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2LPTMS, CNRS, Université Paris-Saclay, F-91405, Orsay, France
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Optimal control of levitated nanoparticles subjected to thermal fluctuations is a challenging problem,
both theoretically and experimentally. In this Letter, we compute the time-dependent harmonic confining
potential that steers, in a prescribed time and with the minimum energetic cost, a Brownian particle between
two assigned equilibrium states. We take full account of inertial effects, thus addressing the general
underdamped dynamics, and, to address actual experimental conditions, the stiffness of the confining
potential is required to be bounded. We carry out an experiment realizing the described protocol for an
optically confined nanoparticle, which is shown to reach the target state within accuracy—while spending
less energy than other protocols with the same duration, significantly shorter than the characteristic
relaxation time. The results presented here are expected to have relevant applications in the design of
optimal devices, such as engines at the nanoscale.
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The field of optimal control aims at devising time-
dependent protocols for the parameters controlling the
dynamical evolution of a system, while minimizing a
certain cost functional of its trajectory. This is relevant
in a wealth of physical situations; specifically, we focus
here on the control of nanodevices with stochastic dynam-
ics. Therein, one is typically interested in minimizing the
entropy production [1–7] or the connection time [8–13]
between given initial and target states. In the lab, the
controlled parameters are usually restricted to a certain
finite region. For example, the stiffness κ of a harmonic trap
is generally limited to a nonnegative range κ− ≤ κ ≤ κþ
[14], depending on the specific technique used to realize the
harmonic potential. As a rule, these inequalities make
variational calculus unreliable for solving the optimization
problem: more sophisticated techniques from optimal
control theory are necessary.
Despite recent advances in the control of colloidal particles

[16,17], important aspects remain challenging. Notably, most
of the theoretical [1,3,4,6,10,12,13,16,18–21] and experi-
mental results [22,23] pertain to the overdamped regime, in
which inertial effects are negligible. Therein, accelerating the
connection between equilibrium states of a particle confined
in an arbitrary potential has been shown to be feasible, by
using several inverse engineering techniques [18,19,21]

imported from the field of shortcuts to adiabaticity [24].
Also, optimal protocols that minimize certain figures of merit
have been investigated, e.g., minimization of irreversible
work (entropy production) for a given connection time tf,
both for unbounded [1,3,4,6] and bounded [20] stiffness.
Extending control of colloidal particles to the under-

damped regime is critical, since it is the most general
description. Experimentally, underdamped dynamics accu-
rately describes nanomechanical resonators [25,26] or levi-
tated particles in moderate vacuum [27–29]. Theoretically,
the control problem is significantly more complex and more
poorly understood than its overdamped counterpart. Inverse
engineering techniques have been used but limitations
appear [30]—and optimal control brings about new
challenges. Optimal protocols, in general, involve noncon-
servative, velocity-dependent driving forces [5,19,31]. If the
force is restricted to be conservative, as done in this Letter,
the optimal driving involves Dirac-delta type discontinuities
[2]—which are not realizable in the lab, since they involve
infinite values of the stiffness.
Our main goal is the optimal control of an underdamped

particle, bringing to bear the practical bounds to achieve the
optimal realizable protocol. In particular, we aim at
minimizing the irreversible contribution to the work for
a harmonically confined particle, with stiffness κ that can
be tuned at will in a certain finite interval 0 ≤ κ− ≤ κ ≤ κþ.
Both the initial and target states correspond to equilibrium,*Contact author: marco.baldovin@cnr.it
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for the initial and target values of the stiffness. It is worth
stressing that the stiffness is the only parameter we control,
i.e., the potential is harmonic, conservative, and confining
at all times. Our theoretical results are tested by performing
an experiment on a levitated nanoparticle trapped in an
optical confining potential. The principle of the experiment,
described below, is illustrated in Fig. 1.
Model—Consider a Brownian particle of mass m, posi-

tion x and velocity v, immersed in a fluid at constant
temperature T. The collisions with the fluid molecules
result in a damping force −γv, where γ is a constant friction
coefficient, plus a fluctuating force ξðtÞ such that
hξðtÞi ¼ 0, hξðtÞξTðt0Þi ¼ 2γkBTIδðt − t0Þ, where I repre-
sents the identity matrix and kB is the Boltzmann constant.
If the particle is trapped along a certain direction by the
harmonic potential Uðx; tÞ ¼ κðtÞx2=2, the projected
motion obeys ẋ ¼ v, mv̇ ¼ −κx − γvþ ξ. Equivalently,
the probability density function pðx; v; tÞ evolves through
the Klein-Kramers equation [32],

∂tp ¼ −∂xðvpÞ þ
1

m
∂v

�
κxpþ γvpþ γkBT

m
∂vp

�
; ð1Þ

which admits the equilibrium solution for constant κ,

peqðx; vjκÞ ¼
ffiffiffiffiffiffi
mκ

p
2πkBT

exp

�
−
mv2 þ κx2

2kBT

�
: ð2Þ

The above notation emphasizes that, in typical experimental
setups, κ is a controllable parameter, while T is fixed. For an
initial Gaussian centered at ðx ¼ 0; v ¼ 0Þ, as in equilib-
rium, Eq. (1) preserves this property throughout the evolu-
tion of pðx; v; tÞ. The system’s state is then completely
characterized by the vector u of its second moments—see
Sec. I of [33]. In terms of

u1 ¼
γ2hx2i
kBTm

; u2 ¼
γhxvi
kBT

; u3 ¼
mhv2i
kBT

; ð3aÞ

s ¼ γt=m; k ¼ mκ=γ2; ð3bÞ

the evolution of the system’s state reads

u̇ ¼ fðu; kÞ≡Mkuþ 2e3; ð4Þ

in dimensionless variables, with u̇≡ du=ds, and

Mk ¼

0
B@

0 2 0

−k −1 1

0 −2k −2

1
CA; e3 ¼

0
B@

0

0

1

1
CA: ð5Þ

We search for swift state-to-state transformations (SSTs)
[16] between an initial state peqðx; vjκiÞ and a target
equilibrium distributionpeqðx; vjκfÞ corresponding to differ-
ent confinements or, equivalently, between

ui ¼
0
@ 1=ki

0

1

1
A and uf ¼

0
@ 1=kf

0

1

1
A: ð6Þ

To do so, we allow kðsÞ to vary with arbitrary speed, and
even to make discontinuous jumps, but require it to remain
within prescribed bounds, as follows:

0 ≤ k− ≤ k ≤ kþ; ð7Þ

with k− < ki;f < kþ. We ask (i) whether the connection can
be completed in a given finite time sf by suitably steering k
within the prescribed range (7), without waiting for the
system’s spontaneous relaxation; (ii) what SST protocol,
from the plethora of them making the connection, minimizes
the associated average external work. Since the cumulative
average work at time s is

FIG. 1. Principle of the experiment. (a) A nanoparticle is
optically levitated by a highly focused laser. The harmonic
confinement of the particle, i.e., trap stiffness, is tuned through
the trapping laser power. (b) The trap stiffness κ is changed in
time according to a prescribed protocol (c), to bring the particle
probability density function from an initial equilibrium state at
time t ¼ 0 (d) to a final equilibrium state at time t ¼ tf (f),
passing through a series of out-of-equilibrium states (e). The
green section cutting plot (b) at an arbitrary x ¼ x� provides a
direct visualization of the time dependence of κðtÞ. The con-
nection can be achieved in a plethora of ways, and we seek for
optimal ones (timewise or energywise).
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WðsÞ ¼ kBT
Z

s

0

ds0
k̇ðs0Þ
2

u1ðs0Þ; ð8Þ

we then look for the protocol kðsÞ that minimizes WðsfÞ.
The main tool for deriving our analytical results is

Pontryagin’s maximum principle (PMP) for minimizing a
prescribed cost C ¼ R sf

0 dsLðu; kÞ functional of the whole
trajectory [34,35]. In a nutshell, PMP states that the time-
dependent protocol kðsÞ that minimizes C in turn maxi-
mizes the Hamiltonian Hðu;φ; kÞ ¼ φ0Lðu; kÞ þ φ · f,
where φ0 ≤ 0 is a constant and φ is a vector of
conjugated momenta, with u and φ obeying the canonical
equations u̇ ¼ ∇φH ¼ f and φ̇ ¼ −∇uH, with ðφ0;φTÞ ≠
ð0; 0; 0; 0Þ. Note that PMP provides a necessary, but in
general not sufficient, condition for optimality. See Sec. II of
[33] for more details.
Minimal time—To address our first question, we search

for the minimum connection time sth between ui and uf.
Here, L ¼ 1, and Pontryagin’s Hamiltonian thus reads
H ¼ φ0 þ φ · fðu; kÞ; its maximum can be located only
at the extreme values k ¼ k� [36]. Therefore, the minimum
time is provided by a protocol alternating at least three
branches with constant k ¼ k�, known as “bang-bang” in
control theory [8,9,11,12,37–40]. The switching times and
the total time sth are numerically computed in Sec. III
of [33]. If a protocol k⋆ðsÞ evolves ui into uf in a time sth,
the same connection can be made in any time sf > sth [41].
Therefore, our first result is that sf ≥ sth is a sufficient
condition to realize the desired connection.
Minimal work—Our next step is to search for the

protocol that minimizes the total work among those
achieving the connection in a time sf ≥ sth. The total
average work (8) splits into two contributions: (i) a
reversible one, which is physically related to the free
energy variation; and (ii) an irreversible one, which is a
functional of u and k, vanishing in the quasistatic limit (see
Sec. IV of [33]):

Wirr ¼ kBT
Z

sf

0

ds

�
u1

u1u3 − u22
þ u3 − 2

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Pirr

: ð9Þ

The optimal solution is found by minimizing either Wirr
directly or the excess work with respect to the energy
variation C ¼ R sf

0 ds ðu3 − 1Þ [42]. Now L ¼ u3 − 1 and,
choosing φ0 ¼ −1, H ¼ −u3 þ 1þ φ · fðu; kÞ. The maxi-
mum ofH as a function of k can be at either a value k0 such
that ∂H=∂kjk¼k0 ¼ 0 or the bounds k�. The first option
yields, as shown in Sec. IV of [33],

k̇0¼3k0þ
6

u1
þ3

u2
u1

−9
u3
u1

þ10
u22
u21

−8
u2u3
u21

þ8
u32
u31

; ð10Þ

which, if assumed to be valid ∀ s∈ ð0; sfÞ, leads to a
protocol k0ðsÞ that violates the bounds. In fact, this k0ðsÞ

coincides with the variational solution, which has Dirac-
delta discontinuities at the initial and final times [43], and
thus can be valid only for unbounded stiffness. Inspired by
the structure of the unbounded solution, we look for a three-
stage protocol in the bounded case:

kðsÞ ¼

8><
>:

k�; s∈ ½0; s1�; ðbangÞ;
k0ðsÞ; s∈ ½s1; s2�; ðEuler-LagrangeÞ;
k�; s∈ ½s2; sf�; ðbangÞ:

ð11Þ

This three-stage optimal protocol, together with the corre-
sponding time evolution of the correlations and the irre-
versible output power, is illustrated in Fig. 2.
Note that we expect a timescale separation between the

(slow) control dynamics and the (fast) system thermal-
ization for sf → ∞. Then, the optimal solution tends
toward the overdamped limit one [5,44,45], namely,

kðsÞ ¼
�
sf − sffiffiffiffi
ki

p
sf

þ sffiffiffiffiffi
kf

p
sf

�
−2
; ð12Þ

which can be realized without exceeding the range
k∈ ½ki; kf� ⊂ ½k−; kþ�. We thus expect the optimal solution

FIG. 2. Minimal work protocols. Panel (a) shows the optimal
protocols for different values of the rescaled connection time sf.
The dash-dotted black curve corresponds to the quasistatic limit,
sf ≫ sth, while the solid red curve corresponds to the minimal-
time protocol, sf ¼ sth. Shaded areas denote forbidden values of
the stiffness. In panels (b) and (c), the corresponding evolution of
the rescaled moments u1, u2, and u3 is shown. Finally, panel
(d) exhibits the time dependence of the irreversible part of the
average power [the integrand of Eq. (9)]. Plot axes are rescaled in
such a way that the total area below each curve is proportional to
the irreversible work done during each process, which decreases
with tf as expected. Here, ki ¼ 1, kf ¼ 1.4, k− ¼ 0, kþ ¼ 2.
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in the time interval ½s1; s2�, determined by k0ðsÞ, to verify
k− ≤ k0ðsÞ ≤ kþ if sf ≫ sth. A three-stage optimal solution
of the “bang–Euler-Lagrange–bang” type, as proposed
above, should thus always be possible under these con-
ditions. If sf ≳ sth, a more complex shape may be required:
see Sec. V of [33] for an explicit example.
Experimental results—To experimentally test the derived

optimal protocol, we use an optically levitated particle in
moderate vacuum and at room temperature (T0 ¼ 290 K)
[29]. An infrared laser is strongly focused by an objective to
generate an optical tweezer trapping a 68 nm radius
spherical silica particle in a harmonic potential of natural
frequency Ω ≈ 2π × 100 kHz. The trap stiffness κ ¼ mΩ2,
with the particle mass m ≈ 2.4 × 10−18 kg, is directly
proportional to the trapping laser power Plas. The system
damping is enforced via the gas pressure pgas in the
experiment chamber. Specifically, we use pgas ≈ 5 hPa,
corresponding to τ−1 ¼ γ=m ¼ 2π × 4.4 kHz ≪ Ω, which
belongs in the underdamped regime—note that τ is the
natural relaxation time. Using an ancillary laser, we record
the particle dynamics xðtÞ.
As discussed earlier, a critical limitation of experi-

mental realizations of thermodynamic protocols is that
the control parameters are limited to a finite range. We
control the trap stiffness through the trapping laser power
using an acousto-optic modulator, which technically limits
the ratio of available stiffnesses κþ=κ− to a factor of,
typically, ten. Specifically, we have κ− ¼ 0.29 pN=μm
(Ω− ¼ 2π × 55 kHz) and κþ ≈ 2.77 pN=μm (Ωþ ¼
2π × 170 kHz). We address decompression protocols with
compression factor χ ¼ κf=κi ¼ 0.5, choosing κi ¼ κþ.
Under these conditions, the minimal threshold time for a

protocol is tth ≈ 7 μs. We experimentally realize the derived
SST optimal protocols for the minimization of the irre-
versible work [46]. They are shown in the inset of Fig. 3:
the minimal-time protocol (violet) with a final time tf ¼ tth;
an intermediate-time optimal protocol (red, tf ¼ 1.8tth);
and a long-time-limit protocol following Eq. (12) (orange,
tf ¼ 480 μs ≫ tth). As shown in Fig. 3, the resulting
position variance hx2ðtÞi reaches its final equilibrium value
close to tf, matching the theoretical expectation. Thus, the
bounded optimal protocols successfully drive the system to
equilibrium at the targeted final time. For the minimum
time protocol, a small discrepancy between the experimen-
tal and theoretical processes is observed, which we attribute
to the challenge of precisely matching experimental param-
eters: for tf ¼ tth, the duration of the bangs is close to the
typical response time of the experimental setup.
For tf ¼ tth, there is only one protocol, the brachisto-

chrone, that makes the connection at an expensive work
cost; for tf ≫ tth, any regular protocol would be quasistatic
and give a very small irreversible work, virtually indis-
tinguishable from that for the optimal one given by
Eq. (12). From the experimental point of view, the

intermediate time, tf > tth with tf=tth ¼ Oð1Þ, is thus
the most interesting regime for our protocols with minimal
work because it offers an advantageous trade-off between
energetic cost and protocol duration. Therefore, we have
considered two SST protocols with the same finite con-
nection time tf ¼ 1.8tth, shown in the inset of Fig. 4: the
optimal one, given by Eq. (11), and a nonoptimal one. The
latter relies on choosing the lowest-order polynomial that
makes the connection [29,30]. For reference, we also
consider a STEP protocol corresponding to a sudden
change of stiffness from κi to κf.
As previously, we look into the time evolution of the

particle position variance driven by these protocols—
bounded optimal, nonoptimal SST, and STEP—which is
shown in Fig. 4(a). As expected, in the case of the STEP
protocol, the variance presents oscillations with an expo-
nential decay of characteristic time τ ¼ m=γ ≈ 3.8 × 10−5 s,
and it takes infinite time to exactly reach the target
equilibrium state. In contrast, both the SST and the optimal
protocol allowone to reach the target state at the desired final
time tf ¼ τ=3 ¼ 1.8tth.
We then compute the average experimental work

required to drive the particle according to the three
protocols using the definition (8) as detailed in Secs. VI
and VII of [33]. The cumulative work resulting from the
experimental measurements is shown in Fig. 4(b). At the
final time tf, we confirm that the bounded optimal protocol
allows us to reach equilibrium with average work
Woptimal ¼ −0.19kBT, lower than for the nonoptimal SST
protocol under similar conditions, WSST ¼ −0.07kBT. The
STEP protocol provides an even lower work up to tf,

FIG. 3. Position variance for the experimental realization of
optimal protocols. The plotted data correspond to 30 000 real-
izations of the minimal time (violet, tf ¼ tth ¼ 7 μs), bounded
optimal in the intermediate-time regime (red, tf ¼ 1.8tth ¼
12.6 μs), and long-time-limit (orange, tf ¼ 480 μs ≫ tth) proto-
cols. All experiments correspond to the same bounds and
compression factor of χ ¼ 0.5. The experimental variance evo-
lutions fairly agree with analytical expectations (dashed lines).
Vertical black dashed lines mark the initial and final times of the
protocols, which are shown in the inset.
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WSTEP ¼ −kBT=4, but the system has not reached the
target state.
Conclusions—The results shown in Fig. 4 account for a

laboratory realization of the minimal-work transition
between two equilibrium states of a levitated particle,
subject to thermal noise and viscous friction, in a regime
where inertial effects are relevant. The control protocol for
the confining potential is applied within an actual exper-
imental setup, showing that it can be implemented up to a
very good degree of approximation. The target state is
reached with the same accuracy as with the nonoptimized
SST protocol studied in [29], but with a significantly lower
energetic cost. The naive STEP protocol obtained by
abruptly changing the confining stiffness and waiting for
relaxation leads instead to a state that is far from being
thermalized at the prescribed final time.
The present experiment puts forward a proof of principle

for optimal control protocols at the nanoscale by showing
that fast optimized transitions are realizable in the lab with
levitated particles. Moreover, the results reported here are
expected to be relevant, for instance, for the realization of
thermal engines at scales where thermal effects are not
negligible and stochastic thermodynamics must be taken into

account [47–50]. Minimizing work done on the system—
i.e., maximizing work extracted from it—at constant bath
temperature is a typical building block in the design of
efficient thermodynamic cycles: e.g., this corresponds to the
optimal isothermal branches of maximum-power irreversible
heat engines [51,52].
From the theoretical perspective, a challenging point to

be further explored is the case of connection times close to
the minimum time sth. Therein, minimal work is usually not
given by the three-stage process considered here (bang–
Euler-Lagrange–bang), and more complex behaviors need
to be taken into account. Also, we recall that PMP provides
a necessary condition for optimality. Rigorously proving
there is not any bounded SST protocol providing an even
lower value for the considered cost functions, either
connection time or irreversible work, is an open math-
ematical problem worthy of being investigated but beyond
the scope of this Letter. Another research line concerns the
more general case of nonharmonic confinements, which
has recently been theoretically discussed [45,53], but in the
limit of small inertial effects with unbounded stiffness.
Finally, an interesting field of investigation involves
the extension of control techniques to active-matter systems
[54,55], for which some theoretical results are already
available [56,57].
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