and the strength of the noise results from the integration of the microscopic equation
of motions, assuming equilibrium for the bath only (not for the particle, like in the phenomeno-
logical Langevin approach). We can compare the two approaches

• In the § 1 we have introduced two terms in the Langevin equation : the friction controlled
by ϑ0 and the noise controlled by the strength C. We have then assumed that the particle
is at canonical equilibrium Psys(x, p) ⇐ exp[→ς

2
mv

2]. Comparing with the statistical prop-
erties of the solution of the Langevin equation, we have deduced that the two parameters
of the model cannot be independent but must be related by C = 2ϑ0kBT . To some extent,
this relation was assumed for consistency.

• Here, we have only assumed that, being macroscopic, the bath is at thermal equilibrium
Pbath(x, p) ⇐ e→ςHbath . As a result of the integration of the conservative dynamics, we have
deduced the relation C = 2ϑ0kBT . A by-product is that if we study the statistic for the
particle, one can show that it is described by canonical equilibrium (the particle reaches
equilibrium because it interacts with the bath).

Quantum model : a very similar analysis can be performed within a quantum frame. Mainly,
the correlator of the noise (i.e. of the initial bath variables) involves a di!erent function and
one is led to a “quantum Langevin equation” (cf. [13] or [47]).

Energetic considerations : We now study the energy of the system

d

dt
Hsys = ẋ [mẍ→ F (x)] = →v(t)

∫
t

0

dς ϑ(ς) v(t→ ς) + v(t) φ(t) (1.63)

Clearly, the second term corresponds to the work of the Langevin force

d̄W

dt
= v(t) φ(t) (1.64)

hence the first term should be interpreted as the heat received by the system

d̄Q

dt
= →v(t)

∫
t

0

dς ϑ(ς) v(t→ ς) . (1.65)
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One can consider the model with ϑ(ς) = ϑ0 ▷D e→ϖDω . Assuming 1/▷D ↙ ς = m/ϑ0, we
expect that v(t) is smooth on the scale 1/▷D so that we can treat φ(t) as a white noise. Hence
v(t) ↑ 1

m

∫
t

0
dt↑ φ(t↑) e→(t→t

→
)/ω . We can estimate the average work of the Langevin force

↔d̄W ↗
dt

= ↔v(t) φ(t)↗ = 2kBT

ς
⇀H(0) =

kBT

ς
(1.66)

where ↔v(t) φ(t)↗ was computed in Chapter 1, cf. Eq. (1.15). We have used that ⇀H(0) = 1/2
(this is consistent with a symmetric regularised ↽ function). The particle receives work ↔d̄W ↗ > 0
on average. The averaged heat is

↔d̄Q↗
dt

= →
∫

t

0

dt↑ ϑ(t→ t
↑)
〈
v(t)v(t↑)

〉
(1.67)

Because the correlator ↔v(t)v(t↑)↗ decays much slower than the damping function (we have as-
sumed ▷Dς ↘ 1) we can write ϑ(t→ t

↑) ↔v(t)v(t↑)↗ ↑ ϑ(t→ t
↑)
〈
v(t)2

〉
, hence

↔d̄Q↗
dt

↑ →
〈
v(t)2

〉 ∫ ↓

0

dt↑↑ ϑ(t↑↑) = →kBT

m
ϑ0 = →kBT

ς
(1.68)

i.e. the bath receives some heat from the particle. As it should the total energy is conserved on
average

↔d̄W ↗+ ↔d̄Q↗ = 0 (1.69)

On average, the Langevin force gives some work to the particle and the bath receives the heat
which is dissipated. Fluctuations allow that the opposite occurs.

The bath receives the entropy dSbath = →d̄Q/T , thus the dissipation corresponds to the
entropy production with rate

d ↔Sbath↗
dt

= +
kB

ς
(1.70)

Stochastic thermodynamics.— Here, I have applied some concepts of thermodynamics to
a single particle. This type of question has attracted a lot of attention for ↓ 25 years and is the
subject of the field of “stochastic thermodynamics”. If you are interested you can have a look
to the reviews [22, 9, 26, 44, 43, 24] or to the lectures of Bernard Derrida at collège de France
(2015-2016), https://www.college-de-france.fr/site/bernard-derrida/

Additional exercises

✁ Exercice 1.6 Comparison between time average and statistical average : One con-
siders the random ”function” given by the sum of impulses φ(t) =


N

n=1
◁n ↽(t→ tn) defined over

the interval [0, T ], where
• the tn’s are independent and identically distributed (i.i.d) random times uniformly distributed
over [0, T ] (i.e. one tn has distribution p(tn) = 1/T ). We denote by 0 = N/T (for N ≃ ⇑ and
T ≃ ⇑) the rate of occurence of the random times.
• The ◁n’s are i.i.d random variables with common distribution w(◁) with finite

〈
◁
2
n

〉
.

a) Compute the time average of φ(t), over the time interval [0, T ]. Compare with the statistical
average (over tn’s and ◁n’s).

b) What is the condition on the random function φ(t) allowing to define a time averaged cor-
relator C(t → t

↑) = φ(t)φ(t↑)
c

= φ(t)φ(t↑) → φ(t) φ(t↑) ? Compare to C(t → t
↑) = ↔φ(t)φ(t↑)↗

c
=

↔φ(t)φ(t↑)↗ → ↔φ(t)↗ ↔φ(t↑)↗.
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✁ Exercice 1.7 Mean square displacement from the Langevin equation : Our aim is
to compute the mean square displacement

〈
x(t)2

〉
of a Brownian particle in a fluid described

by (1.3,1.4). We assume that x(0) = 0 and that the particle is initially at equilibrium with the
fluid.

a) Recover the correlator ↔v(t)φ(t↑)↗ and deduce ↔x(t)φ(t↑)↗. What is ↔x(t)φ(t)↗ ?
b) Prove that d

2

dt2
x(t)2 + 1

ω

d

dt
x(t)2 = 2v(t)2 + 2

m
x(t) φ(t).

c) What is
〈
v(t)2

〉
?

d) Argue that d

dt

〈
x(t)2

〉 
t=0

= 0 and deduce that

〈
x(t)2

〉
= 2D

[
t→ ς

(
1→ e→t/ω

)]
(1.71)

Analyze carefully the limiting behaviours (interpret the t ≃ 0 behaviour) and plot the function.

✁ Exercice 1.8 Dissipation of the energy in the Langevin equation : We consider the
Langevin equation m

d

dt
v(t) = →ϑ v(t) + φ(t) for the velocity of a particle in a fluid where φ(t) is

a Gaussian white noise such that ↔φ(t)↗ = 0 and ↔φ(t)φ(t↑)↗ = 2ϑ kBT ↽(t→ t
↑).

a) Solve the Langevin equation. Deduce the correlator between the velocity and the Langevin
force ↔v(t)φ(t↑)↗.
b) Consider now the kinetic energy Ekin(t) = 1

2
mv(t)2. Using the Langevin equation, deduce

dEkin

dt
and interpret the two terms.

c) Deduce a di!erential equation for ↔Ekin(t)↗.
Hint : you should need ↔v(t)φ(t)↗ at coinciding times, which requires ⇀H(0) = 1/2 (Heaviside
function at the origin).
d) Solve the di!erential equation for ↔Ekin(t)↗ and discuss the result.

✁ Exercice 1.9 From the Wiener process to the Ornstein-Uhlenbeck process : We
consider the Wiener process described by the equation dW (u)

du
= ϱ(u), where ϱ(u) is a normalised

Gaussian white noise.

a) Consider ↼(u) a monotonous function. Argue that

ϱ(↼(u))
(law)
=

1
|↼↑(u)|

ϱ(u) (1.72)

b) Deduce the stochastic di!erential equation for

x(t) =
W (u)⇓

u
with u = u0e

2εt (1.73)

2 Stochastic processes (2) : Markov processes and master equa-
tion

We have discussed above few simple stochastic processes (the Wiener process and the Ornstein-
Uhlenbeck process). Let us now introduce some general ideas and concepts (and the vocabulary)
allowing for a general analysis of stochastic processes.

2.1 Generalities : joint probabilities and conditional probabilities

The aim of the section is to introduce some useful tools and concepts needed to describe random
processes. In general, the characterization of the distribution of a random process X(t) defined
on an interval [0, T ], i.e. a random function of time, should require to introduce a probability
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Figure 2.1: Marian von Smoluchowski (1872-1917) is considered as the father of the theory of
stochastic processes.

weight taking the form of a functional P [x(t)] ↓ Proba{X(t) = x(t) , ↖ t ∝ [0, T ]}, which is
rather tricky to handle. However if we are interested in an average value, formally written as
a functional integral ↔X(t)↗ =

∫
DxP [x(t)]x(t), we do not need all the information about the

process at all times, but only at time t. In this chapter and the following two chapters, we will
restict ourselves to simple questions which only require to know the probability that the process
X(t) takes some values at a discrete set of times (at t for ↔X(t)↗, or at t1 and t2 for ↔X(t1)X(t2)↗,
etc). This leads to introduce the joint distribution of the values taken by the process at those
times only.

Joint probability : In order to characterize the statistical properties of the random process,
we introduce the joint probability or “the n-point function”

Pn(xn, tn; · · · ;x2, t2;x1, t1︸ ︷︷ ︸
↘→
time

) = ↔↽(xn →X(tn)) · · · ↽(x1 →X(t1))↗ (2.1)

corresponding to the probability (density) for the process to be equal to x1, · · · , xn at times
t1, · · · , tn. We can also write

Pn(xn, tn; · · · ;x2, t2;x1, t1) dx1 · · · dxn
= Proba{X(t1) ∝ [x1, x1 + dx1] & · · · & X(tn) ∝ [xn, xn + dxn]} (2.2)

From the definition, it is clear that one integration relates the n-point to the n→1-point function
∫

dxk Pn(xn, tn; · · · ;xk+1, tk+1;xk, tk;xk→1, tk→1; · · · ;x1, t1) (2.3)

= Pn→1(xn, tn; · · · ;xk+1, tk+1;xk→1, tk→1; · · · ;x1, t1) (2.4)

The main interest of the joint distribution with n arguments is to allow us to express the average
and correlations of the process. Eq. (2.1) makes clear that

↔X(t1)↗ =
∫

dx1 P1(x1, t1)x1 (2.5)

↔X(t2)X(t1)↗ =
∫

dx1dx2 P2(x2, t2;x1, t1)x2 x1 (2.6)

etc.
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Conditional probability : Another important concept is the one of conditional probability
corresponding to the probability for the process to pass through x1, · · · , xn at successive times
t1, · · · , tn, given that it has previously passed through y1, · · · , yn at successive times ς1, · · · , ςn :

Pn|m(xn, tn; · · · ;x1, t1 | ym, ςm; · · · ; y1, ς1) =
Pn+m(xn, tn; · · · ;x1, t1; ym, ςm; · · · ; y1, ς1)

Pm(ym, tm; · · · ; y1, ς1)
(2.7)

In particular, the conditional probability is useful if we are interested in conditional averages.
Examples :

↔X(t1) |X(0) = x0↗ =
∫

dx1 x1 P1|1(x1, t1 |x0, 0) (2.8)

↔X(t2)X(t1) |X(0) = x0↗ =
∫

dx1dx2 x2 x1 P2|1(x2, t2;x1, t1 |x0, 0) , (2.9)

etc, which involve averaging over trajectories which all start from the same point X(0) = x0.

Propagator : Integrating the two point-point function P2(x, t;x0, t0) = P1|1(x, t|x0, t0)P1(x0, t0)
over the initial coordinate, we get

P1(x, t) =

∫
dx0 P1|1(x, t|x0, t0)P1(x0, t0) . (2.10)

The equation shows that the conditional probability plays the role of a “time evolution operator”
for the distribution P1(x, t) : it “propagates” the stochastic evolution. For this reason, it is also
called the “propagator”.

2.2 Markov processes

A very important class of random processes areMarkov processes. A Markov process is a random
process whose evolution after time t0 only depends on its value at time t0, and not on its past
history before t0. Mathematically, this property takes the form

Pn|m(xn, tn; · · · ;x1, t1 | ym, ςm; · · · ; y1, ς1︸ ︷︷ ︸
past history

) = Pn|1(xn, tn; · · · ;x1, t1 | ym, ςm) (2.11)

which expresses that history prior to ςm does not matter : only the last position ym at time ςm

determines the evolution at times t1, · · · , tn.

Figure 2.2: Andrëı Andrëıevich Markov (1856-1922).
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Let us examine the consequences of this fundamental assumption. Consider for example the
three point function :

P3(x3, t3;x2, t2;x1, t1) = P1|2(x3, t3|x2, t2;x1, t1)P2(x2, t2;x1, t1) (2.12)

= P1|2(x3, t3|x2, t2;x1, t1)P1|1(x2, t2|x1, t1)P1(x1, t1) (2.13)

Markov
= P1|1(x3, t3|x2, t2)P1|1(x2, t2|x1, t1)P1(x1, t1) (2.14)

We can generalize this to any joint distribution. We simplify the notation as P1|1(x, t|y, t0) ′
P (x, t|y, t0) and P1(x, t) ′ P (x, t) and we conclude that

A Markov process is fully characterized by P (x, t |x0, t0) and P (x, t) only.

In practice, the following property is useful

Pn|1(xn, tn; · · · ;x1, t1 |x0, t0) =
n∏

k=1

P (xk, tk |xk→1, tk→1) (2.15)

as it allows to compute any average ↔X(tn) · · ·X(t1)X(t0)↗ or ↔X(tn) · · ·X(t1) |X(t0) = x0↗.

Chapman-Kolmogorov equation : Start from the general property
∫

dx2 P3(x3, t3;x2, t2;x1, t1) = P2(x3, t3;x1, t1) . (2.16)

For a Markov process, using (2.14), one gets the Chapman-Kolmogorov equation

∫
dx2 P (x3, t3|x2, t2)P (x2, t2|x1, t1) = P (x3, t3|x1, t1) (2.17)

The probability to go from x1 to x3 is the sum over x2 of the probabilities conditioned to passed
through x2.

Figure 2.3: Andrëı Nikoläıevitch Kolmogorov (1903-1987), well-known by physicists for his major
contributions to the theory of dynamical systems and probability.

Homogeneous Markov processes : In the following, in order to simplify the discussion, we
will restrict ourselves to Markov processes such that the transition probability is invariant under
time translation

P (x2, t2|x1, t1) = P (x2, t2 → t1|x1, 0) (2.18)

Such random processes are denoted “homogeneous”. Since it only depends on the time di!erence,
we will also write the propagator as Pt(x|x0).
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a) A first example of Markov process

We can come back to the Langevin equation (1.3) for the velocity. (i) The equation for v(t) is
first order, hence the evolution at t > 0 is fully determined by v(0) = v0. (ii) The Langevin
force is a white noise (φ uncorrelated in time), thus no time correlations are hidden in the noise.
From (i) & (ii) we conclude that the process is Markovian.

Let us now discuss the related fundamental probabilities P (v, t) and P (v, t|v0, 0), which
can be easily obtained if we assume furthermore that the Langevin noise is Gaussian. 6 We
have obtained above the two first moments, cf. (1.8,1.10), which are conditioned averages now
denoted

↔v(t) | v(0) = v0↗ = v0 e
→t/ω (2.19)

Var[v(t) | v(0) = v0] =
kBT

m

(
1→ e→2t/ω

)
(2.20)

The process v(t) is a convolution of the Gaussian Langevin force φ(t), hence it is also Gaussian
(a sum of Gaussian variables is also Gaussian). The knowledge of these two moments is su#cient
to characterize the full distribution : 7

Pt(v|v0) =
√

m

2ϖkBT
(
1→ e→2t/ω

) exp

{
→ m (v → v0 e→t/ω )2

2kBT
(
1→ e→2t/ω

)
}

. (2.21)

At large time, the conditional probability converges toward the equilibrium distribution

Pt(v|v0) →≃
t↔↓

P (v) =

√
m

2ϖkBT
e
→

m

2kBT
v
2

(2.22)

the Maxwell distribution (or Gibbs distribution). Here, the “one point distribution” P (v) is
independent of the time due to the existence of a stationary state (this is not always the case).
This is also why the conditional probability rapidly converges (exponentially fast) toward the
equilibrium distribution. The process described by equation (1.3), or the conditional probability
(2.21), is known as the Ornstein-Uhlenbeck process. It is the subject of a theorem by Doob
(1942) : the only homogeneous Gaussian stationary random process is the Ornstein-Uhlenbeck
process. 8

✁ Exercice 2.1 : Express the correlator ↔v(t)v(t↑) | v(0) = v0↗ as a double integral involving
the conditional probability Pt(v|v0). Check that one recovers Eq. (1.10) by using (2.21).
Same question for the correlator ↔v(t)v(t↑)↗

c
corresponding to an initially random velocity v0.

b) Markovian or non-Markovian ? Few examples

Random walk.— After each step, a random walker forgets his past history (where he is
coming from) : this is a Markov process.

Choosing clothes every morning.— Consider choosing clothes from a closet every morning
without looking at the weather forecast, as a stochastic process. The selection depends on the
weather of the previous day : there is a memory e!ect hence the process is non Markovian.

6The distribution of the noise is a Gaussian : P [ε] → exp
{
↑

1

2C

∫
dt ε(t)2

}
. On can deduce from this that

↓ε(t)ε(t→)↔ = C ϑ(t↑ t
→) [hint : discretize the time to check this].

7This argument was used in the historical paper : G. E. Uhlenbeck and L. S. Ornstein, “On the Theory of the

Brownian Motion”, Phys. Rev. 36(5), 823–841 (1930).
8The Ornstein-Uhlenbeck process is more frequently introduced as a model for a particle attached to a spring

in the overdamped regime : ẋ(t) = ↑k x(t) + ε(t) (I forget the friction coe”cient ϖ).
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Velocity v(t) : a Markov process.— We have pointed out that the Langevin equation (1.3)
describes a Markov process because
(i) the di!erential equation is first order, hence the solution for t > 0 depends only on some
initial value v(0) ;
(ii) the noise is ↽-correlated, hence there is no memory hidden in the Langevin force.

Position x(t) =
∫ t
0 dt→ v(t→) : a non Markovian process.— The position x(t) of the

particle is a non Markovian process. There are two points of view leading to this conclusion.

(1) it obeys the stochastic di!erential equation (SDE) mẍ(t) = →ϑ ẋ(t) + φ(t), which is second
order. The noise is still ↽-correlated, however, the solution of the di!erential equation is de-
termined both by the initial position x(0) and the initial velocity ẋ(0), which depends on the
history before t = 0 (velocity indicates where the particle comes from). We break point (i) while
point (ii) holds. The process x(t) is non Markovian.

(2) We could also argue that x(t) obeys a first order SDE, ẋ(t) = v(t), whose solution is de-
termined only by x(0), hence point (i) holds. The velocity now plays the role of the noise.
This “noise” is now characterized by a finite correlation time (memory time), ↔v(t)v(t↑)↗ =
kBT

m
e→|t→t

→
|/ω (one says that the SDE for x(t) involves a “colored noise”). Within this point

of view we break point (ii), which leads to the same conclusion, as it should, that x(t) is non
Markovian.

A 2D Markov process : (x(t), v(t)).— x(t) alone is a non Markovian process, how-
ever it can be considered as the first component of a two-dimensional Markov process ωX(t) =
(x(t), v(t)). Indeed, the system of di!erential equations for (x(t), v(t)) is first order and involves
a ↽-correlated noise. It presents the more general form of a multidimensional Langevin equation

Ẋi = Ai( ωX) +Bij $j(t) (2.23)

where here ωA = (v, F (x) → ϑ v) is the drift (we have added a conservative force). The noise
ω$(t) = (φx(t), φ(t)) is uncorrelated in time. The matrix is Bxx = Bxv = Bvx = 0 and Bvv = 1.
Hence it is a 2D Markovian process. We will see that the joint distribution Pt(x, v) obeys the
“Kramers equation” ⇁tPt =

[
→ ⇁xv → 1

m
⇁v(F (x)→ ϑ v) + 1

m2 ϑkBT ⇁
2
v


Pt.

Conclusion : The analysis of this example shows that the identification of a Markov process
is sometimes a question of perspective, and also illustrates that Markov processes are elementary
building blocks. Many non Markovian processes can be constructed from Markov processes.

2.3 Master equation

a) Master equation for continuous processes

Let us start with the case of continuous processes, which is more general. As we have seen, the
time evolution of the distribution P (x, t) of a Markov process can be represented in terms of
the conditional probability, Eq. (2.10). However, this equation and (2.17) are not of great help
to determine the two fundamental functions P (x, t) and P (x, t|x0, t0). The distribution is more
conveniently obtained by solving an evolution equation for an infinitesimal time step : such an
evolution equation can be related to the above integral equation by considering the evolution
during an infinitesimal time ↽t ≃ 0. In this case we expect

P (x, t+ ↽t|x0, t) ↑ ↽(x→ x0) + ↽tWt(x|x0) +O(↽t2) (2.24)
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The linear correction follows from the Markov assumption : at short time, the transition proba-
bility is linear with time and involves a transition rate Wt(x|x0)dx for performing the transition
from x0 to [x, x+ dx], which is the elementary information defining the process.

If we restrict ourselves to homogeneous processes (time translation invariant) we have

Wt(x|x0) ≃ W (x|x0) (homogeneous process) (2.25)

independent of time. For homogeneous processes, we find the di!erential equation (in time)

⇁P (x, t)

⇁t
=

∫
dx↑W (x|x↑)P (x↑, t) (2.26)

This is the general form of the Master equation for a continuous process. The fact that the
di!erential equation in time is first order means that the future evolution of the probability
density for times t > 0 depends only on the distribution P (x, 0) and not on the past history
(Markov property). This is the (a posteriori) justification for the expansion (2.24). Note that
the conservation of probability requires that

∫
dxf W (xf |xi) = 0 ⇔ ⇁

⇁t

∫
dxP (x, t) = 0 ↖ t (2.27)

so that probability
∫
dxP (x, t) = 1 is conserved. This condition follows from the normalization

condition of the conditional probability, in the expansion (2.24).
Note that, being related to a transition rate, the transition kernel should be positiveW (x|x0) ↭

0 for x ∞= x0. As a result, it must contain a singular negative contribution of the form
→0(x) ↽(x → x0) in order to fulfill the condition (2.27), where 0(x) is therefore the probabil-
ity rate for leaving point x (see examples below in this chapter).

Obviously, the conditional probability obeys the same equation

⇁Pt(x|x0)
⇁t

=

∫
dx↑W (x|x↑)Pt(x

↑|x0) for initial condition P0(x|x0) = ↽(x→ x0) . (2.28)

In a specific problem, the transition “rates” W (x|x0) encode the elementary information about
the stochastic process. The aim is to solve the master equation (2.26), or (2.28), given the
integral kernel W (x|x0).

In the most general case, a Markov process can combine

• a di!usion : in this case the integral kernel W (x|x↑) is replaced by a second order di!erential
operator

• jumps : leading to an integral term in the master equation, like in (2.26).

Below, we will give concrete examples. We will come back on this discussion in chapter 4 (§ ??).

b) Master equation for discrete processes

For simplicity, let us first consider a random process which takes discrete valuesX(t) ∝ {x1, · · · , xN}
and denote Pn(t) = Proba{X(t) = xn} (in certain situations the total number of states can be
infinite, N ≃ ⇑). The Markovian nature of the process implies that what happens on [t, t+ ↽t]
is independent to what has occured on [0, t]. Hence the probability Pn(t+ ↽t) can be expressed
in terms of products of probabilities, one characterizing the evolution up to time t, i.e. the
probabilities Pm(t)’s, and the probabilities for transitions between states during time interval

22



↽t. We denote by Wn,m ↭ 0 the rate for a transition from m to n, with n ∞= m, meaning that
the probability to make a transition m ≃ n in the time interval [t, t+ ↽t] is Wn,m↽t. Therefore

Pn(t+ ↽t) ↑
(
1→



m( ≃=n)

Wm,n↽t

︸ ︷︷ ︸
proba to leave n

)Markov

⇐

∈ Pn(t) +


m( ≃=n)

Wn,m↽t
︸ ︷︷ ︸

proba for m↔n

Markov

⇐

∈Pm(t) (2.29)

Letting ↽t ≃ 0 we obtain the first order di!erential equation

d

dt
Pn(t) =



m ( ≃=n)

[Wn,mPm(t)→Wm,nPn(t)] (2.30)

(we can also replace


m ( ≃=n)
≃


m
). Eq. (2.30) is the master equation for a discrete process.

The previous equation does not depend on Wn,n, which was not defined so far, however it is

convenient to introduce Wn,n

def

= →


m ( ≃=n)
Wm,n < 0, which is the probability rate for leaving

state n, up to the sign. We deduce the form

dPn(t)

dt
=



m

Wn,mPm(t) (2.31)

The coe#cients Wn,m form a N ∈N matrix W , which satisfies the condition



n

Wn,m = 0 (2.32)

ensuring the conservation of probability


n
Pn(t) = 1 ↖ t. Note that this condition is related to

an asymmetry of the matrix (Wn,m ∞= Wm,n in general) : the sum of all elements of a column is
zero, however summing elements along a line is non zero in general.

We now discuss several examples of Markov processes (discrete or continuous).

c) The random telegraph process (N = 2)

Let us first consider the most simple Markov process X(t), taking only two possible values X1

or X2 (this is a “two level system” for stochastic processes). A typical realization of the process
is represented on Fig. 2.4.

Figure 2.4: Random telegraph process with X1 = →1 and X2 = +1.

There are many di!erent realizations of the random telegraph process (according to wikipedia,
it is also known as the Kac process, from the name of the famous Mathematician Mark Kac, or
random telegraph noise, or burst noise, or popcorn noise). It may occur any time we deal with
a two state system with a random switching mechanism. For example, since the 1990s, there
has been a huge interest in micrometric structures known as “quantum dots” (QD), which can
trap a tunable number of eletrons (see for example the review [52]). Such a device is shown in
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Fig. 2.5 (see also Fig. 2.6 p. 25) : a small island is patterned in a two dimensional electron gas
at an interface GaAs/GaAlAs. Due to Coulomb interaction, the addition of an extra electron
in the island has a high energy cost, however, playing with some external gate voltages, the QD
can be prepared in a configuration such that the two states, the one with n electrons and the
one with n + 1 electrons, are degenerate. Then, the QD is switching between the two states.
Morevover, the figure 2.5 shows that the switching occurs with a rather low frequency, on a
millisecond scale, which is a macroscopic time for the electrons.

Measuring current by counting electrons in a nanowire quantum dot

S. Gustavsson⇤, I. Shorubalko⇤, R. Leturcq, S. Schön, and K. Ensslin
Solid State Physics Laboratory, ETH Zürich, CH-8093 Zürich, Switzerland

(Dated: February 5, 2008)

We measure current by counting single electrons tunneling through an InAs nanowire quantum
dot. The charge detector is realized by fabricating a quantum point contact in close vicinity to the
nanowire. The results based on electron counting compare well to a direct measurements of the
quantum dot current, when taking the finite bandwidth of the detector into account. The ability to
detect single electrons also opens up possibilities for manipulating and detecting individual spins in
nanowire quantum dots.

A highly-sensitive charge detector is a powerful tool for
probing electronic properties of mesoscopic structures. In
contrast to conventional transport measurement, the sys-
tem under investigation does not need to be connected
to leads. This makes the measurement technique low-
invasive and allows charge transitions within the nanos-
tructure to be investigated [1]. By adding time resolution
to the detector, tunneling of individual electrons can be
detected in real-time [2]. This provides the possibility
to extract statistics for the tunneling electrons and to
probe electron-electron correlations [3, 4], as well as for
determining electron spin dynamics [5, 6].

Another possible application of time-resolved charge
detection is to use it as a metrology standard for current.
Bylander et al experimentally verified the fundamental
relation I = e f by relating a highly-correlated current I
through an array of tunnel junctions to the frequency re-
sponse f of a single-electron transistor [7]. In this work,
we combine a quantum dot (QD) formed in a semicon-
ductor nanowire with a quantum point contact (QPC)
acting as the charge detector. The large energy scales of
the nanowire QD enable operation at T = 4 K and allow
the QPC to be operated at larger bias voltages compared
to GaAs QDs [8]. This together with the high sensitivity
of the detector make time-resolved single-electron detec-
tion possible in a regime where we can simultaneously
measure the QD current with a conventional current me-
ter. In this way, we count electrons one by one and make
direct comparisons to the measured current. We find that
the current measured by counting is lower than the one
measured with conventional techniques. The di↵erence
can be quantitatively accounted for by considering the
electrons missed because of the limited bandwidth of the
charge detector, which is a known quantity [9].

InAs nanowires are catalytically grown by metal-
organic vapor phase epitaxy (the detailed recipe is de-
scribed in [10]). An InAs nanowire is deposited on top of
a shallow (37 nm) AlGaAs/GaAs heterostructure based
two-dimensional electron gas (2DEG). The QD in the
InAs nanowire and a QPC in the underlying 2DEG are
defined in a single etching step using patterned electron
beam resist as an etch mask. This method guarantees

⇤
These authors contributed equally to this work.

perfect alignment as well as strong coupling between the
two devices [11].
Figure 1(a) shows a scanning electron microscope

(SEM) image of a device similar to the one used in the
measurements. The QD is defined by the etched con-
strictions in the nanowire between S and D. The QPC is
formed between the two etched trenches that separates
it from the rest of the 2DEG. The regions marked by L
and R are used as side gates to control the QD popula-
tion and to tune the coupling between the QD and the
source and drain leads. In the experiment, the QPC was
biased with a DC voltage of VQPC = 1 mV. In addition,
a voltage was applied to the 2DEG on both sides of the
QPC to compensate for the shift in QPC potential when
changing the voltages on gates L, R. The bias of the QPC
was kept smaller than the single-level spacing of the QD
to avoid QD excitations due to photon absorbtion [8].
The measurements presented here were performed at a
temperature of 1.7 K, but we have tested that the setup
produces similar results at T = 4 K.
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FIG. 1: (color online) (a) SEM image of the device. The
quantum dot is formed in the nanowire, with the quantum
point contact located in the 2DEG directly beneath the QD.
(b) Typical time trace of the QPC conductance, showing a few
electrons tunneling into and out of the QD. The upper level
corresponds to a situation with n electrons on the QD. (c)
Rise time of the detector, defined as the time needed for the
current to cross the midline between current levels belonging
to the n and n+ 1 electron states.
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We measure current by counting single electrons tunneling through an InAs nanowire quantum
dot. The charge detector is realized by fabricating a quantum point contact in close vicinity to the
nanowire. The results based on electron counting compare well to a direct measurements of the
quantum dot current, when taking the finite bandwidth of the detector into account. The ability to
detect single electrons also opens up possibilities for manipulating and detecting individual spins in
nanowire quantum dots.

A highly-sensitive charge detector is a powerful tool for
probing electronic properties of mesoscopic structures. In
contrast to conventional transport measurement, the sys-
tem under investigation does not need to be connected
to leads. This makes the measurement technique low-
invasive and allows charge transitions within the nanos-
tructure to be investigated [1]. By adding time resolution
to the detector, tunneling of individual electrons can be
detected in real-time [2]. This provides the possibility
to extract statistics for the tunneling electrons and to
probe electron-electron correlations [3, 4], as well as for
determining electron spin dynamics [5, 6].

Another possible application of time-resolved charge
detection is to use it as a metrology standard for current.
Bylander et al experimentally verified the fundamental
relation I = e f by relating a highly-correlated current I
through an array of tunnel junctions to the frequency re-
sponse f of a single-electron transistor [7]. In this work,
we combine a quantum dot (QD) formed in a semicon-
ductor nanowire with a quantum point contact (QPC)
acting as the charge detector. The large energy scales of
the nanowire QD enable operation at T = 4 K and allow
the QPC to be operated at larger bias voltages compared
to GaAs QDs [8]. This together with the high sensitivity
of the detector make time-resolved single-electron detec-
tion possible in a regime where we can simultaneously
measure the QD current with a conventional current me-
ter. In this way, we count electrons one by one and make
direct comparisons to the measured current. We find that
the current measured by counting is lower than the one
measured with conventional techniques. The di↵erence
can be quantitatively accounted for by considering the
electrons missed because of the limited bandwidth of the
charge detector, which is a known quantity [9].

InAs nanowires are catalytically grown by metal-
organic vapor phase epitaxy (the detailed recipe is de-
scribed in [10]). An InAs nanowire is deposited on top of
a shallow (37 nm) AlGaAs/GaAs heterostructure based
two-dimensional electron gas (2DEG). The QD in the
InAs nanowire and a QPC in the underlying 2DEG are
defined in a single etching step using patterned electron
beam resist as an etch mask. This method guarantees
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perfect alignment as well as strong coupling between the
two devices [11].
Figure 1(a) shows a scanning electron microscope

(SEM) image of a device similar to the one used in the
measurements. The QD is defined by the etched con-
strictions in the nanowire between S and D. The QPC is
formed between the two etched trenches that separates
it from the rest of the 2DEG. The regions marked by L
and R are used as side gates to control the QD popula-
tion and to tune the coupling between the QD and the
source and drain leads. In the experiment, the QPC was
biased with a DC voltage of VQPC = 1 mV. In addition,
a voltage was applied to the 2DEG on both sides of the
QPC to compensate for the shift in QPC potential when
changing the voltages on gates L, R. The bias of the QPC
was kept smaller than the single-level spacing of the QD
to avoid QD excitations due to photon absorbtion [8].
The measurements presented here were performed at a
temperature of 1.7 K, but we have tested that the setup
produces similar results at T = 4 K.
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FIG. 1: (color online) (a) SEM image of the device. The
quantum dot is formed in the nanowire, with the quantum
point contact located in the 2DEG directly beneath the QD.
(b) Typical time trace of the QPC conductance, showing a few
electrons tunneling into and out of the QD. The upper level
corresponds to a situation with n electrons on the QD. (c)
Rise time of the detector, defined as the time needed for the
current to cross the midline between current levels belonging
to the n and n+ 1 electron states.
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Figure 2.5: A physical realization of the random telegraph process : the charge inside a quantum
dot is measured as a function of the time with a neighbouring probe. The current IQPC through
the probe is proportional to the number of electrons inside the central island, which fluctuates
by one unit (one electron). From : S. Gustavsson, I. Shorubalko, R. Leturcq, S. Schön, and K.
Ensslin, “Measuring current by counting electrons in a nanowire quantum dot”, Appl. Phys.
Lett. 92, 152101 (2008)

We introduce two probabilities Pi(t) = Proba{X(t) = Xi} with i ∝ {1, 2} and in general,
there are two di!erent transition rates 01 = rate(X1 ≃ X2) and 02 = rate(X2 ≃ X1) The
matrix W is 2∈ 2

W =


→01 02

01 →02


. (2.33)

The two probabilities obey the set of coupled di!erential equations

dP1(t)

dt
= →01 P1(t) + 02 P2(t) (2.34)

dP2(t)

dt
= +01 P1(t)→ 02 P2(t) (2.35)

in each equation, one term populates the state and the other empties the state.
In the following exercice, we solve this system of equations.

✁ Exercice 2.2 Random telegraph process :
a) Derive the set of di!erential equations for P1(t) and P2(t) from the definitions of the rates.
Deduce a matricial form d

dt
P (t) = W P (t), where P = (P1 P2)T is the column vector ( T denotes

tranposition).

b) Find the stationary solution, denoted by P
⇒

i
, and give the general solution of the master

equation.

c) Determine the conditional probability Pt(i|j). Compute


j
Pt(n|j)P ⇒

j
and interpret. Discuss

detailed balance.

d) Express ↔X(t)↗ and ↔X(t)X(t↑)↗ in the stationary regime. For simplicity, choose X1 = 0 and
X2 = 1. Show that the correlator C(t→ t

↑) = ↔X(t)X(t↑)↗ → ↔X(t)↗ ↔X(t↑)↗ is

C(t→ t
↑) =

0102

(01 + 02)2
e→(↼1+↼2)|t→t

→
|
. (2.36)
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This supplementary material describes the details of
the current noise measurements presented in the main
article “Shot noise spectroscopy on a semiconductor
quantum dot in the elastic and inelastic cotunneling
regimes.” To measure current noise sourced from the
quantum dot (QD), we employ cryogenic-amplification
and fast-Fourier-transform based current noise measure-
ment system.1–3 This system is calibrated with refer-
ence to thermal noise, and the estimated resolution is
δS ∼ 2× 10−29 A2

/Hz.
Figure S1(a) shows a scanning electron microscope im-

age of our device and the setup for measuring the cur-
rent noise. The drain contact of the QD device is con-
nected with the LC tank to form an RLC tank circuit,
with ‘R’ being the resistance of the QD. The inductance
L ∼ 15.5µH and the capacitance C ∼ 390pF provides
the resonant frequency f0 = 1/2π

√
LC ∼ 2.05MHz, at

which the contribution of 1/f noise is negligible. Here,
the capacitance C ∼ 390 pF comes from a combination
of a parasitic capacitance Ccoax ∼ 80 pF of a coaxial ca-
ble connecting the device with the cryoamp and a ce-
ramic chip capacitor Cchip ∼ 310pF. A voltage fluctua-
tion across the RLC tank is amplified by a home-made
cryoamp cooled to the liquid helium temperature (4.2K)
with voltage power gain A1 ∼ 1V2

/V2, followed by a
room-temperature amplifier (NF SA-220F5) with voltage
power gain A2 ∼ 4 × 104V2

/V2. A time-domain signal
of the amplified voltage fluctuation is digitized and then
is Fourier transformed to power spectral density.2 The
power spectral density is integrated over a period of 30
seconds.
In this system, the power spectral density Sout(f) of

the output voltage has a Lorentzian form, which can be
expressed as

Sout(f) = SA +
SB

1 + (f2 − f
2

0
)2/(f∆f)2

. (1)

The measured Sout agrees well with this Lorentzian
formula, as shown in the inset of Fig. S1(b). Here,
the width of the Lorentzian, ∆f in Eq. 1, relates to
the effective impedance Reff of the RLC tank through
∆f = 1/2πReffC. Note that the value of Reff is usu-
ally smaller than R of the QD because of an energy loss
of the LC tank circuit.2,3 Additionally, the height of the
Lorentzian, SB in Eq. 1, is related to current noise via
SB = AR

2

eff
(SQD+SAmp), where A = A1 ·A2 is the total
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FIG. S1. (a) Scanning electron microscope image of the
device and schematic of the setup for measuring the current
noise. (b) A plot of SB/R

2

eff versus 1/Reff at temperatures
T = 300 and 600mK. The solid lines are linear fits to the
data. (Inset) Measured voltage power spectral density Sout

(circle) versus frequency f and the Lorentzian fit to the data
using Eq. 1 (solid line).

gain and SQD (SAmp) is a current noise sourced from the
QD (cryoamp).4,5

We calibrate two unknown parameters SAmp and A

through a measurement of thermal noise.1 When I = 0,
SQD dose not include shot noise induced by a current
flow, but includes thermal noise induced by a Brownian
motion of electrons. In this case, SQD can be determined
by two controllable parameters: effective impedance Reff

and system temperature T via SQD = 4kBT/Reff with kB

being the Boltzmann constant. We measure this thermal
noise for various Reff values and 12 different tempera-
tures from 200 to 700mK at 50mK intervals, as shown
in Fig. S1(b) for T = 300 and 600mK. In this figure,
measured SB/R

2

eff
is plotted as a function of 1/Reff to-

gether with the linear fitting results (solid lines). The

ar
X

iv
:1

20
8.

13
71

v2
  [

co
nd

-m
at

.m
es

-h
al

l] 
 9

 Ja
n 

20
13

Supplementary Material for
“Shot noise spectroscopy on a semiconductor quantum dot in the elastic and inelastic

cotunneling regimes”

Yuma Okazaki,1, 2, ∗ Satoshi Sasaki,1, 2 and Koji Muraki1

1
NTT Basic Research Laboratories, NTT Corporation,

3-1 Morinosato-Wakamiya, Atsugi, Kanagawa 243-0198, Japan
2
Department of Physics, Tohoku University, Sendai, Miyagi 980-8578, Japan

(Dated: June 2, 2021)

This supplementary material describes the details of
the current noise measurements presented in the main
article “Shot noise spectroscopy on a semiconductor
quantum dot in the elastic and inelastic cotunneling
regimes.” To measure current noise sourced from the
quantum dot (QD), we employ cryogenic-amplification
and fast-Fourier-transform based current noise measure-
ment system.1–3 This system is calibrated with refer-
ence to thermal noise, and the estimated resolution is
δS ∼ 2× 10−29 A2

/Hz.
Figure S1(a) shows a scanning electron microscope im-

age of our device and the setup for measuring the cur-
rent noise. The drain contact of the QD device is con-
nected with the LC tank to form an RLC tank circuit,
with ‘R’ being the resistance of the QD. The inductance
L ∼ 15.5µH and the capacitance C ∼ 390pF provides
the resonant frequency f0 = 1/2π

√
LC ∼ 2.05MHz, at

which the contribution of 1/f noise is negligible. Here,
the capacitance C ∼ 390 pF comes from a combination
of a parasitic capacitance Ccoax ∼ 80 pF of a coaxial ca-
ble connecting the device with the cryoamp and a ce-
ramic chip capacitor Cchip ∼ 310pF. A voltage fluctua-
tion across the RLC tank is amplified by a home-made
cryoamp cooled to the liquid helium temperature (4.2K)
with voltage power gain A1 ∼ 1V2

/V2, followed by a
room-temperature amplifier (NF SA-220F5) with voltage
power gain A2 ∼ 4 × 104V2

/V2. A time-domain signal
of the amplified voltage fluctuation is digitized and then
is Fourier transformed to power spectral density.2 The
power spectral density is integrated over a period of 30
seconds.
In this system, the power spectral density Sout(f) of

the output voltage has a Lorentzian form, which can be
expressed as

Sout(f) = SA +
SB

1 + (f2 − f
2

0
)2/(f∆f)2

. (1)

The measured Sout agrees well with this Lorentzian
formula, as shown in the inset of Fig. S1(b). Here,
the width of the Lorentzian, ∆f in Eq. 1, relates to
the effective impedance Reff of the RLC tank through
∆f = 1/2πReffC. Note that the value of Reff is usu-
ally smaller than R of the QD because of an energy loss
of the LC tank circuit.2,3 Additionally, the height of the
Lorentzian, SB in Eq. 1, is related to current noise via
SB = AR
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data. (Inset) Measured voltage power spectral density Sout

(circle) versus frequency f and the Lorentzian fit to the data
using Eq. 1 (solid line).

gain and SQD (SAmp) is a current noise sourced from the
QD (cryoamp).4,5

We calibrate two unknown parameters SAmp and A

through a measurement of thermal noise.1 When I = 0,
SQD dose not include shot noise induced by a current
flow, but includes thermal noise induced by a Brownian
motion of electrons. In this case, SQD can be determined
by two controllable parameters: effective impedance Reff

and system temperature T via SQD = 4kBT/Reff with kB

being the Boltzmann constant. We measure this thermal
noise for various Reff values and 12 different tempera-
tures from 200 to 700mK at 50mK intervals, as shown
in Fig. S1(b) for T = 300 and 600mK. In this figure,
measured SB/R

2

eff
is plotted as a function of 1/Reff to-

gether with the linear fitting results (solid lines). The

Figure 2.6: Left : The microstructure studied. Right : Power spectrum. From : Y. Okazaki, S.
Sasaki and K. Muraki, Shot noise spectroscopy on a semiconductor quantum dot in the elastic
and inelastic cotunneling regimes, Phys. Rev. B 87, 041302(R) (2013).

e) Electric noise power spectrum : in the experiments, the fluctuations of the charge in
the QD can be characterized by measuring the power spectrum S(▷) (see the Wiener-Khintchin
theorem discussed below, § 2.7, and the relation with the correlation function C(t)). Deduce
S(▷) for the random telegraph process. The measurment is reported in another article, Fig. 2.6.
Compare your result with the data.

d) Birth and death processes

A subclass of discrete processes are “birth and death processes”. They correspond to the case
where the transition matrix is tridiagonal, i.e. allows only transitions between nearest neighbour
states. The master equation has the form

dPn(t)

dt
= dn+1 Pn+1(t) + bn→1 Pn→1(t)→ (dn + bn)Pn(t) (2.37)

where dn > 0 and bn > 0 are death and birth rates, respectively (cf. Fig. 2.7). A simple example
is the Poisson process studied below in great detail (in this case the death rates are zero, dn = 0
and birth rates are all equal, bn = 0 ↖n). Birth and death processes have some applications in
queueing theory (Exercise ??), in biology, etc. Another example will be studied in Exercise 2.17.

Figure 2.7: Transition rates in the birth and death process.

e) The Poisson process (statistics of uncorrelated events)

The Poisson process takes integer values N (t) ∝ N and starts at initial time from N (0) = 0.
With probability rate 0, the process is incremented by one, i.e. during an interval of time of dura-
tion dt, the process increases by one with probability 0 dt. We denote Pn(t) = Proba{N (t) = n}
its probability.

The Poisson process (PP) counts the occurences of independent events. For instance the
number of drops of rain falling on the floor during a time interval t. Or the number of desinte-
grations in a radioactive material during a time t.
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Figure 2.8: A typical realization of the Poisson process : N (t) as a function of t. On the right
plot, the average is removed. Typical fluctuations grow as ↓

⇓
t.

The master equation of the PP is





dPn(t)

dt
= 0Pn→1(t)→ 0Pn(t) for n > 0

dP0(t)

dt
= →0P0(t)

(2.38)

In other terms, the rate “matrix” has elements on the diagonal and just below the diagonal
Wn,m = 0

(
→ ↽m,n + ↽m,n→1

)
.

✁ Exercice 2.3 Master equation for the PP :
a) Show that the master equation for the Poisson process is (2.38).

b) Introduce the generating function G(z; t)
def
=


↓

n=0
z
n
Pn(t). What is the value of G(z; 0) ?

Get a di!erential equation for G(z; t) and solve it.

c) Deduce that

Pn(t) =
(0t)n

n!
e→↼t (2.39)

d) Determine the cumulants ↔N (t)k↗c of the Poisson process.

e) Give the distribution q(ς) of the time separating two successive events [indication : relate q(ς)
and P0(t)].

Note that (2.39) was obtained by choosing the initial condition N (0) = 0, hence, (2.39)
corresponds to the conditional probability Pt(n|0). Using translation invariance of the Poisson
process, we deduce the general expression of the conditional probability

Pt(n|m) =

{
(↼t)

n↔m

(n→m)!
e→↼t for n ↭ m

0 for n < m

(2.40)

The Poisson process is both translation invariant in time (Wn,m does not depend on time) and
“space”

Wn,m = 0
(
→ ↽m→n,0 + ↽n→m,1

)
= function(n→m) . (2.41)

✁ Exercice 2.4 Conditional probability for the PP : Consider the Poisson process with
N (0) = 0. Check that


m
Pt(n|m)Pt→(m|n0) = Pt+t→(n|n0).

✁ Exercice 2.5 Two-point correlator of the PP :

a) For N (0) = 0, express ↔N (t)↗ in terms of the probability. Compute it.
b) Express ↔N (t)N (t↑)↗ as a double sum and compute it when t

↑
< t. Deduce the correlator

↔N (t)N (t↑)↗
c
= ↔N (t)N (t↑)↗ → ↔N (t)↗ ↔N (t↑)↗. Compare with the Wiener process.

c) Deduce
〈[

N (t)→ N (t↑)

2
〉

c

. Comment on the limit t ≃ t
↑.
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f) The compound Poisson process (or “Poisson jump process”)

A natural generalization of the Poisson process is the compound Poisson process (CPP) 9 : we
consider now that the process X(t) makes random jumps

X(t+n ) = X(t→n ) + ϱn (2.42)

where the ϱn’s are i.i.d., distributed according to a distribution w(ϱ). As for the Poisson process,
the jumps occur at random times tn with rate 0 (for the PP, we have N (t+n ) = N (t→n ) + 1).
After a time t, the number of jumps N (t) is random (it is a PP), hence we can represent the
CPP in terms of a PP as

X(t) =

N (t)

n=0

ϱn with X(0) = ϱ0 = 0 . (2.43)

Numerics : this form shows that it is very simple to simulate the CPP with a computer.
One can generate two independent sequences of random numbers : the random time intervals
ςn = tn→tn→1 > 0 with exponential distribution q(ς) = 0 e→↼ω (cf. Exercise 2.3) and the random
amplitudes ϱn’s with distribution w(ϱ).

time

Figure 2.9: Three realizations of the Compound Poisson Pro-
cess X(t) for Gaussian jumps.

Master equation : The master equation of the CPP is

⇁P (x, t)

⇁t
= 0

∫
dϱw(ϱ) [P (x→ ϱ, t)→ P (x, t)] (2.44)

i.e. of the form (2.26) for

W (x|x0) = 0
[
w(x→ x0)→ ↽(x→ x0)


. (2.45)

Note that here, the transition kernel is (time and space) translation invariant, as for the PP.

✁ Exercice 2.6 Master equation for the CPP :
a) Show that the master equation for the CPP is (2.44).

b) Continuum limit.— Study the limit 0 ≃ ⇑ with ϱn ≃ 0 such that a = 0↔ϱn↗ and b = 0↔ϱ2n↗
are kept finite (argue that, in this limit, 0↔ϱkn↗ ≃ 0 for k > 2).

c) Introducing the Fourier transforms P̂ (k, t) =
∫
dx e→ikx

P (x; t) and ŵ(k) =
∫
dϱ e→ik↽

w(ϱ),
show that the solution is

P (x, t) =

∫
+↓

→↓

dk

2ϖ
e↼t [ŵ(k)→1]+ikx

. (2.46)

9in French: “processus de Poisson composé”.
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Discuss the continuum limit.

d) When ↔ϱ2n↗ = ⇑, the process belongs to the class of Lévy flights. For example, if w(ϱ) ↑ c/ϱ
2

for ϱ ≃ ±⇑ we have ŵ(k) ↑ 1→ c̃|k| for k ≃ 0. Deduce P (x, t) over large scales. Discuss also
the more general case where ŵ(k) ↑ 1→ c̃|k|µ for k ≃ 0, with µ ∝]0, 2[.

2.4 Classification of Markov processes

We now discuss the di!erent scenarii which might occur when studying the master equation
(2.31).

Notations for vectors and matrices : In order to use unified notations, “vectors” in R
d

will be column vectors (d∈ 1 matrices) :

X =




x1

...
xd



 and X
T =

(
x1 · · · xd

)
(2.47)

is a line vector (a 1∈ d matrix). We denote by (·)T the transposition of a matrix. As a result, if
X and Y are two (column) vectors, the scalar product is XT

Y , while X Y
T represents a matrix

(a projector). Explicitly (for d = 2) :

(
x1 x2

)y1
y2


= x1y1 + x2y2 and


x1

x2

(
y1 y2

)
=


x1y1 x1y2

x2y1 x2y2


. (2.48)

a) Stationary state

The equation (2.32), which guarantees the conservation of the total probability, has a clear linear
algebra interpretation : it expresses that the (column) vector with unit components

L
(0) =




1
...
1



 (2.49)

is a left eigenvector with eigenvalue 00 = 0 :

L
(0)T

W = 0 or W
T
L
(0) = 0 . (2.50)

Because theN∈N matrixW is non-symmetric in general, the eigenvalue is associated with a pair
of left and right eigenvectors which di!er. Let us denote R(0) the corresponding right eigenvector,
i.e. WR

(0) = 0, with components R(0) = (P ⇒

1
, · · · , P ⇒

N
)T. Using (2.32), it is convenient for future

discussion to rewrite the equation under the form


m ( ≃=n)

[WnmP
⇒

m →WmnP
⇒

n ] = 0 ↖ n . (2.51)

For matrices W with Wn,m ↭ 0 and constraint


n
Wn,m = 0, there exists a theorem in Mathe-

matics (the Perron-Fröbenius theorem discussed below) which guarantees that (i) the eigenvalue
00 = 0 is the largest one, (ii) it is non degenerate, (iii) it is associated with a right eigenvec-
tor with positive components R

(0) = (P ⇒

1
, · · · , P ⇒

N
)T, which can therefore be interpreted as the

stationary distribution. 10

10The Perron-Fröbenius theorem applies to “stochastic matrices”, i.e. matrices with positive entries and such
that

∑
n
Mnm = 1 ↗m. Here, the matrix W is a stochastic matrix shifted by the unity matrix : M = 1N + µW

where 1N is the identity matrix and µ is a real number chosen such that all diagonal elements of M are positive.
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b) Three types of stochastic processes

The nature of the di!erent stochastic processes can be related to the properties of the stationary
state. Depending on the matrix W , which defines the stochastic process, one encounters one of
the three following situations.

(i) Equilibrium.— Often, the existence of a stationary solution is ensured by a condition
stronger than (2.51), called the detailed balance condition

Wnm P
⇒

m = Wmn P
⇒

n ↖ (n , m) (detailed balance ′ equilibrium) (2.52)

i.e. ratio of occupations coincides with the ratio of transition rates

Wnm

Wmn

=
P

⇒
n

P ⇒
m

. (2.53)

If detailed balance is fulfilled, one says that the distribution P
⇒
n describes an equilibrium

state. This is a probabilistic definition of equilibrium.

The detailed balance condition defines a first class of stochastic processes, those eventually
reaching an equilibrium. From the point of view of the N ∈N matrix W , there a ↓ N

2

conditions [there are ↓ N
2 equations (2.52)], which is rather restrictive.

(ii) Non-equilibrium stationary state (NESS).— If the detailed balance condition (2.52)
is not fulfilled (at least for some couples (n,m)) but the condition



m( ≃=n)

[
Wnm P

⇒

m →Wmn P
⇒

n︸ ︷︷ ︸
≃=0


= 0 (stationarity) (2.54)

holds (↖ n) for a normalisable distribution, one says that the stationary state is a non-
equilibrium steady state.

This property defines a second class of stochastic processes, those reaching a NESS at
large time. Note that the existence of the NESS involves only a set of ↓ N conditions 11

(iii) Transient process.— When the size N of the matrix W is finite, the existence of a
stationary state follows from the definition of the matrix (i.e. from the Perron-Fröbenius
theorem). However, when N ≃ ⇑, the eigenvector R(0) = (· · · , P ⇒

n , · · · )T can be normal-
isable [cases (i) or (ii)], or not. In this latter case, when


n
P

⇒
n = ⇑, the system never

reaches a stationary state and the process is said to be transient. This defines the last
family of stochastic processes.

Current interpretation : Detailed balance condition has a simple interpretation in terms
of probability currents : for n ∞= m, the matrix element Wnm being a rate, J⇒(m ≃ n) = Wnm P

⇒
m

is the probability current from state m to state n. In the stationary state, currents between
states should compensate globally, if probability is conserved : (2.54) expresses the vanishing of
the sum of all currents arriving and leaving state n.

Detailed balance (2.52) means that probability currents equilibrate, J⇒(m ≃ n) = J
⇒(n ≃ m),

for all pairs of states. There is no circulating probability current between more than two states
(Fig. 2.10).

On the other hand, if detailed balance does not hold, the NESS is characterized by the
existence of circulating probability currents around loops.

11The definition of the matrix W involves N constraints
∑

n
Wnm = 0 for m = 1, · · · , N ; those conditions are

directly related to the N equations (2.54).
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W

Figure 2.10: Equilibrium state versus NESS.– Denote by J
⇒(m ≃ n) = Wnm P

⇒
m the prob-

ability current between two states, in the stationary state. At equilibrium, currents equilibrate
for all pairs of states J

⇒(n ≃ m) = J
⇒(m ≃ n). In the NESS, there exist loop(s) in which

probability current(s) circulate : here, due to an imbalance J
⇒(n ≃ m) > J

⇒(m ≃ n), there is
a net circulation n ≃ m ≃ k ≃ n.

c) Simple examples :

Molecular vapour at thermal equilibrium : consider a vapour of molecules at thermal
equilibrium. Each molecule has energy levels 1n, expected to be occupied according to canonical
weights P ⇒

n ⇐ e→ς⇀n . The molecule in an excited state falls in a state with lower energy by emis-
sion. Equilibrium and detailed balance imply that the absorption and emission rates between
two levels fulfill the relation

”n↘m

”m↘n

=
P

⇒
n

P ⇒
m

= e→ς(⇀n→⇀m) (2.55)

i.e. emission is more probable than absorption. This observation (Gibbs equilibrium is compati-
ble with an imbalance between emission and absorption) is the key point of Einstein first theory
of spontaneous emission (at the origin of the di!erence between emission and absorption). 12

Equilibrium statistical physics : more generally, all situations described by equilibrium
statistical physics and ensemble theory [50, 51] rely on the existence of transition rates which
satisfy detailed balance (dynamical aspects, like transitions between microstates, are usually
not deeply described in introductory courses on statistical physics ; however transitions are
fundamental to ensure that the system reaches an equilibrium state).

Other simple examples : Exercise 2.10 discusses an extremely simple model of biased ran-
dom walk in a ring, which illustrates the three situations. Another illustration is given in Exer-
cise 2.17, where a richer model of random walk on Z for non uniform transition rates modeling
the presence of a potential is studied,.

2.5 Spectral decomposition - Relaxation

In the previous paragraph, we have discussed the solution of the master equation (2.31) in the
t ≃ ⇑ limit. What can we say about the solution for finite t ? The master equation is a first
order di!erential equation of the form d

dt
Vector(t) = Matrix ·Vector(t). Obviously such equation

is conveniently solved by using the information on the spectrum of eigenvalues and eigenvectors
of the matrix. The main di#culty is here related to the fact that the matrix is non symmetric
in general.

12Albert Einstein, “Zur Quantentheorie der Strahlung”, Physilakische Zeitschrift 18, 121–128 (1917).
Einstein’s article is reproduced (and translated in french) in : A. Einstein, Œuvres choisies. 1. Quanta, Seuil
(1989), textes choisis et présentés par F. Balibar, O. Darrigol & B. Jech.
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✁ Exercice 2.7 Warm up : right and left eigenvectors of a non-symmetric 2 ∈ 2
matrix : We consider the real non-symmetric matrix

M =


0 e→h

eh 0


(2.56)

Show that it is diagonalisable. Find the right and left eigenvectors and discuss the normalisation.

In the master equation, the matrix W is not symmetric in general, WT ∞= W . We have seen
above that its eigenvalue 00 = 0 is associated with a couple of left and right eigenvectors L

(0)

and R
(0). If W is diagonalisable, its eigenvalues are associated with a biorthogonal set of left and

right eigenvectors L(n) and R
(n). Let us write for convenience the equation for the eigenvalue as

WR
(n) = →0nR

(n) and W
T
L
(n) = →0n L

(n) (2.57)

where 00 = 0 < 01 < 02 < · · · (the Perron-Fröbenius theorem discussed below guarantees this
property).

Let us prove now that two left and right eigenvectors for di!erent eigenvalues are orthogonal
(but not the right eigenvectors among themselves, nor the left eigenvectors in general). We write
the two equations (2.57) for two eigenvalues, WR

(n) = →0nR
(n) and L

(m)T
W = →0m L

(m)T and
multiply by the left and right eigenvectors, respectively,

{
L
(m)T

WR
(n) = →0n L

(m)T
R

(n)

L
(m)T

WR
(n) = →0m L

(m)T
R

(n)

di!erence→≃ 0 = (0n → 0m)L(m)T
R

(n)
.

Hence, 0n ∞= 0m implies orthogonality L
(m)T

R
(n) = 0. The choice of normalization is arbitrary.

A convenient one is
L
(n)T

R
(m) = ↽n,m , (2.58)

which ensures that the identity can be written



n

R
(n)

L
(n)T = 1N (2.59)

where R
(n)

L
(n)T is the projector on the eigenvector R

(n). More importantly for the analysis,
this leads to the spectral representation of the matrix

W = →


n

0nR
(n)

L
(n)T

. (2.60)

This is very useful in order to solve the master equation. Denoting by P (0) = (P1(0), · · · , PN (0))T

the initial state, we can write the solution of (2.31) in a matrix form and then get the probabil-
ities :

P (t) = etW P (0) i.e. Pn(t) =


j

e→↼jtR
(j)

n L
(j)T

P (0)︸ ︷︷ ︸
cj

def
=

=


j

cj e
→↼jtR

(j)

n . (2.61)

cj ’s are the coe#cients of the initial vector in the basis of eigenvectors P (0) =


j
cjR

(j). Note

that c0 = L
(0)T

P (0) =


j
Pj(0) = 1 carries all the normalisation (orthonormalisation indeed

implies that L(0)T
R

(j) =


n
R

(j)

n = 0 for j ∞= 0).
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Relaxation towards the stationary state.— Now let us discuss the large time behaviour.
Using that 00 = 0 < 01 < 02 < · · · , the large time behaviour takes the form

Pn(t) ↑
t↔↓

P
⇒

n︸︷︷︸
⇑R

(0)

n

+ c1 e
→↼1tR

(1)

n︸ ︷︷ ︸
→↔
t↗↘

0

(2.62)

where we have used c0 = 1 (normalisation). This shows that 1/ςrelax = 01 is the relaxation
rate towards the stationary state. Relaxation is usually exponentially fast, unless the gap in the
spectrum vanishes and the spectrum is continuous.

Remark 1 : apart 00 = 0, the eigenvalues are not real in general. However, if some
eigenvalues are complex, eigenvalues should come in conjugate pairs since M is a real matrix
(and the same for eigenvectors). Thus, in the general case, the rate of relaxation towards
stationary state is

1

ςrelax
= Re(01) (2.63)

and the ranking of e.v. is
00 < Re(01) < Re(02) < · · · . (2.64)

Remark 2 : a non symmetric is not always diagonalisable. However, W can always be
decomposed in terms of Jordan blocks associated to each degenerate eigenvalue. An example
will be discussed in Exercise ??.

Conditional probability.— If we choose the initial condition Pn(0) = ↽nm, the coe#cients

are cj = L
(j)

m . This solution of the master equation is the conditional probability Pn(t) ′
Pt(n|m) =


j
e→↼jtR

(j)

n L
(j)

m , which corresponds to the spectral decomposition of etW . This
shows that the conditional probability can be written as

Pt(n|m) =
(
etW

)
nm

(2.65)

✁ Exercice 2.8 : Check that


m

Pt(n|m)P ⇒

m = P
⇒

n . (2.66)

2.6 Markov chains

An important class of stochastic processes are Markov chains, which are homogeneous stochastic
processes, discrete with respect to both the time and the state. This makes such processes rather
convenient for numerical analysis.

a) Stochastic matrix

We consider a stochastic process X(t) ∝ {1, · · · , N} and denote Pn(t) = Proba{X(t) = n}.
The master equation (2.31) introduced above involves transitions at random times. For Markov
chain, the jumps occur at regular discrete times, thus the master equation takes the form

Pn(t+ 1) =


m

Mnm Pm(t) (2.67)

where
Mnm = Proba{m ≃ n} ∝ [0, 1] (2.68)
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is the N ∈ N matrix of transition probabilities at each elementary time step. M is called a
“stochastic matrix”. It has non negative elements and satisfies



n

Mnm = 1 (2.69)

Example of Markov chain : the biased RW.— A simple example is the case of the
random walk on the line, where, at each time step, the walker jumps to the left with probability
q or to the right with probability p. Then

Mnm = p ↽m,n→1 + q ↽m,n+1 (2.70)

(with p+ q = 1). The problem is studied in detail in Exercise 2.10 below.

For the following, it is useful to rewrite the master equation (2.67) in a form closer to the
di!erential equation (2.30) by using (2.69)

Pi(t+ 1)→ Pi(t) =


j( ≃=i)

[Mij Pj(t)→Mji Pi(t)] (2.71)

✁ Exercice 2.9 Continuum limit of the Markov chain : Consider a Markov chain with
jumps occuring every ↽t. Argue that the master equation (2.31) is recovered by considering the
continuum limit

Mij = ↽ij + ↽tWij with ↽t ≃ 0 . (2.72)

If M is a stochastic matrix, what is the constraint on the matrix W ?

b) The Perron-Fröbenius theorem and the stationary state

Discussion is similar as the one of previous paragraph. We can interpret the condition (2.69) as
the existence of a left eigenvector L(0) = (1, · · · , 1)T for eigenvalue %0 = 1 :

L
(0)T

M = L
(0)T or M

T
L
(0) = L

(0)
, (2.73)

The Perron-Fröbenius theorem states that, if M is a stochastic matrix,
(i) %0 = 1 is non-degenerate, 13

(ii) %0 is the largest eigenvalue (and the spectral radius of M is one, i.e. |%n| ↫ 1 ↖n),
(iii) the related right eigenvector

M R
(0) = R

(0)
, (2.74)

has positive components. For a finite number of states N , this corresponds to the stationary
solution, R(0) = (P ⇒

1
, · · · , P ⇒

N
)T. Normalization condition reads L

(0)T
R

(0) =


i
P

⇒

i
= 1 (the

scalar product is the product of the line and the column vectors). We can rewrite the equation
(2.74) as 

j( ≃=i)

[
Mij P

⇒

j →Mji P
⇒

i


= 0 . (2.75)

13strictly speaking, #0 = 1 is non-degenerate only if the states are not disconnected in the stationary state,

for trivial reason(s). An example where this occurs is M =




1 0 p

0 1 q

0 0 0



 with p + q = 1, which describes the

situation where the system ends either on 1 or on 2, where it remains trapped forever. Because the stationary
state describes two isolated islands, #0 = 1 has degeneracy two. The Perron-Fröbenius theorem requires that the
matrix M is irreducible, so that this situation does not happen.
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c) Spectral analysis

We can solve (2.67) by using the spectral information on the matrixM . In the simplest situation,
the matrix M is diagonalisable and has a biorthogonal set of right and left eigenvectors R

(n),
L
(n) for eigenvalue %n (with |%n| ↫ 1 according to the Perron-Fröbenius theorem). As a result,

the solution of the master equation (2.67) is

P (t) = M
t
P (0) =



j

cj %
t

jR
(j) ↑

t↔↓
R

(0) + c1 %
t

1R
(1) + · · · (2.76)

where cj = L
(j)T

P (0) is the component of the initial vector on the eigenvector R(j) ; in particular
c0 = 1. In this case, the relaxation rate is 1/ςrelax = → ln |%1|.

Example : Let us illustrate the spectral analysis on a concrete example : I have constructed
a random N ∈N stochastic matrix as follows : on each column, the number to matrix elements
is taken from a binomial distribution c = B(N, p) (there are c non zero matrix elements M·,m,
i.e. there are c possible transitions from the state m to other states). The c matrix elements
are then picked at random so that their sum is one (i.e. the non zero matrix elements are
↓ 1/c ↓ 1/(Np)). Here is an example of matrix obtained in this manner (for N = 10 and
p = 1/3) :

M =





0 0 0 0 0 0 0 0.068 0.125 0
0 0.156 0 0.322 0.400 0.060 0.641 0 0 0

0.452 0 0 0 0.220 0.137 0.054 0 0 0
0.087 0 0 0 0 0.329 0 0 0 0
0.075 0.844 0.419 0 0.157 0 0 0 0 0
0 0 0.373 0.071 0 0.067 0 0 0 0.556
0 0 0 0.071 0 0.155 0 0 0.396 0

0.048 0 0 0.536 0 0.112 0 0 0.268 0.366
0.202 0 0.208 0 0 0.140 0.305 0 0.116 0.078
0.136 0 0 0 0.223 0 0 0.932 0.093 0





(2.77)

On can check that the sum of probabilities on each column is one. Since some transitions are
forbidden, this matrix describes an oriented graph. The possible connections are represented in
Figure 2.11 : for example, the first column has c = 6 non zero elements corresponding to the
possible transitions 1 ≃ 3, 1 ≃ 4, 1 ≃ 5 and 1 ≃ 8, 1 ≃ 9, 1 ≃ 10.

1

23

4

5

6

7 8

9

10

Figure 2.11: N = 10 states : connections described by the matrix (2.77).

The spectrum of eigenvalues of such matrix is complex. Examples of spectra are plotted in
Fig. 2.12 for N = 500 and various values of p.
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Figure 2.12: Examples of spectra of some random stochastic N ∈ N matrices in the complex
plane. Here N = 500 and p = 1/250 (left), p = 1/50 (center) and p = 1/10 (right). The red dot
is %0 = 1, all others e.v. being inside the circle of unit radius. The symmetry with respect to
the real axis is visible (e.v. come in c.c. pairs). The absence of an accumulation of e.v. close
to %0 = 1 ensures the existence of the stationary state.

Conditional probability.— An example of initial condition is Pn(0) = ↽nm i.e. coe#cients

cj = L
(j)

m . Then, the solution of the master equation (2.67) is the conditional probability

Pt(n|m) =
(
M

t
)
nm

(2.78)

which is analogous to (2.65).

✁ Exercice 2.10 Biased random walk in a ring : Consider the random walk in a ring with
L sites, such that with Mnm = p ↽n,m+1 + q ↽n,m→1 for n, m ∝ {1, · · · , L}. Periodic boundary
conditions are M1L = p and ML1 = q.

a) Argue that the stationary state is an equilibrium state when p = q = 1/2 and a NESS for
p ∞= q.

b) Give the spectrum of eigenvalues %k and eigenvectors (left/right) of the stochastic matrix
M . Write p = 1+v

2
and q = 1→v

2
with v ∝ [→1,+1]. Check that the “spectral radius” is unity,

i.e. |%k| ↫ 1 ↖ k.
c) Decompose the conditional probability Pt(n|m) over the eigenvalues and the eigenvectors.

d) Consider the limit L ≃ ⇑ and discuss the bottom of the spectrum. Compute Pt(n|m).
Discuss the case v = ±1.

d) Detailed balance, reversibility and ergodicity

Let us consider a Markov chain with master equation (2.67), such that detailed balance is
fulfilled. We denote by P

⇒

i
the equilibrium solution. Define

Dt

def

=


i

(Pi(t)→ P
⇒

i
)2

P
⇒

i

=


i

Pi(t)2

P
⇒

i

→ 1 ↭ 0 (2.79)

which measures the distance of the distribution at time t to the equilibrium distribution. One
can study the evolution of the quantity by considering &Dt = Dt+1 →Dt. Some algebra making
use of detailed balance condition MijP

⇒

j
= MjiP

⇒

i
leads to

&Dt = →1

2



i,j,k

MjiMkiP
⇒

i


Pj(t)

P
⇒

j

→ Pk(t)

P
⇒

k


2

↫ 0 (2.80)

Conclusion :
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• Dt ↭ 0

• &Dt ↫ 0

• We conclude that Dt ∋ and thus Pi(t) ≃ P
⇒

i
.

This shows that detailed balance ensures that the system reaches equilibrium. This remark is
borrowed from [23].

e) A practical (and important) application of Markov chains : the Monte Carlo
method

Consider a physical observable O. At thermal equilibrium, the probability of a microstate
is P⇁ ⇐ e→ςEω . If the number of states Nstate is too large, it might be di#cult to compute
numerically the sum

↔O↗
eq

=
Nstate

⇁=1

P⇁O⇁ (2.81)

For example, if one considers N Ising spins, the sum runs over Nstate = 2N microstates, which
becomes rapidly untracktable if N is large (a square of 10 ∈ 10 spins 1/2 has Nstate ↓ 1030

microstates).
The central idea of equilibrium statistical physics is to replace the study of the microscopic

(deterministic) dynamics by a probabilistic description. The main idea of Monte Carlo method is
to replaces the probabilistic description by a stochastic dynamics which explores reasonnably well
the states of the system, and perform a time averaging over the stochastic dynamics involving
Nstep

O(t) =
1

Nstep

Nstep

t=1

O(t) . (2.82)

The number of steps Nstep can be chosen orders of magnitude smaller than Nstate, still large
enough in order to ensure some ergodicity (see the book [18] for a detailed discussion). There
are several possible such dynamics.

Figure 2.13: Nicholas Metropolis (1915-1999).

Metropolis-Hastings algorithm.— if the system is in state | i ↗ at time t, a move to another
state |f ↗ chosen randomly is made with probability

Proba{move i ≃ f} ′ Mfi = min
(
1, e→ς(Ef→Ei)

)
. (2.83)

For example, in a spin system, one chooses a spin randomly and flip it, thus the di!erence of
energy Ef → Ei is due to a local change, and the energy di!erence is very easy to compute.
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This means that the matrix Mnm changes randomly at each elementary time step. Assuming
Ef > Ei, the stochastic matrix has the form

M =





. . .

1→ e→ς(Ef→Ei) 1
e→ς(Ef→Ei) 0

. . .




△ | i ↗
△ |f ↗ (2.84)

All other diagonal matrix elements are equal to one and all other non diagonal matrix elements
equal to zero. Because Mfi/Mif = e→ς(Ef→Ei), such dynamics converges towards the Gibbs
equilibrium P

⇒
n ⇐ e→ςEn .

Glauber dynamics.— Another popular dynamics is the Glauber dynamics, where

Proba{move i ≃ f} ′ Mfi =
1

1 + eς(Ef→Ei)
(2.85)

while the probability for no move is Mii = eς(Ef→Ei)/
(
1 + eς(Ef→Ei)

)
. Selecting a pair of

states, the stochastic matrix has a 2∈ 2 block with these two probabilities and Mif = Mii and
Mff = Mfi. One can also check that Glauber dynamics satisfies detailed balance, hence we
expect convergence towards the Gibbs equilibrium as well.

Conclusion.— Going from the microscopic dynamics to the Monte Carlo method, the scheme
is the following :

Classical mechanics Equilib. statistical physics Monte Carlo method
deterministic →≃ probabilistic →≃ stochastic
evolution description dynamics

2.7 Fourier analysis of stochastic processes – Wiener-Khintchin theorem

Let us close the chapter on general properties of stochastic processes with a somehow discon-
nected problem : the Fourier analysis of stochastic processes.

Consider a homogeneous (time translation invariant) and stationary random process x(t)
defined on the interval t ∝ [0, T ], where T is the observation time. It is characterised by the

correlation function Cxx(ς)
def

= ↔x(t)x(t+ ς)↗, assumed rapidly decreasing (assume ↔x(t)↗ = 0 for
simplicity). Because the process is stationary, we prefer to consider its discrete Fourier transform
(cf. appendix page 156) 14

x̃n =

∫
T

0

dt

T
x(t) e+iϖnt et x(t) =



n

x̃ne
→iϖnt où ▷n =

2nϖ

T
avec n ∝ Z . (2.86)

Noise spectrum.– Let &▷ be the bandwidth of the apparatus (with &▷ ↘ 1/T ). We define
the noise spectrum as the average of the square modulus of the Fourier components in the
bandwidth, i.e. in the interval [▷,▷ +&▷] :

S(▷) def

=
1

&▷



ϖn⇓[ϖ,ϖ+”ϖ]

↔|x̃n|2↗ (2.87)

14Later, we will define the Fourier transform in space as fq =
∫
V
dr f(r) e↔iqr, where q is quantized if the volume

is finite, and f(r) = 1

V

∑
q
fq e

+iqr
↘

∫
dq

(2ε)d
fq e

+iqr.
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Figure 2.14: Measure of the noise : the signal is amplified, duplicated and multiplied by itself.
The result is averaged over a long time T .

This is precisely the outcome of the device represented in figure 2.14 : sample ≃ ampli/filter ≃
multiplicator ≃ measurement. It measures the fluctuations of the Fourier components beloging
to the bandwidth.

Figure 2.15: Norbert Wiener (1894-1964) & Aleksandr Yakovlevich Khinchin (1894-1959).

Wiener-Khintchin theorem.– From the above hypothesis, one can verify that :

↔x̃nx̃⇒m↗ = 1

T
↽n,m

Cxx(▷n) where Cxx(▷)
def

=

∫
+↓

→↓

dς Cxx(ς) e
iϖω (2.88)

is the Fourier transform of the correlation function. Only components corresponding to opposite
frequencies ▷n and ▷→n are correlated 15. Thus one has :


ϖn⇓[ϖ,ϖ+”ϖ]

↔|x̃n|2↗ = N!ϑ

T
Cxx(▷)

where N”ϖ = &▷ T/2ϖ is the number of frequencies ▷n in the bandwidth. Finally one gets

S(▷) =
Cxx(▷)

2ϖ
(2.89)

i.e. a relation between the noise spectrum (fluctuations at frequency ▷) and the correlations.
A random process characterized by short time correlations thus corresponds to a broad noise
spectrum. The limit of correlation with zero range is called a “white noise” (flat spectrum).

Details of derivation of (2.88) : Write

↔x̃nx̃⇒m↗ =
∫

T

0

dt

T

∫
T

0

dt↑

T
eiϖnt→iϖmt

→

Cxx(t→ t
↑) =

1

T

∫
T

0

dt

T
ei(ϖn→iϖm)t

∫
t

t→T

du eiϖnuCxx(u)

where we have performed the change of variable (t, t↑) ≃ (t, u = t → t
↑) (with Jacobian one).

Short range correlation assumption allows to write
∫
t

t→T
du · · · ≃

∫
+↓

→↓
du · · · , leading to (2.88).

Qed.
Note that we have considered the discrete Fourier transform of the process (due to translation

invariance in time), however the calculation involves the Fourier transform of the correlation
function on R, as it decays fast.

15One can as well consider a process defined on R by writing T ↘ ≃. The Fourier transform is then defined as
x̃(ϱ) =

∫
dt x(t)eiϑt and one can show that ↓x̃(ϱ)x̃(ϱ→)↔ = 2ςϑ(ϱ + ϱ

→)C̃xx(ϱ). Correspondence between the two
formulations is ensured by the substitutions x̃(ϱ) ⇐ T x̃n and 2ςϑ(ϱ ↑ ϱ

→) ⇐ T ϑn,n→ .
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ω1/τc

S (ω)

Figure 2.16: Wiener-Khintchin theorem : width of noise spectrum is inversely proportional
to the correlation time ςc of the process (ςc is the width of C(ς)).

✁ Exercice 2.11 : As a simple application of the Wiener-Khintchin theorem, we analyze the
correlation of the velocity for the process defined by the phenomenological Langevin equation

dv(t)

dt
= →

∫
dt↑ ϑ(t→ t

↑) v(t↑) + φ(t) (2.90)

where φ(t) is the Langevin force (assumed to be a stationary random process with short time
correlations). Here the friction is nonlocal in time, controlled by a causal function ϑ(t), with
finite width ςm. Show that

Cvv(ς) =

∫
+↓

→↓

d▷
Cϱϱ(▷)

2ϖ︸ ︷︷ ︸
SForce(ϖ)

e→iϖω

|ϑ̃(▷)→ i▷|2 (2.91)

Consider the limit Cϱϱ(ς) = 2Dϑ
2
↽(ς) et ϑ(t) = ϑ ↽(t) and compute explicitly the correlator.

✁ Exercice 2.12 : Consider now the case of a Langevin force correlated over the finite time
ςc (a microscopic time) : CFF (t) = 2Dϑ

2 1

2ωc
e→|t|/ωc . We expect the function ϑ(t) to be of finite

width ςm ; Assume ϑ(t) = ϑ ⇀(t) 1

ωm
e→t/ωm . The three time scales fulfill : ςc ↬ ςm ↙ 1/ϑ. Analyze

the residus of |ϑ̃(▷)→ i▷|→2 justify that one can consider ςm ≃ 0 while keeping a finite ςc, what
simplifies the evaluation of the integral. Show then that Cvv(ς) =

Dε

1→(εωc)
2 [e→ε|t| → ϑςce→|t|/ωc ].

Analyze the behaviour at short time as well.

! Important points

• Markov process (definition).
• Be familiar with the various forms of the master equation (continuous/discrete ; Markov chain).
• A good exercise : recover the properties of the Poisson process (and the CPP).
• Definition of the stochastic matrix. Use of spectral information to solve the master equation.
• Detailed balance and the classification of Markov processes.
• Wiener-Khintchin theorem : relation between the correlation function of an homogeneous
process and its noise spectrum.

Additional exercises

✁ Exercice 2.13 Solution of the Kramers equation (free case) : We consider a particle
in a fluid described by the two di!erential equations (1.3,1.4), where we recall that the Langevin
force is a Gaussian white noise such that ↔φ(t)φ(t↑)↗ = 2ϑ kBT ↽(t→ t

↑). The Kramers equation is
the related equation for the joint distribution Pt(x, v), which was discussed in this chapter and
is also given in the next chapter, Eq. (3.34). Here we consider fixed initial conditions x(0) = x0

and v(0) = v0.
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a) What is the form of the conditional joint probability Pt(x, v |x0, v0) ?
b) Collecting the results obtained in chapter 1 (lecture and exercises), give ↔x(t)↗, ↔v(t)↗,

〈
x(t)2

〉
c

and
〈
v(t)2

〉
c
. Compute also ↔x(t)v(t)↗

c
.

c) Deduce Pt(x, v |x0, v0).
d) Discuss the marginal distribution of the position Wt(x |x0, v0)

def
=

∫
dv Pt(x, v |x0, v0) for

fixed initial velocity and also when the particle is initially at equilibrium, i.e. Qt(x |x0)
def
=∫

dvdv0 Pt(x, v |x0, v0)Peq(v0).

e) Compute
∫
dx1Qt(x |x1)Qt→(x1 |x0) and discuss the result.

✁ Exercice 2.14 Poisson noise (derivative of the PP) : We consider the noise φ(t) =
n
↽(t → tn), where the times are i.i.d. for a uniform density 0. I.e., when they are ordered,

the events occur randomly and independently with rates 0. In other terms, the noise is the
derivative of the Poisson process introduced above φ(t) = N ↑(t).

We introduce the generating function of the noise G[h]
def
=

〈
exp

∫
dt h(t) φ(t)

〉
, where ↔•↗ is the

averaging over the random times tn’s.

a) Show that G[h] = exp
{
0
∫
dt(eh(t) → 1)

}
.

Hint: Consider that the N times are not ordered, distributed over [0, T ]N with measure dt1 · · · dtN/T
N .

b) Deduce the connex correlation functions (cumulants) : ↔φ(t)↗ = 0 and ↔φ(t1) · · · φ(tn)↗c =
0 ↽(t1 → t2) · · · ↽(t1 → tn).
Hint: Consider functional derivatives of lnG[h].

In conclusion, φ(t) = N ↑(t) is a non Gaussian white noise.

✁ Exercice 2.15 n-point correlations of the PP : Using the result of Exercise 2.14, show
that the n-point correlation function is

↔N (t1)N (t2) · · ·N (tn)↗c = 0min(t1, t2, · · · , tn) . (2.92)

✁ Exercice 2.16 Derivative of the CPP - a non Gaussian white noise :
a) Using the representation φ(t) = X

↑(t) =


n
ϱn ↽(t → tn), where both the times tn’s and the

coe”cients ϱn’s are random, derive the connex correlation function of the noise ↔φ(t1) · · · φ(tn)↗c
(the analogous of a cumulant).
Hint: follow the same steps as in Exercise 2.14.

b) Show that the noise becomes a Gaussian white noise in a certain limit.

✁ Exercice 2.17 Random walk on Z with a potential : the 3 scenarii of stochastic
processes : Let us consider the master equation describing the one dimensional di!usion on Z

with transitions between nearest neighbour sites

dPn(t)

dt
= Wn,n→1Pn→1(t) +Wn,n+1Pn+1(t)→ (Wn→1,n +Wn+1,n)Pn(t) (2.93)

i.e. Wn,m is a tridiagonal matrix with Wn,n = →Wn→1,n →Wn+1,n (if n ∝ Z, the matrix has an
infinite size). Hence, this is another example of birth and death process.

a) Current : check that the master equation can be rewritten under the form

dPn

dt
= →Jn + Jn→1 (2.94)

and express the probability current Jn(t) related to the distribution Pn(t) (Jn measures the
current at time t between sites n and n+ 1).
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We now choose the matrix such that

Wn,m = e[V (m)→V (n)]/2 (2.95)

where V (x) is a known function.

b) Equilibrium (J = 0).— Show that

P
⇒

n = C e→V (n) (2.96)

is a stationary solution corresponding to a vanishing probability current. Discuss the normalis-
ability. Give an example of V (n) leading to an equilibrium.

c) NESS (J ∞= 0).— Find the stationary solution corresponding to Jn = J ↖n. Show that it is

P
⇒

n = J e→V (n)

↓

m=n

e[V (m+1)+V (m)]/2 (2.97)

Discuss the normalisability (consider the continuum limit for simplicity). Give an example of
V (n) leading to a NESS.

d) Provide an example where there is no stationary state.

3 Stochastic processes (3) : stochastic di!erential equations

In chapter 1, we have discussed a specific case of stochastic di!erential equation (SDE), the
Langevin equation m

d

dt
v(t) = →ϑ v(t) + φ(t) involving a ↽-correlated Langevin force. We took

advantage of the linearity to obtain an integral representation of the solution, which makes easy
the analysis of the statistical properties of the solution. The aim of this paragraph is to consider
a more general situation and consider SDE of the form d

dt
X(t) = F (X(t)) +


2D(X(t)) ϱ(t),

where ϱ(t) is a normalised Gaussian white noise :

↔ϱ(t)↗ = 0 and
〈
ϱ(t)ϱ(t↑)

〉
= ↽(t→ t

↑) (3.1)

SDE are particularly well suited for numerical simulations (it is easy to generate many
realizations of such processes). Here, the aim is to introduce some tools which pave the route
for a statistical analysis of the solution. Finally, let us stress that by considering that ϱ(t) is a
Gaussian white noise in this chapter, we restrict ourselves to the study of continuous Markov
processes (with no jump). 16 There will be only one exception in b) of § 3.2.

3.1 SDE with drift and additive noise

Let us come back to the analysis of the stochastic process described by Eq. (1.25). We write

dX(t)

dt
= F (X(t)) +

⇓
2D ϱ(t) (3.2)

16Remember the end of chapter 1 : the Wiener process W (t) =
∫

t

0
du φ(u) is continuous but not di!erentiable.

The solution X(t) of the SDE has the same regularity.
We could also write a di!erential equation for a Markov process with jumps by considering that a noise φ(t)

such that
∫

t

0
du φ(u) is a Poisson process or a compound Poisson process, i.e. φ(t) =

∑
n
φn ϑ(t ↑ tn) is a non

Gaussian white noise. The analysis would be more complicated because the equation for Pt(x) would then involve
an integral operator instead of a di!erential operator, like in the Fokker-Planck equation (e.g. the equation (2.44)
describing the simple case of the CPP involves an integral operator).
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An analysis similar to the one of Chapter 1 is not possible due to the nonlinear character of
the equation (the method of Chapter 1 only applies to the linear force F (x) = a+ b x). Let us
introduce the Wiener process

W (t) =

∫
t

0

dt↑ ϱ(t↑) (3.3)

what allows to rewrite the SDE in a form popular in the mathematical literature :

dX(t) = F (X(t)) dt+
⇓
2D dW (t) . (3.4)

This emphasizes that X(t) has the same regularity as the Wiener process W (t) : continuous
but non di!erentiable. One of the question raised in this chapter is precisely to give a rigorous
meaning to the di!erential equation for non di!erentiable functions !

Being interested in statistical properties of the solution, it is natural to consider its distri-
bution, or at least to build an equation for it, the Fokker-Planck equation. Below we show that
the corresponding FPE is

⇁Pt(x)

⇁t
= → ⇁

⇁x
[F (x)Pt(x)] +D

⇁
2

⇁x2
Pt(x) (3.5)

where Pt(x) = ↔↽(x→X(t))↗ is the distribution of X(t). In the next section, we will further
discuss how to solve this equation.

Proof : I define the increment ↽W (t) = W (t + ↽t) →W (t). The most important observation
is the independence of the increments (chapter 1) and the property

〈
↽W (t)2

〉
= ↽t i.e. ↽W (t) ↓ O

(⇓
↽t
)

(3.6)

see above, Eq. (1.32). The distribution of ↽W (t) does not depend on time t, but only on the
time di!erence ↽t. We now introduce the increment of the process

↽X(t)
def

= X(t+ ↽t)→X(t) ↑ F (X(t)) ↽t+
⇓
2D ↽W (t) (3.7)

Consider a test function ↼(x). We study the evolution of ↔↼(X(t))↗.

↔↼(X(t+ ↽t))↗ → ↔↼(X(t))↗

=

〈
↼
↑(X)

[
F (X) ↽t+

⇓
2D ↽W

]
+

1

2
↼
↑↑(X)

[
F (X) ↽t+

⇓
2D ↽W

]
2

+ · · ·
〉

(3.8)

=
〈
↼
↑(X(t))F (X(t))

〉
↽t+

⇓
2D

〈
↼
↑(X(t)) ↽W (t)

〉
+D

〈
↼
↑↑(X(t))

〉
↽t+ · · · (3.9)

where we have kept terms O(↽t). Because X(t) is only correlated with the increment ↽W (t↑) for
t > t

↑, we see that X(t) and ↽W (t) are uncorrelated, thus
〈
↼
↑(X(t)) ↽W (t)

〉
=

〈
↼
↑(X(t))

〉
↔↽W (t)↗ = 0 . (3.10)

Finally
d

dt
↔↼(X(t))↗ =

〈
↼
↑(X(t))F (X(t))

〉
+D

〈
↼
↑↑(X(t))

〉
(3.11)

The key point was that the expansion was performed up to second order in ↽X(t) because the
second order term in ↽W gives some first order contribution in ↽t, due to (3.6). We can now
rewrite the equation in terms of the distribution

⇁

⇁t

∫
dxPt(x)↼(x) =

∫
dxPt(x)

[
↼
↑(x)F (x) +D↼

↑↑(x)


(3.12)

=

∫
dx↼(x)


→ ⇁

⇁x
[F (x)Pt(x)] +D

⇁
2
Pt(x)

⇁x2


(3.13)

Because the equation is valid ↖ ↼, we can remove the integral, hence (3.5). Qed.
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3.2 SDE with multiplicative noise : Itô or Stratonovich ?

The SDE (3.2) is not the most general form of stochastic di!erential equation as it corresponds
to the case where the di!usion constant is independent of x. The aim of the paragraph is to
discuss the case of SDE of the form

dX(t)

dt
= a(X(t)) + b(X(t)) ϱ(t) (not well defined! ) (3.14)

where b(x) =

2D(x) can be related to a x-dependent di!usion constant (note that the sign of

b(x) plays no role because ϱ(t)
(law)

= →ϱ(t)). As we explain now, this form is however not well
defined.

The noise is here multiplied by a function of the process : one says that the noise is
multiplicative, whereas it is said additive in the SDE (3.2). For a multiplicative white noise,
with singular correlations ↔ϱ(t)ϱ(t↑)↗ = ↽(t → t

↑), the di!erential equation (3.14) is ambiguous :
something is missing in order to define precisely the solution of this di!erential equation. This is
not surprising : if ϱ(t) is a Gaussian white noise, X(t) has the same regularity as the Brownian
motion, i.e. is continuous but not di!erentiable. The existence of a di#culty comes from the
fact that we manipulate a di!erential equation involving objects which are not di!erentiable in
the sense of functions.

If the di#culty comes from the singular nature of the white noise (↽-correlations), one could
argue that we should rather study a di!erent model for a more regular (non white) noise.
However, that would be very painful ! The white noise is the simplest model which ensures that
the process defined by the SDE is Markovian. The price to pay for this simplicity is that we
have to add a prescription to interpret precisely the SDE (3.14).

a) Discretization (for numerical simulations)

A first approach to give a precise meaning to (3.14) could be to discretize time (this is natural
for numerical implementation of the stochastic di!erential equation). We introduce Xn = X(t =
n ↽t) together with i.i.d. Gaussian variables ↽Wn such that ↔↽Wn↗ = 0 and ↔↽Wn↽Wm↗ = ↽t ↽n,m.
The discretized SDE is

Xn+1 = Xn + a(Xn) ↽t+ b(Xn) ↽Wn . (3.15)

Note that by construction Xn and ↽Wm are independent for n ↫ m (the process does not depend
on the noise in the future or at equal time). Xn only depends on the noise ↽Wm in the past,
for m < n.

This discretization procedure is perfectly fine (the recurrence (3.15) is well defined), however
it turns out that in the limit ↽t ≃ 0, the resulting continuous function X(t) = Xn does not obey
the usual rules of di!erential calculus (for regular functions), as we will see below. This is not
necessarily a problem, however this deserves a clarification.

b) Origin of the ambiguity (the case of a non Gaussian white noise)

To clarify this point, we come back to the continuous description and consider dX

dt
= a(X) +

b(X) φ(t) for a di!erent type of noise, made of ↽-peaks at random times

φ(t) =


n

↽(t→ tn) . (3.16)

If the times tn’s occur with a finite rate 0, the noise φ(t) is a white noise since ↔φ(t)φ(t↑)↗c =
0 ↽(t → t

↑), however it is of non Gaussian nature because higher cumulants are non zero (cf.
Exercise 2.14, page 40). Note that the e!ect of the non-zero average noise ↔φ(t)↗ = 0 can be
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removed by changing the drift as a(X) ≃ a(X) → 0 b(X) (we could also add some random
weigths, cf. Exercise ??, which would not change the following discussion).

In a close enough neighbourhood of time tn, we can focus on the evolution due to a single
↽-peak of the noise

dX(t)

dt
= · · ·+ b(X(t)) ↽(t→ tn) for t ↓ tn (3.17)

This implies that X(t) is discontinuous at tn. When dealing with a continuous function 2(t)
we can write 2(t) ↽(t → tn) = 2(tn) ↽(t → tn). The product is however not clearly defined
when the function 2(t) is discontinuous at tn : should we replace 2(t) by 2(t→n ), 2(t+n ) or
1

2

[
2(t→n ) + 2(t+n )


,... or something else ? Here, we are faced to this problem, which makes the

time evolution ambiguous : Eq. (3.17) shows thatX(t) makes a jump whose amplitude is b(X(t)),
i.e. depends on the process at a time where the process is discontinuous and still unkown ! How
to choose this time ? At this point, we must specify a choice, i.e. add a prescription to define
the evolution. Let us propose two possible interpretations of the evolution (3.17) :

(i) Proposal 1 (▽ Itô) : Interpret the equation as d

dt
X(t) = · · ·+ b(X(t→n )) ↽(t→ tn), then

X(t+n ) = X(t→n ) + b(X(t→n )) (3.18)

This is a natural choice for numerics. This is analogous to (3.15) : the process is not only
independent of the noise in the future (causality) but also at equal time.

(ii) Proposal 2 (▽ Stratonovich) : A physicist rather considers that the ↽-peak is a
mathematical model for a regular narrow function of finite width ↽(t) ≃ ↽

ϑ(t), for exam-
ple ↽

ϑ(t) = 1

2ϑ
e→|t|/ϑ or ↽

ϑ(t) = 1
↗
2φϑ

e→t
2
/2ϑ

2

, etc. Then starting from (3.17) one writes

dX(t)/b(X(t)) ↑ ↽
ϑ(t → tn) dt and integrate around the ↽

ϑ, eventually taking the limit
ε ≃ 0+. One gets ∫

X(t
+
n )

X(t
↔
n )

dx

b(x)
= 1 (3.19)

which obviously di!ers from (3.18) (unless b is independent of x, i.e. for additive noise).

✁ Exercice 3.1 : Consider a multiplicative noise with b(x) = 3 x where 3 is a positive
constant. Compare the two evolutions (3.18) and (3.19) in this case.

The choice of the prescription, i.e. the precise meaning to give to the multiplicative noise
term, determines the evolution and contribute to define the stochastic process with the SDE. We
stress that given two di!erent interpretations of the same equation (3.17) leads to two di!erent
evolutions, (3.18) or (3.19), i.e. define two di!erent processes. An example is shown in Fig. 3.1.

A similar problem occurs with the SDE (3.14) where ϱ(t) is a Gaussian white noise. Several
interpretations can be given to the multiplicative noise term.

The two evolutions (3.18) and (3.19) will be further studied in Exercise ?? below. In the
following, we come back to the study of SDE involving Gaussian white noise.

Remark : as the previous discussion has made clear, the problem raised by the definition of
the di!erential equation (3.14) is due the singular nature of the noise, but not its stochastic
nature. The very same discussion would be required if ϱ(t) is singular and deterministic, for
example a regular series of delta peaks ϱ(t) =


n
↽(t→ n).

c) Itô convention and Itô calculus

The simpler choice which first comes in mind is to consider that the process and the increment at
equal time are independent. This is a natural choice if one discretizes the evolution, as explained
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Figure 3.1: Simulation of the solution of the SDE d

dt
X(t) = X(t) ϱ(t) for ϱ(t) =


n
αn ↽(t →

tn) with Itô prescription (3.18) (orange) and Stratonovich prescription (3.19) (blue), for the
same noise ϱ(t). Here, the coe”cients αn are i.i.d. with a symmetric distribution p(α) =
(2a)→1e→|α|/a. The Itô evolution is always below the Stratonovich evolution. Left : Nj = 100
jumps with amplitude a = 0.1. Right : for larger jumps, a = 0.25, the Itô jumps may likely
drag the process in the negative axis, whereas the Stratonovich solution always remains positive
(Nj = 50 jumps).

above, see Eq. (3.15). This is appropriate for numerical simulations. This is known as the Itô
convention, corresponding to the “proposal 1” discussed above (and to discretization procedure,
Eq. (3.15)). In order to specify in which sense the SDE is understood, we add a prescription

dX(t) = a(X(t)) dt+ b(X(t)) dW (t) (Itô). (3.20)

where the label “Itô” indicates that

Itô : X(t) and the noise dW (t) are independent at coinciding times

There is a subtle point here : causality means that the process only depends on the noise in the
past, i.e. ↔↼(X(t)) dW (t↑)↗ ⇐ ⇀H(t→ t

↑) for any function ↼(x). Assuming here independence at
equal time

↔↼(X(t)) dW (t)↗ = 0 (Itô) (3.21)

means that Itô choice corresponds to ⇀H(0) = 0. Itô calculus also makes use of

dW (t)2 = dt (3.22)

(we can omit the averaging when considering the infinitesimal noise increment ; see the appendix
of this chapter in order to understand why ↔· · ·↗ can be omitted for infinitesimal increments, while
it should be kept for ↔↽W (t)2↗ = ↽t). Roughly speeking we have dW (t) ↓ O(

⇓
dt) and for this

reason dW (t)2+n = 0 for n > 0.

Itô formula.— An important formula concerns the change of variable X(t) ≃ ↼ (X(t)),
where X(t) is a stochastic process and ↼(x) is a regular function, di!erentiable a least twice. If
X(t) obeys (3.20), we deduce

d↼(X(t)) =


↼
↑(X) a(X) +

1

2
↼
↑↑(X) b(X)2


dt+ ↼

↑(X) b(X) dW (t) (Itô) (3.23)

(in the r.h.s. X stands for X(t)). This is known as the “Itô formula” (or the “Itô lemma”).
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Proof : using Itô calculus, we must keep a second order term in equalities between in-
finitesimal increments :

d↼(X) = ↼
↑(X) dX +

novelty of Itô calculus︷ ︸︸ ︷
1

2
↼
↑↑(X) dX2

. (3.24)

This is due to (3.22) : a term O(dt) is produced by the O(dX2) term : dX2 =
[
a(X) dt +

b(X) dW (t)

2
= b(X)2 dW (t)2 + 2a(X)b(X)dW (t)dt + a(X)2dt2 = b(X)2 dt. The first term

dropped was O(dW (t)dt) = O(dt3/2) (= 0 in di!erential calculus).

✁ Exercice 3.2 : Write the Itô formula for the multiplicative noise dX(t) = 3X(t) dW (t).
The apply the formula to ↼(x) = x

2

Itô formula implies that “Itô calculus” does not correspond with the “usual” dif-
ferential calculus when W (t) and X(t) are regular (di!erentiable) functions. Indeed, (3.23)
shows that

d↼(X(t)) ∞= ↼
↑(X(t)) dX(t) (Itô) (3.25)

Despite this drawback, the Itô calculus is widely used by probabilists (and arises in certain
specific physical situations). It is also natural for financial mathematics, which is not a surprise
as the time is discrete in finance : it corresponds to the discretization scheme mentioned above,
Eq. (3.15), where ↽t is the elementary time step for reactualization of assets on markets.

Remark : Within Itô convention, the process X(t) and the noise dW (t) are independent
at equal time. It follows that averaging (3.23) is straightforward (this is the interest of Itô’s
convention!) and gives

d

dt
↔↼(X(t)↗ = ↔↼↑(X(t)) a(X(t))↗+ 1

2
↔↼↑↑(X(t)) b(X(t))2↗ . (3.26)

Related FPE.– One can immediatly deduce the FPE related to the Itô equation (3.20). Write
(3.26) as

⇁

⇁t

∫
dxPt(x)↼(x) =

∫
dxPt(x)


↼
↑(x) a(x) +

1

2
↼
↑↑(x) b(x)2


(3.27)

In the r.h.s, integrations by part allow to factorize ↼(x). Because the relation is true ↖↼(x), we
conclude that

⇁Pt(x)

⇁t
= → ⇁

⇁x
[a(x)Pt(x)] +

1

2

⇁
2

⇁x2

[
b(x)2 Pt(x)


(3.28)

How to deduce the FPE from the SDE in a simple manner ? Above, the relation
between the Itô SDE and the FPE was demonstrated by introducing a test function. A simpler
way is to use ↔dW (t)2↗noise = dt (physicist’s notation) and to remark that the drift and the
“di!usion” are given by

↔a(X)↗ = ↔dX↗noise
dt

and
〈
b(X)2

〉
=

↔dX2↗noise
dt

(3.29)

As an application we consider the multidimensional case

dXi(t) = ai( ωX) dt+ bij( ωX) dWj(t) (Itô). (3.30)

with ↔dWi(t)dWj(t)↗noise = ↽ijdt. Only the di!usion term is more complicated

↔dXidXj↗noise
dt

= ↔bikbjk↗ (3.31)
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(with Einstein’s convention for implicit summation over repeated indices). Then

⇁tPt(ωx) = →⇁i [ai(ωx)Pt(ωx)] +
1

2
⇁i⇁j [bik(ωx)bjk(ωx)Pt(ωx)] . (3.32)

An alternative simple way to prove this result is to generalize the Itô formula and consider
d↼( ωX(t)).

Application : Kramers and Smoluchowski equations.— Consider the two coupled SDE
(equivalent to the Newton equation)

{
dx = v dt

dv =
(
→ 1

ω
v + 1

m
F (x)

)
dt+ 1

m

⇓
2kBTϑ dW (t)

(3.33)

for the motion of a particle of position x and velocity v. The particle is submitted to a friction
force Ff = →(m/ς) v, a conservative force F (x) and a Langevin force φ(t) =

⇓
2kBTϑ ϱ(t). The

drift terms in the two SDE are ax = ⇔dx↖noise

dt
= v and av = ⇔dv↖noise

dt
= → v

ω
+F (x)

m
, respectively. The

di!usive terms are b
2
xx = ↔dx2↗noise/dt = v

2dt ≃ 0, b2vv = ↔dv2↗noise/dt = 2kBTϑ/m
2 = 2D/ς

2

and b
2
xv = ↔dxdv↗noise/dt ↓ ↔v dW (t)↗noise ≃ 0. Finally, the FPE for the joint distribution is


⇁t + v ⇁x +

F (x)

m
⇁v


Pt(x, v) =

1

ς
⇁v


v +

D

ς
⇁v


Pt(x, v) (3.34)

This equation is called the Kramers equation. It is solved for F (x) = 0 in Exercise 2.13.

✁ Exercice 3.3 Smoluchowski equation : Using the overdamped limit introduced in chap-
ter 1 get an equation for the marginal distribution Wt(x) =

∫
dv Pt(x, v) in the limit of strong

friction.

Figure 3.2: Kiyoshi Itô (1915-2008) and Ruslan Leont’evich Stratonovich (1930-1997).

d) Stratonovich convention

↽-function does not exist in real life : for physicists, it is only a convenient mathematical model
for an extremely narrow function. Similarly, white noise is only a mathematical model and
physicists should find more natural to think at the Gaussian white noise in the SDE (3.14) as
the limit of a regular (non white) Gaussian noise with a small but finite correlation time. A
concrete example of such a “real life” correlator is 17

↔ϱϑ(t)ϱϑ(t↑)↗ = 1

2ε
e→|t→t

→
|/ϑ (3.35)

17This choice is interesting because, from the theoretical point of view, we know how to generate such a non
white noise from a white noise. We can simply solve the SDE d

dt
φ
ϖ(t) = ↑(1/↼)φϖ(t) + (1/↼)φ̃(t) where φ̃(t) is a

white noise (this was done in chapter 1).
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with ε “small” (much smaller than all characteristic time scales of the problem). It is convenient
to introduce the notation W

ϑ(t) =
∫
t

0
du ϱϑ(u), which is regular (not only continuous, but also

di!erentiable). In general we have

↔
[
⇁tW

ϑ(t)

2↗ ↓ 1/ε (3.36)

(for the correlator (3.35), we have ↔
[
⇁tW

ϑ(t)

2↗ = 1/(2ε)). Let us write the regularised SDE

dXϑ(t) = α(Xϑ) dt+ 4(Xϑ) dW ϑ(t) . (3.37)

The noise is di!erentiable once, hence the regularised process X
ϑ(t) is also di!erentiable (this

di!erential equation is well defined mathematically). The standard rules of di!erential calculus
for regular functions apply toXϑ(t) : hence, the ε ≃ 0+ limit of this equation does not correspond
to the Itô prescription, i.e. is NOT the SDE dX(t) = α(X) dt+ 4(X) dW (t) (Itô).

Stratonovich SDE.— The limit ε ≃ 0+ of the regularised SDE (3.37) is our definition of
the “Stratonovich SDE” :

dX(t) = α(X) dt+ 4(X) dW (t) (Stratonovich) (3.38)

Because it is defined as a limit of a regular process,

ordinary rules of di!erential calculus hold within the Stratonovich convention

(this is its interest !) : what is true for ε > 0 remains true at ε = 0, which is not a singular point
(this is the spirit of regularization in Physics). The drawback is that, as it di!ers from the Itô
convention, the correlations at equal times are more di#cult to characterize

Stratonovich : X(t) and the noise dW (t) are correlated at coinciding times

As stressed aboven X(t) and dW (t↑) are uncorrelated for t
↑
> t, as the process depends only

on the noise in the past : ↔↼(X(t)) dW (t↑)↗ ⇐ ⇀H(t → t
↑) (causality). Within the Stratonovich

convention, the process and the noise are correlated at equal time (these correlations are studied
in Exercise 3.6 below). Note that this has to do with our definition of ⇀H(0) : in Itô convention
⇀H(0) = 0 while in Stratonovich convention ⇀H(0) = 1/2. 18

Two questions now arise :

• Q1: what is the FPE related to the Stratonovich SDE (3.38) ?

• Q2: what is the relation between the Stratonovich SDE (3.38) and the Itô SDE (3.20) (if they
both aim to describe the same process) ?

Stratonovich SDE and FPE.— In the Exercise 3.4 below, we demonstrate that, using the
usual rules of di!erential calculus (for regular functions), the Stratonovich SDE (3.38) is related
to the FPE

⇁Pt(x)

⇁t
= → ⇁

⇁x
[α(x)Pt(x)] +

1

2

⇁

⇁x


4(x)

⇁

⇁x
[4(x)Pt(x)]


(3.39)

18This is consistent with the above discussion : the correlations of the noise are regularized as ϑ ↘ ϑ
ϖ, which

should correspond to a regularized Heaviside function ↽
ϖ

H(x) =
∫

x

↔↘
dt ϑϖ(t). Clearly ↽

ϖ

H(0) = 1/2 follows from
ϑ
ϖ(↑t) = ϑ

ϖ(t).
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✁ Exercice 3.4 Proof of Eq. (3.39) : We consider the Stratonovich SDE dX

dt
= α(X) +

4(X) ϱ(t). For additive noise (4(x) = cste) the mapping onto the FPE is simple and has
been discussed above. Di”culties arise for multiplicative noise. To circumvent this, we
perform a transformation of the SDE which leads to additive noise. Interpreting the SDE in
the Stratonovich sense, we perform the change of variable by using ordinary rules of di!erential
calculus.

a) Consider the map Z(t) =
∫
X(t) dx/4(x). Write the SDE for Z(t).

b) Give the FPE for Qt(z), the distribution of Z(t).

c) Deduce that the FPE for Pt(x), the distribution of X(t), is given by (3.39).

Itô SDE versus Stratonovich SDE.— With this result in hand, it is easy to answer to the
second question : we can rewrite the FPE Eq. (3.39) as

⇁Pt(x)

⇁t
= → ⇁

⇁x


α(x) +

1

2
4(x)4↑(x)


Pt(x)


+

1

2

⇁
2

⇁x2

[
4(x)2 Pt(x)


(3.40)

which corresponds to (3.20) if

a(x) = α(x) +
1

2
4(x)4↑(x) = α(x) +

1

4

[
4(x)2


↑

and b(x) = 4(x) . (3.41)

More physically, we can rewrite the relation in terms of the drift and the di!usion constant
D(x). Then, the Itô SDE dX = FIto(X) dt +


2D(X) dW (t) is related to the Stratonovich

SDE dX = FStrato(X) dt+

2D(X) dW (t) through

FIto(x) = FStrato(x) +
1

2
D

↑(x) (3.42)

The term D
↑(x)/2 is known as the “Wong-Zakai correction term”, from Ref. [?].

Remark 1 : Note that Mathematicians follow a di!erent strategy to define the Stratonovich
SDE : in 1961, Stratonovich introduced a “symmetrized” form of stochastic integrals and di!er-
ential forms (at the end of this chapter, the appendix on stochastic integrals give a flavour of
this strategy).

Remark 2 (regularization in practice) : The study of the Langevin equation (chapter 1)
suggests another approach to the problem. A way to introduce a regular noise with ↔ϱϑ(t)ϱϑ(t↑)↗ =
1

2ϑ
e→|t→t

→
|/ϑ is to add to (3.37) a di!erential equation for the noise. We recognize the correlations

obtained in chapter 1 for the Ornstein-Uhlenbeck process. This provides a concrete way to
analyze the limit ε ≃ 0+ : we can study the couple of di!erential equations

{
⇁tX

ϑ(t) = a(Xϑ) + b(Xϑ) ϱϑ(t)

ε ⇁tϱ
ϑ(t) = → ϱ

ϑ(t) + ϱ̃(t)
(3.43)

where ϱ̃(t) is a normalised Gaussian white noise (the first is Eq. (3.37)). In this perspective,
ϱ
ϑ(t) is called a “colored noise” for the process Xϑ(t). The model is also known as the “active

Ornstein-Uhlenbeck process” : it is one possible model for active particle, which are models for
which the noise exhibits some persistence over time scale ε. Clearly, the limit ε ≃ 0+ is the
white noise limit, ϱϑ(t) ≃ ϱ̃(t) (cf. the discussion of the overdamped regime in chapter 1). The
analysis of the two coupled SDE in this limit can be achieved thanks to a “projection method”
(see [12, 53] for discussions).
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To close the paragraph, I emphasize :

• when b(x) is not constant (case of multiplicative noise), the two SDE dX = a(X)dt +
b(X)dW (t) (Itô) and dX = a(X)dt+ b(X)dW (t) (Stratonovich) describe two di!erent
processes (related to di!erent FPEs).

• Conversely dX = a(X)dt + b(X)dW (t) (Itô) and dX = α(X)dt + 4(X)dW (t)
(Stratonovich) describe the same process provided (3.41) hold (then, they are related
to the same FPE).

✁ Exercice 3.5 Stratonovich corresponds to standard di!erential calculus : Let us
check that the rules defined above for Stratonovich SDE are compatible with the usual rules of
di!erential calculus for ordinary regular functions. Using the relation (3.41), transform the Itô
formula (3.23) in the Stratonovich convention and check that

d↼(X(t)) = ↼
↑(X(t)) dX(t) (Stratonovich). (3.44)

I.e. within the Stratonovich’s prescription, standard rules of di!erential calculus for regular
functions do apply. This is precisely the purpose of Stratonovich’s interpretation.

✁ Exercice 3.6 Correlation between the process and the noise (Stratonovich) : Con-
sider the Stratonovich equation (3.38).

a) Denoting ϱ(t) = dW (t)/dt, show that ↔4(X(t)) ϱ(t)↗ can be expressed as the average of a
function of X(t).

Hint : use the relation between Itô and Stratonovich SDE.

b) Let us now consider a more general problem and analyze ↔’(X(t)) ϱ(t)↗, where ’(x) is an
arbitrary function (in general ’ ∞= 4) and where X(t) solves (3.38). Noticing that the Gaussian
white noise ϱ(t) is a Gaussian field and using the Furutsu-Novikov theorem (B.89), show that

↔’(X(t)) ϱ(t)↗ = 1

2

〈
’↑(X(t))4(X(t))

〉
(Stratonovich) (3.45)

Remark : obviously ↔’(X(t)) ϱ(t)↗ = 0 in Itô convention.

e) Take home message

• Itô SDE appears as the limit of a discrete recurrence (3.15) in which the process and the
noise are independent at equal times (by construction). Such a discrete time recurrence
implies the existence of a finite time step, like for the evolution of assets on financial
markets.

• Itô calculus is simple, however one must take care that the rules of di!erential calcu-
lus should be changed : expansion must be performed up to second order d↼(X) =
↼
↑(X) dX + 1

2
↼
↑↑(X) dX2, in order to account that dX2 contains a contribution O(dt)

due to the propperty dW (t)2 = dt. We recover easily the Itô formula from this remark.

• The relation between Itô SDE with FPE is given by Eq. (3.28) (straightforward to deduce
from the Itô formula).

• If a SDE appears in a physical continuous model, most frequently the white noise should
be understood as a limit of a regular (non white/colored) noise with symmetric correlation
function, hence the SDE must be interpreted in the Stratonovich sense. Whithin the
Stratonovich convention, ordinary rules of di!erential calculus hold.
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• The relation between the Stratonovich SDE (3.38) and the FPE (3.39) is important.

• Itô SDE (3.20) and Stratonovich SDE (3.38) are related through a transformation of the
drift term :

Itô ≃ Stratonovich : α(x) = a(x)→ 1

2
b(x) b↑(x) & 4(x) = b(x)

Stratonovich ≃ Itô : a(x) = α(x) +
1

2
4(x)4↑(x) & b(x) = 4(x)

or more physically, Eq. (3.42).

Bibliography : More can be found in the book of Gardiner [12]. For a presentation for
mathematicians, see the book [32].

✁ Exercice 3.7 A student makes a computer simulation of a SDE :
a) A student from the M2 PCS is doing an internship in finance. His advisor asks him to simulate
numerically the SDE controlling the evolution of an asset, dS(t) =

[
r dt+ 3 dW (t)


S(t), where

the actualization rate contains a fixed part, r, and a fluctuating part controlled by the volatility
3. What recurrence should the student implement on the computer to simulate this evolution ?

b) Another PCS student is doing an internship in soft matter physics. His advisor asks him to
simulate the equation for the position of a particle in a viscous fluid, dX(t)/dt = F (X(t)) +

2D(X(t)) ϱ(t), where ϱ(t) is a Gaussian white noise. Same question.

f) A simple illustration : geometric Brownian motion (evolution of an asset)

In finance, the simplest model for the time evolution of an asset is to assume a growth rate with
a fixed part and a random part, which corresponds to the simple SDE (“geometric Brownian
motion”)

dX(t) = X(t) [r dt+ 3 dW (t)] (Itô). (3.46)

(the amplitude 3 of the fluctuating part is the “volatility”). 19 If W (t) would be a regular
(di!erentiable) function, one would simply divide the equation by X and use d lnX = dX/X.
This cannot be done here : within Itô calculus, the expression of d lnX should account for the
second order term dX2. We can proceed in two equivalent manners.

Method 1 (use Itô formula) : Application of Itô formula is easy from

d
(
lnX

)
=

dX

X
→ dX2

2X2
(Itô). (3.47)

Here we have dX(t)2 = 3
2
X(t)2 dW (t)2 = 3

2
X(t)2 dt. Thus

d lnX(t) =


r → 3

2

2


dt+ 3 dW (t) (Itô). (3.48)

Because the noise in this new SDE is additive, the SDE can be as well be interpreted in the
Stratonovich sense. One can now safely integrate the equation

∫
t

0
d lnX(t↑) =

(
r → σ

2

2

)
t +

3
∫
t

0
dW (t↑), i.e.

X(t) = X(0) e
(
r→

ϱ
2

2

)
t+σW (t) (3.49)

19Few typical values for the rate of return in 2025 : (i) the Livret A, which many ordinary people have, has a
rate 1.7 % (r = 1.017), below inflation. (ii) The “assurance vie” (in e), which is known to be highly secured, has
rate 2.5 % (r = 1.025). (iii) The 1800 super rich French people, with wealth larger than 100 Me, benefit from an
average rate of return of their wealth equal to 6 % (according to Gabriel Zucman who proposed to tax them with
a rate of 2 % of their wealth).
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This analysis shows that one must be careful with integration of Itô di!erential equation.
Note that a naive integration of (3.46) with the usual rules of integration (i.e. interpreting

(3.46) within the Stratonovich sense), would have missed an exponential factor e→σ
2
t/2.

Method 2 (use the relation to the Stratonovich SDE) : Using the rule given above, we
find that the Itô SDE is related to the Stratonovich SDE

dX(t) =


r → 3

2

2


X(t) dt+ 3X(t) dW (t) (Stratonovich). (3.50)

Now, we can divide the Stratonovich SDE byX(t), use dX/X = d lnX (usual rules of di!erential
calculus) and integrate. We obtain the same result, Eq. (3.49), as it should.

Let us stress an advantage of the Itô SDE : Using independence of X(t) and the noise
dW (t) at the same time, we can average the Itô equation, leading to d

dt
↔X(t)↗ = r ↔X(t)↗, hence

↔X(t)↗ = ↔X(0)↗ ert. This is pretty straightforward.
We can recover this result as follows : we average the solution (3.49) for fixed X(0) in order

to check that it is consistent with this result :

↔X(t)↗ = X(0) e
(
r→

ϱ
2

2

)
t

〈
eσW (t)

〉
= X(0) e(r→σ

2
/2)t+

1

2
σ
2↔W (t)

2↗ = X(0) ert (3.51)

where we have used the Gaussianity of W (t). It was more direct to average the Itô SDE.

Historical note on Doblin-Itô calculus

Until 2000, Itô was considered as the foundator of what is usually denoted today the “Itô
calculus”. However in 2000, a sealed envelope (“pli cacheté” number 11-668), received in 1940
from a young mathematician named Vincent Doblin (born Wolfgang Döblin), was opened at
Académie des Sciences de Paris, which showed that Doblin’s contribution anticipated the work
of Itô on stochastic calculus. Hence, we should rather name it “Doblin-Itô calculus”.

17
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mines, Wolfgang Doeblin ne peut plus
travailler. En mai, il est décoré de la croix
de guerre pour avoir rétabli les commu-
nications de son bataillon sous le feu de
l'ennemi et à partir du 14 juin il participe,
avec bravoure et un réel mépris de la
mort, aux combats très durs du front de
la Sarre jusque dans les Vosges où son
régiment, décimé, encerclé, est sur le
point de se rendre. Dans la nuit du 20 au
21 juin, il tente de traverser, seul, les
lignes allemandes, mais il n'y parvient
pas et se tire une balle dans la tête le
matin du 21, après avoir détruit tous ses
papiers. Ce n'est qu'en avril 1944 que son
corps sera identifié, à la suite des
recherches entreprises par son amie
d'université, Marie-Antoinette Tonnelat,
qui deviendra professeur de Physique
théorique à la Sorbonne.

Que contient 
le pli 11668?
On considère une particule soumise à
l'action continuelle du hasard et d'une
dérive déterminée. Mathématiquement,
la façon dont la particule poursuit son
mouvement à partir d'une certaine posi-
tion x atteinte en un temps donné s peut
être décrite par deux coefficients, le coef-
ficient de diffusion et celui de dérive. On
se propose de calculer, par exemple, la
probabilité que cette particule ne

dépasse pas une certaine valeur, disons
y, en un temps ultérieur t. Tel est le
problème de Kolmogorov. Les méthodes
employées par Kolmogorov et ses
émules sont ”analytiques“, elles consis-
tent à résoudre une certaine équation
vérifiée par la probabilité dont il s'agit.
L'approche de Wolfgang Doeblin est tout
à fait différente, elle est ”trajectorielle“
et annonce la théorie moderne des
processus développée à partir des
années cinquante. Doeblin montre que
le mouvement le plus général se décom-
pose en deux parties, dont l'une, la plus
stochastique des deux, est une martin-
gale et suit les trajectoires d'un mouve-
ment brownien muni d'une horloge
particulière. Le mouvement brownien
mathématique est le plus simple des
mouvements continus sans mémoire,

son étude fine est connue déjà à l'époque
de Doeblin, notamment grâce aux
travaux remarquables de Paul Lévy. De
sorte que le théorème de représentation
de Doeblin permet une étude précise des
mouvements les plus généraux: étude
locale en un point, branches infinies, proba-
bilité d'atteinte de grandes valeurs, etc.

Le théorème de Doeblin ne sera retrouvé
que vingt ans plus tard. Sa méthode de

démonstration, qui consiste à se
ramener à des propriétés de martingale,
une notion qui vient juste d'être intro-
duite par J. Ville en 1939, est très nova-
trice. Elle ne sera pleinement comprise
que vingt ans plus tard, lorsqu'il aura été
prouvé que toute martingale continue
est un mouvement brownien changé de
temps. En outre, apparaît dans le pli une
ébauche originale du calcul différentiel
stochastique, qui avec l'apport d'Itô et
de sa célèbre formule, deviendra la 
clé de voûte de l'édifice probabiliste
moderne.

Qu'a-t-on découvert à l'intérieur du pli
11668, une fois ouvert? Une vie, trop vite
interrompue, qui renaît, et l'esquisse,
clairement dessinée, de l'analyse
stochastique des années 1950-2000…

1 Chargé de mission à l’Académie des sciences

Le Comité
de l’environ-
nement
Par Jean-Yves Chapron 1

Créé en 1989, le Comité de l’environ-
nement est à l’origine d’une dizaine

de rapports de l’Académie des sciences.
Il se penche actuellement sur trois
dossiers principaux: la surexploitation
des ressources biologiques marines, la
question des déchets en liaison avec la
santé, et l’éducation à l’environnement
et à la santé.
Les deux premiers thèmes feront l’objet
d’une présentation ultérieure dans ces
colonnes.
Les travaux sur le troisième thème
doivent aboutir à l’automne.
En effet, le Comité a constaté que la
perception des problèmes environne-
mentaux et de santé par le public se
forme selon une approche simplifica-
trice et souvent teintée de sensationna-
lisme. Le propos n’est pas de faire le
procès de la presse mais d’insister sur
l’importance d’une bonne formation de
nos concitoyens pour leur permettre de
décoder et d’évaluer les messages
médiatiques, et de mettre ainsi en pers-
pective, dans leur complexité, les ques-
tions de santé et d’environnement.
Après avoir procédé à plusieurs audi-
tions, le Comité a conclu que le socle des
connaissances de base en la matière
devait être construit dès l’école élémen-
taire, et que, précisément, on constatait
une insuffisance de la part scientifique
de la formation, naturellement polyva-
lente, délivrée aux professeurs d’écoles.
C’est pourquoi, en accord avec les
responsables ministériels, et en liaison
avec l’Académie de médecine, il a été
décidé de rédiger deux ” livrets de l’en-
seignant “, l’un consacré à l’environne-
ment, l’autre à la santé. Ces textes, de
taille limitée (une trentaine de pages
chacun), seront conçus comme des
aides pratiques pour les enseignants, et
regrouperont des items transversaux.
Ils sont destinés à figurer parmi les
documents d’accompagnement des
nouveaux programmes.

n et le Pli cacheté 11 668

Figure 3.3: Vincent Doblin (1915-1940). A page of the pli cacheté (from [5]).

Wolfgang Döblin was the son of a well-known german writer, Alfred Döblin. Because he was
jewish and opponent to the nazism, Alfred Döblin escaped Germany to Zürich at the begining
of 1933 with part of his family, followed by his son Wolgang. They arrived in Paris in the fall
of 1933. Wolfgang obtained the french nationality in 1936, becoming “Vincent Doblin”. In
1938 he passed his PhD, under the supervision of the famous mathematician Maurice Fréchet
(Fig. ??), however, at the end of 1938, he was incorporated in the French army. Refusing to
serve as an o#cer, he was a!ected to the communications. During this period in the army,
at the begining of the war, he was sent to the Ardennes and was able to produce important
scientific results, which he chose to send to the Académie des Sciences under the form of a “pli
cacheté”, entitled “sur l’équation de Kolmogoro!, par Vincent Doblin”. Just after the collapse
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of the French army, as his company was surrounded by germans in the Vosges region, Vincent
Doblin tried unsuccessfully to cross the german lines and eventually preferred to commit suicide
rather being captured. It was only possible to open the “pli cacheté” 60 years after his death.
Although Vincent Doblin was already known in the mathematics community despite his youth,
the importance of his contribution was not anticipated before 2000.

To learn more : look at the article [5] (available on the internet) written by the two prob-
abilists Bernard Bru and Marc Yor, who analyzed the pli cacheté and recognized its scientific
importance. Or the book by Marc Petit [38].

APPENDIX : Stochastic integrals

If you feel unsatisfactory with the above presentation of Itô/Stratonovich convention, you can
read this paragraph (borrowed from chapter 4 of [12]). Instead of considering the SDE, one
considers integrals of the form

∫
t

0
dW (t↑)G(t↑) which requires the same discussion as for SDE.

Itô integral.— One defines the Itô integral as

Itô

∫
t

0

dW (t↑)G(t↑)
def

= ms-lim
N↔↓

N

i=1

↽WiG(ti→1) (3.52)

where ↽Wi = W (ti) → W (ti→1). Here “ms-lim” stands for “mean-square limit” of a random
variable, meaning that :

ms-lim
N↔↓

XN = X↓ if lim
N↔↓

↔[XN →X↓]2↗ = 0 . (3.53)

Let us study an example. Consider the integral Itô
∫
t

0
dW (t↑)W (t↑). One has to analyze the

sum

N

i=1

↽WiWi→1 =
1

2

N

i=1

[
(↽Wi +Wi→1)

2 →W
2

i→1 → ↽W
2

i


=

1

2

N

i=1

W
2

i → 1

2

N→1

i=0

W
2

i → 1

2

N

i=1

↽W
2

i

=
1

2

[
W

2

N →W
2

0


→ 1

2

N

i=1

↽W
2

i (3.54)

It is easy to show that ms-lim
N↔↓


N

i=1
↽W

2

i
= t (this is the reason why one writes dW (t)2 = dt

without the average). Thus

Itô

∫
t

0

dW (t↑)W (t↑) =
1

2

[
W (t)2 →W (0)2 → t


(3.55)

which di!ers (by →t/2) from the usual Riemann integral of a regular function.

Stratonovich integral.— Now introduce the definition of the Stratonovich integral

∫
t

0

dW (t↑)G(t↑)
def

= ms-lim
N↔↓

N

i=1

↽Wi

G(ti) +G(ti→1)

2
(3.56)

(I use the standard notation for integration, anticipating that it will coincide with usual Riemann
integrals).
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Consider now the same integral as before
∫
t

0
dW (t↑)W (t↑) with the new convention. This

time, one deals with

N

i=1

↽Wi

Wi +Wi→1

2
=

1

2

N

i=1

W
2

i → 1

2

N

i=1

W
2

i→1 =
1

2
W

2

N → 1

2
W

2

0 (3.57)

so that we have recovered
∫

t

0

dW (t↑)W (t↑) =
1

2

[
W (t)2 →W (0)2


(3.58)

as for the integration of regular functions.

From stochastic integral to SDE : in the books [32, 12], stochastic integrals are first
discussed along these lines, then SDE are introduced as derivatives of stochastic integrals.

! Important points

• Understand the di!erence between Itô and Stratonovich conventions (for multiplicative noise).
• Remember dW (t)2 = dt and dW (t)n+2 = 0.
• For Itô calculus : be careful with di!erential calculus ! Be able to recover the Itô formula.
• Be familiar with the relations between SDE (Itô or Stratonovich) and the FPE.

Additional exercises

✁ Exercice 3.8 Vanishing of the mean velocity : Consider the SDE for the drift F (x)
and the x-dependent di!usion constant D(x) :

dX(t) = F (X) dt+


2D(X) dW (t) (Stratonovich). (3.59)

What is the condition ensuring that d

dt
↔X(t)↗ = 0 ?

✁ Exercice 3.9 Correlation between X(t) and W (t) at coinciding times : Consider a
process X(t) which obeys the Itô SDE (3.20). We have ↔dW (t)X(t)↗ = 0. The aim of the
exercise is to study the correlation CXW (t) = ↔X(t)W (t)↗ =

∫
t ↔dW (t↑)X(t)↗.

a) Show that the correlator obeys

d

dt
↔X(t)W (t)↗ = ↔a(X(t))W (t)↗+ ↔b(X(t))↗ . (3.60)

Hint : Consider X(t) and Y (t) two stochastic processes defined by two Itô SDEs. Write the Itô formula for

d↼(X,Y ). Apply this for Y = W .

b) Additive noise : Apply this to the Ornstein-Uhlenbeck process dX(t) = →kX(t) dt+3 dW (t).

c) Discuss also the case where k ≃ →k. Analyze ↔X(t)W (t)↗ /


↔X(t)2↗
c
↔W (t)2↗.

d) Multiplicative noise : Consider now the Itô SDE dX(t) = X(t)
[
r dt + 3 dW (t)


(studied

below). Analyze ↔X(t)W (t)↗ /


↔X(t)2↗
c
↔W (t)2↗.

✁ Exercice 3.10 Ornstein-Uhlenbeck process for time-dependent sti!ness and the
Brownian bridge : We consider the Ornstein-Uhlenbeck process (harmonic oscillator in the
overdamped regime) for a time-dependent sti!ness

dX(t)

dt
= →k(t)X(t) + ϱ(t) (3.61)
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where the sti!ness k(t) is a known function and ϱ(t) a normalised Gaussian white noise.

a) Solve the SDE for X(0) = x0 ; it is convenient to introduce K(t) =
∫
t

0
du k(u).

b) Deduce ↔X(t)↗ and Var[X(t)] (for x0 fixed). Give P (x, t|x0, 0).
c) Application for the Brownian bridge : We now consider the SDE

dX(t)

dt
= →X(t)

T → t
+ ϱ(t) for t ∝ [0, T ] (3.62)

Give the integral representation of the solution. Discuss X(t) for t ≃ T
→.

d) Deduce ↔X(t)↗ and the correlator C(t, t↑) = ↔X(t)X(t↑)↗. What is the nature of the distribu-
tion ?

e) We now introduce the process B(t) = W (t)→W (T ) (t/T ), where W (t) is the Wiener process,
with W (0) = 0. Plot a typical realization of B(t). Compute ↔B(t)↗ and CB(t, t↑) = ↔B(t)B(t↑)↗.
Comment.

f) Propose the SDE describing a Bridge with X(0) = x0 and X(T ) = xf . Give the integral
representation of the solution.

✁ Exercice 3.11 Hyperbolic Brownian motion : The hyperbolic Poincaré half plane H2

is a surface of constant negative curvature with metric (dx2 + dy2)/y2, for x ∝ R and y ∝ R
+.

It is possible to analyze the free di!usion on H2, which can be described by two coupled SDE

{
dx =

⇓
2Dy dWx(t)

dy =
⇓
2Dy dWy(t)

(Itô) (3.63)

where Wx(t) and Wy(t) are two independent Wiener processes, i.e. dWx(t)2 = dWy(t)2 = dt
and dWx(t)dWy(t) = 0.

a) Preliminary (Stratonovich/Itô conversion trick) : Starting from the Stratonovich SDE
dx = α(x) dt+ b(x) dW (t), check that we can write the corresponding Itô SDE as

dx = α(x) dt+ b


x+

1

2
dxnoise


dW (t) (Itô) (3.64)

where dxnoise = b(x) dW (t). Give the corresponding trick allowing to get rapidly the Stratonovich
SDE corresponding to the Itô SDE dx = a(x) dt+ b(x) dW (t).
b) Deduce the Stratonovich SDEs describing hyperbolic Brownian motion.
c) Which set of SDEs is the most convenient for integration ? Deduce two integral representa-
tions for x(t) and y(t) for initial conditions x(0) = 0 and y(0) = 1.
d) Deduce ↔x(t)↗ and ↔y(t)↗. Compute also Var[x(t)] and Var[y(t)]. Comment.

✁ Exercice 3.12 Electromagnetic noise : We consider a model of electromagnetic noise :
the two components of the electric field Ex + iEy obey the two uncoupled SDE

{
dEx(t) = →ϑ Ex(t) dt+

⇓
D dWx(t)

dEy(t) = →ϑ Ey(t) dt+
⇓
D dWy(t)

(3.65)

where Wx and Wy are two independent Wiener processes, hence we can write

dW 2

x = dW 2

y = dt and dWxdWy = 0 (3.66)

(remember that averages can be omitted for elementary di!erential increments).
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