
1/ We introduce the intensity and the phase : Ex = A cos ω and Ey = A sin ω. Write the SDE
for A(t) and ω(t) within the Stratonovich convention. What can you do next ?

2/ We write Ex + iEy = A eiω = eε+iω.

Using Itô calculus, express dε+i dω as a function of ε, ω and the noises dWx(t) and dWy(t).
Show that

dWA(t) = cos ω(t) dWx(t) + sin ω(t) dWy(t) and dWω(t) = → sin ω(t) dWx(t) + cos ω(t) dWy(t)
(3.67)

are two independent noises. Deduce two Itô SDE for ε(t) and ω(t) involving these new noises.

3/ Using the Itô formula, deduce the Itô SDE for the amplitude A = |Ex + iEy|. Compare the
related Stratonovich SDE for A to the one obtained in the question 1/. Discuss

4/ Write the SDE for the amplitude under the form

dA(t) = →V
→(A(t)) dt+

↑
D dWA(t) (3.68)

and give the “potential” V (A). Find its minimum and plot V (A).

5/ Write the FPE related to the SDE for A(t). Deduce the stationary distribution. Discuss the
distribution of the intensity I = A

2. Compute ↓I↔ and
√
↓I2↔

c
.

4 Stochastic processes (4) : the Fokker-Planck approach

When studying a stochastic process, the main goal is to determine its statistical properties,
i.e. in particular its distribution. The Langevin approach (SDE) provides a natural way to
approach the problem, as it starts from the microscopic stochastic time evolution usually at the
root of a model. It is sometimes a suitable starting point for numerical simulations, however
the statistical analysis comes in a second step. Within the Fokker-Planck approach, emphasis is
already on the distribution since the Fokker-Planck equation (FPE) governs the time evolution
of the distribution, hence is a prominent tool. In this chapter, we discuss several applications
of the FPE and will demonstrate the power of the approach, compared to the SDE approach :
we will see that it is more appropriate in order to address subtle properties like exit problem or
first passage time analysis.

Figure 4.1: Adriaan Fokker (1887-1972) and Max Planck (1858-1947)

Jump process versus di!usion

In general, the master equation can be written under the form

ϑtPt(x) = LPt(x) (4.1)

where L is a linear operator.
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• For a jump process, the linear operator is an integral operator. For example, a simple jump
process is the CPP studied above, for which

[
Lϖ

]
(x) = ε

∫
dϱw(ϱ)

(
ϖ(x→ϱ)→ϖ(x)

)
. In the

general case, the distribution w(ϱ) of the jump amplitude and the jump rate depend on the
initial position, hence a more general form of integral kernel (with no translation invariance)
is

[
Lϖ

]
(x) = →ε(x)ϖ(x) +

∫
dϱ ε(x→ ϱ)w(x→ ϱ; ϱ)ϖ(x→ ϱ) (here ε(x) the jump rate from

x and w(x; ϱ) is the distribution of jump amplitude ϱ from x).

• If the linear operator is a di!erential operator, L = →ϑxF (x) + ϑ
2
xD(x), one says that the

process is “a di!usion”. From the Pawula theorem, the di!erential operator can be at most
second order. Physically, a di!usion is obtained as the limit of small jumps occuring with
high rate. This is the type of stochastic processes discussed in the previous chapter on SDE
and the present one on FPE.

• In general, a Markov process can combine a di!usion and jumps.

In this chapter, we only discuss di!usions.

4.1 Interpretation of the Fokker-Planck equation

The FPE describes a specific class of stochastic processes (called “di!usions”) for which the
integro-di!erential master equation (2.26) can be reduced to a di!erential equation :

ϑPt(x)

ϑt
= → ϑ

ϑx
[F (x)Pt(x)] +

ϑ
2

ϑx2
[D(x)Pt(x)] (4.2)

(in the most general case, we could consider time dependent drift F (x, t) and di!usion D(x, t)).
Below, we explain precisely within what limits and under what conditions we can go from (2.26)
to (4.2). The equation is also known as the “Kolmogorov equation”or, for D(x) ↗ D, the
“Smoluchowski equation”. Let us first give the interpretation of the two terms in the Fokker-
Planck equation (applications will be discussed below).

a) Drift : e!ect of the energy

Imagine that only the first term is present and that F (x) ↗ F is uniform, we get

ϑPt(x)

ϑt
= →F

ϑPt(x)

ϑx
. (4.3)

The general solution is Pt(x) = ϖ(x→ F t), where P0(x) = ϖ(x) is the initial distribution, thus
F is the velocity (for uniform F , there is no deformation of the distribution) : Fig. 4.2. The
first term in (4.2) is the drift term, where “the drift” F (x) is interpreted as the force acting on
the particle (remember that velocity=force). This is an e!ect of the energy as the force derives
from a potential energy (at least in 1D).

Figure 4.2: Left : e!ect of drift. Right : the spreading of the distribution due to the di!usion
term.

57



b) Di!usion : e!ect of the entropy

Consider now the e!ect of the second term of (4.2) for a uniform D(x) ↗ D.

ϑPt(x)

ϑt
= D

ϑ
2
Pt(x)

ϑx2
. (4.4)

As t grows, the distribution increases where the function is convex and diminishes where the
function is concave (Fig. 4.2). This leads to a spreading of the distribution. The second term
in (4.2) is the di!usion term, D(x) playing the role of a x-dependent di!usion constant. This
is an entropic e!ect (density tends to homogeneizes).

c) Current density

The Fokker-Planck equation can be rewritten under the form of a conservation equation

ϑPt(x)

ϑt
= →ϑJt(x)

ϑx
(4.5)

where

Jt(x) = F (x)Pt(x)︸ ︷︷ ︸
drift current

di!usion current︷ ︸︸ ︷
→ ϑ

ϑx
[D(x)Pt(x)] (4.6)

is the current density. The drift current is the usual velocity↘density. The di!usion term
accounts for the fact that when the density is not uniform, particles move from high density
regions to low density regions in order to homogenize the density (entropic e!ect).

d-dimensional case : the FPE reads ϑtPt(ςx) = →ϑi

[
Fi(ςx)Pt(ςx)

]
+ ϑiϑj

[
Dij(ςx)Pt(ςx)

]
where

ϑi ≃ ϑ/ϑxi and Dij is the (anisotropic) symmetric di!usion tensor. The conservation equation

takes the form ϑtPt(ςx) = →div ςJ(ςx, t), where the current density is now a vectorial field

Ji(ςx, t) = Fi(ςx)Pt(ςx)→ ϑj

[
Dij(ςx)Pt(ςx)

]
. (4.7)

Current has dimension [J ] = L
1↑d

/T (in 1D this is a current, however in d > 1 it is a current
density).

Remark : The (uniform) di!usion constant D is the coe”cient between the density gradient

and the di!usion current, J (di!)

t
(x) = →D ϑxPt(x). When the di!usion constant depends on x,

a natural generalization of the di!usion current , which can be prefered to (4.6), is

Jt(x) = F̃ (x)Pt(x)→D(x) ϑxPt(x) (4.8)

the two terms being interpreted as contributions from drift and di!usion, respectively. The
relation with the first convention is obviously F̃ (x) = F (x)→D

→(x). This choice corresponds to
the FPE ϑtPt(x) = →ϑx

[
F̃ (x)Pt(x)

]
+ ϑx

[
D(x) ϑxPt(x)

]
.

Starting from Itô or Stratonovich SDE : As we have seen in chapter 3, the FPE (4.2) is
related to the Itô SDE dX = F (X) dt+

√
2D(X) dW (t), hence the splitting (4.6) is natural in

this case. On the other hand, the Stratonovich SDE dX = FS(X) dt+
√
2D(X) dW (t) is related

to the FPE ϑtPt(x) = →ϑx

[
FS(x)Pt(x)

]
+ ϑx

(√
D(x)ϑx

[√
D(x)Pt(x)

])
. Thus the current is

Jt(x) = FS(x)Pt(x)→
√
D(x)ϑx

[√
D(x)Pt(x)

]
where FS(x) = F (x)→ 1

2
D

→(x) (4.9)

cf. Eq. (3.42). This suggests another possible splitting between drift and di!usion contributions
(see the discussion in Exercise 3.8). These remarks show that the splitting between drift and
di!usion currents is partly arbitrary when D(x) depends on x.
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d) Solution for the Fokker-Planck equation in the free case

It is important to have in mind the solution of the FPE in the free case (no drift and uniform
di!usion constant). The FPE is then translation invariant, which allows to get a simple solution
by using Fourier transformation, in dimension d. We solve ϑtPt(ςr ) = D#Pt(ςr ). Introducing

P̂t(ςk ) =

∫
ddςr Pt(ςr ) e

↑iϑk·ϑr (4.10)

we find the first order di!erential equation

ϑtP̂t(ςk ) = →Dςk
2
P̂t(ςk ) ⇐ P̂t(ςk ) = P̂0(ςk ) e

↑Dϑk
2
t (4.11)

(Fourier components decouple). For initial condition P0(ςr ) = φ(ςr → ςr0) (particle initially at

ςr0) we get P̂0(ςk ) = e↑iϑk·ϑr0 , hence P̂t(ςk ) = e↑iϑk·ϑr0↑Dϑk
2
t. Inverse Fourier transform involves a

Gaussian integral

Pt(ςr ) =

∫
ddςk

(2↼)d
P̂t(ςk ) e

iϑk·ϑr ⇐ Pt(ςr ) =
1

(4↼Dt)d/2
exp

{
→(ςr → ςr0)2

4Dt

}
. (4.12)

The solution is a Gaussian of width ⇒
↑
Dt growing in time.

4.2 The generator of the di!usion and the stationary state

The Fokker-Planck equation (4.2) is a linear partial di!erential equation. For a uniform drift,
D(x) = D, it can be rewritten as →ϑtPt(x) = HFPPt(x), where I have introduced the notation

HFP = →D
ϖ
2

ϖx2 + ϖ

ϖx
F (x) in order to emphasize the analogy with the Schrödinger equation in

imaginary time, whose study usually involves standard methods of spectral analysis. 20 With the
FPE, a complication however arises due to the fact that the operator HFP = →D

ϖ
2

ϖx2 + ϖ

ϖx
F (x)

is not self-adjoint in the presence of the drift, 21
HFP ⇑= H

†

FP
. Let us first make some general

remarks on this operator.

a) Generator of the di!usion

Instead of the notation HFP used in [41], I will prefer the mathematicians’ notation

ϑtPt(x) = G T
Pt(x) where G T =

ϑ
2

ϑx2
D(x)→ ϑ

ϑx
F (x) (4.13)

is the “adjoint of the generator” (standard), or the “forward generator” (these notes) ; here I
have reintroduced a x-dependent di!usion to keep the discussion general (the notation G † is also
used). By convention, probabilists call the adjoint of this operator

G = D(x)
ϑ
2

ϑx2
+ F (x)

ϑ

ϑx
(4.14)

the “generator of the di!usion”. I will also call it the “backward generator” as we will see that it
governs the evolution of the density backward in time. G T plays the same role as the matrix of
rates W in the master equation (2.31) or the Markov chains’ stochastic matrix M in Eq. (2.67)
(chapter 2) :

20Here, the notation means that the operator ω

ωx
F (x) = F

→(x) + F (x) ω

ωx
must be understood as acting on a

function ω(x) as ω

ωx

[
F (x)ω(x)

]
= F

→(x)ω(x) + F (x)ω→(x).
21Self-adjointness can be broken not only by the drift term, but also by the boundary conditions if they induce

a drift at the boundaries (an example is studied in Exercise ??).

59



forward backward

Markov chains M ⇓ M
T

Master equation W ⇓ W
T

FPE G T ⇓ G

We have used above that
( ϑ

ϑx

)
T
= → ϑ

ϑx
(like the adjoint in quantum mechanics, (ϑx)† =

→ϑx). 22

The generator and its adjoint have interesting structures which can be made more clear after
few manipulations. Let us write

ϑ
2

ϑx2
D(x)→ ϑ

ϑx
F (x) =

ϑ

ϑx


ϑ

ϑx
→ F (x)

D(x)︸ ︷︷ ︸
=e↑U(x) ω

ωx
eU(x)


D(x) (4.15)

where

U(x)
def

= →
∫

x

dx→
F (x→)

D(x→)
(4.16)

is an “e!ective potential”. Thus we can rewrite the generator and its adjoint in the following
nice forms

G T =
ϑ

ϑx
e↑U(x)

ϑ

ϑx
eU(x)

D(x) and G = D(x) eU(x)
ϑ

ϑx
e↑U(x)

ϑ

ϑx
(4.17)

This remark will allow us to obtain straightforwardly the stationary state and will play an
important role for the spectral analysis, as we show below.

Case of uniform di!usion : For D(x) ↗ D, the “e!ective potential” U(x) = V (x)/D is
proportional to the potential energy V (x) = →

∫
dxF (x). The generator and its adjoint are

then

G T = D
ϑ

ϑx
e↑V (x)/D

ϑ

ϑx
eV (x)/D and G = D eV (x)/D

ϑ

ϑx
e↑V (x)/D

ϑ

ϑx
(4.18)

✁ Exercice 4.1 Form of the generator related to the Stratonovich SDE : The FPE
(4.2) considered above is related to the Itô SDE dX = F (X) dt+

√
2D(X) dW (t). Instead, we

consider here the Sratonovich SDE dX = FS(X) dt+
√
2D(X) dW (t).

a) Give the corresponding FPE.
b) Check that the generator has now the more symmetric structure

G T =
ϑ

ϑx

√
D(x)e↑US(x)

ϑ

ϑx

√
D(x)eUS(x) (4.19)

and give the Stratonovich “e!ective potential” US(x). Relate US(x) to U(x).
c) Check that the generator and its adjoint are related by a nonunitary transformation of the
form G T = U↑1 G U .

22FPE being of the same form as the Schrödinger equation, it involves the same mathematics (spectral analysis
for linear di!erential operators acting in a vector space of functions). In particular, the adjoint of an operator
A can be defined from the matrix elements →”L

|A#R
↑ = →A

†”L
|#R

↑, where the scalar product is →”L
|#R

↑ =∫
dx”L(x) #R(x) (for a real operator A† = A

T). Hence the transposition of εx corresponds to an integration by
part, hence the sign.
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b) Stationary state

Discussing the master equation, we have noticed that, when a stationary state P↓(x) exists, the
convergence of the distribution Pt(x) towards it is exponential (cf. chapter 2 and below). Hence
P↓(x) rapidly dominates the properties of the system and for this reason we can often simply
focus on the stationary state.

The above remarks on the structure of the generator allow to read o! almost directly the
stationary state. Let us first recall that in 1D, the stationary current is necessary a constant :
ϑtPt(x) = →ϑxJt(x) = 0 implies that


Pt(x) ↗ P↓(x)

Jt(x) ↗ J
(stationarity).

According to the representation (4.17), the probability current related to the stationary state
P↓(x) can be conveniently written as

J = F (x)P↓(x)→
ϑ

ϑx
[D(x)P↓(x)] = →e↑U(x)

ϑ

ϑx


eU(x)

D(x)P↓(x)

. (4.20)

The construction of the stationary state in a finite interval will be discussed in Exercise 4.12.
Here, we only discuss the more simple situation where the stationary state is defined on R.

Equilibrium state on R (J = 0).— If the current vanishes, the stationary solution is an
equilibrium, which we now denote P↓(x) ↗ Peq(x) :

Peq(x) =
c

D(x)
e↑U(x)

. (4.21)

The condition for equilibrium on R is the normalisability of this function,
∫
R
dx e↑U(x)

/D(x) <
⇔. This is the case if the potential grows at infinity so that it confines the particle in a certain
domain of space. c is a normalisation constant.

✁ Exercice 4.2 : Consider the case D(x) ↗ D and discuss precisely the condition on the
potential energy V (x) = →

∫
dxF (x) ensuring the equilibrium. Give an example of a confining

potential.

NESS on R (J ⇑= 0).— When Peq(x) is not normalisable, the system does not reach equilib-
rium. Being a second order linear di!erential equation, G T

P (x) = 0 has two independent solu-
tions. We now search the second solution under the form P↓(x) = c(x)D(x)↑1e↑U(x) [obtained
from Peq(x) with c ↗ c(x)]. Introducing the form in (4.20), we deduce that c

→(x) = →J eU(x),
thus P↓(x) = →J/D(x)e↑U(x)

∫
x dy eU(y). The lower bound depends on the boundary conditions

(this corresponds to choose a constant of integration) : the choice must be consistent with a
positive distribution, hence for a di!usion on R it should be either →⇔ or +⇔. Now changing
the notation as P↓(x) ↗ PNESS(x), we conclude that

PNESS(x) =
J

D(x)
e↑U(x)

∫
±↔

x

dy eU(y)
, where ± = sign(J) (4.22)

depends whether the potential drives the process from →⇔ to +⇔ (sign +) or the opposite.
The condition of existence of the NESS is the normalizability of (4.22). In the case D(x) ↗ D,
we can be more precise : the asymptotic behaviour is obtained by noticing that the drift current
is expected to dominate the di!usion current at infinity, see Eq. (4.20), hence PNESS(x) ↖
J/F (x) for x ↗ ±⇔. As a result, the NESS exists if PNESS(x) is normalisable, which requires∫
↑↔

dx/F (x) < ⇔ and
∫
+↔ dx/F (x) < ⇔. Finally, imposing

∫
dxPNESS(x) = 1 provides a

formula for the current J , as a double integral involving F (x) and D(x) (see Exercise 4.15).
We discuss examples with NESS in Exercises 4.11, 4.12 and ??.
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Spectral interpretation : The equation for the stationary state has a spectral interpretation :
we have identified the right eigenvector for a zero eigenvalue, i.e. G T$R

0
(x) = 0. Similarly the

left eigenvector such that G$L

0
(x) = 0 is clearly a constant :

$R

0 (x) = P↓(x) and $L

0 (x) = 1 for e.v. ε0 = 0 (4.23)

where P↓(x) is either Peq(x) or PNESS(x). This choice corresponds to the normalisation condition∫
dx$L

0
(x)$R

0
(x) =

∫
dxP↓(x) = 1.

We stress again that Peq(x) and PNESS(x) are the two indepedent solutions of G T
P (x) = 0.

Only one of the two can be normalised ; if none is normalisable, the process is transient.

Remark (NESS in dimension d > 1) : in dimension higher than one, the situation can be
much more complicated as stationarity implies ς↙ · ςJ(ςx) = 0, hence the NESS may be character-
ized by a non trivial current distribution ςJ(ςx).

4.3 Conditional probability, backward FPE and a useful relation

As we emphasized in previous chapters, the propagator of the di!usion (the conditional proba-
bility) plays a central role. It is the solution of the FPE for a delta initial condition :

ϑtPt(x|x0) = G T

x Pt(x|x0) for P0(x|x0) = φ(x→ x0) , (4.24)

where I have now added a label x to make clear that the di!erential operator acts on the
coordinate x (and not x0). As pointed out earlier, the FPE involves the same mathematics as
the Schrödinger equation, hence it is tempting to use similar notations and write the solution
of (4.24) as

Pt(x|x0) = ↓x |etGT |x0 ↔ (4.25)

where |x0 ↔ represents the state (distribution) for a particle at (initial) position x0 and etG
T

is
the evolution operator for the distribution.

a) Forward and backward FPE

Preliminary : transposition of the master equation.— FPE is a specific form of the
master equation, thus the analogy with the master equation (2.31) for discrete states is a good
starting point. We have obtained the expression of the conditional probability : Pt(n|m) =(
etW

)
nm

=
(
etW

T
)
mn

. Here, the correspondence is W ↗ G T and W
T ↗ G . Writing that

ϑtetW = W etW gives the “forward master equation”

ϑtPt(n|n0) =


m

WnmPt(m|n0) (4.26)

whereas starting from ϑtetW = etW W , we get the “backward master equation”

ϑtPt(n|n0) =


m

(
W

T
)
n0m

Pt(n|m) . (4.27)

Application to the FPE.— The representation (4.25) is the continuous version of (2.65) [or
(2.78)], and the FPE (4.24) corresponds to (4.26). Let us now discuss the continuous version of
(4.27). The transposition of the propagator is Pt(x|x0) = ↓x0 |etG |x ↔, 23 hence we have

ϑtPt(x|x0) = ϑt↓x0 |etG |x ↔ = Gx0
↓x0 |etG |x ↔ = Gx0

Pt(x|x0)
23In quantum mechanics, one writes →ϑ |A

†
ϖ ↑ = →ϑ |A

†
|ϖ ↑ = →ϖ |A|ϑ ↑

↓ = →ϖ |Aϑ ↑
↓. In the text, the matrix

element is real.
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Let us now summarize the two important forms of FPE obtained. We call the first form the
“forward FPE”

ϑtPt(x|x0) = G T

x Pt(x|x0) for G T

x = ϑ
2

xD(x)→ ϑxF (x) (4.28)

where the forward generator acts on the final coordinate x. The operator G T
x controls the

evolution forward in time.
Then, we have obtained a second equivalent form

ϑtPt(x|x0) = Gx0
Pt(x|x0) for Gx = D(x) ϑ2

x + F (x) ϑx (4.29)

where the operator acts on the initial coordinate x0, i.e. controls the evolution backward in
time (in the past). For this reason, (4.29) is called the “backward FPE”. We will see some
applications of this equation below.

Remark : The above discussion can be reformulated as follows : ϑtPt(x|x0) = ↓x |G TetG
T |x0 ↔ =

G T
x ↓x |etGT |x0 ↔ and equivalently ϑtPt(x|x0) = ↓x |etGT

G T|x0 ↔ = Gx0
↓x |etGT |x0 ↔.

b) A useful identity

The nice representation (4.17) can be rewritten

G T =
ϑ

ϑx
D(x)Peq(x)

ϑ

ϑx
Peq(x)

↑1 (4.30)

where Peq(x) = D(x)↑1e↑U(x). This shows that the generator and its adjoint are related by the
non-unitary transformation

Peq(x)
↑1 G T

Peq(x) = G (4.31)

We stress that here, we do NOT assume that the equilibrium exists. If
∫
dxPeq(x) < ⇔, then the

process reaches an equilibrium, however the discussion also applies to the case
∫
dxPeq(x) = ⇔

(NESS or transient process).

We have shown above that Pt(x|x0) = ↓x |etGT |x0 ↔ = ↓x0 |etG |x ↔. If we combine this with
(4.31), the r.h.s. rewrites

↓x0 |etG |x ↔ = ↓x0 |Peq(x)
↑1etG

T

Peq(x)|x ↔ =
Peq(x)

Peq(x0)
↓x0 |etG

T |x ↔ (4.32)

i.e. we have obtained the following relation

Pt(x|x0)Peq(x0) = Pt(x0|x)Peq(x) where Peq(x) = e↑U(x)
/D(x) . (4.33)

Eq. (4.33) is interesting as it allows to exchange the role of the two coordinates of the conditional
probability. We emphasize again that it does NOT require Peq(x) to be normalisable. Hence,
Peq(x) can not always be interpreted here as a distribution.

✁ Exercice 4.3 BFPE from FFPE : Deduce (4.29) from (4.28) by using (4.33).
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The specific case of processes with an equilibrium.— Let us now assume that Peq(x)
is normalisable and discuss some consequences of this additional assumption. We first point
out that although the relation is reminiscent of the detailed balance condition, it should not be
confused with it. The detailed balance condition involves the transition rates, i.e. the t ↗ 0
limit of the relation (4.33) : Pt(x|x0) ↖ φ(x→ x0) + tW (x|x0), then

W (x|x0)Peq(x0) = W (x0|x)Peq(x) (detailed balance), (4.34)

which only holds when there is an equilibrium, i.e. Peq(x) is normalisable, whereas (4.33) is
completely general.

When Peq(x) is normalisable, we can also interpret (4.33) as a representation of the two
point function : from the definition of the conditional probability (chapter 2) P2(x, t;x0, 0) =
Pt(x|x0)Peq(x0), so that (4.33) is

P2(x, t;x0, 0) = P2(x0, t;x, 0) . (4.35)

If we combine the relation with time translation invariance, we get

P2(x, t;x0, 0) = P2(x0, 0;x,→t) . (4.36)

The probability to be at x and x0 at two di!erent times is independent of the direction in which
the particle is going (from x0 to x of from x to x0). This equation reveals some time reversal
invariance, reminiscent of the micro-reversibility encoded in detailed balance.

4.4 Relaxation and spectral analysis

The spectral analysis already presented for the master equation (chapter 2, § 2.5) has shown
that when the stationary state (equilibrium or NESS) exists, it appears as an isolated zero
mode of the underlying linear operator. This is also true for the FPE (there is a finite gap
between ε0 = 0 and the eigenvalues of the excited eigenvectors, unless the process is transient).
The convergence of the time dependent solution Pt(x) towards the stationary state is therefore
exponentially fast. This means that the stationary state rapidly dominates the physics. On the
other hand, the full spectral information provides details on the dynamics on short time scale
and how the system reaches equilibrium or stationary state, allowing to identify a relaxation
time. 24

When the process is transient (no stationary state), the full time dependent analysis is
crucial.

a) Solving the FPE

Let us apply the spectral method to solve the FPE ϑtPt(x) = G T
Pt(x). When the operator is

time independent, F (x, t) ↗ F (x) and D(x, t) ↗ D(x), we can look for a solution under the
“separable” form

Pt(x) = $(x) e↑εt hence G T$(x) = →ε$(x) . (4.37)

Because the generator is not self adjoint, this last equation is an equation for a “right eigenvector”
of G T. Its spectrum involves a bi-orthogonal set of right and left eigenvectors

G T$R

n (x) = →εn$
R

n (x) and G$L

n(x) = →εn$
L

n(x) (4.38)

24In quantum mechanics, the situation is completely di!erent. The Schrödinger equation i⊋εt”(x, t) = H”(x, t)
being complex, at any time in the future the dynamics involves all eigenstates which are initially occupied with
finite probability : ”(x, t) =

∑
n
cn e↑iEn/⊋

ϑn(x), where Hϑn(x) = Enϑn(x). Unless there is a reason to fall into
the ground state (dissipation), the ground state does not dominate the dynamics in general. The full spectral
information is essential in QM.
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We now discuss the orthonormalisation condition. Let us multiply G T$R
n (x) = →εn$R

n (x) by
$L
m(x) and G$L

m(x) = →εn$L
m(x) by $R

n (x). After integration, the di!erence is
∫

dx
[
$L

m(x)G T$R

n (x)→ $R

n (x)G$L

m(x)
]
= (εn → εm)

∫
dx$L

m(x)$R

n (x) . (4.39)

The l.h.s. is zero by using the definition of transposition, hence
∫
dx$L

m(x)$R
n (x) = 0 for

εn ⇑= εm. A convenient choice of normalisation is
∫

dx$L

n(x)$
R

m(x) = φn,m (4.40)

(see the discrete version in Subsection 2.5 page 30). Note that this requires that $L
n(x)$

R
n (x)

decays su”ciently fast at infinity (we will see on an example that the left eigenfunction may
grows at infinity, which is not a problem provided that the right eigenfunction decays fast
enough).

We now use the spectral information to solve the FPE for a given initial condition P0(x).
We first decompose this latter on the right eigenvectors

P0(x) =


n

cn$
R

n (x) where cn =

∫
dx$L

n(x)P0(x) (4.41)

Then, the solution at time t reads

Pt(x) =


n

cn$
R

n (x) e
↑εnt . (4.42)

Because $L

0
(x) = 1, the n = 0 term for e.v. ε0 = 0 carries all the normalisation of the solution,

c0 =
∫
dxPt(x) = 1, hence

Pt(x) = $R

0 (x) +


n( ↗=0)

cn$
R

n (x) e
↑εnt ↖ P↓(x) +O(e↑t/ϱrelax) (4.43)

where the eigenvalue ε1 corresponds to the lowest relaxation rate 1/↽relax = ε1 (or Re(ε1) if ε1

is complex). When there exists an equilibrium, for a confining potential V (x), the spectrum is
real as we will argue below.

We have described the situation where the lowest eigenvalue ε0 = 0 is isolated (there is a
finite gap between ε0 and the next eigenvalue), when there exists a stationary state P↓ ↗ Peq

or PNESS. In the case of transient process, the spectrum of eigenvalues is continuous and the
large time properties are not dominated by a single eigenvalue (see Exercise ??).

Spectral decomposition of the conditional probability (propagator).— The condi-
tional probability is the solution of the (forward) FPE for teh initial condition Pt(x|x0)


t=0

=

φ(x→x0). We deduce the coe”cient in (4.42) from the initial condition cn =
∫
dx$L

n(x)P0(x|x0) =
$L
n(x0). Therefore the spectral decomposition of the conditional probability is

Pt(x|x0) =


n

$R

n (x)$
L

n(x0) e
↑εnt (4.44)

It may also be useful to give a more formal representation of the propagator : the orthonormal-
isation condition (4.40) implies the dual relation


n
$R
n (x)$

L
n(x

→) = φ(x→x
→), or more formally

n
|$R

n ↔↓$L
n | = 1. As a result we can rewrite (4.44) as Pt(x|x0) = ↓x |

(
n
|$R

n ↔↓$L
n |e↑εnt

)
|x0 ↔,

where inside the paranthesis is the spectral representation of the operator etG
T

, cf. Eq. (4.25).

65



Devil is in the details.— Eigenfunctions can be found by solving (4.38), however we have
eluded the important question of boundary conditions. In principle, a spectral problem requires
to specify boundary conditions (at infinity if the di!usion is defined on R). We first discuss the
case of confining drift, when the discussion is more simple, and will only make few remarks on
the more subtle case of NESS at the end of the subsection.

4.5 Boundary conditions for the FPE

So far we have not discussed the situation where the FPE is solved on a bounded domain. Let
us discuss here the question of boundary conditions. For simplicity we consider the FPE for a
uniform di!usion constant ϑtPt(x) =

[
Dϑ

2
x → ϑxF (x)

]
Pt(x) = →ϑxJt(x) on R

+ so that there is
just one boundary at x = 0.

a) Reflecting boundary condition

The first natural boundary condition is the reflecting boundary condition : the particle arriving
at the origin x = 0 is simply reflected and remains in R

+. This is expressed by the condition of
a vanishing current at the origin

Jt(0) = F (0)Pt(0)→DP
→

t(0) = 0 (4.45)

where → means here derivation with respect to x. In the usual terminology, this corresponds to
a “mixed boundary condition”. 25

Remark : reflecting boundary conditions for the conditional probability.— For the
following we will have to impose the boundary conditions on the conditional probability Pt(x|x0).
The reflecting boundary condition is a mixed boundary condition

[
Dϑx → F (x)

]
Pt(x|x0)


x=0

= 0 (4.46)

We could aslo ask about the condition with respect to the initial coordinate : using the relation
(4.33), we have


ϑx →

1

D
F (x)


Pt(x|x0) =


ϑx +

1

D
V

→(x)


Peq(x)

Peq(x0)
Pt(x0|x)


=

Peq(x)

Peq(x0)
ϑxPt(x0|x) (4.47)

where I have used that Peq(x) ∝ exp[→V (x)/D]. As a consequence, the presence of the reflecting
boundary implies a Neumann boundary condition with respect to the variable x0 :

ϑx0
Pt(x|x0)


x0=0

= 0 . (4.48)

The reflecting boundary condition is not symmetric with respect to the two coordinates.

25For a linear wave equation of second order for the wave ϑ(x), like the Schrödinger equation ↓ϑ
→→(x) +

V (x)ϑ(x) = Eϑ(x), the standard terminology is :
(i) Dirichlet boundary condition : ϑ(0) = 0 ;
(ii) Neumann boundary condition : ϑ→(0) = 0 ;
(iii) mixed boundary condition : ϑ(0) cos ϱ + ϑ

→(0) sin ϱ = 0 (one recovers Dirichlet and Neumann b.c. for ϱ = 0
and ϱ = ς/2, respectively).
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Figure 4.3: The di!erent choices of boundary
conditions are illustrated by considering a dis-
crete random walk on the semi-infinite line
(Markov chain). The particle at site n jumps
to the right with probability pn ′ [0, 1] or to
the left with probability qn = 1→ pn. The dif-
ferent boundary conditions correspond to dif-
ferent choices for the probability p0, given that
the particle leaving the semi-infinite axis to the
left with probability q0 = r ′]0, 1] does not
come back : reflecting b.c. (top), general b.c.
(middle) and absorbing b.c. (bottom).

b) General boundary condition

Since the Fokker-Planck generator is a second order di!erential operator, the most general
boundary condition involve a linear combination of P (0) and P

→(0) at the boundary x = 0. Let
us now consider a general (mixed) boundary condition

ε̃Pt(0) = P
→

t(0) . (4.49)

For ε̃ = F (0)/D, this corresponds to the reflecting boundary condition. What is the meaning
of this condition for arbitrary real ε̃ ⇑= F (0)/D ?

Consider

ϑt

∫
↔

0

dxPt(x) = →
∫

↔

0

dx ϑxJt(x) = Jt(0) (4.50)

The current of probability through x = 0 makes the total probability decrease (for Jt(0) < 0).
Making use of the boundary condition, we get

Jt(0) =

F (0)→Dε̃


Pt(0) ≃ →εPt(0) (4.51)

where we have found convenient to introduce ε = Dε̃ → F (0). For ε > 0, the total probability
decreases

ϑt

∫
↔

0

dxPt(x) = →εPt(0) . (4.52)

Hence ε > 0 has roughly the meaning of the rate of escape when the particle is at the boundary
x = 0. Being at x = 0, the particle is absorbed (“killed”) or reflected with finite probabili-
ties. The total probability

∫
↔

0
dxPt(x) decreases with time because the particle touching the

boundary is absorbed, i.e. leaves the system.

c) Absorbing boundary condition

Writing Pt(0) = ε̃
↑1

P
→
t(0) shows that the limit ε̃ ↗ ⇔, or ε ↗ ⇔, corresponds to a Dirichlet

boundary condition
Pt(0) = 0 (4.53)

describing physically the situation where the particle reaching the boundary is absorbed with
probability one (like the mouse on Fig. 4.4).
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Figure 4.4: A random walker (the mouse) with an absorbing boundary condition at x = 0 (the
cat).

d) Periodic boundary conditions

Consider the interval [0, L]. For periodic boundary conditions (i.e. a ring) the physical quantities
like the density and the current should be continuous :

Pt(0) = Pt(L) and Jt(0) = Jt(L) (4.54)

Examples are discussed in the following exercise and in Exercise 4.12.

✁ Exercice 4.4 The pendulum in the overdamped regime : We consider a pendulum in
a fluid, in the overdamped regime, described by the Fokker-Planck equation

ϑtPt(ω) = D ϑ
2

ω
Pt(ω)→ ϑω

[
(v → k sin ω)Pt(ω)

]
for ω ′ [→↼,+↼] (4.55)

a) Relate the drift to a potential U(ω) and show that, for v = 0, the FPE admits an equilibrium
state Peq(ω).

b) Argue that this solution is not satisfactory and that there is no equilibrium when v ⇑= 0.

c) To simplify the calculation, we set D = 1. Show that the stationary state has the form

PNESS(ω) = J ⇀(ω)


c+

∫
ς

ω

d⇁

⇀(⇁)


where ⇀(ω) = e↑U(ω)

. (4.56)

Find c. What is the physical meaning of J ? Is it a free parameter ? Express J .

d) Analyze the limiting behaviour of J when v ↗ 0 ; use the modified Bessel function I0(z) =∫
2ς

0

dt

2ς
ez cos t (see Appendix A for its asymptotic behaviour).

4.6 First passage and exit problem (in 1D)

We now study the recurrence for general di!usions in one-dimension (the restriction to dimension
one makes the calculations simple ; the method extends easily to dimensions d > 1).

a) Persistence of the free Brownian motion

Here, I come back to the problem studied in § ?? : we study (in Exercise 4.5) the question
of the first return of the free Brownian motion. In the previous paragraph, we considered the
same question for the discrete random walk ; here we reconsider the problem for a continuous
Brownian motion. This is the “persistence” problem, as the first return probability at time t

corresponds to the probability that the process “persists” to remain positive up to time t.

✁ Exercice 4.5 Persistence, first passage time and maximum of the BM:
a) Propagator on the half line.– We consider the free di!usion on R+ with a Dirichlet
boundary condition at the origin. Construct the solution of the di!usion equation

ϑtPt(x) = Dϑ
2

xPt(x) for x > 0 with Pt(0) = 0 (4.57)
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(use the image method). Apply the method to get the propagator of the di!usion on R+, de-

noted P
(Dir)

t
(x|x0).

b) Survival probability.– Dirichlet boundary condition describes absorption at x = 0. Com-
pute the survival probability for a particle starting from x0 :

Sx0
(t) =

∫
↔

0

dxP (Dir)

t
(x|x0) (4.58)

What would have been the result for P
(Neu)

t
(x|x0), the solution for a Neunmann boundary

condition, ϑxPt(x)

x=0

= 0 ?

c) First passage time.– We denote by Tx0
the first time at which the process starting from

x0 > 0 reaches x = 0 (it is a random quantity depending on the process), and Px0
(T ) its

distribution. Deduce

Px0
(T ) =

x0↑
4↼DT 3/2

e↑
x
2
0

4DT . (4.59)

Plot neatly the distribution and compare with the result obtained for the RW on the lattice.

d) Maximum of a BM.– We now consider another property of the Brownian motion x(↽) with
↽ ′ [0, t] starting from x0 = 0 : we denote by M = max

ϱ↘[0,t]

(x(↽)) ↭ 0 its maximum and Wt(m)

the distribution of M . Show that Wt(m) and Sx0
(t) are related and deduce the expression of

Wt(m). What doesWt(0) represent ? The exponent of the power law t
↑ω is called the persistence

exponent. Give ω for the Brownian motion.

Hint : use Appendix A with properties of the error function.

Remark : we have recovered the results obtained within the discrete model of random walk
(§ ??) : the probability to return to the starting point is Pt(0|0) ⇒ t

↑1/2 and the probability for
the first return is Px0

(t) ⇒ t
↑3/2 at large time.

Conclusion of this analysis.— we can already make two important remarks :
• the study of a first passage time problem requires to impose an absorbing boundary condition
at the target point, here x = 0.

• The definition of the survival probability suggests that one should first find the conditional
probability, then integrate it to get the survival probability. In fact, the backward FPE
provides a shortcut and allows to find an equation directly for the survival probability, as we
will see.

b) First passage time for arbitrary drift

We consider the case of a di!usion with drift and uniform di!usion constant for simplicity

dX(t) = F (X) dt+
↑
2D dW (t) (4.60)

The drift derives from a potential F (x) = →V
→(x) and W (t) is the Wiener process. Consider

that the di!usion starts from the initial condition x(0) = x0.
The determination of the propagator Pt(b|x0) allows to answer the question : what is the

probability that the process reaches the point x = b in a (fixed) time t (i.e. the final position is
the random variable). We now ask a dual question : what is the time Tx0

needed to reach the
point x = b for the first time ? We consider trajectories such that :






x(0) = x0

x(t) < b for 0 < t < Tx0

x(Tx0
) = b .

(4.61)
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Hence we now fix the final position (x = b) and study the statistical properties of the random
time Tx0

. We denote by Px0
(T ) its distribution.

The main idea is to introduce an absorbing boundary at the target point :

Pt(b|x0) = Pt(x|b) = 0 (4.62)

implying that the particle is absorbed when it reaches x = b (cf. Fig. 4.4). This condition
implies that the calculations will exclude all trajectories passing through x = b. For simplicity
for future calculations and analysis, we also impose a reflecting boundary condition at another
point x = a < b, i.e. we impose that the current vanishes

(F (x)→Dϑx)Pt(x|x0)

x=a

= ϑx0
Pt(x|x0)


x0=a

= 0 (4.63)

The boundary condition takes a di!erent form with respect to the two arguments (this is expected
as Pt(x|x0) is not a symmetric function of its two arguments in general, cf. § 4.5 page 66).

We introduce the survival probability

Sx0
(t) = Proba{x(↽) < b for ↽ ′ [0, t]} =

∫
b

a

dxPt(x|x0) , (4.64)

the probabilty that the particle has survived up to time t, i.e. has not reached the absorbing
boundary at x = b. Due to the absorbing boundary, Sx0

(t) ↫ 1. The survival probability is also
the probability for the particle to be absorbed after time t

Sx0
(t) = Proba{Tx0

↭ t} =

∫
↔

t

dT Px0
(T ) . (4.65)

Then Px0
(T ) = →ϑTSx0

(T ). Because we integrate over the final position x of the propagator,
the forward FPE is not helpful. Instead, making use of the backward FPE (4.29) allows to obtain
a PDE for the survival probability

ϑtSx0
(t) =

∫
b

a

dxGx0
Pt(x|x0) = Gx0

Sx0
(t) , (4.66)

where the PDE is solved for the initial condition

Sx0
(0) =


1 for x0 ′ [a, b[

0 for x0 ↭ b
. (4.67)

Similarly the first passage time distribution obeys

ϑtPx0
(t) = Gx0

Px0
(t) (4.68)

At this point it is useful to introduce the n-th moment of the time :

Tn(x0)
def

=
(
Tx0

)
n

=

∫
↔

0

dT T
n Px0

(T ) (4.69)

✁ Exercice 4.6 Moments of the first passage time :
a) Show that the moments obey the recurrence

Gx0
Tn(x0) = →nTn↑1(x0) and Gx0

T1(x0) = →1 . (4.70)

b) Justify that the boundary conditions are ϑx0
Tn(x0)


x0=a

= 0 and Tn(b) = 0.

c) Deduce (calculation requires to solve a first order linear di!erential equation: easy!)

Tn(x0) =
n

D

∫
b

x0

dx eV (x)/D

∫
x

a

dx→ e↑V (x
→
)/D

Tn↑1(x
→) (4.71)

(with obviously T0(x0) = 1).
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c) Lifetime of a metastable state (Arrhenius law)

An important application of the above formalism is the analysis of the escape time for a particle
trapped in a potential well. This problem is relevant in chemistry where chemical reactions
are activated by overcoming some potential (activation) barriers in the configuration space of
the molecules. For simplicity we consider a one-dimensional problem of a particle initially in a
potential well (Fig. 4.5) : x0 is close to the local minimum at x1. We study the time needed to
escape the well, i.e. jump in the region x > x2.

x

V(x)

x

x

absorption

b1 2a

Figure 4.5: A particle escapes from a metastable state.

In a rather arbitrary manner, we introduce a reflecting boundary at x = a at the left of the
local minimum, and the absorbing boundary at x = b at the right of the potential barrier (not
too close from the top). As we have seen above the average time is given by

T1(x0) =
1

D

∫
b

x0

dx eV (x)/D

∫
x

a

dx→ e↑V (x
→
)/D

. (4.72)

The integral can be analysed by using the steepest descent method. For D ↗ 0, the integral over
x is dominated by the neighbourhood of x = x2, hence we can replace the upper bound of the
second integral

∫
x

a
↗

∫
x2

a
, expand the potential in the exponential eV (x)/D ↖ exp


1

D
[V (x2) →

1

φ
2

2

(x→x2)2]

, where φ2 = 1/

√
→V →→(x2), and perform the remaining Gaussian integral. Similarly,

the integral over x
→ is dominated by the neighbourhood of x→ = x1 ; expanding similarly the

integrand as e↑V (x
→
)/D ↖ exp


1

D
[→V (x1)→ 1

φ
2

1

(x→ → x1)2]

, where φ1 = 1/

√
V →→(x1), we end with

↓Tx0
↔ ≃ T1(x0) ↖ 2↼ φ1 φ2 exp

{
V (x2)→ V (x1)

D

}
(4.73)

The main result is that the average time is exponentially large in the height of the potential
barrier #V = V (x2) → V (x1). It is pretty independent of x0 (provided that it remains in the
well) : for x0 in the well, the particle is rapidly driven at the bottom of the well, where it is
submitted to the fluctuations (the time scale is controlled by the curvature at x1, like for the
Ornstein-Uhlenbeck process) ; then it takes a long time to escape the well, thanks to a large
(and thus rare) thermal fluctuation.

A remark (dimensional analysis) : as physicists, it is always good to remember dimensional
analysis. Here, the SDE (4.60) describes the overdamped regime for a particle in the force
field F (x), hence we include the friction coe”cient γ in the force. As a result the “potential”
V (x) = Epot(x)/γ has dimension E/[γ] = (ML

2
T
↑2)/(MT

↑1) = L
2
T
↑1, i.e. has the same

dimension as the di!usion constant [D] = L
2
T
↑1, as it should since the combination V (x)/D

appears in exponentials and should be dimensionless. For this reason, the curvatures φ2
1, 2

have
the dimension of a time.
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Figure 4.6: The swedish chemist Svante August Arrhenius (1859-1927), Nobel prize in chemistry
in 1903.

✁ Exercice 4.7 : How far from the top of the barrier (at x2) must be the absorbing boundary
b so that the previous analysis is justified ? And how far the reflecting boundary at a should be
from the bottom of the well (at x1) ?

✁ Exercice 4.8 Time needed to fall at the bottom of a harmonic well : We discuss
the situation where the initial point x0 is far from the minimum of the well at x = x1 and
clarify a point of the previous discussion. We consider the Ornstein-Uhlenbeck process d

dt
x(t) =

→ε (x → x1) +
↑
2D ϱ(t). What is the typical time needed by a particle initially far from the

minimum, x(0)→x1 = # “large”, to fall in the potential well ? Compare to the Arrhenius time.

We can also analyze higher moments : applying the same arguments to (4.71) we get

Tn(x0) ↖ nTn↑1(x1)T1(x0) (4.74)

for D ↗ 0. Using the independence in the initial position, we conclude that the moments are

Tn(x0) ↖ n! [T1(x0)]
n (4.75)

i.e. those of a Poisson distribution.

Px0
(T ) ↖ 1

↓Tx0
↔ exp

{
→ T

↓Tx0
↔

}
(4.76)

The exponential distribution was expected as in the D ↗ 0 limit, the particle is trapped a long
time in the well, hence has time to decorrelate : the picture is that, starting from the initial
position x0, the particle falls after a short time in the vicinity of the minimum of the potential
well x(t) ⇒ x1. There, fluctuations are φx ⇒

↑
D/φ1. As long as the process remains in the

well, it is approximatively described by the Langevin equation d

dt
x(t) ∞ → 1

φ
2

1

(x→x1)+
↑
2D ϱ(t),

where we have linearized F (x) = →V
→(x) near x1. The correlation function is ↓x(t)x(t→)↔c ↖

(D/φ
2

1
) exp

[
→ |t → t

→|/φ2
1

]
(cf. chapter 1 on Langevin equation). Indeed, the decorrelation

time is ⇒ φ
2

1
, which is exponentially smaller than the typical time needed to escape the well.

This shows that the escape process can be approximatively considered Markovian, hence the
exponential distribution (4.76).

! Important points

• Have in mind the meaning of the two terms in the FPE (drift and di!usion).
• Conservation equation ϑtP = →ϑxJ (or ϑtP = →ς↙ · ςJ in d > 1) and recover the expression of
the current.
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• Remember the solution of the FPE in the free case, ϑtP = D#P (in dimension d), or be able
to recover it in two lines by Fourier tranform in space :
Pt(ςr|ςr0) = (4↼Dt)↑d/2 exp


→ (ςr → ςr0)2/(4Dt)



• Existence of the BFPE
• Be familiar with the di!erent types of boundary conditions (reflecting, absorbing)
• The problem of first passage time (relation between survival probability and the distribution
of the first passage time) ; the use of the BFPE.
• Study of the first passage at point x = b requires to consider an absorbing boundary at this
place and determine the “survival probability”.
• The Arrhenius law.

Additional exercises

✁ Exercice 4.9 FPE for a linear drift : We study a di!usion on R for a linear drift,
described by the Fokker-Planck equation

ϑtPt(x) = →ϑx

[
(a+ b x)Pt(x)

]
+ ϑ

2

x

[
D(x)Pt(x)

]
. (4.77)

1/ Express d

dt
↓X(t)↔ in terms of Pt(x). Deduce that ↓X(t)↔ obeys a simple di!erential equation.

Solve this di!erential equation for initial condition X(0) = 0. Discuss the solution briefly :
assuming a > 0, plot neatly ↓X(t)↔ for b > 0 and b < 0.

2/ Consider now d

dt
↓X(t)n↔. Under what condition on D(x) would it be possible in principle to

solve a di!erential equation for ↓X(t)n↔ ? (do not solve it yet).

3/ We choose D(x) = D0 + D1 x + D2 x
2 (> 0 ∈x). Show that the variance ↓X(t)2↔c =

↓X(t)2↔ → ↓X(t)↔2 obeys a linear di!erential equation with a source term D(↓X(t)↔). Solve
the equation for x(0) = 0. Estimate the main behaviour for large t (for b > 0 and D2 > 0).
Discuss

√
↓X(t)2↔

c
/ ↓X(t)↔ in this limit.

✁ Exercice 4.10 FPE without drift and for x-dependent di!usion constant : We
consider the Stratonovich SDE dX(t) =

√
2D(X) dW (t), for D(x) > 0 ∈ x ′ R. The aim is to

discuss the large time behaviour of the solution of the FPE.

a) Write the FPE for Pt(x). Can a steady state exist ?

Assuming D(x) = D(→x) for simplicity, we reparametrize the spatial coordinate as

z =

∫
x

0

du√
2D(u)

(4.78)

(i.e. we are interested in the process Z(t) = ⇀(X(t)) where ⇀(x) =
∫
x

0
du/

√
2D(u)).

b) Deduce the FPE for the distribution Qt(z) of Z(t).

c) We first consider the case where the mapping x ∋↗ z with (4.78) maps R onto itself. Give an
example of such D(x). Give the propagator Qt(z|z0) and deduce Pt(x|x0).
d) We now discuss the case where the mapping (4.78) maps R onto a finite interval ] → a,+a[.
For a di!usion of the form D(x) = (1 + |x|)µ, how should one choose µ ?
What is the domain of definition for Qt(z) in this case ? What is the expected distribution when
t ↗ ⇔ ? What is the related Pt(x) ?
Compare to the discussion of Exercise ??.

✁ Exercice 4.11 FPE on R for a non confining potential : Consider the FPE ϑtPt(x) =
Dϑ

2
xPt(x) + ϑx

[
V

→(x)Pt(x)
]
on R such that the drift F (x) = →V

→(x) drives the particle from
→⇔ to +⇔. This requires that V (x ↗ ±⇔) ↗ △⇔.
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1/ Give an example of V (x) and discuss the typical trajectories.

2/ Argue that G T
P = 0 has two independent solutions.

3/ Show that the equilibrium solution is not normalisable and find the expression of the second
solution (under the form of an integral).

4/ Condition for the NESS
a) If the stationary solution exists, using the expression found above, show that it presents the
asymptotic behaviour PNESS(x) ↖ J/F (x) for x ↗ +⇔.
b) Deduce the condition for existence of the stationary state for the non confining potential.
c) Give an example of non confining drift with allows for a stationary state, and an example
which does not.

5/ Compare with the results of Exercise 2.17 page 40.

✁ Exercice 4.12 Steady state for periodic boundary conditions : This exercise general-
izes exercise 4.4. We consider the di!usion in a finite interval for periodic boundary conditions
in a more general situation and discuss the nature of the steady state and the condition for equi-
librium. We consider the general FPE ϑtPt(x) = →ϑx

[
F (x)Pt(x)

]
+ϑ

2
x

[
D(x)Pt(x)

]
for x ′ [0, L]

with periodic boundary conditions.

a) Write the di!erential equation for the stationary state P↓(x). Give the general solution in

terms of the “e!ective potential” U(x)
def
= →

∫
x

0
dy F (y)/D(y), which is assumed continuous in

]0, L[ (i.e. F (x) has no φ-function). If U(x) is discontinuous, the only allowed discontinuity is
at the boundary, i.e. #U = U(L)→ U(0) may di!er from zero.

b) Impose the periodic boundary conditions on the steady state. Deduce its explicit expression,
in terms of U(x) and the steady current J .

c) What is the condition for an equilibrium solution ?

d) What condition provides the expression of the current (in terms of F (x) and D(x)) ?

e) Application : give the explicit form of P↓(x) and J when D(x) ↗ D and F (x) ↗ µ are
constant. Deduce J .

f) Using the expression of the current (question d/), find an approximation of J for the potential
with the following form :

U(x)

x

0 x
1 x2 L

>>1

>>1

>>1

>>1

What controls the sign of the current ?

✁ Exercice 4.13 First passage time for a constant drift : We consider the trapping by
a constant drift F (x) = →µ. The particle starts from x0 ′ [0, b[ with a reflection boundary at
x = 0. The boundary at b is absorbing.
a) Compute the mean first passage time T1(x0).
b) Discuss the result : consider limiting cases (i) µb/D ▽ 1, (ii) µb/D ̸ 1 for µ > 0, (iii)
|µ|b/D ̸ 1 for µ < 0.

✁ Exercice 4.14 First passage time for D ↗ D(x) : Generalize (4.71) for a x-dependent
di!usion constant D ↗ D(x) :

a) give the formula related to both the Itô and the Stratonovich SDE.

b) Consider the FPE ϑtPt(x) = ϑ
2
x

[
D(x)Pt(x)

]
(driftless case) for the reflection at a = 0 and
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a di!usion constant D(x) = 1

2
(1 + x)µ. Discuss T1(x0) in the limit b ↗ ⇔ (compare with the

discussion of Exercise 4.10).

✁ Exercice 4.15 NESS on R and the time needed to go from →⇔ to +⇔ : We consider
a di!usion on R for generator G = D(x)ϑ2

x→V
→(x)ϑx, such that the NESS exists (see Exercise 4.11

when D(x) ↗ D). We study the case where the potential drives the process from →⇔ to +⇔ :
for example, for a uniform di!usion, when the drift is F (x) = c x

2, i.e. V (x) = →1

3
c x

3.

a) Give an integral representation of the averaged time T1(x0) needed to go from x0 to +⇔.
Hint : you may consider a reflecting boundary at a ↗ →⇔ and an absorbing boundary at
b ↗ +⇔.

b) Compare the averaged time and the current J related to the NESS (4.22).

(a)
x

x x

V(x)

absorption

b1 2a (b) x x

V(x)

x

absorption

b1 2a

Figure 4.7: Two other types of trapping potentials.

✁ Exercice 4.16 Lifetimes of metastable states : We have obtained above the following
formula for the average lifetime of a metastabel state corresponding to the well of Fig. 4.5 :
↓Tx0

↔ ↖ 2ς↑
↑V →→(x1)V

→→(x2)
exp


V (x2)↑V (x1)

D


, valid in the D ↗ 0 limit.

Derive some analogous formulae for the two potentials of Fig. 4.7.

xx x

V(x)

x

0

absorption

absorption

b1 2a

Figure 4.8: Two absorbing boundaries.

✁ Exercice 4.17 First passage time in dimension d : We consider the problem of first
passage time in dimension d > 1 : a di!usive particle submitted to a centro-symmetric drift
ςF (ςr) = →V

→(r) ςur where ςur is the radial unit vector. The forward generator of the di!usion in
R
d is

G T = D#→ ς↙ · ςF . (4.79)

The particle starts from ςr0 and we ask the question : when does it reach a sphere of radius
b < r0 = ||ςr0|| for the first time ?

b

r
0

Figure 4.9: First passage
on a sphere of radius b.
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a) Show that the moments of the first passage time obey the di!erential equation

D


d2

dr2
+

d→ 1

r

d

dr


→ V

→(r)
d

dr


Tn(r) = →nTn↑1(r) (4.80)

Find an integral representation for T1(r0).

b) When the dimension is increased, does the first passage time increases or decreases ?

c) Consider the potential V (r) = k

d
r
d in dimention d. Compute T1(r0) and discuss the b ↗ 0

limit.

5 Linear response theory

Previously, we have been mostly interested to present some tools allowing to analyze the proper-
ties of stochastic processes, i.e. to follow a more phenomenological approach (with the exception
of § page 10). In this last paragraph of this first part of the lectures, we are going to follow a
more microscopic approach : we will however restrict ourselves to the study of small distur-
bances on the top of equilibrium, i.e. to the “linear regime”. Our purpose is to describe
the situation represented schematically in Fig. 5.1.

Excitation →↗ System →↗ Measure of the response

A B

system
f(t)

correlation

Figure 5.1: Schematical representation of the situation under consideration : an excitation
(external perturbation) acts on the system. A force f(t) is coupled to an observable A of the
system and another observable B is measured. The two observables are in general coupled by the
time dynamics.

A practical motivation could be to describe a bit more precisely the process of the mea-
surement of an equilibrium property : the standard scheme to perform a measurement on a
system at equilibrium consist in the introduction of a ”small” perturbation (excitation) and the
measurement of the response of the system (ex: an atomic vapor on which light is sent and
which re-emit light by fluoresence).

First (§ 5.2), we start with a semi-phenomenological description based on thermdynamic
properties (§ 5.1). In a second step (§ 5.3 to 5.5), we will develope the linear response theory.

5.1 Theory of thermodynamic fluctuations

This § was not discussed in the lectures due to lack of time.

Before entering into the (microscopic) approach of the linear response theory, it is useful to
start with the more phenomenological approach of the thermodynamics of irreversible processes.
We first start with the theory of thermodynamic fluctuations, which was developed by Einstein
in 1910, among others [39]. In equilibrium thermodynamics, a fundamental function encoding
all thermodynamic properties of a system is the entropy, which is an extensive function of a set
of extensive variables (energy, number of particles, etc) characterizing the thermal state of the
system :

S({Xi}) (5.1)
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If the system is isolated, these extensive variables are fixed, however, if one considers exten-
sive quantities characterizing a subpart of the system, there exist exchanges among di!erent
subparts : e.g. exchanges of energies, while the total energy of the isolated system is kept
constant.

Conjugate thermodynamic forces : To each extensive variable Xi, we can associate an
intensive conjugate force :

Fi = → ϑS

ϑXi

(5.2)

Examples :

Obervable Xi force Fi

Energy E →1/T

Volume V →p/T

Number Na µa/T

In particular, for a simple fluid made of a mixture of s species we have

dS(E, V, {Na}) =
1

T
dE +

p

T
dV →

s

a=1

µa

T
dNa (5.3)

Note that extensivity S({εXi}) = εS({Xi}) implies

S({Xi}) = →


j

Xj Fj({Xi}) (5.4)

a) Preliminary – the thermal contact :

As a preliminary, let us recall the analysis of the thermal contact between two subparts of an
isolated system [50]. Denote by S(E) the entropy of the part of interest and Sext(Etot → E)
the entropy of the remaining of the system. Stot(E) = S(E) + Sext(Etot → E) is the entropy of
the isolated system for a fixed value E (here Stot(E) is the reduced entropy). The fundamental
postulate of statistical physics provide the distribution of the energy E as

w(E) ∝ eStot(E) (5.5)

(for clarity I set kB = 1). We introduce the “a”nity”

φ(E)
def

= →ϑStot(E)

ϑE
= → 1

T (E)
+

1

Text(Etot → E)
(5.6)

which is the di!erence of the two ”forces”, involving here the microcanonical temperatures T

and Text are characterizing the two sub-systems. The equation giving the maximum of the
distribution correspond to the vanishing of the a”nity

φ(E) = 0 ⇐ E = E (5.7)

and is also interpreted as the condition for thermal equilibrium T = Text.
Consider a thermal fluctuation

φE = E → E (5.8)

then we can linearize the a”nity φ(E + φE) ↖ ▷ φE hence the probability of a fluctuation is

w ∝ eφStot with φStot ↖ →1

2
▷ φE

2 (5.9)
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Here the coe”cient ▷ has a clear interpretation

▷ = φ
→(E) =

1

T (E)2


1

CV (E)
+

1

C
ext

V
(Etot → E)


↖ 1

T (E)2CV (E)
(5.10)

where the second term can be necglected if the subsystem is much smaller than the external
part. With this assumption, we can write the probability in terms of a function characterizing
the subsytem alone

w ∝ e↑↼F with F = E → TS(E) (5.11)

where T is here the temperature of the external and F the free energy of the subpart of interest.
Since there is a bijection between the energy and the temperature, φE ↖ CV φT , we can as

well express the fluctuation of energy in terms of the temperature

w ∝ eφStot with φStot ↖ → 1

2▷
φT

2 = → CV

2T 2
φT

2 (5.12)

thus the temperature fluctuations are


φT

2

=

kB

CV

T
2 (5.13)

where I have reintroduced the Boltzmann constant. I recall that CV is here the heat capacity
of the subpart in which the temperature fluctuations take place.

b) A”nities :

We now generalize these ideas to a set of extensive observables Xi. We consider a spontaneous
thermal fluctuation

xi = Xi →Xi (5.14)

and introduce the a”nities corresponding to these observables

φi

def

= →ϑStot

ϑXi

= Fi → F
ext

i (5.15)

Equilibrium state is characterised by the vanishing of all a”nities φi = 0.
In general we can write the entropy variation around its maximum (corresponding to the

equilibrium state) as

φStot ↖ →1

2



i,j

▷ijxixj (5.16)

where the coe”cients ▷ij are encoded in the entropy function, the fundamental function char-
acterizing the thermodynamic properties of the system, which is assumed known. Hence ther-
modynamic fluctuations are characterised by the Gaussian measure

w ∝ eφStot = e↑
1

2

∑
i,j

↽ijxixj (5.17)

The a”nities take the form
φi =



j

▷ijxj (5.18)

As a result of general properties of the Gaussian measure we have

↓xixj↔ = (▷↑1)ij (5.19)

(see appendix below). Using the linear relation between a”nities and thermal fluctuations of
observables, we get the correlator

↓xiφj↔ = φij (5.20)

and
↓φiφj↔ = ▷ij . (5.21)
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Simple consequence : Let us apply Eq. (5.20) to the three extensive variables (E, V,N),
which are conjugated to (T, p, µ), respectively. The relation shows that each extensive variable is
only correlated with its conjugated force, and not forces conjugated to other extensive variables.
For example V and T are uncorrelated, ↓φT φV ↔ = 0, etc.

It is also interesting to split the variation of entropy in two parts

φStot = φS + φSexch = φS +


i

F
ext

i φXi (5.22)

where the second term is the entropy exchanged between the system and the external. Note
that in [39], the variation of entropy φStot is denoted φSint as it is the entropy variation relative
to the changes internal to the system (energy fluctuation of the system, etc).

Application : For example, if we consider the entropy as a function of the energy and the
volume, S(E, V ), this gives the form

w ∝ exp→φE → T φS + pφV

T
= e↑↼φG

, (5.23)

where G is the free enthalpy. Expansion leads to

w ∝ exp

{
→CV φT

2

2T 2
→ φV

2

2TV ▷T

}
(5.24)

where ▷T
def

= → 1

V

(
ϖV

ϖp

)
T
is the isothermal compressibility, which controls the volume fluctuations

↓φV 2↔ = TV ▷T .

Appendix : Gaussian integrals in R
N and Wick theorem

Consider the integral

N↑1 =

∫

RN

dNX e↑
1

2
X

T
AX (5.25)

where A is a real symmetric matrix. One can perform a rotation X = OY which diagonalizes
the matrix, A = ODOT with D = diag(ε1, · · · ,εN ). Jacobian of the transformation equals
unity J = |DX/DY | = | det(O)| = 1. This makes clear that the integral exists if the matrix
is positive A > 0 (meaning εi > 0 ∈ i). After diagonalization, the integral is separable, thus
N↑1 =

∏
i

√
2↼/εi = (2↼)N/2

/
↑
detA.

Introduce the vector B ′ R
N and the function

G(B) = N
∫

RN

dNX e↑
1

2
X

T
AX+B

T
X = ↓eBT

X↔ (5.26)

which is interpreted as the generating function of the Gaussian variables Xi as derivations
produce the correlation functions ϑi1 · · · ϑimG(B)|B=0 = ↓Xi1

· · ·Xim↔. A simple manipula-
tion is

X
T
AX → 2BT

X = (X →A
↑1

B)TA(X →A
↑1

B)→B
T
A

↑1
B (5.27)

leading to

G(B) = e
1

2
B

T
A

↑1
B (5.28)

79



In particular we deduce the relation for the two point correlations ↓XiXj↔ = ϖ
2
G(B)

ϖBiϖBj


B=0

:

↓XiXj↔ = (A↑1)ij (5.29)

We conclude that the correlations of the Gaussian variable is already almost
readable on the Gaussian measure itself P (X) ∝ exp{→1

2
X

T
AX}. This is a very

general and important result.
We can deduce the Wick theorem

↓X1 · · ·X2n↔ =


contractions

↓Xi1
Xj1

↔ · · · ↓XinXjn↔ (5.30)

where the sum runs over the (2n→ 1)!! pair contractions. Example : for 2n = 4, one needs
to consider the (4→ 1)!! = 3 contractions

↓X1X2X3X4↔ = ↓X1X2↔ ↓X3X4↔+ ↓X1X3↔ ↓X2X4↔+ ↓X1X4↔ ↓X2X3↔ (5.31)

The Wick theorem has many occurences and applications : in probability, in statistical
physics, in statistical or quantum field theory.

5.2 Thermodynamics of irreversible processes

This § was not discussed in the lectures due to lack of time.

We now discuss the dynamics of observables when the system is driven slightly out-of-
equilibrium (for example when inducing a current through a conductor by imposing a voltage
drop). The main assumption is that the time scale which characterizes the dynamics is much
longer than the time scale for relaxation towards equilibrium

↽dyn ̸ ↽relax (5.32)

which ensures that the system follows equilibrium states described by equilibrium thermody-
namic (in particular by the fundamental entropy function).

a) Fluxes

We introduce the flux related to the extensive variable Xi

Ji =
dXi

dt
. (5.33)

Denoting by xi(t) = Xi(t) → Xi the deviation from equilibrium, we have also Ji =
dxi

dt
. It is

important to stress that although I use the same notation as the one used above for spontaneous
thermal fluctuations, xi(t) designates here the change of the observable as a result of imposing
a non zero a”nity. The use of the same notation follows “Onsager’s regression hypothesis”
(1930), assuming that the relaxation of non equilibrium disturbance is governed by the same laws
as the regression of spontaneous microscopic fluctuations [7].

If the system remains close to the equilibrium, it is natural to assume that the fluxes are
linear in the deviations to equilibrium, i.e.

dxi
dt

= →


j

εijxj (linear assumption) . (5.34)
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It is important to keep in mind that at this level, contrary to coe”cients ▷ij introduced above,
which are encoded in the entropy function and can be deduced in terms of (equilibrium) ther-
modynamic properties, as it was illustrated above, the new phenomenological coe”cients εij

characterize the dynamics and require further information. Using the linear relation with the
a”nities, it is conventional to write

Ji =
dxi
dt

=


j

γijφj (5.35)

where γij are the so-called “kinetic coe”cients”. The main object of the theory of irreversible
processes is to find the relation between a”nities and fluxes (in electronic devices, this corre-
sponds to finding the relation between the voltage drop imposed by the external on the device
and the induced current, i.e. a formula for the conductance in terms of the microscopic parame-
ter and the geometry of the conductor). At this stage, the description remains phenomenological.
The sets of coe”cients are clearly related by

γij = →


k

εik (▷
↑1)kj (5.36)

Figure 5.2: Lars Onsager (1903-1976), Nobel prize in chemistry 1968.

Example : the discussion is a bit formal. Let us give a concrete example : consider a conductor
with charge Q (the “observable” X). The electrostatic energy is H = QV so that the potential
V is the “conjugated force φ”). The “flux J” is the electric current I = dQ

dt
and thus the kinetic

coe”cient is simply the conductance (inverse of resistance)

γ →↗ G (5.37)

as we usually writes I = GV ).

b) Onsager symmetry relation

We now state the Onsager principle (1931) of the symmetry of kinetic coe”cients

γij = γji (5.38)

which relies on the time reversal symmetry, at equilibrium, as we now show.
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Proof : We introduce the correlation function

Cij(t) = ↓xi(t)xj(0)↔ (5.39)

Assuming time reversal symmetry we have

↓xi(t)xj(0)↔ = ↓xi(0)xj(→t)↔ TRS
= ↓xi(0)xj(t)↔ ⇐ Cij(t) = Cji(t) . (5.40)

Now we di!erentiate the relation

↓dxi(t)
dt

xj(0)↔ = ↓dxj(t)
dt

xi(0)↔ (5.41)

and we use Onsager’s regression hypothesis, which allows to make use of the kinetic coe”cients



k

γik ↓φk(t)xj(0)↔ =


k

γjk ↓φk(t)xi(0)↔ (5.42)

Because the relation holds ∈ t we can write


k

γik ↓φk(0)xj(0)↔︸ ︷︷ ︸
=φjk

=


k

γjk ↓φk(0)xi(0)↔︸ ︷︷ ︸
=φik

(5.43)

leading to (5.38).

Remarks :

• A standard illustration is the symmetry between transport of particles and transport of energy.
Transport of particles can be induced by a modulation of the electrochemical potential µ̄ =
µ + V (ςr), where V (ςr) is the potential (in the presence of an external potential, the ”force”
conjuguated to the local density is µ̄). Transport of energy can be induced by an imbalance
of temperature (Fick’s law). The local version gives the current of particles and the current
of energy

ςJN = γNN
ς↙
(
µ̄

T

)
+ γNE

ς↙

→ 1

T


(5.44)

ςJE = γEN
ς↙
(
µ̄

T

)
+ γEE

ς↙

→ 1

T


(5.45)

The coe”cient γNN is proportional to the di!usion constant (or the conductivity for charged
particles) and the coe”cient γEE to the thermal conductivity. The Onsager symmetry relation
is γNE = γEN . Its existence is related to the duality of two e!ects : the Seebeck and the
Peltier e!ects [39, 23].

• The Onsager symmetry relations (5.38) was given here for observables invariant under time
reversal symmetry. In general the observables can have a specific symmetry under TRS :

xi(→t) = ◁i xi(t) with ◁i = ±1 . (5.46)

In the more general case, the Onsager symmetry relations take the form

γij( ςB, ς%) = ◁i◁j γji(→ ςB,→ς%) (5.47)

where ςB is the magnetic field and ς% the angular velocity of rotation.
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• Equilibrium versus out-of-equilibrium.— We will make clear below that, although they
characterize how the system responds when put slightly out-of-equilibrium, the kinetic coef-
ficients are properties of the equilibrium state. Thermal equilibrium is a crucial assumption
for the Onsager symmetry relations to hold. In the out-of-equilibrium situation, Onsager
symmetry can be broken.

• Linear response versus non linear response.— Another formulation of the previous
remark : the fluxes are non zero because finite a”nities are imposed from the external, hence
the fluxes are functions of the a”nities : Ji({φj}). We have written above the fluxes as
Ji({φj}) =


j
γij φj . Assuming that the response is linear is equivalent to say that the

kinetic coe”cients are properties of the system for φi = 0 ∈ i, γij = O(φ0

k
), i.e. that they are

properties of the system at equilibrium (this is the essence of Onsager’s regression hypothesis).
Onsager symmetry relation holds for the linear response, however it has no reason to hold for
the non-linear response, i.e. far from equilibrium.

An example was discussed in [42, 45] (and further in [49]) : whereas it is well known that the
linear conductance of a conductor with two contacts is a symmetric function of the magnetic
field, the interaction between electrons was shown to induce an asymmetry of the nonlinear
response under magnetic field reversal. This was observed experimentally in [55, 3].

c) Entropy production

The entropy production corresponds to dissipation (cf. end of appendix p. 10)

dStot

dt
=



i

ϑStot

ϑXi

dXi

dt
=



i

φi Ji (5.48)

Hence the entropy production is a quadratic form

dStot

dt
=



ij

γij φiφj (5.49)

As a consequence of the 2nd ”principle” of thermodynamic (demonstrated within the frame of
statistical physics), dStot/dt ↭ 0, we have

γii ↭ 0 (5.50)

and γiiγjj ↭ 1

4
(γij + γji)2. More generally γij is a positive matrix.

Bibliography:

• The chapter 12 of the Landau & Lifshitz [19] (the unpleasant notation Rmin is used for the
free energy or the free enthalpy).

• The chapter 2 of the book by Pottier [39] is well written (although the notations can be a bit
confusing). The local formulation is developed. The chapter 2 of Livi and Politi’s book [23]
discusses this matter but is less detailed.

• The chapter 6 of Le Bellac et al’s book [21].

5.3 Correlation functions and response functions

Let us now enter into the heart of linear response theory. Being a microscopic approach, it
should be based on a description as microscopic as possible : we adopt the frame of classical
mechanics and consider the distribution function in phase space.

83



• Phase space : we denote by ς& a point (the “microstate”) in the D-dimensional phase space.
For example, for a gas of N atoms, it is the vector ς& ≃ (ςr1, · · · ,ςrN , ςp1, · · · , ςpN ) with D = 6N
components.

• The dynamics of the system is controlled by the Hamiltonian H(ς&).

• We adopt a probabilistic description and consider the distribution in phase space, denoted
0t(ς&), which is the probability density in phase space at time t. It follows from the Hamiltonian
equations of motion that it obeys the Liouville equation (see for example appendix of chapter
3 of [50])

ϑ

ϑt
0t = {H , 0t} (5.51)

where

{A , B} def

=


i


ϑA

ϑqi

ϑB

ϑpi
→ ϑB

ϑqi

ϑA

ϑpi


(5.52)

is a Poisson bracket.

• Finally, considering an observable A(ς&) (for example the kinetic energy Hkin = 1

2m


i
ςpi

2),
the average at time t is given by

↓A↔
t
=

∫
dDς& 0t(ς&)A(ς&) . (5.53)

Here, the evolution is carried by the density. Below, it will be conceptually more simple to
write the average di!erently, with the evolution carried by the observable :

↓A↔
t
=

∫
dDς&0 00(ς&0)A(ς&(t)) (5.54)

where ς&(t) is the trajectory such that ς&(0) = ς&0. The distinction between (5.53) and (5.54) is
similar to the di!erence between Schrödinger and Heisenberg pictures in quantum mechanics.
Below I will rather use the notation ↓A↔

t
≃ ↓A(t)↔ (a more consistent notation should be

↓A(ς&(t))↔ but it is too heavy).

a) Equilibrium and static response

Consider a modification of the Hamilonian

H0(ς&) →↗ Hf (ς&) = H0(ς&)→ f A(ς&) (5.55)

where A is a certain “observable” and f the conjugate force (here in the sense of classical
mechanics). I.e. the observable can be obtained by di!erentiation with respect to this parameter
A(ς&) = → ϖ

ϖf
H0(ς&). Assume canonical equilibrium

0
f (ς&) =

1

Zf

e↑↼Hf (
ϑ”) with Zf =

∫
dDς& e↑↼Hf (

ϑ”)
. (5.56)

Consider the average of another observable

↓B↔
f
=

∫
dDς& 0

f (ς&)B(ς&) (5.57)

Question : given ↓B↔
0
=

∫
dDς& 0

0(ς&)B(ς&), can we study the variation of the average due to the
introduction of the force f ? A motivation can be that we are able to compute ↓B↔

0
, but not

↓B↔
f
. As a preliminary, let us expand the partition Zf in powers of f :

Zf ↖
∫

dDς& e↑↼H0(
ϑ”)

(
1 + 1fA(ς&) + · · ·

)
= Z0 (1 + 1f ↓A↔

0
+ · · · ) . (5.58)
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Similarly, we can expand the average

↓B↔
f
↖

∫
dDς&B(ς&)

e↑↼H0

Z0

1 + 1fA(ς&) + · · ·
1 + 1f ↓A↔

0
+ · · · (5.59)

Finally we can write
↓B↔

f
= ↓B↔

0
+ f 2

stat

BA +O(f2) (5.60)

where
2
stat

BA = 1 (↓BA↔
0
→ ↓B↔

0
↓A↔

0
) (5.61)

is the “static response function”. At lowest order in f , the properties of observables in the
presence of the force are controlled by a correlator characterizing the equilibrium state 0

0.

Example: consider a magnetic system with magnetic energy Hmagn = →BM where M is
the magnetization. The magnetic susceptibility is the response of the magnetization to the
magnetic field ↓M↔

B
↖ 2B for B ↗ 0. Application of the formula shows that the susceptibility

is related to the fluctuations of magnetization :

2 =
↓φM2↔0
kBT

(5.62)

(cf. chap. 10 of [50]).

b) Relaxation protocol

Let us now consider the problem of relaxation, i.e. a specific protocol to study the out-of-
equilibrium situation where the system is submitted to a time dependent perturbation. We
consider the dynamics induced by

H(ς&, t) = H0(ς&)→ fR ωH(→t)A(ς&) , (5.63)

i.e. a situation where a static perturbation φHpert = →fR A is switched o! at time t = 0. Up to
time t = 0, we can write ↓B↔

fR
↖ ↓B↔

0
+ fR 2

stat

BA
. For time t ↭ 0, the dynamics is controlled by

the Hamiltonian H0, we write

↓B(t)↔
f
=

∫
dDς&0 0

fR(ς&0)B(ς&(t)) (5.64)

where ς&(0) = ς&0, with ω#(t) solving the equation of motions for H0. Here, it is indeed
convenient that the time dependence is carried by the observable B, which allows us to expand
the distribution 0

fR at time t = 0 in the same way as above :

↓B(t)↔
f
↖

∫
dDς&0

e↑↼H0(
ϑ”0)

Z0

1 + 1fRA(ς&0) + · · ·
1 + 1fR ↓A↔

0
+ · · · B(ς&(t)) (5.65)

We get

↓B(t)↔
f
↖ ↓B↔

0
+ fR RBA(t) for t > 0 , where RBA(t) = 1 (↓B(t)A(0)↔

0
→ ↓B↔

0
↓A↔

0
)

(5.66)
is the relaxation function. 26 We have used that the averages are time independent at equilibrium,
↓B(t)↔

0
= ↓B↔

0
. The relaxation is characterised by a correlation function of the model in the

absence of the force. I stress that both the time evolution of observable B and the average refer
to the ”free” Hamiltonian H0.

26Once more, the notation for the correlation function refers to →B(t)A(0)↑
0
=

∫
dDφ$0 ↼

0(φ$0)B(φ$(t))A(φ$0)

where φ$(t) is the trajectory starting from φ$0 and ↼
0(φ$) ↔ e↑εH0(

ϑ!).
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A Mathematical tools

A.1 Linear di!erential equations with source terms

First order.– First consider the simple di!erential equation

y
→(x)→ ω y(x) = s(x) (A.1)

where ω and s(x) are given. The solution of the homogeneous equation is y(x) = A eωx. Use
the ”variation of the constant’s method” : search a particular solution under the form y(x) =
A(x) eωx, which leads to A

→(x) = s(x) e↑ωx, i.e. A(x) =
∫
x dt s(t) e↑ωt. Hence the general

solution is

y(x) = y(0) eωx +

∫
x

0

dt s(t) eω(x↑t) (A.2)

You can check that the method can be extended to the case where ω ↑ ω(x) in the di!erential
equation (A.1). Then

y(x) = y(0) e
∫
x

0
duω(u) +

∫
x

0

dt s(t) e
∫
x

t
duω(u) (A.3)

a) Fourier transform on R

Consider a complex function f defined on R. Its Fourier transform is defined as

f̂(k) =

∫

R

dx f(x) e↑ikx and f(x) =

∫

R

dk

2ε
f̂(k) eikx (A.4)

the inverse Fourier transform is recovered by using
∫

R

dk

2ε
eikx = ϑ(x) (A.5)

You should now the basic properties of Fourier transform

Fk[f
→(x)] = ik f̂(k) , (A.6)

f̂(a k) = Fk[(1/a) f(x/a)] , (A.7)

Fk[f ↓ g] = f̂(k) ĝ(k) , etc. (A.8)

We can recover the standard properties of the Fourier transform. For instance, the Parseval-
Plancherel relation ∫

R

dx |f(x)|2 =
∫

R

dk

2ε
|f̂(k)|2 (A.9)

etc.

b) Discrete Fourier transform (over a finite interval)

Consider a function f(x) defined on a finite interval x ↔ [0, L] (the function can be a periodic
function with period L). For a bounded domain, the wave vectors are quantized, hence the
function can be decomposed over a countable basis of plane waves

u
(n)(x) = eiknx for kn =

2nε

L
with n ↔ Z . (A.10)

155



We easily check the orthonormalisation condition

∫
L

0

dx

L
u
(n)(x)→u(m)(x) =

∫
L

0

dx

L
ei(km↑kn)x = ωn,m (A.11)

Thus Fourier transform takes the form

f(x) =
1

L

∑

n↓Z

f̂n e
iknx where f̂n =

∫
L

0

dx f(x) e↑iknx = →u(n) |f ↑ (A.12)

If we take the limit L ↓ ↔, the spectrum of wave vectors becomes dense and we recover the
continuous Fourier transform, using 1

L

∑
kn

↓
∫
R

dk

2ω
.

Note that ∫
L

0

dx |f(x)|2 = 1

L

∑

n↓Z

|f̂n|2 . (A.13)

c) Fourier transform of a discrete function

If we consider a function fx defined over Z (on a lattice), the basis of harmonic functions are

plane waves u(k)x = eikx where the wave vector varies continuously over a bounded domain, the

”Brillouin zone” k ↗]↘ ε,+ε] (because u
(k+2ω)

x = u
(k)

x for x ↗ Z). As a result

fx =

∫
+ω

↑ω

dk

2ε
f̂(k) eikx where f̂(k) =

∑

x↓Z

fx e
↑ikx (A.14)

The passage between the two is now ensured by the Poisson formula

∑

n↓Z

ω(k ↘ 2εn) =
1

2ε

∑

x↓Z

eikx (A.15)

(because k is in the Brillouin zone, we only need the n = 0 term).
It is also possible to recover the Fourier transform for continuous functions by introducing

a lattice spacing a (writing now that x/a ↗ Z). The Brillouin zone is then k ↗]↘ ε/a,ε/a]. In
the limit a ↓ 0 we recover the Fourier transform.

d) Fourier transform of a discrete function defined over a finite set

If we now define a discrete function fx over a finite set x ↗ {1, 2, · · · , L}, the wave vector is
both quantized (finite volume) and bounded (lattice problem) :

kn = 2εn/L with n = ↘L/2 + 1, · · · ,↘1, 0, 1, · · · , L/2 ↗]↘ ε,+ε]

(for L even).

Preliminary.— consider the N roots of the identity, solutions of zN = 1,

zk = e2iωk/N for k = 0, 1 · · · , N ↘ 1 (A.16)

Using that the characteristic polynomial is

P (z) = z
N ↘ 1 =

N↑1∏

k=0

(z ↘ zk) (A.17)
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∏
k
(z → zk) is a polynomial of degree N with only two terms. The z

1 coe!cient being zero, we
have

∑
k
zk = 0. Similarly we can prove

∑
k
z
n

k
= N ωn,0 for n ↑ {0, 1, · · · , N → 1}, i.e. more

explicitely

1

N

N→1∑

k=0

e2iωnk/N = ωn,0 . (A.18)

This relation can be used for the Fourier transform.

Fourier transform.— We have now

fx =
1

L

L∑

n=1

f̂n e
2iωnx/L where f̂n =

L∑

x=1

fx e
→2iωnx/L (A.19)

A.2 Poisson formulae

Consider a function f defined on R and its Fourier transform f̂ , then

∑

n↑Z

f(n) =
∑

n↑Z

f̂(2εn) where f̂(k) =

∫

R

dx f(x) e→ikx
. (A.20)

In particular ∑

n↑Z

ω(x→ n) =
∑

n↑Z

e2iωnx (A.21)

✁ Exercice A.1 : Check that

”(y|ϑ, ϖ) def
=

∑

n↑Z

e2iωnε e→ω
2
(n+ϑ)

2
y =

1
↓
εy

∑

n↑Z

e2iω(n→ε)ϑ e→
(n→ω)

2

y , (A.22)

This sum is related to the Jacobi theta function (DLMF, § 20) ϱ3(z, q) =
∑

n
q
n
2

e2inz, i.e.

”(y|0, ϖ) = ϱ3(εϖ, e→ω
2
y).

A.3 Asymptotics of integrals

One frequently deals with integrals involving large parameters (furthermore, many useful special
functions are defined through nice integral representations). Here I recall two methods allowing
to extract some asymptotic behaviour.

a) The Laplace method

Consider a monotonously increasing function ς(x) and the integral
∫
↓

0
dx e→ϖϱ(x). When φ ↔

+↗, one expects the exponential to decay fast, on scale ↘ 1/(φς↔(0)) ↔ 0, and the integral
is dominated by the boundary. Note that in the expansion e→ϖϱ(x) = e→ϖϱ(0) exp

{
→ φς

↔(0)t →
φς

↔↔(0)t2/2 + · · ·
}
, the exponential e→ϖϱ

↑↑
(0)t

2
/2 decays over a larger scale, ↘ 1/(φς↔↔(0))1/2. In

conclusion, adding a smooth function g(x) in the integral, we can write

I(φ) =

∫
↓

0

dx g(x) e→ϖϱ(x) ≃
ϖ↗+↓

g(0)

φς↔(0)
e→ϖϱ(0) (A.23)

Note that if g(x) vanishes, we can extend the method. For example, a similar explansion gives

I(φ) =

∫
↓

0

dx g(x) e→ϖϱ(x) ≃
ϖ↗+↓

g
↔(0)

[
φς↔(0)

]
2
e→ϖϱ(0) for g(x) ≃ g

↔(0)x for x ↔ 0. (A.24)
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Remark : a systematic expansion under these lines usually produce an asymptotic series. For
example, one can apply the method to get the asymptotic of the exponential integral :

E1(z)
def

=

∫
→

z

dt

t
e↑t (A.25)

One obtains E1(z) → (1/z)e↑z for z ↑ +↓. This is the first term of the asymptotic series
(series with zero convergence radius)

E1(z) =
z↓→

e↑z

z

(
n∑

k=0

(↔1)k
k!

zk
+O(|z|↑n↑1)

)
(A.26)

(valid for | arg(z)| ↭ ω ↔ ε with ε > 0). 52

b) The steepest descent method (saddle point approximation)

Another frequently encountered case is an integral of the form
∫
b

a
dx e↑ωε(x) where ϑ ↗ R is a

large parameter and ϖ(x) a real function with one absolute minimum at x↔ ↗]a, b[ su!ciently far
from the boundaries, with ϖ

↗↗(x↔) > 0. In the ϑ ↑ +↓ limit, the exponential is sharply peaked
around x↔ and we can expand the function around it, which leads to a Gaussian integral. As a
result

I(ϑ) =

∫
b

a

dx e↑ωε(x) →
ω↓+→

√
2ω

ϑϖ↗↗(x↔)
e↑ωε(x→) . (A.27)

Remarks :

• When ϖ(x) is analytic, contour deformations are allowed, which allows to pass through a
saddle point not on the original contour (the real axis) but somewhere else in the complex
plane.

• The method also applies to integral of the type I(ϑ) =
∫
b

a
dx e↑iωε(x) where ϑ and ϖ(x) are

real. In this case one should take into account the contributions of all stationary points along
the contour, i.e. both maxima and minima of ϖ(x). Then, the method is called the “stationary
phase method”.

✁ Exercice A.2 : Extend the method when ϖ
↗↗(x↔) = 0, ϖ↗↗↗(x↔) = 0 and ϖ

↗↗↗↗(x↔) > 0.

✁ Exercice A.3 Asymptotic of the MacDonald function : The modified Bessel equation
is z2 y↗↗(z)+z y

↗(z)↔ (ϱ2+z
2) y(z) = 0. A possible set of independent solutions are the modified

Bessel function Iµ(z) =
∑

→

n=0

(z/2)
2n+µ

n!!(µ+n+1)
and the MacDonald function (Bessel function of third

kind) Kµ(z) =
ϑ

2 sinϑµ
[I↑µ(z)↔ Iµ(z)] (the expression is valid for µ /↗ Z). The first is regular for

z ↑ 0 and grows exponentially at infinity Iµ(z) ↘ e+z. The second is divergent for z ↑ 0 and
decays exponentially at infinity. Given the integral representation

Kϖ(z) =
1

2

(
z

2

)
ϖ
∫

→

0

dt

tϖ+1
e↑t↑z

2
/4t for Re z > 0 (A.28)

Using the integral representation (A.28) of the MacDonald function, use the steepest descent
method to get the asymptotic Kϖ(z) →

z↓+→

√
ϑ

2z
e↑z.

52You can get the series easily by introducing Ek(z)
def

=
∫

+↑

z

dt

tk
e↓t and use the recurrence En(z) = e

→z

zn
→

n

z
En+1(z)
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✁ Exercice A.4 : Requirement of a contour deformation in the application of the steepest
descent method appears when studying the Airy function

Ai(z) =

∫
+→

↑→

dt

2ω
ei(

t
3

3
+zt) (A.29)

solution of the Airy equation y
↓↓(z) = z y(z). We study the asymptotic for z → ±↑. Find the

saddle point(s) and deduce the asymptotics

Ai(z) ↓






1

2
↔
ω z1/4

e↑
2

3
z
3/2

for z → +↑
1

↔
ω(↑z)1/4

cos
(
2

3
(↔z)3/2 ↔ ω

4

)
for z → ↔↑

(A.30)

argue that only one saddle point controls the asymptotic for z > 0.
Hint : plot ε(t) along the imaginary axis of the complex variable t.

A.4 Special functions

Special functions are very useful. You can find information in standard books [15, 2] or on the
internet [1].

Euler Gamma function

any integral of the form
∫
→

0
dxxε e↑c x

ω

can be related to the Euler Gamma function

!(z) =

∫
→

0

dt tz↑1 e↑t for Re(z) > 0 . (A.31)

It can also be defined for Re(z) ↭ 0, however it presents simple poles for ↔n ↗ N.

Important property : !(z + 1) = z !(z) .

Special values : !(1) = 1 and !(1/2) =
↘
ω.

From these, we immediatly deduce !(n+ 1) = n! and !(n+ 1

2
) = 2↑n

↘
ω (2n↔ 1)!!.

Asymptotic is given by the Stirling formula for z ≃ 1

!(z + 1) ↓
↘
2ωz zz e↑z

. (A.32)

✁ Exercice A.5 : Demonstrate this result starting from the integral representation and using
the steepest descent method (cf. Appendix b) page 159).

✁ Exercice A.6 : Express the integral
∫

→

0

dxxµ e↑
1

2
a x

2

(A.33)

in terms of the Gamma function.

Digamma function : The Digamma function is ϑ(z)
def

= d

dz
ln!(z) = !

→
(z)

!(z)
. As a result it

obeys ϑ(z + 1) = ϑ(z) + 1

z
.

One specific value is ϑ(1) = C ↓ ↔0.577216 ; this constant is known as the Euler-Mascheroni
constant.
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Euler Beta function

The Beta function is defined as

B(µ, ω) =
!(µ)!(ω)

!(µ+ ω)
. (A.34)

Useful integrals :

B(µ, ω) =

∫
1

0

dt tµ→1(1→ t)ω→1 = 2

∫
ε/2

0

dε sin2µ→1
ε cos2ω→1

ε . (A.35)

Error function

The error function is the integral of the Gaussian function :

erf(z)
def

=
2↑
ϑ

∫
z

0

dt e→t
2

(A.36)

We also introduce the complementary error functions erfc(z) = 1→ erf(z). Asymptotics :

erfc(z) ↓
z↑↓

e→z
2

↑
ϑ

N∑

n=0

(→1)n
(1/2)n
z2n+1

+RN (z) (A.37)

where (a)n is the Pochhammer symbol.
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