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Outline

I Introduction to phase transitions and critical phenomena
1- The problems raised by phase transitions, from a statistical mechanics perspective
2- Classification of phase transitions
3- The drosophila of phase transitions
4- Order parameter and symmetry breakdown
5- Local order and correlation functions : from magnets to liquids

II First order phase transitions
1- Unstable isotherms, double-tangent and Maxwell construction
2- Spinodal and binodal
3- Changing ensembles
4- van der Waals equation
5- The case of mixtures

II Critical phenomena : qualitative approaches
1- Weis molecular field
2- Variational mean-field
3- Critical exponents
4- Landau theory
5- Correlation functions and Ginsburg-Landau functional
6- Validity of mean-field
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Statistical mechanics : considered by some

as one of the most intellectually challenging subject.
Noted for a high suicide rate among founders

LUDWISG BOLTZ M ARK, kHD
WAS FAMOUS FOR, BEING
OME OF THE FOUMDERS OF
STATIETICAL THERMO -
g DYklARAICS
BN o MTTED

SUICIDE

[PALUL EHRENFEST WAS

A MATR ConTRIBLUTOR
TO STATISTICAL
THERMODYMAMICS AND

DIED SIMILARLY 1M 1933,

I ADDIVTIoM, PERCS
BRIDGMAK,; GILEERT
LEWIS, AND ROBERT
PAYER ALL STURIED
THERMODYRIAMILEL ANMD
2 ALL COoMMITTED oR

SWCIDE -

ATTEMPTED| |

ALL RIGHT, WHo'S
EXCITED TO STUDY
THERMODYNAMICST]



Prerequisites

+ Elementary statistical mechanics

+ Honest person toolbox in mathematics
- Linear algebra
- Probability theory

- Complex analysis

£(x) (x*=1)(x—2—i)

X +2+2i
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Introduction to phase transitions and critical phenomena

2- Classification of phase transitions

3- The drosophila of phase transitions

4- Order parameter and symmetry breakdown

5- Local order and correlation functions : from magnets to liquids
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an rJ mic JJ:, rormation
Basic mechanism
Surfactant Surfactant
Tail N / Head
./'\/
Surfactant Monomers MiceHe

Opens for considerable richness



(a) An amphiphilic molecule
(b) Spherical micelle

(¢) Cylindrical micelle

(d) Cubic phase

(e) Inverse micelle

(f) Hexagonal phase

(g) Bicontinuous cubic structure
(h) Vesicle

(1) Lamellar phase

(j) Sponge phase



ldentify an ORDER PARANMETER
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Complexity | variety of phase changes

Transition Example Order parameter
ferromagnetic® Fe magnetization
antiferromagnetic® MnO sublattice magnetization
ferrimagnetic® Fe304 sublattice magnetization
structural® SrTiO3 atomic displacements
ferroelectric® BaTiOj electric polarization
order-disorder® CuZn sublattice atomic concentration

phase separation?  CCly+C7;F;6  concentration difference
superfluid® liquid *He condensate wavefunction
superconducting/  Al, Nb3Sn ground state wavefunction

liquid crystalline  rod molecules various

From J. Yeomans, Statistical mechanics of phase transitions (Oxford)
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Phase behaviour of
nard sphero-cylinders

P. Bolhuis, 1996
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Introduction to phase transitions and critical phenomena
1- Problems raised by phase transitions, from a stat mech perspective
3- The drosophila of phase transitions

4- Order parameter and symmetry breakdown
5- Local order and correlation functions : from magnets to liquids



Exarmples and exceptions

P‘r
Melting curve
Liquid
Solid
o
P.t oC )
Vs
Vapour pressure curve
Gas
Sublimation curve

Te
Generic case
dP (COQX)_ 1 Lliq-)gas
dT TV, Vi,

‘-N

Water

218
o

§ 1
bl
o

0.006

0

0 273 273.2 373 647

Temperature (K)



What about magnets ?

A
magnetization

Order parameter
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Analogy between magnets and liquids ?

Py
4 . .. M3
density \ magnetization
I pliquid(T)
Order parameter
Order parameter 7; A.".
Pet
Pgas(T)
L >
T T
P )
pressure magnetic field
A
Melting curve H |‘
Liquid
Solid T -
P N\
Pt G ) 0 - >
« WA ;
Vapour pressure curve l C &
Gas
Sublimation curve
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Definition of critical exponents

Specific heat at constant volume V.
Liquid—-gas density difference
Isothermal compressibility

Critical isotherm (¢ = 0)

Correlation length

Pair correlation function at 7.

Zero-field specific heat

Zero-field magnetization

Zero-field isothermal susceptibility
Critical isotherm (¢t = 0)
Correlation length

Pair correlation function at 7.

Cy ~[t|™®
(Pl — pg) e (‘”t)ﬁ
K ~|t|™7

P - P, ~

| = pgl® sgn(p )

E~It]™
G() ~ 1/rd=24

Cyg~|t|™@
M ~ (—t)P
xT ~|t|™"

H ~| M |° sgn(M)
E~t]™
G(F) ~ 1/rd-2+
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Wy are critical e ,AI)JJJ—\MS interesting 7
— several layers of universality

(.—l.-
S

P L L L L B A
95 o
j{;’ E. A. Guggenheim,
sol] J. Chem. Phys. 13, 253 (1945)
T &
bﬁ_ f
ol
.75,?2 x T, (K) P, (atm)
alr
; Ne 45 26
.'fo_{ e
: e Ar 150 48
55, o CH,
Kr 209 54
B Xe 290 58
8 ——
R 6 6 1B N, 126 33
0, 154 50
Corresponding states for liquid-gas transition co 133 34
CH 190 45



Tnhere is more to universality

» Liquid-gas transition: 3 ~ 0.33

» Magnets with uniaxial anisotropy (MnF,): B ~ 0.33

» Phase separation in binary mixture (CCI,+C.F,,): B ~ 0.33
» 3d Ising model on cubic lattice, fcc ete...: f ~ 0.33

— all belong to the same universality class

What matters 1s space dimension + symmetry of order parameter
e.g. for Ising in 2D : B =1/8
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Introduction to phase transitions and critical phenomena

1- Problems raised by phase transitions, from a stat mech perspective
2- Classification of phase transitions

4- Order parameter and symmetry breakdown
5- Local order and correlation functions : from magnets to liquids
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