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Abstract. We study the transport properties of an impurity in a sheared
granular gas, in the framework of the Boltzmann equation for inelastic Maxwell
models. We investigate here the impact of a nonequilibrium phase transition
found in such systems, where the tracer species carries a finite fraction of the
total kinetic energy (ordered phase). To this end, the diffusion coefficients are
first obtained for a granular binary mixture in spatially inhomogeneous states
close to the simple shear flow. In this situation, the set of coupled Boltzmann
equations are solved by means of a Chapman-Enskog-like expansion around
the (local) shear flow distributions for each species, thereby retaining all the
hydrodynamic orders in the shear rate a. Due to the anisotropy induced by the
shear flow, three tensorial quantities D;;, D, ;;, and Dt are required to describe
the mass transport process instead of the conventional scalar coefficients. These
tensors are given in terms of the solutions of a set of coupled algebraic equations,
which can be exactly solved as functions of the shear rate a, the coefficients of
restitution i, and the parameters of the mixture (masses and composition).
Once the forms of Dy, D, ;;, and Dr; are obtained for arbitrary mole fraction
x1 = ni/(ny + ns) (where n, is the number density of species r), the tracer limit
(x1— 0) is carefully considered for the above three diffusion tensors. Explicit
forms for these coefficients are derived showing that their shear rate dependence
is significantly affected by the order-disorder transition.
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1. Introduction

The model of smooth inelastic hard spheres (IHS) has proven insightful to character-
ize the influence of collisional dissipation on the dynamic properties of rapid granular
flows [1, 2]. Following this minimal route, the inelasticity of collisions is accounted
for by a constant (positive) coefficient of normal restitution o <1 that only impinges
on the translational degrees of freedom of grains [1]. The case a = 1 stems for elastic,
kinetic energy conserving collisions. On the other hand, the complex mathematical
structure of the Boltzmann collision operator for IHS prevents us from obtaining exact
results, even in the simplest homogeneous cooling state. To get the explicit forms of
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the Navier—Stokes transport coefficients [3] one usually considers the leading order
in a Sonine polynomial expansion of the velocity distribution function [1, 2]. These
difficulties increase considerably when one studies multicomponent systems (namely, a
mixture of grains with different masses, sizes and coefficients of restitution) since not
only the number of transport coefficients is larger than for a single gas but also the
kinetic description involves a set of coupled Boltzmann equations for the one-particle
velocity distribution function of each species.

One of the main mathematical intricacies in evaluating the collisional moments of
the Boltzmann operator for hard spheres (even for ordinary mixtures) comes from the
fact that the collision rate is proportional to the magnitude of the relative velocity of
the two colliding spheres. This property precludes the possibility of determining those
collisional moments without the knowledge of the velocity distribution functions. In
the case of elastic fluids, a possible way to overcome this problem (keeping the struc-
ture of the Boltzmann collision operator) is to assume that the particles interact via
the repulsive Maxwell potential (inversely proportional to the fourth power of the
distance). For this interaction model, the collision rate is independent of the rela-
tive velocity and this brings a number of convenient mathematical properties of the
Boltzmann collision operator [4]. Thanks to this simplification, nonlinear transport
properties can be exactly obtained [5, 6] from the Boltzmann equation for Maxwell
elastic molecules and, when properly reduced, they exhibit a good agreement with
results obtained for other interaction models [7]. In the context of inelastic gases, the
Boltzmann equation for inelastic Maxwell models (IMM) was also introduced about
sixteen years ago [8]. The IMM share with elastic Maxwell molecules the property that
the collision rate is velocity independent but their collision rules are the same as for
IHS. Although these IMM’s do not describe real particles since they do not interact
according to a given potential law, it must be stressed that several results derived
from IMM [9-13] agree well with the predictions made from IHS. Moreover, in the
framework of the Boltzmann equation, Maxwell models can be introduced at the level
of the cross section without any reference to a specific interaction potential [4, 14]. It
is here noteworthy that some experiments [15] for magnetic grains with dipolar inter-
actions are well described by IMM.

One of the most widely studied states in granular gases is the so-called simple or
uniform shear flow (USF) state. In the case of a binary granular mixture, it is charac-
terized by constant partial densities n, (r=1, 2), a uniform granular temperature T,
and a linear velocity profile u, = u;, = u9; = ay where a is the constant shear rate and
u, denotes the mean velocity of species r. In this problem, the mass and heat fluxes
vanish by symmetry and hence, the pressure tensor P is the relevant flux of the prob-
lem. In the case of IMM, the elements of the pressure tensor were exactly determined
[16] in terms of the shear rate and the parameters of the mixture. Subsequently, the
dynamics of an impurity immersed in an inelastic Maxwell gas under USF was studied
[17, 18] by starting from the above exact solution [16] (which holds for arbitrary con-
centration z,, = n,/(n; + n2)) and taking carefully the tracer limit (i.e. when the concen-
tration of one of the species becomes negligible). Surprisingly, a non-equilibrium phase
transition was identified with a region (‘ordered’ phase) where the contribution of
impurities to the total kinetic energy is finite. This unexpected behaviour was present
when the gas is sheared or when it evolves freely (namely, in the so-called homogeneous
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cooling state) [19]. In this latter case, we have recently analyzed [20] the impact of this
transition on the Navier—Stokes transport coefficients, showing that those coefficients
exhibit a different dependence on the mass ratios and the coefficients of restitution in
the ‘ordered’ and ‘disordered’ phases.

The aim of this paper is to gauge the effect of the above non-equilibrium trans-
ition on the transport properties associated with impurities when the granular gas is
shear flow driven. As in the previous study [20] for the Navier—Stokes coefficients, in
order to determine in a clean way the behaviour of the tracer transport coefficients
in both non-equilibrium phases, one has first to evaluate transport around USF for a
general binary mixture (i.e. with z;=0) and then take the corresponding tracer limit
(z1— 0). This first requires the computation of the complete set of generalized trans-
port coefficients of a granular binary mixture (with x; = 0) in a state that deviates from
the USF by small spatial gradients. To get those coefficients, one should solve the set
of coupled Boltzmann equations by means of a Chapman—Enskog-like method around
the (local) shear flow distributions for each species that retain all the hydrodynamic
orders in the shear rate. This is the essential difference with respect to the conventional
Chapman-Enskog method [21]. Since the base state (zeroth-order approximation) is
anisotropic, tensorial quantities are required to describe the irreversible fluxes instead
of scalar coefficients. The evaluation of these generalized tensors has been recently
carried out by the authors of the present paper [22]. On the other hand, due to the
technical difficulties involved in explicitly computing the shear-rate dependence of the
transport coefficients, only the mass transport of impurities was evaluated. This flux is
characterized by the second-rank tensors D;; (diffusion tensor), D, ;; (pressure diffusion
tensor) and Dr;; (thermal diffusion tensor). Here, we will explicitly compute the above
shear-rate dependent diffusion coeflicients in the tracer limit. The results show that the
dependence of those coefficients on the shear rate and the parameters of the mixture is
clearly different in both ordered and disordered phases.

The plan of the paper is as follows. In section 2 we introduce the Boltzmann equa-
tion for IMM and present the USF problem. In addition, the tracer limit is also consid-
ered and the ordered phases where impurities bear a finite contribution to the properties
of the mixture are identified. Section 3 deals with the description of the Chapman-—
Enskog-like method to get the diffusion coefficients Dy, D, ;; and Dr;. The algebraic
equations defining those coefficients are explicitly written in section 4 for arbitrary con-
centration. Then, starting from the above general expressions, we derive their forms in
the ordered and disordered phases when the tracer limit is considered. The dependence
of the above coefficients on the parameter space of the problem is illustrated in section 5
for systems where impurities are lighter or heavier than the particles of the granular gas.
Finally, we conclude in section 6 with a brief discussion of the main findings of the paper.

2. Inelastic Maxwell mixtures under shear flow

2.1. Boltzmann kinetic equation

Let us consider a granular binary mixture modeled as an inelastic Maxwell model.
In the simplest version, the Boltzmann equation for IMM [8] can be obtained from
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the Boltzmann equation for IHS by replacing the rate for collisions between parti-
cles of species r and s by an average velocity-independent collision rate. With this
simplification and in the absence of external forces, the set of nonlinear Boltzmann
kinetic equations becomes

2
(24w 9)evin = 3 vl s S0 0
s=1

where f(r,v,?) is the one-particle distribution function of species r (r=1, 2) and the
Boltzmann collision operator J.s[vi] f., f,] for IMM describing the scattering of pairs of
particles is

JTS[V1| f;«; f:g] =

wT’S

[av, [a8105 @, vi, O Ve, D = 00w, D0, v, D). @)

Ngdig

In equation (2),
N, = fdva(V) 3)

is the number density of species r, w,, is an effective collision frequency for collisions of
type s, Qy = 27¥2/T'(d/2) is the total solid angle in d dimensions, and a,s < 1 refers to
the constant coeflicient of restitution for collisions between particles of species r with
s. In addition, the primes on the velocities denote the initial values {v{, v} that lead to
{vy, v} following a binary collision:

Vi =vi — p,(1+ )@ - g7, (4)

v = v+ p1,,(1 + 0, )(@ - 8,57, (5)

where g, = vi — v is the relative velocity of the colliding pair, & is a unit vector
directed along the centers of the two colliding spheres, and p,, = m,/(m, + m).

The effective collision frequencies w,; are independent of velocity but depend in gen-
eral on space an time through their dependence on density and temperature. As in pre-
vious works [17-19], we will consider a simple version of IMM (‘plain vanilla Maxwell
model’) where one defines w4 as

Wrs = Tslp, Vo = Anv (6)

where z, = ny/n is the concentration or mole fraction of species s and the value of the
constant A is irrelevant for our purposes. Here, n = n; + nq is the total number density
of the mixture. The form of w,, is closer to the original model of Maxwell molecules for
elastic mixtures [6]. This plain vanilla model has been previously employed by several
authors [23, 24] and it is capable of capturing the essential physical effects in shearing
problems [10, 18].

At a hydrodynamic level, apart from the partial densities n,, the relevant quantities
in a binary mixture are the flow velocity u, and the ‘granular’ temperature 7. They
are defined as

pu=Ypu, =Y [avmviw), )

doi:10.1088/1742-5468/2016/07/073206 5


http://dx.doi.org/10.1088/1742-5468/2016/07/073206

Tracer diffusion coefficients in a sheared inelastic Maxwell gas
T=S"nT=% [dviry2
nl'=2 nT=>_ | dv=rVihw), ®)
T s

where p. = m;n,, p = p; + p, is the total mass density, and V = v — u is the peculiar
velocity. Apart from the hydrodynamic fields, an interesting quantity is the partial
temperature T, of species r defined as

n, T, = f dv% V2£(v). 9)

The partial temperature T, measures the mean kinetic energy of species r. As confirmed
by computer simulations [25], experiments [26, 27] and kinetic theory calculations
[28, 29], the global granular temperature 7 is in general different from the partial
temperatures 7T,. In addition, the mass flux j, of species r, the pressure tensor P and
the heat flux q are given, respectively, by

i =m, [av Vi), (10)

P— z [avmvv W), (11)
1

q= E [av S VAV V). (12)

Finally, the rate of energy dissipated due to collisions among all species defines the
(total) cooling rate ( as

Z Z my de Vze]rs[v| fraf:s] = _dnTC (13)

Equation (11) also defines the partial contribution P, of species r to the total pressure
tensor P as

P = fdv m,VV f(v). (14)
Note that j; = —j, due to the definition (10).

2.2. Uniform shear flow

Let us assume that the mixture is under USF. This state is macroscopically character-
ized by constant densities, a uniform temperature, and a linear velocity profile

u(y) = w(y) = w(y) = ayX, (15)

where a is the constant shear rate. This profile assumes no boundary layer near the
walls and is generated by the Lees—Edwards boundary conditions [30], which are simply
periodic boundary conditions in the local Lagrange frame moving with the flow velocity
[31]. Thus, at a microscopic level, the velocity distribution functions f; of the USF state
become uniform when one refers the velocity of the particles to the local Lagrangian
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frame moving at the flow velocity defined by equation (15), i.e. f(r,v,?) = f,(V,t). In
that case, equation (1) can be written as [6]
0 0

afl—aV

nyl = Jul fi, Al + Jal fi5 £ (16)

A similar equation holds for f.

Since n, and T are uniform in the USF state, then the mass and heat fluxes vanish
and the pressure tensor is the only non-vanishing flux of the problem. Moreover, the
only relevant balance equation is that for the temperature. It can be obtained from
equation (16) and its counterpart for species 2; it is given by

2a*

10 . )
v 1@ InT=—¢"'—=—=P, (17)

*

where (* = (/vy, a* = alvy, and Py, = F,,/p. Here, p=nT is the hydrostatic pressure. In
the USF problem, the expression for (*is [10]

1+ oy
2

2
C* et E ZZ xrxsl,l/s,r(]. + aTS) I:/YT - (’VT/‘LS’F + %Mrs):l ) (18)

where 7. = 1,/T and use has been made of the property j. = 0. The reduced shear rate
a* is the nonequilibrium relevant parameter of the USF problem since it measures the
distance of the system from the homogeneous cooling state (a* = 0). According to equa-
tion (17), the temperature changes in time due to the competition of two opposite mech-
anisms: on the one hand, viscous heating (— a*P;y > 0) and, on the other hand, energy
dissipation in collisions (—(* < 0). In general, since a* does not depend on time, there
is no steady state unless a* takes the specific value given by the steady-state condition
LS —%C’; (19)
where a, P:,xy and ¢} denotes the steady-state values of the (reduced) shear rate, the
pressure tensor and the cooling rate, respectively. Beyond this particular case, the
(reduced) shear rate and the coefficients of restitution are not coupled and hence, one
can study the combined effect on both quantities on the elements of the pressure tensor

of the mixture.
*

The explicit forms of the (scaled) pressure tensors P, ;; = B ;;/p have been obtained
in [16] as nonlinear functions of the (reduced) shear rate, the coefficients of restitution
and the parameters of the mixture (masses and concentration). Their expressions are
displayed in appendix A. In particular, for long times, the temperature behaves as

T(t) = T(0)eM, (20)

where A is the largest root of a sixth-degree polynomial equation with coefficients
depending on a*, a,s, ;1 and the mass ratio y = my/ms. The results obtained in [18] for
x1= 0 show that, at a given value of a*, the difference between the two largest roots of
the above sixth-degree equation does not vanish. This means that the asymptotic time

dependence of the partial pressure tensors Pi,ij is always ruled by one of the roots.

doi:10.1088/1742-5468/2016/07/073206 7


http://dx.doi.org/10.1088/1742-5468/2016/07/073206

Tracer diffusion coefficients in a sheared inelastic Maxwell gas

2.3. Tracer limit (x; = 0)

We assume now that the concentration of one of the species (say for instance, species 1)
becomes negligible. In the tracer limit (z; — 0), the sixth-degree equation for \ factor-
izes into two cubic equations with the following largest roots:

l+aw?, . 1—o
A0 — Q¥ an) poay 22 21
2 d+2 @ 2d .
A = (1t app - Qw2 6o, [1 - E2ay a12)] (22)
! d+2 2#;1 (14 apa)? d 2 ’
where
2 1 27
F(z)= = sinh?| = coshl(l + —1‘2)
(@)=3 [6 d 29)
and
p 2(d+2) @
(1+an)? &

The root )\(20) rules the dynamics of the host fluid (excess component) while the evol-
ution of the tracer species is governed by )\50).

As said before, the largest of all roots, Ana.x, is the relevant one to obtain the
asymptotic values of the (scaled) pressure tensors P;. In particular, the energy ratio
Er/E = z17y, (or equivalently, the reduced partial pressure p; = mTi/p) can be easily
obtained from the pressure tensor P] associated with the tracer particles. It was shown
in [17, 18] that the behaviour of the system is qualitatively very different depending on
Amax = )\50) Or A\pax = )\(20). Thus, when )\(20) > )\50), FEy/E =0 when z; — 0 as expected and
Ti/T5 = finite. This region of the parameter space is coined as the ‘disordered’ phase.

On the other hand, if )\50) > )\(20), then T,/ 15 — oo but surprisingly Ei/E = 0. We found
two different families of ‘ordered’ phase:

e A light impurity phase which is present when a* > a.(u, o) and p < ,uig) where

_ 1+«
) Jo M2
i = N2 (25)

This phase can also be observed at vanishing shear rate (a¢* = 0) when the mass

ratio pu > /‘gc)s or p < ,ugc)s where [19]

. 1+ a a1y + 14 a3,
- _ 2 +) _ 2
Hucs = —  Hpcs = —- (26)
1 1+ an 1 1+ as
T 2 N 2

doi:10.1088/1742-5468/2016/07/073206 8
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Note that while the upper bound :“grc)s is well defined for all values of oy and aws,

the lower one is only positive when aqs > /(1 + a22)?/2 (asymmetric dissipation).

e A heavy impurity phase (u > M(};_C)TS)’ which cannot accommodate large shear rates

and requires a* < a*™), where

2
a*(+): 1+d_a22 1_0422

d 20d+2)

(27)

The existence of the light impurity ordered phase was already found years ago for elas-
tic collisions [32]. The explicit form of E;/E is provided® in the appendix C of [18]. Note
that the above results do not depend of the impurity-impurity coefficient of restitution
a11, which is intuitively expected.

As alluded to in the Introduction, the goal here is to analyze the fingerprint of this
nonequilibrium transition on the diffusion coefficients associated to the tracer species.
In order to do it, we have to determine them first for arbitrary x;. This will be carried
out in the next section by solving the Boltzmann equation of the mixture by means of
a Chapman—Enskog-like expansion.

3. Chapman-Enskog-like expansion around USF

We assume now that we excite the USF by small spatial perturbations, in order to
get the diffusion transport coefficients associated with the mass flux. We start from
the set of Boltzmann equations (1) with a general time and space dependence. Let
uo,; = ay7; be the flow velocity of the undisturbed USF state, where a;; = ad;;0;,. In the
disturbed state however, the true velocity u is in general different from uy [33-35], i.e
u; = ug,; + Ou;, Ou; being a small perturbation to u ;. Thus, in the perturbed USF state,
the peculiar velocity is ¢ = V — éu, where V = v — uy. In the Lagrangian frame mov-
ing with ug, the Boltzmann equations (1) reads

L, o O p oV ug) V= Al + Tl f ], (280)
0
an a f2+ (V +up) - V= Joal fo, o] + Jaal fo, fil, (28D)

where the derivative V. is taken at constant V. The macroscopic balance equations
follow as
V- jr
8tnr + Up - vnr + Y (nréu) i — (T = 1; 2); (29)

my
% While we were working on this paper, we have realized that there were some typos in the expressions given in

[18] for the coefficients AV, AY and BSY). The forms displayed here for these quantities correct the above typos.
117 A2 22
On the other hand, the final expression of the energy ratio F;/E provided in [18] is correct.

doi:10.1088/1742-5468/2016/07/073206 9
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Oibu; + aiduj+ (ug+ du) - Véu; = —p~'V; B, (30)

d
Sr
5 T2

T

Vb

my

gnﬁtT—k %n(uo—k(ﬁu)-VT: —ab, — (V-q+ P: V&u—k%pC), (31)

where the mass flux j,, the pressure tensor P, the heat flux q, and the cooling rate ( are
defined by equations (10)—(13), respectively, with the replacement V — c.

The deviations from the USF state are assumed small; the spatial gradients of
the hydrodynamic fields are thus small as well. Here, as in previous works on granu-
lar mixtures [36], we chose the mole fraction z;, the pressure p, the temperature 7,
and the local flow velocity éu as the relevant hydrodynamic fields. Since the system
is strongly sheared, a solution to the set of Boltzmann equations (28a) and (28b)
can be obtained by means of a generalization of the conventional Chapman—Enskog
method [21] in which the velocity distribution function is expanded around a local
shear flow reference state in terms of the small spatial gradients of the hydro-
dynamic fields relative to those of USF. This is the main new ingredient of the
expansion.

This type of Chapman-Enskog-like expansion has been already considered to get
the set of shear-rate dependent transport coefficients for monodisperse systems in the
case of inelastic hard spheres [33, 34] and inelastic Maxwell models [35]. More recently,
the method has been extended to the case of granular mixtures [22]. Since the proce-
dure involved in the evaluation of the first-order approximation to the mass flux (which
is the quantity needed to analyze the diffusion coefficients) has been widely exposed in
[22], we will start here our study on tracer diffusion coefficients by adapting the results
derived in this paper [22] to the special vanilla Maxwell model (see equation (6)). More
technical details on the application of the Chapman—Enskog-like method can be found
in the latter reference.

3.1. First-order approximation to the mass flux
To first order in the gradients, the mass flux jil) of species 1 is given by

(1 _ mimon

]Li _ Di 8331 P 6}7 P oT (1) (1)

on_Pp 2 Pp.2~ D
j or,  p pyij or, T T, or, J2,i J1i (32)

The diffusion tensors Dyj, D, ;;, and Dr;; are defined as

___P A,
D=L~ [ace A @, (33)
pm
D,;= _71 f de ¢; By (c), (34)
Tm
Dypy=— pl fdc ¢ Ci(c), (35)
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where Aj(c), Bi(c) and Ci(c) are the solutions of the following set of linear integral
equations:

Avy( pOpy+TOor)A1— ac, (98 A+ MA = A
24 OPS) ¢ 24T OP) acO
+ + B+ + T G,
[ d 0x; b 011 ! dp O 0xy ' (36)

Cx

Avo( pO,+TOr)By — [ 0,P%) + (1 + pd,)¢? + ac, aa ]31 + LB+ MiB; = By

- [Qd“—Ta — pOy)PS) — 6p<<°>] G, (37)
p

Avo( pOy+TOr)C — [(1 + TaT)( P(O) + C(O)) + ac 88

Cx

+ [6 (2d P+ c(‘”)] (38)

:| C+ LG+ MCy=Cy

Here, we have introduced the quantities

af(O) 1 af(O) o P(U)
4 i(c) = — 1 i~
1,i(6) oxy ¢ p Ocj Ory (39)

of 197 oFy

B i = - 1 [ ;
1.i(c) PR 5e op (40)
B (0) 1 B (0) o P(O)
Cy.ic) = — Ui ci— ) (41)

oT ' p d¢; OT

Moreover, £; and M; are the linearized Boltzmann collision operators around the refer-
ence USF state:

LX = (Tl £, XT+ JulX, £+ Jul X, £, (420)

M X = — Tl £, X1. (42b)

In equations (36)—(38), (¥ and P(T?zj are the zeroth-order approximations to the cooling
rate and the partial pressure tensor, respectively, and fgo) is the zeroth-order distribu-

tion function.
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4. Shear-rate dependent diffusion coefficients. Tracer limit

The generalized diffusion coefficients Dj;, D, ;;, and Dr;; are nonlinear functions of the
shear rate and the parameters of the mixture (masses, concentration and coefficients of
restitution). In dimensionless form, the above coefficients can be written as

pT .
Dl“ - Di‘a
ij mumate " (43)
p * p *
i h T,ij o T, ij (44)
In order to determine them, one has to multiply equations (36)—(38) by mlc] and inte-
grate over c. After some algebra, the (scaled) diffusion coefficients Dj;, D, ; and Dy ;
obey the following set of coupled algebraic equations:
Ot D5 — gD p, OP;; aP}ﬂU (D Db
- v N a; - B} /s
D7 k=i = p o1y o1y Py T4 (45)
o)) p p, ,OP; 0P LONY
(2)\ —a s + I/D)Dp gt aszp = ( plP P U]+ ?1(1 aa*j —a 8a*] —|A—a s Dr s
(46)
O\ 2 OP;; OP; ( O\ )
a*—— + vp|D7 ;i + a3 D7 —a* +a"——=+|\—a*——|D; ;. (47)
( 9a* D) T,y kT R — o Oa* 9a* 9a* ) P

In equations (45)—(47), we have introduced the dimensionless quantities (*= (©/uy,
P =PCp, Pi=P)Ip= P+ P; ; and
* pWis
Vp=
dp,

ot (1 + cu2), (48)

where wiy = wia/vg. Upon deriving equations (45)—(47) use has been made of the result

a* oA _ _%(Pz +a* y]_ a*aC

oa* oa* da*’ (49)

that comes from the identity

—(c*+ 24

The solution to equations (45)—(47) provides the explicit forms of the set of diffusion
coefficients for arbitrary concentration. In particular, in the absence of shear field

Piy)- (50)

(a" = 0), Pj; = &, P ; = ,7,0yj, and so the tensorial quantities Dj;, D, ;; and Dy ;; becomes

scalar coefﬁments namely, D = D6y, Dp i =D 0 and DTW = D76, where
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| o O\

D = + N — — 22D+ D],

W+ A) [ axl(xm) 83:1( » T)] (51)
A)
* pmy *

Df = 1- 22 + 22+ 2| 2
! ml( pTl)(VD V’b) o2
>k )\ >k

Dp=—D, (53)

Vp

The expressions (51)—(53) are consistent with those previously derived in the Navier—
Stokes hydrodynamic order [11].

We now address the tracer limit (z; — 0) for Dj;, D}, ;; and D7 ;. The analysis is quite
delicate and shows that the above coefficients turn out to be qualitatively different in
the disordered and ordered phase, as may have been expected from the previous results
obtained in the Navier—Stokes order [20]. Let us consider each phase separately.

4.1. Disordered phase

In the disordered phase, A = )\(20), the temperature ratio is finite and the energy ratio
p; = 0. Moreover, the results displayed in appendix A show that in the disordered phase
P1,y.ais and Pj,, 4 are proportional to 2; and hence, they vanish in the tracer limit. On
the other hand,

OP:.. .
lim | 8 | op)
x1—>0( (9231 ) . 14j,dis (54)

)

where the explicit forms of the relevant elements P%)y gis and Pgly)y gis are defined by equa-
tions (A.21) and (A.22), respectively. In these conditions, the set of equations (46) and
(47) obeyed by the tensors D; i and D?E"y i become a set of homogeneous equations whose
solution yields D), ;= D7 ;= 0. In the case of the diffusion tensor Dj;, equation (45)

becomes
O + vp) Dy + ai.Dy; = ng)‘,disv (55)

whose solution is

* 1 a%k 1
D= ——| &6 — ——2|P ). o

Here, we have introduced the tensor ay, = a*Opy00y and vy = piag(1 4+ 12)/2 in the tracer

limit. Equation (56) was already obtained in [10] in the study of diffusion of impurities
in a sheared inelastic Maxwell gas. Moreover, when a* = 0, 73512-]).7(115 = 7,0;; and one recov-
ers the results derived in the Navier—Stokes approximation [11].
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4.2. Ordered phase

The calculations in the ordered phase are, expectedly, more intricate. In this case,
A= )\50), v, — 00 but p(o) Ei/E=0. Here, p(o) is the zeroth-order contribution to the
expansion of p; in powers of the concentration zi, i.e.

i =0+ pz 4. (57)

In addition, in order to obtain the diffusion tensors, we need also to evaluate the two
first terms of the expansion of the tracer pressure tensor P ,,q in powers of z;:

(0) (1)
Plzj ord — Plzj,ord + ’Plzj,ordx1 t (58)

The explicit expressions of Pg%{ord and P%}md are provided in appendix A. Once these
quantities are known, the set of coupled equations verified by the diffusion tensors in
the ordered phase can be obtained after taking the tracer limit in equations (45)—(47).

The result is

~O + VDD — Dy = ~ P ua + A(D} 55+ Dy, (59)
0) 8/\50) 8735%) ord 0) 0 )\50)
2)\1 — G*W + Vp D .3 + aZkDp k= PIZ],OI‘d a*iaa,; — )\1 —a* Da DT,ij’
(60)
O oP©® . A\
N0 _ 2 +uNDh i D = g —— 2 ANO 2 ”
1 9a* D |~T,ij ik~T, kj 9a* 1 da* »Y (61)

where the explicit expression of )\ﬁl) is provided in appendix C of [18]. Equations (59)—(61)
are the most relevant results of the present paper since their solution provides the
dependence of sz Dp i and Dy ; on the parameters of the system in the ordered phase.
In particular, once the set of coupled algebraic equations (60) and (61) for Dp ;; and DT’U

are solved, the solution to equation (59) is simply

1 ay.
L e %k |ep N Depr 4 pE
D 2Oy (5”“ A0 4y ][Plk;,ord AL (D g + D )] - (62)

5. Some illustrative systems

The results derived in the previous section gives the dependence of the set of (scaled)
diffusion coefficients D; = { D};, D,, ;;, D7 ;;} in the disordered and ordered phases in terms
of the mass ratio u, the coefficients of restitution ajs and awy and the dimensionality of
the system d. Highly nonlinear functions on the above parameter space appear.
According to equations (56) and (59)-(61), D,, = D,, = D,, = D,; = 0 in agreement
with the symmetry of the linear shear flow (15). Therefore, there are five relevant
(nonzero) elements of the tensors Dj: the three diagonal (D, D, and D) and the
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Figure 1. Shear rate dependence of the diffusion coefficients D}, ,,, Dy, and D;, for
a three-dimensional system with a mass ratio ¢ = 0.2 and a (common) coefficient
of restitution o = g9 = 19 = 0.9. In this case, the value of the critical shear rate
a, beyond which the ordered phase appears is a, >~ 7.56.

two off-diagonal elements (D,, and D). Equations (56) and (59)—(61) also show that
the anisotropy produced by the shear flow leads to the properties D,, = D, = D,, and
D,y # Dy,. Note that the equality D,, = D, is a consequence of the identity Py ,, = P ..
This property is due to the interaction model considered since D,, = D,, for IHS [37, 38].

In order to illustrate the shear-rate dependence of those coefficients, we consider a
three-dimensional system (d = 3) with a common coefficient of restitution (o = agy = a19).
This reduces our parameter space to three independent quantities: p, @ and a*. In this
case (symmetric dissipation), according to equation (25), the value of the threshold
mass ratio ,ug) for the light impurity phase is independent of the coefficient of restitu-
tion, i.e. fyy, = V2 —12~0.414. Since this phase is also present in the elastic case [32],
we focus our attention first onto a system with a mass ratio u < ,ug). More specifically,
we consider the mass ratio y = 0.2 for which the critical value of the (reduced) shear
rate a,~ 7.56 and so, the disordered phase exists for a* > 7.56.

Figures 1-4 are for the dependence of the coefficients D;; for 4 = 0.2 and a = 0.9. As
expected, the results show that the coefficients D}, ;; and Dy ;; vanish in the disordered
phase but they are different from zero in the ordered phase. The coefficients ij diverge
in the disordered phase at the critical point (since ’P%}’dis X 7; = 00), but remain finite in
the ordered phase. In general, we observe that the effect of the shear flow on diffusion
is quite significant, especially for the tracer diffusion coefficients D;’;

We start our discussion with the diagonal terms Dj; (i = x, y, 2). In the case of DZy and
D}, it appears that their shear-rate dependence is qualitatively similar in the ordered
phase (a*> a;) since both coefficients decrease with increasing the shear rate. In the
disordered phase however, while Dj, exhibits a non-monotonic dependence on a*, Dj,
increases with ¢* and thus, shearing enhances diffusion along the z direction. In addi-
tion, at a more quantitative level, we also observe that the anisotropy of the system (as
measured by the difference D}, — D;,) grows with the shear rate in the disordered phase
while the opposite happens in the ordered phase (since for instance, D, — Dzyz 7.29
at " = 10 and Dy, — D, ~4.13 at a* = 12). In any case, both diagonal elements (which
can be understood as generalized mutual diffusion coefficients in a sheared mixture)
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Figure 2. Same as in figure 1 for the coefficients D}, ,,, D7 ,, and —Dj,.
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Figure 3. Same as in figure 1 but for the coefficients Dj, ,,, D7, and —Dj,,.
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Figure 4. Same as in figure 1 but for the coefficients D}, ,,, D7 ,, and Dy,.

tend to zero as the shear rate becomes large, this tendency being much slower in the
case of Dj,. As far as the diagonal elements D, ; and D7 ; are concerned, we see first
that they can be positive or negative in the ordered phase, although their magnitude is
much smaller than their counterparts Dj;. Moreover, |Dj, ;| and | D7 ;| decrease with a*
and tend to vanish at large shear rates.

We consider now the off-diagonal elements D;; (i= 7). They measure cross effects in

the diffusion of particles induced by the shear flow. Thus, for instance, D?;y gives the
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Figure 5. Shear rate dependence of —D ., —Dr ., D, .,
dimensional system with a mass ratio 4 = 50 and a (common) coefficient of restitution
a = agy = g2 = 0.9. In this case, the ordered phase exists for a* < a*) ~0.142. On

the other hand, in the disordered region (a* > 0.142), all quantities plotted vanish.

and D7 ,, for a three-
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Figure 6. Same as in figure 5 but for the coefficients D, ,,, Dr ., D,

*
P, 7T and DT,:UI'

transport of mass along the direction of the flow (z axis) due to a concentration gradi-
ent parallel to the gradient of the flow velocity (y axis). While D;y and sz are negative,
a different behaviour is reported for the coefficients D}, ;; and D ; (with i=j). As in
the case of the diagonal elements, the magnitude of the latter coefficients is in general
smaller than that of the cross-coefficients D;, and Dj,. We also observe that the shear-
rate dependence of | Dy | and |Dj,| is quite similar in both phases for the system para-
meters chosen in figures 2 and 3: they first display a non-monotonic dependence on a*
in the disordered phase, then tend to infinity at the critical point while they decrease
upon increasing the shear rate in the ordered phase. As for the diagonal elements, |Dzy|
is in general larger than |DZI| showing that the coupling between the shear field and the
concentration gradient enhances significantly the mass transport along the direction of
the flow. Finally, it must noted that the behaviour of D;ij and Dy, i (with 2= j) is quite
similar to that of the diagonal elements since they vanish in the disordered phase and
then their magnitude decreases as the shear rate increases.

doi:10.1088/1742-5468/2016/07/073206 17


http://dx.doi.org/10.1088/1742-5468/2016/07/073206

Tracer diffusion coefficients in a sheared inelastic Maxwell gas

Now, we consider a situation where the ordered phase appears for heavy impurities.

For symmetric dissipation, this phase exists for p > “gés (where /‘gc%s is given by the

second identity of equation (26)) and a* < a* (where a*?) is given by equation (27)).
For d =3 and a = agy = a19 = 0.9, ,u(gésfi 38.03 and a**) ~0.142. Figures 5 and 6 show
the shear-rate dependence of the relevant elements of the tensors D, ; and D7 ;. The
mutual diffusion tensor DZ—} has not been plotted since in the ordered region the con-
ventional diffusion coefficient D* (defined by equation (51)) yields unphysical negative
values (D" < 0) when one considers the ‘vanilla’ version of the inelastic Maxwell model.
This drawback of the model was already discussed in [20], where it was found that the
kinetic theory calculations disagree with Monte Carlo simulations: the latter predict
that the coefficient D* (which can be understood as the vanishing shear rate limit of the
tensor D;Z-) diverges in the ordered phase while theoretical predictions yield finite values.
It appears from figures 5 and 6 that the impact of shear flow on D), ; and Dy ;; is more
important here than in the light impurity phase case. This could come as a surprise
since the magnitude of shear rates covering the ordered heavy tracer region is smaller
than that of the corresponding ordered light tracer region. However, it seems that the
effect of the mass ratio on diffusion (with relatively small shear rates) in the present
case (Brownian limit) is more significant than the effect of the shear rate on diffusion
(with relatively large shear rates) when the tracer particles are lighter than the gas par-
ticles. Thus, in particular, there is a significant enhancement of the magnitude of the
coefficients D, ,, and Dy ,, with respect to their vanishing shear rate values Dj, (defined

by equation (52)) and D} (defined by equation (53)), respectively.

6. Discussion

In this paper, we have analyzed the effects of a recent non-equilibrium transition [17,
18] found for inelastic Maxwell models when the concentration of one of the species z;
of a binary mixture is negligible (tracer limit). The emphasis was put on the diffusion
coefficients of impurities immersed in a strongly sheared granular gas. In this trans-
ition, at given values of the shear rate and the parameters of the system (masses and
coefficients of restitution for collisions between tracer and gas particles and gas particles
among themselves), there are regions (coined as ordered phases) where quite surpris-
ingly the relative contribution of the tracer species to the total properties of the mixture
does not vanish as z; — 0. Two families of ordered phase appear: (i) a light impurity
phase which exists when the mass ratio y = my/my does not exceed the threshold value

,uig) (defined by equation (25)) and the shear rate is larger than a certain critical value,
and (ii) a heavy impurity phase which appears when p > ,ugrés (defined by the second
identity of equation (26)) and shear rates smaller than a*™" (defined by equation (27)).
The light impurity phase can also exist at a* = 0 when oy > /(1 + a2)*/2. While the

light impurity phase was already found [32] in the case of ordinary (elastic) mixtures,
the second one (heavy impurity phase) is absent for elastic collisions since a*™) =0

when ags = 1. It must be noted that both light and heavy ordered phases disappear

when a* < a; and pu < V“g(%s in the particular case of symmetric dissipation (a2 = ag9).
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As expected, in the disordered phase, the properties of the mixture coincide with that
of the excess gas.

Because of the anisotropy induced by the shear flow, tensorial quantities are required
to describe mass transport. Thus, the mass flux jgl) of impurities is given by equation (32)
where the second-rank (scaled) tensors Dj;, D}, ; and D7 ; obey the set of coupled alge-
braic equations (45)—(47) for arbitrary concentration (z; = 0). Starting from these general
equations, the forms of those shear-rate dependent tensors have been explicitly obtained
in both disordered and ordered phases, by enforcing carefully the tracer limit. It was
found that the dependence of the (scaled) diffusion coefficients on both the (reduced)
shear rate a* and the parameters of the mixture (mass ratio p and the coefficients of

DY
T ;; diffusion coefficients vanish in the disordered phase while they are given by equa-
tions (60) and (61), respectively, in the ordered phase. The expression of the mutual

diffusion coefficients DZ—, for the disordered phase, coincides with the one derived before
[10] by starting from the Boltzmann-Lorentz equation for the tracer particles. On the
other hand, it is given by equation (62) in the ordered phase.

The results show that in general the shear-rate dependence of all the coefficients is

restitution ass and ayo) is clearly different in both phases. The pressure D’ .. and thermal

quite complex. In particular, as happens in the Navier—Stokes description [20], only the
mutual diffusion coefficients DZ-‘j diverge at the critical point. Moreover, the analysis car-
ried out in section 4 shows that D;kj turns out negative in the ordered heavy tracer phase
for all the range of shear rates studied. Since the diagonal elements of this tensor can be
seen as a generalization of the mutual diffusion coefficient D* (defined by equation (51)),
one could expect that these elements should be positive. The fact that Dj; is negative for
a* < a*™P could be a reminiscence of the unphysical behaviour found for D* in the ordered
phase for extreme values of the mass ratio [20]. In addition, given that significant dis-
crepancies were found in [20] for the tracer diffusion between theory and Monte Carlo
simulations in the ordered phase, a possible scenario to explain this disagreement could
be the breakdown of hydrodynamics in the ordered phase for large mass ratios. On the
other hand, beyond this region, the present results for the set of shear-rate dependent
coefficients show that all of them are well behaved and so, one could speculate that
granular hydrodynamics (in the sense that all the space and time dependence of the
distribution functions occurs entirely through a functional dependence on the hydrody-
namic fields) is here valid. A complete answer to this question would require additional
numerical work to measure some of these coefficients. We plan to perform Monte Carlo
simulations in a sheared granular mixture by following the strategy adopted years ago
by Campbell [39] who computed the self-diffusion tensor via molecular-dynamics simu-
lations, using particle tracking and through velocity correlations.
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Appendix A. Expressions of the partial pressure tensors in the USF state

In this appendix, we display the explicit forms of the (reduced) pressure tensors P’;’Zj

(r=1, 2) in the USF state for arbitrary concentration (z; = 0). First, the (global) shear
stress Py, is given by P;, = Py, + P; ,, where

* d * * * * * K\ ok
P, = pye [A1s — By — (Bii+ A — Ay + Ay — Biopil, (A.1)
k d * >k >k * * >k k
Py 4y = pye [A3 — By — (Byg + A — Ay + Ay — Boy)(1 — pp]. (A.2)
Here,
* Wﬁ 2 WT2 2 2
= U _(4a)?+ 1+ a2)?, ,
e 2)( 11) P Py ( 12) (A.3)
* Wiy P12 2
= — o, (1 + aq2)?,
2=, oy 12) (A.4)

W) 2wy
Bi=—Y Q4+a)d+1—ao)+ —2—,(1 4+ ag2) [d+ 2 — oy (1 + a2)],
11 d 1 2)( 11)( 11) Ad+2) Ho( 12) [ gy ( 12)] s

k 2 *
By = PRt (A.6)

where w;, = w,/vy. Adequate change of indices (1 < 2) provide the equations pertaining

to A5y, A3, By, and By, In addition, in equations (A.1) and (A.2) the energy ratio p;
can be written as [18]

. Ka?+ 1L

b1 = ma (A.7)

where

K = —241,X + 4(A3, By — A1y Bop) A + 245, Bio(B]y + Byy) — 241(B1sByy + B3),  (A8)
L= d(Biy — A)IN + (B}, + By)\ + By By, — Bi,By T (A.9)

R = 2(A7; — A} — A[Bio(A3 — ASy) + Biy(Al, — ADIA
+ 2B}y B1 + Bio)(Asy — A5 + 2(Afy — Ajo)(BisBs, + By, (A.10)

S = d(A}, — Al — Biy 4 Bly— M[A2+ (Bi, + Bi)A + Bi1Bsy — BByl (A.11)
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The other relevant element of the pressure tensor is sz: P, Tt is given by
P =P, + P,  where
vy Lyy 2,5y

_p (B3 + N [p1A + (A = pD Al — Bis [p1As + (1 — pp)As,]
y — 7 Lz T * * [P ’
W (Bi1+ A)(Byy + A) — B1oBy;

= (A.12)

P =P — (B + A [p1Ay + (1 — pD Ayl — By [piAL + (1 — pp A, (A.13)
" ’ZZ (Bii+ N(By + A) — ByBy '

Finally, the zz-element P,, = P; ,, + P5 ,, where its partial contributions can be easily
determined from the constraint

Py = doyy, — (A= DP, (A.14)

where v = 1,/T is the partial temperature of species r.

The above expressions for the partial contributions P; ; to the pressure tensor hold
for arbitrary values of z;. Let us consider now the forms of P; ; in the tracer limit
(z1— 0). In this case, we assume that P ; and p] can be expanded as

r z] ,Pg’og] ,Pg”lgjxl + ,ngjxl +. (A15)

pt= pO 4y 4 P2 4 (A.16)

The expressions of P(rkl)] and p{* will be different if ALY > A (disordered phase) or

)\(0) > )\(0) (ordered phase). In particular, in the lowest order in z;, the expressions of 775?2-].

in the disordered phase are simply 775%7 dis = 735%7 gis = 0,
AQ)
(0) _ a*
Pay.ais = ( B(O) n )\(0))2 ’ (A.17)
© B A(O)
2yy,dis — B(()) + )\(()) (A18)

where

1+ crgn)?
40 _ ( 22

27 9d+2) (A.19)
(1 + age)(d+ 1 — ano)

BO _
22 d(d+ 2)

, (A.20)

and use has been made of the fact that p(o) = 0 in the disordered phase. In addition, to
get the (reduced) diffusion tensor DU in the disordered phase, we need the expressions

of 7)%)% dis and Plyy qis- They are given by
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d
Piyais = e [AS) — B + (A — B — AP, (A.21)
po (B3 + M)A + AR) — AR B (A22)
YY, (Bg(i) )\(20))(3(0) + )\(0))
where
12
Ag(i) = sz(l + a12)?, (A.23)
o — 1 d+ 2 1
1= mﬂm( + o) [d 42 — pgy(1 + ar)], (A.24)
@ _ Hialog
Ajy = m(l + 1)’ (A.25)
W _ _2
Biy = —gAm' (A.26)
On the other hand, the temperature ratio v, = Ti/7T is, in the tracer limit,
Di(AY")
N= o A.27
LAY ( )
where the functions Di(\) and Ag(\) are given by
Di(N) = d(Biy — A(BY + MA(By + A
+ 2a*2[A(0) (D(B( + Bg%) +2)\) — (D(B( + )\)2] (A.28)
Ao(\) = (BY + N 120240 + d(A — BY — (B + 1?1 (A.29)

The quantities Pg)x’ 4is and P%)E gis can be easily identified from the relation (A.14) with
the result

Pﬂ)x,dis =—(d— 1)735%);,@15» (A.30)

P i = dn — (d— P 4 (A.31)

In the ordered phase, the zeroth-order expressions for the elements of the tracer
pressure tensor Pj ;; are

Pl = 5 (A“’) BY = A, (A.32)
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PO AV o

lyy,ord — W:”l 5 (A.33)

where
2

AD — AQ = Hubar g e O g 2 40

2 12 d+ 2)( 12) el (A.34)
AL — 1) ,

YO 2)( anp)? — AY (A.35)
BY=—1 (1+an@d+1—an - BY,

1= g gt o an) = B (A.36)

2

B = —= i 5(1 + 1) [d+ 2 — pugo(1 + o12)] — BY,

2= Jdro) P 12) [ po( 12)] 92 (A.37)
P L1+ oy - 4D, (A.38)

d+2

The zeroth-order contribution pi‘” to the energy ratio is [18]
0) Di(A”)

P NPT AP (239
where
0A¢(N)
o =(220)
o(AL) on )0 (A.40)

and the expression of )\(1) is given by equations (C8)—(C13) of [18].
The first-order corrections Pu;y ord and Plyy orqa are also needed to determine the

diffusion coefficients D in the ordered phase. Their evaluation is quite involved and
can be obtained by expandmg the expressions (A.1) and (A.12) up to first order in z;.
After some algebra, one gets

d

Pt = o LA — D — (B + X0 — A+ 4D — B0 — (B2 + A0 — A1,

(A.41)
1
(1) (1) (0) (1) (0) (0) (1) (0) 0) (0) (0)
Plyy ord — (B(()) + A(O))Z(B(O) (0) {( (1 ) + All pi 11 b1 )(B + )\1 )(B + /\ )
+ (BY + AARPBE + N~ BRARA — pi”) + AR

AQPOUBD 1 XDNBY + A + (BD + XO)BY + APy — BOBY. (A.42)
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The explicit form of the first-order correction pgl) to the energy ratio is displayed in
appendix B. Finally, the quantities P{¥ . and le orq are defined as

lzz,ord
0
,ng)z ord — ( : (d 1)735(7);)3;,01“& (A43)
1
,Pglx)x ord — ( : (d 1)7Dglg/)g/,ord' (A44)

Appendix B. First-order correction to the energy ratio

In the general case (z1= 0), the energy ratio pj is given by equation (A.7). In the tracer
limit (z; — 0), p; can be expanded in powers of 7; as in equation (A.16) and pﬁo) is defined
by equation (A.39). In this appendix, we want to get its first-order correction p&l). If
71— 0, the energy ratio pj; becomes

Dl()\a a*) + D2(>\7 a*)xl

O a)~ ,
b "A0On @) + AOh, a4 Do, a2

(B.1)

where the dependence on p, ag1, asg, and «q9 is implicitly assumed on the right-hand
side of equation (B.1). The expressions of D; and A are given by equations (A.28) and
(A.29), respectively, while Dy, A; and Ay can be easily obtained from the general form
of pi. Their explicit expressions are too cumbersome to be provided here and will be
omitted®. Equation (B.1) applies for \; and As. The expansion of ) in powers of z; can
be written as

(a®, z1) = N + AXP(a")z; + AP (a¥)ad, (B.2)

where the quantities )\gl)(a*) and )\ﬁz)(a*) can be obtained from the sixth-degree polyno-
mial equation defining A in the USF problem [18]. As said before, the expression of /\§1>
is given by equations (C8)—(C13) of [18]. On the other hand, the expression of Agz)(a*)
is also too large to be displayed here.

The form of p{") can be obtained by taking the tracer limit in equation (B.1). After
some algebra, one arrives at

oD = = (()\Ozo))[ DsOO) + DIOOD — (0)( AoOD) + ALAOND 1 ALY A”( AD) /\<1>2)]
1Al
B.3
where (5:5)
0D1(N) OA1(N) 0 02Ao(N)
DO E( 1 ) ’ rO\O E( ) . Al )\() = )
(A ON oo 1) 0N )_\o 0(A) oON ) o
(B.4)

6 See supplementary material for a Mathematica code that evaluates all the diffusion coefficients in the tracer limit
for both ordered and disordered phases as functions of the mass ratio m;/my and the coefficients of restitution q;,
and ap, (stacks.iop.org/JISTAT/2016/073206/mmedia).
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In the absence of shear (a* = 0), the expression (B.3) for pgl) reduces to the one pre-

viously derived in the homogeneous cooling state [20]. This shows the consistency of
our results.
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