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Abstract. We consider a one-dimensional Ising model with N spins, each in
contact with two thermostats of distinct temperatures, T and T5. Under Glauber
dynamics the stationary state happens to coincide with the equilibrium state
at an effective intermediate temperature T'(l}, 15). The system nevertheless
carries a nontrivial energy current between the thermostats. By means of the
fermionization technique, for a chain initially in equilibrium at an arbitrary
temperature T, we calculate the Fourier transform of the probability P(Q;T)
for the time-integrated energy current Q during a finite time interval 7. In the
long time limit we determine the corresponding generating function for the
cumulants per site and unit of time, (Q")./(NT), and explicitly give those with
n=1, 2, 3, 4. We exhibit various phenomena in specific regimes: kinetic mean-
field effects when one thermostat flips any spin less often than the other one, as
well as dissipation towards a thermostat at zero temperature. Moreover, when
the system size N goes to infinity while the effective temperature 7T vanishes,
the cumulants of Q per unit of time grow linearly with N and are equal to those
of a random walk process. In two adequate scaling regimes involving 7" and N
we exhibit the dependence of the first correction upon the ratio of the spin—spin
correlation length £(7') and the size N.
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1. Introduction

Over recent decades, the statistics of the currents that characterize an out-of-
equilibrium state have been intensely studied both experimentally and theoretically.
Indeed, the fluctuations of these currents in small systems are non-negligible with
respect to their mean value, and they can now be investigated at nanoscale thanks to
very fast technological improvements [1, 2]. Meanwhile, the theory of stochastic ther-
modynamics has been developed and the large fluctuations of time-integrated currents
in out-of-equilibrium systems have been shown to obey generic fluctuation relations.
The latter have been derived under various hypotheses about the microscopic dynam-
ics: deterministic or stochastic with either discrete or continuous degrees of freedom!.
These fluctuation relations for time-integrated currents quantify how the second law of
thermodynamics, valid for mean currents, is modified at the scale of fluctuations; they
are linked in some way to the fluctuations of the time-integrated entropy production
rate in the system?. In particular, the class of systems with a finite number of discrete
degrees of freedom has provided firmly established fluctuation relations [4].

Besides these generic fluctuation relations based on symmetry arguments, solv-
able models have provided better insight into more detailed statistical properties of
non-equilibrium stationary states (NESS). This is most valuable in the absence of any
equivalent of the equilibrium Gibbs ensemble theory for the description of NESS. In
particular, two paradigmatic kinetic models where a stationary current of particles or
energy quanta flows from one reservoir to another have been widely investigated under
various forms. On the one hand, we have one-dimensional systems of particles endowed
with a simple exclusion process and non-equilibrium open boundary conditions; such
models describe particle exchange between two reservoirs connected to both ends of the
system and which have different chemical potentials (see reviews [8, 9]). On the other
hand, we have Ising spin chains (with nearest-neighbor ferromagnetic interactions)
where all spins are flipped by one of two thermostats.

In this paper we will introduce and study analytically a particular version of an
Ising chain coupled to two thermostats. We begin by briefly recalling a few exact ana-
lytic results about kinetic Ising models.

In 1963 Glauber [10] endowed the Ising spin chain with a stochastic dynamics in
order to describe the relaxation of this chain to its canonical equilibrium, which is
determined only by the Ising energy and a given temperature 7. A spin flip is inter-
preted as an energy exchange with a thermostat at temperature 7. A single spin is
flipped at a time, and the corresponding Markovian process is described by a master
equation in spin configuration space.

The relaxation to the canonical equilibrium is ensured by the choice of the trans-
ition rates made by Glauber: these are the simplest ones that obey the detailed bal-
ance with the canonical configuration probability. The solution to the full description
of the approach to equilibrium in this kinetic model was made in successive steps.
First, Glauber determined the evolution of the average magnetization and spin—spin
correlations, and studied the linear response to an applied magnetic field. In the early

! For a comprehensive review, see the report by Seifert [3] and the references therein. In particular, for the case
of stochastic Markovian dynamics with jumps between a finite number of configurations, see [4].
2 Short introductions which point out the role of entropy are to be found e.g. in [5-7].
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1970s, higher order correlation functions were studied [11, 12]. In particular, Felderhof
[12, 13] was the first person to apply the fermionization technique to the Glauber model
and showed that the master equation is fully solvable: that is, for a system of N spins
the 2% eigenvalues and eigenvectors of the Markov matrix were all found exactly.

Later, kinetic models for the Ising chain have been introduced in order to investi-
gate the non-equilibrium stationary state (NESS) sustained by this Ising chain when
the spins are flipped by two thermostats at different temperatures.

Exact results regarding the stationary probability distribution of the spin
configurations have been obtained through the determination of mean instantaneous
quantities in various models [14-17]. Analytical expressions for the large deviation
function of the time-integrated energy current in the non-equilibrium stationary state
(NESS) have been obtained for simpler models [18, 19]. The complete description of
the time-integrated energy currents has been obtained for a model where thermal con-
tact between two thermostats is ensured by the interaction inside a set of independent
Ising spin pairs, where each thermostat flips only one spin in the pair, according to
the corresponding Glauber dynamics [20]. The explicit joint probability of the cumu-
lative heats received from each thermostat at any time, and the analytical expression
for the large deviation function of the time-integrated heat transfer from one thermo-
stat to the other, were obtained®. The explicit stationary probability distributions of
microscopic configurations have also been obtained for other archetypal models: the
asymmetric exclusion process [9] and several variants of the zero-range process [22, 23].
The generating function for the cumulants of the time-integrated particle current have
been obtained by sophisticated methods for various models endowed with an simple
exclusion process [9].

In this work we study the Ising chain with a ferromagnetic nearest-neighbor cou-
pling £, a finite number N of spins, and periodic boundary conditions. The chain is
coupled to two thermostats at temperatures 77 and T, in the simplest of all possible
ways: each spin may be reversed by either thermostat according to Glauber transition
rates with inverse time constants (inverse time scales of random jumps) v; and v,
respectively. These are kinetic parameters which depend on the microscopic dynamics
of the system, as opposed to the thermodynamic parameters 77 and T, of the energy
reservoirs. The amount of energy received by the chain for each spin flip is equal to —E,
0, or +F. In the following, all energies will be expressed as multiples of 4F. We will take
Ti > T5 throughout this work. We rescale the physical time ¢ as 7 = (v1 + v9)t and the
kinetic parameters as j, = 1,/(v1 + 1), where a =1, 2.

We are interested in the joint probability P(Q):, Qo; 7) for the stochastic energy
amounts (); and (), received by the Ising chain from the thermostats during a given
time 7. Then the probability for the time-integrated energy current Q (or net total
energy that has flowed) from thermostat 1 to thermostat 2 during time 7 is obtained

as the marginal probability for the variable Q = %(Ql — ()9). (We recall that ), (with
a=1, 2) is an integer.)

3 In the case of interacting Ising spin pairs one can obtain a partial description of the energy transfer from one
thermostat to the other: the generating function for the long time cumulants per unit of time can be calculated
analytically [21].
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The key to solvability is the observation?! that the sum of two Glauber rates at
temperatures 77 and 75 is a Glauber rate with an effective kinetic parameter v 4 vs,
and at an intermediate temperature 7T which is a function of T}, T5 and 7; = v1/(v1 + o).
As a consequence, on the one hand, the transition rates obey the canonical detailed
balance and in a finite time the Ising spin chain reaches its stationary state where
the probability of a spin configuration is the Boltzmann—Gibbs weight at the effective
temperature T'(T;, T3, 7;). Then the net instantaneous energy current on each site has
a zero mean, ( j) = 0, but the contribution to this mean current from each thermostat
does not vanish, (j;) = —(J,) = 0.

In order to deal with the extended Markov matrix which governs the evolution of
the Fourier transform of the joint probability P(s, ()1, @2; 7) for spin configurations s and
exchanged quantities (); and (), we extend the original method introduced by Felderhof
[12, 13] for the Markov matrix of the probability P(s;7) of the spin configurations dur-
ing the relaxation to equilibrium for an Ising chain coupled to a single thermostat.
This extended method yields all eigenvalues and eigenvectors of the extended master
equation. It allows us to calculate the Fourier transform of P(Q;, Qs; 7) and P(Q; ) at
any time 7. The system fulfills the hypotheses of various generic fluctuation relations,
(5.32)—(5.35) and (6.20)—(6.21), which are indeed satisfied by the explicit expressions for
the involved quantities.

From the expression for the Fourier transform of the probability P(Q;T) of the

time-integrated energy current Q = %(Ql — ()9), we obtain the explicit expression of the

generating function for the infinite time limit of the cumulants of O per site and unit of
time, to be denoted as (Q")./N7. The nth cumulant (per site and unit of time) of inter-
est, lim__, _(Q")./(NT), appears to be an nth degree polynomial in two variables A and
B that are combinations of the thermodynamic and kinetic parameters,

A= 175(1 — %), B = 7102(v, — 1), (1.1

where 7, = tanh 23,E for a = 1, 2°. These polynomials have coefficients 3,(N, ) which
depend on the system size N and the inverse effective temperature G = (1/2F)artanh~y.
They generalize the constant-coefficient polynomials that appeared in work by Cornu
and Bauer [20] for a model where each thermostat flips only the spin on a given site.
Although their model is different from the present chain with N = 2, its various sym-
metries render its energetics identical to that of the present N =2 system’.

The explicit solution for the long time cumulants per site and unit of time allows one
to investigate several physical effects beyond the generic symmetry relations. Indeed,
kinetic and dissipation effects specific to various regimes of the thermodynamic and
kinetic parameters can be investigated. They are summarized in the conclusion.

Moreover, size effects generated by the interaction between spins can be controlled.
The model makes sense only if the effective temperature 3 is finite (7= 1). Then the
large deviation function exists in the infinite size limit and all long time cumulants

4 This observation goes back at least to Garrido et al [24], whose focus is, however, different from ours.

5 We use the same symbol P for various different probabilities; the meaning will always be clear.

6 They are the same as the A and B of [20], except that our B has a minus sign compared to B, due to an inversion
of the roles of the two thermostats.

" Properties of their model that are invariant by a global spin flip are equivalent to the properties of our system
that are left-right invariant along the chain with N = 2.
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per unit of time for the whole chain, lim__ _(Q")./T, are proportional to the size N of
the chain at leading order in N. In the double limit, where the effective temperature
1/83 goes to zero while the size N goes to infinity, all these cumulants are proportional
to (1 —y)N at leading order in N and 1 — . We notice that the factor (1 — «) disap-
pears if one considers the rescaled cumulants per unit of time when the unit of time
is the magnetization relaxation time 7, which is equal to [(v; + v2)(1 — )L In this
double limit the variables A and B defined in (1.1) vanish as 1 — « while the coefficients
limy_, o 2n(N, y) with n> 2 diverge. As a consequence, the leading behavior of the res-
caled cumulants per unit of time is a random walk contribution of order N, whereas
the first correction to it is not of order zero in N when 1 —y— 0. In fact one has to
consider two scaling regimes where the increase of N> 1 is related to the decrease of
1 — v< 1; we exhibit how the first correction in the cumulants depends upon the ratio
of the spin—spin correlation length &£(7T) and the size N.

This paper is structured as follows. In section 2 we define the Ising model between
two thermostats. In section 3 we discuss the instantaneous energy current, whose aver-
age ( j) per site we determine by elementary means. In section 4 we define and diago-
nalize the master operator in the extended space of spin configurations and energies ()
and (), received by the spin chain from both thermostats during a time interval 7, and
in section 5 we determine the Fourier transform of the joint probability P(Q1, @2; 7).
We check that the explicit expression of P(Q1, Q2; 7) in the present model does satisfy
the fluctuation relations (5.32)—(5.35) which are retrieved from general considerations.
In section 6 we obtain the Fourier transform of the probability P(Q;7) of the time-
integrated energy current Q from one thermostat to the other during a time 7. We
determine the cumulants per site and unit of time of Q in the long-time limit and
discuss their structure. In section 7 we study physical effects in various regimes of the
thermodynamic and kinetic parameters for a finite chain. In section 8 we consider a
large size chain at very low effective temperature: from the study of some divergent
coefficients performed the in appendix, we exhibit the first correction to the leading
N-behavior of the cumulants. In section 9 we briefly conclude.

2. Ising model coupled to two thermostats

We consider a chain of Ising spins s, = +1, where n=1,2,..., N and N>2 is an arbi-
trary integer. A configuration s = (sy, o, ..., Sy) of the Ising model has an energy H(s)
given by
N
H(s)=—E> s$psnt1, 2.1)
n=1

where we adopt the periodic boundary condition sy, , = s,. We will be concerned with
time dependent probability P(s;7) in configuration space.

In a formalism that goes back at least to Kadanoff and Swift [25], we associate
with each s a ket |s) = ®Y_,|s,). A probability P(s;7) is then represented by a time
dependent ket

https://doi.org/10.1088/1742-5468 /aa64{2 6
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|P(1)) = Z P(s;7)|s). (2.2)

Since the classical discrete variables s, all commute, the Ising model has no dynamics of
itself. In 1963 Glauber [10] stipulated that when the system is in contact with a ther-
mostat at temperature 77, then in a configuration s the spin s, on the nth lattice site
may reverse its state with a transition rate given in dimensionless time 7 = (v + v9)t
(where 1, is an inverse time) by

1_ 1
wn(s; B1) = §V1[1 - 571Sn(5n—1 + 5n+1)]: (2.3)

where 71 = v1/(v1 + v2) is an inverse time, v, = tanh 26, F, and ) = 1/kg7j is the inverse
temperature. The ket | P(7)) then evolves according to the master equation

diTIP(T» = 1M (6| P(7)) (2.4)

with a ‘master operator’ M, (1) whose expression is originally due to Felderhof [12,
13],

Mh(ﬁl) = 5 Z(Un - 1)|:1 - 571 O-n(o-nfl + 0'”+1):|, (25)
n=1
in which o), and o), are the usual Pauli spin operators defined by o7} |s,) = s,|s,) and
0, $n) =|—8n). The master equation is easily shown to have the unique stationary state
R0 = p@0I1: 1D =3 26
in which we have
efﬂlH N 2 H
:Oeq(ﬁl) = ) H= —EZ 000 n+1) Z(p) =Tr e PR, (2.7)
Z(/Bl) n=1

We remark that H(s) in equation (2.1) is an eigenvalue of H.

By means of fermionization, the operator M;,(8;) may be completely diagonalized
and all its eigenvectors determined [12, 13]. This means that, in principle, this problem
is fully understood. Recent renewal of interest in kinetic Ising models, as mentioned in
the introduction, is due to the development of the study of non-equilibrium station-
ary state systems. With this perspective in mind, we will here couple the same system
to two thermostats at inverse temperatures (; and (2 and acting with rates v and v,
respectively. The total operator describing the system, denoted by M, then becomes a
weighted sum of the Glauber operators at inverse temperatures (3, and (s,

M = 01\ Mn(51) + D2Min(52). (2.8)

with 77 + 75 = 1. In this work we study this model in detail.

Normally a system in contact with two reservoirs in different equilibrium states
will tend to a stationary state. Usually the precise properties of such a state are not
easy to determine. In the present case a simplification occurs since the operator M of
equation (2.8) can be rewritten as

https://doi.org/10.1088/1742-5468 /aa64f2 7
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M = My (B), (2.9)
where (3 represents an effective intermediate temperature between 3; and (5 given by
tanh 20F = vytanh 201 F + Dy tanh 205 F. (2.10)

We will employ below the abbreviations v = tanh 28F and ~, = tanh 23,F for a =1, 2.

It follows that the stationary state in this case actually happens to be equal to the
equilibrium state at the effective temperature®. This does not mean that we immedi-
ately know the answers to the questions raised above considering the energy injection
and dissipation. It means, however, that they can be calculated, which is what we do
in this work.

3. Energy current between the thermostats

We consider the system in its stationary state, that is, in the equilibrium state at inverse
temperature (3. The reversal of a spin involves an energy change only if the two neigh-
bors of that spin are mutually parallel. Let f, be the fraction of all spins that have their
two neighbors mutually parallel and aligned to it, and f,, the fraction of those having
them mutually parallel and opposite to it. The indicator function for a spin s, aligned
with (opposite to) both of its neighbors is i(l + s,-18,)(1 £ $,,8,+1). Ensemble averag-

ing this by standard methods, which leads to the result (s,s,.,) = [("+ ¢V="1/[1 + ¢V,
with ( = tanh GF, we obtain for the periodic Ising chain
1 N-1 2 ~N-2
fuoy = ~ 1495t ¢ _ s +CN
’ 4 14+¢ 1+¢

], Nz2. 3.1)

We consider the action on this system by the operator 71 M, ((;). The spins of the
two classes f, and f,, are reversed with transition rates expressed in the dimensionless
time 7 = (v1 + o)t as

Wa1,0p(B1) = %51(1 F tanh 25, F), (3.2)

respectively. (The minus sign corresponds to wy.) Let (7;) be the net average instan-
taneous energy current per unit of chain length from thermostat 1 into the system.
Expressed in units of 4F, it reads

<]1> = fal wal(ﬁl) - fop wop(ﬁl)

_m | 1 a1+ 3.3
_2[1+CN 2(1—|—§)1+CN tanh 26, F |. (3.3)

A similar expression holds for the net average current ( j,) from thermostat 2 into the
system under the action of DoM(B2). From (2.10) and (3.3) together with the rela-
tion tanh 28F = (?/(1 + ¢?), we get that (j,) + (j,) = 0: in a stationary state the finite
system cannot accumulate energy. Then () = (j;) = —(J,) represents the net average

8 The same observation was made by Cornu and Bauer [20] for their two-spin system with only two energy levels.
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energy current per site (=unit of chain length) that traverses the system from thermo-
stat 1 to thermostat 2. The most elegant expression for this quantity is obtained by
remembering that 7; + 7 = 1 and writing it as (7) = 7o j;) — 71( Jo) With the result

N—2
(J) = —V1V2( +C2)L

[tanh 205F — tanh 23, F]. (3.4)
This is our ‘direct’ result for the average instantaneous energy current density, valid in
a finite periodic chain. Let Q stand for the net total energy (i.e. time-integrated energy
current), expressed in units of 4F, that during a time interval [0, 7] passes through the
system from thermostat 1 to thermostat 2. We will let 7= Q /N7 stand for the dimen-
sionless integrated current per site and per unit of time. In the long-time limit (3) = ()
and (Q) diverges with the time 7 as

(Q) = ()N, T — 00, (3.5)

and ( j) given by (3.4). There is no such simple method to calculate the higher order
moments ( Q™) for n> 2. The work of this paper will lead us to expressions for the cumu-
lants (Q").. It will confirm equation (3.4) as a particular case.

It is of some interest to consider the linearization in temperature around the
equilibrium state where 1= 3,= 0. Let 8,= 3+ 68, for a=1, 2 and let us set
8819 = 631 — 6By = —8T/kpT?, where T = 1/kpf3 (kg is Boltzmann’s constant) and the
infinitesimal temperature difference is 67T = T{ — T5. Because of the relation (2.10) we
then have

601 = D26, 609 = —116012. (3.6)
Calling the linearized current §j, we obtain from (3.4)
(1 — A+
T2l + O+

The heat conduction coefficient At tends to zero in both limits 6 — 0 and G — oo, with
F fixed.

(67) = Ao T, A =

B*Ekg. (3.7)

4. Extended master operator: definition and diagonalization

4.1. Extended master operator ﬂ

Each spin reversal is due to either M, (31) or M, (35), and each spin reversal involves the
injection or the release of a quantum of energy equal to 0 or to +£4F. Let the integers
()1 and (), denote the total energy, measured in units of 4F, furnished to the system
by the operators M,(G1) and M;n(B2), respectively, in a time interval of duration 7.
For T, > T5 both (; and —(» will have positive expectation values. We will write
C} = (@1, )2). We are interested in the joint probability distribution P(s, Cj; 7), which

satisfies Z@ P(s, Q; T7) = P(s;7) and the initial condition
P(s, @;0) = 85 5 P(s; 0). (4.1)

https://doi.org/10.1088/1742-5468 /aa64f2 9
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Let s" denote the configuration obtained from s by flipping the spin at site n, and let
A Q,(s) denote the increment in either @ or (), associated with the jump from s to s”,

that is, AQ,(s) = %sn(sn_l + sp+1)- (For the reversed spin flip at site n, namely the jump
from s” to s, the increment in either ¢y or Qs is AQ,(s") = —AQ,(s).) The probability
P(s, @; 7) then obeys the balance equation

~ N
dPGs &) _ _[ S5 wals; ﬁa)] P(s, Q;7)

dr a=1,2n=1

N
+ Z wn(sn; Bl)P(3n7 Ql + AQn(S)a Q2; T)
n=1

N
+ ) wa(s"; B2) P(s", Q1, Q2+ AQu(s); 7) (4.2)

n=1

By analogy with the representation (2.2) of P(s; 7), we represent the probability P(s, @; T)
by the time dependent ket

|P(Q§7_)> :ZP(S, QST)|3>~ (4.3)
We consider the Fourier transformed ket

1P(5;7)) = 2@: 74| P(Q; 7)), (4.4)

where p = (p1, p2) with —7 < py, po <. Upon taking the Fourier transform of the bal-
ance equation (4.2) we get the evolution equation for the ket (4.4),

diP(5;7))  —~ 5
APCBD) _ Ty By, (4.5)
dr
in which
M(P) = 1 M pi; Br) + Do Mn( pa; B2) (4.6)
where, by analogy with (2.5),
— 1 o z 7lip oi(o?_+0o° ) 1 Z( % Z
Mth( Das ﬁa) = 5 Z o, 2 Ot e — ] — 57@ O-n(o-n—l + Un—',—l) . (47)
n=1

In this expression, the operator O, = %02(02_1 + 0,.1), whose eigenvalues are 1, 0,
and —1, has the properties O} = O} = 2(1 + 0}_105, ) for k> Land O}""' = 0, for k> 0.

Hence e 7% = 1 — (isin p,) O, + (cos p, — 1)02. As a consequence, expression (4.6) may
be rewritten as

A g 1 al 1 z 1 Tz, Z z
() =5 |50+ Ot~ D i1+ 030)
n=1
1 T _z z 1 Z, 2 z 4.8
_5(1 - C)Unan—lan+1 —1 + 5’}/0'”(0”_1 + Un+1) ) ( ' )

https://doi.org/10.1088/1742-5468 /aa64{2 10


https://doi.org/10.1088/1742-5468/aa64f2

Glauber’s Ising chain between two thermostats
in which
C(p) = t1lcos p1 — iy sin p1] + Pofcos pg — iy, sin po],
D(p) = 717y, cos p1 — isin p1] + Do, cos pa — isin pso]. (4.9)

These coefficients are real when p; and p; are purely imaginary.

4.2. Symmetrizing the master operator

We apply to ﬂ( p) a similarity transformation and define

~ 1
M(D) = pe(BIM(P) péa(Bs), (4.10)

with a B,(p) left to be determined in such a way that ﬁ( p) be Hermitian. The only
nontrivial relation needed to find an explicit expression for (4.10) is [12, 13]

1 1
508 = peit(B:)0,p2(B:)
= oy[cosh? B,E + 0. _,0%. sinh? B.E
+ oo, _1 + o, 1) sinh ,Ecosh B.F], (4.11)

which is easily derived. The result is that //\/l\( p) of equation (4.8) becomes an expression
M(P), which is of the same form as (4.8) but with C'and D of equation (4.9) replaced
with C' and D, respectively, where

C(7,B,) = C(§)cosh2B.E — D(p)sinh 28.E,
D(5,8.) = C(5)sinh 23.E — D(p) cosh 23.E. (4.12)

We now choose 3, such that the coefficient D (B,) of the non-Hermitian term vanishes.
This amounts to taking

D(p)
C(p)
where C(7) and D( ) are given by (4.9). We see that 8,(0) = 3 and that 3.(p) is real

when p; and po are purely imaginary. As a result, the symmetrized operator M(ﬁ)
takes the form

tanh 28.( §)E =

(4.13)

~ . 1d1 1 1
M(p) = Py 2[5(1 + C)o, — 5(1 — G0y, 1001 — 1+ 57(02—102 + UZUZH)]
n=1

in which C, is given by (4.14)

CU(p) = M(F, B D). (4.15)

All § dependence of .7\/1\( P) is seen to enter through the single coefficient Ci( p).
After substituting (4.9) in (4.12) and (4.12) in (4.15) we find that this quantity may
be written as

CAp)=1-~*+0O(p) (4.16)
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where
O(p) = 2A[cos(p1 — p2) — 1] + 2i Bsin( p; — p2) (4.17)

with A and B given by (1.1) in the Introduction. These coefficients will appear again in
our final results in section 6.

4.3. Transformation to fermion operators

We define fermionic quasi-particles by means of the Jordan—Wigner [26] transformation

; 1 n—1
e, =—| ] oj|(on+ioh),
2| 5
| J |
1 [ 1 T
o= [1oj|(:—ich), n=1,2,..,N. (4.18)
| =1 ]

The vacuum state of these c-particles is the state |1) defined in (2.6). It is now straight-
forward to express M(p) in terms of these fermion operators. We find from (4.14)

N
W) = —3NG = C) = 201+ €)Y e

n=1

1 N
+37 Sl — el = carn)
n=1

N
- i“ — ) S e (E iy — o) (4.19)
n=1

with the understanding that the creation and annihilation operators whose indices
exceed N are defined by

eNim = =DV,

vem = —ea(=DY,  m=1,2, (4.20)

in which N = Zﬁ[:l cjlcn is the operator for the total number of quasi-particles.

4.4. Diagonalizing in terms of fermion operators

For convenience we hence restrict ourselves to even N. We define fermion operators 77;
and 7, by

C:z — N—I/ZZe—iqnnz,
q

A n=1,..,N, (4.21)
q

where the wavenumber ¢ runs through the N values
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q:iﬂ,i?’_ﬂ,m,iM_
N

v Ew (4.22)

Equation (4.21) is easily inverted to find the 7]2 and 7, in terms of the cjl and c¢,. This

equation guarantees the periodicity conditions (4.20) in the subspace where N is even.
In that subspace equation (4.21) may also be used in (4.19) for n= N+ 1and n= N + 2.
Obviously the ¢ vacuum |1) is also the 7 vacuum.

Applying transformation (4.21) to (4.19) we get

~ 1 1 .
M(p) = =5 N = 230G, +n" iy = D =10’ + 0 )l (4.23)
q

valid in the subspace with an even number N of c-particles’, and where the coefficients
C, and D, are given by

1 1
G(P) = 5(1 + C.) —ycos g+ 5(1 — C,)cos 2q,
D(p) = ysing— %(1 — () sin2g, (4.24)

where the p dependence comes in through the ¢ independent coefficient C.( p) defined
in (4.15). Extending the approach of [12, 13] to nonzero j we define angles x, (that are
in general complex) by

- Oq . - D‘I
cos Xq(p) = \/77 Sl Xq(p) = ) (4.25)
Ci+ D} JCi+ D '
q q q q

and perform in the space of the pair {n, nT_q} a Bogoliubov—Valatin [30, 31] operator
rotation

_ 1 1
§(P) = (cos Exq) n, — i(sin Exq) Ny
1 1
Ty — i ¥
£ (P) = —i(sin Exq)nq + (cos Exq) n (4.26)

It is useful to note that y_ 0= Xy Upon using (4.26) to transform (4.23) to & operators
we find the diagonal form

—~~

M(P) = —p, = S i, (4.27)
q

where
1 (p) = C2+ D} (4.28)

and

9In the subspace with an odd number of c-particles ﬁ( p) takes a slightly different form, as discussed in detail in
references [12, 13, 27-29] We will not need that form in this work.
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~ 1
nd(P) = > (A=) (4.29)
q

From (4.24) and (4.28) it is easily seen that y, =y . Upon combining both equations
we get for y, the explicit expression

p2 = (y — cos g + CX p)sin’ g, (4.30)

with Ci(p) given by (4.16). We note that the generally complex quantity C, does not
depend on ¢ and that the p dependence of this diagonalization process comes in only
through C.( ). For § =0 our results for p,(P) reduces to that of [12, 13], namely
,uq(ﬁ) =1—~cosq.

A different way, useful for later, to write the eigenvalue p () is

p2 = (1= ycos 9)* + O(jp)sin’ g, (4.31)
where © has been defined in (4.17). We observe for later use that
1, 0)=0,  ©(@0) =0. (4.32)
It is convenient to rewrite the diagonalized form (4.27) of the master operator as
(5 1 t t
M(p) =~ N~ Z:)uq(fqﬁq +& &, D, (4.33)
>

where the symmetry property p, = p, has been employed and where, here and hence,

‘g > 0’ refers to the éN positive values of ¢ among those given in (4.22).

5. Joint probability distribution of the time-integrated energy currents

5.1. Joint probability distribution P( @; T) of the time-integrated energy currents

Let P(Q;7) be the probability that at time 7 the time-integrated energies furnished
by the thermostats 1 and 2 to the system, counted in units of 4F, have the values ()
and (), respectively. Then according to (4.3) this probability distribution is given by

P(Q;71) = D (5|P(@; 7)) and upon inverting (4.4) we find

. Tdpy (T dpy 5 s, -
PG =[ B[ eI P, (5.1)

where P ( D7) = Zs(s|ﬁ (P;7)). The evolution equation (4.5) may be formally solved as
P (7)) = NPT P(5;0)), (5.2)

where |ﬁ (p;0)) is the Fourier transform of the initial state | P( Q: 0)). Our protocol will
be to take for the initial configuration the equilibrium state at an arbitrary inverse
temperature 3. Moreover, since at time 7 = 0 no energy exchange has taken place yet
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we choose this probability concentrated in @ = 0, that is, | P( @; 0)=96
the definitions (2.6) the probability P p; 7) reads

P(5;m) = (1|eMP7p, (Bo)|1). (5.3)

This expression takes advantage of the fact that M is block diagonal in the subspaces
of fixed p.

5.5l Pa(Bo). With

5.2. Rewriting P( Cj; T)

According to the complete diagonalization performed in section 4 the matrix element
in the Fourier transform (5.3) is an expectation value in the n vacuum and can be
rewritten as

P(j;m) = (11 pt%(B.) €M P75 28,0, (Bo)|1), (5.4)

where we have passed to the symmetrized operator M( p) and |1) denotes the 7-vacuum.
We decompose the n-vacuum as

|1> = 2N/2 ®q>0 ’0q0—¢1>7 (55)
where |0,0_,) is the state in which the quasi-particles of wavenumbers +¢ are absent,
quoqo—ﬁ =0, 777q|0q0—q> =0, (5.6)

and (0,0_,|0,0_,) = 1.
It is useful to rewrite the time evolution operator (4.33) as

1

M(p) = —5 V=X, (5.7)
q>0
with
X, =¢&e,+6 ¢, -1, (5.8)

where we have not indicated explicitly the p dependence of the X, 52, and 5; operators.

Furthermore, we may express the Hamiltonian in terms of fermion operators, which
yields

H - _2EZ an
>0
H, = A, cos ¢+ iB;sin ¢, (5.9)
where

Ag=nn+n m,—1

q q'lq —q'=q ’
B, = nw_q + M-y
Dq = T]anniqn—(p (.10)
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where we included I, for later reference. We now use the fact that X, (in view of rela-
tions (5.8) and (4.26)) and H, (in view of (5.9) and (5.10)) are quadratic in the 7 opera-
tors and that therefore

X, X, = [X,, Hy] = [H, H,/] =0, q=q. (5.11)
Upon using (5.5) in (5.4), we may factorize P (p; 7) according to
P(5ir) = e 5 [ T, (5 ) (5.12)
(o) e '
in which
I1,(7; 7) = (0,0-y|eF Fr et oGO 0,0_ ). (5.13)

Since exp(KH,) (for K = S.E or K = (209 — ) E) and exp(—p,X,7) are both quadratic
in the fermion operators, they act in the two-dimensional space spanned by the vacuum
|0,0_,) defined above and the two-particle state |1,1_,) defined by

1,1-0) = nin’ |0,0-,). (5.14)

To make the action of exp(KH,) more explicit we expand the exponential using the
relations
2 3 4 2
H, = —A, + 2D, H, = H,, H, = H, (5.15)

which are easily checked. One then obtains
s = 1 + H, sinh K + Hi(cosh K — 1)
= do(K) + d(K)in, + 0" -y + daC(EOrin’  +ngn_ )
+ da(K)lnn’ e, (5.16)
in which
do(K) = cosh K — cos ¢sinh K,
di(K) =1 — cosh K + cos ¢sinh K,

do(K) = isin ¢gsinh K,
dy(K) = 2(cosh K — 1). (5.17)

For two specific choices of K we will use below the notation

bi = di([260 — B:1E), ¢i = di(B:E), 1=0,1,2,4. (5.18)
We have to similarly expand exp(—p,X,7) and obtain along the same lines

e M%7 =1 —X,sinh T+ Xg(cosh T — 1)

— T — (T — 1)(52@ + ﬂqf,q) + 2(cosh 1,7 — 1)€Z§q§iq&q. .

With the aid of the relations (4.26), we can turn this into an expansion of the form
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e T = ag+ a(in, + 0" )

+as(nin’ 4+ 0 ) + amnn’ g, (5.20)

After a fair amount of algebra, one finds for the coefficients a; the expressions

ag = cosh p,t+ cos x, sinh i,

a1 =1 — cosh p,t — cos x, sinh p,t,

ag = isin x,sinh y,t,

as = 2(cosh p,t — 1). (5.21)
We substitute now expansions (5.16) for K = g,F or K= (289 — B)F and (5.20) in
(5.13). Taking into account that creation (annihilation) operators acting to the left (to

the right) on the n-vacuum give zero, we may suppress the corresponding terms in the
expansions and can write (5.13) as

Hy(p;7) = (0,0-4[[co+ cann_,]
x [ao+ ax(nin, +n" - ) + asmin” ,+ nn_ ) + asninn’ -]
X Lbo+ bamyn’” 110,0-)
= agboco — as(boca + bocg) — (ag+ 201 + ag)boco. (5.22)

In the last line each term corresponds to a sequence of creations and annihilations as
one reads the first line from the right to the left, starting from and ending up in the
vacuum. We may now substitute the values of the a;, b;, and ¢; found above.

After some algebra is applied to (5.22) we may cast the II,( §;7) in the form

T,( p; Bo) sinh p1, ()T

(75 7) = S4(Bo) | cosh p, (P)T + S.(00) W | (5.23)

where p, is given by (4.31) while
Sy(Bo) = cosh(2BpE) — sinh(26yF) cos g,

T,(53 o) = S,(B0) (1 — ycos q) + U(p; fo)sin’ g 629
with

U(p; Bo) = 01 u( p1; Bo — B1) + D2 u( p2; Bo — B2) (5.25)
and

u( pa; B) = cosh(2BE + ip,) — cosh(2BE). (5.26)
Combining (5.12) and (5.23) we get
P(p;7) = Z?go) eV Ll:[o Sq(ﬁg)] ql:[o [cosh 14,7 + sfﬂ(;;—;f(o;) sinh 1,7 | .

(5.27)

where the partition function defined in (2.7) reads
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Z(Bo) = 2% [cosh" ByE + sinh” ByE] . (5.28)
It is easy to verify the relation
2 [T 860 = 1. (5.29)
260 -

Using it in (5.27) and substituting (5.27) in (5.1) we finally obtain

N ™ ™ o= T e
P(Q;7) = e 2 f dn f dpz e 79 TT | cosh p,m+ —q(p,ﬁol sinhp, 7. (5.30)
- 27 Jom 27 >0 S¢(Bo) (D)

This expression depends on the initial inverse temperature (; through the ratio
1,( 75 Bo) Sy(Bo). 1t is possible to show with the aid of considerable algebra that

T,(; Bo)
,(0)

which together with (5.27), (5.29) and (4.32) for 11,(0) implies that P (0; 7) = 1, equivalent
to the normalization condition 35 P(@; T)=1

= 54(Bo), (5.31)

5.3. Finite time fluctuation relation for P( Cj; T)

One can check on the explicit expression (5.30) that P(Q1, J2; 7) obeys a finite time
fluctuation relation: by virtue of the relation In \/ (A+B)(A—B) =2(6; — B1)E, the
ratio of probabilities for opposite values of the couple (@)1, ¢)2) is given at any time by

P(Qu @2T) 4G 6@t (BB Qs]
P(_ Ql, - Q27 T)

In fact this relation relies on two key properties. First one can define the extended
transition rates associated with the extended master operator Mg such that
dP(s, Q; T)ldr = PN Q|Mext|s’, @’)P(s’, Cj’; 7) and whose explicit expression is
derived from the balance equation (4.2). These extended transition rates are defined
between two triplets, each of which involves a spin configuration together with the two
energies received from thermostats since the beginning of the considered history of the
system: when the system is in spin configuration s and the spin at site n is flipped by
thermostat a (with a =1, 2) they read wgl“)(s, AQS)(S), AQ;Q)(S)) = wy(s; B,), where the
expression for AQEZ”)(S) = AQ,(s) is given before (4.2), that for the other thermostat
b is AQS’)(S) = 0, and the transition rate between spin configuration w,(s; 3,) is given
in (2.3). These extended transition rates have the symmetry property obeyed by the
transition rates wy,(s; 3,) for the two reversed transitions s — s, and s, = s

w5, AQY(), AQYS)  _ pags
w s, —AQs), ~AQ(s))

(5.32)

(5.33)
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This symmetry can be considered as an extension of the so-called generalized detailed
balance!® which involves only the transition rates between two configurations, and
where the values of AQS)(S) and AQf)(s) are determined solely by the transition s — s,
(which is the case when a spin at a given site can be flipped by only one thermostat).
The second key property arises from the considered protocol and the specificity of the
stationary configuration probability in the model. Indeed, the initial spin configuration
distribution is the stationary configuration probability at the effective inverse temper-
ature [y (with a nonvanishing mean current from thermostat 1 to thermostat 2). Besides,
in the present model the latter configuration probability is the canonical equilibrium
distribution at inverse temperature (y. The two key properties together allow one to
apply the usual arguments for the derivation of fluctuation relations. In the present
case the precise argument is a mere transposition of that to be found, for instance,
in [6, 35], where a transition between two spin configurations is caused by only one
thermostat.

As in the case where the generalized detailed balance is met by the mere transition
rates between spin configurations, the property (5.32) can be interpreted in terms of
some time-integrated entropy variation as follows. When a thermostat at inverse temper-

ature (, gives an energy 4F(), to the system, its entropy variation is AS, = —4EG,Q,.

The exchange contribution Agj(’c%S to the entropy variation of the system is defined
as —(AS;+ ASs), namely the opposite of the sum of the entropy variations of the two
thermostats; hence A% = 4F(3,Q; + $2Q5). As in [6, 35], we introduce the excess

exch

exchange entropy variation of the system Agigi’ﬁ"S , which is defined as the difference

between the exchange entropy variation under the non-equilibrium external constraint
1= B2 and its value under the equilibrium condition 5, = B3 = [y and for the same val-

ues of the energies 4EQ; and 4EQ, received by the system: AZSH G = Adlhg - Afubog,
It also reads

AZGHS = 4B [(B1— Bo) Qu+ (B2 — Bo) el - (5.34)

Hence the fluctuation relation (5.32) can be rewritten as P(Qi, Q7)) =
exp[—Agigi’ﬁ 'S1P(— @1, — Q2; 7). As a consequence, the probability of the excess exchange
entropy variation obeys a finite time fluctuation relation which takes the ‘universal’
form

Aexcs7 Bo

P(ASS M85 7) = e e ™S P(— AT S5 7). (5.35)

exch exch

6. Statistics of the time-integrated energy current

6.1. Distribution P(Q); 7) of the time-integrated energy current
We now restrict our interest to the time-integrated current that during a time interval

[0, 7] has traversed the system. It is defined as

10 Several terminologies can be found in the literature: ‘local’ detailed balance [3, 32], ‘generalized’ detailed bal-
ance [33] or ‘modified” detailed balance [6, 34].
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1
Q= 5(@1 — Q2), (6.1)

which may be integer or half-integer. It measures, in units 4F, half the energy furnished
to the system by thermostat 1 plus half the energy extracted from it by thermostat 2.
Since for long times no energy can accumulate in the system, this quantity is, in the
long time limit, equal to the time-integrated energy current. The particular definition
(6.1) is motivated by the fact that it is antisymmetric under exchange of the two ther-
mostats, which makes subsequent calculations easier.

Let P(Q; 7) be the probability of Q at time 7. This marginal probability of P( Q; 1) is
obtained as P(Q;7) = X2, 0,00, 0,20 P( Cj; 7). We will from here on, for any p-dependent

quantity X(p), employ the notation X(p, —p) = X*(p). From (5.30) and the preceding
definitions we then get

oy [T a0 B,
P = [ 0P (pr) (6.2)
in which
. 1 T (p; Bo)
P7(p;7) =e 2" [T | cosh ' ( p)m + —————sinh u}(p)7 |. 6.3
qu[ ‘ SO () (6.3)

We observe that P(Q;7), given by (6.2) and (6.3), still depends on the initial state
parameter Jy. For the choice By = (3 the system is in a stationary state for all 7> 0; for
Bo = (B it will asymptotically tend to that state.

We take advantage of the analyticity in p of the integrand P p; T) to point out
that the moment generating function of P(Q;7), defined as (eAQ)EZQ e’ P(Q; 1),
exists for all real A and is given by

(e'9) = P\*(—%; T)- (6.4)

6.2. Cumulants of Q in the long-time limit

In the long-time limit the cumulants per site and unit of time (Q") /N7 of the time-
integrated energy current per site and unit of time are obtained from the scaled cumulant
generating function gy(\), defined as

Ngy(\) = lim lln(e)‘Q) (6.5)
T—>00 T

The cumulants of interest are the values of the derivatives of gy(\) with respect to A
taken at A = 0,

(@ _ d"gv(N)
Nt dz |,

(6.6)
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According to (6.4) and (6.5), together with the explicit value (6.3) of ﬁ*(—i)\/2; T),
we get

1 1 A 1A
gv(N) = ) + N > Mq(—%) (6.7)

>0

The expression for ,uq*( p) = uq( p, —p) is given by (4.31) where O( p) is defined in (4.17).
We set (\) = ©(—iA/2,iA/2) and get
1 1

gv(A) = 5 + NPZO\/(l — ycos q)* + O(\) sin? ¢ (6.8)
with
0(A\) = 2A[cosh A — 1] 4 2 Bsinh A, (6.9)

in which A= 7105(1 — vy,) and B = 7175(7, — 7;) depend only on the kinetic and ther-
modynamic parameters of the model. We notice that the expression of the scaled gen-
erating function for the time-integrated current of energy has a form similar to that
for various currents of interest in the case of a system of diffusing particles with pair
creation and annihilation [36]. This is due to a connection between the model consid-
ered by these authors and an Ising spin chain with Glauber dynamics.

We notice that expression (6.7) for gy(\) can be obtained without knowing the
explicit expression of the moment generating function (e*?) at any time 7. Indeed, the
evolution of (e*9) is Markovian, as shown by (5.4) with p; = —i\ and p, = i\. Hence
gy(A) is the largest eigenvalue of ﬂ(—i)\, iA) and the operator expressions (5.7) and (5.8)
lead to (6.7).

Eventually the cumulants of the time-integrated energy current per site and unit of
time in the long-time limit are given by (6.6) and (6.8)

. (9 1
lim —=£ = —BX>{(N
I N = o), (010
2
) . 1
lim S _ STATIV, 7) — BN, )] (6.11)
T—00 T
. (9 1 3
lim N 5[521(1\7, v) — 3ABX(N, v) + 3B°X3(N, 7)1, (6.12)
T—00 T
. <Q4>c 1 2 2 2
lim Fa E[Azl(N, 7) — (BA°+ 4BHXa(NV, 7) + 18AB E;3(NV, 7)
T—00 T
— 15BN, ). (6.13)
where we have introduced
2 sin®" ¢
(N, 7) = = -
N ‘PEO (1 —vycos q)>* ! (6.14)
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We have indicated explicitly the dependence of 3,(IN, v) on the size N and the effective
intermediate inverse temperature (3 of the stationary state; we recall that (§ is defined
in terms of the parameter v through (2.10). The X,(/NV,y) are monotonically increasing
with 7.

Expressions for higher order cumulants may be derived by increasing algebraic
effort. Expression (6.10) for the time-averaged energy current has to coincide with
equations (3.4) and (3.5) of section 3. Upon inserting the explicit expressions for both
one obtains the identity

. 20— D
9 N/2 S]n27 1 2 1 N—-2
BN = 23 . Ly S N N (A5
Ngzll—ycos’T 2(L+¢)

where we recall that ( = tanh SF while v = tanh 26FE. Equation (6.15) may be checked
by explicit calculation. It shows that %<21(N ,7)< 1. We have not found similarly

simple expressions for the ¥,(N,y) with n> 2.

The expressions for cumulants, of which the first four are given in (6.10)—(6.13),
have an interesting structure. The nth cumulant is an nth degree polynomial in the two
variables A and B with coefficients >1(V, ), ..., 2,(IV, y). The variables A and B depend
on both thermostat temperatures 77 and T but are independent of the system size N.
In contrast, the coefficients 3,(IV,v) vary with the system size N, but depend only on
the intermediate effective temperature T and not on 7} and T, separately'!. We will
analyze the X, (N, ) in detail in the limit of large N and low effective temperature T
in section 8.

When the two thermostats have equal temperatures, T; = 715, one has B= 0. Then
only the even cumulants are nonzero, as must be the case when one considers the
energy transfer between two thermostats at the same temperature. The even cumu-
lants with n>4 do not vanish: when 7 = 75 the distribution of Q is an even but
non-Gaussian function [20].

For a two-spin system (N = 2 and ¢ = +7/2) we have that 3,(2,v) = 1 for all n and
v, and when expressions (6.10)—(6.13) are rewritten in dimensionful time ¢ = 7/(v1 + v2)

it appears that the cumulants per lattice site %(Q”)C/t, with Q = %(Q1 — ()9), are equal

to the cumulants (@})./t for a pair in the model considered by Cornu and Bauer [20].
(In other words, in dimensionful time, when N = 2 the scaled generating function for
cumulants per lattice site, (V14 v2)gy(N), is equal to the scaled cumulant generating
function a() for the pair of model.) Indeed, in their model where each spin is reversed
by only one thermostat, an increment in Q is invariant under global flip of the two
spins in the initial configuration of a transition, while in the present model where each
spin is reversed by both thermostats, an increment in Q is invariant under the left-right
exchange of the two spins in the N = 2 chain.

6.3. Large deviation function of the time-integrated current Q/7

The energy Q which goes through the system from thermostat 1 to thermostat 2 dur-
ing a given time 7 is determined by the whole history of the successive changes of spin

1 Recall that T depends also on the kinetic parameters v; and vs.
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configurations. We consider the time-integrated current per site and per unit of time
(in multiples of 4F), 7, defined by
Q = JNr, (6.16)

According to definition (6.1) this variable takes the discrete values j,, = m/(2N1), where
m is an integer. As time increases, the number of discrete values J,, in a given interval
[7—e,7+ €] (with € > 0) becomes larger and larger. Then the variable 7 is said to satisfy

a large deviation principle if there exists a function Zy(j) such that'?
poe L (@ g
El_I)I(l)TLIEO——T n EE[]—&]‘FE] = In(D)- (6.17)

The limit Zy(7) is the so-called large deviation function of the current j. It vanishes
for the most probable value of j, namely when j is equal to lim___(Q)/Nr. This
value coincides with the mean instantaneous current per site in the stationary state,
lim, _,..(QY/Nr = (3).

One might try to evaluate the large deviation function Zy(7) from the definition
(6.17) by considering P(Q;7) and applying the saddle point method to its inverse
Fourier transform representation (6.2)—(6.3), rewritten as an integral on the unit circle
by setting z = e?. However, this method is mathematically tricky because of the sin-
gularities in the complex zplane. This is exemplified by the explicit calculation of the
leading behavior of P(J,; 7) for the time-integrated current j, received from thermostat
2 in the case of a two-spin model. We point out that the limit 7 — oo must be taken
under the condition that j,7 takes only integer values (see section 6 of [20]).

A far simpler method relies on the Girtner—Ellis theorem, which ensures that, under
weak hypotheses which are fulfilled in the generic case, the expression for Zy(7) can
be derived from the sole knowledge of the scaled cumulant generating function gy(\),
defined in (6.5). For a Markovian process the determination of gy(\) is reduced to the
calculation of the largest eigenvalue of the operator that governs the evolution of the
generating function (e*9) = P*(=iM2;7). In the present case, the scaled cumulant
generating function gy(A), defined in (6.5), exists and is differentiable for all real A,
as shown by its expression, (6.8) and (6.9). Thus gy()\) satisfies the hypothesis of the
simplified version of the Gartner—Ellis theorem (see, e.g. [37, 38]). This version guaran-
tees that the large deviation function Zy(7) of the time-integrated energy current per
site exists and can be calculated as the Legendre-Fenchel transform of gy()\), that is,

In() = Iilgﬂé({)\j — gy(M)}- (6.18)
Moreover, in the present case gy(\) is strictly convex and continuously differentiable for

all real X\. As a consequence, the maximum in the definition of the Legendre—Fenchel
transform may be calculated with the aid of the Legendre transform,

In(D = JA;3— gv(Ay), (6.19)

where A5 is the solution of the extremum equation dgy(A)/dA = J.
In the present case this extremum cannot be solved analytically except for the case
N = 2. Indeed, when N = 2 only one wave number ¢ = 1/7 is involved in the expression

12 For a precise discussion of this definition see [6] section 5 and appendix E.

https://doi.org/10.1088,/1742-5468 /aa64f2 23


https://doi.org/10.1088/1742-5468/aa64f2

Glauber's Ising chain between two thermostats

(6.8) for gy(A) and the corresponding expression g,(\) happens to coincide with the
scaled cumulant generating function g(A) for another two-spin model considered by
Cornu and Bauer. Various explicit expressions of Zy(7), together with some properties,
can be found in section 6.1.2 of [20].

We point out that Zy( 7) obeys a generic fluctuation relation which relies on the ratio of
transition rates for two reversed jumps of configurations. It can be retrieved for the explicit

solution of the paper in various ways. First, since In \/ (A+B)/(A—B) =2(6, — B)E,
the scaled generating function gy(\) given by (6.8) and (6.9) has the symmetry property

In(A) = gy(=A — 4(B2 — SO E). (6.20)
As a consequence, Zy(j7) obeys the fluctuation relation
IN(G) = In(=)) + 4(B2 — BV E]. (6.21)

This relation also appears for a system of particles moving along a line between two
thermostats at different temperatures and endowed with the kinetics of a simple exclu-
sion process [39]. We notice that the symmetry property (6.20) determines the value
of the large deviation function for 7 = 0. Indeed, expression (6.18) for the large devi-
ation function, together with (6.20), implies that for zero current the minimum is
located at the point of symmetry of gy(\), namely A\g = —2(82— B1)E. As a conse-
quence, Zy(0) = —gy(—2(82 — B1)E). We notice that, since the system is a finite number
of energy levels the long time fluctuation relation (6.21) for @ can be derived from the
finite time fluctuation relation (5.32) for the couple of variables @; and (.

6.4. Infinite size chain at finite effective temperature

When the system size goes to infinity at finite effective temperature (N — oo with v < 1),
the limit of the generating function gy(X\;~) given by (6.8) (6.8) and (6.9) reads

lim gy(A;y) = 1 + 1 f dg \/(1 — vcos q)* + 2 [A(cosh A — 1) + Bsinh \] sin? q.
N—o0 0

2 27
(6.22)

The function limy_, . gy(X;7), as well as its first derivative with respect to A, are
well defined for all real values of \. Therefore, according to the Girtner—Ellis theo-
rem, when N goes to infinity, there exists a large deviation function Z(j;~) given by
1(; ) = limy,_ Tu(; 7).

Moreover, not only the first long-time cumulant per site and unit of time
lim__ (Q)/Nr, but also all other cumulants with n>2, remain finite in the limit
of infinite size at finite effective temperature. Indeed, when v <1, all derivatives of
limy_,  gy(A; ) with respect to A have a finite value at A = 0 in this limit. The fact that
all cumulants per site and unit of time remain finite in this limit can be also retrieved
from the structure of the cumulants exhibited by the expressions (6.10)—(6.13) for
cumulants of order n =1, 2, 3, 4). Indeed, the nth cumulant is a polynomial of order n
in the variables A and B with coefficients proportional to the ¥,(N, ) with p<n. The
finite values of A and B are independent of N while if y<'1
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1 p7 sin®" ¢
lim ¥,(N,~) = — f d
N= o0 S xdy (1 — ~ycos q)*" 1 (6.23)

is finite for all n> 1.

7. Various physical effects

7.1. Kinetic effects

We call ‘kinetic’ those effects that are related to the kinetic parameters 7; and 75 gov-
erning the mean frequencies of the spin flips by each thermostat. It is of interest to
consider, at arbitrary fixed temperatures 77 and 75, the condition vy/v; < 1. That is,
the colder thermostat flips any spin more slowly than the hotter one. We restore in the
discussion below the dimensionful physical time variable ¢t = 7/(v; 4 v5). Upon expand-
ing (1 4 v2)gy as given by (6.8) and (6.9) in a power series in v»/v; we find that

(1 + v2)gy(N) = %{ [pe* 4+ pe ™ — (ps + pI)] Z1(N, y) + O(?)} (7.1)
1

in which
1 1
Py = 5(1 — A+ %), p-= 5(1 + ) = ). (7.2)
The argument ~y; of the function ¥y ; in (7.1) is the leading order term of the expansion
of v for small vy/v.

The leading order term in (7.1) is in fact the scaled generating function for the cumu-
lants of a biased random walk with step rates p;X;(N, ;) to the right and p_3;(V, ;) to
the left, and dimensionful kinetic parameter 5 [40, 41]. The corresponding formulae in
the case where 11 < v, are obtained by exchanging v1 and v, and replacing 7, by 7,. In
other words, if the indices f and s denote the fast and slow thermostats, respectively,
then the scaled generating function given in (7.1) takes the generic form

w1+ v2)gy(\) = %{ [pie* +p e — (py+ p)I SN, %) + O(%)} (7.3)

From the generic relation (6.6) cumulants read to leading order in v4/v¢

) <QQm—1> U y
lim ————=~ == — )N, ) + Ol =,
P 5 (Yo = 1) 20V, %) ”
. QZm C S S
lim S22 mv, + o £, (7.4)
t-oc Nt 2 Vs
for m=1,2,.... The latter expressions, with ¢ in place of 7, can be retrieved from our

expressions (6.10)—(6.13) by multiplying them by 7/t = v; 4+ 15 and expanding them to
leading order in v4/vy.
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7.2. One thermostat at zero temperature

Dissipation towards a thermostat at zero temperature was studied by Farago and
Pitard [18, 19] for an Ising chain in which the energy is injected at a single site. We
consider here the corresponding limit for the present model.

Let thermostat 2 have 75 = 0 while we keep 77 > 0. Consequently v, = 1, which for
A and B given by (1.1) implies that A= B=1 — ;. Combined with (6.9) this yields
O(N\) = 2015(1 — ’yl)[e’\ — 1]. When the latter expression is substituted in (6.8), we get
that when v, =1

B 1 1 P _ A 102
() = —5+ﬁq§¢<1 —ycos @ +20s(1 — ) [e* — Lsin’q. (75

The function gy(\) is now monotonous, increasing on the whole real A\ axis. It follows
that the saddle point equation dgy(A)/d\ =7 has no solution for j <0, which may be
restated as

In(g) = oo, 7<0. (7.6)

This expresses the strict impossibility for the energy to flow from the thermostat at
T5 = 0 to the one at finite temperature T; > 0.

The calculation of the cumulants in section 6.2 nevertheless remains valid and their
expressions now simplify. The cumulants now become polynomials in 717(1 — ;). For
instance, the first two cumulants, (6.10) and (6.11), now read

lim lim (@ _ Vl—; w2 71(1 — v 2N 1 (),

Yo—=>1t—=00 Nt

. (9%, Rz _
lim lim < NZ = =l = ) (D) = 2l = )N, ] (7.7)
Yo—> — 00

where the inverse temperature (3 in the special case 7, =1 is determined from
tanh20E =v=1—1(1 — 7).

7.3. Kinetic effects when colder thermostat is at zero temperature

When the colder thermostat is at zero temperature, 75 =0, and one thermostat is
faster than the other, the scaled generating function given by equation (7.1) becomes

1+ v2)gy(A) = %{(1 — et = 11 (N, ) + O(%)} (7.8)

This is the generating function for a Poisson process. As is well known, its cumu-
lants are all equal, and indeed we find, to leading order in v/vy,

Q") 1 5
tlir?o W = EVS [(1 - ’Yl)zl(N, ’7f) + O(i)] (7.9

for n=1,2,.... By comparing (7.7) and (7.9) one sees that the limits 75— 0 and v, < vt
commute.

https://doi.org/10.1088/1742-5468 /aa64{2 26


https://doi.org/10.1088/1742-5468/aa64f2

Glauber’s Ising chain between two thermostats

8. Large size and low effective temperature

8.1. Parameters at low effective temperature

We now consider the regime where N> 1 and 0 <1 — v < 1. According to the relation
v = 7, — V1(7, — ;) the condition 0 <1 — v <1 corresponds to

0s1="%<1 (8.1)
while

0<v%—m<1 andlor 0<p<1. 8.2)

We notice that in the case v, =, and 0<1 — 1, < 1 the stationary state would cor-
respond to an equilibrium state at very low temperature.
In view of later analysis, we rewrite A and B, defined in (1.1), as

A=A —-vy)mina, B=(1—-~v) &b, (8.3)

wherea= (1 — y,%)/(1 —y)andb = (7, — )/(1 — 7). The model is defined for 7175 = 0 and
the non-equilibrium condition reads vy, < ,. As a result, the identity v = v, — 71(7, — ;)
entails the hierarchy v, <v <v7<7%<1, and 0 <bga<l

For the sake of conciseness, from now on we denote the long time cumulants per
site and unit of time

KM(N,v) = el lim (9

N =00 (l/l + VQ)t. (84)

The cumulants can be conveniently split into two contributions: a random walk process
with the same first two cumulants as for the Q process, and a deviation from it. The
cumulants £™ for the random walk are denoted by 4. All even (odd) cumulants take
the same value, as exemplified by (7.4) in the case of two thermostats whose kinetic
parameters are of different orders of magnitude. The cumulant of order n can be

written as

KN, 1) = (1 = 7) Zi(N, ) Ky, (8.5)
with the definition
1__[1+(¢1) 1—(=1)" ]
kn - — a—+ b y
9 V1V2[ 9 9 (86)

where a and b are defined in (8.3). As illustrated by the expressions (6.10)—(6.13) for the
first four cumulants, the generic expression of the cumulants x™ are related to those
for the corresponding random walk as follows. The first cumulant of the Q process can
be reduced to the random wall contribution

KON, ) = KGNV, 7), (8.7)
while for n>2
KON, ) = Kaar(N,7) + Ak™(N, ) (8.8)
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where the deviation Ax™(N, ) from the random walk process reads

ARMN,7) = 31 =P SN, @)Pe; (@, b), (8.9)

p=2

In (8.9) the factor Cg,")(a, b) is a linear combination of terms a’b?~ 4, with ¢=0,..., p,

where the numerical coefficients depend on the order n of the cumulant; it is deter-
mined from the definition (6.6) for every cumulant per site and unit of time, and the
expression (6.8) and (6.9) for their generating function.

8.2. Finite chain at zero effective temperature

For a finite size chain, the limit of zero effective temperature for the scaled cumulant
generating function, lim,_,; gy(A;7), is a finite sum given by (6.8) and (6.9) with v equal
to one. This function and all its derivatives with respect to A are well defined for all
real values of \. As a consequence, when y— 1 all cumulants are finite and the large
deviation function exists and is given by Zy(7;1) = lim,_; Zy(J; 7).

The random walk contribution to the cumulant £™ is defined in (8.5). According to
the explicit expression (6.15) for 31(N, ), its value at v =1 is merely >1(N,1) =1 for
all N. Therefore in the limit v — 1 the random walk contribution k{4 (N, ) vanishes as
1 — v. More precisely,

i B

T, (8.10)
where k,, is defined in (8.6).

We now turn to the Q process. By virtue of (8.7), its first moment coincides with
the first moment of the corresponding random walk, kKM(N,~) = H%\)N(N ,7), and its
leading behavior is the leading behavior of m%%;v(N ,7), given by (8.10). Besides, for all
n> 2 the coefficient »,(N, ) defined in (6.14), remains finite when v =1 at fixed N.
Thus, according to the expression (8.9), the deviation Ax™(N,v) of a cumulant from
the corresponding random walk expression vanishes as (1 — v)? when v — 1,

AK™(N,~) T o1 — ). (8.11)

Eventually the leading (1 — y)-term in the cumulant £™ is equal to the (1 — v)-term in
the corresponding random walk contribution /{%\)N. By virtue of (8.10), it reads

(n)

Ko
lim —— (8.12)

We point out that the deviation of the first moment x(N,~) from its leading
contribution of order 1 — v, denoted by AxV(V,~), vanishes as (1 — )2, as is the case
for the deviation Ax™(N, ) of every higher order cumulant from the corresponding
random walk cumulant. Indeed, by virtue of (8.7), the difference Ax(N,~) is the
difference between the first moment of the random walk and its leading (1 — «) term,
and according to the expression (8.5) for the random walk cumulant, it reads
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AR = (1 =) [Z1(N,7) — 11k (8.13)

It can be rewritten in terms of a single finite sum

N/2

Ar® = (1 —7)? kl;lAsl,Z(Na ) (8.14)

where the increment As; (N, ) is written in (A.2). This finite sum indeed converges
when v— 1, and

Ar® = O((1 — 7)?). (8.15)

8.3. Infinite size chain at low effective temperature

In the case of an infinite size chain at finite effective temperature (y < 1), as discussed
in subsection (6.4), the large deviation function exists and all cumulants are finite.
When v— 1, the scaled generating function for the cumulants still exists and it is
differentiable for all A\. As a consequence, the large deviation exists and is given by

1(7) = limy_, ZIn(7; ’y)‘wzl, while the first cumulant remains finite.

First we consider the double limit N— oo and v — 1 for the random walk process.
By virtue of the definition (8.5)

WD)

K.
A e (8.16)

where the notation for the limit is meant to emphasize the commutativity of the limits
N — oo and v — 1 for the leading (1 — v)-term in every random walk cumulant. Indeed,
according to the expression (6.15), on the one hand limy_, __¥1(N,~) = [1 + (tanh 3F)?/2
and lim,_; limy_, . >1(N,v) = 1, while, on the other hand, for all Nlim,_;¥(N,v) =1
and limy_,  lim,_; 33(N,v) = 1

For the infinite chain (as for the finite chain) the first cumulant x!(co, ) coincides
with the first cumulant of the corresponding random walk &%{V(oo,y), according to
(8.7). Therefore the first cumulant in the double limit N — oo and v — 1 also vanishes as
(1 — y)ki. According to the decomposition (8.7) and (8.8), the deviation of K™(N, 7) from
the random walk process, Ax™(N, v), is a linear combination of terms (1 — PN, )
with 2< p< n given by (8.8) and (8.9). For finite N, Ax™(N,~) vanishes as (1 — )2
when v— 1. In the double limit N— oo and v— 1, every X,(N,y) with 2<p diverges
according to its definition (6.14), as can also be seen in the integral representation (6.23)
for >,(00,y). Therefore the limits v— 1 and N — oo cannot be taken independently of
each other for the calculation of Ax™. However Ax™(N, ) is expected to decay more
slowly than (1 — ~)2 but still faster than 1 — v in an adequate scaling for N and 1 — +.
Eventually, in the case of the infinite chain, the cumulants vanish as 1 — v, when v — 1
with the same coefficient as the random walk contribution

. K"(N, )
hm _— =

K.
N-oocoy—-1 1 - (8]—7)
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Now we turn to the correction to this leading 1 — v term. In the regime where
N>1and 0<1—~v<1, for every cumulant ™(N,~) the correction to the leading
(1 — ~v)term (8.12) is the sum of two contributions arising from (8.7) and (8.8): on
the one hand, the correction (8.13) to the leading (1 — y)-term in the first moment of
the random walk defined in (8.5), and on the other hand, the leading behavior of the
deviation Ax™ defined in (8.9). In the double limit N>>1 and 0 <1 — y< 1, the sum
[1—~T ! [Z1(V, ) — 1], diverges as well as the X,(N,v) for n> 2. Indeed, as detailed
in the appendix, and in the double limit N — oo and v— 1, these sums diverge. These
divergences can be controlled in two scaling regimes which compare the increasing rates
of N and [y — 117}, namely

scaling regime [I]: N, 1 —7) - 400
scaling regime [II]: N1 —7) = p/~/2 with 0<p< 0.

Eventually, in the scaling regime [I], the cumulants behave as

RO, ) o (L= 7+ (=120 Bl a, bk, (8.18)
where Fg](ﬂlﬂz; a, b) does not vanish when 7175 — 0, while in the scaling regime [II]
'Li(n)(Na 7) sci\[JH] [1— v+ (1 - 7)3/2 Vs p FEI](p’ Wo; a, b)] km (819)

where F[,}H(p, 179; @, b) does not vanish when p = 0 or 7175 — 0. We notice that the fac-
tor 7175 in (8.18) and (8.19) ensures that, when either v; < vy or v1>> 15 even in the
scaling regimes [I] and [II], the leading behavior of the cumulants ™ per site and unit
of time is still given by that of the corresponding random walk defined in (8.5).

8.4. Interpretation of the scaling regimes

Previous results can be interpreted by introducing two physical quantities: the relax-
ation time to the stationary state and the spin correlation length.

First we recall that in the present model the dynamics for the spin configurations
of the system can be seen as a Glauber dynamics with effective kinetic parameter
v1+ vo and effective inverse temperature 3. Hence the stationary distribution of spin
configurations is the canonical equilibrium distribution at inverse temperature 3, and
the evolution of the spin configurations from an initial probability distribution to the
stationary one is that of a relaxation to equilibrium. It has been shown by Glauber [10]
that in the course of this relaxation the magnetization of the whole chain decays expo-
nentially to its stationary value over the time scale t.q = [(1 — ¥)(v1 + 19)]" L. In other
words, t. is the relaxation time to the stationary state, a characteristic of which is that
the mean magnetization is constant. In the limit v— 1, v; 4+ 15 remains finite and the
relaxation time t,) goes to infinity. Therefore, it is convenient to consider the long-time
cumulants per site and per unit of magnetization relaxation time, namely

LY (O,
im ——= = lim ————

t— 00 t/trel t— 00 (1 — ’}/)t’ (820)
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which are referred to as ‘long time rescaled cumulants’ in the following. According to
(8.17), all rescaled cumulants for the whole chain scale as the system size N in the low-
temperature regime,

(),
1m ——

Y
t— o0 t/trel &1, N>1

N ky (8.21)
where the finite coefficient £, is a random walk cumulant given by (8.6): for m>1

1
Kom—1 = 551172 b

1_
Koyy = P a (8.22)

where a and b are defined in (8.3).

Second, the correlation length ¢ is defined from the correlation (s,s,.,) between
spins at sites n and n + r in the infinite size chain (limit N — oo at fixed () when the
distance r is large. In the present model, the stationary state for spin configurations
is the equilibrium state at the effective inverse temperature 3 defined from ~ by
~v = tanh 26F. The equilibrium correlation (s,s,,) in the Ising chain with finite size
N reads (s,8p4,) = (" + V=M1 4 ¢V) with ¢ = tanh BE. When N— oo at fixed 3, it
takes the form (s,s,.,) = (" at any distance r. Therefore the dimensionless correlation
length £(3) in the system is

£(B) = [—Intanh BET . (8.23)

In the low effective temperature regime [£(7)]7' ~2e 2P [1 + O(e 2°F)] while
1 —y~2e % [1 + O(e *5F)]. Therefore

1 1
20 —vy) ==+ 0= |
V2L =) ¢ (52) (8.24)

In the low effective temperature regime, at leading order all rescaled cumulants for
the whole chain scale as the system size N (see (8.21)but the behavior of the subleading
term depends on the scaling regime for N and S.

In scaling regime [I], the size N grows much faster than e**F so that (1 — v)2N>> 1.
According to (8.24) the latter condition implies that in scaling regime [I], when the
temperature decreases the correlation length £(() increases but the size N of the chain
grows much faster: (N/£) > 1. Then the scaling behavior (8.18) for the whole chain can
be rewritten for n>1 as

lim (Q7). ~ [

twoo tftpg L1KEKN

N
N+ — fg”] Ky (8.25)
3

where f[nl] = (UN2) (i) F [nl](ﬁlﬁz; a,b). The correlation length £ may be viewed as the
typical size of domains of parallel spins. Thus N/¢ is the typical number of domains
with parallel spins or, equivalently, the number of domain walls, Ng,

N .
T Ny with 1< Ny < N (8.26)
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Eventually, any rescaled cumulant of the whole chain grows linearly with the number
of sites IV, and in scaling [I] the correction to this leading N-behavior scales as the num-
ber of parallel spins domains Ngy.

In scaling regime [II], the size N grows as the temperature goes to zero in such a way
that (1 — y)N? = p?/2 with p fixed and finite, namely by virtue of (8.24),

N o<
£SCI[II]'0 o0 (8.27)

Then the behavior (8.19) of the rescaled cumulants for the whole chain can be rewritten
for n>1 as

. (Qn>c 2 [II]
tlirgo PyP—" [N+ p°f, (P Ky (8.28)
where fgl](p) = (1/\/5)(5152)FEH/(ﬁ152; a,b). In the limit where p — 0 the function fgl](p)
goes to a non-vanishing value. The latter regime corresponds to the equilibrium at
inverse temperature 3 in the limit of very low temperature. Eventually, in scaling [1I]
the correction to the leading N-behavior of every rescaled cumulant of the whole chain
is a finite contribution.

The size dependence of the cumulants of particle currents has been investigated for
various exclusion processes: the one-dimensional symmetric simple exclusion process
with open boundaries [42], on a ring with periodic boundary conditions [43], for a one-
dimensional hard particle gas on a ring or with open boundary conditions [44] and for
the one-dimensional lattice gas model ABC' in the vicinity of a phase transition [45]. In
[46] the weakly asymmetric exclusion process on a ring has been considered in a scaling
regime where the parameter which drives the system out of equilibrium tends to zero as
the inverse of the system size; all cuamulants of a current are calculated at both leading
order and next-to-leading order in the size of the system.

9. Conclusion

The one-dimensional Ising chain has, for a very long time, been a laboratory for devel-
oping methods of statistical physics. In this work we have contributed to that enter-
prise. We have considered the N-spin cyclic chain with each spin coupled to two
thermostats at distinct temperatures 77 and 75 and a dynamics that generalizes the
Glauber model [10]. There appears, as expected, an energy current from the hotter to
the colder thermostat. Our fermionization method is a direct extension of the method
introduced by Felderhof for the evolution of the spin probability distribution in an
Ising chain with Glauber dynamics. It has allowed us to obtain the full spectrum of
eigenvalues and eigenvectors of a master equation acting in the product space of the
spin configurations, and two ‘counters’ that keep track of the net energy furnished by
each of the individual thermostats.

In other words, we have calculated the statistics of the total time-integrated energy
current Q between the thermostats after a given time interval 7. We found an explicit
expression for the probability distribution P(Q;7) (at arbitrary finite N) at any time 7.
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In the long time limit we exhibit the generating function for the long time cumulants
per site and unit of time lim__, (Q"), for the transferred energy Q. Their expressions
can be determined at any order n. We notice that, since the evolution of the joint prob-
ability P(s, Q;T) where s is the spin configuration, is Markovian, the corresponding
generating function is equal to the largest eigenvalue of the matrix that governs the
evolution of the Laplace transform of P(s, Q; 7) with respect to the variable Q. Indeed,
in models solved by fermionic techniques such as those in [18, 19, 36], the large devia-
tion of the time-integrated current X of interest is obtained as the largest eigenvalue of
that matrix. However, in these works the Laplace transform of P(X;7), which describes
the full statistics, is not exhibited.

The explicit solution for the long time cumulants per site and unit of time has
allowed us to investigate effects specific to various regimes of the thermodynamic
and kinetic parameters. The main effects are the following. When thermostat 2 is at
zero temperature, the current from thermostat 1 to thermostat 2 cannot have nega-
tive fluctuations and the large deviation function is non-zero only for positive time-
integrated currents; there is pure dissipation towards the zero temperature bath. When
one thermostat is very slow with respect to the other one, the generating function for
the long time cumulants of Q per site and unit of time becomes that of a biased random
walk; all odd (even) cumulants are equal to the same value. In this asymmetric random
walk the effective kinetic parameter is that of the slower thermostat. This effect has
already been exhibited in the two-spin model of [20]. In the present model, with N> 2
spins, the sole coefficient due to N-body effects that does contribute to the asymmetric
random walk cumulants is 31(V, 7;), where the index f refers to the slower thermostat;
the N-body effects involve only the inverse temperature of the faster thermostat. If
the colder thermostat is at zero temperature, the generating function for the long time
cumulants per site and unit of time becomes that of a Poisson process with an effective
kinetic parameter equal to that of the slower thermostat; the random biased walk is
confined to positive values of Q.

In this work we have dealt only with global quantities. However, our results allow
for the calculation, in principle, of any quantity related to the energy currents, and in
particular energy current—current correlation functions at different points in space and
time. This is the subject of ongoing investigation.
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Appendix. Behavior of coefficients X,(N, )

In order to investigate the leading behavior of the correction >;(N,v) — 1, where
1 =limy_ o 41 21(N,7), as well as the divergence of %,(N,~) for n>2 in the double
limit N>1 and 0 <1 —y< 1, we consider the following finite sums of interest. First
we use the property 1 = 31(/V, 1) in order to rewrite the correction >1(N,vy)—1 as a
single sum

N/2

21(‘N’7 7) -1=010- 7) Z Asl,é(Nv ’Y): (A].)
(=1
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where

2 cos gy sin? 1
Asy (N, ) = —= 242 &

N (1 —cosq) [1—~cos q] ' (A.2)
and the discrete variable ¢ = (2¢ — 1)7/N varies between ¢; = w/N and gy = ©[1 — 1/N].
Similarly, the definition (6.14) can be rewritten as >,(N,vy) = Z?]:/?l Spo(N, ) with n>2
and

2 sin®" g

Spno(N,v) = —
AN ) N (1 —~cosq

)anl ’ (A3)

In the double limit where N— oo and y— 1 the increments defined in (A.2) and
(A.3) display the following behavior,

1 1
A N,Y)~As (N,V) = ————
s1,0(N,v) ~ Asy (N, ) N DUV (A.4)
and
2 q"
n, N7 ~ Z N7 =— .
S ,f( 7) S ,E( 7) N [D[(N, 7)]27171 (A 5)
with the denominator
1({ (20— Dr )2
D(N,v)=1—-~v+ | ——]|. )
(N, ) v 2( N (A.6)

At this point one has to distinguish between two scaling regimes of parameters.
The scaling regime [I] corresponds to (1 — v) N2 >> 1. Then we rewrite the denominator
Dy(N, ) as

D(N,v) =1 -y [1+ (g% (A7)

with ¢; = (2¢ — 1)w/[\/1 — v N]. Hence, from the definition (A.1), we get that when
(1 —-v)N?= o0

2(N,y) —1 ot —242(1 = 7). (A.8)

In the same limit, for n > 2 the expression /2(1 — 7)(211—3) Z?]:/zl s;é(N, v) tends to a con-
stant denoted as a%” and

1
Sa(N,y) ~ 2 [1]
N, 7 ~ 22 = )P oy, (A.9)
with
22(n71) +00 2n

m_ f d q
g, — .

n T 0 q[l + q2]2n71 (AlO)

We notice that if N— oo at fixed v < 1, then ¥,,(c0, ) is given by (6.23) and it diverges
as 1/(\/1 —v)?" 3 as y— 1 with the same behavior as that given in (A.9). In other
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words, the result from the successive limits N - oo and then 1 — v < 1 leads to the same
divergence in 1 — ~ as if one considers scaling regime [I] where (1 — v)N? - oc.

The scaling regime [II] corresponds to (1 —)N? = %pQ with p fixed. Then the
denominator D; defined in (A.6) is conveniently rewritten as

Dy(N,7) = —[p + (20 — 1)*n?] (A.11)

In the scaling regime [II] the series [(1 — y)N]~ 121\”2 Asf «N,v) tends to a constant
denoted as 2 X Crw(p). Then, from the definition (A.1), we get that

Yi(N,y)—1 i —2(1 = )N Crw(p)- (A.12)

By virtue of the relation (1 — y)N? = %p2, the latter behavior can be rewritten as

Yi(N,v) — 1 e V2(1 =) p Crw(p), (A.13)
with
i 1
Caw(p) =4 (A.14)

= p?+ 20— 127
In the same scaling N~ ZN/Z * (N, ) tends to a constant denoted as 2 X Cu(p),

~ (2n—3)
YN, ) 1[11]2N Cu(p)- (A.15)

By virtue of the relation (1 —y)N2? = %pQ, the latter behavior can be rewritten as

p2 n—23/2
(N, ) solT 2[m] Cu(p), (A.16)
with
R 20 — 12"
Cup) = 0 > ( ) (A.17)

2 PP+ 20— 1Rt

We notice that if the limit v— 1 is taken at fixed N, then the behavior of ¥,(/NV, 1) at
large N is given by that of a sum where the ¢th increment s, (N, 1) has the denominator
Dy(N,1) = 1/(2N?)(2¢ — 1)?*72. Then %,(N, 1) behaves as 2N?"~3C,(0) where the constant
C(0) happens to be the value of C,(p) (A.17) taken at p = 0. In other words, the result
from the successive limits v — 1 and then N>> 1 coincides with the behavior (A.15) of
>n(N, ) in scaling [II]. In other words, the divergence in N of ¥,(N,y) when the limit
~v— 1 is taken first is the same as in the scaling regime [II], where p = N,/2(1 — v) is
fixed and then sent to zero.
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