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HIGH-D RANDOM LANDYCAPES

B PART I QUADRATIC HIGH-D LANDS(APES
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Recovering the Signal - A lendscepe ¢ sadles - DMFT 2 beyond
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T4] WHY. AN INFERENCE EYAMPLE
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@ Questions 2 strategy

B Three questions:
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@ Some facts in Random Makix Theory (RMT\
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b Typid vues : the density (3]

Can be studied with eepuicy metod » EXERCISE 4
One. €nds thak:
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P Typicel values: the isolated evalue(s)\ evector(s)
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elaenvectors of T LWe Yandom Vectors on spnere
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Figure 1. Scaled probability density distributions of an ensemble of 10* spike random
matrices with N = 100. The distributions are centered relative to the ensemble average C r 0 .S Sd/er 'l n
A1 and oy stands for the predicted standard deviation when @ > 1. The centered TW
distribution TW (15) and the normal distribution N[0, 1] (16) have been scaled similarly to
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The e walues alne distbued as:

- <p) ﬁl—‘;):[(e, e(,u..-}u)) [

NH)

e +%>

) ]

The e'ljeﬂ\/@dﬂ(ﬁ e Skehskcs Og andom
Unit veckots: seﬂing qe =\8, then:




YOtshona€ invernane:

evectors of § and 3¢
afe cc[\)a\\a poobab\e.

¥ (iﬁ&) -Cu & K% %’- 1>

® For (>0 :cou&ng og evfues £ evector p:oJ'eLBon'.

This coogirg con “poll” some  eigpnuechor (4he
extemt) bkowsds ® when v>re.

8 o @N@%S,ﬁ)) (an opd the goint age

evizh on pob3bility of %y, Sn - maxmal eigquniebie afor

E(ﬁu,iﬂ) ~ e‘m:@”' ) BROLL, GUIONNET 2013

T ?(ubeb\(\\a s A1) devinkons
3 fom l':jpita?, , SSYpoke N Vabue .

F (e, S)




L 3| WHAT: 65, LANDSPE, DYNAMICS

Rack to the inference pmb{’.em,..

Q1: Recvering the signaf,

@L: when s B¢ infoimakue, L. C{c,s>o?

A SherP Leansibon  when Noeo: Informzhwe Cof >

i/k---_____ e
%
Conknuous
IMPOSS| BLE / tcansikon!
PHADE
‘.::,:O" - r

RECOVERY THRESHOLD

here, even if T am cble o find
Ses, T Wl f)e’c No info on T
bewme s 1S Uneoreelsted o it




Commerﬁs-.

® [he Lenghon in +he %mUn& State could be  found also
from, khchodaném‘.cs, sma'mg the pooo Limit 4

. pasl —pets] -2 (£ 5tn)
Zp- S‘ls < =Sa-§ H e (
on(VR)

The(MOdg navisly, the 3to-tempetue  kensiion
a3t fe:0n 5 A kensikon behween 3 spn-glss

phase 3t r<e, 3nd a Femomanelic P a3t k.
At Tvo: ?henomeno@o% g} condensahon =y EYERASE 3!

KOSTERLITZ, THOUESS, JONES 1306
COGLANDOLO  LECTURE NUTES CARGESE 2020

) C{iﬁ(ée éhrtshoed for maxitwm Cikelibood 15 also
"clefechon theshold’ when T hss gaussien or
redemadher Plior : below 1, No eshmator  dishnauishes

between pue noise ((19€) and  SpiKed’ mta(es.
PERRY, \WEIN, BANDEIRA, MOITRE  201%




0L A Eancfsca;?e d saddles

il SEéh'onefg ?oim‘s above Smund State.

NN (é): # S-Iaﬁonaa Folnl's with Els):€

5 3 Seff- averging (andom \fiable Such thet:

Lo Nye) = Gm <&‘g€/)>= 31,._(26)

NS T N-><0

Goe dEnsv\a

m Al SJreBov\era pointS (exept (4%) aie saddles wih
neyoke dicckons of urusture: Most have
index K~ ®(N): NO ’((é]bping Cocal Minima!

tm N
Nawo TN
Saddles /_\(\

index K~BL) T _o T =
(edqe) Soddfes tndex K-B(N)

(o)

m Al these saddles hsve Qulsads (8w)~ 0
W
B EXxpct ophmizdhon ot to be "hord’ (L;fe,N)




i Q?:-Dznem'tcs- DMFT, & begonc(

Consider simplest &Cgoﬁ%hm: %(;dient descent
(Lanﬁeum Lo T—)O)

C\_S':@. s = é_?v S‘j(-{—) - A(‘t) Y (.-\-) 4 VFV){(*)
A< J

need to }

enborce to shg on gphere K%;uss.‘an white
at+ eath Hme noise

Mivicks (ougling ¢
degms of O&:&d A °
' eqitiisred 3t T

hen T-0 (1o noise), expect conversgne to T-0
e?uitib(ium lete, the growd Sefe Ses- W U, When
£-oo; how ko tske Naso? Relevant ximescales?

7] Lavje—kime and €av3e-N Cinit - Vnow.?

(1> MC&h-ﬁ'eld d}]néW\'t(S: Lake Naeo befo(e, then Ese0,
Folly- conmedked. models With vondomness  can be desuiboecl
BB DMFT ('Dnnam;caﬂ Mean Field Themg‘)




m\n%? » Dyparics beomes  sedf- Suersging uhen,
Nooo: pefbes OO( Emjecbftes 3or
ditlerent vealizahons o ers) beome
deteminishe ) (,onueﬂje o avereje value
[cen replace 3ueroR over & Wi N->=°_]

¢). tnergy derm\a . im E[s_Nu_)_] < im Qe%@;

N>R N-ves

b These p(o,oeltes are one dnd 4two- Poinjc
Xund} ons n Hme, for which feve closed eqs,

v ) \)
DMFT ec{uaﬁons

E) « time-dependent enagy
C[h‘f\)= j(:l Nig,({.)%;(;,') o Orclhhon {oackon

R(EE)= L L (se) | — response. funckion

N S |e=o

= Used in mony conferts: (UGLANDILO 2025
(Annwd, ceview & (ondensed wnstrer \)‘ngszcs)




(2) Bﬂaond tean- Geld - d}jnawcs br N (’,arje but Ginite .

DFECUCT  PrOgIEM!

Cften, Juctobons  mdkker, ho olf- Ieragingness
Quankhes ace cdisvoued.

(f\\waﬁes & J:j?‘lCeQ veles g (hicterent.

— ﬂns model (gsf v=0) 19 Q Yere @Ase

n which dyrerics  (an ke shudied in both
(emes, usmg Random,  Makix 'Theorg.

e /=0. In %he Cc‘jenbasls Qu = (’é-ﬁ’m)
a0 e T AR Jswo
dk

\.; (,OUpleS 3l different o .
makes ¢he cfua/;ons hon- (inear.

® 0 dﬂnam‘ucs Shoud, (,om)e(3€ to S= (W U
5%43 (;on\)erjence \oz ex(eSs ehergy:

-2(A-201t
Z_(mA)e
€(k) = Sé(f) -E) = i AfN — = M-
A KTF c‘> Z tsg M i A‘ﬁ)

for vandom, intksl condikons S« lt=0):1 V.




m Ohoct times, fa(oje hes, dg\nem’ncaQ CFOSS0VE(S

L -l 9,4

Dew) =~ gy e I g ’gap‘

Natuel fime uhere * Pk (inite-N , €y seles
where disce teness 0 Spedwom makers:

Z“i“~i/3u

{:<< _Colanc . C(lgnewﬁcs Coolls as F
5UL\f\ that : N (DMFT-\&K@)

t» stanc : ﬁn“d?.—t\l c\anam'ncs

The §uch 3bons o} the 940 9y Are og the same
order 35 those e(]i mexmal ecjenw;me. Recall
RMT de{'our.-

B(1) Subocik 2@ reaime, <o
(Trq%- \N}Aow\)
{L/ . ~ g

crikcal regime [r-rc\@(N"")

0 Supecctrihel  Yegime :rze
6(;{ ) sgim S C,APPEZé ‘

BN i more pc@ase% ~Cog N D'AScou, REFINETT, BiROL 2022




m (he mean- field dﬁnamzcsz N~ oo
One finds in this tme equme:

o (3 <t
b <pey=u o )5 0

N0
3¢ +[_0'— e,ﬂ rze
ot

Slow, a(aebre':c de(aa ko tae eneroyy deﬂSﬂ’a % e
3t\oona\ State (€gs=-0) When TS, and to the ssme chogy
(N‘n}ch S no C«onge( the. ground s\ake) when .

@_) Dénamlcs s étunas ot -of - e({o.ubriom n this regime.
It 19, n B, %Qo.ssg:

¢ ]
1] '. d .l
’ : \ Slower and slower
. Sepels tion <£, timescales In -k

oo & wesk eaodich beak a3 system becomes
YTl PR Y g e T e (i, 3s Fme

d
CUGLANDOLO 2 DEAN 1335 procacds)
BEN AROUS, DEMBO, GULONNET 2004 ( i)




@) Lanwepe intecpretakion: tn these timeseles,
Peobe Cendscepe 3t edensive enmgjits abowe €5, A€y(t) ~B14)
Resion of fandsoope dominsted by saddles, with
o\ensnﬂ(] descibed b(j gx(-?,e)-.

/— raniom ikl X
COncdikons: 4ypice
d'@ﬁ {-0 '{v J

X e=0
& EX
&
—— .

- e e

h)hg Slowing doun? Vo tizpping ‘93 Coel, minima
(thece dre not!) but slew decy due %o decreasing
number of. neaatve direckons of Soddles ( devrasig index)

DWEf, Nyoo dghem'.cs pmeS the bulk on gx@e)_
@ [he finite-N dammlcs, N1

b The subuib ol Teg)'lme ( rs rc); dynamics as for =0
Crossover Kme g ~ N3

C Aoy ~ i O (£) 4N T

N~ZI3 U_;MF ( £ N—IL) L NQI3 - Z"M“C




For 4<<N"® the Sysem explores extensie envnies abore s,
Dténam'.cs 15 Se(lg-aUefarzing , Gptwed b-A mean-Gieod, (DMFT)

For éstu,s Sysem explore  infensive enagies ol €.
Dinsmis not self- averming, ot cphuced by mean- feld .

Consider s>y

> ysem  explores intensive enmgies on fp 4 &
Sensihie to stabshes r% evieme Velued and ®aps Y-

» D%hgmi(ﬁ ot se}- aue(a(ﬁ.nla-. C Denx)) dominated, b(t]t
eal2akon here 3@ alyg. (3\\3 amsll .

> The diskibubon @ g, is Krunl  PERET, SCHERR 2015

‘F( N 8”) ~ b N 9 N2 450 (Small caaes)
w - w3 4 Y
F(N 3.,) ~ @ 43y %N) N2 U o0 LCN‘JQ %o.fs)

= Shwew7 ~ N2 EN™) ) ~ {3’5& 9

VE T
.5cel1nj fonchon
FYODOROV, PERRET, SCHEHR 2015 Knoum!
BARBIER, PIMENTA, CUGUANDOLD, STARI0LO 2041




» The supercibel regine n s @se sysmem is

%apped: fr €7 Zupc ~lgN, the system is
dble o (each the vicny of Sis and to rebx o %
(;k‘pncnh\g (as in ée((omancnc .Séjs‘fé(\rus):

[ e—zt'?'_u/cr:w\ ésv(’.va = Zoabm

e

L)) ~ i Ure (¢) 4 CogN ~ Toge

f,;’L

» 7h@ Ch t\(c\,e TC%\MG ((«TC\NSCN"’J): OFQn pmbeeml_

9

<beny (da, p(qd) aee 2

T nd Aw Stongly (orelated, dishibuton D(gu) vnKrown.
From numerics, plgw) 25 ¢ PIMENTR STRRIOLO 2013

- Ztl?\?so—Zo"

8‘1@:\3: e Umelt)~ € EaNB
Cheylk)y ~
Nils gﬂ(t N-n.ls) {:53N1|3




PART IL
RU%CC[ hiah-D €andscepes




T 4| WHY: A HIGH-D INFERENCE EYAMPLE

@ A haed' nfeence P{obeem.- noisy, tensors

P)eaon& matices 7 Tensors|  MONTANGR RickpRD 2014
Mhhis-—i{! = _(_'__U& D—xp + j'u...i.p (P>Z>
N

Jucie SYmmetic, id 935N Sy %_sz

Enerﬁg1 @endzcaPe;
E(:g] = - 2’ 35.1. - Lp %'u. - 5.1, - N ('%g_)?

lagia ..sip

ﬂjem, Juu(\]-c,mnem candom  interachons

<g8)y=-r N (ST a
() els= &N (XY v
(W)

Here: ho spectom., fAls, €endscape at 0 wmuch diflerent. .




@ |andscpe Prob?em ¢ complexity.

Dame C(uesﬁon% 35 bove, S21¢ dppreach: Shudy
Sbaonatg oINS .

eal)- - 2__ Miip S-S+ A (%-S;Z- N)

lagic --Sip A

6,87 - £ My, Sh-Se + A
S0 Las -G

Bil[g‘.} = B ? z__ <
L0 20

fs 5630(6/ mo@llp% fest equa’don 393 S 50m &

use Second ec(uakon :

i

L (g0 s) . p &[5 pels:
}\ W(é 3 ) P T] peLs

Howewr, fist equation non-linear: howr many sofukions
Intodue the random varizble

NN (e,cﬂ: 4 5+aﬁohar3 Poirrts 3 with edsle and
q..['é"_L S_t_’)"_ct
N




@ Quadhc Condspe (p-2)

Nule) is DIN) when N»1.
Self- dueging: Gm Nl . kim L <N = fi(-2¢)

Naeo 2N No» 09
4 (,andSCAPQ }or P2

Neleq) s B(e): Nele,q)~ €
Nule,q) not Self-aversgin
but Zueq) is: 0"

Q‘_gv; Zule )= Um <Zi(gq)le Exleq)

NEn(eq)

= £.leq)= lm L<CyNeq)?  “Compiexrey

i uqve(af\,es vs typict values, and veplicas

Means ¢het typicaly when oo ((»vch probabiliy — 1)

[N gp ~ St (most pebsble value q {\()

Rut most-iyobc\,ble, value s ditCerent Fom the
aveae \olul: <Negqyp o'




HSSUme Xe 1S Q random \rishble scaling 3S Y~ eN
means khat  VYu- log¥u Xu has a Ccmlhnfa distbukon
when N> oo,

Assume thst when N»1, distcibukon g W takes
(arﬁe deviskon form.: R (y) ~ —Ng('tﬂ;(N)

4N X'('Zr\

gé-\*vp gﬁ- > ‘3

Th@'\, thdplcs?, \slue of Xn iS:
D(NJ*‘JPN e Ng*"" m\-,g((’, %hv suh an_t Sl(%hr)_:or- S(a;m)
On the ofber bhend.

- +o(M N o o(u¥
QXN%S&:‘%%)@N%: g‘i:) Nl R 8]

and ‘2{‘ such, thet  '(y¥)= 4. Soddle poisk  appexmation

Sine yryhr, g4*)>0: 4ois exponenhel\g rere,
but Comeols the aueroe : averqe ' dominated’ ba{
Yare reshiatons o ~ vandom Nariable!




Message: to cherederize whet bappens 'f’mﬁ(alllj ( With
Carge Pmbebiuha) lohen N1 need:

“DUENCHED (e )= fim L <o e
@CALCULAT(ON,, 2Leq)- lim L <Cydlen )7

But ths s hacd ) (ectuires hds UMe ReeLicas:

<6%l\()7 L QN 7_\(*”\/;

w>O0 Mome nt %

O )

anaykc Continvakon

In the Cfollowahj/ we, Pe((o(m ingkao(,:

£0eq) = i, Loy <N(ey)?

“ ANNEALED
APPROXIMATION ,

It hdls éﬁ(e,c[)> é.w(elc‘)% <NG7 Nk

tor the guenned calusfshon % the ODMp\,e\ri-g n
this model: R0S, BEN ARDUS, BIROLI, CAMMARDTA 2013




2. HOW: KAC-RICE FORMALISM

@ K- Rice ﬁ)rml)fals)

Kac Rice formula= Formola Xor Juerop (or \n'.caher
mOmerr\s) of numker of Sotukons % yandom,
equas ons.

COUan% gocmuea& emmee.

2
; 3()() rsndom fundion in Ca,b.

How mang sD(UBonS%’ g(x)=(3 ¢

In \r\v@\\er dimenson: Xe 'thle, §()-9 e\R‘*

N(z)- S iR iS(g;(v)-ga) | det (2. |
u




B Kx-Rie formofa: 5+ah'one(g Poirﬁs 0f l3ndscapes

Count soly lions 03, TER- 0, &RX:Ne, s [ Nol
Then:

N(e: 8 A2 [det Cer2)| SWL‘E&J) (éts] Ne) %Qs 0- Ncl)

Su(\l")

Take averase:; Kac-Rie formofa.

M- (43 5(s3 N s aral],. p ()

g
&(\ﬁl) :Ne VJ.E E_

aveuye (ondikoned /)
to Yiels1:0 and Joint den&l«a %
€(3)-Ne (V.LE, E,) ewluoted
at (G, Ne)

EReY, MOORE 1380

CAVAGNR, GIARDINA, PARISI 4993

EYODOROV 2,013

BEN AROUS, PUFFINGER, CERNY 2010 (m+h>




i Compuhn% the com(‘)%dhu: 5 steps

The leulstion is done in 3 steps, & Ues 3 mein 1n8m\'.en+s-.

(@) Gaussieniy
[he fundhons €031, (51, F2 [5) ae Gavssian: to b
25
diskibuson, ned, on€3 Sevsps & Colariances
Canh be (,OW\P\LM €‘><p\((ﬁ’f% (T(’\\/,' See below ¢or hints)

Domca $0, 0ne finds:
(Fi) Velz] inlependent of &03) and ie(3)]
@UBec)uCﬂccs:
(3,Ne) = Ruecek0) P ()

deo((iah’oﬂ: Lun zamss‘uanS,Known QXpl(d’rQB,

>

ELECS’J, &s)

> <lAe£ vfétgllzmo = <‘de’c vfagjl?
: e

€:Ng

Stakshes o& Hessan at Sbkona% Poiht 1S Same as
ot ahy point 9 Seme eneyy,




(F2) The (i) x) metix VP& condiboned b £<Ne
has the Same Stabshcs S matces:

A ~ L
M= 3 —péi\ - (m[cfﬂg-_\—'] Bl
S hmw@ )\ Vank- 1 Pc(brbq\{sm

Consivaint Vettor T8 is projeckion o T
on ’renf)em' plane A

Wwhere 3 15 3 GOE: <}]aj7= O/ <]i}> :E‘EN) 3 (ﬂ.+55)
(e(q)= € P (p-) C(P'Z(i-f) S lwatn

(2) isoTRoPY

Thee is Oneg one specal cliredion n +he sphere,

that 15 U, Al qyerges 2 (onvariences, and $O
the joint distibuson ¢f €03), Vels], Vigls] depend,
on 3 on(’a Vi <1“('§J= @ITEF) _,(See eloo\/e‘.)
gonie({oentcs: for al 3 suh bt C{,,['s’J;c(
— () N qt (1)
sz.cs](o)ﬁ RG) =(Z"‘P 3) * e ™

-N +C I’z
RO~ g en-{E < RO




And Qaewlé(sll? D@‘f)

e):Ne

TBGIC}O(’Q:

<K(€<1)7 gds %qu' -Ng <‘d€'EVL<E[S]l7 P 6 Pe(Ne)

Silww)

= Dieq) p) pea) \elg)

(ghere \(”(1) SCXS 3&(\1 _= u‘) }cfg\e\me %

b-sphere
S (%) S%6-3phe

Con show tt  \i(g)™ el ) ete)

Examge. 24 vofah ona\\z— nvaviant Xum‘n'on
I=S<\'u d&g(@:?:) %@7)=SA9 gdr © §(<)8(-9)

- (&xq) §(9) = M(9)- §6)




(3) LARGE-N AND RANDOM MATRIX THEORY

DN (é_‘C{): < \ de’c (3 ~P€a\_ - Yegg(fi) ﬁ[\bl’)l?
6&[[ y VR f}*ﬂnﬁ evfues DS 3 ‘(e.gg(']) W
Then,
M = wa\h -pel
®(€ﬁ=\ (Y empel) =(e /
dUn(}) oy [} —pel
| <QMS \)57

m
Woere  B,0)= Lz C(A-Ac) MeN-1
%=

Recaﬂ (’fadrs in RMT <Par{— 1):

& [he Cexd nj oder contabubon when
N»L1 1S 8u/en bj the Continugus
part OOL Vi, = ¢he densi(y:

D)= <@NS°\A 6.0 Eoglr-p< w(ﬂ)?
[he sveras <7 becomes 3verade puef 2%395)535




m (e densi}a ) 1S Seft- dweoging an] fm(ﬂ) does 1ot

depend on t and is the Semcicular Cawr yscc\) With
s 3zp({)_1).

Do N {44 5h) Cogla-pel « o)

= T,TIS 'lnﬁamQ can be done, QXPQC(H'%;
1 —
M -Z"R_P(?-\)-c'l \‘4?(?-\)0 -2 eog[A-Pe l__,
: S d—'r& - &%‘ N 20(s-08° M- Psl

- 6"‘3\‘1?&-\33‘ + I< pE )

N2 p(e-0T*

EORCRETEL

Q

= i%\ +}Z\(‘}:*%<‘A_ﬂf+\zﬁ> 9s -

% b (HQ"%Z) 4>-\Z




Compuhn% distibubons : exemple
Consides the unconstrsined Srao\\en{f Vels) - <E§
Then:
S .
<%t§37;-m?(s§,) -

while:
_Z&CSZ\ Bi[s3> 2 é é <3nc~. i iy )JS S] ; S S ¥

< k=l wpeg u< e;
-+ e

5l

)&5];" Jlu"’ jp

US'lng bt < Jip Iy e/ 9‘#5: :Pa. by

@ ; 2- \dl 1 é—' gllul. L.,;_,J 5&"%--&("

Kael W=l N" P 8.,

I
"SL\." ;é:z"sip

D"S’rin?)ui»sh"na tre case KizKe (P % yem) and ki-ﬁkz(?-(f—\)%
“QM) one 321«5:

_@Cs33i[3> S 2‘)8 (SS) +p(e\)§g__4_(58)\j

Now Wig(2] is tre pojuckons of VE(E) on the spce 0(thogonel
to S, i.0. on the (enjcni— pere  G[3). Q‘ﬂoo.ﬁnﬂ €.(3) a basis
of ¢(3), ohe has  &:-3:0 Thus:

@3l <QeI) 70 p (s (1)




And:
(@G (R g Ve = <feLe)-eccg))PeLs]-eple ) -

« 8%p Sug 4 Plt) i?ﬂi_)(s-?gg): PSS

=0 =0

jn the dnnesled CétmeéHOV\, Al d;shoukons Ae({m{,
on’s vn(’/a Via. qiz). TE: T 15 the on
'spec dieckon' on the sphere, that bresks iSotwopy.
Tt s Convenient to dnoose,évr each 3, ths besis on He
tangen% plane:

[y )

AN AR AN,(; - (¥ qs)

€.03) LF3)  we,. N2

/

= ODQZ @_18)»4 &fd @ig,)u - Or @ﬁ-e)nq,&
Wil Bwve a q- dependent distabubion

<VS[3~].€>= r N P<Q£l—sl)m(% a>= zﬁ% oL <K

o= ”‘l

@tk (Reld)ek = p3° Sep




The anneaed CON(‘)QQYIHU

Combine all Lems:

£.4(&,9)vo(N)
<(\<(€:,Ol)7= \/u(ﬂ) D“(e‘ci) ah) ?Z(Ne) _ QN q 1ol

é,&eq): % Qg[le(e-ﬁ.)(i-jZ)} _ P/Z'&‘Yz Olz«»a(i_iz)

"5 €7 (e ©)

This 0jues dis¥abukon of stakionsy pouts i ehugy
and ﬂeomckg (O\J(’.(eép with '6‘)) on avereje.

What about S’féb\li‘%?

W [he Hessisn at a éfgh'gneg Pstc With (eﬂ) 1S
a YonK-1 perhebed, shitted GOE:

Vf%‘ 9{7’ 3’—9e’£ —(ecc(q)_@).\_w
<9

The eiﬁenva(?ue clistibukon: mx (A+pe)
O\im("l‘\)

7\ ] z A
-——%

when leg 7 % < 5

farge ehough 2T 8




§x (OCeQ MINiNQ %eve Al eiﬂﬂn\efues Pmsihue. Tor bulk,

.P ﬂ

€= "thieshdd energy” . Also; leq) 70,

The P2 €(m.l't Og En (e,c,)

The anneeled COmPlemg 15 maams{, at clO
We Set £a(e)= Za(<,q:0).

2 .
Reell thet <31.:7- 00" Whle n PAT T
al bhe P E_,«N v

2 - ~
We set <3‘-zj7=9£ (2+85) To be consistent, &=0°
2

En(€) 7 Ly (o) -0 e T (e )
Then, given that € >-a~

— 1 Cqy(2e ¢t L e -L - %g2 =
2 %< > O‘—&-‘-F’: 2 3 ©

@ons'.sicem% wth the Gt £het Gor p=2 there
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valentina.ros@universite-paris-saclay.fr High-d random landscapes: Exercises 1 and 2

Spiked GOE: eigenvalues density and outliers

[Ref: Bouchaud, Potters, A First Course in Random Matrix Theory, Cambridge University Press
2020].

Take the N x N matrix M = J + R, where J is a GOE matrix with (J;;) = 0 and (J2) = % (1 + &),
while R = riw” is a rank-1 perturbation, with |[@]|2 = 1. Call A, with a = 1,--- , N the eigenvalues of

M , and call 4, the corresponding eigenvectors. The resolvent of M is

e T
Ug

Glz) = Z fo

)—‘)

The goal of these two exercises is to derive the self-consistent equations for the Stieltjes transform of M,
and for its isolated eigenvalue.

Exercise 1. Replica calculation of the Stieltjes transform.

The starting point of the calculation is the Gaussian identity :

N
H d% LN i (N /H di A SN (i) g
_ A Ahse” 2 Luij=1Yi CACH Z = i,j=1Yil# )ii Vs

We wish to take the average of this expression with respect to the matrix M. However, averaging the
partition function in the denominator makes the calculation potentially difficult; to proceed, we make
use of the replica trick to write

Z7t = lim 2" L.

n—0

We then follow the standard steps of replica calculations, see below.

(i) From randomness to coupled replicas. Using the replica trick, justify why (z1 — M)_l =
lim, o I Z(J" ) where

(n) /HH d% 'L/) wle*§z Zw LYE (21— J— rwa)”

alzl

Take the average of this expression with respect to J;;, and show that

2

I(n) / H H dwl 1/11'(/};67% ezt Zﬁ’j:l pi (205 *Twiwj)d’;ezw Za,b(zy:1 w?wﬁ-’)Q.

alzl

Now one has an expression without randomness, in which the replicated variables ¥* are coupled
with each others.

(ii) Hubbard—Stratonovich. We would like now to perform the integral over the variables ¥¢; how-
ever, this integral contains quartic terms in the exponent; in order to turn such an integral into a
Gaussian one, we perform a Hubbard-Stratonovich transformation: we introduce the order param-
eters

1 N
Qo] = 3 Y _viwl a<b
=1

and write the integral as

/HH% w<n+1>/Hanb/ﬁﬁ%}'{5(1\;@@_27#wb>

a<b a=11i=1 <b
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(iii)

Show that using the integral representation of the delta distributions
Y d N pegh
_ a b | _ ab Liday [NQab—>2i0, Vi i
d <NQab ;_1 T/’i%‘) —/ or © [V Qs ! ]

and introducing the n x n matrix A with components Ay = 2X500ap + Aap (1 — dap) and the N x N
matrix A with components A;; = 2§;; + rw;w;, the average can be cast in the following form:

n n(nt+1) No? . 10211 N i =
(1) = N" / [T dQusdAape ™ 1T 300t Ly, ] (1)

a<b

with

/ H H dwz wlelefé Za,b 21] d’g[iN@iAJrA@i"]j;w?.

alzl

Gaussian integration. Performing the Gaussian integral, show that

11
(1) _5”/Hanbd/\ pe T ANIQiA] [(A®1 +1y @A) }

a<b gl

2
AN(QuIA) = T Tra[Q?) + TraliA Q) - %TrnN[log (A1, + 1y ®id)]

Hint. Use that sz 1 jﬂxlxme 38 KE — K; ! det K|~" and that log | det K| = Trlog K.

Saddle point. The integral can now be computed with a saddle point approximation. Show that
the saddle point equations for the matrices ) and A read

1 1
7Tn
N N[A®1n+1N®iA]

iA = _U2Q7 Q =

Show that, plugging the first into the second and assuming that the matrices A, Q) are diagonal and
replica symmetric, i.e. Qup = dapg and Agp = 0gpA, one reduces to a single equation for g which

reads
1

1
= —Tr =
I= NN |:(ZO'29>1NT1F)’LHT:|

Using that
11

3 ry—1 (n)y _ 2 -1
((21 = M) >_71Ll£>%<17 )= [(A@ln_a 91N®1”) Lj ’
justify why g is the Stieljes transform of the matrix M. Show that expanding g = goo +g1/N+-- -,
the leading order term satisfies the equation

—1 2
Yoo =770 Joo-

Exercise 2. The isolated eigenvalue and eigenvector.
Show that if A is a matrix and o, U are vectors, then
7T) " = A - %
1+v-A-la
Use this formula (Shermann-Morrison formula) to get an expression for G 17(2).

The isolated eigenvalue is a pole of the resolvent operator G 17(2), which is real and such that

Aiso > 20. Using that \is, does not belong to the spectrum of the unperturbed matrix J , show that
it solves the equation
- G j(Aigo)W = 1.
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(iii)

(iv)

Using that J and @ are independent and that typically w is delocalized in the eigenbasis of J, show
that N

— — —

w - Gj()\iso)w 00) gsc()\iso)

where g.()) is the Stieltijes transform of the GOE matrix .J.

Using the self-consistent equation satisfied by gs.(A), derive the expression of the inverse function
g} and determine its domain; use it to show that

0.2
Aigo = — + 7T r>o0.
T

2 can be obtained from the resolvent as residues of the

The eigenvectors projections &, = (W - Uy)
poles:
fa = Alir?a“ — X)W - Gy (\)@

Use this to show that if & = N labels the isolated eigenvalue, then
1 o2
7294 (Niso) r

v =

Hint. Use that if limy_,x, f(A) = 0 =1limy ., g(A), then limy 5, £8 = Tim, 5, £ fgj).

Na%
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Condensation transition
[Ref: Kosterlitz, Thouless, Jones, Spherical Model of a Spin-Glass, PRL 36 (1976)].

The matrix denoising problem is formulated in terms of the ground state of the energy lansdcape:
1 . .
€5 = =5 Y il +rvw)si, 5P =N=|lF%,  J~GOE
ij

The behavior of the ground state can be characterized by studying the thermodynamics of the system in
the limit 8 — oo, through the partition function:

Z5 = / dse % Sn(VN) = {3:]|5]]> = N}
Sn(VN)

As a function of temperature, this model exhibits a transition at a critical temperature T.(r), which can
be interpreted as a condensation transition (like in BEC physics).

Exercise 3. Thermodynamics of the model

(i) Call Ay (A1 < Ay < -+ Ay) the eigenvalues of M = J + R, and @, the corresponding eigenvectors.
Call s, = 8- 1,. Show that the partition function can be written as

N
Zp = /dA/ 11 ds 63 [Sa rast Mo si-N)]
a=1

(ii) Show that the thermal expectation value of the mode occupations is

N
1 8 2 2 1
2y = L d)\/ ds 2 AT AT, o] L
el Zﬁ/ eSS B0V — )

where A* > X, for all 7 is fixed by the equation

N N 1

I =N=2 G

=1 y=1

(iii) The matrix M is a spiked GOE. Take r < 7. = 0. Justify why for large N the equation for \*
becomes:

B = gsc(N\¥) A* > 20

where gs.(A*) is the Stieltjies transform of the GOE; show that there is a critical temperature
B. = o~ ! and compute the solution A\* for 8 < .. Show that at 8., \* attains its maximal possible
value. Show that at low temperature 5 > 3. the equation can be solved assuming condensation of
the fluctuations in the lowest-energy mode:

1,5 _ _i
N<3N>_1 Bo

This condensation transition corresponds also to a transition between a paramagnet at high tem-
perature, and a spin-glass at low temperature.

(iv) Consider now r > r. = o, when the maximal eigenvalue is Ay = Aiso = U—: + 7; justify why now
the critical temperature is 8. = 1/r, and a solution of the equation for A* (with A* > \,) exists for
B < Be. Show that for 5 > . it must hold

1,,. 1., 1
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In this regime, the condensation transition coincides with a transition between a paramagnet at
high temperature, and a ferromagnet at low temperature.



Exevcise 3 - solution
Thermodgnamzcs and the condensshon tensiton
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