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When sheared, granular media experience localized plastic events known as shear transformations, which
generate anisotropic internal stresses. Under strong confining pressure, the response of granular media to
local force multipoles is essentially linear, resulting in quadrupolar propagated stresses. This can lead to
additional plastic events along the direction of the increase in relative stress. Closer to the unjamming
transition, however, as the confining pressure and the shear modulus vanish, nonlinearities become relevant.
Yet, the consequences of these nonlinearities on the stress response to plastic events remain poorly
understood. We show with granular dynamics simulations that this brings about an isotropization of the
propagated stresses, in agreement with a previously developed continuum elastic model. This could
significantly modify the yielding transition of weakly jammed amorphous media, which has been

conceptualized as an avalanche of such plastic events.

DOI: 10.1103/1psy-gslv

Introduction—When subjected to large enough macro-
scopic shear stress, amorphous solids such as granular
packings, foams, metallic glasses, or toothpaste start to
flow [1,2]. This yielding transition originates in microscopic
events where the material locally undergoes a plastic
deformation [3]. Each of these so-called shear transforma-
tions induces new microscopic stresses in its surroundings,
which can then trigger further shear transformations. Above
a critical macroscopic stress, the catastrophic accumulation
of such events is widely believed to cause the whole material
to yield and transition from a solidlike to a fluidlike
behavior [4].

This yielding transition has been widely studied via
mesoscopic elastoplastic models [1,5-10]. Its universality
class depends on the propagator, which determines how a
shear transformation redistributes stress. Linear elastic
solids display a so-called Eshelby propagator, whose
quadrupolar symmetry imposes a balance of positive
and negative stresses [11,12]. This symmetry, associated
with the dipolar deformation field illustrated in Figs. 1(a)
and 1(b), dictates the critical exponents at the yielding
transition. Among them, the Herschel-Bulkley exponent
describes how abruptly the material starts to flow once the
macroscopic stress exceeds its critical value [7,13].
Phenomena such as shear banding and aging have also
been linked to the form of the Eshelby propagator [14—16].

Although the validity of the Eshelby propagator is well
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FIG. 1. The far-field stresses induced by a shear transformation
(ST) become more isotropic near unjamming. (a) In an amor-
phous medium, a shear transformation, e.g., a local change of
neighbors between grains (inset) [17,18], applies a local force
dipole (orange arrowheads) on the surrounding medium. These
forces propagate through the medium (gray arrows), resulting in
stresses at the medium’s boundary (blue arrowheads). (b) Far
from unjamming, the medium propagates stresses according to
linear elasticity. The symmetry of this stress response is thus
independent of the magnitude of the local forces. (c) Close to

established in dense amorphous solids [19], looser unjamming, the medium may not support the propagation of

tensile stresses, resulting in a dilational stress response. (d) For

- large local forces, stress redistribution within the medium results
Contact author: martin.lenz@cnrs.fr in an increasingly isotropic dilation.
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packings may display more complex responses.
Experiments on weakly jammed emulsions [20,21] thus
indicate a non-Eshelby propagation whereby the change in
local stress surrounding a shear transformation has the
same sign in all directions [18]. Similarly, an isotropic core
is observed in the displacement response to force dipoles of
simulated harmonic sphere packings near unjamming [22].
In this Letter, we propose that such deviations from the
Eshelby propagator are generically expected for amorphous
solids close to unjamming.

Our approach is based on the observation that as an
isotropic material approaches unjamming, one or both
elastic moduli vanish, while its higher-order nonlinear
elastic response remains finite [23-25], leading to a non-
linear response to local shear transformations. To under-
stand the origin of this nonlinearity, consider two
contacting grains within the medium. Compressive forces
maintain contact, whereas tensile forces tend to pull the
grains apart, favoring the transmission of compressive over
tensile stresses. As a result, local forcing induces a bias
toward isotropic dilation [Figs. 1(c) and 1(d)], an effect that
we have previously termed rectification [26,27]. Here, we
validate this isotropization using numerical simulations of
2D granular packings. We find that the system’s tendency
to isotropization diverges as unjamming is approached, in
agreement with a nonlinear elastic model [27]. Finally, a
simple toy model suggests that this effect can alter critical
exponents and qualitative features of the yielding transition
in amorphous solids near unjamming.

Stress propagation around a shear transformation near
unjamming—We consider packings of frictionless, bidis-
perse disks confined within a circular arena of radius r,, at
mechanical equilibrium, as described in the End Matter.
The two disk species are present in equal proportions, with
a diameter ratio of 1.4. We use the mean diameter as our
length unit. The disk area fraction ¢ is set slightly above the
critical value ¢, ~ 0.84 at which the packing unjams [23],
such that A¢p = ¢ — ¢, < 0.2. A pair of disks with overlap
0 interacts elastically via a Hertzian potential proportional
to 6°/2 [28]. The associated stiffness sets our unit of stress.
For the values of ¢ considered here, the resulting initial
pressure is low, with P;,;; < 0.02. To mimic stress propa-
gation around a shear transformation, we apply internal
forces at a radius r;, [Fig. 2(a)]. In practice, we use
mesoscopic values for r;, to mitigate fluctuations due to
the medium’s disorder, and we apply forces on the order of,
or smaller than, P;,; to avoid triggering extensive plastic
reorganizations [10].

We characterize the magnitude and anisotropy of these
forces through the corresponding coarse-grained local stress
tensor &' (definition in End Matter). We monitor stress
propagation via the boundary stress response tensor 67,
which characterizes the forces exerted by the medium at its
boundary in response to &'. Our local forcing is decomposed
into an isotropic pressure P; and a shear stress S,

(a) initial configuration

(b) contractile forcing

x (c) dipolar forcing

FIG. 2.  We subject circular jammed packings to small internal
forces. (a) Packing of the type used in our simulations but with
fewer disks. We exert radial forces on the disks in the shaded
region near ry, (orange) and measure the forces exerted on the
disks in the shaded region near r,, (blue). (b) The same packing
under isotropic contractile forcing, P; < 0, corresponding to a
local shrinkage of the original orange ring. In the final configu-
ration, some gray disks are now subject to the forcing, and some
orange ones are not. The dashed circle has radius ry,. (c) Dipolar
forcing, S; > 0.

respectively illustrated in Figs. 2(b) and 2(c). We decom-

pose 6” similarly. Placing ourselves in the eigenbasis of
tensor &', we write
, Pi+S; 0
o' = —( ) (1)
0 P -S;

for i € {l, b}. Qualitatively, a positive P, corresponds to an
overall dilation of the medium. Note that for an individual
realization of our granular packing, the off-diagonal com-
ponents of &” in Eq. (1) may not vanish. Symmetry,
however, imposes that their average over the disorder does,
and in practice, the off-diagonal components do not exceed
10% of the diagonal ones for any of our individual packings.

In the initial configurations, the confining pressure elicits
an isotropic arrangement of force chains; see Fig. S1in [29].
The application of a dipolar forcing S; > 0 rearranges the
force chains anisotropically, as shown in Figs. 3(a), S2, and
S3. We focus on the outer region, r > r;, + %, through
which the local forcing propagates to the boundary. As S;
increases and nonlinearities become prevalent, the force
chains in the vicinity of the y-axis near radius r;, become
weaker. Conversely, the force chains near the x-axis are
reinforced, both horizontally and along directions with
significant angles with the x-axis. At large values of r, this
anisotropic propagation leads to reinforced force chains
even close to the y-axis. As a result, a dilational boundary
pressure P, > 0 emerges in response to the local shear
stress S; [Figs. 3(b) and S4]. In extreme cases, this can
rectify the stress response toward dilation in all directions,
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thus making it more isotropic; see Fig. 3(c). Under isotropic
forcing P, # 0, we also observe nonlinear relationships
between P, and P; (Figs. S5, S6). Overall, this minimal
new setup clearly shows how microscopic force chain
rearrangements induce the isotropization of propagated
stresses illustrated in Fig. 1.

Dependence of the non-Eshelby propagation on material
behavior—To assess the relationship between isotropiza-
tion and unjamming, we now turn to theory. Within the
linear regime, homogeneous elastic media propagate stress
without alteration, such that P, =P, and S, = S,. For
weak nonlinearities, symmetries dictate

Py~Pi+aSi+pP; and S, xS.  (2)

The term aS?, if large and positive, induces dilational
stresses that come to dominate the medium’s response, and
it is, thus, responsible for isotropization. In a previous paper
[27], we expressed « as a function of the material’s elastic
properties. To parametrize those, we consider a jammed
disk packing initially at area fraction ¢y = ¢, + A¢p with
differential bulk and shear moduli x, and p,. When
subjected to a small additional compression d¢ < Ag,
its moduli become, to first order in &¢,

KZKO(l—K1%> and /t:u()(l—ul%qj). (3)

The isotropization coefficient a then reads

a:—ﬂlo[<1q+;>a1+<m+;)a2} (4)

where a; and a, are positive functions of the ratio of radii
Fou/Tin and Poisson’s ratio v = (kg — pg)/ (ko + po); see
End Matter for full expressions.

For granular materials under Hertzian interactions, the
bulk and shear moduli vanish at unjamming as x ~ ky &
VA@ and p ~ py ~ A¢ [23). Expanding the expressions of
k and u for small 6¢ and equating the result to Eq. (3) yields

o~ 1. and o _ 9
g0 2 A Hlageo " Ap

(5)

Therefore, x; and p; are both negative. Granular media
indeed soften under tension (6¢p < 0) and stiffen under
compression. These nonlinear coefficients, moreover,
diverge near unjamming as (A¢)~!, leading to a large
positive isotropization coefficient «; see End Matter.
According to Eq. (2), an anisotropic forcing already gives
rise to a significantly isotropized far-field stress response
(.., P, > S;) for a small S, ~a~! ~ (Ag)>.

To confirm this predominance of isotropization in the
vicinity of unjamming, we measure coefficients a and f in
simulations of the type of those presented in Fig. 3 for
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FIG. 3. Force chains rearrange to create boundary dilation out of
local shear stress. (a) Local shear stress rearranges force chains in
a packing. The green segments have widths and colors propor-
tional to the forces between neighboring disks. We refer to
consecutive segments with large widths as force chains. Here,
we have ~6700 disks, ro, ~44, row/rin =3, A¢p ~0.03. (b)
Dilation under dipolar forcing for three initial configurations
(circles, squares, and triangles), demonstrating reproducibility. We
fit the data using P, = aS7 with a ~ 4400, and S, = (1 + B)S,
with B ~0.7. Here, roy/rin = 8, rip ~5.5, A¢ ~0.03. (c) The
anisotropy in the stress response decreases as the local shear stress
increases. The vertical line indicates the local shear stress at which
this anisotropy falls under 1/2.

different values of A¢ and r;, (additional fits in Figs. S4-S9)
and report them in Fig. 4. We find that the small nonlinearity
expansion of Eq. (2) describes our data well even in regimes
where the nonlinear terms are comparable to or larger than
the linear ones. We observe an unexpected steeper linear
dependence S;, = (1 + B)S, than predicted, but find that
the phenomenological coefficient B > 0 is not large enough
to prevent isotropic dilation from dominating the response of
our packings (insets of Fig. 4). Both coefficients a and f are
positive, and thus contribute to the medium’s dilation in the
nonlinear regime. This dilation is, moreover, strongest for
small A¢ and for a very localized forcing (r;, small). Finally,
we compare the values of the main isotropization coefficient
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FIG. 4. Isotropization prevails close to unjamming and in large
systems. (a) Log-log plot of coefficients @ and /3 obtained as in the
fits of Fig. 3(b) showing a (A¢)~? divergence as unjamming is
approached. The black line shows our theoretical predictions
[Eq. (4)], and we observe f ~ /9. Inset: the phenomenological
coefficient B does not strongly depend on A¢. Here, r;, ~ 22 and
Tout = 44. (b) Holding the outer radius r,, ~ 44 constant, the
isotropization coefficient « is strongest for small r;,, in agreement
with the theoretical prediction (see End Matter). Inset: B is also
large for small ry;; the dashed line shows a heuristic dependence
B = (rou/rin—1)/8. Here, A¢=~0.03. Bars show standard
deviation across three simulations.

a with the prediction of Egs. (4) and (5). We find a very good
agreement without any adjustable parameters (we obtain
and g from Ref. [23]), confirming that close to unjamming,
the weakening of the packing’s linear response induces an
overwhelmingly dilational, non-Eshelby response to local-
ized forces.

Macroscopic  implications  of the non-Eshelby
propagation—In amorphous solids, shear transformations
can trigger further plastic events via stress propagation. In
elastoplastic models, this cascade is governed by the
Eshelby propagator’s quadrupolar symmetry, which makes
a shear transformation equally likely to promote or sup-
press plastic reorganizations in nearby regions. Loosely
defining a scalar stress ¢ characterizing how far a region is
from the reorganization threshold o, this implies that ¢
undergoes a symmetric random walk prior to reaching o,.
By contrast, Eq. (2) predicts an additional dilational stress
‘P, which should bias this walk and alter the universality of
the fluidization transition.

To illustrate the macroscopic implications of this break-
ing of the stress-reversal symmetry, we turn to a simple
mean-field elastoplastic model [5] that monitors the prob-
ability density P(o,t) of local stresses over time 7. In a
material under external shear at rate 7, o increases at rate yy.
It also diffuses due to stress kicks from distant shear
transformations, with diffusion coefficient D = al”, where
I" is the number of plastic reorganizations per unit time, and
a is a constant. We reason that the added dilational stress
‘P, increases the packing pressure, and thus, reduces the
tendency to yield [2]. At leading order, this introduces a
drift away from the yielding threshold that is proportional
to I'. It can thus be represented by adding a current —bD to

the evolution equation for P(c, t), where b is a constant:
0,P = —(uy — bal')d,P + al'o2P — v(c)P +T5(c).  (6)

Here, the disappearance rate v(¢) = 7~ 'H(|o| — 6,.), where
H denotes the Heaviside step function, implies that each
region whose stress exceeds the critical value ¢, undergoes
a plastic reorganization and is removed from the system. Itis
then reintroduced as a new stressless configuration through
the last term of Eq. (6) involving Dirac’s delta function &,
with the condition that I'(r) = [*® u(c)P(c,t)do. As b
quantifies the relative importance of the dilational and
Eshelby stress propagation, we expect it to become relevant
close to unjamming.

Analyzing Eq. (6) in a steady state (details in [29]) reveals
that just like the classical b = 0 case, our extended b # 0
model displays an unjamming transition from a solidlike
phase devoid of plastic events at zero shear rate (I' = 0) to a
fluidlike phase (I' # 0) upon an increase of a through a
critical value. At the transition, the rheology of the material
is described by a Herschel-Bulkley exponent of 1/2:

(o) = (o7 =0)) 7. (7)

By contrast, in the Eshelby-like (b = 0) case, this depend-
ence is (6) ~7'/> and only crosses over to a Herschel-
Bulkley exponent of 1/2 deeper in the jammed phase [30].
While derived in a simplistic model, this indicates that the
loss of the Eshelby-like symmetry can have macroscopic
implications for the rheology of amorphous materials.

Discussion—Our study sheds light on the transmission
of internally generated stresses in granular systems close to
unjamming. Many elastoplastic models assume that, fol-
lowing a shear transformation, this transmission is well
described by an Eshelby-like linear elasticity kernel
[1,7,31]. We show that elastic nonlinearities inherent to
the unjamming transition instead lead to substantial
isotropic dilational stresses around local rearrangements.
This isotropization is strongest for rearrangements span-
ning a few particle diameters, comparable to that of shear
transformations [32]. This mirrors earlier experimental
[18] and numerical [22] findings.

Although our analysis focuses on Hertzian disk pack-
ings, we expect similar results for harmonic interactions
(see End Matter) and random spring networks [33,34].
This universal character is reflected in the good agreement
between our simulations and a continuum theory devoid of
microscopic assumptions; see Ref. [29] for a study of
finite-size effects and plasticity (and Refs. [35-41]
therein). While based on a small-stress, weakly nonlinear
expansion, this formalism quantitatively predicts isotrop-
ized stresses even in regimes where they are significantly
larger than the stresses predicted by linear elasticity. This is
reminiscent of successful predictions of the onset of failure
in amorphous solids based on lowest-order nonlinearities
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[42]. Crucially, this isotropization requires the vanishing of
at least one elastic modulus at unjamming. Systems where
K and G remain finite at the transition should, thus, display
negligible far-field stress isotropization.

We use an elastoplastic toy model to bring out the
macroscopic consequences of the isotropization-induced
breaking of symmetry between positive and negative
stresses. Consistent with recent non-mean-field results,
we find that this asymmetry changes the characteristics
of the unjamming transition [43]. Moreover, while yielding
in strongly jammed systems tends to concentrate along
transient slip lines [14,44,45], we predict more homo-
geneous, ductilelike yielding in weakly jammed systems
due to more isotropic propagated stresses [15,46].
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End Matter

Appendix  A:  Simulation — methods—We  obtain
equilibrated packings by using granular dynamics via
LAMMPS [47] version stable_3Mar2020 as follows. We
initialize ~6700 disks with stiffness k& in a random
unjammed configuration inside a circular arena (k =1
in the main text). Two disks of radii r; and r, with
overlap o6 exert frictionless repulsive forces of

magnitude ky/r ry/(r, + r,)5%/%; likewise for the disks
overlapping with the arena of radius r, = ry, + (D/2),
where D is the mean disk diameter (D = 1 in the main
text). The forces {f*7#} exerted on disk u by its
neighbors at positions {r*} result in an elastic stress,
written of; = =3 (¥ = r/)f;”". To reach a jammed
configuration with packing fraction ¢ > ¢., we increase
the disk diameters and let the packing relax by thermal
annealing [48]. We determine A¢ = ¢ — ¢p. based on
the values of the initial pressure after relaxation
Pinie/k~0.27(A¢)*? and the excess contact number
Zini[ -4~ 33\/@ [23]

To investigate the response of packings to local forcing,
we define an inner ring as rel; = [ry, — (D/2),ry, +
(D/2)] [orange disks in Fig. 2(a)], with area
A; = 2ary,D. In addition to the forces due to the initial
pressure P;,;;, we subject each disk y in the inner ring to a
constant radial force, written

f“/k = (fo + 2f,cos20")i#, for rel;,, (Al)
such that f, =0 corresponds to an isotropic forcing
[Fig. 2(b)], while f;, = 0 corresponds to a dipolar forcing
[Fig. 2(c)]. This forcing elicits a coarse-grained local stress

proportional to the dipole of the added forces:

-2D
- A
%= A, E TP

HEL

(A2)

We also define a boundary ring as re€l, = [roy —
(D/2), rou + (D/2)] [blue disks in Fig. 2(a)], with area
A, = 2xry D, whose outer part sticks to the arena. The
excess stresses on the disks in the boundary ring 6# — ¢*-I"it
due to the forcing result in a boundary stress response

— 2 rcz)u init\ apt A
Gf?j:A_b 2tz Z( i t)”/ﬁ’? (A3)

Tin k=xypuel,

Due to the ratio r2,,/r? compensating for the dilution, the
analytical prediction for linear elastic systems is 6” = &'
[27]. For moderate forcing, fg, f> < Pinit/ k. the local stress
components defined in Eq. (1) increase with forcing as
P, x fo and S;  f5; see Ref. [29].
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Appendix B: Continuum elastic model—We previously
estimated the isotropization coefficient «a for a
continuum elastic medium under internal dipolar forcing
[Fig. 2(c)] by expanding Hooke’s law to the lowest
nonlinear order [27]. In that framework, nonlinear
corrections to the bulk and shear moduli, ¥ and u, were
characterized by the parameters x; and p;. Here, we
compute k; and p; directly in granular media and
substitute them into the theoretical expression for a
[Eq. (4)] to generate the curves shown in Fig. 4.

We quantify deformation at location x using the dis-
placement gradient »;; = du;/0x;. For small strains, we
expand the Cauchy stress 6 to the lowest nonlinear order as
0ij = Kijuttkt + Lijkimnkimn- Within this framework, the
elastic response of an isotropic and achiral medium to a
combination of bulk deformation and simple shear, i.e.,

n= (" ",), is characterized by differential bulk and

shear moduli k = 90, /0n;;, 4 = 00,,/0n,,, Written
k=rxo(l +xm;) and p=po(l +pmny).  (Bl)
In the setup of Fig. 2, we consider a large packing of
frictionless Hertzian disks with area fraction ¢. + Ad.
Near unjamming, i.e., 0 < A¢ < 1, the moduli read
k=K(Ap)* and u=M(Ap), (B2)
where K ~ 0.3 and M ~ 0.2 in units of the disk stiffness,
s~0.5 and r~1.0 [23]. The area fraction ¢, + A¢
corresponds to that of a system initially at the rigidity
threshold ¢, subjected to a bulk compression #;; =
—19 = —A¢/¢.. We then add an even smaller perturbation:
Ny = —ng — on, where |6n| < ng and 61 = 6¢p/¢p.. This
results in Eq. (3):

k= ko(1 —k161) + O(517%).
1= po(1 = py6n) + O (7). (B3)

where, at lowest order in A¢, the elastic parameters read

ko =K(Ag)'. K1 =—sp./Ag.
po=M(AP)', = —1¢./Ad, (B4)
as in Eq. (5). Therefore, given ¢.~0.84, around,

e.g., A¢p =0.1, 0.01, or 0.001, we find, respectively,
Ky ~—4,-40, or —400 and p; ~-8,-80, or —800.
Poisson’s ratio then reads

y="0"H —2%(&;&)”. (BS)

Ko+ Ho

Thus, 1 —v scales approximately as (A¢)%3, such that
media far from unjamming are more compressible.

Now that the elastic parameters are properly defined, we
enter them into the expression of a from Ref. [27]
reproduced in Eq. (4). Therein, a; and a, are positive
functions of p = (roy/rin)* and v, written

X
L = 405 — 108y = 547 + 1207 + o/
—v
+ (324 — 180v — 241% — 361° — 41*)p
+ (378 — 288y + 1200 + 2413 + 614)p?
+ (108 — 180w + 481 + 1207 — 4u*)p?
+ (81 = 108v + 5417 — 120° + v*)p?
and

Xa, = 81 — 54v + 35107 — 841° — 4914 + 100° + 18
— (684y — 2041% + 12003 + 8u* + 280° + 45)p
+ (594 — 900w + 112202 — 3600°
+ 1020* + 1205 + 61°)p?
+ (216 — 11160 + 92412 — 31243
+ 1604 + 200° — 405)p3
+ (405 — 702v + 5671% — 2761°
+ 83u* — 1415 + 15)p?,

where
X = 4/%1(3 —V2R2B+v) + B =v)(p+p)

Given the dependencies of the elastic parameters with the
area fraction A¢ in Eq. (B4), approximating s to 0.5 and ¢
to 1, we can expand Eq. (4) for small A¢ as

Hertzian case harmonic case
3
31 X
=
£ 10° v 15
;é : ;O 1.5
+ 10 )
@1.3
0.0 0.01 01 0001 001 0.1
area fraction A¢ area fraction A¢
FIG. 5. Theoretical prediction for the isotropization

coefficient. Equation (4) predicts different scalings of a with
A¢ for varying values of ry,/ry. For area fractions
A¢ €[1073,107!], the exponent varies from —2 when 7oy /7iy =
10 to —1.5 when rq,/r, = 1.3.
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an~ a(0>( Ap)~2 + a<1>(A¢)‘3/2, (B6) Consequently, a diverges near unjamming as (Ag)~2.
There is, however, a crossover from a slope —2 to a slope
where —1.5 at intermediate A¢, due to the scaling of v with A¢

[Eq. (BS)]; see Fig. 5.
0 _ P (p—1) 4=2p+p? For disks interacting with a harmonic potential propor-

al t, (B7) . , )
M  p  (d+p+p*)? tional to 5°, Eq. (B4) has coefficients K ~0.3, s~0,
M ~0.2, and t ~ 0.5 [23]. This translates into
. -1
(1) b P 6(p— 1)3(8 +4p + 3p?)t s ~ @O (AP) 2 + D (Ag)~!, (B9)

T Kpdtptp)

+ (644 36p+81p2 + 1603 + 18p* + pb)s (BS) with identical a?, al!) coefficients. At a given low A, this
' yields an isotropization effect that is substantial yet weaker
than in the Hertzian case; see Fig. 5.
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