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Main Laws of Thermodynamics I

The First Law of Thermodynamics is a version
of the Law of Conservation of Energy

Clausius

Clausisus statement of the First Law

In a thermodynamic process, the increment in the internal energy
of a system is equal to the difference between the heat exchanged
by the system with the heat bath and the increment of work done
on .

AUap=Wap—Q
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JULY, 1928 PHYSICAL REVIEW VOLUME 32

THERMAIL AGITATION OF ELECTRIC CHARGE
IN CONDUCTORS*

By H, Nyguist

ABSTRACT

The electromotive force due to thermal agitalion in conduclors is calculated by means
of principles in thermodynamics and statistical mechanics, The results obtained
agree with results obtained experimentally,

R. J. B. JOHNSON! has reported the discovery and measurement of an

electromotive force in conductors which is related in a simple manner
to the temperature of the conductor and which is attributed by him to the
thermal agitation of the carriers of electricity in the conductors. The work
to be resported in the present paper was undertaken after Johnson's results
were available to the writer and consists of a theoretical deduction of the
electromotive force in question from thermodvnamics and statistical me-
chanics.?

Consider two conductors each of resistance R and of the same uniform
temperature I connected in the manner indicated
in Fig. 1. The electromotive force due to thermal
agitation in conductor I causes a current to be set
R p up in the circuit whose value is obtained by dividing
I I the electromotive force by 2R. This current causes

a heating or absorption of power in conductor 11,

= the absorbed power being equal to the product of R

Fig. 1. and the square of the current. In other words power

1s transferred from conductor I to conductor I1. In

precisely the same manner it can be deduced that power is transferred from
conductor I1 to conductor I. Now since the two conductors are at the same
temperature it follows directly from the second law of thermodvnamics
that the power flowing in one direction is exactly equal to that flowing in
the other direction. It will be noted that no assumption has been made as
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FIG. 2, A dielectric sphere situated off the axis 4
of a TEM;,~mode beam and a pair of aymmetric rays
¢ and &, The forces due o a are shown forngy>nr,
The sphere moves toward +2 and —r,



First trapping experiments
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Figure 1. Schemadc diagram showing the
force on a dielectric sphere due to refraction of
two rays of light, 1 and 1. The resultant force

on the bead due to refraction is towards the
focus.

Figure 1. Schematic diagram showing the
force on a dielectric sphere due to both
reflection and refraction of twe ravs of

lizght.



The Optical Tweezers

For dielectric particles in presence of a strongly focused
beam the main contribution is coming from the electric
field. Thus the total energy variation can be expressed
as the dipole interaction:

U:—/ P.E.. du
V%ﬂi

where P, = egx E,;, E,; is the incident field and x = ¢ — 1.
T his reduce the dipole interaction energy to

U:—&ffdv
V

where [ = efeDEg IS the intensity of the laser beam and

er and €p are the dielectric constant of the fluid and of
the particle.
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The Optical Tweezers
Then, the optical gradient force is simply given by the change of U in
response to a change of the particles coordinates.

0.9}

0.8} Stiffeness of the trap
Radius of the particle R
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vi = —k(t)z + vV D¥E(t)
Trelax — k/f}’ D = kBT/fY
< E(t)E(R) >=24(t" — 1)

1 k :II2 ) kBT

p(‘rﬂ) o \/F‘gexp[ 2 kBT]

Typical values are k; = 0.5pN/um and Treijgr =~ 15ms.



U(a)
+ - 3 p($> X eXpl kBT ]
~/i
U(ﬂ?) = I; 12 o
1 k {L‘2 9 -‘ICBT
— . O, — —F

Typical values are k; = 0.5pN/um and Trejqr ~ 15ms.
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Observable : O(t) conjugated wvariable :
00(t)
oh

correlation function : C'(¢,s) =< O(t)O(s) >

response function : R(t,s) =

0sC(t,s) = —kpT R(t,s) "D

C(t,t) — C(t,s) = kgT x(t, s) & 9 4+

Integral response function : x (¢, s)

- ()= sl

Imag|Resp(w)]



Kramer Kroening

4 kT
Sj(w) = —xj(w)

g, 2 (o &xi€) 1 00 £2.5,;(€)
Xjlw) = ;P 0 £2-— de{f - 2?TkBTP/0 £2 — wsz

e K& tw) = wSj(w,tw)/(4k5T).

To compute 553 we use a Fourier transform algorithm that is:

1 / Wmin

1 Wmazx o | _
27rkBT/o cos(w 1) dt [~ €25;(¢) sin(é )d,

where wyin, Wmaz are the minimum and maximum of the spectrum.

¥ (w) =
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05 0 o5
H+8

UG($)=CL$4;6$2 + dx

T, =18

Potential measured using the probability density function of z(%)

)

P(z) o exp (
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S(f) (V/vHz)

P.S.D.

107"

\/4kilfiR =3.98e—007 V

4

7= RC e=
R = 9.56 MQ)

wo|= 376/s f, =|59.8 Hz

2.66ms
C =27.8 nF

| (b)

pdf

R =9.52 MSQ
C = 200 pF

7o = R C = 3ms

f)
* Sy(f) =400 7% for f < 1/(2m 7o)
]+ 4 4

107 E
5F 3
L /Ty = 10, 100/ 1000 ]

10tHL

—2.00e—005 —1.00e—005 0 1.00e—005 2.00e—005
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| U=1, R Vi(t)
d
- %zzR, U—QEC, ipt+1ts=20
AU YUn — vy, (1) In
R C— = —U+Va(t) dt . C’
AkpT R AkpT 1%
Su(f) = (RQC’SwQ ) = 4kpT Real | Z (w)] = f Imag| g((;d))]
Vw) T |
T(w) = )
(@) [(w) twi(w)
? & l

< U2 >= kBT/C
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Viscous flud

(v, T) -
| Brass wire Elastic torque
! aeT Me —_ C 9
Variance
<62 >="tBl

< é2 >= KBT/Ieff

laser beams

—_—

o stiffness C = 4.7 10~4 Nm/rad
e typical displacement : \/< 92 > = K%T ~ 3nrad

e A differential interferometer is used to measure 6

e Measurement noise ~ 25 prad. Signal to noise ratio ~ 100.
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Tefr 0 + /_too G(t—1t')6(t') dt' + Co = M +n,

& * |

[—Iegr w? + C18 = N,

C = C+i[CY + w]

l+* :4 10 * | 44
The response function is y = %
2+ 41 x *] 9( "2
~ D AkgT = . 4kpT Ct 4w
(16]7) = Imx = L

“ W [~Iegr w2+ C1° + [C] + wv]?
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frequency (Hz)

fo=1/C/Iefr/(2m) = 217HzZ

relaxation time 74 = 2I/v = 9.5ms.
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kT
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Imag|Resp(w)]

AU; i = U(z;) — U(z;)
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ENS DE LYON
Viscous fluid j

(v, T) .
| Brass wire Elastic torque
| M, =C 6
Mirror a
T N Variance
O <62 >= 5l

-
o stiffness C = 4.7 10~% Nm/rad

e typical displacement : \/< 92 > = \/K%T ~ 3nrad

laser heams

e A differential interferometer is used to measure 6

e Measurement noise ~ 25 prad. Signal to noise ratio ~ 100.
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(i)

current o/
brass wire
magnet .
mirror (a 1)
- + b + -

The applied torque M < J
2l B M C* +

laser beams

20  do

I |
ff 02 TV

CO =M +n
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Tefr 0 + /_too G(t—1t')6(t') dt' + Co = M +n,

& * |

[—Iegr w? + C18 = N,

C = C+i[CY + w]

l+* :4 10 * | 44
The response function is y = %
2+ 41 x *] 9( "2
~ D AkgT = . 4kpT Ct 4w
(16]7) = Imx = L

“ W [~Iegr w2+ C1° + [C] + wv]?
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with 7, = n2n/w,

W+ 1s a fluctuating quantity
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I+ , 9 42 ! ** 4+ <=C8 < :<AABS
I d29+ oY M + \/2kpT
- 1V — — V
eff dtQ dt B n,
. . . - . dU(t) _ p
o We multiply this equation by § and we get : === = P,i(t) — Pys(l)
e The injected power : Pj,:(t) = M(t)%(tt)
do(t)12

o The dissipated power : Py ..(t) = 1/[ T ] —/2kgTv n(t) %(tt)

2
e The internal energy : U(t) = {%Ieﬂ-‘ [%(tt)] + C 9(75)2}.
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d(iiit) — inj(t) — Pys(t)

e \We integrate over a time 7 starting at a time t;. We get:

AU =U;+7)—-U;) =Wr —Qr

e W, Is the work done on the system over a time 7 :

ti+T dé
Wr = / M (t’)a(t’)dt’

o ()r = W;— AU: Is the heat dissipated by the system.

We study the fluctuations of W,-, @+ and
the Fluctuation T heorem for these two quantities
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516
5 6
P(X;)  X:

P(—X,)  kpT >=(7)

fele

where >(7) — 1 for 7 — o

X+ stands either for Q- or for Wi
1 ! -586 $

1 516

At 7 = 0 the system iIs in equilibrium

>(r)=1 V7
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4 + 2 572_:2]<jBT < Xr >

O+ \/2 kp 1T

<X7‘> <X’T>
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B~ og (Wr) _ L (1)
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wy/2m = 64HZ < wy/2m

), n =25 (¢) and
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, n=15 (1), n =25 (¢) and
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3 regions :

(I) Large fluctuations are exponential: S(qgr) =2 for g > 3
(IT) for gr <2, S(gr) =X(n) gr with X(n) — 1 for n — oo

(ITIT) Smooth connection .
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P(—X,)  kpT >=(7)
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where >(7) — 1 for 7 — o
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At 7 = 0 the system iIs in equilibrium
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4 ( A C>CC :CC8 4 9( + |
9 B

#
) I D2 * + CBC<C:CCS8 4 (*!

Heat dissipated by the system towards the heat bath:
QT — WT — AUT .

we define the entropy variation in the system during a time 7 as :

1
ASm,T — EQT

For thermostated systems, entropy change in medium behaves like the
dissipated heat. The non-equilibrium Gibbs entropy Is :

S(t) = ~kp [ & pE®), 1. M) Inp(E@), 8, A) = (s(2)
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s(t) = —kglInp(Z(t),t, \¢) ” trajectory dependent entropy ”
The total entropy siot(t) = sm(t) + s(t)

The variation Asiot , Of stot(t):

Astot,r = stot(t +7) — stot(t) = Asm,r + Asr

We are interested in studying the fluctuations of Asiot ;-



ENS DE LYON

For the torsion pendulum the " trajectory-dependent” entropy Is :

p(0(t; + Tn), gO).p(Q.(tz- + ), 90))
p(8(t;), ©).p(0(t;), @)

ASTn — —kB In (

with starting phase ¢ = t;wy and , = n 27/wy

Computing the total entropy
e Compute p(0(t;), ) and p(8(t;),¢) for each initial phase .
e Compute the "trajectory-dependent’” entropy.

e As fluctuations of 8 and 6 are independent of ¢. Average As;, over o.
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Computing the total entropy

o Compute p(6(t;), ) and p(8(¢;), ) for each initial phase .

e Compute the "trajectory-dependent” entropy.

e As fluctuations of § and 6§ are independent of . Average As,, over o.
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Asmﬂ-n 7eq —

at M =0

/ Xq- — AStot

— | Xo = ASm,m,

— S -:I | 1 1 : .:. :':":.-"
10 —1i) — a 2 (4] 0 a " 4 a8 (i}

'&Stﬂt,?'n/{‘ﬂﬂtut, Tn:} KT/{XT}
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P(Astot ) Asiot
N TN p— TN ‘v’ T 24 *
(P(—AStot,Tn) kB "
T‘AStOt,Tn — Q’T T.ASTn — WTn — AU’Tn T.ASTn

The data show that : T Ass, = (AUr,)equilibrium

Out of equilibrium

T-AStot,frn — er + T.Asm — WTn — (AU’Fn)out_equilibrium + (AU’Fn)equilibrium

In equilibrium :

W’Tn — O, QT — _(AUTn) and T'AStOt,Tn =0
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0 3 t
Vi = aUa(f ) 1 f(0) +n
multiplying by x and integrating for a time 7 we get :
AU’T — W’T — Q'T b+
" oU, 4
AU, = — T dt WT=/f:bdt
o Oz 0

QT=/ Vi dt—/ nT di
0 0

[+ , 9 42 | ** + <=C8 < <AABS8
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10

5.

05 0 o5
H+8

Usz)=az*—bz® + dz

T, =18

Potential measured using the probability density function of z(%)

)

P(z) o exp (
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U(x) (kgT)

Kramers rate

| me=mt el

Ug(z) = ax? — bx® — dx
U(x,t) = Ug(x) + Up(z,t) = Ug + c x sin(2nft),

VA an(:U) C S|n(27Tft) —I— N
ox
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Kramers rate
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El | 2
x 1 | _ 0 LL

) 1 1 1 1 -20
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r,="T,
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expl- -7

4FC <7’

At f ~ 7. the hops of the particle synchronise with the external forcing
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At f ~ r. the hops of the particle synchronise with the external forcig

t'i_l_Tn .
o / © sin(2rft)dt  with 7, =n/f

1

1

< Wr >
0.9}

n=1
0.8} o

A~ O ®

c /<>

= 2 N w
@)D
Do

0.7F

0.6} %%

05} @ g 0 10
'{a, f(Hz)
0.4

0.3r

0.2} ..

0.1F

f(Hz)
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0 P(X X
o5 & Iog ( T) — . Z(T)
] P(=X,;)  kgT
S o3 where ¥(7) — 1 for 7 — oc
. n=1(4), 2 (o), 4 (o),
017 8 (A), 12 (O)
(—]10 (l“! 5 110 15 2JD 25 &
.
n=1, 4, 8 and 12 ==,
A&
tit7Tn ) - g; 7 ..1’:3{ :
r=c [ @ sin@rfdt S ot
i o2 SR
)T o
with 7, =n/f i
L . :
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(a) Time evolution of # when a periodic torque M (t) drives the oscillator from
A (6 =0) to B [# = 41nrad) and vice versa. In this specific case the stiffness is
C' ~ 5.5Nm, the transition time is ts ~ 0.17,¢jq2 , and M = 22.4pNm/ rad.

(b) Probability distribution functions of the work for the forward (blue curve)
and backward (red curve) transformation. The crossing point of the two PDFs
determines the value of AFy . The crossing point is at W ~ 112kgT’, which
is within experimental errors of the expected theoretical AF'4 p ~ 110kgT.
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