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Abstract. A diathermal wall between two heat baths at different temperatures
can be mimicked by a layer of independent spin pairs with some internal energy
and where each spin o, is flipped by thermostat a (a = 1,2). The transition rates
are determined from the modified detailed balance. Generalized heat capacities,
excess heats, the housekeeping entropy flow and the thermal conductivity in
the steady state are calculated. The joint probability distribution of the heat
cumulated exchanges at any time is computed explicitly. We obtain the large
deviation function of heat transfer via a variety of approaches. In particular, by
a saddle-point method performed accurately, we obtain the explicit expressions
not only of the large deviation function, but also of the amplitude prefactor, in
the long-time probability density for the heat current. The following physical
properties are discussed: the effects of typical time scales of the mesoscopic
dynamics which do not appear in equilibrium statistical averages and the limit
of strict energy dissipation towards a thermostat when its temperature goes to
Z€ro.
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1. Introduction

1.1. Issues at stake

Though a rather specialized topic within non-equilibrium physics, the problem of heat
transfer is in itself a vast subject, and one of foremost theoretical and practical interest.
Heat exchanges between two bodies at different inverse temperatures (; and (5 can be
settled either by a piece of material with macroscopic width (or length in the case of
electric wires) or by a thin interface with a microscopic width. In the first case the heat
flow from one body to the other is described by the phenomenological Fourier law, and
a microscopic description from an out-of-equilibrium statistical mechanics approach is a
wide research field beyond the scope of the present paper. Here we rather address the
thermal contact situation, where heat flows through a diathermal interface between two
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bodies, which may be either an immaterial interface between two solids or a diathermal
wall between two fluids.

A theoretical, microscopic understanding of non-equilibrium phenomena is still lacking
today. However, when compared with the most general non-equilibrium physics world,
certain specific settings have some advantages and this is the case for thermal contact:
when only quantities conserved by microscopic dynamics (energy for a thermal contact)
are exchanged between two bodies, then the corresponding cumulative transfers obey some
universal symmetry relations. There are a number of relevant viewpoints on these issues.
A few of which are the following.

e In the framework of Hamiltonian dynamics of finite systems but within an
approximation where interfacial interaction energies can be neglected [1], it can be
shown that, if a body 1 at initial inverse temperature (3; is put in contact with a body
2 at initial inverse temperature (35 during some finite time ¢, then the (fluctuating)
heat amount Q(t) coming out of body 2 and going into body 1 (Qs being positive
if heat indeed goes out of body 2) obeys a detailed fluctuation relation at finite time
(transient regime): the probability that the latter heat amount measured during t is
equal to Qy, P(Qy;t), is related to the probability of observing the opposite value by
P(Qq;t)/P(—Qa;t) = exp[(B1 — [2) Qo

e In the case where bodies 1 and 2 are thermal baths (so that their temperatures are
well defined and time independent), and at the mesoscopic level where the energy
£ of the interface is taken into account, the fluctuating cumulative current Qs ()/t
associated with the heat amount Q(t) received by the interface from thermal bath
2 during some time interval ¢ still obeys a fluctuation relation in the long-time limit
(stationary regime), as shown in the context of a Markovian stochastic evolution
where the transition rates obey the modified detailed balance recalled in (2.3) [2, 3].
Indeed, in the case of an interface with a non-negligible internal energy £, by virtue of
energy conservation Qi (t) + Qq(t) = £(t) — E(t = 0) does not vanish, but if the values
taken by &£ are bounded, lim; ., Qs(t)/t = —lim;_ Q1 (t)/t, and then the current
J(t) = Qa(t)/t has a large deviation function fg,(J), whose definition is recalled in
section 6, and which obeys the fluctuation relation

fo,(T) = fe(=T) + (B1 = 52)T . (1.1)

The latter equation is an example of the various fluctuation relations that can be
derived for Markov jump processes in continuous time (see review in [4]) in the
framework of the so-called ‘stochastic thermodynamics’ of small systems (see for
instance an extended review in [5] and a recent brief introduction in [6]).

Though relation (1.1) is universal in the considered class of models, the expression
of fo, depends on the characteristics of the model for the thermal contact, namely the
internal energy of the interface and the choice of the transition rates of its stochastic
evolution under heat exchanges.

In the absence of any theoretical framework which would play the role of Gibbs’
statistical ensemble theory for equilibrium states and allow one to predict the influence
of the dynamics, one has searched for solvable models which could give some hints about
properties of fluctuating cumulative currents finer than the symmetries described by
the fluctuation relations and which might nevertheless be rather generic. Models where
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the contact system between two thermal baths has a stochastic dynamics have been
introduced: the system may be an Ising spin lattice (see for instance [7]-[10]) or a particle
with Langevin stochastic dynamics [11, 12]. In the latter case the heat exchanges are
described as the work performed by a force including a friction as well as a random
noise component. The latter interpretation of heat has been proposed and investigated
by Sekimoto [13] for ratchet models, and has been used again in the interpretation of the
Hatano—Sasa identity [14] as well as in the investigation of heat fluctuations in Brownian
transducers [15].

Generic properties are to be obeyed by those among the thermal contact models that
have the following features: the system has a finite number of possible configurations,
the heat exchanges are described as changes in the populations of energy levels, and the
configurations evolve under a stochastic master equation with transition rates bound to
obey the modified detailed balance (2.3). This is the case for the long-time fluctuation
relation (1.1) and for the following finite-time detailed fluctuation relation, valid for a
protocol where a piece of material with non-negligible internal energy, initially at inverse
temperature (3, is put as a diathermal interface between two thermal baths at inverse
temperatures 3; and [ at time ¢ = 0: the joint probability for measuring the heat amounts
Q; and Q5 during a finite time ¢ satisfies the relation P(Qp, Qs;t)/P(—Q4, —Qsa;t) =

exp|(Bo — 01) Q1 + (Bo — P2) Q2] [16].

In the present paper, within the latter class of models, we consider a very simple one:

e The interface consists of two layers.

e Each layer consists in a number of independent identical microscopic systems, which
we call spins, because we assume that they have only two states. Without loss of
generality these states can be labeled %1, so that we are dealing with (classical Ising)
spins.

Of course, in a more realistic thermal contact, some interactions between spins in the
same layer, reflecting the (two-dimensional) geometry of the interface, would be present.
But there is no obvious reason to believe that these interactions would qualitatively change
the physics of heat transfer.

e Fach spin in a layer is coupled to a single spin in the other layer, building what we
call a spin pair, and this coupling makes it possible to transfer energy through the
interface, hence the name ‘diathermal wall’.

e Locality makes it physically natural to assume that heat bath 1 (resp. 2) can only flip
a dynamical variable (spin) in layer 1 (resp. 2).

Within our simplistic model, the law of large numbers allows one to quantify how
fluctuations of the heat flow are suppressed when the size of the interface goes from
microscopic to mesoscopic and macroscopic. We shall not embark on this study in the
present paper, and we shall use independence to concentrate on the heat exchanges at the
level of a single spin pair, i.e. a pointlike thermal contact: we deal with a single spin pair
(01, 02), with spin oy in layer 1 coupled to spin oy in layer 2.

e The energy &(o1,02) changes when a contact dynamical variable is flipped and,
assuming an energy-conserving dynamics, this means that some energy comes from,
or is given to, the heat bath responsible for the flip.
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In general, the energy £(oy,09) for the contact dynamical variables could take four
distinct values, but we just concentrate on the case £(o1,09) = 3(1 — 0102)Ae, where
Ae > 0 is the energy gap. In the language of spins, this means the absence of external
magnetic fields. More abstractly, it implies a twofold symmetry. As the toy model has
only four states, solving it can be reduced in some sense to the diagonalization of a 4 x 4
matrix, and the twofold symmetry of the energy functional allows to reduce this task to
the diagonalization of a pair of 2 x 2 matrices.

An interest of our specific solvable model is that it plays the role of a pedagogical
example where the general statements are made very explicit. As already mentioned,
though the fluctuation relations entail a constraint upon large deviation functions, they
do not allow one to determine them. The analytical calculation of the large deviation
functions may provide a deeper understanding in the information that they contain. We
shall see that, within the model, the computation of large deviation functions for the
energy variations in the baths can be remarkably simple or tricky, depending on the kind
of techniques one uses.

Moreover, in the absence of principles for out-of-equilibrium statistical mechanics, the
formulae obtained for the solvable model can give a flavor of some physical effects. For
instance, the time scales of the microscopic dynamics, which do not appear in equilibrium
averages, play a role in the properties of non-equilibrium stationary states. Moreover,
the model can be considered in the limit where the temperature of the cold thermostat
vanishes; then the strict dissipation of energy towards the zero-temperature bath gives
rise to specific phenomena.

1.2. Contents of the paper

The results of the explicit analytical calculations for the solvable model where the system
is reduced to two spins are the following.

In the case where the spin system involves only two spins, the transition rates are
determined by the modified detailed balance (2.3) up to the typical inverse times v,
of spin flips by each thermal bath a, characterized by its temperature 7T,. For an Ising
interaction between the two spins, the transition rates for the energy exchanges with one
bath take a form similar to that introduced by Glauber [17] in his investigation of the
time-dependent statistics of the Ising chain in contact with a single thermal bath. Most
of the time, our results will hold whatever the values of 177 and 715 are. However, it is
sometimes convenient to know in which direction heat flows from one reservoir to the
other on the average, and then we shall always assume that 77 < 7. By symmetry, this
induces no loss of generality anyway: the results for 77 > T5 can be retrieved by permuting
T, with T5 and vy with vs.

The non-equilibrium stationary state (NESS) of the model happens to have a
very specific property (section 3.1): since the transition rates are invariant under the
simultaneous flips of both spins, the configuration probability distribution in the NESS
coincides with an equilibrium canonical distribution at some inverse temperature j3,.

The linear and nonlinear static responses are explicitly calculated (sections 3.2 and
3.3). The expressions for the generalized heat capacities involve not only the temperatures
of the energy reservoirs a = 1,2 but also the typical inverse time scales v, of the heat
exchange dynamics with each reservoir. The v, are also called kinetic parameters in the
following. In the vicinity of equilibrium the mean heat current is proportional to the
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difference T, — T7 between the bath temperatures; then a linear thermal conductivity can
be defined. When the system is far from equilibrium the mean heat current is a bounded
function of the thermostat temperatures (saturation phenomenon); one can introduce a
nonlinear thermal conductivity which vanishes in the limit where the relative temperature
difference goes to infinity. The expression of the housekeeping entropy flow is given, and
the excess mean heats, which are defined in terms of the measurable averages of the
cumulative heats [18], are explicitly calculated, for the static response protocol, from the
average heat amounts received by the system from each bath during a finite time ¢, and
which are determined in section 4.3.

The joint probability distribution for received cumulative heats Q; and Qs is
determined at any finite time and for any initial distribution probability through a
generating function method (see section 4). Other distribution probabilities are then
derived from its expression (4.40), and the explicit results are summarized in section 4.2.
The results are given in terms of two integrals in the complex plane. The system obeys
the finite-time symmetry (4.68) enforced by the modified detailed balance for the ratio of
the probabilities to measure some given heat amounts Q; and Qs or their opposite values
when the system is initially prepared in an equilibrium state. But it also satisfies another
finite-time symmetry specific to the model for the ratio of the same probabilities when
the system has any initial distribution probability. The latter fluctuation relation (4.72) is
more subtle, as it involves the initial probability distribution for the product of the spins
(or equivalently for the energy of the spin pair).

The cumulants for the cumulative heat Qs are studied in section 5 from the
characteristic function of the probability density for O,. The relation between the
characteristic function of a probability density I1(Q;¢) with the generating function for the
probability function P(Q;t) when the variable Q can take only discrete values is recalled
in section 5.1.1. The explicit formulae for the first four cumulants per unit time in the
infinite-time limit are given in (5.15). Even at equilibrium the cumulants are not those of
a Gaussian.

The large deviation function for the cumulative heat current Q,/t is calculated
by three different methods (section 6): from the Gértner—Ellis theorem (section 6.1),
from a saddle-point method (section 6.2) and from Laplace’s method on a discrete sum
(section 6.3). The second and third methods rely explicitly on the discrete nature of heat
exchanges in the model and on an ad hoc definition of large deviation functions discussed
in [16]; but they allow one to compute subdominant contributions as well. The first
method is straightforward, one just has to check that the general applicability hypotheses
(recalled in detail below) are fulfilled, which is easy in our case. The third method is also
simple because it deals with a sum of non-negative terms, so no compensation is possible.
The saddle-point method, however, is remarkably tricky in our case, for reasons that we
shall detail below. The expressions in terms of various parameter sets are given in (6.10)
and (6.16). In order to readily obtain the large deviation function in the case where the
temperature of the colder bath vanishes, its expressions for positive and negative currents
are explicitly distinguished in (6.13) and (6.14).

The limit where the kinetic parameter of one thermostat becomes infinitely large with
respect to the kinetic parameter of the other thermostat is studied in section 7. In this
limit the stationary distribution of the spins is the equilibrium canonical probability at
the temperature of the ‘fast’ heat bath, while the typical inverse time scale in the mean
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instantaneous heat current is the kinetic parameter g, of the ‘slow’ heat bath. The
probability distribution for the heat amount received from the slow thermostat, Qgoy, at
any finite time ¢ is that of an asymmetric random walk with the inverse time scale vgqy.
As a consequence the probability distribution for Qg obeys a fluctuation relation at any
finite time (see (7.20)). The probability distributions of oy09 and Qg are independent of
each other, and this mean-field property is interpreted as a kinetic effect in the considered
limit. The very simple forms of the infinite-time cumulants per unit time are given. The
long-time distribution of the cumulative heat current is exhibited: it vanishes exponentially
fast over a time scale given by the inverse of the large deviation function (7.32), with an
amplitude which is explicitly calculated.

In the limit where the temperature of the colder thermostat vanishes (section 8)
the microreversibility is broken, but the system still reaches a stationary state where all
configurations have a non-vanishing weight, because the Markov matrix is still irreducible.
The large deviation function is expressed in (8.9). In the limit where the kinetic parameter
of one thermostat becomes infinitely large with respect to the kinetic parameter of the
other thermostat, the probability distribution for the heat amount £ Qgjoy, with sign — (+)
if the slow thermostat is the cold (hot) one, becomes a Poisson process at any finite time
t, because the zero-temperature thermostat can only absorb energy (strict dissipation
towards the zero-temperature bath). Again, the very simple forms of the infinite-time
cumulants per unit time are given, as well as the large deviation function (8.21).

2. Model

The physical system we deal with in this paper is a toy model of thermal contact, consisting
of two heat baths, generically at different temperatures, put indirectly in contact via a
small subsystem made of two interacting Ising spins o; and o5. Each spin o,, a = 1,2 is
in contact with a single bath denoted by a. We aim at a statistical description, where the
details of what happens in the heat baths is not observed, but only the evolution of the
two spins, i.e. of the configuration C = (01, 02). We assume that this evolution is described
by a Markov process (in continuous time) with transition rate (C'|W|C) from configuration
C to configuration C’.

As the system is out-of-equilibrium, the form of W is not a direct consequence of known
physical laws, and it is unclear whether a nature-given preferred choice exists. So we start
with a purely technical and down-to-earth description of our choice for the transition
rates, which we shall use for all later explicit computations. The general principles and
steps that guided us to the modified detailed balance that the transition rates must obey
have been given in [16]. The main ideas are the following.

2.1. Constraints upon transition rates arising from microscopic discrete ergodic
energy-conserving dynamics

As usual, we view a heat bath as an ideal limit of some large but finite system. So the
system we describe is obtained via a limiting procedure from a large system made of two
large parts and a small part, which is reduced to the two Ising spins o; and o3, each one
directly in contact with one of the large parts.

We expect that in this limit many details become irrelevant, so we assume for the sake
of the argument that the degrees of freedom in the large parts are discrete.

doi:10.1088/1742-5468,/2013/10,/P10009 8
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As in classical statistical mechanics, we take the viewpoint that the statistical
description of oy, 05 is an effective mesoscopic description arising from a deterministic,
energy-conserving dynamics for the whole system. With discrete variables, there is no
general definition of time-reversal invariance, but we impose that the dynamics is ergodic.

We also want the dynamics to reflect the fact that the two large parts interact only
indirectly: there is an interaction energy £(oy,03) between the two spins and the spin
o, is flipped thanks to energy exchanges with the large part a (a = 1,2). Defining the
operator [F, as the operator flipping the spin o, while leaving the other spin unchanged
(e.g Fi(01,02) = (—01,02)), in this process the energy of the large part a is changed from
E, to E! according to the energy conservation law

B, - E, - {_ E)-€@)]  HC=FC

2.1
0 otherwise, (2.1)

while the energy of the other large part is unchanged.

As shown in [16], when the large parts are described at a statistical level and in a
transient regime where the large parts are described in the thermodynamic limit, the
transition rate (C'|W|C) from configuration C to configuration C’ obeys three constraints:
first the graph associated with the transition rates is connected; second there is microscopic
reversibility for any couple of configurations (C,C’),

cwic)y#0 < (CIWIC") # 0; (2.2)
third the ratio of transition rates obeys the so-called modified detailed balance (MDB),

for C' =TF,C cwic) _ g~ FalE(C)=E(C)] (2.3)

Cclwicry '
We remind the reader that the latter relation is also referred to in the literature as the
‘generalized detailed balance’.

2.2. Determination of transition rates

The transition rates are non-zero only if the initial and final configurations C and C’ differ
only by the flip of one spin: (C'|W|C) = 0 unless either C' = F;C or C' = FyC. Since o,
can take only the two values +1 and —1, the transition rate where o, is flipped takes the
generic form

. Va<0b)
2
The four parameters v,, 'y, a = 1,2, are a priori arbitrary, except that the v are > 0 and
the I' are of absolute value < 1.

Taking for simplicity an interaction energy between the spins

(FCIW|C)

[1 = oala(oy)] (2.4)

1— 0109
2

where Ae > 0 is the energy gap between the two energy levels, one gets from the modified

detailed balance in the form (2.3) that
c'\wic)  _
for ' =F,C CIWIC) _ -orommar 2.6
" ewie) ¢ 20
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a condition similar to the one obtained by Glauber [17] in the equilibrium case. As
e** = (1 + tanhz)/(1 — tanh x), the generic form (2.4) of (F,C|W|C) has to satisfy

Va<0b)

(FaC|WIC) =

[1 - 0102%] (2-7)

with
A
v, = tanh (ﬂag) : (2.8)

If B; and (3 are finite, 0 < ~v; <1 and 0 < 7 < 1, and the microscopic reversibility
condition (2.2) is also satisfied. Without loss of generality we could, and will sometimes,
assume that Ty} < T,. Then v > 7».

For the sake of simplicity, in the following we assume that v, depends only on
the properties of the thermostat and not on the value of ;. (This choice enforces the
equality between the transition rate from (o1,09) and that from (—oy, —03), which are
two configurations with the same energy.) Apart from simplicity, we have no convincing
argument that this should be THE nature-given preferred choice. Anyway, we write

(F,C|W|C) = % [1— o1097] . (2.9)
This ends the argument explaining our choice of transition rates and gives a physical
interpretation of the parameters: 7, is formed with the energy scale in the two-spin system
and the temperature of bath a, while v, describes a rate at which bath a attempts to flip
spin oy.

We notice that, though the transition rate expressions have been derived from
hypotheses implying the microscopic reversibility (2.2), these expressions still make sense if
fa < B = +00. (The limit #; — 400, where microscopic reversibility is broken, is discussed
in section 8.)

Moreover, even if 3 = 400, the Markov matrix M defined by

(C|W|C) ifC' £ C
(CMIC) =Y =S (" wie)  ifC =C (2.10)
@

is irreducible; namely any configuration C’ can be reached by a succession of jumps with
non-zero transition rates from any configuration C.

3. Non-equilibrium stationary state (NESS) as a canonical distribution with an
effective temperature

3.1. Stationary state distribution

The master equation which rules the evolution of the probability P(C;t) can be written
in terms of the Markov matrix M defined in (2.10) as

dP(C;t) N,
—a " EC;(C|M|C VP(C';t). (3.1)
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In the basis where the probability P(oq,09;t) is represented by the column vector

P(++;1)
P(——;t)
P(t)) = 3.2
PO = | p iy (32)
P(—+;t)
the matrix M takes the form
~1+7. 0 Ta(l4m) T(l+mn)
0 14+ vi(1+ Ua(1 +
M — V1 + o - - Y, 71 ( ) T Y2) (3.3)
2 Uo(l—=m) 7i(l—m) —1-7% 0
il =m) 7a(l =) 0 —1-
In the latter equation we have introduced the dimensionless inverse time scales
v
Uy = —— for a = {1,2}, 3.4
141 + 12) { } ( )
and we have set
Ve = V1N + V272. (3.5)

The Markov matrix M is irreducible (even if 3 = 1, namely T} — 0): for any pair of
configurations C and C’, there exists a succession of spin flips, with non-zero transition
rates, which allows one to make the system evolve from C to C'. Henceforth, according to
the Perron—Frobenius theorem there exists a single stationary state distribution Py (C),
and it is non-zero for every configuration C.

Moreover, since the system is made of two discrete variables which can take only the
values +1 and since the transition rates are invariant under the simultaneous flips o1 —
—oy and 09 — —0y, the stationary distribution Py (o1, 09) takes the form Py (oq,09) =
a + doyosy. Indeed, the generic form of P(oq,05) reads P(oq,09) = a + boy + coy + doy0s.
On the other hand, the invariance of the transition rates under the simultaneous flips
01 — —o1 and 09 — —0y entails that if a + bo; + coy + doyo4 is a stationary solution,
a—boy —coy+doq0os is also a stationary solution. But, since M is irreducible, there is only
one stationary solution, so that b = ¢ = 0. By solving explicitly the master equation (3.1)
and using the normalization of a probability distribution, the stationary solution proves
to be

Pst(O'l, 02) = i[l + ’)/*0'1(72] (36)

where 7, is defined in (3.5).

The stationary distribution of the model has the following remarkable property:
it coincides with some equilibrium distribution. More precisely, the stationary state
distribution is equal to the canonical state distribution at the effective inverse temperature

N

Py(01,02) = P(ffn(abaz)a (3.7)
where 3, is determined by the relation
A
v, = tanh (6*763) , (3.8)
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and

0= 39)
Pean(C) = , 3.9
Z(03)
where Z((3) is the canonical partition function at the inverse temperature 3, Z(3) =
S 06 () We notice that the canonical form for the state distribution implies that 3,
obeys the canonical ensemble relation, which is equivalent to the definition of the inverse
temperature in the microcanonical ensemble, namely

055G [Py]

()
where (E)g = Y -E(C)Py(C) is the stationary mean value of the energy and S5¢ [Py]
is the value of the dimensionless Shannon—Gibbs entropy in the stationary state. The

dimensionless Shannon—Gibbs entropy (where the Boltzmann constant is set equal to 1)
is defined from the configuration probability distribution P(C;t) as

SE[P(t)] = = P(C;t) InP(Cst). (3.11)
C

By = (3.10)

Its evolution has been recalled in [16].

3.2. Linear static response to a variation of some external parameter

In the present section we consider the static linear response of some observable O to a
change of some external parameter, namely the inverse temperature (3, or the typical
inverse time scale v, of bath a, with a =1, 2.

In the protocols for the study of static linear response, the system is prepared in some
stationary state at time t; = 0~ and the external parameters are instantaneously changed
by infinitesimal amounts at time ¢ = 0. Then, in the infinite-time limit, the system reaches
another stationary state corresponding to the new values of the external parameters.

3.2.1. Relation with static correlations for a ‘canonical’ NESS. Since the non-equilibrium
stationary distribution given by (3.6) involves only one parameter, namely [,, the
linear response coefficient 0(O)g/0gexs for the mean value of an observable O in the
stationary distribution when some external parameter g..; is varied is proportional to
0(O0)st /00y, namely 0(O)s;/0Gext = (00x/0gext) X (0{O)s/IB,). Moreover, by virtue of
(3.7), the stationary distribution is the canonical distribution at the inverse temperature
B,. Henceforth the coefficient 9(O)g /00, is merely opposite to the correlation between O
and the energy £ according to the canonical equilibrium identity

a<o>?§n _ [((’)EW* _ (O)ﬁ* <g>ﬂ* ] 7 (3.12)

aﬁ can can can
*

where (O)5:  denotes an average with respect to the canonical distribution P2 . As a

result, the relation valid for responses to the variation of any external parameter in the
non-equilibrium stationary state reads

a<(9>st _ aﬁ*
agext agext

[<08>St - <O>St<g>st] . (313)
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3.2.2. Dependence of the mean energy upon the time scales of the microscopic dynamics.

The main difference between the response of the mean energy in non-equilibrium and
equilibrium states arises for the response to a variation of the time scales of the microscopic
dynamics which rules the heat exchanges with the baths. When (3; = (35 the equilibrium
mean energy (£)eq = ()2 depends only on the thermodynamic temperature common
to both baths. In contrast, in the non-equilibrium case the stationary mean energy
(E)s also depends on both inverse time scales v; and v,. Indeed, since the stationary
probability corresponds to the effective canonical distribution (3.7), the stationary mean

energy reads

Ae _ _ Ae
(E)st = (1 — %) - =1 =7m = Tay) —-. (3.14)
Changing v, means changing the physical connection between thermal bath a and the
spin system. The linear response of the stationary energy associated with a variation of
the inverse time scale v, is determined by the coefficient

8<(€>st vy Ae

aya m7a7 for {a, b} = {1,2} (315)

3.2.8. Stationary mean energy and generalized heat capacities. The heat capacity Ceq is
a measurable quantity defined as the ratio

(0Q)

Cog(T) = T

(3.16)

where (0Q) is the mean heat amount received by the system in transformations which
involve only heat transfers and make the system go from an equilibrium state at
temperature 7' to another equilibrium state at temperature T+ d7T', while all other
thermodynamic parameters which determine the equilibrium state are kept constant.
((0Q) = limy_,1,(Q); in the protocol mentioned at the beginning of section 3.2.)
According to the energy conservation, (6Q) = (€)1 " — (£)!, and the heat capacity
is related to a partial derivative of the equilibrium mean energy,

0E)ea _

9(E)eq
oT '

9B

When the system is in a stationary non-equilibrium state induced by thermal
contact with two heat reservoirs at respective temperatures 1 and 75, we can introduce
measurable heat capacities by similar definitions. When the temperature 77 of thermal
bath 1 is changed by d77, while the temperature 75 of thermal bath 2 is kept fixed, and
when the system evolves from a stationary state to another one only by heat transfers,

then the generalized heat capacity CS[%] is defined as

_52

Ceq(T) - (317)

[1] . (0 (91 + 92))
Cy' (T1, 1) = d—T1 (3.18)
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According to conservation energy, 6(Q;+Q,) = (€)™ —(£) 1™ and the heat capacity
is related to a partial derivative of the stationary mean energy
oE)a "
cllr, 1) = 255 | 3.19
e m) = 20| (3.19)

In the present model the expression (3.14) of the stationary mean energy takes the
very specific form

()t =) +12(E) 2. (3.20)

Indeed the relation 7; + 75 = 1 and the expression of the equilibrium mean energy at the
inverse temperature 3,

(E)eq=(1-7) % when f; = (5, =, (3.21)

allow one to rewrite the mean energy expression (3.14) in the non-equilibrium stationary
state in the form (3.20). By virtue of the specific decomposition (3.20) of the mean energy,

the heat capacities C¥ (T, T,) read

CINTy, Ty) = 7,Ce(T,)  witha = {1,2}, (3.22)

T
eq”

Coo(T,) = [1 — tanh? (6“2&)} (@ﬁe)? (3.23)

More generally, when the temperatures 7} and T5 of both thermostats are varied
independently

where, according to the relation (3.17) and the expression (3.21) of (&)

(eyIHalTetdl, _ eyInTe — ol 1)1y + YTy, Ty) dTs. (3.24)

If 77 and T5 are increased by the same infinitesimal quantity d7" the corresponding heat
capacity, defined as Cy(T7,T3) = 0(Q1 + Qo)/dT, is equal to the sum ey, Ty) +
CE] (T1,T5). For the present model Cs (11, T2) = 71 Ceq(T1) + 72Ceq(13). In the limit where
T, =Ty =T, by virtue of the relation 7; +7, = 1, we retrieve the equilibrium heat capacity
Ceq(T), as it should be.

3.2.4. Stationary heat current and linear thermal conductivity. The instantaneous heat
current j,(C) received from heat bath a when the system jumps out of the configuration
C has been defined in [16] as

Jal(C€) = Jsq (C) = D_(C'[WIC) 644(C" = C), (3.25)
C/
where dq,(C" < C) is the heat received from thermal bath a when the system evolves from

configuration C to configuration C' = F,C, where F, is the flip caused by thermal bath a,
namely

{&za(c’ — C)=[E(C)) — &) ifC" =F,C (3.26)

0q.(C'— C) =0 otherwise.
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In the present model jay(o1,00) = [E(o1, —02) — E(01,02)] (01, —02|W|o1,00) = 15
(o109 — 72| (Ae/2).

In the stationary state the mean energy is constant, so that the mean currents received
from both baths cancel, (j1)s;+ (j2)ss = 0. For the stationary state probability distribution
(3.6), one has (0102)s = V% = 7171 + P22 and

(1/1 + I/Q)Ae

e (3.27)

(J2)st = U1V (71 — Y2)

where v; — 79 may be rewritten as

oy = tanh (W) {1 ~ tanh (ﬂfe) tanh (ﬁfeﬂ . (3.28)

When T; < Ty, (ja)ss > 0, as it should: the mean heat current flows from the hot bath
to the cold bath. Note that (ja)s is a bounded function of 7} and T,. Thus, in the
generic case (Jo)s; 18 not proportional to the bath temperatures difference T, — 7.
As for any system, the linear dependence upon T — T (or [ — (32) appears in the
limit where (8; — (2)Ae < 1. In the high-temperature regime, where both f;Ae < 1
and (GyAe < 1, the condition (8; — 2)Ae < 1 is satisfied and (j3)s is proportional to
T, —Ti.

When ; = (3, the system is at equilibrium and (j2)eq = 0. Moreover, as shown in [16],
the partial derivatives of the current obey the generic symmetry

a<j2>st a<,j2>st
= R = = — = , — . 329
Do (=5 =9 =-S5 (Bi=5.5=0) (3.29)
This property can also be checked from the expression (3.27) of (ja)s. It entails that
. 6<j2>st
s ~ Ty —1T; T,7T). 3.30
<j2> ¢ (Th ,TZ)H(T,T)( 2 1) 8T2 Tl( ) ( )

In other words, when 77 and T3 independently tend to the same value T, at first order in
the independent variables T} — T and T, — T the ratio (j2)s/(1o — T1) depends on T but
is independent of the ways 17 — T and Ty — T vanish.

As a consequence, for a non-equilibrium stationary state near equilibrium, namely
when the temperature difference between the thermostats is such that (5; — (2) Ae < 1,
one can define the thermal conductivity as

lim <j2>st _ a<j2>st
(T1,T2)—(T,T) T2 — T1 8T2

(T.7). (3.31)

T

Rih =

From (3.27) we get the expression for the thermal conductivity,

2
Ktnh = nr [1 — tanh? (ﬂseﬂ (ﬁ?e) : (3.32)

l/1+l/2

We remind the reader that the thermal conductivity, which is a positive transport
coefficient, is related to the kinetic coefficient (also called Onsager coeflicient) introduced
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in phenomenological irreversible thermodynamics as

L = lim 2)st
F—0

: (3.33)

where, as recalled in [16], the thermodynamic force F can be defined from the stationary
entropy production rate, which is opposite to the exchange entropy flow, di, S5 /dt|s =
—dexenS/dt|s;, through the relation

dint SSG o dexchS
dt | dt
when there is only one independent mean instantaneous current. In the case of the thermal

contact F = (31 — 32. Therefore the relation between the kinetic coefficient and the thermal
conductivity defined in (3.31) reads

= F(ja)ss (3.34)

st

= —. (3.35)
Now we compare the results about the linear static response in non-equilibrium

stationary states which are either in the vicinity of equilibrium or far away from
equilibrium. When the system is far from equilibrium, namely when (8, — ) Ae > 1,

(3.27) leads to
2 2
1 — tanh (6256) ] (%) (3.36)

1 — tanh (mer)?] (%)2. (3.37)

The linear response coefficients 9(js)st /0Ts|7, and O(ja)si /0T |1, are no longer opposite to
each other. As a consequence, when 77 and T; are varied independently, the corresponding

a<j2>st . v

B2 | v+

A{j2)st _ s

OBy g, ©+1a

variation of the stationary mean instantaneous current ( j2>£fl P2 at first order reads
-\ [B1,02] -\ [B1,02]
. [ﬁi:ﬁé} _ N [ﬁlvBQ] ~ T/ _ T a<j2>st + T/ _ T a<j2>st
<j2>st <32>St (T{,TQI)—>(T1,T2)< 1 1) aTI m ( 2 2) 8T2 Tl'

(3.38)

The latter variation depends not only on 7Tj, T3 and the variation of the temperature
difference (17 —T3) — (T} — 1) but also on the way in which 77 and T are varied around
the given values T} and T5.

3.3. Nonlinear static response in the NESS

3.3.1. Nonlinear thermal conductivity. When the system is far from equilibrium, instead

of introducing the linear response <j2>£fi’ﬁé] - <j2>£fl’ﬁ2] with (8] — f1)Ae < 1 and

(8, — B2)Ae < 1 (and the associated linear response coefficients 9(j,)"™ /98,), one
may rather consider a nonlinear thermal conductivity, defined as

Knlin — <j2>£flﬁ2]
th 7’!2 o T]_ .
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From (3.27)

ulin _ 1 vy tanh (B — (2)Ae/2)
th Tl v + 1y (1 — B2)Ae/2

oo (40 (2] (2" a0

According to the expression (3.27), (ja)s is a bounded function of T} and Ty, so that x&n
vanishes when 75 — T7 becomes very large with respect to either T} or Ts.

We also notice that when both thermostats are at very high temperature, namely
when 1Ae < 1 and fsAe < 1, (ja)s is proportional to (1 — By, with a coefficient

independent of the temperatures. As a consequence, the partial derivatives J( j2>[ﬂ 1] Jaelon

and 0(js) 61’521/852 are opposite to each other, as in the symmetry property (3.29) in the
very vicinity of the equilibrium limit. Then the difference (3.38) is proportional to the

difference (8] — 1) — (B — Pa),
G Gy — (3 — ) 20| (3.41)

(Bgaﬁé)"(51162> 8/61 /82
B1Ae—0, BpAe—0

Besides, the thermal conductivity (3.40) behaves as

1 Ae\?
nlin 12
— ] . 3.42
Fth ﬁlAe—’O TV + vy ( 2 ) ( )

By Ae—0

3.3.2. Housekeeping entropy flow and mean excess heats. In the long-time limit, whatever
the initial configuration probability P, may be, the system reaches a stationary state
where the Markovian stochastic dynamics enforces that the cumulated heats received
from each thermostat, namely the random variables Q;(t) and Q(t), have averages
(Q1(t))p, and (Qs(t))p, which both grow linearly in time with opposite coefficients,

Q)R ~ (Qa())py ~ t{j2) ") Then

0 t—+oo 0 t—4o0

lim B1(Q1(t)) p, + £2(Qa(1)) B, _

t——4o00 t

dexchS
dt |

where the stationary exchange entropy flow appears by virtue of (3.34). Meanwhile the
sum Q;(t) + Qs(t) remains bounded at any time and its average tends to the heat amount
corresponding to the mean energy difference between the final and initial stationary states,

Jim (Qi(t) + Qa(t)r, = (€)™ — (), (3.44)

In the phenomenologlcal framework of steady state thermodynamics [19], when work
is supplied to the system, the total heat given to the system is usually expressed as
the sum of an ‘excess’ heat Q... associated with the energy exchange during transitions
between two different steady states and a ‘housekeeping’ heat Qi associated with the
energy supplied to maintain the system in the NESS reached in the long-time limit. These
two heat amounts have been discussed for a system in contact with only one thermal
bath and submitted to a time-dependent external force which is described by Langevin
dynamics [20, 14, 21].

_<61 62)< >[51,52] : (3.43)
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By analogy, with the standard sign convention, we may introduce a ‘housekeeping’

entropy flow supplied to the system, which can be measured as the asymptotic behavior
t t

plPal = — tim D@D+ 50D

t——+oo t !

(3.45)

and which, by virtue of (3.43), coincides with the opposite of the stationary exchange
entropy flow, namely with the stationary entropy production rate (see (3.34))

deXChS dint S

O Pu] = = at |, dt

(3.46)

st
From the explicit expression (3.27) of the mean instantaneous heat current we obtain the
expression for the housekeeping entropy flow (3.45)

Vv

V1 + 1o

(71 =72) (B1 = B2) %- (3.47)

When the system is prepared in a stationary state by thermal contact with heat

Uhk[Pst] =

0 20
reservoirs at the inverse temperatures ) and (39 respectively, then (€)p, = <€)£f1’6 2]

and the difference in (3.44) becomes equal to (5)51’62} - <5>£€?,[3§]. With the standard
[81,02]

(30 60] with a = 1,2 can be
1272

convention, the ‘excess’ heats given to the system Qexc.al
measured as

exc,a

[Br.52] ‘ N,
sogg= I |(Qalt) ooy — ekt | - (3.48)

Then, by virtue of the stationary condition (j;)s; = —(ja2)st, the equality (3.44) becomes
[B1,82]
[67,55]

[B1,82]
(89,89

0 20

— ()Pl _ gyl (3.49)

exc,1 exc,2

The excess heats Qexeawg%%}} defined in (3.48) are explicitly calculated in subsection (4.3)
from the expressions of the average heat amounts (Q,(t))p, at any finite time ¢ (for any
initial distribution Py of the two-spin configuration) with the results given in (4.52).

In the linear response regime, where the relative differences (T; — T7)/TY and
(Ty — T9)/TY are infinitesimal, by virtue of the definition (3.19) of the generalized heat
capacities C’S[?] (T}, Ty), with a = 1,2,

[T14+dTh,T>+d T3] [T14+dTh,To+dT3]
—Qexc,1 —Qexe,2 — Cs[i] (T, Ty) dTh + Cs[f] (11, Ty) dT5. (3.50)
[T1,T2] [T1,T3]
We notice that the notion of heat capacity has been studied in the case of non-equilibrium
steady states where the system is submitted to a non-conservative force and is in contact
with a single thermostat [22].

4. Joint probability distribution for heat cumulated exchanges at finite time in the
model

Instead of studying the evolution of the probability distribution P(C;t) of the spin
configuration C = (01,03), we address directly the evolution of the joint probability
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distribution P (C'|Q1, Qs,t|C) for the cumulated heats Q; and Qs received from the
thermal baths 1 and 2 during a time ¢ when the system is in configuration C = (o1, 09)
at time o = 0 and in configuration C' = (0], 0%) at time t. In order to obtain results
which hold as generally as possible, the initial probability distribution for configurations
is not assumed to have the same symmetry under simultaneous spin flips as the stationary
distribution.

Since the two-spin system has only two energy levels separated by the energy gap Ae,
the cumulated heats Q, are integer multiples of Ae and we set

Q1 = —nAe and Qy = nale. (4.1)

The minus sign in the definition of Q; is introduced for the sake of conveniency, because
the mean instantaneous heat currents (j1)s and (ja)s in the stationary state are opposite
to each other. In other words, niAe is the amount of heat dissipated towards heat
bath 1, while nyAe is the amount of heat received from heat bath 2. With these
notations P (C¢|Q1, Q2,t|Cy) can be written as a matrix element of some evolution operator
U(nqy,no;t) as

P(CI‘Ql, QQ,HC) = (0’1,0§|U(n1,n2;t)]01,02) . (42)

4.1. Explicit calculations

4.1.1. Constraint from energy conservation. According to the expression (2.5) for the
interaction energy between the two spins, the energy difference between the final and the
initial configurations reads

o
E(oy,03) — E(01,09) = wﬁe, (4.3)
and it can take only three values 0, +Ae and —Ae. On the other hand, according to (4.1),

Q1 + Qy = (ny — n1)Ae, namely
Q1+ Qs = An x Ae where An =ng — ny. (4.4)

Energy conservation entails that the energy variation of the two-spin system is equal to the
sum of the heat amounts received from the thermostats: £(o7, o)) — E(01,03) = Q1 + Qs.
As a consequence, the correspondence between the total amount of received heat and the
couple of initial and final states reads

An =0 & ool = 0109 (4.5)

(An)? =1 & o102 = An and ooy = —An. '
Therefore it is convenient to introduce the decomposition

U(ny,ng;t) = Z Ongm+anU(n1, ny + An;t). (4.6)

An=0,4+1,—1

In the basis {(+, +), (=, —), (+, —), (—+)}, already used in (3.2), the correspondence (4.5)
enforces that U(ny, ne;t) can be decomposed into three 4 x 4 matrices

U = Ujan=0] + Ujan=+1] + Ujan=—1) (4.7)
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with

A O 0O O O B
Uian=0 = ( > Uan=1 = ( ) Ulan=—1) = ( ) ) (4.8)
O D C O 0O O

The subscript involving An indicates the unique value of An which is involved in a history
where the initial and final states are (oy,09) and (o7, 0}) respectively. O = (8 8) and A,
B, C and D are 2 X 2 matrices.

4.1.2. Generating function method. The evolution equation for U(ng,no;t) is easily
derived by considering the probability

P(oy,09,m1,m9;t) = Z (01, 02|U(n1,ng; t)|0y, 05) P(oy, 055t = 0). (4.9)

/ /
01,09

P(0y,09,n1,n9;t) is the probability that the system is in configuration (o1, 09) at time ¢
and has received the heat amounts Q; = —n;Ae and Oy = nyAe during the time interval
[0, ¢] when the initial probability distribution for the spins is P(o7, 04;t = 0). The evolution
equation for P(oy,09,n1,n9;t) is a generalization of the master equation (3.1) which
governs the evolution of P(oy,09;t). By taking into account the explicit expression (2.9)
for the transition rates we get

2 dp<0'1,0'2,n1,712;t)

= — [1 = 0109(171 + Vay2)| P(o1, 02,11, na; t)

V1 4 vs dt
+ 71 [1 + 010971) P(—01, 02,11 — 0102, n2; 1)
+ Uy [1 4+ 010972 P01, —02,n1, 19 + 0102; 1) (4.10)

where the dimensionless inverse time scales 7, are defined in (3.4).
The operator on the right-hand side of the evolution equation (4.10) is
partially diagonalized by considering the generating function P(oq,09,21,22;t) =
:fi_oo :{;i_ooz?lz’; P(01,09,n1,n2;t), which is absolutely convergent for z; and 2z

of modulus 1. Considering the latter generating function is equivalent to introducing

“+oo
Uzr, 225t) = Y Z 21 252U(ny, nas t). (4.11)
n1=—00 Ne=—00
Since P(01, 09,11, n9;t = 0) = 6, 000y 0P (01, 02;t = 0), we infer that ﬁ(zl, 295t = 0) = L,
where I, denotes the identity 4 x 4 matrix. The inversion formula which allows one to
retrieve U(nq, ng;t) is

le dZQ (Zl7 29, t)

ni+1_mno+1"

_ (4.12)
|Zl|:127r1 |z2|= 1271’12 29

U(n, nast) = j{
The decomposition (4.6) of U(ny, ny; t) leads to a similar decomposition for U(zy, 2o; t)

T[Aj(zl, Zo;t) = Z I[/j[An](zl, 293 t). (4.13)

An=0,41,~1
The decomposition (4.7) of U(nq, ne; t) into three 4 x 4 matrices (enforced by the constraint
(4.5) due to energy conservation) is also valid for U(zy, 22;t). Moreover Uiapj (21, 22;t) has
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necessarily the following dependence upon 2z, and z;2s: I[AJ[An](zl, z95t) = ZQA”\AI[An}(zle; t).
Therefore, by using the change of variable z; — 2z = 2125 in (4.12) one gets

%ﬁ[An}(Z'l = 2,20 = 1;t)
l2|=1 2mi zm+l '

Ulng, ny + An; t) = 7{ (4.14)

4.1.3. Diagonalization. The evolution of I[AJ(zl, 29; 7) with the dimensionless time variable

Fo ity (4.15)
2
reads
dU : .
% = A(Zh ZQ)U(ZL 22, 7_)7 (4-16)

where, from the evolution equation (4.10),

Vx 0 b? bl
0 7% b by
Co C1  —7x 0

C1 C2 0 —Vx

A(Zl, 22) = —]14 + (417)

with the following notations: by = 71 (141)21, be = Ua(14+72)(1/22), c1 = 71 (1 —)(1/21)
and Cy = 32(1 — ’}/2)22.

Since the transition rates are invariant under the simultaneous changes of both spin
signs, it is convenient to consider the transformed matrix

A(21, 20) = P71A(21, 20)P (4.18)
with
1 1 0 0
0o 0 1 1
-1
Pr=1, 1 o0 o (4.19)
0 0 1 -1

The matrix A’(zq, z2) corresponds to two sets of decoupled equations,

B @)
A = I N 4.20
(21, 22) 4+ <@ IB_) ( )
where B, = (6017; o Ebl_tf”) for e = 4. As B, is traceless, B?(21, ) is proportional to Is.
Explicitly
Bf(zl, Zg) = Ae(zlzg)ﬂg (421)
with

1

A(z)=1-2A+c¢ {(A+B)z—|— (A—B); (4.22)
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where
A= 1202 (]_ — ’7172) and B = 1202 (’}/1 ’72) . (423)

We notice that A > |B|. As a consequence,

7B (21,22) o)
TA(21,22) __ —T e
(& 1,22) — e X ( @ eTB (Zl ZQ)) (424)

where

sinh(7+/Ac(2122))

TBe(21,22) __
e = cosh(74/Ac(2122))1s +
( ( 1 2)) 2 25(2122)

B (21, 22). (4.25)

Moreover the eigenvalues of the matrix $(vy + 15)A(21, 22) are, with the notations e = +
and n =+

U1+V2

plem(z) = {—1 +7 Ag(z)} : (4.26)

4.1.4. Results for the generating function. From (4.18) we can calculate @(21722;7—> =
eTAlz2) — PeTA'(2122)P-1 From the explicit expressions (4.24) and (4.25) we get the
matrices [[AJ[An](zl, 29;T) defined in (4.13). The 16 matrix elements can be written in the
compact form

01,02|U[An 0](2’172’2, )|01702) = C+(2’122;T) +<7102’Y*5+(2122§T)

01, =02 Upanzo) (21, 22; T)|01, 09) = C (2120, 7) + 010975~ (2122; T)

(
(=
(=
(

01, 02|Uan) (21, 255 7) |01, 92) =y Oor0n,8n 25" FX (2120 T) (4.27)
o1, =02|Ujan) (21, 22 7) 01, 02) = Oeionn 25" Py (2120 7)
with
CH(z7) = %[cosh A4 (%)) £ cosh(my/A_ (z))} (4.28)
S*(zi7) = e o1 [smh(r AL (2)) smh(r A_(2)) ] (4.29)
2 AL(z) A_(2)
and

1
Fr,(%7) = ZTVl (1= Any)S*(27) + 72 (1 — Anyy) ST(z;7).  (4.30)

4.1.5. Results for the joint probability. U(ni,ny + An;t) is derived from ﬁ[An](zl, 295 1)
through the unit circle integral in (4.14). In fact, because of the parity property of the cosh
and sinh functions, the functions C*(z;7) and S*(z;7) are functions not of \/A.(z) but
only of A (z). According to the definition (4.22) of A.(z), the only singular points of A.(z)
are z = 0 and +o00, and the same is true for the integrands in §|Z|:1(dz/27ri)z_(m+1)6’i(z; T)
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and j;M:l(dz/QWi)z*(mH)Si(z; 7). Changing z into —z we get that

% dz 1 Cosh<7 A_(z))z(—nm]{ de 1 cosh<7 A+(z)). (4.31)

|z|=1 2mi zm z|=1 2mi zmHl

As a consequence

jg = CH(z7) = = <_1)m€40m(7) (4.32)

|Z‘:127rizm+1 2
and
dz 1, 1+ (-1)" _
dz )= = e ) 4,
7{|2127rizm+15 (z;7) 5 e S (T) (4.33)
where
dz 1
Cm(T) = ]{l |_1%zm+1 cosh (T A+(z)) (4.34)
and
dz 1 sinh(7\/A,(2))
m = — . 4.
) f{ jo]=1 271 2 A (z) (43

Eventually, the matrix elements of U(ny, n; + An;t) are derived from the expressions
4.27) for the matrix elements of Ujapj(21, 22;t) with the result

o1,02|U(n, n;t)|o1, 09) = deven(n) X U(O)(n,0'10'2;7')

(
(
(
(
(

—o1, —03|U(n, n; t)|oy, 03) = doqa(n) x U (n, oy04;7)
—01, 0‘2|U(7’L7 n+ An; t)|01a 02) A — 1 50102,An X 6odd(n) X U(l)(n7 ATL; 7_) (436)
o1, —02|U(n,n + An;t)|oy, 02) N Opy9.8n X Oeven(n) x UV (n, An; 7),
where Jeven(n) = 3 [1 4 (—=1)"] and doaa(n) = 3 [1 — (—1)"] while
U (n,0109:7) = €7 [en(T) + V01028, (T
(n,0102;7) [€n(T) + 1201025, (T)] (4.37)

U(l)(n, An;7T) =e 7 [Uy (1 —yAn) s,(7) + 71 (1 — 11An) spran(7)] -

We notice that the parity condition factors i [1 + (—1)"] have a simple interpretation.
During a history such that spin o7 is in the same state (in flipped states) in the initial and
final configurations, thermal bath 1 has flipped spin ¢ an even (odd) number of times,
so that the corresponding sum nAe of the successive amounts +Ae dissipated towards

thermal bath 1 is necessarily an even (odd) multiple of Ae.

4.2. Various explicit probabilities

The probability that the system is in configuration (oy,03) at time ¢ when the initial
configuration is distributed according to the law F, can be calculated, by virtue of the
definition (4.11), as

Pp, (01,09;t) = Z Z <01,02]®[An}(21 =1,z = 1;t)|01,0§> Py(ay, ). (4.38)

A’H,:—].,O,-i-l Ui,a’é
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The matrix elements of [[AJ[An](zl = 1,29 = 1;t) are derived from (4.27) where, according
to (4.22), Ay(z=1) =1 while A_(z =1) =1 —4A with A =7,75(1 — 7172). Using the
identities Py(01,09)+ Po(—01, —03) = %[1—#0102%], where g = (0102) p,, and Py(oy,09) —
Py(—o1,—02) = £ [o1(0]) p, + 02(0b) R, where (0}) p, (vesp. (04)p,) is the average value of
the first (resp. second) spin at time 0, a straightforward calculation leads to

Pp, (01,02;t) = 21 + 01097 + 20103[v0 — 1le ™"

]' —(1l—a)T
+ Sloroln +oalot) ] [(1+ o100 ) o0

8
* — )T 1
+ (1=a ) e ] 4 S mou(ol)n, + oa{od)n)
1
X — U1 — Uy + 0102(T11 — Vay2)] [e_(l_a)T - e—(1+a)7]’ (4.39)
o

where o = /1 —4A. When F, is invariant under the simultaneous reversal of the
spins oy and o9, Py(o1,09) = (1/4)[1 + 01027 and only the terms in the first line of
(4.39) contribute. Then the evolution of Pp, (01, 09;t) towards the stationary distribution
Py(01,02) = 1 [1+ 01097,] involves only one time scale, namely 1/(v1 + 1) (recall that
T =3+ w)t).

For any initial probability distribution F, of the spins, the probability
Pp, (01, 09,11, n9;t) that at time ¢ the system is in configuration (o7, 02) and has received
a heat amount Q; = —n;Ae from bath 1 and Qy = nyAe from bath 2 is calculated from
(4.36) with the result

Pp, (01,09, n,1;t) = U (1, 0109; 7) [Seven () Po(01, 72) + oaa(n) Po(—01, —03)]
Pp, (01,09, n,n + An;t) N 501027,AnU(1)(n, An; ) [deyen(n) Po(o1, —02) (4.40)

+ Goaa(n)Po(—01,02)].

Various joint probabilities can be derived from these expressions.
The joint probability Pp, (n1,n9;t) that at time ¢ the system has received a heat
amount @, = —n,Ae from bath 1 and a heat amount Qs = nys/e from bath 2 is

Ppy (n,n;7) = e [cn(T) + 1Y05n(T)]
Pp, (n,n + An; 1) AT e "2[1 + An ] (4.41)
X [Ty (1 = Anvyg) s,(7) + 71 (1 — An1) Spaan(T)],

where 7y has been defined before (4.39).

The joint probability Ppg, (0102 = £1,n4;t) that at time ¢ the system is in a
configuration where o0, is equal to +1 and has received a heat amount Q; = —n Ae
from bath 1 is seen via (4.40) to have the value

Pp, (0102 = +1,n1;7) = 577 {(L+70) cn, (7) + 27 + (2 = 71m1) (1 = 70)] 8, (7)

+ 7i(L+7) (1 =) sn,-1(7)} (4.42)
and
Pp, (0105 = =1,n157) = 3¢ {(1 = 70) ¢, (7) + [=27% + (T2 + 71m) (L + 70)] 50, (7)

+ 711 =) (1 + %) sn11(7)} - (4.43)
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The expressions for Pp, (0109 = £1,n9;7) are obtained from the latter equations by
making the exchanges v; < Vs and vy < 7 and the replacements ¢, — ¢y, Sny — Snys
and S, 1 — Sp,+1 for o109 = 1, resp. Sp, 41 — Spy—1 for oo = —1.

From these expressions we get the probability distribution for only one heat amount

Q; or Qy
‘PPO (nl; T) =e " Cny (T) + [52 + 51’7170] Snq (T)

71(1 = 71)(L+79)80,41(7) + 571 (1 + 7)1 = ’VO)Snrl(T)} (4.44)

N = — N

+
and similarly
Pp, (ng;7) = e_T{cn2 (7) 4+ [71 + Day2Y0] Sny (T)

+ 5721+ 72)(1 = 70)$np1(7) + 572(1 = 72) (1 + 70)8n2_1(7')}. (4.45)

From the identities 37> _¢,(7) = cosh7, and 3> _ s,,(7) = sinh 7, the probability
that the total heat amount received from both thermostats is Q; + Qy = (ng — ny)Ae
reads

Pp, (na —n1 =0;7) = 3 [1 4+ 770] + [1 — Yy0] e (@15}

Pry (nz —my = Ami7) | = 3 {1 —%%+An[% — -]
As a consequence

([Q1+ Qo )p, = % [0 — 74 [1 - e’ZT} Ae, (4.47)

and we retrieve property (3.44).
We notice that all formulae are still valid in the limit where 77 vanishes, namely where
(1Ae goes to infinity.

4.3. Excess heats

The excess heats associated with the transition between two different steady states have
been defined in (3.48). For the two-spin system they can be explicitly calculated. Indeed,
when the system is initially prepared in the stationary state with distribution F, by
contact with two thermostats at the inverse temperatures 3 and 39 and then is put at
time ¢ = 0 in contact with two heat baths at inverse temperatures ; and 35, the mean
heat amount received from the thermostat 1 between time ¢ = 0 and time ¢ is given (with
the convention (4.1)) by

(Q1(t))p, = —Ae Z nlz Z Z (01, 05|U(ny, ny + An;t)|oy, 09)

n1=—00 01,02 g} 04, An=0,1,—1

X Py(o1,09). (4.48)
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By virtue of the definition (4.11) of the relevant generating function and the decomposition
(4.13), the latter expression can be rewritten as

@) =—de [ X5 5 (ol oblBisner, 2Dl )

01,02 0,05 An=0,1,—1

X Po(O'l,O'g) . (449)
z1=z2=1

From the explicit expressions (4.27) for the matrix elements and (4.22) for A,(z), a
straightforward calculation leads to

Ae —(v1+v
(Q1(t))py = (1)t + [172 (11 — 72) = 71 (1 — )] 5 —[1 — e )] (4.50)
where (j1)s = —(ja)st is given in (3.27) and 72 is a function of 7y, Uy, 4 and (9 written
n (3.5). A similar calculation yields
7.7, 7 Ae —(v14w2)t
(Qa(t)) by = (J2)st + [-7172 (1 — 72) — 72 (72 — )] 5 —[l—e . (4.51)

As a result, with the sign convention of definition (3.48), the excess heat given to the
system by heat bath 1 in the present protocol reads

Ae
Qexc, 1%57&] —[mn =) - (h =) = 5 (4.52)

[B1,062]
(87,6917
latter expression by the exchanges 7; «» U5 and 7; <+ 2. These two excess heats are not
opposite to each other, and comparison with the expressions (3.14) for the mean energies
in the initial and final stationary states shows that the sum of the excess heats coming

from both thermostats indeed satisfy the identity (3.49).

The excess heat given to the system by heat bath 2, Qexc | is obtained from the

4.4. Symmetry property for reversed heat transfers (when T} # 0) specific to the model

4.4.1. Symmetry arising from modified detailed balance. The symmetry properties for
reversed heat transfers when 77 # 0 are more conveniently exhibited after a change of
variable in the complex plane where the integrals involved in Pp, (Q1, Qo,t) are defined.
The relevant functions ¢,(7) and s,(7) are defined in (4.34) and (4.35), while A (z) is
given in (4.22). The origin z = 0 is a singular point in A, (z) and zA, (z) = (A+ B)P(2),
where the second-order polynomial P(z) = (z — z;)(z — z_) vanishes for the two roots z
and z_. The product of the roots is equal to
A-B 1
AT 2 with p = e(f1-F2)Ae/2 (4.53)
and the sum of the roots is equal to —(1 —2A4)/(A + B).

When T1 # 0, z,2_ does not vanish and, by using the variable change ¢ = z/,/z_z,
namely

ZyR— =

¢ = zp, (4.54)
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the unit circle is changed into a circle with radius p, while the roots z, and z_ are
changed into ¢ and (;, with (_(; = 1. Then, for a function such as cosh(\/A,(z))
or sinh(7y/A;(2))//AL(z), each of which is in fact a function of A (z) denoted by

F(A4(2),

f R = ST B(O) (4.59

|2|=1 2 zntl \(|=p27ri Cn—i-l

with A, () = AL (¢/p). AL(C) is a symmetric function of ¢ and 1/¢,

Z+<<):b+a<+2c_1 (4.56)
with a = 2v/A2 — B2 and b = 1 — 2A, namely

a =275/ (1= D)1= 3) (457)

b=1-20175 (1 — 1172). (4.58)

Since the only singular points in the integrand in the right-hand side of (4.55) are ¢ =0
and oo, the circle |(| = p can be deformed into the unit circle and we get the identity

f = 1 fBE) = § 1R, (4.59)

|z|=12mi 21 121 21z

By inserting the latter identity in the definitions (4.34) and (4.35) we get the relations

Cn(T) = p"Cn(T)

- 4.60
5ulr) = p"50(7) (4.60)
where
- B dz 1 ~
Mﬂ:%déEWHmwG L@Q (4.61)
and

dz 1 sinh(ry/A(2))

Sp(T) = — . 4.62
=9 smze S (162)

Since A, (z) is invariant under the exchange of z and 1/z,
En(T) = Clnl(T)
gn(T) = §|n|(7').

Therefore the functions involved in the matrix elements (4.36) of U(ny,ng;t) can be
rewritten as

(4.63)

U (n,0109;7) = €7 p" [Gn) (T) + 1401025} (7)]

- . 4.64
U(l)(n, An;7)=eTp" [32 (1 = 72An) 5 (1) + 71 (1 = 71 An) pA"s|n+An‘(7)] ( )

where p, defined in (4.53), also reads p = /(1 + 1) (1 — 72)/(1 — 1) (1 + 72).
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According to [16], the modified detailed balance implies some time-reversal symmetry
property for histories, which itself entails some relation between the probabilities of
forward and backward evolutions where the given initial and final configurations are
exchanged (and the heat amounts are changed into their opposite values). In the spin
model language, with the definitions (4.1), the symmetry exhibited in [16] for the
probability that the system evolves from an initial configuration Cy = (01, 09) to a final
configuration Cf = (07, 04) while receiving the heat amount Q; = —n;Ae and Qs = nyAe
reads, for non-vanishing matrix elements,

(01, 05|0(n, 125 1)|01,02)  _ (mipr-nasi)ae (4.65)
(01, 02|U(—n1, —ng; t)|of, o)

Comparison of the latter relation with the expressions (4.36) implies that

(0) :
UO(n,010%7) _ fup-npalae (4.66)
U(O)(—Tl, 01079, 7')
and
1 .
UD(n, An; 1) _ G- (n+An)g)ae (4.67)

UMD (—n, —An; )

The latter relations can be checked from the explicit expressions (4.64).

We notice that the relation (4.65) can also be retrieved by noticing that the modified
detailed balance entails that the matrix A (21, ), which rules the evolution of U(zy, 2o;7)
according to (4.16), obeys the symmetry A(zy,2;) = AT(e #12¢/2 e%22¢/2,) where AT
denotes the transposed matrix of A. Therefore, after the variable change z; = (1/p1
and zo = (o/ps with p; = exp(81Ae/2) and ps = exp(—F2Ae/2), the matrix A(z, 29)
becomes the matrix A((r, ) = Az = G /pr, 22 = (o/pa), which obeys the symmetry
AT(¢1,¢) = A(1/¢1,1/C). Then the derivation of the symmetry (4.65) is the following.
First we make the variable change z; = (1/p; and z3 = (3/p2 in the integral representation
(4.12) for U(ny, no;t). Since A((y, () has no non-analyticity, apart from the 1/¢; and 1/¢,
singular terms, the integrals on the circles with radii equal to p; and py are equal to the
integrals with the same integrands on the circles with radii equal to 1. If ¢ is on the
unit circle, 1/¢ is also on this circle and we can make the variable change ¢; — 1/{; and
(o — 1/(o; then the symmetry of A leads to the symmetry (4.65).

As shown in [16], the consequence (4.65) of the modified detailed balance (2.3) entails
that, if the spin system is in an equilibrium state at inverse temperature (3, at time t = 0
where it is put in contact with the two thermostats, then the ratio of the probabilities to
measure some given heat amounts Q; and 9, or their opposite values obeys the fluctuation
relation

PPcBaOn (Qh QQ: 7t>
Ppgon (—Q1, —Qa;t)

— oPo=01)Q1+(Bo—P2)Q2 (4.68)

4.4.2. A relation specific to the model. The present model happens to obey a very
specific relation for reversed heat transfers when the initial state of the system has an
arbitrary probability distribution P,. According to (4.36), after summation over the final
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configuration,
Z (0,17 JélU(n, n; t)‘O’l, 02) = U(O) (77,, 01029; T)
01,05
! / . . (1) . (4.69)
Z (017 O'2|U(?”L, n -+ Anu t) |017 02) A —:I:I U (Tl, An, T) 60102,An~
01,05 a

Therefore, when the initial configurations are distributed with an arbitrary probability F,
then

Z (01, 05|U(n,n; t)| Po) = Z U (n, o100, 7) Py (01, 05) (4.70)
01,04 01,02

and

Z (01, 75|U(n, n 4 An; t)| Py) N U (n, An; 7) x Py (0109 = An) (4.71)

where Py (0109 = An) denotes the probability that the product o109 is equal to An in the
initial configuration.

Then from the expressions (4.70) and (4.71) for Pp, (Q1, Qs,t) in the cases Q; = — Qs
and Q; # —Q, respectively, and by virtue of the consequences (4.66) and (4.67) of the
modified detailed balance, we get the property

PPo (Qb % t) — o 1162

PPO (_Qh —Qz;t)

P(oi09 = €;t =0)
1 — P(oyoy =€t =0)

X 00,400+ > 00, 40seae (4.72)

e==1
The appearance of the initial probability for the sign of the spin product seemingly arises
from the fact that, by virtue of energy conservation, the values of this sign in the final
and initial states are related to the sum Qy + Q; by the constraint (4.5).

We stress that this relation is very specific to the present model. Its interest lies not
in its precise form, but in that the right-hand side involves the initial distribution: it has
sometimes been speculated that the (experimental) study of the ratio on the left-hand
side for general systems could give some clues about the initial distribution. The above
formula justifies this hope, but shows at the same time that even in the simple case at
hand only partial information can be retrieved, suggesting that for more general systems
even this partial information may be difficult to extract. In the cases where the initial
distribution is equal either to an equilibrium state distribution at the inverse temperature
(o or to the stationary state distribution which is a canonical distribution at the inverse
temperature [3,, the relation allows one to retrieve the generic relation (4.68).

4.5. Decaying property of joint probabilities for large heat exchanges

All quantities of interest involve the coefficients ¢,,(7) and/or s,,(7), computed via contour
integrals in (4.34) and (4.35). The integrands involve functions which are holomorphic for
z € C*, the pointed complex plane: the quantity A, (z) defined in (4.22) has this property
and the functions cosh(w) and sinh(w)/w are entire even functions, so that the square roots
in the composed functions cosh(7y/A(2)) and sinh(7y/A(2))/\/AL(z) do no harm.
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Hence, in the formulae for ¢, (7) and s,,(7), contours can be deformed. For
r €]0,+ocf, let C(7,7) = supy,_ |cosh(ry/A,(2))] < 400 and S(7,7) = supy,_,|sinh
(TVAL(2))/VAL(2)] < +o0.

Takmg |z| = r as the integration contour, one gets immediately that, for each
ry (1) < C(ryr)r~™ and s,,(7) < S(7,7)r~™. This shows that c¢,,(7) and s,,(7) are
o(eKIml) at large |m| for any K.

With some efforts, we could get some explicit upper bounds for C(7,r) and S(7,7).
Then we could extremize over r to get a subexponential bound for ¢,,(7) and s,,(7), but
we shall not need this refinement.

In the limit 77 = 0, A, (z) is in fact holomorphic for z € C so that ¢,,(7) and s,,(7)
vanish for m = —1, -2, .. ..

5. Heat amount cumulants for any 77 and T,

5.1. Generic properties for a system with a finite number of configurations

5.1.1. Characteristic function for the heat amount Q. The random variable Qs can
take only discrete values noAe, where ny is a positive or negative integer. Therefore its

probability density I1(Q;t), defined as I1(Q;t)dQ = P (Qs € [Q, Q +dQ|;t), reads

A Z (_ _”2> P(na; t), (5.1)

nog=——0o0

where § stands for the Dirac distribution. Since P(nq;t) decays faster than exp(—K|na|)

for any K > 0 when |ns| goes to infinity (see section 4.5), the Laplace transform G(A;t)
of I1(Q), i.e. the characteristic function of the random variable Q,, is well defined for any
A,

G(\t) = /_+00 dQ e CII(Q; t) = (21, (5.2)

As a consequence, the properties of the probability density I1(Q;¢) can be investigated
through those of its Laplace transform, thanks to the inversion formula

[(Q:t) = / A eginn, (5.3)

—ico 27Tl

According to the property (5.1), é()\) is a periodic function of A with period equal to
27 /Ae, and the right-hand side of the latter formula can be written as

1 do —BQ/A i0 = —i2rmQ/A
_ 1 e 127Tm 8' '4
Ae/o o G Ae’ m:z—ooe (5.4)
By virtue of the Poisson equality :;f_ooe*iz”mQ/Ae = :{;i_ooé(Q/Ae—ng),
comparison with (5.1) leads to
2 40 i0
P(ngt) = Lle . 5.5
nsit) = [ e G (it) (5.5

doi:10.1088/1742-5468/2013/10/P10009 30


http://dx.doi.org/10.1088/1742-5468/2013/10/P10009

Thermal contact through a diathermal wall: a solvable toy model

The latter equality coincides with the inverse formula (analogous to (4.12)) in terms of
the generating function, G(z;t) = S5 272 P(ny; t),

no=—00
dz 1
P(ng;t) = 7{|21%2n2+1 G(z;t), (5.6)

where G(z;t) = G((1/A¢) In z;t).

5.1.2. Relation between long-time cumulants per unit time for Q1 and Q. The generic
properties of the cumulants of Q; and Qs have been reviewed in [16]. We recall those
which will be useful in the following. For a Markov process, the long-time behaviors of these
cumulants are proportional to the time ¢ elapsed from the beginning of the measurements.
The asymptotic behavior of the cumulants per unit time are given by the derivatives of

1
() = lim = In(e*Q®) (5.7)

t—+4oo ¢

according to

[p]
K oP a /\a
lim ~2 = 29 (Aa)
t—+oo ¢ aAg Aa=0

for a = {1,2}. (5.8)

Moreover, in the case of a system with a finite number of configurations, Q; + Qo =
E(Cr) — E(Cp) is restricted to some finite interval and

Oél(/\) = O[Q(—)\>. (59)
As a consequence the long-time cumulants per unit time obey the following relations
[p] [p]
K K
lim —24 = (—1)? lim —=2, (5.10)
t—oo ¢ t—oo

5.2. Explicit formulae for the cumulants per unit time

According to the relation (5.10) between the long-time cumulants per unit time for Q
and @, we have only to consider the cumulants for the heat amount 9, received from
bath 2. For the two-spin system, where Q, = noAe, it is convenient to introduce the
cumulants /i,[%] for the dimensionless variable ny and the associated characteristic function

(e’ where X is a dimensionless variable. According to the relation (5.8) the long-time
behavior of the cumulants per unit time are derived through the relation

P
lim Lyl — ao‘—iff) (5.11)
t——+o00 t 2 a>\ XZO
with
— 1 <
as(N) =, lim In(e*"?). (5.12)

According to the definition of (eXm), the relation (4.9) between the probability
P(oy,09,n1,n9;t) and the operator U(ny,no;t), together with the definition (4.11) of
U(z1, z9;t) and its evolution equation (4.16), the characteristic function may be expressed
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Figure 1. First infinite-time cumulants per unit time as functions of vy /1.
Mlustration of the large 5 /14 behavior with the two asymptotes, (v1/2)(y1 — 72)
for odd cumulants and (v1/2)(1 — 7172) for even cumulants. The other model
parameters are fixed to the sample values v1 = 0.7, 70 = 0.4, v; = 2.

as

<exn2> _ Z Z (01’02|e((y1+y2)/z)tA(ZI:LzQ:J)|017Ué) P(o},0b;t=0). (5.13)
01,02 o/ ,0)

According to (4.17), A(z = 1,2 = ) + (1 + 7,4 is a real positive matrix and the

Perron-Frobenius theorem can be applied. Henceforth, as(\) coincides with the eigenvalue

of the matrix [(v; + 12)/2]A(2; = 1,29 = ") with the largest modulus (and which is

necessarily real). The four eigenvalues to consider are the p(<"(z = eX) which are given by
the expression (4.26), with € = 4+ and 1 = 4. The one with the largest modulus corresponds

to (e,n) = (+,+) and reads

121 +V2
2

where A and B are defined in (4.23).

It is simple to calculate a number of cumulants per unit time in the infinite-time limit
from (5.11). Their behavior as a function of the kinetic parameter v5/1; exhibits some
interesting features. For large v /1, the cumulants go to a limit which is the same for all
odd and for all even cumulants, as will be explained in section 7. Figure 1 illustrates this
convergence, which gets slower and slower for higher moments. The first six cumulants
are represented. This figure also shows some oscillations at finite v, /1. These oscillations
become more and more visible on higher cumulants. Figure 2 illustrates this phenomenon.
Cumulants from the fifth to the ninth are represented. In both figures, the other model
parameters are fixed to the sample values v, = 0.7, 75 = 0.4, v; = 2.

Only the first cumulants have analytic expressions simple enough to fit on a line. For
the sake of conciseness, the results are first expressed in terms of the dimensionless time

as(N) = {—1 + \/1 — 24+ (A+ B)e* + (A — B)e |, (5.14)
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Figure 2. Higher cumulants. Illustration of the oscillations at finite v9 /1. The
other model parameters are fixed to the sample values v = 0.7, v9 = 0.4, 11 = 2.

T=3(1n +w)t as

1
lim —/igl =B
T—+00 T
1
lim ~kl2=A-B?
Nt (5.15)
lim —xf = B[l — 34 +3B%
T—400 T
1
lim —kll = A~ 3A% + B*[—4 + 184 — 15B7].
T—+00 T

All odd cumulants are proportional to B, because all odd powers of ) in the expansion

of the expression (5.14) for as(\) are proportional to B. The first three cumulants are
rewritten in terms of the model parameters as

(1/1 + I/Q)Ae

Jim LS (71— 2) 5 = (Ja2)st
. Dt — (O _ _ o vy + 1) (Ae)?
tl}i“oo < 2> t t < 2> b 5\ Vs [1 e — V1V2(71 . 72)2] ( 1 ;)( ) (5.16)
. 3¢ v+ 15)(Ae)?
tllgrnoo < t2> L =010y (71 — 72) [1 — 301Wa(1 — miy2) + 30375 (71 — 72)2]( : ;>( ) :

(93)¢ is the third cumulant, which is equal to the third centered moment, namely
(Q3)° = ([Q> — (Q)]").

At equilibrium ~; = 75, so that B = 0: then, by virtue of the remark after (5.15),
the long-time behavior of all odd cumulants of Qs is subdominant with respect to the
elapsed time ¢, and in the long-time limit P(Qs;t) becomes an even function of Q, at
leading order in time ¢. The fourth cumulant of the cumulated heat Qs received from the
thermostat 2 per unit time does not vanish: lim; ., .1/t In(e*92),, is not quadratic in A,
and even in the long-time limit the variable Qs has a non-Gaussian distribution, contrary
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to the variable [Qy — (Q,)] /vt (for which all cumulants of order larger than three vanish
in the infinite-time limit). The first two even cumulants per unit time read

(Q3)eq — (Q2)eq (1 + 12)(Ae)?

. e A2
i / =77 (1=7) 2 (5.17)
4\c 4 )
A
lim < 2>eq — T,y (1 . 72) [1 B 35152(1 _ 72)] (1/1 + 1/2)( 6) ‘

[\]

(Q24)¢ denotes the fourth cumulant, which can be expressed as (Q3)¢ = ([Qy — (Qu)]*) —
3([Q2 — (Q)]").

For a system weakly out-of-equilibrium the Einstein—Green—-Kubo relation, namely

(DB)eq — ((Ds)eq)’ (5.18)

)

<j2>st

1
11m -
(B1,82)—(B.8) B1 — B2 2 t—+oo t

is indeed obeyed by the system, as it should be. This can be checked by comparing
the expression (5.17) with the limit obtained when (8i,52) — (8,0) for the ratio
(72)st/ (1 — Pa), which, by virtue of (3.27), reads

(Jo)st  —— m—7 (n+ va)(Ae)?
= V1il2 .

Br— Bo (81 — B2)Ae 2

When the system is far from equilibrium, comparison of the latter expression for
(42)st/ (1 — [2) with the expression (5.16) for the long-time limit of the second cumulant
per unit time shows that (ja)s /(81— B2) # lim;_ 4 oo [(Q3)ss — (Q2)24]/t , as it should be (see

subsection 5.3 of [16]). Indeed, by virtue of equation (5.14), az()) obeys the symmetry

relation as(X) = aa(—F — A) with F =In(A + B)/(A — B) = (61 — f2)Ae, but ay(}) is

not a quadratic function of A, i.e. Q5 has a non-Gaussian distribution in the long-time
limit.

(5.19)

6. Large deviation function for the cumulative heat current Q,/t

In this section, we derive the large deviation function for the cumulative heat current Qs /t
by three methods. The first one is based on the general theory of large deviations for the
definition of large deviation functions and uses one of its cornerstones, the Gartner—Ellis
theorem. The second and the third rely on the fact that Q, takes discrete values in a t-
independent set, and uses an ad hoc definition of large deviation functions (see appendix E
of [16]). Though the general theory of large deviations and the ad hoc definition for discrete
exchanged quantities do not have to be the same, the ad hoc definition is nevertheless a
sensible definition of large deviations. Physically, the general and the ad hoc definition
are expected to yield the same result in a case as simple as the two-spin system, and our
explicit computations can be seen as a proof of this fact. A natural tool to compute the
ad hoc large deviation function is via a contour integral representation, but, as we shall
see below, this method is surprisingly tricky even for the simple two-spin system at hand.
In contrast with the general theory of large deviations, the contour integral method is
the basis of a systematic expansion at large times. However, corrections are less universal
than the dominant term.

The cumulative heat current received from heat bath 2 during the time interval ¢
takes the values J = Q,/t, with Qy = nAe, n integer. By dimensional analysis, the large
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deviation function fo,(J), which has the dimension of an inverse time, must be a function
of

- J n
v _r 6.1
== (6.1)
and we shall often consider the expressions of
fQ2(D = fQ2(j) (62)

rather than those of fo,(J) = fo,(J/Ae). Moreover, the explicit calculations are more
conveniently dealt with if, instead of considering j, we introduce the dimensionless current
7 associated with the dimensionless time 7 = [(v1 + 1) /2]t,

n 2

j:—:

P ) o

The dimensionless large deviation function fq, of 7 is such that tfo,() = 7fo,(7), and
the expression of fg,(J) can be retrieved from that for fo, (7) through
~ V1 + vy — 2 ~)
= — . 6.4
Fould) = 52 T e, (i (6.4

We notice that large deviation functions for other cumulative quantities are related
to fo,. Indeed, in a system with a finite number of configurations, Q; + Qs is bounded
and, as a consequence of the general theory of large deviations (see e.g. [16]),

le(j) = fQ2(_\7)' (65)

In the same vein, as AexenS = $1Q1 + 32Q2 = — (61 — 2) Qo + $1(Q1 + Q2), with Q; + Q,
bounded, the large deviation function for Ag, S and that for O, satisfy the simple relation

fAeens(T) = fa (—51 {52) : (6.6)

6.1. Derivation from Gartner—Ellis theorem
6.1.1. Method. By analogy with (5.12), we introduce the dimensionless function

ay(\) = lim 1 In(eM2). (6.7)

T—+00 T

A simplified version of the Gértner—Ellis theorem (see e.g. the review for physicists [23]

or the mathematical point of view [24]) states that, if @,(X) exists and is differentiable for
all A in R, then the large deviation function of the current 7 = ny/7 exists and it can be

calculated as the Legendre-Fenchel transform of @s(\), namely, with the signs chosen in
the definitions used in the present paper,

fo,(0) = %ﬁl@ (X) — A7} (6.8)

As a consequence, since @, ()\) obeys the symmetry ay(\) = @ (—(81 — B2)Ae — N) (as can

be checked from (5.14)), f(7) obeys the fluctuation relation f(7)— f(—7) = (61— B2)Ae xJ.

Moreover, the cumulant generating function In(e*?) is necessarily convex (downward). In
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the present case ay()\) is strictly convex and continuously differentiable for all real A,
so that the minimum in the definition of the Legendre-Fenchel transform can be readily
calculated by using the Legendre transform,

— — - dOég

fa,(0) =@ (A7) —JA(7)  with ﬁ@ =7 (6.9)

6.1.2. Various expressions for fo, and its properties. From the relation as(X) = [(v1 +

vg)/2]aia(N) and the expression (5.14) for as(A), when T} # 0 (v # 1), A # B and we get

fo,(7) =7n jir g — |7] cosh™* [\/%] -1+ \/1 —2A+2Y(7). (6.10)

cosh™ 'z denotes the positive real whose hyperbolic cosine is equal to z, namely cosh 'z =

In [x + \/ﬁ], and

Y(7) =7+ \/j4+(1—2A)72+A2—B2. (6.11)

The expression for TQQ (7) involves the combinations of the model parameters

A+B_ Ae 2 2 —2-2 2 2
In A—B_(51—52)77 A= B =77, (1= 71) (1= %), (6.12)

A= 3152<1 — ’71’72).

The expression (6.10) for fg,(7) can be rewritten in two different forms according to
the sign of 7. By using the identity cosh ™'z = In [a: +Va? — 1} , the cosh™ term in (6.10)
can be split into two contributions and, according to the sign of 7, we get

Fo,() = —7In(A—B) +7n [Y(j) +/72() - (A2 — 32)] —144/1-24+2Y(y),

(6.13)
while
fo,7) =17 In(A+B)—7n {Y(j) + \/Y2(j) — (A% - B2)] -1+ \/1 —2A+2Y(7).
(6.14)

In the limit where T} vanishes (A — B), the latter expressions yield the results discussed
in section 8.

The thermodynamical and kinetic parameters of the heat baths are disentangled if,
in place of A and B, we consider the parameters

py = 5(1+7)(1 =) and p- = 5(1 = 7)1+ 7). (6.15)

The relations with A and B are A = 7175 (py + p—) and B = 73175 (p — p—). Therefore,
(A+B)/(A—B) =py/p—, VA% — B2 = 2041U5,/pyp—. Then, by virtue of the relation (6.4)
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Figure 3. Effect of increasing the non-equilibrium driving parameter v; — 2. A
few large deviation functions are represented for various values of 71, when the
other parameters are fixed to the sample values v = 0.1, v, = 100, v = 10. The
leftmost curve (for 73 = 0.1) is the equilibrium large deviation function and the
dashed curve is the quadratic with the same curvature at the origin. The rightmost
curve is for y; = 1, i.e. heat bath 1 at zero temperature. For the intermediate
curves, from left to right, v; takes the values 0.7, 0.9, 0.966 6667.

and the expression (6.10) for fo_(7), fo, () reads

Fou3) =7 1n\/p:— 7] cosh™! [%‘ip]

Vl"gyz [—1+\/1—251?z [P+ +p——2Z(7)]]> (6.16)

where, with the definition Y (7)/VA? — B? = Z(7)/\/p+p—,

20) = o [ 2P+ A7+ (004 10 = 2noy 4 )| P+ G- | (61D

By virtue of the definitions (6.15) of p; and p_, the thermodynamic parameters of the
thermal baths appear in fQQ< ) through the followmg combinations

P+ B1—P2)Ae — — —+ =1—7
— e( 1—P2) /2’ /PLp— = %\/(1 y12) (1 y22), P+ p 1 172-

At equilibrium the large deviation function is even. As 7; — 7, increases, the large
deviation function becomes more and more asymmetric. In the zero-temperature limit
v1 = 1, the large deviation function becomes infinite for 7 < 0. Figure 3 illustrates the
changes in the shape of the large deviation function, with increasing departure from
equilibrium.

Some generic properties of a large deviation function can be checked in the case of the
above explicit formulas. By virtue of (5.15) (7)s = B and one checks that fgo,({7)s) = 0,
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Fou((st) = 0 and Fo, (7)) = —1/(A — B?), namely

! /€[2} -
fo,((O)st) = — [ lim "] : (6.19)

T—+o0 T

The expression (6.10) for fo,(7) is the sum of a term 7(3; — 82)Ae/2 and an even function
of 7. As a consequence, we check again that fq_ (7) — fo,(—7) = 7(51 — 82) Ae, namely, by
virtue of (6.4), fo,(J) obeys the fluctuation relation fo,(J) — fo,(—T) = (61 — B2)T.
Moreover, the absolute value of J in the expression (6.10) for fo,(7) is responsible for a
(rather mild) singularity in the curve fo,(J) at J = 0: a jump in the third derivative.
We notice that the large current behavior of 7Q2 (7) in the present model reads
fo,(3)  ~ =2[3[In{j]. (6.20)

|7l =00

6.2. Derivation from a saddle-point method

Before embarking on the derivation, let us explain why the saddle-point method is not
straightforward for this model.

The saddle-point approximation or expansion is well-suited for the asymptotic study
of integrals of the form [.dz WU (2)e™ ) where 7 is some large real parameter and the
functions ¥(z), ®(z) are holomorphic in a domain large enough such that the initial
integration contour I' can be deformed to a steepest descent path while remaining
within the holomorphicity domain during the deformation. One may also have to encircle
some singularities when deforming the contour, and then one must keep track of their
contributions, which may or may not dominate the saddle-point contribution. This can
of course be generalized to a finite sum ), fri dz U;(2)e"®*) when each individual term
satisfies the hypotheses above. Note, however, that to get the leading behavior one may
have to take into account possible destructive interferences between different pieces, for
instance if the real parts of saddle-point values are the same for several ¥;, or if the saddle
points for certain terms compete with encircled singularities for other terms.

In our case, we deal with an integral of the type [ dz Y, ¥;(2)e™®*) where there is a
single integration contour, and the sum* Zi\lfi(z)efq’i(z) has nice holomorphicity properties
that allow one to deform contours (almost) freely, but each term in itself has singularities
and cuts. So we have to face a kind of dilemma: either we want to keep holomorphicity,
then the large parameter does not appear in an exponential—and to our knowledge no
straightforward constant phase technique applies—or we look at each pure exponential
piece individually, and then some branch cuts may prevent one from deforming the contour
purely as a constant phase steepest descent path: the steepest descent path is not closed,
some parts of the original path are deformed along the cuts and they may dominate the
saddle-point. But, also, the contribution of the pure exponential pieces may interfere. In
our case, we have managed to show that in fact the interferences between contributions of
one pure exponential and cut contributions from another pure exponential are destructive
(with remainder terms controlled explicitly), leaving the contribution of only a single
saddle-point (not one saddle-point for each pure exponential). But our argument relies on
some tricks and features that appear to us at this stage as coincidences: we have not been

4 Which in our case consists of only two terms.
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able to identify a general framework avoiding our tedious analysis. And indeed, examples
are known [25, 26] where (depending possibly on parameters) the cut contributions do or
do not dominate the saddle-point.

To conclude these comments, let us mention one general direction that seems worth
pursuing, though we have not been able to use it to simplify significantly our argument
even in our simple case. In physical problems, the functions ®;(z) will often be closely
related to the different branches of a single algebraic function. For instance, the functions
®,(z) are often closely related to the eigenvalues of some z-dependent matrix. So a
natural route would be to regard the integrals not in the z plane, but on the appropriate
uniformizing Riemann surface, in our case an elliptic curve.

We now turn to the detailed analysis.

6.2.1. Method. The current probability density II(7;7) is related to the probability
P (Qs/(TAe) € [7,7+ dj[;7) by the definition P (Qy/(tAe) € [7,7+ dj[;7) = I1(7; 7)d].
Since Qy/Ae can take only integer values, the density distribution II(7;7) is a sum of
Dirac distributions

(7 7) = f 5 (7 - g) 7P (% - n;7’> . (6.21)

In the long-time limit

+oo
U™~ Y 8(7-2) P G, (6.22)

where P?(7;7) is a function of the continuous parameter j that we shall compute below,
and which is such that the following asymptotic behavior holds:

Q
P (A_e = 7'],7')

The notation ¢(7,7)|:jinteger 15 @ reminder of the rule that if the function g(7,7) is given
by an integral representation, the latter must be calculated in the case where 77 is an
integer. By using one of the ad hoc definitions of the large deviation function introduced
in appendix E.2 of [16], the function P*(7;7) can be rewritten as

~ P®(F7). (6.23)

T—-+00

77 integer

(5 1
P*(7:7) = A(7, 7)e" 29 with hgl — InA(g,7) =0. (6.24)
T—T00 T
When one is interested only in the large deviation function, the only information to be
retained from the latter equation is merely

_ 1
fo,() = lim —InP(Q; = 7jA¢;T) . (6.25)
e 77 integer

Consequently, 792 (7) can be investigated by means of a saddle-point method applied
to the representation of P(Qs = 7JA€; T) |7 integer i the complex z plane given by (4.45). In
the latter expression P(Qs = nle; ) is equal to e times a linear combination of ¢, (7),
$n(T), Spy1(7) and s,_1(7). When T} = 0 the expressions (4.34) and (4.35) of the latter
functions are convenient for studying the large 7 behavior of ¢,—5(7), Sh=r(7). When

doi:10.1088/1742-5468/2013/10/P10009 39


http://dx.doi.org/10.1088/1742-5468/2013/10/P10009

Thermal contact through a diathermal wall: a solvable toy model

Ty # 0 the study is slightly more complicated and it is more conveniently performed by
considering the related coefficients defined by ¢, (7) = p"¢,(7) and s,(7) = p"S,(7), where
the expression (4.53) of p is finite when 77 # 0. We present the details in the case where
Ty # 0.

When 77 # 0, in the long-time limit, we have to consider the behaviors of the functions

K&%T)Eapm(ﬂzi% de 1 C%h(T A+@0 (6.26)

|2|=1 2mi z7it+1

and

o1 1 sinh (T A+<Z))

KAY(3:7) = pmpnn (1 :7{ — - 6.27
R = e (6.27)

with An = 0,1, —1. It is sufficient to exhibit the derivation of the long-time behavior of
K.(7;7), because the calculation of the long-time behavior of K (2™ (7; 1) follows the same
lines. Moreover, according to the property ¢,(7) = ¢j,(7), we have to consider only the
case where 7 > 0.

For the study of the large 7 limit, the cosh function in the integrand of K.(7;7) is
split into two exponentials, and K.(7;7) appears as the sum of two integrals

d d -
2K, (3:7) :j{ 2 () +j{ () (6.28)

|z|=1 2miz |z|=1 2miz

where

a 1

dH(2) = —3 lnz:l:\/b+§ (z—l——). (6.29)
z

We notice that, since 77 is in fact an integer, exp(—77 In 2) is single valued and there is

no cut in the complex plane z associated with the logarithmic function. However, since

the cosh function has been split into two exponentials, we have to consider the two cuts

associated with \/A, (z). These cuts are
]_007 _‘T>] and {—.I'<, 0]7 (630)

where —z- and —x. are the two negative real roots of the second-order polynomial
2zA 1 (z), where Ay (z) is given in (4.56). The roots are such that 0 < z. <1 < z-.

6.2.2. Deformation of contours. The large 7 behavior of K.(7;7) can be investigated by
applying the saddle-point method to the contribution from the integral involving ®)(z).
For that purpose we have to find a way to deform the unit circle into a contour that goes
through a saddle-point along a constant phase path where ®*+)(2) is maximum at the
saddle-point. It can be easily found that the function ®*)(z) has two real saddle points
where ®)(2) as well as its second derivative are real, but only one of them corresponds
to a maximum of ®*)(2) when the real axis is crossed perpendicularly. The latter saddle-
point is @, = exp [cosh™" (z(7))], namely by using cosh™' () = In[z + V22 — 1],

ze = 24(7) +/23() — 1 (6.31)
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—X,

7"1>(+)(Z)

Figure 4. Deformed contour for e , which decomposes as a steepest descent
contour I'* which goes through the saddle-point x. in the anti-clockwise sense and
a piece which circumvents part of the cut |—oo, —z~] in the clockwise sense. The
other cut [—z.,0] lies inside the unit circle represented by a dotted line.

=2 4 g, @
7T 7 T

The constant phase contour I'* which crosses the real axis perpendicularly at z. can be
looked for in the form z,(#) = e ©)+9 Tt proves to be

with

24(7) : (6.32)

a

Z*(Q) — ecosh—l(y*(e;j))—&-il?" (6.33)
where § € |—7, 7| and
_ _ 2, _
Y«(0;7) = u(0;7) cos 0 + \/1 + —u(0:7) + u*(0:7) (6.34)
with
0% 27?
0;7) = —. 6.35
u(6:3) sin*f a (6:35)
The contour I'™* crosses the negative real axis at the point z,(0 = ) = —z,(J) with
_ (b L7
—2,(7) = —exp |cosh™ " | — + 71— (6.36)
a a
which lies on the cut |—oo, —x], because —x~ = — exp [—cosh_1 (b/a)]. As a consequence,

the unit circle can be deformed into the contour I'* and a contour C[(:Z* o] that goes
around the cut |—o0o0, —z~] between the points —z,(7) and —z~ in the clockwise sense (see

figure 4)
j{ dz o) (2) :]4 dz eTq><+>(z)+7{ dz oT® ) (2) (6.37)
|2|=1 2712 I+ 2miz o) | 2miz
s

[~2x,—
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—X.

Figure 5. Deformed contour for eT‘bH(z), consisting of the circle at infinity, not

represented here, and a path which circumvents the whole cut | — oo, —z~ ] in the
clockwise sense.

On the other hand, in the integral involving ®(~)(z) the unit circle can be deformed
into a circle, minus the point on the negative real axis, with radius R that goes to infinity
and a path around the cut | — oo, —x~]. By using the parametrization z = Rel’, with 6 # T,

we get the following large |z| behavior: |exp [r®()(2)] | ~ exp [—7’ aR cos(9/2)], SO

|z| =+o0
that the contribution of the integral along a circle of radius R vanishes in the limit where
R goes to infinity. Consequently, (see figure 5),

dZ <I>(_)() % dZ (IJ(_)()
—e" % = —e’ “, 6.38
]{|Z1 27rize ) }27Tize ( )
>

]—o0,—z
The crucial point is then to notice that the sum ™M@ 4 7@ g an analytic function
of z, which has no cut along the interval |—oco, —x~]. As a consequence, the integral along
the contour C](fgo ) with ®(7)(2) can be replaced by the opposite of the same integral

with ®+)(2) in place of ®(7)(z), and the equality (6.38) becomes

dz () (2) % dz dH) (2)
. T z — . T z 6.39
7{|Z127rize ) }27Tize ’ ( )
>

]—o0,—z

where C (__20,_1>] is the contour which goes around the cut | — oo, —z-] in the anti-clockwise
sense.

When the contributions (6.37) and (6.39) from the integrals involving respectively
®™) and &) are summed according to the definition (6.28) of K.(7;7), we get

d d
2K.(3: 7) :7{ 2 oT®M(z) _’_%C() 2 () (6.40)

I+ 27miz ] | 2miz

We stress that exp [T®(7)(z)] diverges when |z| goes to infinity, except on the negative
real axis, so that the contour integral along the cut |—oo, —z,] cannot be closed at the

point z = —oo. The expression (6.40) corresponds to integrating ¢™® ) /(2riz) along the
contour in figure 6.
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Figure 6. Contour of integration for e”® " (?) in the integral representation (6.40)
of K¢(7;7).

On the contour C_o 4}, 2 = eMioT where o = +1 if z is above the cut and o = —1

otherwise. Since 77 = n, where n is an integer,

Az o) _ _pyn [T R g (VAo =T
7{0() ]%e =(-1) /hw* ?e sin (7‘ a cosh A — b) . (6.41)

]—o00,—wx

The sign of this contribution changes for two consecutive values of 7, but its absolute value

is bounded,
f dz eT(D(+> (2)
e . 2miz

—o00,—x

1 _
< ——e T InE (6.42)
T}

6.2.3. Large T behavior. According to the saddle-point formula

j{ d? er®(+)(z) - L 1 eTcp(Jr)(xC)‘ (6.43)
T 2miz T—+00 T X, \/271' X d2q)(+)/dz2 |Z=IC

By using the inequalities, — Inz, < —Inz,, derived from the expression (6.31) and (6.32)
and (6.36), and —7 Inx, < ®*)(z,.), derived from (6.29), the bound exhibited in (6.42)
implies that

d
7{ B 4z e _ <erq>(+)(xc)) (6.44)
(CN

2miz
—zx]

where o (eTg(j)) denotes a function which decays faster than ™) when 7 goes to +o0.
Eventually, the definition (6.26) of K.(7;7) and the decomposition (6.40) together
with the behaviors (6.43) et (6.44) lead to

As x @7 @) (6.45)

Cr3 (7-) |'rj integer7—>+oo

where

O (ze) = 7 Il () + /22 (3) — 1+ /b + az, () (6.46)
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and
1 1 1
Az = — 6.47
VT 2027 /20 [d22| . (6.47)
with z. = z,.(7) + v/22.(7) — 1 and
2 7t + b7 +a?/4
2O /422, — VI +b ) (6.48)

) 1 VD) 1PV T

The same argument can be performed for K(*™(7;7) defined in (6.27), with the result

-1
g—,—j+An‘7-j integer (T) ~ A’g X eT¢(+)(xc) Wlth A’S‘ = |:ch” \/ A+<I’C):| AE- (649)

T—400

As a consequence,

1 - —
hI—P = In[e7"p7e5 (1) = () (6.50)
T—1T00 T
and
1 1 -/
im0, (0] = 70 (6.51)

with f(7) = =1 + JInp + ®H)(z,). By virtue of (4.53), Inp = In+/(A+ B)/(A—B
and, according to the definitions in (4.56), cosh™ ((1 —b)/a) = cosh™'(A/(v/ A2 — B?)) =
In\/(A+ B)/(A — B). Therefore f(7) reads

F(3) = —1 + eosh ™ (%)—mm [x+<7>+ xi@)—l}ﬂ/bwm), (6.52)

where 2 (7) is defined in (6.32).
Eventually, according to (4.45), P (Qy/Ae =n;7) is a finite linear combination of
functions of n plus a finite increment An, which can be rewritten as

P (% = n;7> =_ Z ban gan(T] + An;T), (6.53)

=T
! An=0,1,-1

and all functions ga, prove to have the same ‘large deviation function’ f(7) in the sense
of definition (6.25),

9an(TI+An;7)  ~ - Aan(J, 7)e”/0). (6.54)

77 integer

Therefore, by comparison with (6.23) and (6.24) we get

fo,)=70) and  AGT)=7 > banAan(7,7), (6.55)

An=0,1,—1
where the expression (6.52) of f(7) indeed coincides with the result (6.10).
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6.3. Derivation by Laplace’s method on a discrete sum

As the reader may have noticed, the computation of the large deviation function via
contour integrals is a bit tricky and clumsy due to the cuts, and relies on some
compensations which are not totally obvious to foresee.

In the case at hand it is possible to derive the large deviation function via Laplace’s
method applied to a discrete sum of non-negative contributions. We illustrate this briefly
in the case of K",

The key is an explicit formula for SiIl(T\/ A (2))/ \/ A, (z) as a Laurent series in z.
From the symmetry z < 1/z we can concentrate on positive powers of z. We start with

sin (T AJr(Z)> oo ok

X0 = 1; W[A+(Z)]k (6.56)

and expand [A(2)]* as a Laurent polynomial in z,

(b + 2 (z + 1)>k =3 (9>l+m pEtom i (6.57)
2 2 B 2 Im!(k —1—m)! '

l,m>0
I+m<k

So for n > 0 one gets (take [ = m + n above)

dz 1 SiIl( A+( )) a\ 2m+n
7{|Zlﬁzn+l A Z Z 2/{5+1 <2>

+(2) m>0 k>2m+n

k!
m!(m +n)!l(k —2m —n)!’

% bk—2m—n

(6.58)

As 7, a and b are > 0, this is a (double) sum of positive terms, and we are interested in
the limit

T — 400 n=7j+ An with An € {0, -1, 1}. (6.59)

It is straightforward to check that in this limit the maximal term in the (double) sum is
in the bulk (i.e. not for m = 0 or k = 2m + n) and such that k£ and m scale linearly with
7. One can use the Stirling approximation for all factorials and obtain the large deviation
function straightforwardly, the most painful part of the computation being the location
of the maximal term. We omit all details.

7. Dependence upon typical time scales of the thermostats

In this section we are interested in the influence of the typical time scales in the limit
where the heat exchanges with one of the two thermostats become infinitely fast. We
only explicitly consider the limit when v5/v; goes to infinity, namely when heat bath
2 exchanges heat with the two-spin system far faster than heat bath 1 does. Indeed,
the opposite limit when v, /14 vanishes involves similar calculations (where the roles of
Q‘li = —Q; and Q, are interchanged), and the results in both limits are essentially the
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same when they are stated in terms of quantities pertaining either to the ‘fast’ heat bath
or to the ‘slow’ heat bath. The main results are summarized with the latter terminology
in section 1.2.

7.1. Stationary mean values in the infinite v /17 limit

The evolution of the probability distribution P(cy,09;t) is given in (4.39), where the
time scales involve the parameter o = /1 —4A with A = 7,75 (1 — 717,). When the
ratio of inverse time scales v/ goes to +oo, lim,, /V1_>+oo%(V1 + 1) [1 + a] = vy and
limy, /i, 4003 (V1412) [1 — @] = 11 (1—7172), so that the probability distribution P(oy, 02;t)
goes exponentially fast to its stationary value over the time scale 1/[v4(1—7172)]. Moreover,
since 7. = Uiy + Taye, limy, 400V = 72, and, according to (3.6), the stationary
probability distribution Py (o7, 03) coincides with the canonical distribution at the inverse
temperature (3, of the fast thermostat, namely
lim  Py(oy,00) = i(l + Y20109). (7.1)
Vo [v1—+00

(T, Ty) corresponding to a variation
of the temperature T, of bath a (for a = 1,2) and given in (3.22), become
iy, /v, +0oC (T1, Ty) = 0 and lim,, jy, o CE (T, Ty) = Coq(Th) respectively, while the
heat capacity Cy (71, T2) corresponding to equal variations of both bath temperatures,
and given at the end of section 3.2.3, becomes lim,, /, —100Cst (11, T2) = Coq(T3).

On the other hand the time scale of the mean currents of exchanged quantities is that
of the slow thermostat. Indeed, according to (3.27),

. ) v Ae
lim <J2>st = (- ’Yz) -

va [v1—+00 2 ’

As a consequence the heat capacities Cl

(7.2)

and the thermal conductivity is determined by the typical time scale 1/v4 of the slow
thermostat. Similarly the housekeeping entropy flow (3.47), which is equal to the opposite
of the mean exchange entropy flow in the stationary state dexenS/dt|s;, becomes

Ae
lim  ow[Pa] =1 (1 —72) (61 — B2) > (7.3)

V2 [v1—+00

7.2. Various probabilities in the infinite v /17 limit

The stationary probability that the heat received from bath 1 is equal to Q; = —n;Ae is
given by (4.44), where 7, is to be replaced by lim,, /., +0c7% = 72, With the result
lim Py(ny;t) = lim e 7 ¢, (7) + 8u, (7)] . 7.4
i Pty =lim e e (1) + s, (1) (7.4)
According to the definitions (4.34) and (4.35), the integral representations of ¢, (7) and
$n(7) in the complex plane involve the discriminant Ay (z). In order to discuss the
dependence upon the inverse time scales 17 and v, it is convenient to rewrite the expression
(4.22) of A4 (z) in terms of the parameters p; and p_ defined in (6.15). The correspondence
with A and B reads A = 7175 (py + p—) and B = 7175 (p; — p_), and

1
Ap(2) = 1420175 | =(p4 +p-) + P4z +p-— |- (7.5)
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Therefore lim,,,, —00A4(z) =1 and the leading order of (11 + 10)[—1 + /A (2)] is
merely sv1[—(py +p-) +piz +p-(1/z)]. Consequently e "¢, (1) and e 7s,, () have the
same asymptotic behavior and

. _r dz 1
VQ/IETBHOG [cn(T) + 80 (T)] = jéz|:12_mﬁGRW(z§ vit), (7.6)
where
1 1 1
Grw (z;1t) = exp {—§(p+ +p_ )t + 3 {p+z - p_;} I/lt} . (7.7)
+o00o

This expression can be interpreted as Grw(z;vit) = > 2 2" Paw(n;vit), namely
Grw (z;11t) is the generating function of the probability Prw(n;vit) for the continuous-
time random walk, also referred to as the ‘randomized’ random walk (see for instance
page 59 of [27]), which is determined by the Markov evolution equation

d Prw (n; 1t v
APy (m; 11t) == [— (p4+ + p=) Paw(n; vit) + pyPaw(n — 1;11t) + p_ Paw(n + 1;11t)],

dt 2
(7.8)

and the initial condition Prw(n;t = 0) = d,,0. By virtue of the identity which defines the
generating function of modified Bessel functions I,,(x),

+oo n
(/o4 ztp-(1/2)nt _ Z (z Zﬁ) I, (nit\/pip-), (7.9)

p-

n=—0oo

where

2 dé )
In ) = _efmee:rcosa. 7.10
@w=[ 5 (710
As can be derived from the latter integral representation, the modified Bessel function
I,(z) is an even function of n, I_, = I,,. Therefore the series representation of the
expression (7.7) for the generating function Grw(z;11t) yields

PRw(TL, V1t> = (1 /%) I\n| (, /D1D— X V1t> e—(1/2)(p++p—)l/1t‘ (711)

Eventually the limit in (7.4) reads
lim  Py(ni;t) = Prw(ng;nt), (7.12)

va [v1—+00
where the thermodynamic parameters of the thermal baths appear through the
combinations of p, and p_ explicitly given in (6.18). On the other hand the probability
that at time ¢t the system has received a heat amount Qs = nyAe from bath 2 is
given by (4.45). Since limy, /y,—100€ "¢, (T) = 3 Paw(n;11t) and lim,, i 0™ 78,(T) =
1 Prw (n; 11t),
' 1+ 2 1_ 2
lim  Py(ng;t) = 1 Prw (ng; 1t) + 472

va [v1—+00 2

[PRw(ng + 17 Vlt) + PRw(TLQ — 1, Vlt)].
(7.13)
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We notice that at equilibrium, namely in the stationary state where 3, = By = f3,
p+ = p_ according to (6.18), and the limit (7.12) reads

lim  Pag(nist) = Iy ((1 — A2 int)e” /205t (7.14)

I/g/lllﬂ-‘roo

Similar formulae hold for the three contributions in lim,, /,, oo Peq(n2; t), which is derived
from (7.13).

7.3. Interpretation: mean-field regime

When the initial state is distributed according to the stationary measure, the probability
that at time ¢ the system is in a configuration where o104 is equal to +1 and that the
system has received a heat amount Q; = —njAe from bath 1 is given by (4.42) and (4.43),
where 7, is to be replaced by lim,, /., .47 = 72, namely

lim Py (o100 = £1,n;t) = 2 [1 £ Lm e 7 [cn, (7) + 80, (7)]. (7.15)

2

V2 /v1—+00 v /v1—+00

Comparison with (7.1) and (7.4) shows that the latter equation can be interpreted as
Py(o109 = £1,n1;t) ~  Py(oy09 = £1) X Py(ng;t). (7.16)

V2 [v1—+00

This is a mean-field property: between two flips of spin o1, spin oy is flipped so many
times by thermostat 2 that, when spin oy is flipped again, the sign of o105 is no longer
correlated to its value when the previous flip of o7 occurred. Therefore the variation of
n1, which is generated by the flip of ¢; and the value of which is determined by the sign
of o109, is no longer correlated to the sign which ;05 had when the previous variation of
ny occurred: the probability distributions of o105 and n; are independent of each other.

On the other hand, the probability that at time ¢ the system is in a configuration
where o105 is equal to 1 and that the system has received a heat amount Qy = nyAe from
bath 2 has an expression given by the remark after (4.42) and (4.43). We get

: 1+ 72)° 1—~3
lim  Pa(oros = +1,m08) = S50 gty + 222 B+ L), (7.17)
va /v —+00 4
while
1 — )2 1—~2
/hm Pst(alcrg = —1,n2,t) = %PRw(ng;Vlt)—f— 472 PRW(”Q — 1,V1t) (718)
va/v1——+00

Comparison with (7.13) shows that there is no factorization similar to (7.16). In other
words the variables ny and ;09 are still correlated.

7.4. Symmetry property specific to the probability of 9,

The probability Prw(n; v1t) for the continuous-time random walk, recalled in (7.11), obeys
the symmetry

Prw(n;mnt) D+
— 7~ =nln—
PRw(—’I’L; I/ﬂf) p—

As a consequence, according to (7.12) and the relations (6.18), the probability distribution
for the heat amount dissipated towards the slow bath, @ = —n;Ae, obeys the finite-time

In at any time ¢. (7.19)
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syminetry

P (Q4;1) B 4
n Pst(—Q(li, t) 1/2/1/1_—>+oo(ﬁ1 - 62)Q1' (720)

However, by virtue of (7.13), there is no similar finite-time symmetry property for
Pst(QQ; t)-
7.5. Cumulants per unit time for Q¢ and Q>

At any time, according to (7.7), the characteristic function GRw(eX; v1t) for the continuous-
time random walk takes the very simple form

Grw (e 11t) = expltarw (X 11)], (7.21)
where
_ v T 5
arw (A1) = 51 [— (py +p-) +piet+p_e A} . (7.22)
On the other hand, according to (7.12), :fifooexnllimw/yl%ﬁoljst(nl; t) = GRW(eX; vit).

Therefore, the cumulants for Qf are given at any finite time by the formula HL‘Z} =

07 In Grw (e*; v1t) /ON|r—o and the cumulants per unit time read for p > 0

1 v v
Z 2 +1] - Z1 — = L — 7.23
=g ) =) (7.23)
and for p > 1
1 v v
Z . [2p] - Z1 — 2= ) 7.24
S g Pt p-) =5 (1) (7.24)
In the case of Qy, by virtue of (7.13)
+00 o _
Z M Py(nost) = L[1+475+ (1—13) cosh\] Grw(et; ). (7.25)

e va [v1—+00
The cumulants per unit time of Q, coincide with the cumulants per unit time of Q¢ only
in the long-time limit, in agreement with (5.10) and because Q¢ = —Q; = n;Ae,

1 1
lim ~kP = lim ~xP (7.26)

t—too t 2 t—+too t M
When the system is at equilibrium v; = 7, and the long-time behavior of all odd cumulants
per unit time vanish, as already noticed in section 5.2.
We notice that the previous results can also be retrieved directly from the expression

for the generating function as(A) of the long-time cumulants per unit time. (The limits

Vo /11 — 400 and t — +00 do commute with each other.) The expression of as(A) is given
in (5.14), and, according to the relations after (6.15), it reads

as(N\) = % {—(V1 + o) + \/(1/1 + 19)2 4 2141 [—(er +p_) +p+ex+p,e—x] } : (7.27)
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a()\) is a symmetric function of v, and 5. In the limit 15/, — +o00 the generating
function of the long-time cumulants per unit time becomes

lim  ax(A) = arw(\; 1), (7.28)

I/Q/V1—>+OO

where agw (\; 1) is given in (7.22).

7.6. Long-time current distribution in the infinite v /v; limit

According to the definition (7.10) of the modified Bessel function

2w
I—ii(at) = / gﬁ 8:3) with ¢(0;7) = —i70 + accos b, (7.29)
0

where « denotes some parameter. In the complex plane where the affix reads z =
0 + i, g(z;7), the analytic continuation of ¢(6;7), is a periodic function of z with
period 27 when tj is equal to an integer. Therefore I,—; can be rewritten as I,—; =
f[_mﬂ (dz/2m) expltg(z;7)] and, by applying a saddle-point method to the latter integral,
with a deformation of the initial contour in order to exhibit the constant phase path which
goes through the saddle-point in the direction where it is indeed a maximum, as done in
section 6.2, one obtains (with the relevant saddle-point z. = —i In[(|7]/a) + /(7/a)? + 1])
that

Ln(at) =
n=tj\&¥ ~
e \/27'('0(15\/(7/(1)2 +1
~\ 2 ~\ 2
X exp |t |« (é) +1—|7]In %4— (é) +1 : (7.30)

(The latter asymptotic behavior can also be directly read at page 378 of [28]). The long-
time behavior of a current density II(7;¢) is given in terms of P(n = ¢J;t) by (6.22) and
(6.23). From the expression (7.11) for Prw(n = tJ;1t) with a = v1/pyp—, we get

Piw (7, t;v1) = Arw (J, t; vy ) e mv i) (7.31)

with Agw (7, ;1) = 1/\/27ru1t¢p_p_ + (J/v1)? and

!ﬂ /z2+p+p ] (7.32)

where frw(7; v1) is the large deviation function for the randomized random walk described
by the Markov equation (7.8). We notice that, as predicted by large deviation theory and
in particular the Gértner—Ellis theorem, frw(7;71) can also be retrieved as the inverse
Legendre transform of the generating function of the long-time cumulants per unit time
arw (A; 1) written in (7.22).

— 7] In
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The probability density of the cumulative heat current Q% /¢ in the long-time limit is
given by (6.22), (7.12) and (7.31), with the result

as Qd ~ ,
i (ﬁ — t) afir b0 Z 5(]- —) tArw (7, t; 11 )e! @) - (7.33)

Similarly, according to (7.13), by an argument similar to that leading to (6.55), the
probability density of the cumulative heat current Qs /¢t in the long-time limit is shown to
read

Qy t
as (=2 _ 7t ) — —\tA t wa(],u1) 734
(tAe J5 > V2/V1—>+oo _Z: (‘7 > 2(j’ Vl) ( )

with Ay (J,t;11) # Arw(J,t;11). We retrieve that the cumulative heat Qf = njAe and
9y = nyAe have the same large deviation function, and, more precisely,

A fa(?) =i (im). (7.35)

We notice that the expression (7.32) for the large deviation function frw(J; 1) agrees

with the limit of the expression (6.16) for fo,(7), when 1, /14 goes to infinity and J/u; is
fixed. Indeed, in the expression (6.16), which is valid when T} # 0, the function Z(7) given
n (6.17) is such that

|
lim  Z . . 7.36
. //;}r;ritgo (1) = mag s (7.36)

while (1 + 1) (—1 + /1= 20,Dalps +p- — 22(5)]) ~ —un [ps + p_ — 2Z(3)]-

8. Case where T; = 0: pure energy dissipation towards thermal bath 1

8.1. Microscopic irreversibility

When the temperature T of the colder bath vanishes, in the sense that $;Ae goes to
infinity, the microscopic reversibility (2.2) is broken,

(—o,0|W|o,0) =0 whereas (o,0|W| —0,0) # 0 (8.1)

by virtue of the expression (2.9) for the transition rates when ~; = 1. In other words the
thermal bath at zero temperature cannot provide energy to the system, i.e., it cannot flip
spin o if the flip corresponds to an increase of the two-spin system energy. There is only
energy dissipation towards the zero-temperature bath.

When (;Ae = 400, the ratio in the modified detailed balance (2.3) vanishes or is
infinite when two configurations differ from each other by the sign of o;; while when
spin o7 is flipped by thermostat 1, the corresponding variation of the thermostat entropy,
SSTH(C' «— C) = —316¢1(C' + C) with definition (3.26), is infinite. All direct consequences
of the modified detailed balance (2.3) are no longer valid.
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However, the Markov matrix (2.10) of the configuration evolution is still irreducible
(see the definition after (2.10)) because histories such as

(0,0) — (0,—0) — (—0,—0) — (—0,0) (8.2)

correspond to a succession of flips with non-vanishing transition rates. Therefore,
according to the Perron-Frobenius theorem, there still exists a single stationary
distribution, and in the latter distribution every configuration has a non-vanishing weight.
The stationary probability given by (3.6) is still a canonical distribution with an effective
inverse temperature 3° = (2/Ae)tanh™'4?, with 0 = 7, + Tyy,,

: 1 0
ﬁlAliElJroo Py(o1,02) = 7[1 + 7,0109]. (8.3)

According to (3.27), the mean current is finite,

lim  (ja)s = (1 —2) (8.4)

e
1 Ae—+00 141 + 1) 2 '

Since 1 Ae = +00, the stationary exchange entropy flow (3.34) is infinitely negative in
the stationary state

. deXChS
1m
B1Ae—+oo  dt st

= —00, (8.5)

while the rate of entropy production, which has the opposite value in the stationary state,
is infinitely positive, limg, Ae—+oodingS SG /dt|ss = +00. We also notice that the heat capacity

with respect to a variation of the temperature 77 from the zero value, Cs[y (Ty = 0,T5),
defined in (3.19), vanishes according to (3.22).

As a consequence of the fact that the thermal bath at zero temperature cannot give
energy to the system, Q; = —n;Ae is necessarily negative and

P(Q1,05:t)=0  if Q; > 0. (8.6)

This can be checked on the explicit expressions of section 4.2 as follows. The probability
that the system is in configuration (oy,09) at time ¢, = 0, in configuration (o7, 0}) at
time ¢ and receives Q; = —nAe and Qs = (n + An)Ae during the time interval [0, ¢]
is (01, 05|U(n,n + An;t)|o1,02). According to (4.36) and (4.37), where 77 is to be set
equal to 1, the latter matrix elements involve the functions ¢,(7) and s,(7) defined in
(4.34) and (4.35). When T} vanishes, v, tends to 1, A — B = 7172(1 — 71)(1 4 72) goes
to zero and, by virtue of (4.22), limg, ac—1+00cA4(2) =1 — 24 + 2A2. As a consequence,
cosh(7v/A4(2)) = >,_o[1/(2p)!]7*(1 — 2A + 2Az)P contains only positive powers of z,
and so does sinh(71/A(2))/1/A+(z). Consequently ¢, () and s, (7) vanish for n < 0 and
limg, Ae—t+00(01, 05|U(n, n + An;t)|oy, 02) = 0 for any n < 0.

8.2. Long-time behavior

The explicit values of the infinite-time limit for the cumulants per unit time of the heats
Q‘f and Qs can be calculated as in section 5.2. When T} vanishes, 73 = 1, A tends to

doi:10.1088/1742-5468/2013/10/P10009 52


http://dx.doi.org/10.1088/1742-5468/2013/10/P10009

Thermal contact through a diathermal wall: a solvable toy model

A® = 7175(1 — 73), and A — B vanishes. Then the expression (5.14) of as()) is reduced to

ﬁlAleigﬂo ar(A) =1 {—(V1 + 1) + \/(1/1 + 19)% 4 21415 (1 — ) [—1 + ex} } . (8.7)

The expressions of the first three cumulants can be retrieved by setting v; = 1 in the
expressions (5.16).

As in section 6, the large deviation function can be derived either as the Legendre
transform of as()) or by a saddle-point method similar to that performed in section 6.2
for Pp,(n9;t) given by (4.45), which also provides the amplitude of the probability, or it
can be retrieved directly by taking the limit 743 — 1 in the expressions (6.13) and (6.14)
for the large deviation function 792 (7), as follows. In the limit where T} vanishes, so does

A— B, and Y (7) tends to Y°(7) =7 [j +vV7P+1- 2A0}, where A = 7,75(1 — 75), while,
according to (3.27) and (6.3),

<7>2t = 7172(1 — ’)/2). (8.8)
As a result,
g, JalT) =, =o
. gt + 19 _ 01 -
i fa(7) = Pt (=1 1+ w8

F VP 1-20% - g3 [74 7+ 1-208] ) (5.9)

where 7= [2/(11 + 11)]T [/ Ae.

8.3. Limit where v3/1r1 becomes infinite

8.3.1. Finite-time behaviors. The discussion can be performed along the same lines as
in section 7. We only point out the features which are qualitatively different when ~; = 1.
The discrepancies are due to the fact that, according to (6.15), when +; = 1, though p,
remains finite,

p_ =0, (8.10)

and the random walk process associated with the variation of the heat amounts Q¢ or
Qs can have only positive increments. As shown below, a Poisson process appears as a
randomized random walk which can proceed only in the sense of increasing positive ns.

Since p_ vanishes, while p, =1 — 79, the expression (7.5) for A (z) becomes
limg, Ae—tooDi(2) = 14 20175(1 — 1) [—1 + 2| and the generating function Grw/(z;v1t)
which appears in section 7.2 (see (7.7)) is to be replaced by

Gpois(2; 1t) = el 1Pt (8.11)
with
pyvi = 5(1 =) = 2/1im+ D% = D& (8.12)
Vo /v —+00

doi:10.1088/1742-5468/2013/10/P10009 53


http://dx.doi.org/10.1088/1742-5468/2013/10/P10009

Thermal contact through a diathermal wall: a solvable toy model

Gpois(z; 1) is the generating function Gpeis(z; 11t) = +ooz Prpois(n; v4t) for the Poisson
process ruled by the Markov evolution equation
dPPois (n; I/lt)
dt
and the initial condition Ppyis(n;t = 0) = d,9. The solution reads

=P+ [_PPois(n; Vlt) + PPois(n - 1; Vlt)] ) (813)

t n
Proio(n; vt) = %e—"w. (8.14)

Eventually the probability that at time ¢ the system has dissipated a heat amount
Q¢ = n;Ae towards bath 1 at zero temperature reads

lim lim  Pyg(ni;t) = Ppois(ni; vit). 8.15
V2/V1_)+ooﬁ1A;_)+ i(n1;t) Pois (13 V1t) ( )
A formula similar to (7.13), where Prw(nso;v1t) is to be replaced by Ppeis(ne; v1t), holds

for the probability that at time ¢ the system has received a heat amount Qs = nsAe from
bath 2.

8.3.2. Long-time behavior. The infinite-time cumulants per unit time for the heat
Q, can be obtained by noticing that, when vy/v, vanishes, the expression (8.7) for
limg, Ae—+o00@2(A) becomes

lim lim  as(N) = apois (X; v), (8.16)

va /v1—+00 f1Ae—+o00

where
OPois (X; n) = %(1 — Y2) [—1 + ex] (8.17)

is the cumulant generating function for a Poisson process with average v1py = (v1/2)(1 —
72). We notice that the two limits can be taken in the reverse order: by virtue of
(7.28) 1limg, Ac—stooliMyy /; oo@2(A) = limg e ocrW (A; 1) = apois(A;1). The long-
time cumulants per unit time are all equal

. 1 . . %1
tEHloo ; (Vz/z}}ElJroo ﬂlAligl+oo likﬂ) B 5(1 a 72)' (818)

The large deviation function can be retrieved

e cither as the Legendre transform of ay(A) = apois(X; 1),

e or by a saddle-point method applied to the expression (8.14) of Ppyis(n; v1t) and similar
to that performed for Pry(n;vit), with the result,

etfPois(j;Vl) (819)

PPois (tjv Ult) t%:oo 27Tt:7v

t7 integer

with

frois(i1) = = +7— <] =oa (8.20)

st

where (7)%* is defined in (8.12),
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e or directly by taking the limit v5/v; — +o00 with /1, fixed in the expression for the
large deviation function limg, e 100 f0,(J) given in (8.9) (and by noticing that (7)%
is of order vy /vy, while 72 is of order (7/11)? x (11 /12)?),

e or by taking first the expression for J > 0 of lim,, /,, 40 f0,(J) given by (7.35) and
(7.32), and then taking the limit 5;Ae — 400, namely p_ — 0.

Eventually, the large deviation function takes the simple form

lim lim = —00
vy /v1—+00 B1Ae—+00 fQ2 <j) J<0

i 1 = . 1 — L _ 0% . j
Vz/llirilJroo 51A129+oo ng (j> J_>O fPOlS (Ae’ Vl) o Ae |: <j2>5t T j j 111 <\72>2t* (821)

where (72)%* = (11/2)(1 — y2)Ae.

The expression of (7)%* can be interpreted as follows. Since bath 1 is at zero
temperature, spin ¢; may be flipped only when it is opposite to spin g5. Moreover, since
vy > 11, once spin 1 has been flipped so that o100 = 1, on average spin 2 is flipped a
great odd number of times with a net energy transfer Ae from heat bath 2 until spin o,
is again flipped with an energy transfer Ae to heat bath 1 so that oy09 = 1 again. As a
consequence, the mean energy current through the spin system is equal to Ae times the
typical inverse time v between two possible flips induced by thermal bath 1 times the

probability that oy is opposite to o, namely (1 — 72)/2.

8.4. Limit where v3/1; tends to zero

In the reverse limit, where vy < vq, the roles of the two heat baths in the discussion of
section 7 are interchanged (see comment after (4.42) and (4.43), as well as comparison
of (4.44) and (4.45)). The slow thermostat is heat bath 2 and the evolution of Q, is a
Poisson process with the kinetic parameter vs.

The stationary mean heat current received by the system is now (J2)%* = (12/2)(1 —
v2)Ae. The interpretation of the latter expression is the following. Since vy < 11, as soon
as spin o, is flipped to a value opposite to spin o; with an energy transfer Ae from heat
bath 2, bath 1 flips spin o7 so that o100 = 1 and an energy Ae is transferred to heat bath
1. The next flip can be only a flip of spin o5, and its probability per time unit is the value
of the transition rate of spin 2 when o705 = 1, namely (1/2)15(1 — 73). As a consequence
the mean energy current through the spins system is equal to Ae times (5/2)(1 — 7).
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