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My background is wind energy and turbulence



effects of non-normal wind

https://www.youtube.com/watch?v=dRht4tkQJIM

https://www.youtube.com/watch?v=dRht4tkQJIM
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what is an extreme event?
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Snow avalanches
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earthquakes
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epilepsy
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market crash

8

grey tuesday  

- extreme event
- „According to Goldman and Sachs, the latest
jump in VIx (a measure of stock-market volatility)
took it eight standard deviations from is average. If conventional models 
are correct, such an event should not have happened in the history of 
the known universe.“

the economist March 1st 2007 
stock decline on Febr. 27th
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“extreme events are generally easy to 
recognize but difficult to define.” 

Stephenson, D. B. (2008). In H. F. Diaz & R. J. Murnane (Eds.), Climate Extremes and Society. Cambridge,

rare or extreme  events categories:
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rare or extreme  events categories:

10

1) Extreme events : 
 - based on statistics
 - based on effect - outcome
       - above threshold leads to damage 
       - coupled to a system - same event may be extrem or not
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Rare big events  

What is the probability of  x_i > B,
Gauß-distribution   ->  extreme value statistics P (xi|xi > B)

<latexit sha1_base64="eZRK2+n9Eg0EaW2+8OT+QmAhKrk="></latexit>

The magnitude of the events is asked - xx σ

Deviation from mean value

Events  x_i, i = 1,…,N

8   eventσ
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Rare big events  

Events  x_i, i = 1,…,N

P (xi|xi > B)

<latexit sha1_base64="eZRK2+n9Eg0EaW2+8OT+QmAhKrk="></latexit>

What happen if p is not Gaussian
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energy resource: wind gusts

measured time series



© ForWind

• 10 min Mittelwerte

~
 1

0 
m

/s

wind measurements and data analysis
characterisation after IEC norm
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τ = 4 sP(uτσ
−1)

u⌧ = u(t + ⌧)� u(t)

statistics of gusts
wind fluctuations can be  measured by velocity increments
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Boundary-Layer Meteorology 108 (2003)
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º 106

τ = 4 sP(uτσ
−1)

1/3000 years

1/day

Prob(uø > 6æ) º 10°4

Prob(uø > 6æ) º 10°10

statistics of gusts

Boundary-Layer Meteorology 108 (2003)

non-Gaussian called intermittency

=> Importance of statistics p(x)



finance

scale dependent quantity for measuring the disorder

return or log return for different time scales

T

€ 

Q(x,r) => r(t,τ) =
x(t + τ )
x(t)

or R(t,τ ) = log r(t,τ)
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Phys. Rev. Lett. 84, 5224 (2000)
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extreme events

18

- „According to Goldman and Sachs, the latest jump in VIx (a measure of stock-market 
volatility) took it eight standard deviations from is average. If conventional models are 
correct, such an event should have happened in the history of the known universe.“
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the difference in the probability 
is > 1013

3*1010 years are about 1013 days

statistics of daily VIX data
Gaussian distribution

lin - log plot
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rare or extreme  events categories:
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1) Extreme events : 
 - based on statistics
 - based on effect - outcome
       - above threshold leads to damage 
       - coupled to a system - same event may be extrem or not



© ForWind @ForWind_DE

rare or extreme  events categories:

20

1) Extreme events : 
 - based on statistics
 - based on effect - outcome
       - above threshold leads to damage 
       - coupled to another system - same event may be extrem or not
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Distribution of wealth

The event being extreme depends on the 
Wealth distribution



© ForWind @ForWind_DE

rare or extreme  events categories:

22

1) Extreme events : 
 - based on statistics
 - based on effect - outcome
       - above threshold leads to damage 
       - coupled to a system - same event may be extrem or not

2) event and system 
 - outside of the system, driven by external parameters 
 - intrinsic feature of a system
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events  driven from outside 
- Changing parameters

Extrem events :
- blue sky catastrophe 

- in phase space a non local effect 

unstable fixed point
Saddle point

System jumps away to a new attractor 
far away from the past dynamics 

Evolving parameter

Example climate change 
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rare or extreme  events categories:

24

1) Extreme events : 
 - based on statistics
 - based on effect - outcome
       - above threshold leads to damage 
       - coupled to a system - same event may be extrem or not

2) events and the system 
 - outside of the system, driven by external parameters 
 - intrinsic feature of a system
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Sudden excursion over a threshold

events and the system 

Extrem events :
- blue sky catastrophe - in phase space a non local effect 
- event within the system

Reason may be 
- intrinsic system property 
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events and the system 

Extrem events :
- blue sky catastrophe - in phase space a non local effect 
- event within the system

Reason may be 
- intrinsic system property 

Extreme value statistics - extreme events are rare and independent
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Extreme values are part of the whole system
Of all data

events and the system 

Extrem events :
- blue sky catastrophe - in phase space a non local effect 
- event within the system

Reason may be 
- intrinsic system property 
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rare or extreme  events categories: — take home message

28

1) Extreme events : 
 - based on statistics
 - based on effect - outcome
       - above threshold leads to damage 
       - coupled to a system - same event may be extrem or not

2) events and the system 
 - outside of the system, driven by external parameters 
 - intrinsic feature of a system
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“extreme events are generally easy to 
recognize but difficult to define.” 

Stephenson, D. B. (2008). In H. F. Diaz & R. J. Murnane (Eds.), Climate Extremes and Society. Cambridge,
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rare or extreme  events categories:

30

1) Extreme events : 
 - based on statistics
 - based on effect - outcome
       - above threshold leads to damage 
       - coupled to a system - same event may be extrem or not

2) events and the system 
 - outside of the system, driven by external parameters 
 - intrinsic feature of a system

3.) what do we want to know?
 How likely is an event
 Forecasting of events



© ForWind @ForWind_DE

rare or extreme  events categories:

31

1) Extreme events : 
 - based on statistics
 - based on effect - outcome
       - above threshold leads to damage 
       - coupled to a system - same event may be extrem or not

2) events and the system 
 - outside of the system, driven by external parameters 
 - intrinsic feature of a system

3.) what do we want to know?
 How likely is an event
 Forecasting of events

Part B : 
Aim of this talk
Rare events : 
Statistics and structures
as intrinsic features of a complex system

Turbulence - wind gusts
Water waves - monster waves
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Content - Part B

Systems of extreme events 
multi-point statistics — main idea
scale-dependent Fokker-Planck equations 
consequences 
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waves and turbulence 

How to approach?

statistical approach- 
extreme events 

10-6
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-4 -2 0 2 4u / 

r

Aim - general joint multipoint 
statistics combines both sides

coherent structures
(Instabilities)

∂t ⃗u + ( ⃗u ∇) ⃗u = −
1
ϱ

∇p + νΔ ⃗u , ∇ ⃗u = 0

Navier Stokes equation (NSE)Nonlinear Schrödinger equation (NLSE)
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Sea of Japan  data from N. Mori

rogue wave - measured data

34

Wind data 
What is an exeme event?

sec0 300100

sec
0 300100
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Content - Part B

Extreme events 
multi-point statistics <— main idea - > we want to get  statistics and structures
scale-dependent Fokker-Planck equations 
consequences 
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Data set  / u(x) h(x)

u(x)

x0

…..

x1 x2 xnxi

…..

……

ur0

ur2

r0

J.P., et al., Annu. Rev. Condens. Matter Phys., 10 (2019) 107  

x

Aim to get the joint multi-time statistics  p(u(x0), u(x1), . . . , u(xn))

can be expressed by statistics of increments ur = u(x + r) − u(x)
p(u(x0), u(x1), . . . , u(xn)) = p(ur0

, ur1
, . . . . , urn−1

, u(xn))
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Data set  / u(x) h(x)

How to simplify  

J.P., et al., Annu. Rev. Condens. Matter Phys., 10 (2019) 107  

u(x)

x0

…

x1 x2 xnxi

…

…
ur2

τ0

x

ur0

<latexit sha1_base64="ebmfnJaOSB6uGLB3O7s73dVNUvw="></latexit>

p(u(x0), u(x1), ..., u(xn)) = p(ur0 , ur1 , ...., urn�1 , u(xn))

= p(ur0 , ur1 , ...., urn�1 |u(xn)) p(u(xn))

= ...

= p(ur0 |ur1 , ...., urn�1 , u(xn))p(ur1 |....).... p(urn�1 |u(xn)) p(u(xn))

Connection to set of increments - typical turbulent cascade description
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Data set  / u(x) h(x)

How to simplify  - use conditional pdfs 

J.P., et al., Annu. Rev. Condens. Matter Phys., 10 (2019) 107  

u(x)

x0

…

x1 x2 xnxi

…

…
ur2

τ0

x

ur0

Simplification of multi-conditioned pdfs

<latexit sha1_base64="7RLUHyA7QDjLDr6BiJGQwf+Qano="></latexit>

p(u(x0), u(x1), ..., u(xn)) = p(ur0 , ur1 , ...., urn�1 , u(xn))

= p(ur0 , ur1 , ...., urn�1 |u(xn)) p(u(xn))

= ...

= p(urn�1 |urn�2 , ...., ur0 , u(xn))p(urn�2 |....).... p(ur0 |u(xn)) p(u(xn))

<latexit sha1_base64="hHLuraqWQ4tlwzRD1xvJp4VPkpw="></latexit>

p(uri |uri�11 , ...., ur0 , u(xn)) =?

?
= p(uri |uri�1 , u(xn))

?
= p(uri)
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Data set  / u(x) h(x)

How to simplify  - use conditional pdfs 

J.P., et al., Annu. Rev. Condens. Matter Phys., 10 (2019) 107  

u(x)

x0

…

x1 x2 xnxi

…

…
ur2

τ0

x

ur0

Holds - three point closure

Simplification of multi-conditioned pdfs
<latexit sha1_base64="WUZnMDwGR9u6K+18akayJiDIpSo="></latexit>

p(uri |uri�11 , ...., ur0 , u(xn)) =?

= p(uri |uri�1 , u(xn))

6= p(uri)

<latexit sha1_base64="7RLUHyA7QDjLDr6BiJGQwf+Qano="></latexit>

p(u(x0), u(x1), ..., u(xn)) = p(ur0 , ur1 , ...., urn�1 , u(xn))

= p(ur0 , ur1 , ...., urn�1 |u(xn)) p(u(xn))

= ...

= p(urn�1 |urn�2 , ...., ur0 , u(xn))p(urn�2 |....).... p(ur0 |u(xn)) p(u(xn))
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Joint- n-point statistics simplifies:
<latexit sha1_base64="buu6zcQQSmZvuka+DftKxVjJ4PU="></latexit>

p(urn�1 |urn�2 , ...., ur0 , u(xn))p(urn�2 |....).... p(ur0 |u(xn)) p(u(xn)) = p(urn�1 |urn�2 , u(xn))p(urn�2 |.urn�3 , u(xn)).... p(ur0 |u(xn)) p(u(xn))

<latexit sha1_base64="qMRDeRMipYOQHF0YYioPv/8O1XM="></latexit>

p(uri |uri�1 , ...., ur0) = p(uri |uri�1 , u(xn))

u(x)

x0

…

x1 x2 xnxi

…

…

ur0

ur2

r0

Simple conditioned pdf = 3 point quantity
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Joint- n-point statistics simplifies:

<latexit sha1_base64="buu6zcQQSmZvuka+DftKxVjJ4PU="></latexit>

p(urn�1 |urn�2 , ...., ur0 , u(xn))p(urn�2 |....).... p(ur0 |u(xn)) p(u(xn)) = p(urn�1 |urn�2 , u(xn))p(urn�2 |.urn�3 , u(xn)).... p(ur0 |u(xn)) p(u(xn))

<latexit sha1_base64="qMRDeRMipYOQHF0YYioPv/8O1XM="></latexit>

p(uri |uri�1 , ...., ur0) = p(uri |uri�1 , u(xn))

Turbulence Waves

u(x)

x0
…

x1 x2 xnxi

…

…
ur2

τ0

x

ur0
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Joint- n-point statistics simplifies:
Three point closure

<latexit sha1_base64="buu6zcQQSmZvuka+DftKxVjJ4PU="></latexit>

p(urn�1 |urn�2 , ...., ur0 , u(xn))p(urn�2 |....).... p(ur0 |u(xn)) p(u(xn)) = p(urn�1 |urn�2 , u(xn))p(urn�2 |.urn�3 , u(xn)).... p(ur0 |u(xn)) p(u(xn))

<latexit sha1_base64="qMRDeRMipYOQHF0YYioPv/8O1XM="></latexit>

p(uri |uri�1 , ...., ur0) = p(uri |uri�1 , u(xn))

Turbulence Waves

u(x)

x0
…

x1 x2 xnxi

…

…
ur2

τ0

x

ur0

L ηr
...

Idea of cascade - increments from large, L, to small scales η
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Content

Extreme events 
multi-point statistics
-> structures and forecasting  
consequences 
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results  and claims
cascade process in r and estimation of Fokker-Planck equation, 
-> new class of stochastic processes for n-point statistics. => forecasting of future  (here waves but also wind gusts…)

44

…….

•

•

•
•

•

•

•

•
•

•
unun−1u0

<latexit sha1_base64="D4IZmECjQvIlTv0f88n42yCKuL4="></latexit>

p(u(xn)|u(xn�1), ..., u(x0)) =
p(u(x0), u(x1), ..., u(xn))

p(u(x0), u(x1), ..., u(xn�1))

=
p(urn�1 , urn�2 , ..., ur0 , u(xn))

p(urn�2 , urn�2 , ..., ur0 , u(xn�1))



© ForWind forwind.de@ForWind_DE

Surrogate wind speed fluctuations from Fokker-Planck Equation 

45

Measured

Surrogates

See also Poster F. Köhne
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new data sets
-> new class of stochastic processes for n-point statistics

reconstructed time series

Measured time series
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new data sets
-> new class of stochastic processes for n-point statistics

reconstructed time series

Measured time series
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Forecasting of rogue waves - ROC analysis
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rogue wave - large deviation
Data from sea of Japan
=> F. P. Equation

stochastic simulation of very rare events  - 
“Trajectory-Adaptive Multilevel Sampling” (TAMS) 
Lestang, T. ; Ragone, F. ; Bréhier, C.-E. ; Herbert, C. ; Bouchet, F. :

Journal of Statistical Mechanics: Theory and Experiment 2018 (2018), Nr. 4, S. 043213 

non-linear Schrödinger equation
Predicts structures of rogue waves
Akhmediev Peregrine  
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Multipoint statistics by 3-point closure leads to realistic data 
- including extreme events and forecasting
- predicts also unseen events

We get correct
- probabilities, 
- Spectra,
- higher order structure function 
…..
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Multipoint statistics by 3-point closure. - literature

http://github.com/andre-fuchs-uni-oldenburg/open_fpe_ift 
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2nd lecture ???
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Joint- n-point statistics simplifies:

<latexit sha1_base64="buu6zcQQSmZvuka+DftKxVjJ4PU="></latexit>

p(urn�1 |urn�2 , ...., ur0 , u(xn))p(urn�2 |....).... p(ur0 |u(xn)) p(u(xn)) = p(urn�1 |urn�2 , u(xn))p(urn�2 |.urn�3 , u(xn)).... p(ur0 |u(xn)) p(u(xn))

<latexit sha1_base64="qMRDeRMipYOQHF0YYioPv/8O1XM="></latexit>

p(uri |uri�1 , ...., ur0) = p(uri |uri�1 , u(xn))

Turbulence Waves

u(x)

x0
…

x1 x2 xnxi

…

…
ur2

τ0

x

ur0
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Joint- n-point statistics and three point closure  => Markow process in scale

increments 
Cascade path   goes from  to    and 

ur = u(x + r) − u(x)
u( ⋅ ) ur0

urn
r0 > r1 > . . . r > . . . rn

ur0

urn

u(x)

x0

….

x1 x2 xnxi

….

…
ur2

r0

ur0
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Markov- process in scale -> Fokker Planck equation (Kolmogorov equ.)

�rj
@

@rj
p(urj |urk , u(x1)) = {� @

@urj

D(1)(urj , rj , u(x1)) +
@2

@u2
rj

D(2)(urj , rj , u(x1))} p(urj |urk , u(x1))

Renner et.al JFM (2001)

Stresing et.al. New Journal of Physics 12 (2010) 

Drift and Diffusion coefficient can be “measured”

Kramer_Moyal coeff.
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�rj
@

@rj
p(urj |urk , u(x1)) = {� @

@urj

D(1)(urj , rj , u(x1)) +
@2

@u2
rj

D(2)(urj , rj , u(x1))} p(urj |urk , u(x1))

Renner et.al JFM (2001)
Stresing et.al. New Journal of Physics 12 (2010) 

Drift and Diffusion coefficient can be “measured”

D(1) / ur D(2) / A+ u2
r

multi-point characterisation (FP for turbulence)

Drift - D(1) Diffusion  - D(2) Higher order KM

 
White noise - Paula theorem
=> Langevin equ
And Fokker-Planck equ.

D(4) = 0
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�rj
@

@rj
p(urj |urk , u(x1)) = {� @

@urj

D(1)(urj , rj , u(x1)) +
@2

@u2
rj

D(2)(urj , rj , u(x1))} p(urj |urk , u(x1))

Drift and Diffusion coefficient as a function of r can be “measured”

multi-point characterisation (FP for turbulence)

D
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0)

r0

rn
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Recipe for stochastic  analysis

data

conditional pdfs

Fokker-Planck equation describes the cond- pdf
 

Joint - n-point statistics reduces to 

<latexit sha1_base64="T3DucUOmr5ZG4I5CA13+59yTONY="></latexit>

p(uri |uri+1 , u(xn))

Drift - D(1) Diffusion  - D(2)

p(u(x0), u(x1), . . . , u(xn))

p(h(x0), h(x1), . . . , h(xn))

p(hri
|hri+1

, h(xn))
L ηr

...

D
(2

) (u
r,

r,
v

=
0)

r0

rn

r1

rn−1

D
(1

) (u
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r,
v

=
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Recipe for stochastic  analysis

data

conditional pdfs

Fokker-Planck equation describes the cond- pdf
 

Joint - n-point statistics reduces to 

<latexit sha1_base64="T3DucUOmr5ZG4I5CA13+59yTONY="></latexit>

p(uri |uri+1 , u(xn))

Drift - D(1) Diffusion  - D(2)

p(u(x0), u(x1), . . . , u(xn))

p(h(x0), h(x1), . . . , h(xn))

p(hri
|hri+1
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L ηr

...
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L ηr
....

�rj
@

@rj
p(urj |urk , u(x1)) = {� @

@urj

D(1)(urj , rj , u(x1)) +
@2

@u2
rj

D(2)(urj , rj , u(x1))} p(urj |urk , u(x1))

stochastic cascade process:  Fokker - Planck equation

What can we do with this?

Statistical non-equilibrium physics Applications
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L ηr
....

�rj
@

@rj
p(urj |urk , u(x1)) = {� @

@urj

D(1)(urj , rj , u(x1)) +
@2

@u2
rj

D(2)(urj , rj , u(x1))} p(urj |urk , u(x1))

stochastic cascade process:  Fokker - Planck equation

- non equilibrium thermodynamics 
- Entropy     (Seifert 2005)

- Fluctuation Theorem
- Hamiltonian for cascade - instantones 
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entropy of cascade trajectories
2nd law : entropy balance
there are two contributions of the entropy (cf. Seifert 2005) to the subsystem

(1) interaction with the medium results in power done on the subsystem 

for the cascade path ur

Sm(ur) = �
Z �

L
@rur @u'(ur, r)dr

ẋF = ẋ@x'

Stot(ur) = Sm(ur) + �S

'(ur) = lnD(2)(ur, r)�
Z ur

�1

D(1)(u0, r)
D(2)(u0, r)

du0

‣ Nickelsen Engel PRL 110 (2013)

�S = �ln
p�(u�)

pL(uL)
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For each trajectory we get an entropy production term

Cascade path  u( ⋅ )

ur0

urn

u(x)

x0

….

x1 x2 xnxi

….

…
ur2

r0

ur0

Stot(ur) = Sm(ur) + �S uL

u�

Stot(ur)
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For each trajectory we get an entropy production term

ur0

urn

�Stot(ur)

uL

u�

for each cascade path :  u_L -> u_r  an entropy value is obtained
∆S is a fluctuating quantity with positive and negative values

u( ⋅ )
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For each trajectory we get an entropy production term
ur0

urn

�Stot(ur)

uL

u�

event

small             with high probability

large    with low probability

uL

u�

�Stot(ur) < 0

extreme event
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�Stot(ur)

uL

u�

For each trajectory we get an entropy production term
ur0
ur0

urn

So what?
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      is linked to distinct local turbulent flow structures 

K41: 𝑢𝑟 ∝ 𝑟1/3
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event

small             with high probability

large    with low probability

uL

u�

�Stot(ur) < 0

extreme event

< |ur| > |�S < |u�| > |�S
<latexit sha1_base64="hPlTrhEsoPi/QybOTiQajOEDtlg="></latexit><latexit sha1_base64="hPlTrhEsoPi/QybOTiQajOEDtlg="></latexit><latexit sha1_base64="hPlTrhEsoPi/QybOTiQajOEDtlg="></latexit><latexit sha1_base64="hPlTrhEsoPi/QybOTiQajOEDtlg="></latexit>

A. Fuchs et al Phys. Rev. F 5, 034602 (2020)

Negative entropy events are small scale structures !!!!
Are these indication of shocks?
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Negative entropy provides access to intermittency

𝑢𝐿

𝑢𝜆

Δ𝑆 = − 6

finite increment at small scales 
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Negative entropy provides access to intermittency

𝑢𝐿

𝑢𝜆

finite increment at small scales 

Δ𝑆 = − 6

𝑢𝜆



Negative entropy provides access to non-Gaussian statistics  
intermittency - small scale structures

𝑢𝜆

Further examples -
Waves and Lagrange turbulence

º 106

τ = 4 P(uτσ
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Lagrangian particles in turbulent flow - old challenge

Nicolas Mordant  et al. New Journal of Physics 6 (2004) 000 

Typical trajectories 

Events of high particle accelerations 
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Consequences of stochastic process of uτ

•  For path   an entropy can be defines, fluctuating quantity

                    

•  Negative entropy events  ->   biggest   ( or acceleration:  events)

•  Positive entropy events    ->   small   

➡Entropy are connected with structures of Lagrangian turbulence

u( ⋅ )
ΔStot [u( ⋅ )] = ΔSsys [u( ⋅ )] + ΔSmed [u( ⋅ )]

uΔEM
a = uΔEM

/ΔEM

uΔEM

K41

Anormal - intermittent



Negative entropy provides access to intermittency - small scale structures

𝑢𝜆

Further examples -
Waves and Lagrange turbulence
2-dim flow structures 



© ForWind

entropy and structures
application to high speed PIV measurements:

entropy structures



Negative entropy provides access to intermittency - small scale structures

𝑢𝜆

Further examples -
Waves and Lagrange turbulence
2-dim flow structures 
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rogue wave: event of negative entropy production

ξ 1

−5

0

5

ξ 1
3

−5

0

5

Δ
S t

ot
(ξ
τ)

−4

−2

0

2

Row Index
3000 3050 3100 3150 3200 3250 3300
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L ηr
....

�rj
@

@rj
p(urj |urk , u(x1)) = {� @

@urj

D(1)(urj , rj , u(x1)) +
@2

@u2
rj

D(2)(urj , rj , u(x1))} p(urj |urk , u(x1))

stochastic cascade process:  Fokker - Planck equation

Statistical approach: multipoint statistics, new data sets
- non equilibrium thermodynamics 

- Entropy     (Seifert 2005)

- Fluctuation Theorem
- Hamiltonian for cascade - instantones 

-
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entropy of cascade trajectories - non-equilibrium thermodynamics 

Cascade trajectories  u(·)     set of increments for fixed x and changing r, L > r > η

�

<latexit sha1_base64="zb0rNteJTtoG9vBTh/8q6bGhy/o="></latexit>

⌘

<latexit sha1_base64="JHejp60Q/ublsnwFsGp9dcgJsDg="></latexit>

L

<latexit sha1_base64="xIzTAQs5SNGGkr7BkpNMs8FmiAY="></latexit>

h✏i

<latexit sha1_base64="CeifgwtSks6Yr5pLKSggRnMjcBY="></latexit>

lch

<latexit sha1_base64="iU9O76PNh26Qd4LhZ3ygxMj0K9g="></latexit>

injection

h✏i

<latexit sha1_base64="CeifgwtSks6Yr5pLKSggRnMjcBY="></latexit>

dissipation

transfer
h✏i

<latexit sha1_base64="CeifgwtSks6Yr5pLKSggRnMjcBY="></latexit>

• entropy of cascade trajectories

• Statistics of entropy

• Fluctuations 

�Stot(ur)

uL

u�
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integral fluctuations theorem a new precision law

nonequilibrium thermodynamics 

 - a new rigorous entropy law for turbulence 

 - should hold, if the non-equilibrium thermodynamics is given by a Fokker_Planck equation

integral fluctuation theorem 
Seifert (2005) ( and  Jarzyski)⟨e−ΔStot⟩ = 1
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< e�Stot(ur) >= 1.01± 0.01

N. Reinke et al. JFM 2018 

�Stot(ur)

uL

u�

integral fluctuations theorem a new precision law
IFT for 60 different data sets
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he�Stot(ur)i = 1

fulfilled to 10-3

10
2

10
4

10
6

0

0.2

0.4

0.6

0.8

1

1.2

10
2

10
4

10
6

10
-4

10
-3

10
-2

10
-1

10
0

10
1

integral fluctuations theorem a new precision law

�Stot(ur)

uL

u�

Data Renner et.al J. Fluid Mech.  433, pp. 383–409 (2001)

A. Fuchs et al, A Rigorous Entropy Law for the Turbulent 
Cascade  Turbulent Cascades II. Springer, Cham, 2019. 
17-25.
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Lagrangian

Eulerian

Entropy balance for Eulerian/Lagrangian turbulence

A. Fuchs, M. Obligado, M. Bourgoin, M. Gibert, P.D. Mininni, and J. Peinke :

EPL 137, 53001 (2022)

NESS
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Integral and detailed fluctuations theorem

Give balance of negative & positive entropy events
And „explain“ non-Gaussian statistics

�Stot(ur)

uL

u�

10
2

10
4

10
6

0

0.2

0.4

0.6

0.8

1

1.2
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L ηr
....

�rj
@

@rj
p(urj |urk , u(x1)) = {� @

@urj

D(1)(urj , rj , u(x1)) +
@2

@u2
rj

D(2)(urj , rj , u(x1))} p(urj |urk , u(x1))

stochastic cascade process:  Fokker - Planck equation

Statistical approach: multipoint statistics, new data sets
- non equilibrium thermodynamics 

- Entropy     (Seifert 2005)

- Fluctuation Theorem
- Hamiltonian for cascade - instantones & entropons 

- A.Fuchs , C. Herbert , J. Rolland , F. Bouchet , PRL 129 (2022) 
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Entropons: Instantons conditioned on entropy

Langevin equation for trajectories (stochastic process for cascade) 

• Path integral formalism: probability of a trajectory is proportional to  

•    is the Onsager-Machlup action given by 

Instantons are paths linking 𝑢𝐿 and 𝑢𝜆 , given by the variational problem 

Entropons: instanton for fixed entropy -> constrained variational problem

𝑢𝐿

𝑢𝜆
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Entropons: Instantons for given entropy

path integral formalism probability of a trajectory is proportional to , where  in an action

and given by 

exp [−𝒜 [u( ⋅ )]] 𝒜

𝒜 [u( ⋅ )] = ∫
sf

si

( ·us − D(1) + D′￼(2)/2)2

4D(2)
+

D′￼(1)

2
ds

For path  to  instantons are given by the variational problem

Which leads to the Hamiltonian

   

u0 uf

A(u0, uf ) = inf
u {𝒜 [u( ⋅ )] | u(si) = u0, u(sf ) = uf}

H = D(2)p2 + (D(1) −
D′￼(2)

2 ) p −
D′￼(1)

2
,

= (β + γu2)p2 − (α + 2γ)up +
α + γ

2

For given entropy of the trajectory  we get

From what is follows - 

A(S) = inf
u {𝒜 [u( ⋅ )] + f(u0) | ΔSmed [u( ⋅ )] = S}

ũf(S, u0) =
β
γ (e− 2γS

α + 2γ − 1) + u2
0e− 2γS

α + 2γ

L λ L λ

J. Rolland
C. Herbert
F. Bouchet 
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Entropons: Instantons conditioned on entropy

Langevin equation for trajectories (stochastic process for cascade) 

• Path integral formalism: probability of a trajectory is proportional to  

•    is the Onsager-Machlup action given by 

Entropons: instanton for fixed entropy -> constrained variational problem
Simplified process

𝑢𝐿

𝑢𝜆

For given entropy of the trajectory  we get

From what is follows - 

A(S) = inf
u {𝒜 [u( ⋅ )] + f(u0) | ΔSmed [u( ⋅ )] = S}

ũf(S, u0) =
β
γ (e− 2γS

α + 2γ − 1) + u2
0e− 2γS

α + 2γ
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Entropons are an underlying order within turbulence

𝑢𝐿

𝑢𝜆

instantons with  
and   condition 
contribute to the non-
Gaussian statistics at 

small scales

𝛽 ≠ 0
Δ𝑆 < 0

Δ𝑆 = − 6

Simplified process

( ) -> Kolmogorov 62 scaling 

( ) -> Intermittency correction

𝛽 = 0

𝛽 ≠ 0

For given entropy of the trajectory  we get

From what is follows - 

A(S) = inf
u {𝒜 [u( ⋅ )] + f(u0) | ΔSmed [u( ⋅ )] = S}

ũf(S, u0) =
β
γ (e− 2γS

α + 2γ − 1) + u2
0e− 2γS

α + 2γ
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Δ𝑆 = 15

Entropons are an underlying order within turbulence

𝑢𝐿

𝑢𝜆

IFT + DFT: 
Statistical balance 
of entropy events

instantons with  
and   condition 
contribute to the non-
Gaussian statistics at 

small scales

𝛽 ≠ 0
Δ𝑆 < 0

Simplified process

Δ𝑆 = − 6

( ) -> Kolmogorov 62 scaling 

( ) -> Intermittency correction

𝛽 = 0

𝛽 ≠ 0
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Δ𝑆 = 15

Entropons are an underlying order within turbulence

𝑢𝐿

𝑢𝜆
Δ𝑆 = − 6

Exp data

Forbidden region
Due to β ≠ 0

=> Not K62 - breaking scaling symmetry
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Turbulence and rogue waves

How to approach?

statistical approach- 
extreme events 

10-6

10 -4

10 -2

100

102

104

-4 -2 0 2 4u / 

r

Aim - general joint multipoint 
statistics combines both sides

coherent structures
(Instabilities)

�rj
@

@rj
p(urj |urk , u(x1)) = {� @

@urj

D(1)(urj , rj , u(x1)) +
@2

@u2
rj

D(2)(urj , rj , u(x1))} p(urj |urk , u(x1))

Nonlinear Schrödinger equation (NLSE)

∂t ⃗u + ( ⃗u ∇) ⃗u = −
1
ϱ

∇p + νΔ ⃗u , ∇ ⃗u = 0

Navier Stokes equation (NSE)
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data

Fokker-Planck equation

p(u(x0), u(x1), . . . , u(xn))

�rj
@

@rj
p(urj |urk , u(x1)) = {� @

@urj

D(1)(urj , rj , u(x1)) +
@2

@u2
rj

D(2)(urj , rj , u(x1))} p(urj |urk , u(x1))

<latexit sha1_base64="oHCO2rk6Q/yS6ByfWCAW4uf3BFc="></latexit>

�r
@

@r
ur = D(1)(ur, r) +

q
D(2)(ur, r)⌘(r)

Langevin equation

Data analysis - ML (Machine learning) of stochastic equations
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data

Fokker-Planck equation

p(u(x0), u(x1), . . . , u(xn))

�rj
@

@rj
p(urj |urk , u(x1)) = {� @

@urj

D(1)(urj , rj , u(x1)) +
@2

@u2
rj

D(2)(urj , rj , u(x1))} p(urj |urk , u(x1))

<latexit sha1_base64="oHCO2rk6Q/yS6ByfWCAW4uf3BFc="></latexit>

�r
@

@r
ur = D(1)(ur, r) +

q
D(2)(ur, r)⌘(r)

Langevin equation

Data analysis - ML (Machine learning) of stochastic equations
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Open questions

96

-  Are nonlinear partial diff. equation equivalent to cascade Fokker-Planck equations? 

- Is the fluctuation theorem of entropy a new constraint of extreme events  (instabilities/structures)?
- Entropons show the entropy is linked to structures - big increments

- what is the role of noise? For turbulence it is an intrinsic part of the system - for solitons? 

∂t ⃗u + ( ⃗u ∇) ⃗u = −
1
ϱ

∇p + νΔ ⃗u , ∇ ⃗u = 0
�rj

@

@rj
p(urj |urk , u(x1)) = {� @

@urj

D(1)(urj , rj , u(x1)) +
@2

@u2
rj

D(2)(urj , rj , u(x1))} p(urj |urk , u(x1))

⟨e−ΔStot⟩ = 1

Diffusion  - D(2) ∝ u2
r
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