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Avant-propos

Depuis la fin de ma theése, effectuée sous la direction d’Oriol Bohigas dans le domaine du
chaos quantique, mon travail de recherche s’est, pour ’essentiel, orienté vers deux directions
distinctes. La premiere est la continuation “naturelle” de mon doctorat. La seconde, dont il sera
essentiellement question dans ce mémoire, concerne la physique des structures électroniques
mésoscopiques balistiques.

L’évolution vers ce domaine nouveau (pour moi) s’est faite & 1'occasion des séjours de Ro-
dolfo Jalabert et de Klaus Richter au sein de la Division de Physique Théorique de I'IPN au
cours des années 1992-1993, et en partie grace a la mise en place & cette époque d’un groupe de
discussion se réunissant régulierement avec certains collegues du Laboratoire de Physique des
Solides d’Orsay, et du Service de Physique de I’Etat Condensé de Saclay. 1l est apparu clairement
que les concepts développés dans le cadre du chaos quantique, (matrices aléatoires, formules des
traces semiclassiques, etc ...) pouvaient s’appliquer de fagon pertinente & I’étude des systémes
mésoscopiques électroniques. Ce constat a été a l'origine d’une collaboration fructueuse avec
Rodolfo Jalabert et Klaus Richter, auxquels se sont adjoints dans un deuxiéme temps Harold
Baranger (lors de mon séjour de deux ans et demi, de Décembre 1994 & Juin 1997 aux labo-
ratoires Bell, New Jersey) et Felix von Oppen, sur le magnétisme orbital des nanostructures
balistiques, et qui se poursuit maintenant par I’étude du blocage de Coulomb.

Il y a donc une continuité, au moins pour ce qui est des techniques employées, entre les
thémes purement du domaine du chaos quantique, (effet tunnel assisté par le chaos, formule
des traces pour les systémes presque intégrables, etc ...) sur lesquels j’ai continué & travailler
pendant cette période, et ’étude du magnétisme orbital dans les microstructures balistiques.
De méme, la question du blocage de Coulomb que j’ai abordé récemment en collaboration avec
Harold Baranger et Leonid Glazman est une prolongation assez naturelles de ces questions de
magnétisme. Cependant, les résultats obtenus sur le magnétisme orbital me semble former un
ensemble homogeéne, bien délimité, et, j’espere, suffisamment fourni. Je n’ai donc inclu que ce
theme dans ce mémoire.

Le travail décrit dans ce mémoire a été ’occasion de nombreuses discussions et interactions,
non seulement avec les collaborateurs mentionnés dans les paragraphes précédents, mais aussi
avec différents chercheurs avec qui j’ai pu entrer en contact au cours de cette période. Je pense
bien sur aux membres du groupe chaos du LPTMS : Eugéne Bogomolny, Oriol Bohigas, Claude
Jacquemin, Patricio Leboeuf, Nicolas Pavloff et Charles Schmit, avec qui une relation a la fois
amicale et stimulante intellectuellement s’est établie de longue date. Mais aussi a Harsh Mathur
et Albert Chang rencontrés lors de mon séjour a Bell, ainsi qu’aux aficionados des réunions
chaos-mésoscopie sur le campus d’Orsay, et en particulier Gilles Montambaux, Hélene Bouchiat
et Jean Louis Pichard.

Gilles Montambaux, Hélene Bouchiat et Laurent Lévy ont joué un role tres particulier dans ce
travail sur le magnétisme orbital des microstructures électroniques. Ils en ont en effet largement
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été a ’origine, puisque c’est & partir d’une discussion avec les deux premiers sur une expérience
du troisieme qu’a débuté mon intérét sur ces questions. C’est donc un grand plaisir pour moi
qu’ils aient acceptés, avec Carlo Beenakker et Hans Weidenmiiller, d’étre membres de ce jury
d’habilitation. Je profite de ces lignes pour les remercier, ainsi que Joe Imry, qui, méme s’il
n’a pas pu venir d’Israél a ’occasion de cette soutenance, a accepté de partager avec Hélene
Bouchiat et Carlo Beenakker la lourde tache de rapporteur du manuscrit.

Liste des publications

Dans la liste qui suit, les publications incluses dans ce mémoire sont précédées d’un label
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O. Bohigas, S. Tomsovic, and D. Ullmo, Phys. Rev. Lett. 65 (1990) 5.
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Introduction

Un gaz d’électrons soumis & un champ magnétique externe présente une réponse qui peut
étre due soit aux spins des électrons (effet Zeeman), soit & leur mouvement (magnétisme or-
bital). Pour les hétérostructures de GaAs/AlGaAs dans lesquelles sont réalisées I’essentiel des
expériences sur les microstructures balistiques, la petitesse de la masse effective des électrons
(m* ~ 0.067m) rend ’effet Zeeman négligeable, et la réponse magnétique est entierement do-
minée par son terme orbital. C’est donc a ’étude de ce dernier que nous allons nous consacrer
au long de ce mémoire.

L’histoire du magnétisme orbital remonte au moins jusqu’au théoréme de Bohr-van Leeuwen
(1921) [Leeuwen21], qui montre qu’un systéme de charges classiques a une réponse magnétique
nulle: les charges évoluant le long de la frontiére compensent exactement ’effet des autres
charges. Ce résultat reste valable en présence d’une distribution de Fermi (on pourra en trou-
ver une démonstration rapide dans la section 3 de [Richter96a]). Il a pour conséquence que
les effets observés du magnétisme orbital sont entierement dominés par des termes d’origine
purement quantique, et, en particulier dans le cas de microstructures balistiques, par les termes
d’interférence. Lorsqu’on calcule une quantité thermodynamique, ces derniers, contrairement
aux contributions classiques, qui ne dépendent que du volume d’espace de phase, sont sensibles
a la dynamique des systémes considérés. En particulier, le caractére plus ou moins régulier
(intégrable) ou chaotique va avoir une influence notable sur les termes d’interférence. Comme
ceux-ci sont dominants dans le cas du magnétisme orbital, on voit qu’on va trouver la une si-
tuation ou la dynamique affecte non plus des termes correctifs, mais bien les termes dominants.
La réponse magnétique des microstructures balistiques va donc étre un endroit privilégié pour
appliquer les concepts semiclassiques développés dans le cadre du chaos quantique.

En dehors de cet aspect, I'intérét récent de la communauté scientifique pour ces questions de
réponse magnétique orbital a deux origines. La premiére est associée au débat sur les courants
permanents (cf par exemple le chapitre 4.2 de [Imry97]). La seconde est tout simplement due
aux progrés impressionnants des techniques expérimentales dans le domaine de la micro et
nanofabrication.

On sait en effet depuis déja quelques temps construire des points quantiques de taille suffi-
samment petite pour qu’a des températures expérimentalement accessibles ( < 1K) la longueur
de cohérence de phase des électrons £, excede celle de la microstructure (on pourra trouver une
bréve introduction aux techniques de fabrication de ces structures dans le premier chapitre de
[Imry97]). Ces points quantiques, bien que pouvant contenir jusqu'a quelques dizaines de mil-
liers d’électrons, sont des objets parfaitement cohérents. Ils ont des propriétés significativement
différentes de celles des systémes électroniques microscopiques (les atomes) aussi bien que ma-
croscopiques. Ils rentrent donc dans la classe des systémes mésoscopiques, et présente une riche
variété de comportements nouveaux, tant du point de vue des propriétés thermodynamiques
que de transport.
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F1G. 1 - (haut) Schéma d’une hétérostructure de GaAs/AlGaAs. (bas) Diagramme d’énergie de
bande pour un potentiel de grille positif.

Les premiers points quantiques réalisés étant constitués de métaux contenant un nombre si-
gnificatif d’impuretés ou de défauts cristallins, le libre parcours moyen des électrons £ restait lui
significativement inférieur aux dimensions de la microstructure. Ces premiers points quantiques
étaient donc désordonnés (diffusifs), et leur géométrie avait peu d’influence sur leurs propriétés.
Un progres significatif a été obtenu grace a ’utilisation de gaz d’électrons a deux dimensions.
Ces derniers sont formés en piégeant les électrons a 'interface entre deux semiconducteurs (ty-
piquement GaAs/AlGaAs). Fig. 1 présente un schéma trés simplifié de ces hétérostructures
(adapté de [Buks94]), qui sera discuté plus en détail juste avant I’article [Richter96b] consacré
au désordre résiduel. Ceci permet une séparation spatiale entre les donneurs (i.e. les impuretés)
et le plan dans lequel les électrons évoluent, et ainsi d’augmenter considérablement le libre
parcours moyen des électrons . En confinant ces gaz d’électrons soit par gravure, soit par des
potentiels électrostatiques, on peut finalement construire des points quantiques balistiques, c’est
a dire beaucoup plus petits que £7, de dimensions et de formes extrémement variées.

L’introduction de ces points quantiques balistiques introduit une tres grande richesse dans
la phénoménologie des microstructures électroniques. En effet, un point quantique diffusif est
caractérisé par sa dimension effective, sa taille, et éventuellement sa topologie (e.g le cas des
anneaux). Une fois ces parameétres fixés, rien ne distingue plus une réalisation particuliére d’une
autre. Dans le cas des structures balistiques, par contre, la dynamique est déterminée par la
géométrie, qui peut étre choisie a volonté. On a donc une trés grande variété de comportements
possibles, et pour peu qu’on en aie une bonne compréhension, on peut imaginer dans un plus
long terme pouvoir choisir la forme des points quantiques en vue d’une certaine fonctionnalité.

Nous n’en sommes [heureusement] pas encore 13, et pour l'instant cette richesse apparait
plutét comme une difficulté a surmonter, puisqu’il faut pour ces structures balistiques étre
capable de prendre en compte la forme du systéme dans ’approche théorique. Pour revenir au
sujet qui nous occupe, nous allons traiter cette question dans le cadre restreint de la réponse
magnétique de ces points quantiques balistiques. Nous allons de plus nous limiter & un régime
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de température (qu’on réfere parfois comme le régime proprement mésoscopique), compris entre
I’espacement moyen A des niveaux d’énergie & une particule et I’énergie de Thouless Eyj, définie,
a une multiplication par A pres, comme l’inverse du temps de vol des électrons a travers la
structure.

Dans ce cadre, nous verrons que ’approche semiclassique fournit les outils nécessaires pour
mener a bien ce programme. De fait, ’essentiel du contenu de ce mémoire est consacré a
montrer comment. De ce point de vue cependant on distinguera deux parties. La premiére
concerne ’étude du modele sans interaction (articles [Ullmo95,Richter96a,Richter96b]), et dans
la deuxiéme, on abordera un description plus réaliste des électrons ou leurs interactions mu-
tuelles sera prise en compte (articles [Ullmo97,Ullmo98,0ppen00,Ullmo00]). La premiére partie
est naturellement plus simple conceptuellement que la seconde, et contient de plus un article
de revue ([Richter96a]) tres détaillé. Je n’ajouterai donc aux articles inclus qu’une introduction
breve et un petit exemple de calcul dans le régime diffusif.

Dans la partie traitant des interactions entre électrons par contre, les articles seront précédés
d’une discussion plus détaillée de certains points abordés peut étre trop brievement dans les
textes publiés. En section 2.1 par exemple, je discuterai le choix que nous avons fait pour
décrire les électrons en interaction: c’est & dire des quasi-particules de Landau évoluant dans
un potentiel moyen (créé par le champ extérieur et les autres électrons), et interagissant entre
elles & travers une interaction écrantée (donc petite) se prétant bien & un calcul perturbatif.
De méme, en section 2.2, je détaillerai le formalisme semiclassique que nous avons utilisé pour
étudier la réponse magnétique associée aux interactions. En particulier, j’'essayerai de décrire
assez completement le calcul & 'ordre un des perturbations, qui peut étre fait sans recourir au
formalisme diagrammatique, ainsi que de discuter plus en détail la renormalisation de 'inter-
action due aux termes d’ordre supérieur de la série de Cooper. L’application de ce formalisme
semiclassique & certaines géométries particulieres sera alors effectuée dans les articles rassemblés
en section 2.3.

‘
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Chapitre 1

Modele sans interaction

La premiére partie de ce mémoire est donc consacrée a 1’étude de la réponse magnétique d’un
systéme de fermions sans spin et sans interactions mutuelles, confinés par un potentiel extérieur
arbitraire (éventuellement un billard). Les figures 2 et 3 (tirées de [Richter96a]) donnent un
apercu des résultats qui y sont obtenus. Dans le cas particulier d’un billard carré soumis a un
champ magnétique extérieur uniforme, on y voit d’une part 1’évolution en fonction du champ des
niveaux d’énergies & une particule quantique, et d’autre part, toujours en fonction du champ, la
comparaison entre un calcul numérique “exact” (quantique) de la susceptibilité magnétique et
son approximation semiclassique. On notera tout d’abord, et ceci avant méme de regarder les
formules correspondantes, la grande simplicité du résultat semiclassique. Ce dernier s’exprime
en fonction d’un nombre trés restreint de trajectoires, alors que le spectre de niveaux quantiques
a malgré tout une structure assez complexe. L’autre point remarquable est bien sur la qualité
de 'approximation semiclassique.

Dans le cadre d’'un modele de fermions sans interactions, I’approche semiclassique fournit
donc une description trés simple, trés intuitive et tres précise de la réponse magnétique d’une
microstructure balistique. C’est cette description semiclassique que nous allons présenter dans ce
chapitre, en se concentrant tout d’abord sur les effets géométriques (articles [Ullmo95,Richter96a)),
et en abordant dans un deuxiéme temps la question du désordre résiduel présent méme dans
les cavités balistiques (articles [Richter96b]). Tout ces résultats étant basés sur les formules
dites “de traces”, introduites par Gutzwiller [Gutzwiller69, Gutzwiller71], et Balian et Bloch
[Balian72|, je commencerais par rappeler rapidement pourquoi ces formules interviennent, et je
reproduirais sa dérivation dans le cas le plus simple, c’est & dire celle d’un billard rectangulaire
sans champ extérieur [Gutzwiller69).

1.1 La formule des traces dans un cas simple: le billard rectan-
gulaire

Pour un systéeme de fermions sans interactions connecté a un réservoir de particules de
potentiel chimique p, toutes les quantités thermodynamiques peuvent étre obtenues, & partir
du grand potentiel

AT, . H) =~ [ 4B d(B) (1 +exp [Bu-B)) (L.1)
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FIG. 2 — Evolution des 200 premiers niveaur d’énergie du billard carré en fonction de ¢ =
a’H/$o, ot H est le champ magnétique exterieur appliqué et ¢og = hc/e est le quantum de fluz.
Les unités d’énergie sont choisies de facon qu’a champ nul E = n2 + nZ
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F1G. 3 — Comparaison entre un calcul quantique “exact” (ligne pleine) et l’approximation semi-
classique (ligne interrompue) de ’évolution de la susceptibilité magnétique du billard carré en
fonction du flux normalisé ¢. La susceptibilité est mesurée en unité de susceptibilité de Landau
xr = €2/12rmc?. Pour chaque régime de champ (faible, intermédiaire et fort), on a indiqué en
insert la famille de trajectoires classique dominant la réponse magnétique.
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=Y §(E-E,). (1.2)

est la densité d’états & une particule. Donc, & une convolution prés avec (ici une primitive
de) la fonction de distribution de Fermi, qui en pratique simplifie le probléme en éliminant la
contribution des orbites longues, on voit que toute 'information utile est contenue dans la densité
d’état & une particule d(E). C’est cette quantité qui peut étre exprimée semiclassiquement
en terme d’une somme sur les trajectoires classiques, ce que nous allons illustrer (en suivant
Gutzwiller [Gutzwiller69]) dans le cas d’un billard rectangulaire.

L’idée de base est qu’on peut relier d(E) a la trace de la fonction de Green G(q,q’; E) (d’oit
la dénomination de formule de trace) par

d(E) = —% Im G(E) , G(E) = /qu(q, @ E) . (1.3)

Ce qui rend le probléme particulierement simple dans le cas d’un billard rectangulaire est qu’on
peut utiliser la méthode des images et relier la fonction de Green exacte G(q,q’; F) a la fonction
de Green libre G%(q,q'; E) par

G(a,q';E) = G%(q,q; E) Zez (ai,d') , (1.4)

ou les q; représente toutes les images de q par une combinaison quelconque de symétrie par
rapport & un des cotés du billard, et ¢, = +1 ou —1 selon qu’il faut un nombre pair ou impair de
symétries pour passer de q & q;. Le terme q; = q de la somme a une singularité (logarithmique)
quand r — r', qui donne la partie moyenne [terme de Weyl] d(E) de la densité d’état. Pour tous
les autres termes, on peut utiliser I’approximation asymptotique de la fonction de Green libre
[Gutzwiller90a]
1 m exp(ik|ld — q;)
Gl o) = ih \2irh /Rkld — ail (5)

(k = v2mE/h). En appliquant les symétries appropriées pour ramener la droite joignant q;
a ' a lintérieur du billard, la somme du membre droit de Eq. (1.4) s’interpréte comme une
somme sur toutes les trajectoires classiques joignant q & q' de termes oscillants impliquant
Paction classique (divisée par %) kL; le long de la trajectoire classique (L; est la longueur de la
trajectoire) et un préfacteur relié & la dynamique classique au voisinage de la trajectoire.

L’application de Eq. (1.3) donne alors

4 m ab . T

ou la somme porte sur toutes les orbites périodiques du billard, labelées par M = (M, Ma) le
nombre de rebonds sur les cotés droit et haut du rectangle, et Ly = 24/(aMq)? + (bM3)? est
la longueur de l'orbite (avec a et b la longueur des cotés du billard).

La formule de trace Eq. (1.6) est donc une expression semiclassique qui relie la densité d’états
quantique du billard rectangulaire aux orbites périodiques classiques. Ce type de formule va
constituer la base de notre traitement de la réponse magnétique d’un systeme de fermions sans
interactions. Elles permettent en effet de traiter n’importe quelle géométrie puisque celle-ci est
en quelque sorte encodée sous la forme des orbites périodiques. De plus, nous verrons qu’une fois
la densité d’état exprimée sous une forme semblable & Eq. (1.6), la convolution Eq. (1.1), ainsi
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que la dépendance en champ magnétique s’obtiennent trés simplement. Méme dans les cas ou
on a une expression explicite pour les niveaux d’énergie (e.g. spectre de Landau), les formules
de trace pour la densité d’état constituent un meilleur point de départ pour étudier la réponse
magnétique.

1.2 Magnétisme orbital: effets géométriques

Cette section va étre essentiellement constituée de deux publications ([Ullmo95,Richter96al).
La deuxiéme est en effet un article de revue tres exhaustif qui contient suffisamment de matériel
introductif pour se suffire & lui méme. Pour résumer trés rapidement leur contenu, on dira
simplement qu’ils peuvent étre vus comme une application du programme que nous avons décrit
a la fin de la section précédente, pour différents types de géométries. On y insistera en particulier
sur la différence entre dynamique intégrable et chaotique. Certains points importants, comme la
différence entre systéme individuel et résultats moyennés sur un ensemble [Schmid91, Oppen91,
Altshuler91], ou comme la question de l'origine du terme de Landau, y seront aussi discutés.
On notera finalement que la réponse magnétique des systémes chaotiques a été discutée par
Shapiro [Shapiro93], et que le cas des billards carrés a été abordé par von Oppen [Oppen94].
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Orbital Magnetism in Ensembles of Ballistic Billiards

Denis Ulimo, Klaus Richter, and Rodolfo A. Jalabert

Division de Physique Théorique, Institut de Physique Nucléaire, F-91406 Orsay Cedex, France
(Received 1 November 1993

We calculate the magnetic response of ensembles of small two-dimensional structures at finite
temperatures. Using semiclassical methods and numerical calculation we demonstrate that only short
classical trajectories are relevant. The magnetic susceptibility is enhanced in regular systems, where
these trajectories appear in families. For ensembles of squares we obtain a large paramagnetic
susceptibility, in good agreement with recent measurements in the ballistic regime.

PACS numbers: 05.45.+b, 03.65.S¢, 05.30.Ch, 73.20.Dx

A free electron gas at temperatureand magnetic field We consider an ensemble of isolated two-dimensional
H such thatkgT > hiw (w = eH/mc) exhibits a small systems at temperatur€. For each member of the
orbital diamagnetic response [1]. This behavior persistensemble (withN electrons and are&) the magnetic
when the electrons are placed in periodic or weak-disordesusceptibilityy is given by the change of the free energy
potentials [2]. When the system is constrained to a finite? (T, N, H) under the effect of a magnetic field,
volume, the confining energy appears as a relevant scale 1 [ 9°F
giving rise to finite-size corrections to the Landau suscep- X=-y <@)N , (1)
tibility. These corrections have been the object of sev- '

eral theoretical studies in the last few years for the cas& € Necessity of using the canonical ensemble for isolated

of clean [3] and disordered [4] systems, and received reé'€S0Scopic systems, and the physical differences with

newed interest with recent experiments of Lénal. [5]:  the grand-canonical ensemble (GCE, where the system
Measurements on ansemblef 10° microscopic, phase- responds to the magnetic flelq with a fixed chemical
coherent, ballistic [6] squares lithographically defined onpotentlal w), are some of the important (_:oncepts that
a high mobility GaAs heterojunction yielded a large para/€Cently emerged in the context of persistent currents
magnetic susceptibility at zero field, decreasing on thd/l: ©On the other hand, calculations in the GCE are
scale of approximately one flux quantum through eactnore easily performed due to the simple form of the

square. These experiments have been important in orierfflermodynamic potential

ing the theoretical studies toward the physically relevant Q(T, u, H) = 1 / dE p(E)In(1 + exp[B(pn — E)]),
questions associated with the magnetic response of small B
systems. In particular, the role of finite temperature and @)

the necessity of distinguishing individual from ensembleln t€rms of the single particle density of statef) =
measurements appear as important ingredients that haved2/7)Img(E). The factor of 2 takes into account spin
been overlooked in some of the theoretical literature. ~ degeneracy,8 = 1/kzT, and g(E) is the trace of the
In this Letter we calculate the orbital magnetic suscepSreen functionG(r',r), i.e.,
tibility of noninte_racti_ng electrons at fini_te temperjcltu_re_s in g(E) = [ dr Gg(r,r). )
regular geometries (i.e., squares and circles) for individual . . I
systems as well as for ensembles. We use a semiclassice?separ%t'ngp intoa mean and an oscillating part,
approach treating the magnetic fields involved by classi?(£) = P (E) + P (E), we define a mean chem-
cal perturbation theory and confirm the validity of our as-/¢@! [?)otentlal ® from N = [dEp(E)f(E — p) =
sumptions and analytical results with numerical quantury € P(E)f(E = p9). (f is the Ferml-(I)Dlr.ac distribu-
calculations. We show that regular microstructures exhibifion function.) Considering thap™* < p°, it has been
strongly enhanced susceptibilities with respect to the LanShoWn that [8]
dau value due to large modulations in the density of states F(N) = F° + AFY + AF®, (4)
caused byfamilies of periodic orbits Finite temperature where F® = u°N + Q%) and AFY = Q¢ (u9). We
induces a cutoff on the length of the relevant trajectoriesdefine Q° and Q¢ by using, respectivelyp® and po¢
and therefore clean systems provide a good description @fistead ofp in Eq. (2). The second-order term is [8]
the ballistic regime. These are the experimental condi- 1 2
tions of Ref. [5], and therefore our model yields results in =~ AF® = ——— [[ dE p®(E)f(E — ,u(’)] . (5
good agreement with the measurements. We compare the 2p°(u%)
results for ensembles of regular geometries with those of? is field independent to leading order in a semiclassical
chaotic billiards, finding important quantitative differencesexpansion. Higher order terms fingive rise to the two-
which should be experimentally observable. dimensional diamagnetic Landau susceptibility, =

0031-900795/74(3)/383(4)$06.00 © 1995 The American Physical Society 383
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—e?/(12wmc?) (as can be shown even for constrainedformula. Therefore, a uniform treatment of the perturbing
geometries [9]). AF() gives the susceptibility in a GCE field is needed, where not only orbits that are closed in
with chemical potentialu’. In disordered systems it phase space are taken into account, but also trajectories
vanishes under impurity average, and we will show thatlosed in configuration space which can be traced to
it is also the case within the energy and size averages @eriodic orbits wher7 — 0.
our model. We therefore have to consider the next order In squares (of side:), due to the simplicity of the
term AF®, geometry, such a uniform treatment is possible since

To obtain a semiclassical expression toF), AF®,  we can perform the corresponding integrals exactly.
and their magnetic field derivatives we calculgi®€  For H = 0, 5, is twice the number of reflections, and
from the semiclassical expansion of the Green functionD, = «/(kL,;)"/? with « = —m/(v/27k?). One way to
Except for a logarithmic singularity whert — r, which  obtain this result is to use the method of images writing
yields the smooth panp® of p, the semiclassical Green Gz(r’,r) = Ga(r',r) + Z,{ €;Go(rl,r), where G2 is the
function has the generic form [10] free Green functiong; are the mirror images af by any

S N\ combination of symmetries across the sides of the square,
oz = oewfi[ - (a-3)5] ®
t

and ¢; = *1 depending on the number of symmetries
needed to map’ on r;. The long-range asymptotic
where the sum runs over all classical trajectorigsining  behavior of the two-dimensional free Green function
r to r’ at energyE. S, is the action integral along G(rl,r) = aexp[i(klr, — r| — 7/4)]/(k|r, — r|)!/* can
the trajectory. For billiards without magnetic field we be used for the images [13].
simply haveS,;/i = kL,;, wherek = «2mE/i and L, is For sufficiently weak magnetic fields, one may keep
the length of the trajectory. The amplitude takes care in Eq. (6) the zero-order approximation f@&, and use
of the classical probability conservation, amg is the the first-order correctiods to the action. For a closed
Maslov index. orbit enclosing an algebraic area, classical perturbation
Within our semiclassical approach, the free energytheory yields8S = (e/c)H.A for low fields and high
corrections are given as sums over classical trajectaenergies, such that the cyclotron radius of the electrons
ries, each term being the convolution in energy of theis much larger than the typical size of the structure.
semiclassical contribution (oscillating ad.,) with the We now specify the contributiop,, [to p*¢] of the
Fermi factor (smooth on the scale @¢f ). It can be family of closed trajectories which, faf — 0, tends to
seen [9] that the contribution of a given trajectory tothe family of shortest periodic orbits with nonzero en-
AFW at finite temperature is reduced with respect toclosed area. We note it (1,1) since the trajectories bounce
its T = 0 counterpart by a multiplicative factak(T) = once on each side of the square (upper inset, Fig. 1).
(L;/L¢)sinh~Y(L,/L.), with L. =*kpB/(wm). A factor  Their length isL;; = 2+/24. This family gives the main
R%(T) is needed forAF®. At high temperatureR(T)  contribution to the experiment of Ref. [5] singg =~ 2a
yields an exponential suppression of long trajectoriesat T = 40 mK. Therefore, to simplify the discussion of
Thereforey is dominated by trajectories with, = L.,  the results, we shall in the following also consider that
which will be the only ones considered in our analysis.L. = L;;. We stress, however, that the contributions of
L. provides a cutoff length in the semiclassical expansiorother families can be obtained in essentially the same way
Eg. (6), in a similar way as the phase-coherence lengths the (1,1) contribution. Moreover, strong flux cancella-
Lo associated with inelastic processes.L}for Lg are  tion occurring for other primitive orbits makes their con-
much smaller than the shortest classical orpitteduces tribution irrelevant in the case of the square, even for very
to the Landau susceptibility independently of the naturdow temperatures [9,14].
of the classical dynamics. In order to calculate the trace integral of Eq. (3) we use
The standard route to obtairt* from G¢ is to evaluate as space coordinateg, which labels the trajectory (see
the integral of Eq. (3)) by stationary-phase approximationinset, Fig. 1) and the distance along the trajectory. Then
This selects the trajectories which are not only closedhe area is simplyA.(xo) = €2xo(a — x¢), with the index
in configuration spacé&’ = r), but also closed in phase € = +1 specifying the sense of motion. Inserting
space g’ = p), i.e., periodic orbits. When these latter in Eq. (3) we havep,,(H) = p;1(H = 0)C(H), where
are [well] isolated the Gutzwiller trace formula [10] is py(H = 0) = —(8/m)aa sin(kLy; + 7/4)/(kLi1)V? is
obtained. For integrable systems, periodic orbits come ihe unperturbed contribution and

continuous families corresponding to the rational invariant can =L "d (Z_eH _ >

tori (Balian-Bloch and Berry-Tabor formulas [11,12]). €)= o eSS\ he Xo(a = xo)

For regular geometries thgé = 0 dynamics is integrable. 1 - -
However, y is the response to a perturbing magnetic = m[COS(W@)C(\/mD) + sin(7)S(y7e)].

field which usually breaks the integrability. Thus using @

the Berry-Tabor formula is certainly inadequate. On theC and S are, respectively, the cosine and sine Fresnel
other hand, forH — 0 the remaining periodic orbits are integrals, andp = ®/®, is the total flux® = Ha? inside

not sufficiently well isolated to apply the Gutzwiller trace the square measured in units®f = hc/e.
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. | ] ) ) ) . FIG. 2. Thin solid curve: average magnetic susceptibility for
—200 an ensemble of squares from Eg. (9). Thick solid curve:
20 40 60 80 100 average over an ensemble with a large dispersion of sizes (see
k.a text). Thick dashed curve: average from numerics. The shift of
F the numerical with respect to the semiclassical results reflects

; il : the Landau susceptibility [due t8° in Eq. (4)] not included
FIG. 1. Magnetic susceptibility of a square as a function Otj'n the latter. Inset: average susceptibility as a function af

kra at zero field and a temperature equal to 10 level spacing . ; f 7 6 and 8 level . 9 a il
from numerical calculations (dashed), and from semiclassicaP! Various temperatures (4, 6, and 8 level spacings) and a flux
¢ = 0.15, from Eq. (9) (solid) and numerics (dashed).

calculations (solid). The periogt/+/2 indicates the dominance

of the shortest periodic orbits enclosing nonzero area with .
length L,, = 2v/2a (upper inset). Lower inset: amplitude of Separate the two averages and obtain the total mean by

the oscillations (inksLy;) of y as a function of the flux through averaging the local mean given by Eq. (9). The low-field

the sample from Eq. (8) (solid) and numerics (dashed). oscillations of(y) with respect tap are suppressed under
To obtain the contribution of the family (1,1) to the second average (performed for a Gaussian distribu-

AFD = 0o¢(1% and AF? we have to evaluate the tion with a 30% dispersion, dashed line, Fig. 2), while the

energy intearals of Eq. (2) and Eq. (5) usipa (5) for  2€ro-field behavior remains unchanged.
the ggnsitygof states.q /(\T)= 0 thcé l(:e)rmi z?éiril;ution We checked the semiclassical results by calculation of

is a step function. Sincg,, is a rapidly oscillating the first 1500 eigenenergies of a square in a magnetic

function without any stationary-phase point the integraldi€ld by direct diagonalization. AT = 0 the free energy
are dominated by the boundary contribution at the Fermjeduces to the total energy ang is dominated by
energy. For finite temperatures the smoothing of thed paramagnetic singularities at the level crossings of
Fermi function results in the factoR(T) previously states bel_onglng to _dlﬁerent symmetry cla_sses and at
introduced. For the susceptibility" arising fromAF(1 small avoided crossings between states with the same
one obtains in leading order ia symmetry [3]. These peaks are compensated once the
) 3 next state is considered, and therefore disappear at finite
X _ — R(T). temperature where the occupation of nearly degenerate
XL (2m)3? ®) states becomes almost the same. Temperature regularizes

Therefore, the susceptibility of a given square can béhe T = 0 singular behavior, and, of course, describes

paramagnetic or diamagnetic (Fig. 1), and its typical he physical situation. We include it by calculating
magnitude is much larger than the Landau s.usceptibilit)ghe partition functionZ = exp[~AF] from a recursive

) . . . . “algorithm [9,15].
gfL -k Calilirrlz’s/\s/ th\éagfggrf‘glgdg ' ;}’ ?r::gsrgetr%fd'sgﬁésmn The results for individual squares are in excellent agree-
P .

) ; o ment with Eq. (8), the oscillations as a functiongfL
averagey is then given by the contribution of the (1,1) and e clearly?sﬁo)wn in Fig. 1. The oscillations gcéln

d2C
kra)®? sin (kFL“ + %) ]

i @
family to AF be regarded to be analogous to the well known de Haas-
w___3 adzcsz(T) (9) Van Alphen oscillations of the bulk susceptibility due to
XL (V2 m)? F do? ’ guantized electronic cyclotron motion. However, the for-

The average susceptibility (solid line, Fig. 2) is paramagmer explicitly reflect the finite size of the microstruc-
netic atd = 0 and for low fields it oscillates with an over- ture. At the level of the averages the quantum values also
all decay ofl/¢. For ensembles with a wide distribution nicely agree with our analytical findings (Fig. 2).

of lengths (in the experiment of Ref. [5] the dispersion Reference [5] yielded a paramagnetic susceptibility at
in size across the array is estimated between 10% and = 0 with a value of approximately 100 (with an un-
30%) the dependence @ on a (through ¢) has to be certainty of a factor of 4) in units ofy,. The two
considered. Since the scale of variation@fwith a is  electron densities considered in the experiment l@fé
much slower than that ofin>(kzL;), we can effectively and3 X 10'' cm™2, corresponding to approximately*
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occupied levels per square. Therefore our semiclassi- The differentkra dependence predicted for the sus-

cal approximation is well justified. For a temperature ofceptibility in regular and chaotic cases should result in

40 mK the factor4/2/(5m)kraR*(T) from Eq. (9) gives an order of magnitude effect. Therefore measurements

zero-field susceptibility values of 60 and 170, respecin different geometries will be of high interest and pro-

tively, in good agreement with the measurements. Theide a crucial test of the applicability of our noninteract-

field scale for the decrease @f(¢)) is of the order of one ing model to actual microstructures.

flux quantum through each square, in reasonable agree- We acknowledge helpful discussions with H. Baranger,

ment with our theoretical findings. 0. Bohigas, Y. Gefen, M. Gutzwiller, L. Lévy, N. Pavloff,
Squares constitute a generic example of an integrablB. Shapiro, and H. Weidenmdiiller. K. R. acknowledges fi-

system perturbed by a magnetic field. It is interestingnancial support by the A. von Humboldt Foundation. The

to compare our results with two extreme cases: circle®ivision de Physique Théorique is “Unité de Recherche

(which remain integrable under the perturbation) anddes Universités Paris Xl et Paris VI associée au CNRS.”
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Abstract

We present a general semiclassical theory of the orbital magnetic response of noninteracting electrons confined in two-
dimensional potentials. We calculatc the magnetic susceptibility of singly-connected and the persistent currents of multiply
connected geometries. We concentrate on the geometric effects by studying confinement by perfect (disorder free) potentials
stressing the importance of the underlying classical dynamics. We demonstrate that in a constrained geometry the standard
Landau diamagnetic response is always present, but is dominated by finite-size corrections of a quasi-random sign which
may be orders of magnitude larger. These corrections are very sensitive to the nature of the classical dynamics. Systems
which are integrable at zero magnetic field exhibit larger magnetic response than those which are chaotic. This difference
arises from the large oscillations of the density of states in integrable systems due to the existence of families of periodic
orbits. The connection between quantum and classical behavior naturally arises from the use of semiclassical expansions.
This key tool becomes particularly simple and insightful at finite temperature, where only short classical trajectories need
to be kept in the expansion. In addition to the general theory for integrable systems, we analyze in detail a few typical
examples of experimental relevance: circles, rings and square billiards. In the latter, extensive numerical calculations are
used as a check for the success of the semiclassical analysis. We study the weak-field regime where classical trajectories
remain essentially unaffected, the intermediate field regime where we identify new oscillations characteristic for ballistic
mesoscopic structures, and the high-field regime where the typical de Haas—van Alphen oscillations exhibit finite-size
corrections, We address the comparison with experimental data obtained in high-mobility semiconductor microstructures
discussing the differences between individual and ensemble measurements, and the applicability of the present model.

PACS: 03.65.Sq; 05.45.+b; 05.30.Fk; 73.20.Dx
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1. Introduction
1.1. Historical perspective

The study of orbital magnetism in an electron gas goes back to the 1930s with the pioneering
work of Landau [1,2] demonstrating the existence of a small diamagnetic response at weak fields H
and low temperatures 7 (such that k3T exceeds the typical spacing fw, w = eH/mc). Three features
of this original proposal contributed to the slowness of its general acceptance. First, it deals with
a purely quantum result that can be expressed as a thermodynamic relationship without an explicit
f dependence. In contrast to that the Bohr—van Leeuwen theorem [3] establishes the absence of
magnetism for a system of classical particles. For finite systems the boundary currents are shown
to exactly cancel the diamagnetic contribution from cyclotron orbits of the interior. (This result re-
mains valid even if we consider Fermi or Bose statistics [4].) Secondly, boundary effects (so crucial
in obtaining the correct classical behavior) did not enter into Landau’s original derivation. Twenty
years later Sondheimer and Wilson [5] presented a more rigorous formulation for the magnetism
of unconstrained clectrons at weak and strong fields without using explicit knowledge of the en-
ergy levels, thus avoiding complicated arguments involving boundary electrons. (Here we present a
semiclassical derivation of Landau diamagnetism independent of the energy level structure and valid
for constrained geometries at arbitrary magnetic fields.) Finally, Landau diamagnetism for standard
metals yields a small effect (one-third of the Pauli spin paramagnetism) making its experimental
observation rather difficult. Peierls [4, 6] showed shortly after Landau’s work that the diamagnetic
susceptibility persists when electrons are placed in a periodic potential and its value is obtained by
simply using the effective mass instead of the free electron mass. But even if the effective mass is
smaller than the bare mass, and the diamagnetic orbital response dominates over the spin param-
agnetic susceptibility (as typically happens in doped semiconductors), the detailed comparison with
the experimental data on metals was still difficult [5]. This follows from the complicated ¢lectronic
structure and the fact that taking into account electron—electron interactions in the same way as a
periodic potential by renormalizing the effective mass, is a too crude approximation.

While the restriction of the electron gas to a two—dimensional plane (still in the thermodynamic
limit) does not pose any new conceptual or calculational difficulty [4, 7], the effect of confining
the electron system to a finite volume introduces a new energy scale in the problem (the typical
level spacing A) and leads to a modification of the Landau susceptibility. The latter point has
thercfore been the object of several conflicting studies.' The investigation of finite-size corrections
was motivated by experiments on small metal clusters and dealt with various theoretical models:
thin plates [9], thin cylinders [10], confinement by quadratic potentials [11, 12], circular [13] and
rectangular boxes [14, 15]. Finite-size effects and corrections to bulk magnetism obviously depend
on the relation between the typical size a of the system and other relevant length scales [16]:
The thermal length L = fvefi/m (vp is the Fermi velocity and f = 1/kgT), the elastic mean
free path / (with respect to impurity scattering), and the phase-coherence length L, (taking into
account inelastic processes like electron—phonon scattering). Most of the above mentioned studies
neglect other scattering mechanisms than that by the boundaries of the device, and deal with the
macroscopic (or high temperature) case of Ly <a. The first assumption severely limits the possible

"For the historical account of this tortuous and often contradictory chain of findings see Ref. [8].
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comparison with the experimental data of real metal clusters, while in the regime where the second
assumption is valid the magnetic response is dominated by its smooth component for which, as
generally shown by Robnik [17] and Antoine [18], only small corrections to the diamagnetic bulk
susceptibility are found.

Opposite to the macroscopic limit, there had been studies in the extreme quantum limit [19],
where the temperature is low enough to enable the resolution of individual levels (kg7 < 4). In
this regime the magnetic susceptibility is dominated by erratic fluctuations that, as we will see later,
hinder its unequivocal determination. The purpose of the present work is the study of size corrections
in the mesoscopic regime [20], intermediate between the two previous limits (that is, for temperatures
satisfying Lt/a > 1 > ff4) and where inelastic processes do not inhibit quantum interference effects
(Ly > a). Nowadays this is an experimentally accessible regime receiving considerable attention due
to the richness of its physical properties. When Ly > a > [ we have the mesoscopic diffusive regime
where the electron motion is dominated by impurity scattering, while for Ly >/ > a we enter into
the ballistic regime where electrons are mainly scattered off the walls of a confining potential. A
central conclusion of our work is that finite-size corrections to the magnetic susceptibility in the
ballistic regime can be orders of magnitude larger than the bulk values.

One of the reasons for the sustained interest of the last few years in the mesoscopic ballistic regime
is the possibility of studying the relation of the underlying classical dynamics and the quantum
properties. This issue is precisely the subject of the field known as “quantum chaos” [21,22]. Since
the number of electrons N in a mesoscopic system is always large, particles at the Fermi energy have
a De Broglie wavelength A; much smaller than the typical size a of the system (a//y x kra x N4,
kr is the Fermi wave vector, d the number of degrees of freedom), and are therefore well in
the semiclassical regime. High-mobility mesoscopic semiconductor samples provide an appropriate
experimental testing ground in this context and have been recently examined with respect to the role
of chaos in transport phenomena (for a review, see [23,24]). The present work extends the connection
between mesoscopic systems and quantum chaos to thermodynamic properties, and analyzes recent
experiments [25,26] measuring the magnetic response of ballistic microstructures. One main concern
of our work is to show that mesoscopic finite-size effects depend crucially on the classical dynamics
of the ballistic billiard, i.e. whether it is integrable or chaotic, and that the magnetic response provides
an experimentally accessible criterion in order to distinguish between integrable and chaotic devices
(much more neatly than through the subtle differences found in the transport problem [23, 24]).

The importance of geometrical effects for the finite-size corrections in the above-defined macro-
scopic limit had already been noticed in terms of the sensitivity of the magnetic susceptibility on the
structure of the confining potential [10-12]. The chosen potentials were obviously nongeneric but
used due to their calculational simplicity, and therefore it was not possible to anticipate the order-
of-magnitude effect that classical dynamics might have on the susceptibility outside the macroscopic
limit. The problem of orbital magnetism from a quantum chaos point of view was first addressed
by Nakamura and Thomas [27] in their numerical study of the differences in the magnetic response
of circular and elliptic billiards at zero temperature. The circular billiard is integrable at arbitrary
field, while the ellipse develops chaotic behavior at finite fields. They found a reduction compared to
the bulk susceptibility and strong fluctuations (with varying magnetic field), and observed that both
effects were stronger for the elliptic billiard. As already mentioned, the difficulty of these studies in
the extreme quantum limit (at zero temperature) consists in the existence of strong fluctuations aris-
ing from exact or quasi-crossings of energy levels (depending parametrically on the magnetic field)
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where the susceptibility diverges. Similar features were obtained for other integrable systems in the
quantum limit like the rectangular box [19], the Corbino disk and the cylinder [28]. However, this
unphysical behavior is regularized by finite temperature that approximately adjusts the populations
of both levels to each other at a crossing (or anti-crossing).

Parallel to the studies of the orbital response in finite size singly connected systems, there have
been important developments in the understanding of persistent currents (i.e. the orbital magnetism in
multiply connected geometries).? These latter studies started usually from very general considerations
without making the connection with the Landau diamagnetism. The pioneering work of Biittiker et
al. [29] demonstrating that in the presence of magnetic flux the ground state of a one-dimensional
ring has a current flow generated a large theoretical activity, mainly directed towards generalizations
of quasi-one-dimensional and diffusive rings [30, 32]. The first experimental evidence of persistent
currents in an ensemble of mesoscopic copper rings was given by the 1990 measurement of Lévy
et al. [33]. The use of an ensemble was motivated by experimental reasons and brought up important
issues about the differences between the canonical and grand canonical ensembles in the mesoscopic
regime [34-36] that we will review in the present work. Later experiments achieved the measurement
of persistent currents in single disordered [37] and ballistic [26] rings. In Section 4 we analyze in
detail the last experiment making the connection with the orbital magnetism of the other sections.
The connection between classical mechanics and persistent currents has already been explored in
Refs. [38-40].

Small metallic samples at sufficiently low temperatures operate in the diffusive mesoscopic regime,
where the classical electron motion is a random walk through the impurity potential. This was the
regime of the original experiment on persistent currents [33] and therefore received considerable
theoretical attention. The effect of disorder on persistent currents has been evaluated by diagrammatic
perturbation theory [36]. A weak disorder potential does not alter the bulk Landau diamagnetism
[41] and gives within perturbation theory enhancement factors proportional to &g/ for finite samples
[42]. Highly pure semiconductor heterojunctions combined with lithographic techniques allow the
realization of samples small enough to be in the mesoscopic ballistic regime where / > a. This
is the case of the orbital magnetism and persistent current measurements of Refs. [25, 26]. In the
ballistic regime electrons move almost straight between collisions with the walls of the confining
potential. The small drift between collisions is due to the unavoidable disorder potential existing in
real structures. Neglecting completely the effect of disorder, and therefore the associated drift, leads
to an ideal or clean system which describes simply an electron billiard. A central result of our work
is that the application of semiclassical expansions at finite temperature allows one only to consider
short classical periodic trajectories. Therefore, the clean model provides a reasonable approach to
the weak and smooth disorder of the ballistic regime. We will get back to this point in this work,
and in a separate paper [43] we examine in detail the role of disorder in ballistic samples.

The previously cited developments, as well as most of the present work, deal with finite-size
effects in the orbital response at weak fields. At high fields the magnetic response is dominated
by the occurrence of Landau levels (whose spacing Zw is much larger than A or 4gT) yielding
the well known de Haas-—van Alphen effect. In 1938 Landau derived (see Refs. [S5, 7]) a complete
analytical expression for the susceptibility of a degenerate free electron gas including the weak-
field diamagnetic response and the de Haas-van Alphen oscillations. Since the latter turned out

2 For historical accounts on persistent currents see Refs. [30, 31].
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to be a powerful technique to examine the electron structure of metals [44] its study has been at
the heart of Condensed Matter Physics for various decades. Its measurement in two-dimensional
electron gases has allowed the determination of the density of states at high field [45]. With the
advent of Mesoscopic Physics the question of finite-size effects on the de Haas—van Alphen effect
was naturally raised, and free electron gases on a disk [46,47] and confined by a parabolic potential
[48] were considered at high fields. The semiclassical theory used in the present work provides the
finite-temperature susceptibility at arbitrary fields and allows the identification of an intermediate
regime characteristic for ballistic samples that we discuss in Section 7.

Our work aims at the convergence of various seemingly disconnected fields: Landau diamagnetism,
persistent currents, de Haas—van Alphen effect, finite-size corrections of thermodynamic functions,
quantum chaos, and electronic properties of weakly disordered systems. We will show that the semi-
classical analysis naturally enters in the problem of the magnetic response of ballistic structures,
provided a model of noninteracting electrons is adequate. The expression of the magnetic suscepti-
bility and persistent currents in terms of classical trajectories provides a unifying approach applicable
to various geometrical shapes, different temperatures and magnetic ficld strengths.

1.2. Susceptibility of unconstrained and constrained electron systems

We now present the basic formulas defining the magnetic susceptibility and then compare the
unconstrained magnetic response with the susceptibility obtained by confining the clectron gas to a
finite region to illustrate the subject of our studies in this paper. Let us consider a noninteracting
electron gas confined in a volume (area in two dimensions) A4 at temperature 7' under a magnetic
field H. The magnetic moment of the system in statistical equilibrium is given by the thermodynamic
relation

M = —(2QJoH )y, (1.1)

where Q(T,u,H) is the thermodynamic potential, and p the chemical potential of the electron gas.
The differential magnetic susceptibility is defined by

1€ = (AYQAMOH ).\ = —(1/AND*QIOH )z, - (12)

The notation with the superscript GC is used in order to emphasize the fact that we are working
in the grand canonical ensemble. The choice of the ensemble in the macroscopic limit of N and
A — oo is a matter of convenience. As it is well known by now [34-36] the equivalence between
the ensembles may break down in the mesoscopic regime that interests us, and this point will be
thoroughly discussed in the remaining part of the paper. However, for the purpose of this didactical
introduction we will work in the grand canonical ensemble studying the magnetic response of electron
systems with fixed chemical potentials. The calculation advantages of the GC ensemble arise from
the simple form of the thermodynamic potential

AT pH) = —% / dEd(E) In(1 +exp [f(u—E)]), (1.3)

in terms of the single-particle density of states

d(E):gsZ5(E—Ez)- (1.4)
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The factor gs =2 takes into account spin degeneracy, E; are the eigenenergies of the system. The
magnetic susceptibility is directly extracted from the knowledge of the density of states. The case
of a free electron gas is particularly simple since the electron eigenstates are Landau states with
energies

E;=hw (k+1). k=012, (1.5)

and degeneracies g;@/®,. The cyclotron frequency is w = eH/mc, ® = HA is the flux through an
area A, and @, = hc/e is the elemental flux quantum. Throughout this work we will neglect the
Zeeman splitting term due to the electron spin. It can however be incorporated easily when spin—orbit
coupling is negligible [49].

Landau’s derivation of the magnetic susceptibility of a free electron system arising from the
quantization condition (1.5) can be found for the three-dimensional case in standard textbooks [2,4].
The two-dimensional case [7, 8] follows upon the same lines. In the following we present a sketch
of the latter which will be useful towards a semiclassical understanding of the problem. (H is now
the component of the field perpendicular to the plane of the electrons.)

By the use of the Poisson summation formula the density of states related to the quantization
condition (1.5) can be written as

(1.6)

14 2nnk
AE) = gy - 9 S 1y eos (22

=1
This decomposition is usually interpreted as coming from the Weyl term (given by the volume of
the energy manifold in phase space) and the contribution of cyclotron orbits (second term, strongly
energy dependent). We stress though that in the bottom of the spectra, from which the Landau
diamagnetic component originates, this distinction is essentially meaningless.
In the case of a degenerate electron gas with a weak field such that Ziw <kyT < the energy
integral (1.3) is easily performed resulting in
mA e e’ AH?

nh 2 9 %amme 2

(1.7)

Q) ~ Q) = —gs

where Q is the smooth part (in energy) of the thermodynamic potential. (Note that the second term
of Eq. (1.7) comes nevertheless from the integral of the rapidly oscillating term of the density of
states.) Thus, we obtain the two-dimensional diamagnetic Landau susceptibility

—yL = —gs€*24mmct . (1.8)

For high magnetic fields, kg7 <%iw, the energy integrals are slightly more complicated than before
since the rapidly oscillating component of Q is not negligible any longer. This latter can be computed
(see Appendix A for the treatment of similar cases) as

0S¢ __ mA n w : 2773’7[1
=g, (28 S (3 ) o (2 mui. (19)

ne

where Rr(n) is a temperature dependent damping factor

Rr(n) = 2m°nkg T/hw/sinh (2 nks T/fiw) . (1.10)
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With Q = Q + Q°°, we have the Landau and de Haas—van Alphen contributions to the magnetic
susceptibility

%8¢ ( u >2 > (2nn,u)
=—1-24|— —1) B . 1.11
7 P ”2:1:( )" cos ™ Ri(n) (1.11)

The second term exhibits the characteristic oscillations with period 1/H and is exponentially damped
with temperature (and the summation index n).3

While going from the bulk two-dimensional case (macroscopic regime) to the constrained case
(ballistic mesoscopic) two important changes take place: (i) the confining energy appears as a
relevant scale and Eq. (1.5) no longer provides the quantization condition; (ii) since we are not
in the thermodynamic limit of N and 4 — oc, the constraint of a constant number of electrons in
(isolated) microstructures is no longer equivalent to having a fixed chemical potential. These two
effects will be thoroughly discussed in the paper. For didactical purposes we restrict ourselves in
this introductory section to only the changes (i) due to the confinement, and we anticipate some of
the results that will be later discussed in detail.

We imagine a mesoscopic square of size a connected to an electron reservoir with chemical
potential p. Direct numerical diagonalization in the presence of a magnetic field (Fig. 1(a)) allows
us to obtain ¥°“ (solid line in Fig. 1(b)). In the high-field region (2r. < a, we note r. = vp/ow the
cyclotron radius) the characteristic de Haas—van Alphen oscillations are obtained, although not with
the amplitude expected from calculations in the bulk (Eq. (1.11)). For lower fields the discrepancy
between our numerical results and the bulk Landau diamagnetism is quite striking. Thus, confining
deeply alters the orbital response of an electron gas. Without entering into details at this point we
remark the fact that the whole curve is quite well reproduced by a finite-temperature semiclassical
theory (dashed line) that takes into account only one type of trajectory (see insets) in each of the
three regimes: (a) the interference-like regime, dominated by the shortest trajectories with the largest
enclosed area for squares at zero magnetic field; (b) the transition regime dominated by the bending
of bouncing-ball trajectories between parallel sides of the square; (c) the de Haas—van Alphen regime
dominated by cyclotron orbits. It is remarkable how an exceedingly complicated spectrum as that of
Fig. 1(a) can be understood within such a simple semiclassical picture once finite temperature acts
as a filter selecting only few types of trajectories.

1.3. Querview of this work

The purpose of this paper is to provide an (essentially comprehensive) theory of the orbital mag-
netic properties of noninteracting spinless electrons in the mesoscopic ballistic regime. We restrict
ourselves to the clean limit, where the different behavior of the magnetic response arises as a geo-
metrical effect (shape of the microstructure). We will make extensive use of semiclassical techniques
since they appear to be perfectly suited for these problems. For the smooth components (such as in
Eq. (1.7)) we will use the general techniques developed by Wigner to obtain higher % corrections
to the Weyl term which are field dependent. For the oscillating components, we will rely on the so

3 For high fields we cannot in principle separate the orbital and spin effects. The de Haas-van Alphen oscillations are
given only by the orbital component, that is the only one that interests us for our model of spinless electrons.
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Fig. 1. (a) Evolution of the first 200 energy levels (of one symmetry class (see Section 5.4)) of a square billiard in a
uniform perpendicular magnetic field # as a function of the normalized flux ¢ = Ha?/®y (®y = hc/e). The energies are
scaled such that the zero field limit gives £ = n’ +nfu At high fields the levels converge successively to the Landau levels
while the nonintegrable intermediate field regime exhibits a complex spectral structure. (b) Full line: Numerically calculated
susceptibility of the square at finite temperature at an energy corresponding to ~1100 occupied independent particle states.
The susceptibility, being strongly enhanced with respect to the bulk value y;, exhibits pronounced oscillations which are
accurately reproduced by analytical semiclassical expressions (dashed line) based on families of quantized flux enclosing
electron orbits (shown in the upper insets for the different magnetic field regimes).
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Fig. 1. continued.

called semiclassical trace formulas, which provide simple and intuitive expressions for the density
of states as a sum over Fourier-like components associated to closed classical orbits.

In this respect it will be scen that the nature of the classical dynamics, i.e. integrable versus
chaotic (and more precisely existence versus absence of continuous families of periodic orbits), plays
a major role. Although we will present a complete formalism for both cases, our main emphasis, and
in particular all the examples treated explicitly, will concern integrable geometries. The reason for
this choice is twofold. First, as we will make clear in the sequel, one expects a much larger magnetic
response for integrable systems than for chaotic ones, yielding a more striking effect easier to observe.
The second point is that, contrary to what might seem natural a priori, integrable geometries present
a few conceptual difficulties in their treatment which are not present for chaotic systems. Indeed
integrable systems lack of structural stability, which means that under any small perturbation (such
as the one provided by the presence of a magnetic field) they generically do not remain integrable.
Chaotic systems on the contrary remain chaotic under a small perturbation. Therefore, as shown
in Ref. [50], the Gutzwiller trace formula [21, 51], valid for chaotic systems, can be used at finite
fields without further complications. For integrable geometries however, the Berry-Tabor [52, 53] or
Balian—Bloch [54] trace formulae valid for integrable systems usually do not apply in the presence
of a perturbing magnetic field. It will therefore be necessary, following Ozorio de Almeida [55, 56],
to consider the more complicated casc of nearly integrable systems, which we will do in detail here.

To perform this program, the present work is organized as follows. In the next section we present
the thermodynamic formalism appropriate for working in the canonical and grand canonical ensem-
bles, stressing its semiclassical interpretation and incorporating the changes due to the constancy of
the number of electrons in the experimentally relevant microstructures. In Section 3 we consider
the smooth magnetic response and show that the Landau diamagnetism is present in any confined
geometry at arbitrary fields. In Section 4 we address the magnetic response (susceptibility and persis-
tent currents) in the simplest possible geometries: circles and rings billiards that are integrable with
and without magnetic field. In Section 5 we present the calculation of the magnetic susceptibility
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for the experimentally relevant case of the square billiard [25] whose integrability at zero field is
broken by the effect of an applied magnetic field. An initial study along these lines was presented in
Refs. [57,58] and independently proposed by von Oppen [59]. This geometry and the corresponding
experiment have also been analyzed from a completely different point of view by Gefen et al. [60]
stressing the importance of the residual disorder (see also Ref. [82]). We consider in Section 6 the
generic magnetic response of both integrable and chaotic geometries, stressing the similarities and
differences in their behavior and calculating the line-shape of the average magnetization in generic
chaotic systems. In Section 7 we demonstrate how the semiclassical formalism we have developed
applies not only to the weak-field limit, but also to higher field and in particular to the high field
regime of the de Haas—van Alphen oscillations. We treat explicitly the example of the square geome-
try, including an intermediate field regime dominated by bouncing-ball orbits as depicted in Fig. 1(b).
We discuss our conclusions and their experimental relevance in Section 8. The modifications of our
results due to the effect of a weak disordered potential are discussed in a separate publication [43].

To keep the focus on the physical concepts developed in the text, a few technical derivations
have been relegated to some appendices. Appendix A presents the generic case of the convolution
of a rapidly oscillating function with the derivative of the Fermi function. Appendix B gives the
calculation of the first field-dependent term of the heat Kernel in an # expansion. In Appendix C
we compute the action integrals associated with the dynamics of circular and ring billiards needed
to define the energy manifold in action space. Appendix D presents the calculation of the prefactor
of the Green function for an integrable system, while in Appendix E we show how to compute the
semiclassical Green function at a focal point, and apply the obtained result to the particular case of
cyclotron motion.

2. Thermodynamic formalism

One main subject of the present work is the introduction of semiclassical concepts into the ther-
modynamics of mesoscopic systems. In this section we provide the basic formalism allowing one to
obtain the thermodynamic properties (grand potential, free energy) from the quasi-classically calcu-
lated single-particle density of states and hence the susceptibility. We begin with general definitions
and relations between grand canonical and canonical quantities.

For a system of electrons in a volume (area in two dimensions) A connected to a reservoir of
particles with chemical potential u (grand canonical ensemble) the magnetic susceptibility is obtained,
as given by Eq. (1.2), as

700 = —(1/4) (B°Q/eH?) .,
(T, u, H) is the thermodynamic potential, which can be expressed for noninteracting electrons in
terms of the single-particle density of states through Eq. (1.3).

For actual microstructures, the number N of particles inside the device might be large but is fixed
in contrast to the chemical potential u. As discussed in the introduction, it will be necessary in some
cases, namely when considering the average susceptibility of an ensemble of microstructures, to take
explicitly into account the conservation of NV, and to work within the canonical ensemble. For such
systems with a fixed number N of particles, the relevant thermodynamic function is not the grand
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potential Q, but its Legendre transform, the free energy?

F(T,HN)=uN + T, H,pu). (2.1)
In particular, the magnetic susceptibility of a system of N electrons is

y=—1/4 (azF/aHz)TvN . (2.2)

Except for the calculation of the Landau contribution performed in the following section all
the computations of the magnetic response of the microstructures to be considered will involve two
clearly separated parts. In the first one the (oscillating part of the) density of states will be calculated
semiclassically. Depending on the underlying classical dynamics (integrable versus chaotic, with or
without breaking of the invariant tori, with or without focal points, ctc.), the results as well as
their derivation will vary noticeably. In the second stage the integrals over energy yielding the
desired thermodynamic properties have to be performed in a leading order in # approximation. To
avoid tedious repetitions, we shall consider here in some detail this part of the calculation of the
thermodynamic properties, and refer without many additional comments to the results obtained in this
section whenever needed. We begin with the grand canonical quantities which exhibit the simplest
expressions in terms of the density of states. In a second subsection we shall consider the canonical
ensemble following closely the approaches presented in Refs. [36].

2.1. Grand canonical properties

We begin with the standard definition, Eq. (1.4) of the density of states
d(E)=gs» &E—E,).

/.

(gs = 2 is the spin degeneracy, E; the eigenenergies) and its successive energy integrals. They are
the energy staircase

n(E) = /OEdE’d(E/) , (2.3)

and the grand potential at zero temperature

I
o(E) = —/0 dE'n(E') . (2.4)

These are purely quantum mechanical quantities, depending only on the eigenstates £; of the system.
At finite temperature the corresponding quantities are obtained by convolution with the derivative
f(E — p) of the Fermi distribution function

JAE = p) = 1/(1 + exp[B(E — u)]) . (2.5)

*In standard thermodynamics, Eq. (2.1) just represents the definition of the grand potential. It should be borne in mind
however that from a statistical physics point of view this is not an exact relation, but the result of a stationary-phase
evaluation of the average over the occupation number, valid only when kg7 is larger than the typical level spacing.
Therefore, we are entitled to use this relation in the mesoscopic regime that interests us, but not in the microscopic
regime, where features on the scale of a mean spacing become relevant.
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We then have

D(u) = — /0 TAEA(E) f(E-p). (2.62)
N(u) = — /0 T AE n(E) f(E—p) (2.6b)
Q) = f/o' AE(E) f(E—p). (2.6¢)

Integration by parts leads to the standard definition (1.3) of the grand potential and the mean
number of particles in the GCE with a chemical potential y, i.e.

N(p) = / AEA(E) f(E — p). @7

That means that the thermodynamic properties (2.6b)—(2.6¢c) are obtained by performing the energy
integrations (2.3)—(2.4) with the Fermi function as a weighting factor.

In the following the separation of the above quantum mechanical and thermodynamic expressions
into smooth (noted with a “ ~ ”) and oscillating (noted with the superscript  °¢ ) parts is going
to play a major role. It has its origin in the well-known decomposition of the density of states as

d(E) =d(E) + d™(E) . (2.8)

This decomposition has a rigorous meaning only in the semiclassical (E — oo) regime for which
the scales of variation of d and d°¢ decouple. To leading order in #, the mean component d(E)
is the Weyl term reflecting the volume of accessible classical phase space at energy E (zero-length
trajectories), while d°“(E) is given as a sum over periodic orbits (Gutzwiller and Berry-Tabor trace
formulas) [21]. Generically, it will be expressed as a sum

d™(E)=> d(E):  d(E)=A/(E)sin(S(E)h+v,) . (2.9)

running over periodic orbits labeled by ¢ where S, is the action integral along the orbit 7, 4,(E) is
a slowly varying prefactor and v, a constant phase.’

Using the expression (2.9) for d°° in Egs. (2.3) and (2.4), n°° and »™¢ are obtained to leading
order in % as

£ E
HS(E) = / dE' d(E'); o™(E)= — / dE' n™(E') . (2.10)

The lower bounds are not specified because the constants of integration are determined by the con-
straint that 7> and ¢ must have zero mean values. (It should be borne in mind that semiclassical
expressions like (2.8), and those that will follow, are not applicable at the bottom of the spectrum.)

In a leading % calculation the integration over energy in Eq. (2.10) has to be applied only to the
rapidly oscillating part of each periodic orbit contribution d,. Noting moreover that if S(£) is the

5 When considering systems whose integrability is broken by a perturbing magnetic field, we shall stress the necessity to
consider families of recurrent, but not periodic, orbits of the perturbed system. This will, however, not affect the discussion
which follows.
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action along a periodic orbit, then 7,(£) = dS,/dE is the period of the orbit, one has in a leading %
approximation

E A
/ A(E") sin (S(E"/A +v,) dE" = o) A(E) cos (S(E)/ i+ v,) (2.11)
as can be checked by differentiating both sides of Eq. (2.11). In order to emphasis that the integration
over energy merely yields a multiplication by (—#%/7), we use the notation (ig - d,) to assign the
contribution , of a periodic orbit after shift of the phase by 7/2, i.e. (iy-[Bsin(S/A)]) = B cos(S/%).
We get

. Aﬁ
WHE) =D ) nE) = s (i d(E)) (2.12)
W' (E) = Z(u,(E) ; wlE)= (E) di(E). (2.13)

The thermodynamic functions D*¢(u), N°(u) and Q°°(u) are then obtained by application of
Egs. (2.6a) in which the full functions are replaced by their oscillating component. The resulting
integrals involve the convolution of functions (d*¢(E), n**(E) or w*(E)) oscillating (locally around
u) with a frequency t(u)/(2nh), with the derivative of the Fermi factor f/(E — u) being smooth
on the scale of f~! = k7. One can therefore already anticipate that this convolution yields an
exponential damping of the periodic orbit contribution whenever t(u)>#Af. As shown in Appendix A
the temperature smoothing gives rise to an additional factor for each periodic orbit contribution,

T/ Te

Relw) = sinh(z,/t.) °

1. = hfi/m, (2.14)
in a leading % and ' approximation (without any assumption concerning the order the limits are
taken). In this way we obtain relations between the following useful thermodynamic functions and
the semiclassical density of states:

D™(u) =Y D(u);  Dfp)=Re(zr)d(p). (2.15a)
Ny =Y N(w); Nl = Re(t)) (— A/ )iz - di(1)) (2.15b)
Q)= 2w Q) =Re(t) (h/1,)d(p) . (2.15¢)

At very low temperature, Ry ~ 1 — [(t,n)/(#B)]*/6 which, for billiard-like systems where 1, =
L,/vg (with L, being the length of the orbit and vy the Fermi velocity), simply gives the standard
Sommerfeld expansion Ry ~ 1 — [(L,m)/(ABvg)]?/6. For long trajectories or high temperature it
yields an exponential suppression and therefore the only trajectories contributing significantly to the
thermodynamic functions are those with 7, < 7. Thus, temperature smoothing has a noticeable effect
on the oscillating quantities since it effectively suppresses the higher harmonics, which are associated
with long classical orbits in a semiclassical treatment. On the contrary, for a degenerate electron
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gas (fu> 1), finite temperature has no effect on the mean quantities. Temperature is then the tuning
parameter for passing from d(£) at 7 = 0 to D(E) = d(E) at large temperatures (by the progressive
reduction of ¢°¢). Similar considerations hold for the energy staircase and the grand potential.

The oscillatory part of the semiclassical susceptibility in the grand-canonical ensemble is finally
obtained from Eq. (1.2) by replacing € by €.

2.2. Canonical ensemble

Let us now consider the susceptibility in the canonical ensemble, appropriate for systems with
a fixed number of particles. We follow Imry’s derivation for persistent currents in ensembles of
disordered rings [35]. The only important difference is that we will take averages over the size
and the Fermi energy of ballistic structures instead of averages over impurity realizations. We will
stress the semiclassical interpretation that will be at the heart of our work, and highlight some of
its subtleties.

As mentioned in the introduction the definition Eq. (2.2) of the susceptibility x is equivalent to
#9€ up to 1/N (i.e. h corrections). Therefore, in the macroscopic limit of N — oc the choice of the
ensemble in which the calculations are done is unimportant. On the other hand, in the mesoscopic
regime of small structures (with large but finite V) we have to consider such corrections if’ we
want to take advantage of the computational simplicity of the Grand Canonical Ensemble (GCE).
The difference between the two definitions is particularly important when the GCE result is zero
as it is the case for the ensemble average of y5¢. The evaluation of the corrective terms can be
obtained from the relationship Eq. (2.1) between the thermodynamic functions® F(N) and Q(u)
and the relation N(u) = N. In the case of finite systems the previous implicit relation is difficult to
invert. However, when N is large we can use the decomposition of N(u) in a smooth part N(u)
and a small component N°(u) that fluctuates around the secular part, and we can perturbatively
treat the previous implicit relation. The contribution of a given orbit to d°* is always of lower order
in A than d as can be checked for the various examples we are going to consider and by inspection
of semiclassical trace formulae. However, since there are infinitely many of such contributions, we
obtain d*¢ and d to be of the same order when adding them up. (This must be the case since the
quantum mechanical d(£) is a sum of o peaks.) Thus, we cannot use d°</d as a small expansion
parameter. On the other hand, finite temperature provides an exponential cutoff in the length of the
trajectories contributing to D** so that only a finite number of them must be taken into account.
Therefore, D*¢ is of lower order in % than D, and in the semiclassical regime it is possible to
expand the free energy F with respect to the small parameter D*¢/D. The use of a temperature
smoothed density of states Eq. (2.6a) closely follows the Balian and Bloch approach [54], where,
due to the exponential proliferation of orbits and the impossibility of exchanging the infinite time and
semiclassical limits, the semiclassical techniques based on trace formulae are considered meaningful
only when applied to smoothed quantities. The decomposition of D(E) is depicted in Fig. 2, where
we have taken D(~ d) to be energy independent, corresponding to the two-dimensional (potential
free) case.

®In the following we will only write the N dependence of F and the p dependence of £, assuming always the 7 and
H dependence of both functions.
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pou

Fig. 2. Schematic illustration of the separation of the density of states D(u) (solid line) into a smooth part D (dashed
line) and an oscillating component. The total number of electrons N is indicated by the shaded area, and equal to the
product of D and f.

For a perturbative treatment of the mentioned implicit relation we define a mean chemical potential
[ by the condition of accommodating N electrons to the mean number of states

N =N =N(ji). (2.16)
Expanding this relation to first order in D°¢/D, and employing that dN/dy = D, one has
Ap=p— o= —(1/DD)N™(i). (2.17)

The physical interpretation of Ay is very clear from Fig. 2: The shaded area represents the number
of electrons in the system and it is equal to the product D x .
Expanding the relationship (2.1) to second order in Ay,

F(N) = (i + AN + Qi) — N()Au — D()Ap’/2 (2.18)

using the decomposition of Q(j) and N(j) into mean and oscillating parts and eliminating Au
(Eq. (2.17)) in the second-order term, one obtains the expansion of the free energy to second order
in D*¢/D [35, 36]

FIN)Y~ FO 4 AF 4 AF©@) (2.19)
with

F= N + Q(fi) (2.20a)

AFD = Q%Y . (2.20b)

AFS = (1/2D() (N**(1))* . (2:20¢)

Then AF'" and AF'® can be expressed in terms of the oscillating part of the density of states by
means of Egs. (2.15b) and (2.15c). The first two terms F° 4+ AF'" yield the magnetic response
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calculated in the GCE with an effective chemical potential ji. The first “canonical correction” AF?)
has a grand canonical form since it is expressed in terms of a temperature smoothed integral of the
density of states (Eq. (2.7)) for a fixed chemical potential j.

It 1s convenient to use the expansion (2.19) in the calculation of the magnetic susceptibility
of a system with a fixed number of particles because the leading # contribution to N(j) has no
magnetic field dependence, independent of the precise system under consideration. Therefore, at this
level of approximation, keeping N constant in Eq. (2.2) when taking the derivative with respect to
the magnetic field amounts to keep i constant. Since F» is field independent in a leading order
semiclassical expansion the weak-field susceptibility of a given mesoscopic sample will be dominated
by AF", However, when considering ensembles of mesoscopic devices, with slightly different sizes
or electron fillings, AF'" (and its associated contribution to the susceptibility) averages to zero due
to its oscillatory behavior independently of the order in % up to which it is calculated.” Then we
must consider the next order term AF?.

As mentioned above, we will essentially work in the semiclassical regime (to leading order in %)
where F° is field independent. However, in the following section we will examine the next order
# correction to Q(ji) (and to F°), demonstrating that its field dependence gives rise to the standard
Landau diamagnetism, independent of any confinement.

3. Landau susceptibility

In the previous section we showed that the various quantum mechanical (i.e. d(E), n(E), w(E))
and thermodynamic (i.e. D(u), N(u), Q(p)) properties of a mesoscopic system can be decomposed
into smooth and fluctuating parts. In the semiclassical limit, where the Fermi wavelength is much
smaller than the system size, each of these quantities allows an asymptotic expansion in powers of
fi. For most of the purposes it is sufficient to consider only leading order terms while higher-order
corrections must only be added if the former vanish for some reason. This is the case for the smooth
part Q(u) of the grand potential, which is the dominant term at any temperature, but is magnetic field
independent to leading order in A. The present section will be the only part of our work where higher
h corrections are considered. We will show that they give rise to the standard Landau susceptibility.
Our derivation relies neither, on the quantum side, on the existence of Landau levels, nor, on the
classical side, on boundary trajectories or the presence of circular cyclotronic orbits fitting into the
confinement potential. This shows that the Landau susceptibility is a property of mesoscopic devices
as well as infinite systems, being the dominant contribution at sufficiently high temperature. ®

We consider a d-dimensional (d = 2,3) system of electrons governed by the quantum Hamiltonian

-1 .oe N\’ R
= (5= Sa@) + 1@, 3.1

where A4 is the vector potential generating the magnetic field H# and V(gq) is the potential which
confines the electrons in some region of the space. This region can a priori have any dimension,

"In the following, we shall always calculate 47" in a leading order # approximation. Higher-order corrections to
AF" may be of the same order as AF™’ but will average to zero under ensemble averaging.

% Analog results have been independently obtained by Prado et al. [61]. The Wigner distribution function was previously
used by Kubo [83] in the study of Landau diamagnetism.
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and it can be smaller than the cyclotron radius. We will only assume in the following that V'(g) is
smooth on the scale of a Fermi wavelength, so that semiclassical asymptotic results can be used.
In billiards the effect of hard boundaries on the susceptibility is negligible compared to the Landau
bulk term [17, 18], and therefore the results obtained below apply there, too.

There exist general techniques to compute the semiclassical expansion of the mean part of the
density of states (or of its integrated versions Eqs. (2.3) and (2.4)) up to arbitrary order in %. The
most complete approach, which allows one to take into account the effect of sharp boundaries, can
be found in the work of Seeley [62]. However, assuming the smoothness of V(g) allows us to
follow the standard approach introduced by Wigner in 1932 [63] which is based on the notion of
the Wigner transform of an operator. As a starting point we consider the Laplace transform of the
level density (or heat Kernel),

Z(A) = /ox dEe “£d(E) = gs Tr(e "), (3.2)

where g; = 2 takes into account the spin degeneracy. In Appendix B we apply after a brief de-
scription the technique to calculate the first two terms of the expansion of Z(4) with respect to A.
They yield under the inverse transformation the first two terms of the expansion of d(E') in powers
of #. The oscillating part d°*°(E) of d(E) is not included in this procedure since it is associated
with exponentially small terms in Z(A), that is, Z(1) ~ Z(1) for 2 =~ 0. This well known property
can be easily seen from the integral treated in Appendix A by identifying f with 4 and using the
exponential form of the distribution function in the classical limit of high temperatures (fu<1).

Noting #(q,p) the classical Hamiltonian corresponding to Eq. (3.1), the leading-order (Weyl)
contribution to Z(1) is given by Eq. (B6),

2= o [ dadpero (A q.p)) . (33)
and the inverse Laplace transform yields the familiar result
dulE) =du(E) = 5 [dqapo(E - #(q.p)) (3:4)

In the above integrals, the substitution
p—p =p—(efc)Ad (3.5)
eliminates any field dependence. Therefore
E £
ww(E) = ow(E) = — / dE' [ dE"dw(E"), (3.6)
0 0

as well as the leading term Qy(u) of the grand potential (obtained in the high-temperature limit
of Eq. (2.6¢)), are field independent. This is the reason for the absence of orbital magnetism in
classical mechanics. To observe a field dependence, one must consider the first correcting term of
Z(4) which, as shown in Appendix B (Eq. (B11)), is given by

ZiOH) = — ’“36 Zu + 70 (3.7)
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Here, up = (efi)/(2mc) is the Bohr magneton, and Z! = Z,(H = 0) is a field-independent term that
we will drop from now on since it does not contribute to the susceptibility.
The integrated functions n(£) and w(E) can be obtained from their Laplace transforms

n(2) = Z(A)/ 4, w(i) = —Z(2)/ 2. (3.8)
Then the first correction to the zero-temperature grand potential is
(E) = &(E) = (il dw(E) . (3.9)

After convolution with the derivative of the Fermi function (Eq. (2.6¢)) we obtain the first corrective
term of the grand potential

Qi) = Qi(w) = H Du(p) - (3.10)

In the grand canonical ensemble, the above equation readily gives the leading contribution to the
susceptibility

-GC /f -
7%= =3 Dw. (3.11)

coming from the mean part of the grand potential. In Eq. (3.11) 4 is the confining volume (area for
d = 2) of the electrons. Noting that Dy = dNy/du, one recognizes the familiar result of Landau
[1]. For systems without potential (bulk, or billiard systems), it gives in the degenerate case (fu> 1)
in two, respectively, three dimensions

-GC gse’ -GC gse’ke
SGc _ soc _ _ Geeke 312
A2 24mmc?’ £3d 2412 mc? ( )

In the nondegenerate limit the susceptibility is

~GC py N
=5y T (3.13)
The temperature independence in the degenerate regime and the power-law decay in the non-
degenerate limit cause the dominance of the Landau contribution at high temperatures since, as
mentioned in the previous section (and demonstrated in Appendix A), the contributions from AF)
and AF? (Egs. (2.20b) and (2.20c)) are exponentially damped by temperature.

The Landau diamagnetism is usually derived for free electrons or for a quadratic confining potential
[2,4]. We have provided here its generalization to any confining potential (including systems smaller
than the cyclotron radius).

For a system with fixed number N of electrons, defining a Weyl chemical potential uy by

N = Ny(pw) (3.14)
and following the same procedure as in Section 2.2 one can write

FO(N) >~ Fy 4+ Q1(pw) . (3.15)
where both py and

Fw = uwN + Qu(pw) (3.16)



1.2. MAGNETISME ORBITAL: EFFETS GEOMETRIQUES

K. Richter et al. | Physics Reports 276 (1996) 1-83 21

are field independent. Therefore, the smooth part of the free energy gives the same contribution than
Eq. (3.11): We recover the Landau diamagnetic response in the canonical ensemble, too.

At the end of this section we would like to comment on the case of free electrons in two dimen-
sions. Since Eq. (1.6) represents an exact formula for the density of states, d(E) = (gsmA)/(2nh?)
can be interpreted as the exact mean density of states, and d*°(E) = (gsmd)/(nh*) > 2 (—1)" x
cos ((2nnE)/(fiw)) as the exact oscillating part. However, w(E) being obtained by integrating d(F)
twice, has a mean value which, in addition to —d £2/2, contains the term (uiH?/6)d yielding the
Landau susceptibility. In the usual derivation, this term comes from the integration of d°*(E), more
precisely from the boundary contribution at £ = 0 (i.e. from levels too close to the ground state in
order to properly separate the mean value from oscillating parts). One should be aware that &(E)
cannot be defined by Eq. (3.6) as soon as nonleading terms are considered. For this reason some care
was required for the definitions of the last section (see the discussion around Egs. (2.10)—(2.15)).

4. Systems integrable at arbitrary fields

In the remainder of this work we will provide semiclassical approximations for the corrective
free-energy terms AF'" and AF® (see Eq. (2.19)) and their associated magnetic responses for
systems that react differently under the influence of an applied field. We will be mainly working
in the weak-field regime (except in Section 7), where the magnetic field acts as a perturbation
almost without altering the classical dynamics. In this regime the nature of the zero-field dynamics
(i.e. integrable versus chaotic, or more precisely, the organization of periodic orbits in phase space)
becomes the dominant factor determining the behavior and magnitude of the magnetic susceptibility.
For systems which are integrable at zero field the generic situation is that the magnetic field breaks
the integrability (as any perturbation will do). It is necessary in that case to develop semiclassical
methods allowing to deal with nearly, but not exactly, integrable systems. This question will be
addressed in Sections 5 and 6. There exist however “non generic” systems where the classical
dynamics remains integrable in the presence of the magnetic field. Due to their rotational symmetry,
circles and rings (which are the geometries used in many experiments) fall into this category. In
these cases (and similarly for the Bohm—Aharonov flux [39]) the Berry-Tabor semiclassical trace
formula [52, 53] provides the appropriate path to calculate semiclassically the oscillating part of the
density of states d°°, including its field dependence. Thus, AF" and AF‘®, and their respective
contributions to the susceptibility, can be deduced. This is the program we perform in this section,
treating specifically the example of circular and ring billiards.

The magnetic susceptibility of the circular billiard can be calculated from its exact quantum
mechanical solution in terms of Bessel functions [10,13,30]. The magnetic response of long cylinders
[32, 64] and narrow rings [32] (the two nontrivial generalizations of one-dimensional rings) can be
calculated by neglecting the curvature of the circle and solving the Schrddinger equation for a
rectangle with periodic boundary conditions. Our semiclassical derivation provides an intuitive and
unifying approach to the magnetic response of circular billiards and rings of any thickness (for
individual systems as well as ensembles) and establishes the range of validity of previous studies.
Moreover, we present it for completeness since it provides a pedagogical introduction to the more
complicated (“generic”) cases of the following sections.
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4.1. Oscillating density of states for weak field

By definition, a classical Hamiltonian 5#(p,q) is integrable if there exist as many constants of
motion in involution as degrees of freedom. For bounded systems, this implies (see e.g. [65]) that
all trajectories are trapped on torus-like manifolds (invariant tori), each of which can be labeled by
the action integrals

|
],-:—fpdq (i=1,2), (4.1)
271' %,

taken along two independent paths %, and %, on the torus. (We are dealing with two degrees of
freedom.) It is moreover possible to perform a canonical transformation from the original (p,q)
variables to the action-angle variables (7, ¢) where I = (I;,1;) and ¢ = (¢, ;) with ¢, ¢, in
[0,27]. Because both, /; and /,, arc constants of motion, the Hamiltonian #(/,,/;) expressed in
action-angle variables depends only on the actions.

For a given torus we note v; = ¢#/¢l; (i = 1,2) the angular frequencies, and x = v,/v, the
rotation number. A torus is said to be “resonant” when its rotation number is rational (o = u;/u,
where u, and u, are coprime integers). In that case all the orbits on the torus are periodic, and
the torus itself constitutes a one-parameter family of periodic orbits, each member of the family
having the same period and action. The families of periodic orbits can be labeled by the two
integers (M, M,) = (ruj,ruy) where (u,,u,) specifies the primitive orbits and # is the number of
repetitions. M; (i = 1,2) is thus the winding number of ¢, before the orbits close themselves. The
pair M = (M,,M,) has been coined the “topology” of the orbits by Berry and Tabor.

For two-dimensional systems, the Berry—Tabor formula can be cast in the form [52, 53]

d™(E)= Y duiE), (4.2)
MA0.0),:
with
Js Tm Sm, L. @ T
dy (F) = : 3 cos (T g +7g ) 3)
5 w2 g R M2 T4

The sum in Eq. (4.2) runs over all families of closed orbits at energy E, labeled by their topology
M (in the first quadrant, that is M, and M, are positive integers), and, except for self-retracing
orbits, by an additional index & specifying tori related to each other through time-reversal symmetry
and therefore having the same topology. gs represents the spin degeneracy factor, while Sy, and
Ty are, respectively, the action integral and the period along the periodic trajectories of the family
M. 7, is the Maslov index which counts the number of caustics of the invariant torus encountered
by the trajectories. For billiard systems with Dirichlet boundary conditions, we will also take into
account in #j,, the phase m acquired at each bounce of the trajectory on the hard walls (and still
refer to 17,, as the Maslov index, although slightly improperly). The energy surface £ in action space
whose implicit form is #(/,,,) = E, is explicitly defined by the function /, = ¢.(/;). We note
IM = (1M, M) the action variables of the torus where the periodic orbits of topology M live. They
are determined by the resonant-torus condition

o = — dgg(/,)/d1], L= MM, (4.4)
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where the first equality arises from the differentiation of #({,¢g:({,)) = E with respect to /,. Finally,
the last contribution to the phase is given by y = sgn(gi(/M)).

The (first) derivation of the Berry—Tabor trace formula [52] follows very similar lines as the treat-
ment of the density of states performed in the introduction for the macroscopic Landau susceptibility.
The EBK (Einstein, Brillouin, Keller) quantization condition is used instead of the exact form (1.5)
of the Landau levels, followed by the application of the Poisson summation rule. While in the latter
case this procedure leads to the exact sum of Eq. (1.6), the Berry—Tabor formula is obtained (sim-
ilar to the treatment of de Haas—-van Alphen oscillations for a nonspherical Fermi surface) after a
stationary-phase approximation valid in the semiclassical limit where S> £ (with a stationary-phase
condition according to Eq. (4.4)).

Given a two-dimensional electron system whose classical Hamiltonian

1 2
# =5 (p- 4 + @) (43)

remains integrable for finite values of the transverse field //Z = V x A, the magnetic response can
be obtained, in principle, from the calculation of the various quantities involved in the Berry—Tabor
formula at finite fields. However, for weak fields, one can use the fact that the field dependence
of each contribution dy; to the oscillating part of the density of states is essentially due to the
modification of the classical action, since this latter is multiplied by the large factor 1/A, while
the field dependence of the periods and the curvatures of the energy manifold can be neglected.
Therefore, in this regime we will use for 7y, and g, the values 75, and g% at zero field and consider
the first order correction 4S to the unperturbed action S3,. A general result in classical mechanics
[56,67] states that the change (ar constant energy) in the action integral along a closed orbit under
the effect of a parameter A of the Hamiltonian is given by

(CS/0A), = — pdtoH /o), (4.6)
E

where the integral is taken along the umperturbed trajectory. Therefore, if the Hamiltonian has the
form of Eq. (4.5), classical perturbation theory yields for small magnetic fields H,

e

5S=°Hd, 4.7)

C
where .« is the directed area enclosed by the unperturbed orbit. This expansion is valid for magnetic
fields low enough, or energies high enough, such that the cyclotron radius of the electrons is much
larger than the typical size of the structure (r. = mcv/eH > a, which is e.g. the case for electrons at
the Fermi energy in the experiments of Refs. [25, 26]). In this case we neglect the change in the
classical dynamics and consider the effect of the applied field only through the change of the action
integral.

For a generic integrable system there is no reason, a priori, that all the orbits of a given family M
should enclose the same area. However, as pointed out above, a characteristic feature of integrable
systems is that the action is a constant for all the periodic orbits of a given resonant torus. Therefore,
the fact that a system remains integrable under the effect of a constant magnetic field implies (because
of Eq. (4.7)) that all the orbits of a family enclose the same absolute area .oZy .. Moreover, since
the system is time-reversal invariant at zero field, each closed orbit (M, ¢) enclosing an area .oy, 1S
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associated with a time-reversed partner having exactly the same characteristics except for an opposite
enclosed area (if the orbit is its own time reversal, .y = 0). Grouping time-reversal trajectories in
Eq. (4.2) at H =0 we have

dyy (E) for self-retracing orbits,

dy(E) = (4.8)

> diy (E)=2d% (E) for non-self-retracing orbits.
=+l

For weak fields the contribution of self-retracing orbits is unaltered and therefore they do not con-
tribute to the magnetic response. For the non self-retracing ones we have

eH
An(EH) = 3 dun(E.H) = dy(Ercos (G ) e =Loha] 49)
== i

This is the basic relation to be used in the examples that follow.
4.2. Circular billiards

We now apply the preceding considerations to a two-dimensional gas of electrons moving in a cir-
cular billiard of radius a (where the potential V' (g) is zero in the region |¢| < @ and infinite outside
it). Thus we deal with vanishing wavefunctions at the boundary (Dirichlet boundary condition).

In billiards without magnetic field the magnitude p of the momentum is conserved, and it is
convenient to introduce the wave number,

k= p/h = V2mE/h (4.10)

since at / = 0 the time of flight and the action integral of a given trajectory can be simply expressed
in terms of its length L as

™ = (m/p)L, Sk = kL . (4.11)

Following Keller and Rubinow [66], we calculate the action integrals I = (/,,/;) by using the
independent paths %, and %, displayed in Fig. 17(a). The function g, is given by (see [66] and
Appendix C)

ge(h) = % {[(pa)-’ —1}]"* = I arccos (é';)} : (4.12)

where /, is interpreted as the angular momentum and bounded by 0 </, < pa.

The periodic orbits of the circular billiard are labeled by the topology M = (M|, M), where M, is
the number of turns around the circle until coming to the initial point after M, bounces. (Obviously
M, > 2M,.) Elementary geometry yields for the length of the topology-M trajectories

Ly = 2Msasin 6, (4.13)
where d = nM,/M,. The resonant-torus condition, Eq. (4.4), allows us to obtain IV as

M = pacosd , (4.14a)

1M = (pajm){sind — J cosd} . (4.14b)
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The Maslov index of the topology-M trajectories is #,, = 3M, (M, bounces, each of them giving a
dephasing of 7, and M, encounters with the caustic per period). We therefore have all the ingredients
necessary to calculate the oscillating part of the density of states at zero field: For the non-self-
retracing trajectories we obtain

2 Ly 1 3
4% (E) = \/; 9Mmim 1 os <kLM + g - le) . (4.15)

h kMG 2

The contribution of a self-retracing orbit is just one half of the contribution (4.15). Its field dependent
counterpart is obtained from Eq. (4.9) with the area enclosed by the periodic orbits given by

oy = tMya'sin26 . (4.16)

The bouncing-ball trajectories M, = 2M, (with zero angular momentum) are self-retracing and have
no enclosed area; thus they do not contribute to the low field susceptibility.
Using Egs. (2.20b) and (2.15¢), and noting kr = k(i) = (2/a) (N(ji)/gs)"* the Fermi wave
vector, we obtain the contribution to the magnetic susceptibility associated with AF*":
yh 48

e = = (kea)™?

AL V2rn

(Ayja’) 1 <
cos

n  3n eH
m Mzz kFL}u + = — —Mz) COS (— I{M) RT(LA/I) . (417)

M Mx>2M, 4 2 fl»C
Since we are working with billiards, the temperature factor Ry is given in terms of the trajectory
length Ly by Eq. (A5) and the characteristic cutoff length L, = fvif/m. For M, > M, we have
Lar >~ 2nMya and o7y ~ nM,a’, independent of M,. Performing the summation over the index M,
(for fixed value of M,) by taking the length and area dependent terms outside the sum we are left
with a rapidly convergent series (whose general term is (—1)":/M?). We can therefore truncate the
series after the first few terms. In Fig. 3 the sum (4.17) is evaluated numerically at zero field (solid
line) for a cutoff length L. = 6a which selects only the first (M, = 1) harmonic, and the beating
between the first few periodic orbits is obtained as a function of wave vector kz. With only the
first two primitive orbits (M, = 3 and 4, dashed line) we give a good account of y'" for most of
the k-interval. Taking the first four primitive orbits suffices to reproduce the whole sum. The short
period in & corresponds approximately to the circle perimeter L = 2ma. Going to lower temperatures
gives an overall increase of the susceptibility but does not modify the structure of the first harmonic
contribution since the length of the whispering-gallery trajectories is bounded by L. However, for
larger values of L. higher harmonics, namely up to M, of the order of L./2na, will be observed.
The predominance of the first few trajectories also appears in the beating as a function of magnetic
field (not shown) that results from the evaluation of (4.17) at finite fields.

From Fig. 3 we see that the susceptibility of a circular billiard oscillates as a function of the
number of electrons (or k) taking paramagnetic and diamagnetic values. Its overall magnitude is
much larger than the two-dimensional Landau susceptibility and grows as (kra)*2. We will later show
(Section 6) that this finite-size increase with respect to the bulk value is distinctive of systems that
are integrable at zero field. In order to characterize the typical value of the magnetic susceptibility
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Fig. 3. Magnetic susceptibility at zero field for a circular billiard of radius « as a function of 4pa (solid line) from
Eq. (4.17) and as obtained by keeping only the first two terms of the sum (dashed line). The typical susceptibility from
Eq. (4.18) is represented by the dotted horizontal line.

we define
12

= [W] ’ (4.18)

where, as in Section 2, the average is over a kpa interval classically negligible (A(kra)<kpa) but
quantum mechanically large (A(kra)>27), so that off-diagonal terms cos(kpLjs)cos(kpLyy) with
M # M’ vanish under averaging. A remark is in order here because at fixed M|, L,s goes to 2nM,a
as M, goes to oo, and (L, any) — L, mry) can be made arbitrarily small by increasing M, and M.
Therefore, for any interval of kra over which the average is taken, some nondiagonal terms should
remain unaffected. Nevertheless, because of the rapid decay of the contribution with M,, these non-
diagonal terms can be neglected in practice for the experimentally relevant temperatures. The typical
zero-field susceptibility of the circular billiard is then given by

O(H = 4 . /nl@®) R(La)]|"
¥4 ( 0) ~ 8 (k]:a)32 1 E (A mla’) T( ‘;1/1) ) (419)
AL 2n 2 M) Ms > 2M, Lu/a M;

Numerical evaluation of the first harmonic (M, = 1) from (4.18) on the kga interval of Fig. 3 with
L. = 6a gives 2.20(kza)*?y. (dotted horizontal line), while Eq. (4.19) restricted to M, <6 yields
2.16(kpa)*?y, illustrating the smallness of the off-diagonal and large-M, terms.

For an ensemble made of circular billiards with a dispersion in size or in the number of electrons
such that A(kga) > 2=, the term »!'’ yields a vanishing contribution to the average susceptibility.
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In such a case it is necessary to go to the next-order free-energy term AF'?), whose associated
contribution ¥'» yields the average susceptibility by means of Egs. (2.2) and (2.20c). For the same
reason as above one can show that only diagonal terms of (N°°)? survive the kga average, in spite
of the degeneracy of the length of the closed orbits as M, goes to oc. One therefore has

48

- Vkpa Z

_ 2 )
x (Ap/a” ) (Laja)
AL n My Ma>2M,

2eH ,
M oS (— SZ/M> R}(LM) . (420)

hc

Again, the terms generally decay rapidly with M, (as 1/M;), and for a cutoff length L, selecting
only the terms with M, = 1 the total amplitude at zero field (5.2kra) can be obtained from the first
few lowest terms. The low field susceptibility of an ensemble of circular billiards is paramagnetic
and increases linearly with kra. As for the x!!) contribution, we will show in the sequel that this
behavior does not necessitate the integrability at finite fields, but rests only upon the integrability at
zero field.

Up to now there have not been measurements of the magnetic response of electrons in circular
billiards (individual or ensembles). Our typical (Eq. (4.19)) or average (Eq. (4.20)) susceptibilities
exhibit a large enhancement with respect to the bulk values (by powers of kpa). Thus it should be
possible to detect experimentally these finite-size effects.

4.3. Rings

The magnetic response of small rings can be calculated along the same lines as in the case of
the circles. The ring geometry deserves special interest since it is the preferred configuration for
persistent current measurements. In a ring geometry at H =0 we have two types of periodic orbits:
those which do not touch the inner disk (type-1), and those which do hit it (type-IT). (See Fig. 17 of
Appendix C; we note by a and b respectively the outer and inner radius of the ring.) The function
ge(1)) has two branches corresponding to the interval to which the angular momentum /; belongs.
For pb < I, < pa, (type-l trajectories) y; has the same form (4.12) as for the circle, while for
0 <1, < pb, (type-Il trajectories) we show in Appendix C that

! {[(pa)2 - 17 A [(pby — I}] A {arccos <i> — arccos (l—'ﬂ} . 42D
n pa pb

The type-I trajectories are labeled in the same way as for the circle by the topology M = (M,,M,)
representing the number of turns M, around the inner circle until returning to the initial point after
M, bounces on the outer circle. We therefore obtain the resonant-tori condition Egs. (4.2) and the
same contribution (4.15) to the oscillating part of the density of states as in the case of the circle.
The only difference is that in the Berry-Tabor trace formula (Eq. (4.2)) the sum corresponding
to type-l trajectories is now restricted to M, > My(M,) = Int[M,n/arccos r]. We note by Int the
integer-part function and r = b/a. We stress the fact that the minimum value of M, is itself a
function of M;. The previous restriction can also be expressed as cosd > r, with 0 = nM/M;.
Type-11 trajectories can be labeled by the topology M = (M, M,), where M, is the number of turns
around the inner circle in coming to the initial point after M, bounces on the outer circle. We have
the same restriction M> > M»(M,) as for type-I trajectories, and we can use #,, = 0 since there are
2M, bounces with the hard walls and no encounters with the caustic. From (4.21) we obtain the

ge(h) =
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resonant-torus condition

in o
- $in & ’ 4.22a
! P V14712 —2rcosd ( )
. d sin 0
M= Pl {\/1 17— 2rcoso— rosm } . (4.22b)
7Z V14+r2—2rcoso

The H = 0 contribution to the oscillating part of the density of states from non-self-retracing
type-II trajectories with topology M is given by

5 - i NI N
dv (E) = 4@ 93;2 m (- COS(S)f’ C?ff N Gin (kLM + E) , (4.23)
(kLM)

while its length is
Ly = 2Mya 1+ 72 — 2rcosd . (4.24)

The small field dependence follows from Eq. (4.9) using the enclosed area
Ay = Msabsind . (4.25)

In the case of annular geometries it is customary to characterize the magnetic moment .# of the
ring by the persistent current

1=S = —¢ (f) . (4.26)
A CP) 1y

In order to pass from the applied magnetic field H to the flux @ we use the area 4 of the outer circle
(& = AH, A = na*) as defining area. (For thin rings, all periodic orbits with the same repetition
number M, enclose approximately the same flux M, ®.) Applying Eqgs. (2.15¢)~(2.20), and calling
Iy = evg/2ma the typical current of one-dimensional electrons at the Fermi energy, the persistent
current of a ring billiard can be expressed as the sum of two contributions corresponding to both
types of trajectories:

" 12 ]
7 T 9s (kea)> > {jM.l sin <fT»—Q¢M> Rr(Lar)

0 My MM ¢

. [eH - ~
+.55, sin <E<Q/M)RT(LM)} , (4.27)
2 (A mja®) n  3n

)y _ M/

j/\d,l =2 ; sz W COoS (k]:L,M + Z — TM?_) s (4283)
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Fig. 4. First harmonic of the persistent current in a ring with » = b/a = 0.9 as a function of kra (solid line) for a cutoff
length L. = 6a according to Eqs. (4.27)—(4.28) together with the contribution coming from type-I trajectories (dashed
line). The typical persistent current from Eq. (4.29) is represented by the dotted horizontal line.

2 (j, / 2 . 5 2. s
I = 8\/;(%”"7;!52 (1 = r cos d)(r cos & — r?)] "2 sin (kLM + g) ) (4.28b)

In Fig. 4 we present the first harmonic /\" of the persistent current for a thin ring and a cutoff
length L. = 6a (solid line). (l.e., we are considering the winding number M; = 1.) The contribution
of type-lI trajectories (dashed line) is similar as in the case of the circle: a rapidly convergent
sum showing as a function of Ar the beating between the first two trajectories (Mz and M 2+ 1).
On the other hand, Eq. (4.28b) shows that the trajectories with low values of M, (i.e. M, ~
M,) contributing to ffv',).“ have negligible weight due to the small stability prefactor caused by the
defocusing effect exerted by the inner disk (cos ¢ =~ r). The sum is dominated by trajectories with
M, > M, and therefore we loose the previous beating structure in the total 11“). The short period in
kr still corresponds to the circle perimeter L.

As in the previous subsection, we characterize the typical value of the magnetic response by
averaging (/'")? over a kra-interval containing many oscillations, but yet negligible on the classical
scale.

o= [W]] (4.29)

In the same way as for the circular billiard, one can in practice consider that, despite the degeneracy
in the length of type-I trajectories for large M., only diagonal terms (in both index M and trajectory-
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Fig. 5. First harmonic of the typical persistent current in rings of different thickness (+ = b/a) for various cutoff lengths
L. = 30a (circles), 6a (diamonds) and 3« (triangles) according to Eq. (4.29). Filled symbols correspond to the total
persistent current and lay approximately on a horizontal line for each L., consistent with the asymptotic behavior of
Eq. (4.39) indicated by arrows on the extreme right of the plot. Unfilled symbols represent the contributions from both
types of trajectories and are joined by dotted lines (type-1) and dashed lines (type-II). This guide to the eye cxhibits the
approximate behavior of Eqs. (4.38) and shows how the r characteristic of the switching from one type of trajectories to
the other increases with temperaturc.

type) survive the averaging for large enough A(kpa). Therefore

Z {(.[“M),,)z sin’ (%.V/A1>R"2F(LM)

M M >M

J© 5
I = gs(kFa)l B
¢

2

T, fed - ~ ]
+ () st (Sl )R | (4.30)

where (fftw’_[)2 and (#',,)? are obtained from Egs. (4.28) simply by replacing the average of
cos’(keLy + m/4 — 3M,7/2) and sin’(keLy + n/4) by L.

In Fig. 5 we present the typical persistent current and its two contributions for various ratios
r = b/a and cutoff lengths L. for the first harmonic (M, = 1). The contribution .%A“M)J of type-I
trajectories dominates for small r (where the inner circle is not important and we recover the
magnetic response of the circular billiard) while type-II trajectories take over for narrow rings. The
cross-over r depends on temperature through L. due to the different dependence of the trajectory
length on M (Eqs. (4.13) and (4.24)) for both types of trajectories.

As in the case of y!'’ for the circular billiard, /'"’ gives a vanishing contribution to the persistent
current of an ensemble of rings with different sizes or electron fillings as soon as the dispersion in
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kea is of the order of 2n. We therefore need to go to the term AF) in the free-energy expansion,
which is obtained (see Eq. (2.20c)) from

N @ = 30 AN + N} (4.31)

where Ny (1) and Ny, (jt) are given in terms of the respective contributions to the field-dependent
density of states through Eq. (2.15b). For an ensemble with a large dispersion of sizes only diagonal
terms survive the average and we have (with D = gemA(1 — #?)/(2nh?))

= —5 . [2eH —5— . (2eH - .
=9 Z_ {f}@{, sin (%&zﬁ RE(Ly) + F5), sin (KJJ ) R%(LM)} . (4.32)
My, My>M >

— 2 1 /L of 1

S =" ﬂ) 1) — 433
M, 1 = M24 a a? 1—r2 ( a)

o 32 (/@) (1 - cos o 5 — 1

g2 ( ) (1 —r cos d)r cos & —r*) ’ (433b)

(L:w/a)3 I=r

The & dependence of the average persistent current is linear (through /;), similarly to the case
of the average susceptibility of an ensemble of circular billiards.

4.3.1. Thin rings

In the case of thin rings (a =~ b, r ~ 1) further approximations can be performed on Eqs. (4.28)
and (4.33) using (1 — r) as a small parameter, giving more compact and meaningful expressions
for the typical and average persistent currents. Since in addition this is the configuration used in
the experiment of Ref. [26], we shall consider more closely this limiting case. First, we note that

0 = arccos r ~ /2(1 — r)<1. Thus
M, = Int [an/é] ~ (n/V2) (MNT —r)> M, , (4.34)

and for M, > M, the area and length of contributing orbits can be approximated by
oA &/;4 ~MA=Mna*>; Ly~ML=M?2na. (4.35)

For the length of type-II trajectories we have Ly ~ ML for M, ~ M,, and Ly ~ 2M,(a — b) when
M, >M,. All trajectories with winding number M, enclose approximately the same flux A, ®, and
the field-dependent terms in Eq. (4.27) may be replaced by sin (27nM,®/@;). There is therefore no
difference between the case that we study (where a uniform magnetic field A is applied) and the
ideal case of a flux line & through the inner circle of the ring. The length-dependent factors RZ
can also be taken outside the sum over M, since the main contribution of type-II trajectories comes
from M, ~ 7M,/[5"¢(1 — r)*?]. Even if these M,’s are much larger than A, their associated Ly
are still of the order of ML to leading order in 1 — r.

Turning now to the typical and ensemble average currents, it should be stressed that for narrow
rings it is necessary to go to fairly large energies before an average on a scale being quantum
mechanically large but classically small is possible. Indeed, one has for both types of trajectories
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ke(Lyy, o — Lyy,) =~ kF(Lj,;,JH — Li,m) ~ (4V2/3)mA"/1 — r, where A" = kp(a — b)/n is the number of
transverse occupied channels. Therefore, .4 should be much larger than (1 — #)~"2 if one wants to

assume A(kra) sufficiently large to average out all nondiagonal terms without violating the condition
A(kga) <kea. Supposing the previous condition is met, and introducing the typical amplitudes ¢\ Mol

and /MI,“ of each harmonic, we write

t 172
%) =0s [Z{(;/‘CA ) (ff;,fﬁu)z}sinz <27rM|%> R%(M,L)} , (4.36)

M,

(. )2=kFa > (ffé,’_l)z:%FaMl {Z XH , (4.37a)

My > M8 2

(t) 2 _ (1) 2 _ 2 (l - ’,)2 - (34/4
(;M_“) — ka w;\ (]M‘”> =27 keaM L% TaEnEr IR (4.37b)

Since M, > | we can convert the previous sums into integrals and obtain

(t 2 ~ 4\/5 o L2

(#80) = sy 00 (438
b\ 4 ‘

(/fwi u) =3oane ! (1-v2a fr)“) : (4.38b)

In leading order in | — r the persistent current is dominated by type-Il trajectories (independent
of the temperature) and given by

w2
I /3

consistent with the result of Ref. [32]. For the next-order term the contribution from type-I trajectories
is cancelled by that of type-1I resulting in the relatively flat character of the curves for /) in Fig. 5.

For the current of an ensemble of thin rings, the calculations are similar to those of Egs. (4.38),
and in leading order in 1 — » we obtain:

12
: 1, PN ‘
gs VoI ZW sin’ <2nM.50> R;(MlL)} , (4.39)

M, 1

I DN L,
=0 Y {0 i sin (4mit ) ROL) (4.40)
0 M,
—5 42 I
Hia= Y Ah=55 V-rg (4.41a)
My>Ma
o 2V2 1
Fan= 3 f‘w‘..: (1 . v1—r>M. (4.41b)
1
M >M

Type-1l1 trajectories once again dominate the average magnetic response of thin rings and the am-

plitude for the first harmonlc is I( "1y =~ (29¢/m?) sin (4n®/Py)RA(L), independently of the number
of transverse channels A4". The average persistent current shows the halving of the flux period with
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respect to /") characteristic for ensemble results (as found in the disordered case and consistently
with the results for averages in the following sections).

4.3.2. Comparison with experiment

Persistent currents have been measured by Mailly et al. [26] in a thin semiconductor ring (with
effective outer and inner radii ¢« = 1.43um and b = 127 pm) in the ballistic and phase-coherent
regime (/ = 11pum and Ly = 25pm). The Fermi velocity is v = 2.6 x 107 cm/s and therefore
the number of occupied channels is .4 ~ 4. The quoted temperature of 7 = 15mK makes the
temperature factor irrelevant for the first harmonic (L. ~ 30a, Rr(L) ~ 1). The magnetic response
exhibits an /c/e flux periodicity and changes from diamagnetic to paramagnetic by changing the
microscopic configuration, consistently with Eqs. (4.27)}-(4.28). Unfortunately, the sensitivity is not
high enough in order to test the signal averaging with these microscopic changes. The typical
persistent current was found to be 4nA, while Eq. (4.39) and Ref. [32] would yield 7nA. The
difference between the theoretical and measured values is not significant given the experimental
uncertainties as discussed in Refs. [26,30]. Morcover, as we stressed above, a very large kpa interval
is needed for the average of (/!"')* in order to recover /); otherwise we expect large statistical
fluctuations. As in the case of the susceptibility of squares that we analyze in the next section, residual
disorder (reducing the magnetic response without altering the physical picture) and interactions may
be necessary in order to attempt a detailed comparison with the experiment. Clearly, new experiments
on individual rings of various thickness and on ensembles of ballistic rings would be helpful in order
to test the ideas of the present section.

5. Simple regular geometries: the square

The circular and annular billiards studied in Section 4 have the remarkable property that, due to
their rotational symmetry, they remain integrable under the application of a magnetic field. However,
for a generic integrable system (a regular geometry) any perturbation breaks the integrability of the
dynamics. Moreover, the periodic orbits which are playing the central role in the semiclassical trace
formulas are most strongly affected by the perturbation. Indeed, the Poincaré-Birkhoff theorem [65]
states that as soon as the magnetic field is turned on, all resonant tori (i.e. all families of periodic
orbits) are instantaneously broken, leaving only two isolated periodic orbits (one stable and one
unstable). It is therefore no longer possible to use the Berry-Tabor semiclassical trace formula to
calculate the oscillating part of the density of states for finite field since it is based on a sum over
resonant tori, which do not exist any further. One has therefore to devise a semiclassical technique
allowing to calculate d°°(E) for nearly, but not completely, integrable systems.

To achieve this, it is necessary to go back to the basic equations from which the standard semi-
classical trace formulae of Gutzwiller [51], Balian-Bloch [54] and Berry-Tabor [53] are derived. The
density of states d(E), Eq. (1.4), is related to the trace of the energy-dependent Green function

G(q.4;E) by

d(E):—% Im%(E), fé’(E):/qu(q,q;E), (5.1)

where again the factor gs = 2 comes from the spin degeneracy. G(q.¢’;E) has a singularity (log-
arithmic in two dimensions) when » — ¢’ which just gives the smooth (Weyl) part d(E) of the
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density of states in a leading order semiclassical expansion. However, in order to consider only the
oscillating part of d(E) one can use the semiclassical approximation of the Green function [21]

1 1 i s
sc /.E — D _ — 1, — 2
Gy (q.9;F) ik E, ¢ EXp [ﬁSt 1, 2:| (5.2)

where the sum runs over all classical trajectories ¢ joining ¢ and ¢’ at energy E. S, is the action along
the trajectory ¢, D, a determinant involving second derivatives of the action (the general expression
of which is given in Appendix D) and #, is the Maslov index of the trajectory, i.e. the number
of focal points encountered when traveling from ¢ to ¢’. As in Section 4, we shall also take into
account in #, the phase 7 acquired at each reflection at the wall of a billiard with Dirichlet boundary
conditions.

By taking the trace (5.1) the sum in Eq. (5.2) becomes a sum over all orbits closed in configuration
(i.e. q) space, to which we will refer in the following as recurrent orbits. The standard route to
obtain d*° is to evaluate this integral by stationary-phase approximation. This selects the trajectories
which are not only closed in configuration space (' =r), but also closed in phase space (p' =p), i.e.
periodic orbits. When these latter are (well) isolated the Gutzwiller Trace Formula [51] is obtained.
For integrable systems, all recurrent orbits are in fact periodic since the action variables are constants
of motion.

Periodic orbits appear in continuous families associated with resonant tori. All orbits of a family
have the same action and period, and one can calculate the density of states using the Berry—Tabor
formula as described in the previous section. For systems such as the square billiard, the physical
effect which generates the susceptibility comes along with the breaking of the rational tori, so that
just ignoring this, i.e. using the Berry—Tabor Formula, is certainly inadequate. On the other hand,
for H — 0 the remaining orbits are not sufficiently well isolated to apply the Gutzwiller Trace
Formula. Therefore, as stated before, we need a uniform treatment of the perturbing field, in which
not only the orbits being closed in phase space are taken in account, but also the orbits closed in
configuration space which can be traced back to a periodic orbit when H — 0.

In this section we show how this can be performed in the particular case of a square billiard.
Because of the simplicity of its geometry, the integrals involved in the trace Eq. (5.1) can be
performed exactly for weak magnetic fields. Moreover, the square geometry deserves special interest
since it was the first microstructure experimentally realized to measure the magnetic response in the
ballistic regime. We present here a semiclassical approach addressing the physical explanation of the
experimental findings of Ref. [25], which have pointed the way for the ongoing research. In order to
obtain semiclassical expressions for the susceptibility of individual and ensembles of squares we will
proceed as outlined in Section 2: We will calculate the density of states and use the decomposition
of the susceptibility according to Eq. (2.19) into contributions corresponding to AF‘" and AF®@.
In Section 6 we present the theory for a generic integrable system perturbed by a magnetic field,
generalizing the results of this section.

5.1. Oscillating density of states for weak field

To start with, we consider a square billiard (of side a) in the absence of a field. Each family of
periodic orbits can be labeled by the topology M = (M,,M,) where M, and M, are the number of
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bounces occurring on the bottom and left side of the billiard (see Fig. 6). The length of the periodic
orbits for all members of a family is

Las = 2a\/M2? + M? . (5.3)

The unperturbed action along the trajectory is, as for any billiard system, S5,/ = kL, where k is
the wave number. The Maslov indices are 1y = 4(M, + M, ), and we will omit them from now on
since they only yield a dephasing of a multiple of 2x. Finally the unperturbed determinant reduces
to

Dy = m//hkLy . (5.4)

One way to obtain this result is to use the method of images (see Fig. 7) and express the exact
Green function G(gq,4’; £) in terms of the free Green function G%(q,¢'; E) as [54, 51]

G(q.45E)=Gq.q:E)+ > aG'(q:.q), (5.5)

q:

where the g; represent all the mirror images of ¢ by any combination of symmetry across a side
of the square, and ¢ = +1 or —1 depending on whether one needs an even or odd number of
symmetries to map ¢ on ¢;. G%q,q’;E) gives the above-mentioned logarithmic singularity of G
when ¢ — ¢, but the long-range asymptotic behavior of the two-dimensional free Green function
0 o b om expliklq —qi])
MR Nor Vhklg — g, (>6)
can be used for all other terms (images).

For sufficiently weak magnetic fields, one may follow the same approach as in the previous section,
keeping in Eq. (5.2) the zeroth-order approximation for the prefactor Dy, and using the first-order
correction S to the action which, as expressed by Eq. (4.7), is proportional to the area enclosed by
the unperturbed trajectory. Here however, as is the generic case (and contrary to circular or annular
geometries) the area enclosed by an orbit varies within a family.

Let us consider the contribution to the density of states of the family of recurrent trajectories which
for H — 0 tends to the family of shortest periodic orbits with nonzero enclosed area, that plays a
crucial role in determining the magnetic response, as already recognized in Ref. [25]. For H =0,
this family consists in the set of orbits which, say, start with an angle of 45° with respect to the
boundary on the bottom side of the billiard at a distance x, (0 < xo < a) from its left corner, bounce
once on each side of the square before returning to their initial position (family M = (1,1), see
Fig. 6(a)). It is convenient to use as configuration space coordinates x, which labels the trajectory,
the distance s along the trajectory, and the index ¢ = &1 which specifies the direction in which the
trajectory is traversed. In this way, each point ¢ is counted four times corresponding to the four
sheets of the invariant torus. The enclosed area .o/ (x,,s) obviously does not depend on s and is
given by

o (x0) =& 2 xo (@ —Xxp) - (5.7)

Periodic orbits are those paths for which the action is extremal (VS = p’ — p = 0). Therefore
Egs. (4.7) and (5.7) illustrate the contents of the Poincaré—Birkhoff theorem, that for any nonzero
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X X
Fig. 6. (a) Trajectory from the family (1,1) of the square billiard. The abscissa xo of the intersection of the trajectory
with the lower side of the square, together with the label & = 41 precising the sense of the motion, label the trajectories
inside the family. (b) Trajectory from the family (2,1) of the square billiard, illustrating the flux cancelation occurring
for other periodic trajectories than those in the (1,1) family (or their repetitions).

q .
a X

Fig. 7. The method of images: The Green function G(q,q’) is constructed from the free Green function G° by placing a
source point at each mirror image ¢, of the actual source g. To each of the resulting contribution G%(g;,¢’) is associated
a classical trajectory (solid line). This latter is obtained from the straight line joining ¢; to ¢’ (dash line) by mapping all
its intersected images back onto the original billiard.
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field only the two trajectories corresponding to x, = /2 remain periodic (one stable, one unstable
according to the two possible directions of traversal). The contribution of the family (1,1) to d”(E)
is d\|(E) = —(gs/m) Im %, (E). Inserting Egs. (5.7) and (4.7) into the integral of Eq. (5.1) we have

2e

) I TR PN . 2es
g“(H) = E—\/ﬁ/o ds (a) \ dX() Z D1| eXp {lkLll +1—ﬁ—_Hx0(a —X()) . (58)

e==1 ¢

The contribution to the density of states of the family (1,1) factorizes into an unperturbed (Berry—
Tabor-like) term and a ficld-dependent factor

d\(E,H)=d}\(E) 6(H) (5.9)
with
49, ma® . n)
d =d(H=0)= = ——— kL +— 10
b= =0y =22 e sin (kL4143 ) (5.10)

and
1 g 2 1
C(H)= P /o dx, cos <ih’x0(a fxo)) = ﬁ [cos(np)C(\/7@) + sin(m)S(\/7@)] . (5.11)

C and S respectively denote the cosine and sine Fresnel integrals [68], and
¢ = Ha' |, (5.12)

is the total flux through the square measured in units of the flux quantum (P, = hc/e). For the
circular and annular geometries, the field dependence of the density of states, and therefore the
susceptibility, was related to the dephasing between time-reversal families of orbits. Here, Eq. (5.11)
expresses that the dependence of d°* on the field is also determined by the field induced decoherence
of different orbits within a given family.

As soon as ¢ reaches a value close to one, the Fresnel integrals can be replaced by their asymptotic
value 1, which amounts to evaluate 4(¢) by stationary phase, i.c.

ES(@) = cos(np—1/4)/\/4g . (5.13)

This means that for ¢ > 1 the dominant contribution to ¥(¢) comes from the neighborhood of
the two surviving periodic orbits (xy = @/2,¢ = £1), and the oscillations of %(¢p) are related
to the successive dephasing and rephasing of these orbits. In fact, one would have obtained just
d3, = d,%5(¢) by evaluating the contribution to the density of states of the two surviving periodic
orbits using the Gutzwiller trace formula with a first-order classical perturbative evaluation of the
actions and stability matrices. %°(¢) however diverges when H — 0, while the full expression
Eq. (5.11) simply gives 4(0) = 1.

To compute the contribution d,; of longer trajectories, it is worthwhile to write (M, M,) as
(ruy,ru,), where u, and u, are coprime integers labeling the primitive orbits and » is the number
of repetitions. As illustrated in Fig. 6(b), for any orbit of the family the square can be decomposed
into u, x u, cells, such that the algebraic area enclosed by the trajectory inside two adjacent cells
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exactly compensate. Therefore, keeping x, as a label of the orbit (with x, € [0, a/u,] to avoid double
counting), the total area enclosed by the trajectory (ru,,ru,) is

0 U, Or u, even,

oA vy = (1 .

A p ZAT) {n:%o) u, and u, odd, (5.14)
Ul '

where .o/, (xo) is given by Eq. (5.7). From the above equation, and proceeding in the same way as
for the orbit (1,1) Eq. (5.9) can be generalized to
d5(E) u, or u, even,

dhd ) u, and u, odd,

Ui,

du(EH) = (5.15)

dS,(E) %

where €(¢) is given by Eq. (5.11) and d%, = dy(H =0) is the zero-field contribution of the family
M

49 ma’ ) n
0 == __ - L - 1. 5.16
D= wamiyye " (k m+ 4) (5.16)

5.2, The susceptibility: individual samples versus ensemble averages

For clarity of the presentation we will calculate in a first stage the susceptibility contribution of the
family (1,1) of the shortest flux enclosing orbits only. This corresponds to the temperature regime
of the experiment Ref. [25] where the characteristic length L. given by Eq. (A5) is of the order
of L), the length of the shortest orbits, and contributions of all longer orbits are eliminated due to
temperature damping. In the next subsection we will state the results valid at arbitrary temperature
by taking into account the contribution of longer orbits.

From the expressions (5.9) and (5.10) of the contributions of the family (1,1) to d*°(E,H ) one
obtains the corresponding contribution to AF") (Egs. (2.15¢) and (2.20b)) as

AF(H ) =

B 2a\T
gm ( a) (kpa)? sin<kFL1.+g) GH)R(Ly)) - (5.17)

375
Ly,

Rr(Lyy) 1s the temperature-dependent reduction factor Eq. (AS), valid for billiard systems. The field-
dependent factor %(¢) is given by Eq. (5.11). Taking the derivatives with respect to the magnetic
field, we have [for L. ~ L]

VA
/L

3.2 . T dZ%
(k};[l))’_ s (kFL[] + Z)d—(/)z RT(LH) . (518)

2
(Var)?

The susceptibility of a given square oscillates as a function of the Fermi energy and can be para-
magnetic or diamagnetic (see Fig. 8(a)). Since we are considering only one kind of trajectory the
typical susceptibility »'" (with the definition (4.18)) is simply proportional to the prefactor of y(!.
Therefore, it is of the order of (kra)*?, which is much larger than the Landau susceptibility y;. As
shown in Fig. 8(b) (solid line) »'" exhibits also (by means of ¢°%/0¢?) oscillations as a function
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Fig. 8. (a) Magnetic susceptibility of a square as a function of kra from numerical calculations (dotted line) at zero field
and at a temperature equal to 10 level-spacings. The number of electrons is N = gs(kra)?/(4n). The full line shows our
semiclassical approximation (Eq. (5.18)) taking into account only the family (11) of shortest orbits with the temperature
correction factor R(L;). The period 7/v/2 of the quantum result indicates the dominance of the shortest periodic orbits
enclosing nonzero area with length L;; = 2v/2a. (b) Susceptibility x as a function of the normalized flux through the
sample (at a Fermi energy corresponding to ~ 400 enclosed electrons) from Eq. (5.18) (solid) and numerics (dotted). The
susceptibility arising from the stationary-phase integration %> (Eq. (5.13)) shown as the dashed line diverges at ¢ — 0.

of the flux at a given number of electrons in the square. The divergent susceptibility obtained from
%S (dashed line) provides a good description of y" for ¢ ~ 1.

For a measurement made on an ensemble of squares of different sizes a, x''’ vanishes under
averaging if the dispersion of kpL;, across the ensemble is larger than 2x. In that case the average
susceptibility is given by the contribution to AF® arising from the (1,1) family (Eq. (2.20c)).

Proceeding in a similar way as for the first-order term, the contribution of the family (1,1) to the
integrated density N° is given by Eq. (2.15b) as

12
- 2343 ) b ‘
Nu(iLH) = —gs (ﬂT) (kya)"? cos (kFLn +Z) G(H)Rr(L) .
11

To calculate ¥*) we have to
particular the term

(5.19)
consider AF?® = (N°)/2D (with D = (gsma®)/(2nh?)), and in

(Nn(ii, H)) N
2D

_ g
(V2 nima?

i

7) o) Rt

k[:a COS2 (kFL“ + (520)
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This contribution is of lower order in kpa than that of AF},’, but its sign does not change as a
function of the phase k¢L,,. Therefore the squared cosine survives the ensemble average® and we
obtain, performing the derivatives with respect to ¢ (still in the regime L, ~ L)),

3 d’¢?

o kra S RA(Lyy). 521
a Wy g (2D

The total averaged susceptibility is therefore

?:_ZL"’_Fs

~

since, as seen in Section 3, one has also to include the diamagnetic (bulk) “Landau term” —y,
arising from % corrections to F°. In the regime L ~ L. we are considering here, y, is negligible
with respect to 32> as i — 0, and one can use 7 ~ y?). Note however that when L. <L, Egs. (5.18)
and (5.21) remain valid but z'"" as well as z'* is exponentially suppressed. In this “trivial” regime
# (and thus ¥) reduces to the Landau susceptibility, and becomes independent of the underlying
classical dynamics. The linear dependence of the average susceptibility on ¢ is shown in Fig. 9(a).

Since % has its absolute maximum at ¢ =0, the average zero-field susceptibility is paramagnetic
and attains a maximum value of [57,59]

42

Sm
For small fields the average susceptibility (thin solid line, Fig. 9(b)) has an ovcrall decay as 1/¢
and oscillates in sign on the scale of one flux quantum through the sample. As in the disordered case
[34] the period of the field oscillations of the average is half of that of the individual systems (see
Fig. 8(b)). In our case the difference can be traced to the 4 dependence that appears in Eq. (5.21)
in contrast to the simple % dependence of Eq. (5.18).

For an ensemble with a wide distribution of lengths (as in Ref. [25]) an average (---) on a
classical scale (i.e. daja #41) rather than on a quantum scale (A(kra) ~ 27) needs to be performed,
and the dependence of ¢ on a (through ¢) has to be considered. Since the scale of variation of
% with a is much slower than that of sin’ (keL,;) we can effectively separate the two averages and
obtain the total mean by averaging the local mean:

1A(H=0) = kea qu Ry(Lyy) . (5.22)

(1) :'/dai P(a)., (5.23)

where the quantum average 7 is given by Eq. (5.21) and P(a) is the probability distribution of sizes
a. Taking for P(a) a Gaussian distribution with a 30% dispersion we obtain the thick solid line
of Fig. 9(b). The low-field oscillations with respect to ¢ are suppressed under the second average,
while the zero-field behavior remains unchanged.

9 Beside the orbits (1,1) the orbits (1,0) and (0.1) which arc cven shorter contribute to A" in the limit Le ~ L.
Since they do not enclose any flux the second derivative of AF}‘I)' with respect to H, i.e. Z(It] can be neglected for small
fields. However, they enter into 7> by means of the cross-products (Mg + Noi )Ny in (N“°)?. Nevertheless, they play
no role for the averaged F because Njp and N, do not oscillate with the same frequency and therefore their product
averages out.
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Fig. 9. (a) Average magnetic susceptibility of an ensemble of squarcs differing in size as a function of kra for various
temperatures (8, 6 and 4 level spacings for the three triplets of curves from below) and a flux ¢ = 0.15. Solid line:
average of the semiclassical approximation to 3 according to the analytical result of Eq. (5.21). Dotted line: average
of y'* obtained by using Eq. (2.20c) and exact diagonalization. Dashed curve: average of the canonical susceptibility
calculated directly from Eq. (5.33) after the exact diagonalization. The considerable agreement between the solid and
dotted curves illustrates the precision of the semiclassical apprroximation, while the agreement between the dotted and
dashed lines shows the applicability of the thermodynamical expansion Eq. (2.20). (b) Flux dependence of the averaged
susceptibility normalized to zv = yLkraRT(L11) at kea ~ 70 from the semiclassical expression Eq. (5.21) (solid) and
numerical calculations (dashed). The thick solid (dashed) curve denotes an average of the semiclassical (numerical) result
over an ensemble with a large dispersion of sizes which is denoted by () (sce text). The shift of the numerical with respect
to the semiclassical results reflects the Landau susceptibility (due to F' in Eq. (2.19)) and effects from bouncing-ball
orbits (see Section 7.1) not included in the semiclassical trace.

The expected value for the susceptibility measured in an ensemble of # squares is n{y) x nkra,
with a Jarge statistical dispersion of /ny'" oc \/n(kea)**. However, for experiments like the one
of Ref. [25] where n ~ 10°>kra ~ 10%, it is not possible to obtain a diamagnetic response by a

statistical fluctuation.

5.3. Contribution of longer orbits

In the zero-temperature limit'® or more generally if one is interested in results valid at any
temperature, it is necessary to take also into account the contribution of longer trajectories. This
can be done following exactly the same lines as for the contribution of the family (1,1). From

"1t should be kept in mind however that the expansion in Eq. (2.19) is a priori not valid when 7 — 0.
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Eqgs. (5.15) and (5.16) one obtains the contribution of the family M = (M, M,) = (ru,,ru,), (where
u, and u, are coprime) to AF"

12
R (23 [ :
AF}\;)(H) = % (ngg ) (kea)*? sin (kFLM‘I'g) CEn(@)R(Ly), (5.24)
M
where
1 u, or u, even,
Cule) = (6(—”" ) u, and u, odd (5:25)
Uy N ! '

Ly and the function €(¢) are given respectively by Egs. (5.3) and (5.11). In order to get ¥’ we
have to take the second derivative of %, with respect to the magnetic field. This yields zero if
either u, or u, is even and a factor r*/(u,u,)?, if both are odd. We therefore obtain

s 3 1 1 ) ( n)
Lo =2 (ka)? i kel + —
1 o () ZZ PR ) Ta
odd
x%”( r(g > Re(Lys) | (5.26)

valid at any temperature.

The low temperature resuit for x'*’ follows in essentially the same way, but taking the average
is made rather intricate in the case of a square (as compared for instance to a rectangle) because
of the degeneracies in the lengths of the particular orbits of this system. Indeed, there are infinitely
many integers which can be decomposed in at least two different ways into sums of two squares. For
instance, 112 + 77 = 132 + 1> = 170. As a consequence, L7 = L3, and N, ;N}3, # 0. An explicit
formula for ¥ therefore requires to handle correctly all the non-diagonal terms containing orbits
of degenerated lengths which do not average to zero. This leads to a number theoretical problem
(i.e. characterizing all numbers which decomposition as the sum of two squares is not unique), with
which we do not deal and which moreover will be seen to be of no practical relevance. Therefore,
instead of considering a square, we will give the expression for @ for a rectangle of area @’ and
of horizontal and vertical lengths a-e and a-e~'. In that case, all the formulae given in Section 5.1
remain valid. As the only difference one has now

Ly =2a\/(M /) + (M,e)?

instead of Eq. (5.3), which does not give rise to length degeneracies if, as we will suppose, ¢* is
irrational. Noting that the prefactor of N}, depends as L,; on the length of the orbit (instead of
Ly, for AF '), one obtains for the canonical correction to the susceptibility

%2) =2 kaYY ! e
(L -

((’2 1”7
n3 /)2 2)372 ; (&) o
. r ((ux/'e) + (”_\re) ) (uxuy)‘ ey

odd

(2)

4

> Ri(La) - (5.27)

!
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Fig. 10. Solid: low temperature limit of the average susceptibility #2 of an ensemble of squares, as given by Eq. (5.27)
and normalized by yv as defined in the previous figure caption. Dashed: contribution of the family (1,1) to this result.
Even in the very low temperature regime the magnetic response is dominated by the (1,1} family except for the singularity
which develops at zero magnetic ficld.

Egs. (5.26) and (5.27) show that even at zero temperature the strong flux cancelation typical for

the square (or rectangular) geometry generates a very small prefactor 1/(r"?(u? + u?)**(uu,)?) for

¥V (square geometry) and 1/(r ((u.je)* + (u‘,e)z)}"2 (u,u,)?) for y'#) (rectangular geometry). For the

second shortest contributing primitive orbit, M = (1,3), this yields for instance for y''' a damping
of 1/(9 x 105%) ~ 0.0062. For y2 the multiplicative factor is even smaller. In practice only the
repetitions (r,#) of the family (1,1) will contribute significantly to the susceptibility, and one can
use Egs. (5.26) and (5.27) keeping only the term u#, = u, = | of the second summation. As a
consequence, all the complications due to the degeneracies in the length of the orbits for the square
are of no practical importance (Eq. (5.27) restricted to u, = u, = | can be used for the square with
e = 1), showing why their detailed treatment was not necessary. As illustrated in Fig. 10 for @, the
repetitions of the orbit (1,1) are yielding a diverging susceptibility at zero field when the temperature
goes to zero, but barely affect the result even as 7 — 0 for finite A, where the contributions of the
repetitions do no longer add coherently.

5.4. Numerical calculations

As a check of our semiclassical results we calculated quantum mechanically the orbital suscepti-
bility of spinless particles in a square potential well [—a/2,a/2] in an homogeneous magnetic field.
Within the symmetric gauge 4 = H(—y/2,x/2,0) the corresponding Hamiltonian in scaled units
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% =x/a and E = (ma*/h*)E reads

- 1 ¢? c d

%:ﬂ_ N _ 3 ~T~_7_ ) ) 5.28
2(6£2+8j’2> mcp() x > 2(p(x + %) (5.28)
with the normalized flux ¢ defined as in Eq. (5.12). Taking into account the invariance of the
Hamiltonian (5.28) with respect to rotations by 7,7/2 we use linear combinations of plane-waves
which are eigenfunctions of the parity operators P,, P, respectively. Omitting the tilde in order
to simplify the notation, they read

V2[8,(x)Cp(3) £ 1C, (S ()]s (P = —1), (5.29)
V2[C,(0)Co(y) + Cox)Co()]

P 1 5.30
V28,008 3) £ Su(2)S,(1)] « ( : 430

with S,(u) = sin(nnu), n even, and C,(u) = cos(mnu), m odd, obeying Dirichlet boundary condi-
tions. In this representation the resulting matrix equation is real symmetric and decomposes into four
blocks representing the different symmetry classes. By diagonalization we calculated the first 3000
eigenenergies taking into account up to 2500 basis functions for each symmetry class. A typical
energy level diagram of the symmetry class (P, P,») = (1,1) as a function of the magnetic field is
shown in Fig. 1(a). In between the two separable limiting cases ¢ = 0 and ¢ — oc the spectrum
exhibits a complex structure typical for a nonintegrable system which classical dynamics is at least
partly chaotic.
We calculate numerically the grand-canonical susceptibility (Eq. (1.2), Fig. 1(b)) from

’\Z

GC _ ¢ N
() = - ’8H Z 1+e>q3[ﬁ(6 — )]

(531)

where g5 accounts for the spin degeneracy and ¢; denotes the single particle energies.

However, in order to address the experiment of Ref. [25] and to compare with the semiclassical
approach of the preceeding subsection we have to work in the canonical ensemble. At 7 = 0 the
free energy F reduces to the total energy and the canonical susceptibility (Eq. (2.2)) is given as the
sum

N

D

&
H

(5.32)

[N

N
2@ =0)= % >

(o3

over the curvatures of the N single-particle energies ¢. The susceptibility is therefore dominated
by large paramagnetic singularities each time the highest occupied state undergoes a level crossing
with a state of a different symmetry class or a narrow avoided crossing with a state of the same
symmetry. This makes T = 0 susceptibility spectra of quasi-integrable billiards (with nearly exact
level crossings) or systems with spectra composed of energy levels from different symmetry classes
(as it is the case for the square) looking much more erratic than those of chaotic systems with
stronger level repulsion [27].

The T = 0 peaks are compensated once the next higher state at a (quasi) crossing is considered,
and therefore disappear at finite temperature when the occupation of nearly degenerated states be-
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comes almost the same. Thus finite temperature regularizes the singular behavior of y at 7 = 0 and
of course describes the physical situation. We obtain the canonical susceptibility at finite 7 from

9 &
a2 SH?

1= In Zy(p) . (5.33)

The canonical partition function Zy(f) is given by

Zy(B) = exp[—BE,(N)] (5:34)
{2}

with
EWN)=Y&n . N=) n'. (5.35)

i=1 i=1

The n? € {0, 1} describe the occupation of the single-particle energy levels. A direct numerical com-
putation of the canonical partition function becomes extremely time consuming at finite temperature.
We approximate the sum in Eq. (5.34) which runs over all (infinitely many) occupation distributions
{a} for N electrons by a finite sum Zy(M; ) over all possibilities to distribute N particles over
the first M levels with M > N sufficiently large. Following Brack et al. [69] we calculate Zy(M; )
recursively using

Zy(M; B) = Zy(M — 1, ) + Zy_ (M — 1; B)exp(—fen) (5.36)
with initial conditions
ZyM; =1, ZyN—-1;$)=0 (5.37)

and increase M until convergence of Zy(M, ), i.e. the difference between Zy(M; ) and Zy(M —1; f)
is negligible. This recursive algorithm reduces the number of algebraic operations to calculate Zy
drastically and is fast and accurate even if kg7 is of the order of 10 or 20 times the mean level
spacing, i.e. in a regime where a direct calculation of Z, is not feasible.

5.5. Comparison between numerical and semiclassical results

Our numerical results for the susceptibility of individual and ensembles of squares are displayed as
the dashed lines in Figs. 8 and 9 and are in excellent agreement with the semiclassical predictions of
Section 5.2. Fig. 8(a) shows the numerical result for the canonical susceptibility and the semiclassical
leading order contribution ¥\\” at zero field as a function of kra (1/47N/gs in terms of the number of
electrons). The temperature k37 is equal to five times the mean level spacing 4 of the single-particle
spectrum. The quantum result oscillates with a period 7/v/2 as semiclassically expected (Eq. (5.18))
indicating the dominant effect of the fundamental orbits of length L, = 2v/2a. The semiclassical
amplitudes (solid line) are slightly smaller than the numerics because only the shortest orbits are
included.

Fig. 8(b) shows the flux dependence of y for a fixed number of clectrons N = 1100gs. The
semiclassical prediction (Eq. (5.18), solid curve) is again in considerable agreement with the quantum
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result while the analytical result (Eq. (5.13), dashed line) from stationary phase integration yields
an (unphysical) divergence for ¢ — 0 as discussed in Section 5.2.

For the numerical calculations we can perform the ensemble average directly and we obtain the
averages on the quantum scale (thin dashed line, Fig. 9(b)) or classical scale (thick dashed line) by
taking a Gaussian distribution of sizes with respectively a small or large Aa/a dispersion. Fig. 9(a)
depicts the kra dependence of 7 assuming a Gaussian distribution of lengths @ with a standard
deviation daja ~ 0.1 for each of the three temperatures kg7/4 = 2,3,5. The dashed curves are
the ensemble averages of the quantum mechanically calculated entire canonical susceptibility 7.
The dotted lines are the exact (numerical) results for the averaged term /iﬁn’ = (N&)?/24. They
are nearly indistinguishable (on the scale of the figure) from the semiclassical approximation of
Eq. (5.21) (solid line). Although a small flux ¢ =~ 0.15 has been chosen (here the contribution from
the next longer orbits (2,2) nearly vanishes) the precision of the semiclassical approximation based
on the fundamental orbits (1,1) is striking. The difference between the results for 7 and ¥ gives an
estimate for the precision of the thermodynamic expansion Eq. (2.19). The convoluted semiclassical
result has been shifted additionally by —y_ to account for the diamagnetic Landau contribution and
is again in close agreement with the numerical result of the averaged susceptibility .

5.6. Comparison with the experiment

In a recent experiment, Lévy et al. [25] measured the magnetic response of an ensemble of 10°
microscopic billiards of square geometry lithographically defined on a high mobility GaAs hetero-
junction. The size of the squares is on average a = 4.5um, but has a large variation (estimated
between 10% and 30%) between the center and the border of the array. Each square can be con-
sidered as phase-coherent and ballistic since the phase-coherence length and elastic mean free path
are estimated, respectively, to be between 15 and 40 pm and between 5 and 10 pm.

Therefore, it is worthwhile to compare the observed magnetic response with the prediction of
our clean model of noninteracting electrons, to see whether this simple picture contains the main
physical input to understand the experimental observations, although one should control in addition
that the residual impurities do not alter fundamentally the magnetic response of the system. This
is the subject of a forthcoming article [43]. Ongoing calculations including (weak) disorder indeed
indicate that the underlying physical picture remains correct.

At a qualitative level, a large paramagnetic peak at zero field has been observed in Ref. [25], two
orders of magnitude larger than the Landau susceptibility, decreasing on a scale of approximately
one flux quantum through each square. Since there is a large dispersion of sizes we do not observe
the field oscillations of the quantum average (5.21), but the comparison has to be established with
the classical average results Eq. (5.23). The corresponding results from our semiclassical calculations
(Egs. (5.21) and (5.23)) and the full quantum calculations are shown in Fig. 9(b) as the thick full,
respectively dashed, lines (denoted by (y) in the figure). The offset in the semiclassical curve with
respect to the quantum mechanical curve is due to the Landau susceptibility y. and additional effects
from bouncing-ball orbits (see Section 7.1) not included in the semiclassical trace. Our theoretical
results for the flux dependence of the average () with respect to a wide distribution in the size
of the squares agree on the whole with the experiment. However, the diamagnetic response for (y)
that we obtain for ¢ = 0.5 is not observed experimentally, indicating that there may be a more
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important size dispersion than estimated. As will be discussed in more detail in Section 6, a very
large distribution of lengths enhances the effect of the breaking of time reversal invariance due to the
magnetic field, yielding a vanishing average response at finite field and a paramagnetic susceptibility
at zero field decaying on a field scale @, by the dephasing of the contribution of time-reversal
symmetric orbits to the density of states.

More quantitatively, the experiment of Ref. [25] yielded a paramagnetic susceptibility at H =0
with a value of approximately 100 (with an uncertainty of a factor of 4) in units of y . The two
electron densities considered in the experiment are 10'' and 3x 10" corresponding to approximately
10* occupied levels per square. Therefore our semiclassical approximation is well justified. For a
temperature of 40mK the factor 4v/2/(57)kzaR%(L,,) from Eq. (5.22) gives zero-field susceptibility
values of 60 and 170, respectively, in reasonable agreement with the measurements. In order to
attempt a more detailed comparison with the measurements we need to incorporate the suppression
of the clean susceptibility by the residual disorder, which depends on the strength and correlation
length of the impurity potential [43]. The field scale for the decrease of (x(¢)) is of the order of
one flux quantum through each square, in agreement with our theoretical findings. The temperature
dependence experimentally observed seems however less drastic than the theoretical prediction.

6. Generic integrable and chaotic systems

In Sections 4 and 5 we have studied in detail specific geometries of conceptual as well as exper-
imental relevance. In particular, we have demonstrated the degree of accuracy of our semiclassical
approach by a careful comparison with exact quantum results. The aim of the present section is to
take a broader point of view and to give more general semiclassical implications concerning the
magnetic properties of ballistic quantum dots. We shall first consider the weak-field behavior of
generic integrable systems, generalizing the results of the previous section. We focus on weak fields
because only this regime is affected by the integrability of the dynamics at zero field. The case
of systems which remain integrable at arbitrary field strength was discussed in Section 4. In the
second stage we shall turn to chaotic systems (at weak as well as finite fields) and finally finish the
section by discussing the similarity and differences of the magnetic response for the various cases
of classical stability.

6.1. Generic integrable systems

We consider the generic magnetic response of two-dimensional integrable systems perturbed by
a weak magnetic field breaking the integrability. Eqs. (2.15) and (2.20), which relate the ther-
modynamic functions AF") and AF® to the oscillating part d°°(E) of the density of states, are
general relations which apply in particular here. The main difficulty is therefore to obtain semiclas-
sical uniform approximations for d*¢(E) interpolating between the zero-field regime, for which the
Berry—Tabor Formula [52,53] (suitable for integrable systems) applies, and higher fields (still classi-
cally perturbative however), for which the periodic orbits which have survived under the perturbation
are sufficiently well isolated in order to use the Gutzwiller trace formula [51]. This problem of com-
puting for a generic system the oscillating part of the density of states in the nearly but not exactly
integrable regime has been addressed by Ozorio de Almeida [55, 56]. We are going to follow this
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approach for the case of a perturbation by a magnetic field. However, for the sake of completeness
and in order to define their regime of validity, we will give a brief derivation of the basic results
needed. This is the subject of Section 6.1.1. In Section 6.1.2 we then deduce the grand-canonical
and canonical contributions to the susceptibility.

6.1.1. Perturbation theory for magnetic fields
Let #(p,q4) be a quantum Hamiltonian which classical analog can be expressed as

#p.q)= 2 (p=q) 6.1)

A#°(p,q) is the Hamiltonian describing the motion in the absence of a magnetic ficld and A is the
vector potential generating a uniform magnetic field H. #° is supposed to be integrable which per-
mits to define action-angle coordinates (1, @), ¢, ¢, € [0,27] such that at zero field the Hamiltonian
#°(1,1,) depends only on the actions.

To compute d°*°(E) we start from the same basic equations as for the square geometry. In the
weak-field regime which we are considering, the only recurrent trajectories of the sum Eq. (5.2)
which contribute noticeably to the trace Eq. (5.1) are those which merge into periodic orbits of the
unperturbed Hamiltonian as H — 0. Considering only these contributions, which we can label by
the topology M of the unperturbed periodic orbits, and dropping the Weyl part of the trace %(E)
of the Green function we can write

1
" ik 2inh

Let us now focus on the contribution %y, of the family of closed orbits M. For sufficiently low
fields we will employ (as in Sections 4 and 5) that the change in the semiclassical Green function
by changing H is essentially given by the modification of the phase, S)/A being large in the
semiclassical limit. The variation in the determinant D,; can usually be neglected. Therefore, in the
evaluation of the integral in Eq. (6.2) one should keep the (unperturbed) zeroth order approximation
for Dy, and evaluate the action up to the first-order correction. For the action this yields

i i . T
/ dql dqz DA/I cXp |:%SM — U?A«]—:| B (62)

Y(E) ~ Z EZT Yu(E) 5
M

Snlq.4) = Sy + 0Su(q.9) (6.3)
with
Sf.f,, = }{p-dq = ]{I-d(p =2nly-M | 64)
orbit orbit

noting Iy, the action coordinates of the periodic orbit family M at H = 0. The contribution Sy,
is expressed in terms of the area enclosed by the unperturbed orbit by means of Eq. (4.7). Sy, is
constant for all members of the family, but 3S generically depends on the trajectory on which the
point ¢ lies. However, the area enclosed by the orbit and thus dSy; does not change when varying
¢ along the orbits. It is therefore convenient to use a coordinate system such that one coordinate
is constant along the unperturbed trajectory. Writing M = (ru,,ru,) where u; and u, are coprime
integers, this is provided explicitly by the standard canonical transformation (Z,¢) — (J.8) generated
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by Fo(J,9) = (2 — w2 )y + @2J>

Hl = U — U, J1 — 11/112 s

0, =@, Jr = b+ (u ju)l, (6.5)

for which 6, is constant along a trajectory on the torus Iy. Then 6, specifies the trajectory and 6,
the position on the trajectory. For a square geometry, 0, and 6, are up to a dilatation, respectively,
the variables xo and s introduced in Section 5. 6, should be taken in the range [0, 27u,] (rather than
[0,27]) to ensure that the transformation Eq. (6.5) constitutes a one to one correspondence.

After substituting ¢ by 6 in the integral of Eq. (6.2), S depends only on 6, but no longer on 0s.
One can moreover show (see Appendix D) the following relation for the zero field approximation
of the determinant Dj,:

g | l
o (-t
M o0 0, 2nrugg}?|l'2

where /, = gg(])) is the function introduced in Section 4 to describe the energy surface £. From
Eq. (6.2) and (6.6) one gets

11 1
ih \/2inh 2rrdy;

The integral over 0, is the period t,/7 of the primitive periodic orbit. In the absence of a field the
integral over 0, is simply 27 which gives

Gu(k) =

10_' E 27:11;%/27{ {l‘ ) }
= EXp {ﬁSM WM?-]/O B o do, exp hOS(_()]) . (6.7)

| SY T
32 2 1_ - /| -~ 7 > 6‘8
ﬁz/zM;,vz |g',<|l 7 EXp 1 [ P 274 (6.8)

1Ta;
G(E) = — o

d%,(E), the zero-field contribution of the orbits of topology M to the oscillating part of the density
of states, is obtained from Eq. (6.8) as d$,(E) = —(gs/n)Im %5,(E). Therefore, except for the
evaluation of the Maslov indices that we have disregarded here, one recovers in this way for the
integrable limit the Berry—Tabor formula Eq. (4.3) of a two-dimensional system (as we have used
in Section 4).

Inspection of Eq. (6.7) for weak magnetic fields shows that, upon perturbation, %, is just given
by the product of the unperturbed result 4, and a factor

. l 2
) = o / 40, exp [2inH 7 4 (0))/®y] . (6.9)
0

This accounts for the small dephasing between different closed (in configuration space) orbits of
topology M due to the fact that the resonant torus on which they are living is slightly broken by the
perturbation. (An orbit of topology M closed in configuration space is then generally not periodic,
i.e. closed in phase space.) Supposing the unperturbed motion to be time reversal invariant, it can
be seen moreover that only the real part of %, (H) has to be considered: The function .oZ(0,) is
defined for the unperturbed system. Therefore, the time reversed of a trajectory labeled by 8, is a
periodic orbit of the unperturbed system which encloses an area —.o7,;(0,). Its contribution cancels
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the imaginary part of exp[2inH .7 4 (0,)/®y], and one can use
\ e
Culi) = 5 / d0, cos [27tH < 34(0, )/ o] (6.10)
0

instead of 4 (H ). Since % (H) is real, one obtains from Eq. (5.1)

d™(E) = Gn(H)dY(E), (6.11)

M#£0

where d,(E) is the zero-field contribution given by the Berry-Tabor expression of Eq. (4.3). At zero
field we obviously have %,(0) = 1. At sufficiently large field, the integral (6.9) can be evaluated
using stationary phase approximation.'' %,, can be expressed as a sum over all extrema of 7 (6))
(i.e. of 45). These are all the periodic orbits which survive under the perturbation. It can be seen
[70] that, in this approximation, Eq. (6.11) yields exactly the Gutzwiller trace formula for which
the actions, periods and stabilities of the periodic orbits are evaluated using classical perturbation
theory. Eq. (6.11) thus provides an interpolation between the Berry—Tabor and Gutzwiller formulae.

The functions .o/(0,), and therefore %y (H), are system and trajectory dependent. One can,
however, gain some further understanding of the perturbative regime by following again Ozorio de
Almeida and writing .o/;(0;) in term of its Fourier series

Ay =Y oy sin(n; — 7). (6.12)

n={)

If <7 is a smooth function of ¢y, the coefficients .7}, are usually rapidly decaying functions of ».
For systems where one can neglect all harmonics higher than the first one, the integral Eq. (6.10)
can be performed, and it is possible to distinguish two types of functions & ,(H ), depending on the
symmetry properties of the unperturbed family of orbits under time reversal.

Indeed, one may encounter two different situations depending on whether the torus Iy, is time-
reversal invariant (e.g. square geometry) or has a distinct partner Ip* in phase space which is its
counterpart under time reversal (e.g. circular geometry). In the former case, the origin of the angles
#, can be chosen such that .o74(6,) is an antisymmetric function, while in the latter case it can be
in principle any real function of 6,.'?

If Iy is time-reversal invariant, .7y (—0,) = —.Z5(0,) implies that /%) = 0 (as well as all the
phases 7). In this case

G(H) =~ Jy(2nH o/ |®y) . (6.13)

It is interesting to compare the approximation of é(/ ) given by the above Bessel function with the
exact integral Eq. (5.11) obtained in Section 5 for the shortest family (M = (1,1)) of the square

'""To be precise the ratio HA/®, rather than the field must be large. Formally, one has to consider not the H — oo
limit, which is incompatible with the classical perturbation scheme, but an A(i.e. ®g) — 0 limiting process, which does
not change the classical mechanics. In practice this means that the fluxes considered are large on a quantum scale, but
still small on the classical scale. This is achieved at high enough energies.

'?Note in the former case %y = %, while in the latter Gas # Gar but Gar + Gage = G5, u(H) + G4y Gar- (H).
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2

Cly)

-1

Fig. 11. Solid: exact (Fresnel) function %(¢) as given by Eq. (5.11). Dashed: approximation of %(¢) by the Bessel
function Jn(32q>/n2) (see text).

geometry. Noting that , = &mxo/a and using Eq. (5.7), the Fourier coefficients .o\’ of .«7,,(0,) are
given by

n cven .

16
JJ/(I’;) = { (nrt)3a n odd, (6.14)
0

Keeping only the first harmonic of .e7,,(0,) amounts to approximate the function (¢) of Eq. (5.11)
by Jo(32¢/m?) which, as seen in Fig. 11, is an excellent approximation.

If the torus Iy, is not its own time reversal, .o/ 4(0,) is not constrained to be an antisymmetric
function, and in particular .Yy} is usually nonzero. Neglecting, as above, all harmonics of .o/ (6,)
except the first gives

H.) H.\))
%”M(H)zcos(Zn% Jo | 2n M) (6.15)

0 0

If moreover /) <.\, then the field oscillation frequency is essentially given by the mean area
) enclosed by the orbits of the family while the overall decrease is determined by the first
harmonic coefficient .7\, The circular billiard can be regarded as a particular case where A is

: (1 . .
nonzero while .o} as well as all other coefficients vanish.

6.1.2. Magnetic susceptibility for a generic integrable system

From the expression (6.11) of the oscillating part of the density of states the contributions »'" and
72 to the susceptibility are obtained by the application of Egs. (2.15a) and (2.20a), which express
AFYY and AF®) in terms of d*°(£, H). Taking twice the field derivative according to Eq. (2.2) and
introducing the dimensionless quantities

Dy \* by , ( ?, )2 d*%3,
¢lH)Y=|—) ——; (Y, (H)=|-— M
w(H) (27@4) N7 Il 214 ) dH?
(4 is the total area of the system) one obtains for the grand canonical contribution to the susceptibility
LA R / dO
£ 24mmd Y. —T(f”) D) g ey (6.16)

L M Ty s
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If one assumes moreover that there are no degeneracies in the length of the orbits, one has for the
averaged canonical correction

£ g 3 Riltn) (Gu(E)) (E))z ()} (H )
ZL M T/ﬂ
Ri(tm) o aw
ﬁ Z gz ¢ D (6.17)

The field-dependent component of 3 for weak fields is given by

(€*)y(H=0) = — 3(01) .

which is always negative. Therefore, for an ensemble of integrable structures the magnetic response
is always paramagnetic at zero field. We shall come back to this point in the last part of this section.

6.2. Generic chaotic systems

Let us now consider generic chaotic systems, more generally, systems where all the periodic
orbits are sufficiently isolated that the trace of the semiclassical Green function Eq. (5.1) can be
evaluated within stationary phase approximation. In this case the Gutzwiller trace formula provides
the appropriate path to calculate the oscillating part of the density of states (with or without magnetic
field). The Gutzwiller trace formula expresses the oscillating part of the density of states as a sum
over all (here isolated) periodic orbits ¢ as [21]

ose ) 1 T, S, s

d (E,H)—Zd,, d(E,H) = RV Cos(h 0,2) . (6.18)
S, 1s the action along the orbit £, 7, the period of the orbit, M, the stability matrix, o, its Maslov
index, and r, the number of repetitions of the full trajectory along the primitive orbit. All these
classical quantities generally depend on energy and magnetic field. If, as considered above for the
integrable case, one is interested in the magnetic response to weak field, one can express d,(E,H)
in terms of the characteristics of the orbits at zero field by taking into account the field dependence
only in the actions. Proceeding in exactly the same way as in Section 4.1, i.e. grouping together the
contributions of time-reverse symmetrical orbits, one obtains the same relation as Eq. (4.9) [50,61]:

d(E,H)=d’ cos [2n(H.</!/D,)] . (6.19)

d? is the zero-field contribution of the orbit, obtained from Eq. (6.18) at H = 0, and /° is
the enclosed area of the umperturbed orbit. In the case of a generic integrable system, the zero-
field regime played a peculiar role: except for the circular and annular geometries which remain
integrable at all fields, a generic integrable system looses its integrability under the effect of a
perturbing magnetic field. For chaotic geometries on the contrary, the zero field behavior is not
substantially different from that at finite fields (as far as the stability of the dynamics is concerned).
Since we are discussing the general semiclassical formalism of chaotic systems without referring to
specific examples we do not need to restrict ourselves to weak fields. Within this generic framework
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the chaotic geometries have the same conceptual simplicity as the systems which remain integrable
at arbitrary field studied in Section 6. Namely Eq. (6.18) applies independently of the field, and for
derivatives with respect to the field one can use

CSUH) _ E,Q/,(H) : (6.20)

oH
where ./,(H ) is the area enclosed by the trajectory ¢ at the considered field. Therefore the computa-
tion of the contribution ¥'" and #'*' to the susceptibility follows essentially along the same lines as
described in Section 4: AF'") and AF?) are given by Egs. (2.15a) and (2.20a), and to leading order
in A the derivatives with respect to the field should be applied only to the rapidly varying term. As
a consequence, taking twice the derivative of the contribution of the orbit 7 to AF" merely amounts
to a multiplication by a factor (e.«/,)/(chi)?, yielding

Z“) RT(T,) <<Q//>2 d,(/,l)
—_ - . ]
247mA Z = 9. (021

AL
where d, is given by Eq. (6.18). Note that Eq. (6.21) applies also to systems which remain integrable
at all fields provided the Berry-Tabor formula Eq. (4.3) is used instead of the Gutzwiller one.
For chaotic as well as for integrable systems, y''’ can be paramagnetic or diamagnetic with equal
probability. The response of an ensemble of structures is given by AF?), which can be calculated
as a double sum over all pairs of orbits

o Ri(t)Ri(1,) (v/ — ol )2 <53 — S ff)
£ =24 AT ey
7L Z r,r{\det(M, — ])det(Ml, . [)|1,2 y Ccos P (U g, )2

i

oA+ oA\ S, + S,
_ (L) cos( ) —(0,—}—(7,,)%)} . (6.22)

A

A 3

Here some remarks are in order. Due to the exponential proliferation of closed orbits in chaotic
systems off-diagonal terms should be considered at low temperatures since near-degeneracies in the
actions of long orbits may appear, so that their contributions do not average out. However, at
sufficiently high temperatures where only short periodic orbits are relevant, off-diagonal terms (of
orbits not related by time-reversal symmetry) are eliminated upon averaging. At finite field where
time-reversal symmetry is broken (more precisely, when no anti-unitary symmetry is preserved) only
the terms with ' = ¢ survive the averaging process, and (at the order of # considered) %2 vanishes
since then .o/, = .«/,,. The origin of the weak-field response for an ensemble is a consequence
of time-reversal symmetry since nondiagonal terms involving an orbit and its time reversal have an
action sufficiently close to survive the average process but an area of opposite sign. Indeed, assuming
(in the weak-field regime) an ensemble average such that only diagonal and time reversal related
terms are not affected, Eq. (6.22) reduces to

e RA(") 260\ (4md'H
=24 . 6.23
7L Z r;’.‘det(Mr() _ [)‘ A cos (p() ( )

!

At zero field the cosine of the surviving terms in Eq. (6.23) is one and their prefactors positive.
This merely reflects that the dephasing of time-reversal orbits due to the perturbing magnetic field
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necessarily induces on average a decrease of the amplitude of N°¢, and therefore by means of
Eq. (2.20¢) a paramagnetic susceptibility. For extremely large distributions in systems size, such
as those discussed in Section 5.6, even the oscillating patterns of Eq. (6.23) due to the subsequent
rephasing and dephasing of the time-reversal orbits contributions vanish upon smoothing. In this
case, only the paramagnetic response related to the original dephasing is observed, and the average
susceptibility reaches zero as soon as 4nAYH/®, is of the order of 2x for all trajectories.

6.2.1. Magnetization line-shape for chaotic systems

The expressions we have obtained up to now in this subsection do not require the system to be
actually chaotic, but only that periodic orbits are isolated. They should therefore be valid also for
the contribution of isolated orbits in mixed systems, where the phase space contains both regular and
chaotic regions. This includes for instance the contributions of elliptic, i.e. stable orbits, provided
they are not close to any bifurcation and the surrounding island of stability is large enough.

For geometries being actually chaotic it is however possible to proceed further and to derive a
general expression for the line-shape of the field-dependent susceptibility, if the temperature is low
enough. For temperatures such that the cutoff time 1. of the damping factor Rr(z,) is of the order
of the period of the fundamental periodic orbits, the average susceptibility will be dominated by the
shortest orbits, whose characteristics are largely system dependent. However, for higher 7. a large

number of trajectories will contribute to ¢, and a statistical treatment of the sum on the r.h.s. of
Eq. (6.23) is possible, yielding an wuniversal line-shape for the average susceptibility. For sake of
clarity, we discuss here only the case of billiard-like structures, but the following developments can
be generalized in a straightforward way to any kind of potentials.

Two basic ingredients are required here in addition to Eq. (6.23) to obtain the magnetization peak
line-shape. The first one is the semiclassical sum rule derived by Hannay and Ozorio de Almeida
[71], which states that in sums like Eq. (6.23) the two effects of an exponential decrease in the
prefactors on the one hand and the exponential proliferation of orbits on the other hand cancel each
other yielding

ot —1) 1
Z |det(M, —1)] T~ (6.24)

(Note, that in the above sum the contributions of orbits with number of repetitions r, > 1 are
neglected.) To be valid, this equation requires that the periodic orbits are uniformly distributed in
phase space which will only be achieved for sufficiently large 7. For billiards the periods are given,
up to a multiplication by the Fermi speed, by the length of the orbits and the periods 7 in Eq. (6.24)
can be replaced by the lengths L. We call L} the characteristic length for which periodic orbits can
be taken as uniformly distributed in phase space. Typically, L} is not much larger than the shortest
period of the system.

The second ingredient is the distribution of area enclosed by the trajectories. For chaotic systems,
this distribution has a generic form [24,72]. Namely the probability Py(@) for a trajectory to enclose
an algebraic area @ after N bounces on the boundaries of the billiard is given by

I o
PUO) = ———cxp | o | - 625
WO = ey eXp( 2N0,v> (2
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This result actually follows from a general argument [72] which in our case can be stated as
follows: With a proper choice of the origin, the area swept by the ray vector for a given bounce
is characterized by a distribution, with zero mean value and a width oy which define the parameter
of the distribution Eq. (6.25). For a strongly chaotic system, successive bounces can be taken as
independent events, which by means of the central limit theorem yield the distribution Eq. (6.25).
Denoting L the average distance between two successive reflections and o, = crN/l_,, this is equivalent
to

PL(@) =

1 2
- . 6.26
VinLa, O ( 2L0L> (6.26)

Now P,(©) is the distribution of enclosed areas for trajectories of length L, and the above equation
is valid for L larger than a characteristic value L;, which again is of the order of the shortest closed
orbit’s length.

For temperature sufficiently low so that L, > L}, L5, Egs. (6.24) and (6.26) can be used to replace
the sum over periodic orbits Eq. (6.23) by the integral

2) o) C 2
ib dL / 5 46 (47[@1‘])
= =24 — dO P, (O)YR(L)| — . 6.27
ZL A L J ¢ L( ) T( ) < A2 cos (p() ( )

Performing the Gaussian integral over @, and introducing the dimensionless factor ¢ = 2nH /o, L./®,
one obtains the average susceptibility as

e
L. .
1 _ g6 (m ) F(%) (6.28)
i3 A2

where the function F(¢) is defined as

v 2
N X _oqx2 _ 2. . —_ /
F(g)_/o (Sinh X) (1 - 48x)exp(—28%) dx ;. x = LiL, . (6.29)

The quadrature cannot be performed analytically (in a closed expression) for arbitrary ¢'*, but it
can easily be calculated numerically. As seen in Fig. 12, F(¢) has a maximum at & = 0 with a
half-width A¢ ~ 0.317. Expansion of F(&) for small ¢ yields F(&) ~ n?/6 — 9((3)¢&* (where {(x) is
the Zeta function). Denoting A = ¢, L./A%, the susceptibility at zero field is thus given by

NE)

%(H:O) = 16724, (6.30)
L

and the value half-width 4@ by

A 48 s

- = 6.31
(pg 21 ( )

13 Using for Rr(L) the asymptotic expression R(L) = 2(L/L¢)exp(—L/L.), valid for L > L. = #fivr/m, yields F() =
(1 =58)/(1 + £)*, but the contribution of the range L < L is of the same order.
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2.0

Fig. 12. Solid: function F(&) (sec Eq. (6.29)) describing the magnetic field dependence of the average susceptibility for
an ensemble of chaotic microstructures. Dashed: quadratic approximation 72/6 — 9:(3)E of F(&).

The experimental observation of Eq. (6.28) would be a very stringent confirmation for the appli-
cability of the whole semiclassical picture developed here. However, two remarks are in order:

(i) it is experimentally usually rather difficult to make a clear cut distinction between the function
F(¢) we obtained and, say, a Lorentzian shape. Therefore, the temperature dependence (through L)
of both the height and, more surprisingly, the width of the magnetization peak should be observable
rather than the precise functional form of Eq. (6.28).

The physical picture underlying these results is that at a given temperature, the cutoff length L.
determines the length of the orbits providing the main contribution to the susceptibility. The smaller
the temperature, the larger L. and the longer the contributing orbits. The typical areas enclosed
by these orbits thus increase, making them more sensitive to the magnetic field and yielding a
larger susceptibility at zero field and a smaller width since time reversal invariance is more rapidly
destroyed. The precise temperature dependence of the height and the width (and their relationship,
which might be useful when ¢, is unknown) is given by Eqgs. (6.30) and (6.31).

(i1) It should be borne in mind that Eq. (6.28) gives only the contribution of the diagonal part
of ¥, but does not take into account the contribution of pairs of orbits which are not related
by time-reversal symmetry. Moreover, the statistical approach used implies that fairly long orbits
are contributing to the susceptibility, which because of the exponential proliferation of such orbits
should yield an increasing number of quasidegeneracies in their length. Therefore, to smooth out
these nondiagonal term, one should a priori require that the smoothing is taken on a very large
range of (kpa). In practice however, and as will be discussed in more detail in [43], the smooth
disorder characteristic of the GaAs/AlGaAs heterostructures for which this kind of experiments are
done will actually be responsible for the cancelation of the nondiagonal terms without affecting (for
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small enough disorder) the contribution we have calculated.'* The effects of nondiagonal terms
should therefore be noticeably less important in actual systems that it might appear in a clean
model.

6.3. Integrable versus chaotic geometries

The magnetic responses of chaotic and integrable systems have similarities and differences with
respect to their treatment as well as to the resulting susceptibility. The most remarkable similarity is
the paramagnetic character of the average susceptibility, while the magnitude of this response greatly
differs for both types of geometries. Concerning their treatment the differences arise form the lack
of structural stability of integrable systems under a perturbing magnetic field. Indeed, for nongeneric
integrable systems such as the ring or circular billiards which remain integrable at all fields, the
structure of the obtained equations are, except for the use of the Berry—Tabor trace formula instead
of the Gutzwiller trace formula, the same as those for the chaotic systems. For generic integrable
systems however, the breaking of invariant tori requires a more careful treatment yielding slightly
less transparent, though essentially similar expressions.

6.3.1. Paramagnetic character of the average susceptibility

Because of this formal similarity, the qualitative behavior of the magnetic response is also quite
the same for generic chaotic and integrable systems. The susceptibility of a single structure can be
paramagnetic or diamagnetic and changes sign with a periodicity in kpa of the order of 27. On
the other hand, the average susceptibility for an ensemble of microstructure is, as expressed by
Egs. (6.17) and (6.23), paramagnetic at zero field independent of the kind of dynamics considered.
Indeed Eq. (2.20c) states that AF® is, up to a multiplicative factor, the variance of the (temperature
smoothed) number of states for a given chemical potential u. In integrable and chaotic systems the
basic mechanism involved is that the magnetic field reduces the degree of symmetry of the system,
which as a general result lowers this variance. Therefore the AF®?) necessarily decreases when the
magnetic field is applied and the average susceptibility is paramagnetic at zero field.

There are some differences worth being considered. First, for chaotic systems the only symmetry
existing at zero field is the time-reversal invariance, while for integrable systems the breaking of
time-reversal invariance and the breaking of invariant tori together reduces the amplitude of N°(£).
For chaotic systems the paramagnetic character of the ensemble susceptibility arises as naturally
as the negative sign of the magnetoresistance in coherent microstructures. The situation is similar
to a random matrix point of view, where the ensembles modeling the fluctuations of time-reversal
invariant systems are known to be less rigid (in the sense that the fluctuation of the number of
states in any given stretch of energy is larger) compared to the case where time-reversal invariance
is broken. The transition from one symmetry class to the other can be understood by the intro-
duction of generalized ensembles whose validity can be justified semiclassically [67]. It is however

" Without entering into any details, the reason for this is the following. For smooth disorder, one should distinguish
between an “elastic mean free path” /, and a transport mean free path /t which is much larger than /. For small disorder,
It can be assumed infinite, but long orbits will usually be longer than /. As a consequence, the action of each orbit is
going to acquire a random phase from sample to sample, which is decorrelated for different orbits, but is the same for
time-reversal symmetric orbits. Thus the diagonal contribution we have calculated will not be affected, but nondiagonal
terms will be strongly suppressed.
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important to recognize that even for the chaotic case we do not have the standard GOE-GUE tran-
sition [22] since (2.20¢) involves the integration over a large energy interval. We are therefore not
in the universal, but in the “saturation” regime where (N°°(E))* is given by the shortest periodic
orbits.

Secondly, for chaotic systems and for temperatures sufficiently low that a large number of orbits
contribute to the susceptibility, it is possible — similar as in the weak localization effect in clectric
transport [24] — to derive a universal shape of the magnetization peak. This is not possible for
integrable systems, which do not naturally lend themselves to a statistical treatment.

6.3.2. Typical magnitude of the magnetic susceptibility

Even if there are some analogies between the magnetic response of chaotic and integrable systems
(especially when the latter remain integrable at finite fields), the magnitude of the susceptibility
exhibits significant differences. The contribution of an orbit to the Gutzwiller formula for two-
dimensional systems is half an order in # smaller than a term in the Berry-Tabor formula for
the integrable case. More generally, in the case of f degrees of freedom, the % dependence of
the Berry-Tabor formula is A~('*/)2 being the same as in the semiclassical Green function. The
Gutzwiller formula is obtained by performing the trace integral of the Green function by stationary
phase in f — 1 directions, each of which yielding a factor £'/2. This results in an entire #~' behavior
independent of f for a chaotic system. Important consequences therefore arise for the case of
two—dimensional billiards of typical size a at temperatures such that only the first few shortest
orbits are significantly contributing to the free energy, and gives rise to a different parametrical
kra characteristic of integrable and chaotic systems. The kpa behavior of the density of states and
susceptibility for individual systems as well as ensemble averages is displayed in Table 1. While
the magnetic response of chaotic systems results from isolated periodic orbits, it is the existence of
families of flux enclosing orbits in quasi-integrable or partly integrable systems which is reflected
in a parametrically different dependence of their magnetization and susceptibility on kga (or VN in
terms of the number of electrons). The difference is especially drastic for ensemble averages where
we expect a kga independent response y for a chaotic system while the averaged susceptibility
for integrable systems, e.g. the ensemble of square potential wells in the experiment discussed in
Section 5, increases linearly in kra. Under the conditions of that measurement [25] the enhancement
should be of the order of 100 compared to an ensemble of chaotic quantum dots. We therefore
suggested [57] to use the different parametrical behavior of the magnetic response as a tool in order
to unambiguously distinguish (experimentally) chaotic and integrable dynamics in quantum dots. We
stress that this criterion is not based on the long-time behavior of the chaotic dynamics but on short
time properties, namely the existence of families of orbits contributing in phase to the trace of the
Green function of integrable systems.

7. Non-perturbative fields: bouncing-ball- and de Haas—van Alphen-oscillations

Up to now we have essentially focused on mesoscopic effects in the weak magnetic field regime
where the classical cyclotron radius r, is large compared to the typical size a of the system, i.c.

riJa=chkleHa>1. (7.1)
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Table 1

(kra) dependence of the oscillating part of the density of states and of the magnetic response depending on the absence
(chaotic case) or the presence (regular case) of continuous families of periodic orbits for two-dimensional billiard-like
microstructures. (D = (gsmA)/(2r#?) is independent of the nature of the dynamics )

D*(E)/D b b0
Chaotic (kga)™! (kea) (kea)°
Regular (kra)™'?2 (kra)*? (kra)

Then, electron trajectories can be considered as straight lines between bounces and the dominant
effect of the magnetic field enters as a semiclassical phase in terms of the enclosed flux. Nevertheless,
as shown in Fig. 1 in the introduction (for the case of a square) the low-field oscillations of y are
accurately described by classical perturbation theory in terms of the family (11) of unperturbed orbits
(left inset in Fig. 1(b)). They persist up to field strengths ¢ = 10 which is by orders of magnitude
larger than the typical flux scale which describes the breakdown of first-order quantum perturbation
theory, i.e. magnetic fluxes where the first avoided level crossings appear. Due to condition (7.1) the
relevant classical “small” parameter is H/ke. The semiclassical “weak-field” regime increases with
increasing Fermi energy.

In this section we will go beyond this (classically) perturbative regime and discuss microstructures
under larger fields, where the magnetic response reflects the interplay between the scale of the
confining energy and the scale of the magnetic field energy Aw, on the quantum level. Classically,
nonperturbative fields affect the motion not only through a change of the actions (by means of
the enclosed flux), but additionally due to the bending of the trajectories. A priori, the semiclassical
approach we used for weak magnetic fields applies also to this case without any difference: Oscillating
components of the single-particle density of states can be related to periodic (or nearly periodic)
orbits by taking the trace of the semiclassical Green function. The magnetic response is then obtained
from integration over the energy and taking the derivatives with respect to the magnetic field. These
operations correspond to the multiplication by the inverse of the period of the orbit, by the damping
factor Rr and by the area enclosed by the orbit. Three ficld regimes (weak (a <r.), intermediate
(@ = r.), and high (a > 2r,) fields) can be clearly distinguished as is illustrated in Fig. 1(b)
for the square geometry. The distinction of the three regimes appears not because they deserve a
fundamentally different semiclassical treatment, but simply because of some salient features of the
classical dynamics associated to each of these regimes.

In the high-field regime, most of the orbits simply follow a cyclotron motion. In that case, the
system behaves essentially as an infinite system, and one recovers the well known de Haas—van
Alphen oscillations for y"). We shall moreover see below that within our semiclassical approach,
the destruction of some of the cyclotronic orbits due to reflections at the boundaries can be taken
into account, allowing to handle correctly the cross-over regime where a > 2r, but r. is not yet
negligible with respect to a.

While the high-field (a> r.) classical dynamics is generally (quasi-) integrable the dynamics in the
intermediate-field regime is always mixed (in the sense that chaotic and regular motion coexists in
phase space) except for particular cases of systems with rotational symmetry which remain integrable
independent of the magnetic field. In contrast to that, systems in the small field regime can exhibit
any degree of chaoticity in the zero field limit. Indeed, there is a large variety of geometries for
which the motion of the electrons in the absence of a magnetic field is either integrable, or completely
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chaotic. Therefore, increasing the field starting from an integrable (respectively chaotic) configuration
at H = 0, the intermediate-field regime will be characterized by an increase (respectively a decrease)
of the degree of chaos of the classical dynamics, which will noticeably affect the magnetic response
of the system. However, if the zero-field configuration already shows a mixed dynamics (which is
generically the case), the only noticeable difference between the weak and intermediate field regime
will consist in the complete lost of time-reversal symmetry and naturally its consequences on x2)
as discussed in Section 6.

In addition, for some particular geometries, namely those for which the boundary contains some
pieces of parallel straight lines, the intermediate field susceptibility will be characterized by the
dominating influence of bouncing-ball orbits, periodic electron motion due to reflection between
opposite boundaries. Fig. 1(b) depicts a whole scan of the magnetic susceptibility of a square from
zero flux up to flux ¢ =55 (3r. = a). We can see there, and we will discuss in detail below, that
there are — besides the small-field oscillations due to orbits (11) — two well separated regimes of
susceptibility oscillations: The intermediate field regime (2r. > a) reflects quantized bouncing-ball
periodic orbits (second inset) and the oscillations in the strong field regime (2r. < a) which, as
mentioned above, are related to cyclotron orbits (right inset). Although the results to be reported are
of quite general nature we will discuss them quantitatively for the case of square microstructures.
We study individual squares and perform our analysis within the grand canonical formalism.

7.1. Intermediate fields: Bouncing-ball magnetism

The full line in Fig. 13(a) shows the quantum mechanically calculated (see Section 5.4) grand
canonical susceptibility for small and intermediate fluxes at a Fermi energy corresponding to ~2100
enclosed electrons in a square at a temperature such that kz7/4 = 8. The semiclassical result XE:,))
from the family (11) (Eq. (5.18)) shown as the dashed—dotted line (with negative offset) in Fig. 13(a)
exhibits the onset of deviations from the quantum result with respect to phase and amplitude starting
at ¢ ~ 8 (r. ~ 2a) indicating the breakdown of the family (11) of straight line orbits. With
increasing flux we enter into a regime where the nonintegrability of the system manifests itself in
a complex structured energy level diagram (see Fig. 1(a)) on the quantum level and in a mixed
classical phase space [73] of co-existing regular and chaotic motion. However, besides the variety of
isolated stable and unstable periodic orbits there remains a family of orbits with specular reflections
only on opposite sides of the square. We will denote these periodic orbits shown in Fig. 14 which are
known as “bouncing-ball” orbits in billiards without magnetic field by (M,,0) and (0,,) according
to the labeling introduced in Section 5.1. (M, and M, are the number of bounces at the bottom and
left side of the square.) These orbits form families which can be parameterized, e.g. for the case
(M,,0) in terms of the point of reflection x; at the bottom of the square. We thus expect — as in the
case of the families (M,,M,) in Section 5 — in the semiclassical limit a parametrical dependence on
kra of the related susceptibilities which should strongly dominate the contributions of the co-existing
isolated periodic orbits.

We present our semiclassical calculation of the susceptibility contribution related to bouncing-ball
orbits for the primitive periodic orbits, i.e. (M,,0) = (1,0) and generalize our results at the end to the
case of arbitrary repetitions. We proceed as in Section 5 for the derivation of x\)’. However, while
those calculations were performed in the limit of a small magnetic field (assuming H -independent
classical amplitudes and shapes of the trajectories (11)) we now have to consider explicitly the field
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a) 100

Fig. 13. Grand-canonical susceptibility of a square potential well as a function of magnetic flux ¢ = Ha?/®,. The full lines
always denote the quantum mechanical results. Panel (a): y/y. calculated at a Fermi energy of 2140 enclosed electrons
at a temperature k7/4 = 8. Dashed (dotted) line: Semiclassical result due to bouncing-ball orbits from Eq. (7.11) with
action Sio according to the exact expression of Eq. (7.3), (quadratic approximation Eq. (7.12)). Dashed—dotted line:
Susceptibility contribution from family (11) from Eq. (5.18) with offset of —80 for reasons of representation. (b) Dashed
line: Semiclassical contribution (Eq. (7.13)) from bouncing-ball orbits for 1440 electrons and kT/A = 7. The lower value
of kr makes it necessary to describe the actions by Eq. (7.3). (¢) same as in (b) but for a low temperature k7/4 = 2 for
which repetitions are important and the use of Eq. (7.13) is necessary to approach the quantum results.

dependence of the classical motion. The contribution to the diagonal part of the Green function of
a recurring path starting at a point ¢ on a bouncing-ball orbit reads

/ 1 . S]() TC>:|
¥ g =q;EH)y= ———D — —Nip= . 7.2
10(q. 9 q ) iﬁm 10 €Xp {1 ( 7 ’7102 (7.2)

Simple geometry yields for its length, enclosed area, and action
2a{
sin {’

Lio(H) = Avo(H) = —(2( — sin 20)r%; Sio _ (Lm + Al"(H)) : (7.3)

A r(H)

where {, the angle between the tangent to a bouncing-ball trajectory at the point of reflection and
the normal to the side, is given by (see Fig. 14)

sin { = a/2r, . (7.4)
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I I(H) i

 /

0 X a

Fig. 14. Schematic representation of a typical flux-enclosing bouncing-ball orbit with cyclotron radius .. The dashed lines
denote the limits of the H-dependent range of bouncing-ball orbits.

The Maslov index #,, is four and will be therefore omitted from now on.

As in Section 5, we will use as configuration space coordinates the couple ¢ = (x,s), where x,
labels the abscissa of the last intersection of the trajectory with the lower side of the square (see
Fig. 14) and s is the distance along the trajectory. This choice has the advantage that Djo(x,s) is
constant, and therefore taking the trace of the Green function merely amounts to a multiplication
by the size of the integration domain. As discussed in more detail in Appendix D, the semiclassical
amplitude Dy, is given by [21]

|

Dw(q.94 = q) = sl

A —12
X,

0Py,

: (7.5)

X0’ =xy

where (xo, py,) — (xg, pi,) is the Poincaré map between two successive reflections on the lower side
of the billiard. Noting u,, = (p,, — eA,/c)/(hk) (u,, is the projection of the unit vector parallel to
the initial velocity on the x axis) one obtains from simple geometrical considerations

P = P,
=+ 2n (1= G —ainf =1 (a 7). (7.6)

For the periodic orbits, x{, = x, implies that u,, = a/2r, = sin {, and therefore
, ‘ 1 [fik cos {
Di(q,qg =q)= — —> (7.7)
SV 2a

which reduces to Eq. (5.4) in the limit # = 0 ({ = 0). For the contribution of the whole family
(1,0) we must perform the trace integral Eq. (5.1). The integral over s gives as usual a multiplication
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by the period

o Lo
"7 hk/m

of the orbit. Moreover, since neither the actions Sj;, nor the amplitude D)y depend on x,, the xo-
component of the trace integral simply yields a length factor

1(H)=a<1 ~ tan %) (7.8)
(see Fig. 14) which describes the magnetic field dependent effective range for the lower reflection
points of bouncing-ball trajectories (1,0). /(H) vanishes for magnetic fields corresponding to 2r, = a.
We therefore obtain for the bouncing-ball contribution d,y = —(gs/n)Im %, to the density of states

29s

Al H) = =55

. S}() s
1(H)L|()D]() sSin (? + Z) . (79)

In order to compute the contribution y\;’ to the (grand canonical) susceptibility we first have to

calculate AF ,((')) by performing the energy integral Eq. (2.15¢), and then to take twice the derivative
with respect to the magnetic field. In a leading # calculation, integrals and derivative should again
be applied only on the rapidly oscillating part of dyy. Noting moreover that Eq. (4.7) is not restricted
to perturbation around H = 0, i.e. that at any field

cH

e
= _A‘O ’
c

we therefore obtain in the same way as we did for Eq. (6.21)

1 fedyp)?
fo' = = <7‘> dioit. H)Rx(Lio) (7.10)

2
a 10

Inserting the expressions Egs. (7.3), (7.8) and (7.7) into Egs. (7.9) and (7.10), we finally have pars
explicitly in terms of { as

pary _ 3 (ke Vieos {(sin ¢ + cos{ — 1) (2¢ — sin(2())?
o 8w ¢ sin® ¢

.S id
X S <% + Z) RT(L|()) .

(7.11)

The entire bouncing-ball susceptibility (x\y + 5, )/x. = 2%\ /L according to Eq. (7.11) is shown

in Fig. 13(a) as the dashed line. At fluxes up to @ ~ 15 it just explains the low frequency shift
in the oscillations of the quantum result indicating that the overall small field susceptibility is well
approximated by y;, + yi10 + xor. For fluxes between ¢ =~ 15 (r. = 1.2a) up to ¢ ~ 37 (the limit
where r, = a/2, i.e. the last bouncing-ball orbits vanish) the magnetic response is entirely governed
by bouncing-ball periodic motion and the agreement between the semiclassical prediction and the
full quantum result is excellent.
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The flux dependence of the actions S, (see Eq. (7.3)) is rather complicated. However, an expan-
sion for a/r, = 2n¢/(kra) <1 yields a quadratic dependence on ¢

S]() 1 27T(P)2
— ~2 - — [ — . 12
o= 2hea [] 24 <kFa (7.12)

The susceptibility from Eq. (7.11) with S}y according to Eq. (7.12) is shown as dotted curve in
Fig. 13(a). It agrees well at moderate fields and runs out of phase at a flux corresponding to
ajr. > 1. While the period of the y,; small field oscillations is nearly constant with respect to ¢
we find a quadratic ¢ characteristic for the oscillations in the intermediate regime which turns nto
a 1/¢ behavior in the strong field regime (see next subsection).

To show that the agreement between the semiclassical (dashed) curve and the quantum result is
not an artefact of the particular number of electrons chosen, Fig. 13(b) depicts semiclassical and
quantum bouncing-ball oscillations for 437/4 = 7 and at a different Fermi energy corresponding to
~1400 electrons. With decreasing Fermi energy the upper limit . = a/2 (or kra/(2np) = 21) of the
bouncing-ball oscillations is shifted towards smaller fluxes (¢ ~ 30 in Fig. 13(b)) and the number of
oscillations shrinks. The oscillations for ¢ > 30 belong already to the strong field regime discussed
in the next subsection.

Up to now we discussed the magnetic response of the family of primitive orbits (1,0) and (0,1)
which completely describes the intermediate-field regime at rather high temperatures corresponding
to a temperature cutoff length in the order of the system size. At low temperatures we have to include
contributions from higher repetitions (r,0), (0,7) along bouncing-ball paths. L, and 4,, have a linear
r—dependence, and from the Poincaré map Eq. (7.6), one obtains that D,; = r~'?D,,. Therefore

Z (/}‘(])) + XUr

5, A/cos {(sin { 4 cos { — 1) (2{ — sin(20))?
R HE D (7.13)

x ;‘ 712 sin (r % + %) Re(rLy).

Fig. 13(c) shows the susceptibility at the same Fermi energy as in Fig. 13(b) but at a significantly
lower temperature kg7/4 = 2. The bouncing-ball peaks are much higher and new peaks related to
long periodic orbits differing from the bouncing-ball ones appear. However, the bouncing-ball peak
heights and even their shape (which is no longer sinusoidal and symmetrical with respect to y = 0)
is well reproduced by the analytical sum Eq. (7.13) showing the correct temperature characteristic
of the semiclassical theory.

The kra behavior of the bouncing-ball susceptibility at a fixed flux is not as simple as in the case
of the weak-field oscillations (where y\)’ ~ (kra)¥?) since the angle { occurring in the prefactor in
Eq. (7.11) depends on kre and the action is nonlinear in kra. Nevertheless, the overall oscillatory
behavior is similar as for example in Fig. 8(a). However, at a given nonzero magnetic field the
classically relevant parameter Eq. (7.1) changes with energy. Therefore, by increasing the Fermi
energy beginning at the ground state one generally passes from the strong field regime (at small
energies or high field strengths, see next section) to the bouncing-ball regime and will finally reach
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Fig. 15. De Haas—van Alphen like oscillations of the susceptibility of a square at magnetic fluxes corresponding to r, < a/2
for 2140 electrons at k7/4 = 8. Full line: quantum calculations; dashed line: analytical semiclassical result from cyclotron
orbits according to Eq. (7.19).

the regime of oscillations related to the family (11). A unique behavior of periodic orbit oscillations
is only expected by changing magnetic field and Fermi energy simultaneously in order to keep
the classical parameter Eq. (7.1) which determines the classical phase space of the microstructure
constant. Such a technique is known as scaled energy spectroscopy in the context of atomic spectra
[74].

Bouncing-ball oscillations are expected to exist in general in microstructures with parts of their
opposite boundaries being parallel and in spherical symmetrical microstructures as the disk discussed
in Section 4. (In the latter case the oscillations should be even stronger than in the square since the
effective length /(/7) (Eq. (7.8)) is not reduced with increasing magnetic field.) An investigation of
rectangular billiards for instance shows a splitting of the frequencies of oscillations related to orbits
(M,,0) and (0, M,) due to the different lengths of the orbits in x and v direction.

7.2. Strong field regime

At large magnetic field strengths or small energy the spectrum of a square potential well exhibits
the Landau fan corresponding to bulk-like Landau states being almost unaffected by the system
boundaries, while surface affected states fill the gaps between the Landau levels and condensate
successively into the Landau channels with increasing magnetic field (see, e.g., Fig. 1(a)). This
spectral characteristic corresponds to susceptibility oscillations which emerge with increasing am-
plitude for fluxes corresponding to ». < a/2, for instance for ¢ > 40 in Fig. 1(b). They are
shown in more detail in Fig. 15 where the full line depicts the numerical quantum result. These
susceptibility oscillations exhibit the same period ~ 1/H as de Haas—van Alphen bulk oscillations
but differ in amplitude, because here the cyclotron radius is not negligible compared to the system
size.

For the bulk or in the extreme high field regime r, <a, where quantum mechanically the influence
of the boundaries of the microstructure on the position of the quantum levels can be neglected,
an expression for the susceptibility is most easily obtained by Poisson summation of the quantum
density of states as was briefly sketched in the introduction following standard textbooks [2]. One
then obtains the bulk magnetism as given by Eq. (1.11). It may be interesting to note however that
a semiclassical interpretation of this equation follows naturally from an analysis similar to the one
we followed throughout this paper. In this case only one type of primitive periodic orbits exists, the
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cyclotron orbits with length, enclosed area, and action given by

5 S

Lo(H) =2mr;  Ao(H) = —mr; %" = kg + %HAO = knr. . (7.14)
C

Moreover, the trajectory passes through a focal point after each half traversal along the cyclotron

orbit. Therefore, using 1, = 2n for the Maslov indices and omitting the Weyl part of G, one obtains

from Eq. (5.2) a semiclassical expression for the diagonal part of the Green function
1
Grr=r)= ——— —1Y'D,, exp(inmkr,) , 7.15
( ) T ;( ) p( ) (7.15)

in which the main structure of Eq. (1.11) is already apparent. A direct evaluation of the amplitude
D, in configuration space is however complicated here by the fact that all trajectories starting at
some point ¢ refocus precisely at r (focal point). Therefore, an expression like Eq. (7.5) for D,
is divergent and cannot be used. A method to overcome this problem by working with a Green
function G(x, Vi ph,¥') in momentum representation for the x’ direction instead of G(x, y;x',y") is
described in Appendix E. It yields (see Eq. (E12))

D, /ihV2mih = m/ih* . (7.16)
Inserting this expression in Eq. (7.15) we obtain the oscillating part of density of states
d™(E;H) =Y d.E,H)= Gsdm > (—1Y" cos(nmkr,) (7.17)
* . n bl TCﬁZ - 4 cJ -

from which the de Haas—van Alphen susceptibility Eq. (1.11) is obtained by using

2
N }4 (ii;(‘:) Xn:a’,,(,u,H)RT(nLO). (7.18)
(with 74 = Lo/vg) which applies for the same reasons as Eq. (7.10).

For an infinite system, this direct semiclassical approach to the susceptibility therefore yields the
same result as the Poisson summation. For billiard systems, it allows moreover to take correctly into
account the fact that the trajectories too close to the boundary do not follow a cyclotron motion.
Indeed, as seen in Appendix E, the contribution of cyclotron orbits to the susceptibility Eq. (1.11)
has to be modified when 7. is not negligible compared to @ by the introduction of a multiplicative
factor s(H). It accounts for the effect that the family of periodic cyclotron orbits (not affected by
the boundaries) which can be parameterized by the positions of the orbit centers is diminished with
decreasing field since the minimal distance between orbit center and boundary must be at least r,.
One therefore obtains for a billiard-like quantum dot

56€ o
EE = —6s(H ) (kpre) Y (= 1Y Ry(2mnr,) cos (nmkere) | (7.19)
L

n=I

where s(H) is given by Eq. (E15). In the case of the square we find for the area reduction factor

s(H) = (1 2%)2 2] <1 fz”ai) , (7.20)
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© being the Heavyside step function. The last cyclotron orbit disappears at a ficld where r, = a/2,
i.e. s(@) = 0 which happens near ¢ = 38 in Fig. 15. There the dashed line showing the semiclassical
expression (7.19) is in good agreement with our numerical results and reproduces the decrease in the
amplitudes of the de Haas—van Alphen oscillations when approaching ¢(r, = a/2) from the strong
field limit. This behavior is specific for quantum dots and does not occur in the two-dimensional
bulk. Corresponding bulk de Haas-van Alphen oscillations under the same conditions as for the
curves in Fig. 15 have (nearly constant) amplitudes in the order of y/x =~ 3000.

The semiclassical curve which only reflects the contribution from unperturbed cyclotron orbits
agrees with the numerical curve (representing the complete system) even in spectral regions which
show a complex variety of levels between the Landau manifolds (see Fig. 1). Due to temperature
cutoff and since angular momentum is not conserved in the square the corresponding edge or whis-
pering gallery orbits are mostly chaotic and do not show up in the magnetic response. The strong
de Haas—van Alphen-like oscillations manifest the dominant influence of the family of cyclotron
orbits. In related work on the magnetization of a (angular momentum conserving) circular disk in
the quantum Hall effect regime Sivan and Imry [46] observed additional high frequency oscillations
related to whispering gallery orbits superimposed on the de Haas—van Alphen oscillations.

8. Conclusion

In this work we have studied orbital magnetism and persistent currents of small mesoscopic
samples in the ballistic regime. Within a model of noninteracting electrons we have provided a com-
prehensive semiclassical description of these phenomena based on the semiclassical trace formalism
initiated by Gutzwiller, Balian, and Bloch. We have moreover treated in detail a few examples of
experimental relevance such as the square, circle and ring geometries.

The global picture that emerges from our study can be summarized as follows. The magnetic
response is obtained from the variation of the thermodynamic potential (or the free energy) under
an applied magnetic field and therefore, in a noninteracting model, from the knowledge of the
single-particle density of states. The semiclassical formalism naturally leads to a separate treatment
of the smooth (in energy) component of the density of states (or its integrated versions) and of its
rapidly oscillating part. The former is related to the local properties of the energy manifold, while
the latter is associated with the dynamical properties of the system, more precisely to its periodic
(or nearly periodic) orbits. For the smooth component we have shown that, despite the leading
(Weyl) term in an # expansion is independent of the field, higher-order terms can be computed
and give rise to the standard Landau diamagnetism for any confined electron system at arbitrary
magnetic fields. In the high-temperature regime, where the rapidly oscillating component of the
density of states is suppressed by the rounding of the Fermi surface, the magnetic response reduces
to the Landau diamagnetism. On the other hand, for the temperatures of experimental relevance
the contribution coming from the oscillating part of the density of states is much larger than the
Landau term and dominates the magnetic response. Similarly to the case of diffusive systems, the
susceptibility of a ballistic sample in contact with a particle reservoir with chemical potential u
can be paramagnetic or diamagnetic (depending on u) with equal probability. The fact that the
samples are isolated (with respect to electron transfer) forces us to work in the canonical ensemble.
Because of the breaking of time-reversal invariance occurring when the field is turned on, this results,
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for essentially the same reason as in the diffusive regime, in a small paramagnetic asymmetry for
the probability distribution of the susceptibility of a given sample. For generic integrable systems,
this effect is reinforced by the breaking of invariant tori, which acts concurrently with the lost
of time-reversal invariance. The asymmetry disappears for a flux A® inside the system which is
of the order of the quantum flux @, at a temperature selecting only the first few shortest orbits
contributions, but may be smaller for lower temperature. Measuring the magnetic response of an
ensemble of structures with a large dispersion in the size or the number of electrons magnifies this
asymmetry and yields a total response (per structure) which is paramagnetic and much smaller than
the typical susceptibility for a flux smaller than A®, and zero for larger flux. For ensembles with
only microscopic differences between the individual structures (i.e. A(kra) > 2x, but still da/a <1
and AN/N <1) further oscillating patterns in the average susceptibility should be observed for larger
fields.

Since the oscillating part of the density of states is semiclassically related to the classical periodic
orbits, the nature of the classical dynamics quite naturally plays a major role in the determination of
the amplitude of the magnetic response. Indeed, for a system in which continuous families of peri-
odic orbits are present, these orbits contribute in phase to the density of states, yielding much larger
fluctuations of the density of states than for systems possessing only isolated orbits, and therefore
much larger magnetic response. Families of periodic orbits are characteristic for integrable systems,
while for chaotic systems the periodic orbits are usually isolated. This different behavior can there-
fore be referred to as the hallmark for the distinction between integrable and chaotic systems. It
should be borne in mind however that this difference is due to short-time properties, namely the
existence or absence of families of orbits, rather than to long-time properties such as exponential
divergence of orbits. In this respect, some atypical chaotic systems, such as the Sinai billiard for
instance, may show a magnetic response typical for an integrable system because of the existence
of marginally stable families of orbits.

The importance of classical mechanics can be illustrated in the (experimentally relevant) case
of two-dimensional billiard-like quantum dots in the weak-field regime. If the system is chaotic,
more precisely if the periodic trajectories are isolated, the typical susceptibility scales as (kra)y.,
where kg is the Fermi wave number and a the typical size of the dot. By comparison, the typ-
ical susceptibility of an integrable system scales with (kp@)*?y.. This characteristic behavior of
integrable systems is found in the generic case (like the square) where the magnetic field breaks
the integrability as well as in the nongeneric case (like the disk) where the system remains inte-
grable at finite fields. The difference due to the nature of the classical mechanics is even stronger
for measurements on ensembles of structures since one obtains a (kga)y. dependence for inte-
grable systems and no dependence on (kra) for the chaotic ones. The same parametric dependences
are obtained for the persistent currents in integrable and chaotic multiply connected geometries.
Therefore, the nature of the dynamics yields an order of magnitude difference in the magnetic
response of integrable and chaotic systems, which should be easy to observe experimentally (es-
pecially for ensemble measurements). Finally, for systems with mixed dynamics, for which the
phase space is characterized by the coexistence of regular and chaotic motion, the magnetic re-
sponse should be dominated by the nearly integrable regions of phase space. This gives rise to
a (kra)*?y. dependence for the typical susceptibility as long as some families of periodic or-
bits remain sufficiently unperturbed. The precise calculation of the prefactor may however present
some complications that we have not considered here (the general semiclassical treatment of mixed
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systems remains an open problem) and should depend on the fraction of phase space being
integrable.

The semiclassical approach we are using not only allows a global understanding of the magnetic
response of ballistic devices, but also provides precise predictions when specific systems are consid-
ered. The detailed comparison between exact quantum calculations and semiclassical results for the
square geometry demonstrates indeed that the semiclassical predictions are extremely accurate. This
has been shown in Section 5 for weak fields, such that the trajectories are essentially unaffected by
the magnetic field, and also in Section 7 for fields large enough to yield a cyclotron radius of the
order of the typical size of the structure (where the bending of the classical trajectories has to be
taken into account). For intermediate ficlds we have identified a new regime where the magnetic
susceptibility is dominated by bouncing-ball trajectories that alternate between opposite sides of the
structure (enclosing flux due to their bending). For high fields the electrons move on cyclotron
orbits and we have recovered the de Haas—van Alphen oscillations (with finite-size corrections that
we calculated semiclassically).

In order to understand the success of the semiclassical approach, it should be kept in mind that
the lack of translational invariance characteristic for the ballistic regime, where the shape of the
device plays an important role, complicates the application of other approximation schemes as e.g.
diagrammatic expansions. Therefore, except for very specific cases where exact quantum calcula-
tions are possible, and unless one is satisfied by direct numerical calculations, some semiclassical
ideas have to be implemented to deal with such problems. Moreover, from a more practical point
of view, the semiclassical trace formalism we have used appears perfectly adapted to deal with
thermodynamic quantities such as the grand potential Q(u) or its first and second derivatives N(u)
and D(u). Indeed, the beauty of this approach is that the oscillating part of the density of states is
directly expressed in terms of Fourier-like components, each of which is associated with a periodic
(or nearly periodic) orbit. The thermodynamic properties are obtained from their purely quantal (or
zero temperature) analogs w, n and d by temperature smoothing, which merely amounts to mul-
tiply each oscillating component by a temperature-dependent damping factor. For all fields (high,
intermediate, or weak), this factor depends only on the ratio of the period 1 of the corresponding
orbit and the temperature-dependent cutoff time 1. = f#i/n and suppresses exponentially the contri-
bution of orbits with period longer than 7.. As a consequence, not only the effect of temperature
is taken into account in an intuitive transparent way, but in addition only the shortest periodic
orbits have to be considered in the semiclassical expansion. All the problems conceming the con-
vergence of trace formulae and the validity of semiclassical propagation of the wave function for
very long times are of no importance here. One therefore avoids most of the problems which plague
the field of quantum chaos when semiclassical trace formulae are used to resolve the spectrum on
a mean-spacing scale. Mesoscopic physics is usually concerned with the properties of the spec-
trum on an energy scale large compared to the mean spacing. In the spirit of the work of Balian
and Bloch [54], this is the situation for which the semiclassical trace formalism is especially
appropriate.

Having stressed the success of the semiclassical approach in dealing with our model of nonin-
teracting electrons evolving in a clean medium, it is worthwhile to consider in more detail how
the above picture should be modified when going closer to the real world, and incorporating the
effects of residual disorder, electron—electron or electron—phonon interactions. As stressed in the in-
troduction, the first of these points is relatively harmless because of finite temperature smoothing.
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The restriction to short periodic orbits actually justifies an approach to the ballistic regime using a
model for clean systems since long diffusive trajectories do not contribute to the finite-temperature
susceptibility. Indeed, careful numerical and semiclassical studies of the effect of small residual
disorder [43] show that, except for a possible reduction of the magnetic response, the above de-
scription of the orbital magnetism of ballistic systems remains essentially unaltered. In particular,
the mechanism proposed by Gefen et al. [60] is not borne out by the numerical simulations at the
temperatures of experimental relevance. For smooth disorder, such as presumably prevails in the
systems of Refs. [25, 26], the magnetic response is decreased by the dephasing of nearby trajec-
tories in a way that depends on its strength and the ratio between the correlation length and the
size of the structure [43], but diffusive trajectories can be seen to be absolutely irrelevant if the
elastic mean free path is larger than the size of the structure. The precise knowledge of this re-
duction is however needed in order to make a decisive comparison with the experimental results of
Ref. [25].

At the low temperatures of the experiments the inelastic mean free path of the electrons is much
larger than the system size since electron—phonon interactions are suppressed. On the other hand,
the effect of electron—electron interactions on the magnetic response is a much more controversial
point. In particular, it has been invoked to be the necessary mechanism to obtain the measured
values [75] for the problem of persistent currents in disorder metals. In a first approximation to
the experimental conditions that we investigated in this work we would infer that electron—electron
interactions are not crucial since the screening length is much smaller than the size of the samples
and since the 2-d renormalization of the effective mass at these electron densities is only about 11%
[76]). Clearly the two previous criteria will not be satisfied in smaller structures, and the possibility
that electron—electron interactions express themselves through a mechanism for which these estimates
are not relevant remains open even in the experimental realizations we consider.

Contrarily to the effect of disorder, which can be implemented within a semiclassical framework
without essential difficulties, a semiclassical treatment of the electron—electron interaction still remains
an open problem. However, the genuine effects that we have found within our semiclassical approach
for the clean model of noninteracting electrons should prevail in more sophisticated theories. We
think that the rich variety of possible experimental configurations for ballistic devices (the shape and
the size can nowadays be chosen at will) provides an ideal testing ground for these more complete
approaches. We hope that the work presented here will stimulate experimental and theoretical activity
addressing the magnetic response of ballistic microstructures.
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Appendix A. Convolution of a rapidly oscillating function with the derivative
of the Fermi function

When considering thermodynamic quantities related to the oscillating part of the density of states
at finite temperature 7', one has to evaluate integrals of the form

10y = [T aEAE 0 [ 3SE) £1E -, (A1)
JO
where f'(E — p) is the derivative of the Fermi function

J(E =)= 1/[1+exp f(E - )],

and f = 1/kgT. The rapidly oscillating function A(E)exp[(i/£)S(E)] usually originates from the
contribution of a classical orbit (or a family of orbits) to the oscillating part of the density of states.
In this case S(E) is the action integral along the orbit, and its derivative dS/dE = ©(F) is the period
of the orbit.

At zero temperature ' = —d&(E — p) giving for [, = I(T =0)

ly = —A(u)exp [(i/R)S(w)] . (A2)

In this appendix we show that, to leading order in # and in ~' (but without making any assumption
concerning their relative value), the integral of Eq. (Al) is given by

I(T) = LR(7) (A3)
with the temperature dependence

/T _ ph
Rz = sinh(z(p)/7.) o= T (A4)

For systems without potential, i.e. free particles confined in a box (billiards), the period of the
trajectory is related to its length L by t(u) = L/vg, where vg = fikp/m is the Fermi velocity. Ry can
then be written as

L/L, he

Ri(ly= ——"*—: L. = . A
"= iy’ m (A3)

In the case of unconfined free particles, the formulae (A4) and (AS5) are equivalent to the usual
form of the temperature dependence of the de Haas—van Alphen effect Eq. (1.10) given in the
introduction. Below we present a slight variation of a standard calculation (see e.g. [2]) of the
temperature dependence of the de Haas—van Alphen effect, which generalizes it to any type of
dynamics, once we caste it in the form of Eq. (A4).

Performing the integral (A1) along the contour shown in Fig. 16 and noting that the singularities
of the derivative of the Fermi function are double poles located at £, = u+ i(2k + )z/f (k = 0,
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+1,42,...) with a coefficient 1/, one finds the following relation

N ro0+i27/
/0 4E ACE)exp [(/BSEN /(B — 1) — /W ) dE A(E) exp[(i/f)S(E)] f(E — )
= %nir(: DB exp [G/)S(E ] .

At low temperatures, the function f'(E — p) is essentially zero everywhere in the complex plane,
except for a narrow band of width f~' near the line Re(E) = y, therefore the vertical portions of the
contour (£ = 0 and E > u) give negligible contributions. Noticing that f/(F — u) has a periodicity
of 2in/f we can ignore the complex part of £ in the factor f” of the second integral. Finally, since
Im(E,) = n/f and Im(E) = 2n/f along the upper portion, we can evaluate the prefactors at ¢ and
expand the actions (which are multiplied by 1/A) as S(£) = S(¢) + t(u)(E — u) in leading order in
B! and %, obtaining

11 (1 exp {*2”;;“)]) - f”ﬁf,(i“)A(u)exp [%S(u) - ”ﬁ(,‘t‘)} |

That is,
I(T) (1 — exp {———2:?'”)}) = 1021(;1) exp [—M] R

C < ‘CC

from which one readily obtains the result of Eq. (A3).
A.l. Further comments

We would like to use the above calculation to motivate some choices made in Section 2 which
might have appeared rather arbitrary. Concerning for instance the grand potential () two equivalent
expressions have been introduced: The usual Eq. (1.3) and Eq. (2.6¢c) which is obtained from
integration by parts. On the other hand, we have used only

Q) = — / dE 0™(E) f'(E — p) (A7)

as the “operational” definition of the oscillating part Q° of £, and one might wonder whether an
integral analogue to the one of Eq. (1.3) like

- / d(E) [ — (A8)

(where f(E — u) = In(1 4+ exp[f(—E)])/B is the primitive of the Fermi function) could not
be used as well. This is not the case for the two following reasons:

(1) First, the oscillating functions d°* or @ are usually obtained in a semiclassical approach
and are therefore valid only for large energies. If the chemical potential p is in the semiclassical
regime and 7' <pu, which is always the case for the problems we consider, only the neighborhood
of u in which ®*¢ can be used safely, contributes significantly to the integrals of Eq. (A7). On the
contrary, the integral (A8) involves energies close to zero. Therefore there is no reason that d°° is
accurate, being quite often a diverging function.
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Fig. 16. Contour of integration in the complex energy plane used to evaluate the integral Eq. (A1). The derivative f’(E—p)
of the Fermi function has a periodicity of 2in/f and double poles located at £, = p +i(2n + 1)7/B (n being a positive
or negative integer). Moreover, at low temperature, f'(E — ) is essentially zero except for a narrow band of width f~'
near the line Re(£) = u. With this contour of integration, the integrand of Eq. (Al) has to be evaluated only in the small
domain [ — =", u+ B7'] x [0,2inf~"'] where a linearized approximation of the action is accurate.

(ii) In addition, even if one has at hand an equation as (1.6) which is a non—semiclassically exact
expression, the integrals of Eqs. (A7) and (ARB) are, strictly speaking, not equivalent. The latter form
contains some boundary terms not present in the former, which obviously have to be removed from
Q¢ since they do not average to zero under a local smoothing.

In a semiclassical treatment the derivative f' of the Fermi function is superior to any of its
integrated versions since it is significant only at energies where semiclassical approximations can be
used safely.

Appendix B. Semiclassical expansion of the mean density of states
In this appendix we calculate the first two terms in an % expansion of the smooth part of the

density of states d(E). We follow the standard approach introduced by Wigner [63] using the notion
of the Wigner transform of an operator. The Wigner transform of a quantum operator ¢ is defined by

(Clvtg.p) = [are = (g Siclg -3 ) (B1)
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Among different properties of the Wigner transform we will essentially make use of the following

two: First, the trace of an operator is related to the integral over phase space of its transform by
means of

A 1 ‘

Tr(C) = —— [ dgdp[C . B2

(C) (Gnfy / qdp[Clw(q.p) (B2)

(We stress that this is an exact, not semiclassical, relation.) Secondly, for any operator function of the

position and momentum quantum operators % (§,p) (with some specified ordering), the semiclassical
leading-order approximation to its Wigner transform is just the related classical function, that is

[7(4.P)lw = Z(q.p) + O(h) . (B3)

When # depends only on 4§ or p, the relation between the Wigner transform and the classical
function is exact (no corrective terms in #), as can be directly checked from Eq. (Bl).

We will follow closely the presentation of Ref. [77] to which the reader is referred to for further
details. The first step in the calculation of d(E) is to consider the Laplace transform of the level
density, Eq. (3.2), which due to the property (B2) can be written as

() =

o [ dadple e (B4)

(gs = 2 is the spin degeneracy factor). Using Eq. (B3), the leading order (Weyl) term in h, Zy, 18
obtained by replacing [e=*” Jw(q,p) by e **@P  where

1 e \’
— 5 (p=24) 4@ (85)
is the classical Hamiltonian. At this level of approximation Z(4) is given by
(p—SA)
Zw(d) = Gn ﬁ)d /dq dp exp | —4 —2;—— + V(|| - (B6)

Since this term is field independent (see the change of variable (3.5) in the text) we need to go
to the next order in A in order to obtain nonvanishing contributions to the magnetic susceptibility.
Therefore we consider the asymptotic semiclassical expansion

W A H = _ﬁ2 ! Cn(qapai)
A _ AA wig.p) L.l S Rbtauy B7
[ Tw(g.p) = ¢ > ( 7 ) i (B7)

We have already seen that C; = 1. The following coefficients C, can be obtained recursively by

grouping terms according to their power in #. In particular, the first coefficient is given by [63,77]

cCy
cA

= —e/lh ([;{]w A e"“/]“) ; (B8)

P d - — — —
where A= Z,zl ¢q;0p; — 0 p;0q; 1s the Moyal bracket.
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Inserting the classical Hamiltonian (B5) at the place of [#]w we obtain C, as the sum of three
terms

G =(CH+(CH+(CY),

where

3

> A :
(€= L [/"~2V“V(11) “ 3 (mVV(Q) VIV + ((p — (efe)A)- V) V(ll)) (B9)
m m

is, up to the change of variable Eq. (3.5) in the integration over the phase space, the first-order
correction without magnetic field C,(#=0) given in [63]. (C}) is given by terms being antisymmetric
in p that vanish when taking the trace over phase space. Finally,

()= 22 { [(0g;4; )(0qiAx ) — (0g:Ax )(CqxA;)]

ik=1
273 R ) -
Ep) [(0q:4: )(DquA ) pi — (efc)A:) — (0qiAs )(0qiAr)
J— / M 2 .o— / . 2
L e (efodn) 2+(p, (efc)d;) H ‘ (B10)
The first correction to the Laplace transform of the density of states is given by
; —0s ZluB m
VA = B1l1
D= gy [ 4 dp[ oL C} (BI1)

(us = (eh)/(2mc) is the Bohr magneton). Egs. (B11) and (3.7) are obtained from Eq. (B10) by
using the identity

04\? o4, o4,
HZZZKCAJ) —C—A’ﬂ] (B12)
Jk

0qi gy aq,-

and a few transformations that leave the integral over p unchanged, namely: (i) the change of
variables Eq. (3.5) (allowing the substitution of # by #° = p*/2m + V(q)) (ii) the elimination of
all terms antisymmetric in p, (iii) the replacement of all terms of the form pe=#"/2" by (m/A)e~"7"/>".
Note finally that the field appears only in the term —A*u3H?/6, which is independent of the confining
potential V' (q). This is at the root of the very general applicability of the Landau result.

Appendix C. Calculation of g for a ring billiard

In this appendix we derive the explicit form 7, = gz({)) of the energy surface E in action space
for a ring geometry. The calculation reduces to the evaluation of the integral of Eq. (4.1) along two
independent paths on the invariant torus. The only subtlety arises from the difficulty of visualizing
the integration paths in our four-dimensional phase-space where the tori are discontinuous due to
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the presence of hard walls, We closely follow the procedure used by Keller and Rubinow [66] for
the circular billiard, and we refer to this work for further details.

In a circular ring (with outer and inner radii @ and ») we can distinguish two types of periodic
trajectories: those which do not touch the inner disk (type-l, Fig. 17(a)) and those which do hit
it (type-II, Fig. 17(b)). Type-I trajectories have their caustics outside the inner disk and therefore
they are unaffected by their presence. They have an angular momentum pc, with b < ¢ < a
(p = v2mE). Taking as the integration path %, the concentric circle of radius R, we have pdgq =
( pc/R)dg and then

1 ¢
h=giprria=rc. )
0
The action variable /, is just the angular momentum. The straight part of the path %, of Fig. 17(a)
is chosen along a classical trajectory, where p is constant and collinear with dg. For the part along
the outer circle pdgq = —( pc/a)dg. Combining both contributions we have

"= % {[a2 — )"~ ¢ arccos <%>} . (€2)

Elimination ¢ between (C1) and (C2) leads to Eq. (4.12) of the text, valid for the description in
action space of the energy surface of the circular billiard [66] and the energy surface associated
with type-l trajectories in the ring billiard (pb < I, < pa). We have chosen the integration paths
for type-I trajectories different from those of Ref. [66] because slight modifications of them are
applicable for type-II trajectories.

Type-II trajectories have their caustics in the interior of the inner disk, that is, they have an angular
momentum p¢, with ¢ < b. Integration along the path €, of Fig. 17(b) leads to the identification
of I, with the angular momentum pc (similarly to Eq. (C1)). By choosing the path %, as shown on
Fig. 17(b), the action integral along this path is simply the difference 1"(a) — 1\"(b) (where both
terms are given by Eq. (C2), except that for the second a should be replaced by b). This yields

L= ;p {[az - cfz]m e [arccos (g) — arccos (%ﬂ } . (C3)

Eliminating ¢ between (C1) and (C3) leads to Eq. (4.21) of the text.

Appendix D. Calculation of the determinant D), at zero field for a generic integrable system

In the semiclassical approximation of the Green function (Eq. (5.2)) the amplitude D, associated
with a classical trajectory ¢ is given by [21]

1.2

%S, 9%,
aqﬁq’ aan 1 aZS 172

D = 2 N =1 g g0 (D1)
&S, s, |92 91eq

0Edq' OECE |
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Fig. 17. Integration paths on the invariant tori used to compute the action integrals /, and /; for the circular and the ring
geometrics. (a) Path % (thick dashed) and %> (thick solid) for the circle and type-I trajectories of the ring. The straight
part of %> is along a classical trajectory (thin solid), whose caustic (dotted) is outside the inner disk. (b) Path %> (thick
solid) for type-II trajectories of the ring. Path %, is similar as in (a) and therefore not shown. The straight parts of % are
along classical trajectories. We indicated one of them (solid thin) and its caustic (dotted) laying inside the inner disk. The
thick-dashed line joining the straight parts of %> is a guide to the eye putting in evidence the simple form of Eq. (C3).

Note the second equality holds not only when ¢, is taken along the orbit and ¢, in the perpendicular
direction, as supposed by Gutzwiller in its original derivation [S1], but also, as shown by Littlejohn,
in any coordinate system (see Section III.C in Ref. [78] and Section III in [79]). Although a priori
q, and ¢, play a similar role, their nonsymmetrical appearance on the right-hand side of Eq. (D1) (g,
and ¢, can be exchanged without affecting the value of D,) is due to the fact that one coordinate
(here ¢) is chosen as a Poincaré surface of section, and the dependence of the other coordinate
(here g,) just expresses the conservation of energy.

Turning now to the particular problem we are concerned with, i.e. an integrable system at zero
field and the diagonal part of the Green function, the above Eq. (D1) applies to Dy, (except for a
change t+ — M in the label of the orbits). Moreover, the measure Dy dg, dg; in Eq. (6.2} is invariant
under the transformation (g,,¢,) — (6, 0;) at zero magnetic field (see Ref. [70] for a more detailed
discussion of this point). In other words, noting in Eq. (D1) Dy(q) the determinant in the original
¢ coordinate and Dy () the determinant defined in the same way but in the system of coordinates
given by Eq. (6.5), one has Dy (q)dq, dg: = Dy(0)d0, dO,. Therefore

—1;2
oq 1 228 a9,
Dy, = - oy
M(‘I) |<89)‘ 12 ‘ 89169/1 (aJl >(}" > (D2)

0.0,
where the derivatives have to be taken at £, 6,, and ¢, = 6, + 2nM, constant. To compute the r.h.s.
of Eq. (D2) one just needs the expression of the Poincaré mapping (6,,J;) — (67,J]) between the
two (6, = const.) Poincaré surfaces of section. Since the motion is integrable, J| = J;, and from

1,2

1
_02

97



98

CHAPITRE 1. MODELE SANS INTERACTION

78 K. Richter et al | Physics Reports 276 (1996) 1-83

Eq. (6.5) we obtain

6;(J|,0|) = 61 —|—2m‘u%(oc(J1)—u|/u2), (D3)
where (/) is the winding number of the torus labeled by J,. Thus
60’1> , da
= 2mru; — . D4
(6.]1 0 “dJ, (D4)

We recall that the function g introduced in Section 4 is defined by the implicit relation H(/}, =
ge(11)) = E, which yields after differentiation dgz/d/; = —a. Therefore
da do d*gg

o _ 9, 49 D5
a, " an T " ar (D3)

from which one finally obtains

cq 1 1
— = D6
(59)‘ 0 |2mrig|"” (D)

l

Dy

Dy is inversely proportional to the square root of the curvature of the line H(/,,/;) = E = const.
and independent of 6.

Appendix E. Diagonal part of the Green function for a free electron in a constant magnetic field

In this section, we calculate semiclassically the diagonal part of the Green function G(#,#) for a
free electron moving in a plane in a perpendicular magnetic field. The resulting classical cyclotron
motion is extremely simple, but yields slight complications in the semiclassical evaluation of the
diagonal part of the Green function because all trajectories starting at some point r are refocused
precisely at r. The calculation of the prefactors deserves special attention but can be done using
a slight variation of the standard techniques and yields for unconstrained systems the usual result
Eq. (1.11). In addition to provide an alternative (semiclassical) derivation of the de Haas—van Alphen
effect, our procedure allows to compute correctly the contribution of the cyclotron orbits for billiard
systems, 1.e. it takes into account the corrections due to the boundaries which appear to be necessary
if the cyclotron radius 7, is not small compared to the typical dimension a of the system.

E. 1. Computation of the prefactor of a Green function near a focal point

It is an old problem to obtain a correct semiclassical solution of wave equations valid also near
turning points, focal points, caustics, etc., where the usual expressions are diverging. A general
solution for this problem can for instance be found in the book of Maslov and Fedoriuk [80]. In
this subsection, we will give the explicit form of this general theory when applied to the calculation
of a two-dimensional Green function and consider in the next subsection the particular problem of
a free electron in a constant magnetic field. To avoid confusion we will slightly modify our usual
notations, writing G(r|#') instead of G(#,r'). In addition, we will make more explicit what are the
initial and final points by using r' = (x', y') for the initial (source) point and, and r' = (xf, y') for
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the final (observation) point. As already stated, the semiclassical evaluation of the Green function
G(r'|r") yields a sum over all classical trajectories ¢ joining #' to r' at energy E

G'ir'y=>_G(rr'). (E1)

For a trajectory ¢ starting at ¥' such that " is not a focal point, one can use (cf. Appendix D, and
in particular the discussion concerning the nonsymmetric role of x and v)

i n
G(r'|r")= _ﬁ\/Z-m_D exp{ S, —mﬂ , (E2)
172
1 7S |
Lp| 2| Oxioxt (E3)
EE

However, the above expression is not valid near focal points where [locally, and at fixed y'] x'
becomes independent of pi. The use of the action integral S(r',r") supposes that #' and r' can
be taken as independent variables, and 0?S/¢x'ex" is a priori not meaningful since x' is entirely
determined by x'. Writing 0°S/¢x'0x’ = —(ox'/dpl)™' = —oo one sees moreover that D, is, as
mentioned above, in fact diverging.

To overcome this difficulty Maslov proposed a procedure to compute G,(#'|r") using a momentum
(or mixed position/momentum) representation, by defining (omitting for a moment the source point
r)

GGy =7, 1G(pL DT, (E4)

pL—a!

where 7 ;,'_)X, is the inverse Fourier transform

-1
Fol = m[ apl[-] exp(ﬁxpv) (ES)

performing quantum mechanically the change from the mixed representation ( p;, y) to the position
representation (x, y).

Eq. (E4) is just the definition of G, which remains to be evaluated semiclassically. The general
theory presented in Ref. [80] (Section 5.1) can be however applied to our problem, giving

Glred) = G {’S 4} E6
(Pey) = 1ﬁ \/ﬁ exp i3 (E6)
where

§=5-px', ET)

Ap |12
D} :Dl i)x' (E8)
X r=const.
. n, if aptjox’ > 0,
= { m+ 1 if dpljex < o0, (E9)
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Without entering into a derivation of this semiclassical formula for G,, it can be checked that starting
from Eq. (E6) the evaluation of the inverse Fourier transform Eq. (E4) using stationary phase
approximation readily yields Eq. (E2). Far from any focal point both expressions are equivalent at
the semiclassical level. Near a focal point however, Eq. (E6) still provides an accurate approximation
for G, because the Lagrangian manifold, on which the Green function is constructed semiclassically,
has a nonsingular projection onto the plane (p,,y). Therefore, contrarily to Eq. (E2) which is
diverging, Eq. (E4) is still a valid semiclassical approximation for G,, provided the inverse Fourier
transformation is evaluated exactly (or using uniform techniques going beyond stationary point
approximation [81]).
From Egs. (E3) and (E8) one has
as |

~ 1
D AT
cxicp!

= 7
. f‘l,z

(E10)

vy

o/

This explains why the Legendre transform S, of S, has to be understood as a function of x' and P
In practice, this means that, to compute S, from Eq. (E7), the action integral S, has to be calculated
for a trajectory starting at position x' and ending with a momentum p’, and that in the additional
term x' pf, x* has to be interpreted as x' (x', p7). Finally, note that for a Hamiltonian, which can be
decomposed into a kinetic energy plus potential part (including the case where a magnetic field is
present), Op’/0x" is always negative just in front of a focal point and always positive directly after
the focal point. Therefore

P n, right after a focal point,
le= #, + 1 just before a focal point.

Since precisely at focal points #, is incremented by one unit (for a kinetic energy plus potential
Hamiltonian), this implies that, when crossing a focal point, #, remains constant, keeping the value
which 7, acquires after the focal point. This latter has to be taken into account for the computation
of Maslov indices of a trajectory at a focal point.

E.2. Application to the cyclotron motion

Turning now to the specific problem we are concerned with, i.e. cyclotron motion and diagonal
elements of the Green function, we need to calculate S(x', ', p', v), where we can however restrict
ourselves to y' = y' since the partial derivatives are taken only in the x direction. Eq. (E7) states
that, omitting the y’s, S,(x', p') = S,(x', p) — x"(x', p)p’, where S,(x', p) is the action integral
along a trajectory starting at the abscissa x' and arriving with a momentum p’. But here the Poincaré
map (x', pi) — (x', p') is just the identity, and therefore

S‘n(xis pi) = I’ZS[) - xlpi >
&S,
oxiopf

5
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where S, is given by Eq. (7.14). Noting morcover that y' = y' for all trajectories, and that
they pass through two focal points at each turn, one has from Eq. (E4) (omitting the Weyl part

of G)
o1 (=1 dp'
il iy — .t O Ell
Gl =) = G e e exp{ n&} / ¥ (E11)

At fixed position, dp' = mdx' (the vector potential eliminates). Therefore the remaining integral in
Eq. (E11) is just, up to a multiplication by the mass m of the electron, an integral over the angle 0
specifying the direction of the trajectory at . For unbounded motion, it simply gives a factor 2zm,
yielding the expected result

Grr' =r) = Z( exp(mSO —in/2). (E12)

In billiard systems the contribution to G of the cyclotron orbits is the same as for the unbounded
motion, except that for points r close to the boundary, Eq. (E12) has to be reduced by a multiplicative
factor O.4/(27), where 0.5 is the angular measure of the trajectories not affected by the boundary.
The contribution to the density of states of the cyclotron orbits is thus

gsAm

d™(EH) = s(H) 22

> (—1Y' cos(nmkr,) . (E13)
The multiplicative factor s(H) is given by
1
s = — {(r,0) . 4
s(H) P / drd0 (v, 0) (E14)

The function {(r,8) is defined such that { = 1 if the trajectory started at r with initial velocity along
0 does not hit the boundary, and { = 0 otherwise. Substituting in the integral above the variables
(r,0) by (F,0), where F specifies the center of the cyclotron orbit and 0 the position_on this orbit
(the Jacobian of the transformation is equal to one) and performing the integral over 6 since then {
depends only on F, one obtains

s(H) = %/drﬁ(f), (E15)

which yields Eq. (7.20) for the square geometry.

As a final comment, we note that the approach described here for a two-dimensional electron gas
can be generalized in a straightforward manner to three dimensional systems, including cases with
non-spherical Fermi surfaces.
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1.3 Effet du désordre résiduel

Dans un semiconducteur dopé usuel, ce qui limite la mobilité des électrons est en général les
donneurs eux-méme, puisque leur présence, indispensable pour avoir des électrons libres, crée
des défauts dans le réseau atomique du matériau. Sur 1’échelle de la longueur d’onde de Fermi,
ces défauts peuvent le plus souvent étre considérés comme ponctuels, et diffractent de maniere
isotrope la fonction d’onde des électrons. Les trés grand libres parcours moyens typiquement
obtenus dans les hétérostructures de GaAs/AlGaAs, 'ont été justement parce qu’il est possible,
pour ces structures, d’échapper a ce processus. En effet, (cf. la figure 1 de l'introduction), la
différence de potentiel chimique AFE. entre GaAs et AlGaAs fait que des électrons libres dans
GaAs ne pénétrerons pas dans AlGaAs. Si I'on place des donneurs dans AlGaAs (par exemple
des atomes de Si) dans un plan paralléle a I'interface GaAs/AlGaAs mais distant de ce dernier
de d < 50nm, les ions Si* vont attirer les électrons qui leur auront été arrachés, et les “plaquer”
sur 'interface GaAs/AlGaAs. On obtient ainsi un gaz d’électrons & deux dimensions, séparé
spatialement (d’une distance d) des impuretés.

A Vintérieur de leur plan, ces impuretés sont malgré tout disposées aléatoirement.! Le po-
tentiel électrostatique qu’elles engendrent apparait donc pour les électrons comme un potentiel
désordonné, qui va affecter les propriétés de conduction, aussi bien que la réponse magnétique
du systeme. Par rapport a la situation standard ou les impuretés sont situées au sein du gaz
d’électrons, ce potentiel est “moyenné” sur une distance de I’ordre de la séparation d entre le gaz
d’électrons et le plan des donneurs. Ceci aura pour effet non seulement de diminuer ’amplitude
du potentiel de désordre, mais aussi de le transformer en une fonction douce avec une longueur
de corrélation non négligeable, ce qui a quelques conséquences pratiques intéressantes.

La premiere d’entre elles, qui est en fait le but de toute ’opération, est une augmenta-
tion notable du libre parcours moyen de transport 7, définit comme la distance typique pour
que la direction d’une trajectoire classique soit rendue complétement aléatoire par le potentiel
désordonné considéré. En effet, des variations douces du potentiel pourront accélérer et ralentir
légerement une trajectoire mais n’arriveront pas facilement a en modifier la direction.

Une deuxiéme conséquence vient de ce que 7 est une quantité purement classique, qui doit
étre distinguée du libre parcours “élastique” ¢, qui caractérise le taux de décroissance de la fonc-
tion de Green moyennée sur le désordre (dans le bulk (G(r —r')) = exp[—|r — r'|/2{]G%(r — '),
ot GO est la fonction de Green libre). Pour un potentiel désordonné qui est une somme de
pics delta, il se trouve que £ et I7 coincident, ce qui ameéne parfois & les confondre. Ceci n’est
cependant plus le cas pour des potentiels de désordre lisses, pour lesquels ces deux quantités
peuvent différer considérablement. Nous verrons en effet qu’une approche semiclassique est tout
a fait adaptée au calcul de ¢, et permet de le relier a la vitesse a laquelle l'intégrale d’action
S le long d’une trajectoire, mesurée en unité d’h, diffuse sous 'effet du désordre. On voit,
par le simple fait qu’intervient la constante de Planck, que £ est une quantité fondamentale-
ment quantique. Pour un désordre lisse elle peut étre significativement plus petite que Ip. Par
conséquent des phénomeénes d’interférences, comme la réponse magnétique orbitale des nano-
structures, risquent d’étre plus affectés par un désordre résiduel lisse que par exemple le terme
dominant de la conductivité.

Pour une nanostructure, ceci est cependant en partie contrebalancé par le fait que la longueur
de corrélation du désordre peut devenir non négligeables par rapport a la taille du systéme, ce

1. Tout ’art de la fabrication de ces hétérostructures consiste cependant & abaisser leur température suffisam-
ment lentement pour que la répulsion mutuelle des donneurs les fassent se déplacer et s’organiser sur un réseau
aussi régulier que possible [Buks94]
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qui peut avoir des conséquences importantes. L’article qui suit présente une description semi-
classique du désordre dans différents régimes, qui permet de discuter ces effets de corrélation.
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1.3.1 Article “Smooth-disorder effects in ballistic microstructures (réf. [Rich-
ter96b])”

PHYSICAL REVIEW B VOLUME 54, NUMBER 8 15 AUGUST 1996-I1

Smooth-disorder effects in ballistic microstructures

Klaus Richtef
Institut fir Physik, Memminger StraRe 6, 86135, Augsburg, Germany

Denis Ulimd
Bell Laboratories, Lucent Technologies, 1D-265, 600 Mountain Avenue, Murray Hill, New Jersey 07974-0636

Rodolfo A. Jalabert
UniversiteLouis Pasteur, IPCMS-GEMME, 23 rue du Loess, 67037 Strashbourg Cedex, France
(Received 8 March 1996; revised manuscript received 17 May)1996

We analyze the effect of weak residual disorder in microstructures defined on high-mobility heterojunctions,
where the classical electron motion is ballistic. We parameterize the disorder by its correlatior¢langtthe
elastic mean free path which can be estimated from microscopic models. For the experimentally relevant
case in which¢ is not negligible with respect to the size of the microstructure, we present a perturbative
semiclassical approach demonstrating that the reduction due to disorder of a two-point Green-function observ-
able, like the average magnetic susceptibility, is intrinsically different from the (paiwer law depending on
| and ¢ instead of an exponential damping governed uniquely)byrhe very weak damping that we obtain
supports the use of cledno disorder models for the ballistic regime. Our analytical findings are confirmed by
exact numerical calculationS0163-18206)52032-1

INTRODUCTION The purpose of the present work is the study of weak
elastic scattering in constrained ballistic geometries. This is a
The sustained interest over the last decade in the physidsndamental problem since the conventional techniques used
of two-dimensional electron gasé2DEG) stems from their to deal with impurity scatteringsuch as diagrammatic per-
high mobility at low temperature. In this regime the mobility turbation theory are not directly applicable. We present a
is limited by impurity scattering. This latter can be strongly general treatment of _dlsorder _effects in confined systems in
suppressed in clean semiconductor heterojunctions by usirf§™ms of Green functions and illustrate our results by focus-
the modulation doping technique, which allows the spatiaid On the magnetic susceptibility. Orbital magnetism is par-
separation of the impurities from the conducting electronsticularly appealing because it has recently received consider-
At the level of the 2DEG a relatively smooth random poten-able experimental attentidf and a complete semiclassical
tial remains, associated with the long-range impurity poten@PProach has been develqﬁécﬂo explain the anomalously
tials. As shown by Das Sarma and Stéinis then necessary arge response measured in square geometries.
to make a distinction between the transport mean free path USing analytic semiclassical and numerical quantum cal-
(MFP) and the much smaller elastic MFP. The formk) (is culations, we demonstrate that the bulk_ MFP’andI_t, are
given by the distance over which the electron momentum i§'0t the only relevant parameters describing the disorder in
randomized, and therefore governs the electrical conductiof'€S0SCopic microstructures. The damping of the typical sus-
The latter () is related to the single-particle relaxation tifne. Ceptibility of integrable geometries &rongly reducedvith
In a formal approach, is given by the impurity average of ncreasing ratio between the disorder correlation length and
the one-particle Green function, whilg is related to the the sample size.
two-particle Green functioh. Thereforel,, has a classical
meaning, whild is purely quantum mechanical. |. EFFECT OF SMOOTH DISORDER ON THE GREEN
Advances in lithographic techniques have allowed one FUNCTION
further to confine the 2DEG to nanostructures whose typical

sizea is smaller thanl,.. In this ballistic regime, we can microscopic model, but rather we assume a random potential
think semiclassically of electrons moving along almost P R - - p
V(r) characterized by a correlation function

straight lines between bounces off the confining potential,
and quite unexpected transﬁ'o‘rand thermodynam?anop- C([r=r")={V(r)V(r")) 1
erties have been obgerved. In particular, the dependence @fih a typical correlation lengthé and a mean disorder
quantum observablefike the conductangeon the nature of  gyrengthcO=C(0). Forspecific calculations, we will assume
the underlying classical mechani@bat is, on its chaotic or Gaussian  correlationC(|r —r'|) = Coex —(r —r')?/
integrable charactgrhas been experimentally established.(4§2)]’ produced, e.g., by a Gaussian disorder model
Most of the corresponding theoretical wBfRhas been done N
within clean models, where impurity scattering is completely V(r)=2l uj exp{ _ (r— Rj)z}
= 27l '

Our approach for describing disorder is not based on a

ignored. The success of these models at the qualitative level, 282 2
and the need for improving the quantitative agreement with
experiment, motivates us to go beyond the clean models bgiven by the sum of the potentials df independent impu-

including the effects of smooth disorder. rities located at pointR; with uniform probability on an area

0163-1829/96/5@)/52194)/$10.00 54 R5219 © 1996 The American Physical Society
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V. The strengths u; obey <ujuj/>:U25jj’, and its the same exponential damping as in the bulk, &

CO=un;/(4w£?), with nj=N;/V. For £-0 this yields the Here, we treat the ballistic regimig>a whereboththe con-

S-function potential\/(r)=2”iu,—5(r—R,—) finementand the impurities must be considered. Confine-
i .

In the bulk (unconstrained 2DEGwe distinguish the ~Ment implies thaGCE(r’,r_) is given as a sum over multiply
cases of short-ranget€ \g, denoted SRand finite-range reflected pgths cqnnectlng an_d r’; disorder modifies the
(6N, FR) potentials, where\¢ is the Fermi wavelength. Corresponding actions according to &4).

In a microstructure with typical size>\g a third, long- If L>¢, an expression analogous to @) holds for each
range(LR) regime has to be considered for-a>\g. The contribution(Gg,,) to (Gg), usingL, instead ofL since the
cleanest samples used in experiments today are in the Fy&riance of Eq.(6) depends on the geometry-affected path
regimel? and therefore we will concentrate in this parametert that we consider. Naturally, the disorder damping becomes
range. more important for longer trajectories.

In the FR regime the potential is smooth on the scale of FOr Physical-observables-related two-particle Green func-
\r justifying a semiclassical approach. This technidis  tions we need, in our noninteracting approach, to consider

based on expanding of the one-particle Green function, ~ Products of Green functions such @&(r,rz)Gg(r1,r5).
s - Using the same kind of argument as above, the disorder av-
GE(r’,r):Z Dtex;{i P ﬂtf)

, 3 erage is obtained as a double sum over pairs of trajectories
t andt’,

as the sum over all classical path®ining r tor’ at energy (GGE)= GE G exd — (68— 065)?)

E. S is the classical action integral along the trajectory EVER/Ta PREUTEY X 21?2 ’

The amplitudeD, takes care of classical probability conser- ] ) )

vation, and#, is the Maslov index. For trajectory lengths Here, however, the correlation of the disorder potential be-

L.<l the classical mechanics is essentially unaffected by &veen points on trajectorigsandt’ must be taken into ac-

smooth potential, and the main effect of disorder@are- ~ count, with nontrivial consequences, for integrable geom-

®)

sults from a shift in the phase3/# etries in particular.
1
S=S{+68; 8S=—-—| V(a)da, (4 11. SEMICLASSICAL TREATMENT OF SUSCEPTIBILITY
rle

In order to apply the concepts developed above to observ-

The integration is along thanperturbedtrajectoryC;, and  ,paq depending on the one- and two-particle Green func-

§ is the corresponding clean action. o tions we focus on the magnetic susceptibility,
The impurity-averaged one-particle Green function is then 1/(F
’ ’ : X=— 7( ) ) (9)
(Ge(r ,r))=2 GE (r',r){expi 8S,/h}), (5 AloH?) | |

c _ . of ballistic microstructurest(T,H,N) is the free energyA
whereGe,, is the contribution of the trajectoryto the zero- is the area of the sampll, is the applied magnetic field, and

; P ;
disorder Green functioGg Eq. (4) shows that ad in- s the number of electron&: (and thereforey) (Ref. 13
creasesgsS follows a random-walk process. In the FR Casedepends onGe by means of the density of states

with L;> ¢ the extra actiorsS is accumulated in a Gaussian d(E)=— 2/mIm[drGg(r,r), which is semiclassically given

fashion:(exp(i 05 /i})=exp{—(6)/24 %} with a variance as a sum over the periodic orbits of the sysférm a finite-
a1 , , temperature semiclassical approachly the shortest orbits
(68))= Efcdqfcdq (V(@)V(a")). (6 contribute significantly toy. For microstructures of square
t t

geometry that we focus on in the following,is essentially
For an unconstrained 2DEG the sum in B) is reduced giVen by the contribution of the famllwl) of Shortest, flux-
to the only path joining andr’. If L=|r—r’|>¢ the inner  enclosing periodic orbitsof length L;;=22a and action
integral in Eq.(6) can be extended to infinity and we get S11/%=Kgl1j) (inset, Fig. 3. A finite-temperature semiclas-
(68%)=L/vZfdqC(g). Thus, the semiclassical average Sical calculation givesto leading-order irkea, i.e.,N)
Green function has an exponential behavior, % adxg ) ) T 8S(Xq)
(Ge(r',r)=GE&(r',nexp—L/21}, @ szo?A (Xo)c0g ¢ A(xo)Jsin| keLayt 7+

4 o)
governed by the elastic MFF?=ﬁ2v,2:/quC(q). [For

(10

Gaussian correlatioh=7%%2/(£7C%.] The same results as a function of the total fluy=Ha?/(hc/e). The orbits of
are obtained quantum mechanically using the first-ordethe family are labeled by, and .A(Xo) =4mxo(a—Xo)/a?
Born approximation for the impurity scattering. Féx\r IS the (normalized enclosed area. The disorder effects
the semiclassical approach is no longer applicable; howevepn which we focus our study enter through the extra
according to the Born approximation Ef) remains still phase 8S(xo)/% given by Eq. (4). x°=x.(3/(v2m)%?)
valid? but with | = v A3/ (muen;). x(kra)®?Ry(Lyy), with the Landau susceptibility

In the constrained case, firstly, foy<a impurity scatter- — x, =—e?/(12#mc?), the temperature reduction factor
ing is the dominant process, producing diffusive motion. TheR(L) = (L;/Lgsinh {(L/Ly), andL =%%ke/(mmkgT).
corresponding analysis has been done within diagrammatic For (), impurity average of théS-dependent term leads
perturbation theory? and the average Green function exhib-to destructive interference between the trajectories of the
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FIG. 1. Susceptibility x) of a square billiardat zero magnetic field and
at a temperature equal to six level spacjngs a function ofkra for the
clean casddotted and for increasing Gaussian disordérd=0.1) with
elastic MFPl/a=4,2,1,0.5solid lines in the order of decreasing amplitude
Inset: two representative periodic orbits belonging to the fartiil) of a
square billiard.

family. For the square billiardsS?) is the same for all orbits
of the family (12) (i.e., independent afy) yielding simply

(X)= xcexp{—(8S%)/(2#2)}. (11

This holds in general if all relevant orbits have the same

length(as, e.qg., for families of orbits in billiarglsThe damp-
ing is governedas in Eq.(7)] by their lengthL, and byl.
The damping of x) relies on the assumption that differ-
ent impurity realizations are obtained for fixed sizeand
(clean-systemFermi wave vectokg . In contrast, impurity

averages in experiments are obtained either by taking a given

sample and thermal cycling it to room temperafufehich
changes the impurity profileor by considering an ensemble
of microstructures.In both cases, variations af andk for
different impurity configurations are unavoidable in current
experiments, and we have to account for an addititgal
i.e., energy, averagelenoted - ), large on the quantum scale
but small classically.In this respect, théypical susceptibil-

ity x®=(x?'? (as a measure of the average over repeate
different disorder realizations within an individual sample
and the ensemble averagg) (of an array of microstruc-
tureg are experimentally relevant. They are of theoretical
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FIG. 2. Ratio between disorder averaged and zero-disorder results for
(@) the typical ¥ (thin curves and open symbpland (b) the ensemble-
averageo(;?) (thick curves, filled symbo)ssusceptibilities as a function of
ecreasing elastic MFPfor different values ot/a. The symbols denote the
numerical quantum results, the solid lingsr £>0) the semiclassical inte-
grals [Eq. (12)] (a) and [Eqg. (16)] (b), and the dashed lines asymptotic
expansions of the integrals for largél.

interest because of being built on disorder-averaged two-

particle Green functions. For simplicity in the presentation
we choose to work withy® and for(x) we will give only
final results.
The energy average of? kills all the terms oscillating
with keL 4, of Eq. (10), and therefore
X(t)

% -

As for the two-particle Green functidrsee Eq(8)] the dis-
order average enters through the function

f(Xg,X4) =exp{ — ([ 8S(Xq) — 8S(x0) 1D/ (242)}, (13

1 radxy (2adXx;
2 f 0 ?Xof 0 — A (X0) A2(x5) g 9 A(X0)]

X cog e A(Xg) 1f(Xg,Xg)- 12

For FR potentials, noting that the orbitg andx; remain
(except near reflection pointsat a constant distance
[xo—X4|/\/2, one obtains for Gaussian correlations

f(xo,%g) =exp{— (L11/1)(1—exy — (xo—X)*/8£%])}. (14)
Evaluating Eq(12) asymptotically(at H=0) we find

ol -7l

(L 20 (&1
Xi:t) 7 a Lll

In this limit, we see that the correlation of the dephasing
within the family of orbits yieldsa qualitative change in the
disorder dampingnamely, the replacement of @axponen-
tial behavior by aralgebraicone.

T

1/2
) for Ly;>1. (15

which takes into account the dephasing between different

orbits of the family. SinceS(x,) and §S(x;) arenot inde-
pendent fofx,—Xg|< &, their correlation is obtained by per-
forming the integrations in Eq6), but with g andq’ run-
ning, respectively, along paths labeled ky and x, (see
inset, Fig. }.

111. COMPARISON WITH NUMERICAL RESULTS

To check our semiclassical predictions we diagonalized
the Hamiltonian of a square billiard inta field for different
impurity realizations and calculated the corresponding disor-
der averaged magnetic susceptibility. In Fig. 1 we present the
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numerical resulty (dotted for a clean square microstruc-
ture and (x) for &a=0.1 and increasing disorder

(I/a=4,2,1,0.5, soligl The characteristic oscillations with
keL,, are the signature of the orbits of the family1) and
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with X% x = (3/(y2m)%) (ke@)RH(L1) and A.=A(xo)

+ A(xg). Since f(xq,X¢) is the same as in Eq12), the
disorder dependence ¢f) is similar to that ofy(", as seen
in Fig. 2b). The filled symbols(numericg and thick lines

persist upon inclusion of disorder such that the elastic MF'Tintegration of Eq(16)] show reasonable agreement.

| is of the order of the system size. A quantitative analysis
shows that their damping is indeed exponential, as predicte

by Eq.(11), with an exponent given by the ratio between the
lengthL , of the fundamental periodic orbits and the elastic
MFP .

Figure Za) shows the exact quantum results P/ x ("
for various| and ¢. The SR case §=0, open circles is
exponential inL,/2l (thick solid line. In the FR case
(¢/a=0.1, diamonds, ané/a= 0.2, trianglesthe integration
of Eqg. (12) (thin solid curvey accounts for the numerical
guantum-mechanical results and shows a departure from e
ponential behavior. The asymptotic behavior Etp) (thin
dashegl provides a good approximation f@/l>1.5. This
shows explicitly that the exponential behavior &+ 0 (for a
billiard being integrable in the clean limiturns into power-
law damping upon increasing the disorder correlagoithe
interval fora/l > 1.5 still belongs to the ballistic regime pro-
videdl,>a>| (note that for¢ finite, I,>1). The results for
&/a=0.5 (open squargshow a considerable departure from
the analytical FR prediction being strictly valid only in the
limit of small &a. This transition to the LR reginié
(é>a) will be treated elsewhere.

For measurements of the magnetic response of ensembl
of ballistic cavities(arrays of billiards differing in sizethe
disorder and energy averaged susceptibifipy (related to
the spectral two-point correlation functith is the relevant
guantity to consider. Following similar lines as in the deri-
vation of Eq.(12) we obtairt*

@_EF%F%
o a Jo a

=3 [A%cogpA.)
X
+ AL cod oA )] (X0,Xg),

(16

If we estimate for the experiment of Ref£ba~ 0.1 (Ref.

and assumel~a, we obtain a reduction of
(x)Ix<=0.37, showing the persisting influence of short or-
bits in the weak-disorder regime, and yielding a strong para-
magnetic susceptibility aH=0 in quantitative agreement
with the measurements. Gefest al® found a disorder-
independent average susceptibility for ballistic square bil-
liards using a complementary approach to ours, based on
long trajectories strongly affected by disorder. This is not
porne out by either our analytic or numerical findings at the
experimentally relevant temperatures.

In this work we have studied the effect of weak residual
disorder in ballistic microstructure®f sizea), considering
observables related both to the one-particle Green function
(such as the susceptibility of a given structure with fixed
clean parametera and kg) and to the two-particle Green
function (such as the typical and average susceptibilities of
an ensemble which includelga averagé For short-range
potentials we find an exponential damping of the susceptibil-
ity with respect to its clean value governed by the ratio be-
tween the length of the relevant trajectories and [talk]
glastic mean free path. Increasing the correlation leggih
the impurity potential results in weakpower-lawdamping
(characterized by and &/a) of the clean(typical and aver-
age susceptibilities, and foé~a they are practically not
affected by disorder. This is qualitatively distinct from the
effect of ¢ in the bulk (which only amounts to a renormal-
ization of the MFPI andl,) and explains why the integra-
bility of the underlying classical dynamics is relevant in the
presence of the experimentally achievable weak disorder.

)
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110 CHAPITRE 1. MODELE SANS INTERACTION
1.4 anneaux diffusifs

Dans les articles [Ullmo95,Richter96a] inclus précédemment, seul les systémes balistiques
ont été traités explicitement. Il est cependant relativement facile d’utiliser le formalisme qui y
est développé pour étudier le régime diffusif. Pour compléter ce tableau sur les systémes sans
interactions, je vais donner ici une dérivation de la réponse magnétique moyenne d’un ensemble
d’anneaux diffusifs soumis & un flux ¢, et montrer comment on peut retrouver simplement les
résultats de [Schmid91, Oppen91, Altshuler91]. Cette dérivation est une simple généralisation
a température finie de celle donnée par Argaman, Imry et Smilansky [Argaman93].

Les équations de départ sont comme dans le cas balistique (cf. Egs. (4.22), (2.20c) , (2.15c¢)
et (6.18) de [richter96a])

aAF(2)>
I = —c (L.7)
< 8¢ T,u
AP = SN (18)
s R(t;/t. . S
Nose(p) = %Z%mamj—wﬂsm (#—ajg) . (1.9)

J

Dans Eq. (1.9), la somme porte sur toutes les trajectoires classiques périodiques j de ’anneau
diffusif, chacune d’entre elles étant caractérisée par une période ¢;, une action S;, une matrice
de monodromy M, un indice de Maslov o;, et un nombre de répétitions r;. On a de plus
comme d’habitude introduit la fonction R(z) = z/sinh(z) et le temps caractéristique associé a
la température t. = Bh/x.

On note que la dépendance en flux de N°%¢ se fait entierement a travers celle des intégrales
d’action

Sj(#) = Sj(¢=0) + 2ma(j)d/po

ot a(j) est le nombre de tours effectués par la trajectoire j. Ceci permet, dans la double somme
sur les trajectoires périodiques qui intervient dans le calcul de (V' 055)2, de ne garder, apres
moyenne sur le désordre, que les paires associant une trajectoire et sa symétrique par renver-
sement du temps (lappariement d’une trajectoire avec elle-méme n’ayant pas de dépendance
dans le flux). On obtient ainsi pour le courant

2cA . (4mne R%(t;/t.)
I =—— — 1.10
() n sin ( 0 )j tqia%j)—n 7‘]2.|det(Mj —1)] ( )

Sous cette forme, il est possible d’utiliser la regle de somme d’Ozorio d’Almeida et Hannay
[Hannay84, Ozorio88, Argaman93|, qui relie la somme sur les amplitudes des trajectoires clas-
siques & la densité de probabilité P;(nL) de revenir au point de départ en un temps ¢ (dans
Pespace des phases) apres avoir effectué un nombre de tours a = n. Cette relation s’écrit ici (en
dimension deux)

> mé(t — ;) = 2rmV Py(nL) (1.11)

jir—=rio=n
avec, pour un anneau diffusif de périmétre L et de section b (V = Lb)

Py(z) = 1 1exp(—z*/4Dt)
T omrmb VanDt

(1.12)
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(Cette densité de probabilité est normalisée de fagon que [ dzdydp,dp, §(p?/2m—E)P;(z) = 1).

On obtient ainsi

I = ZInsin<47;n¢> (1.13)
n 0
_ 4g2AnL [ dt , exp(—n2L?/4Dt)
L= S [T Rt Tny (1.14)

expression a partir de laquelle on peut aisément étudier les différents régimes de températures.
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Chapitre 2

Contribution des interactions

Dans cette deuxiéme partie du mémoire, nous allons aborder une description plus réaliste
des électrons, qui prend en compte leur interaction mutuelle. La premiere difficulté conceptuelle
qu’il est nécessaire d’aborder est celle de 1’écrantage. L’interaction coulombienne est en effet
dans le vide une interaction a longue portée

62

Vo(r,r') = T (2.1)
Par contre, si on place une charge extérieure ) = —e dans un gaz d’électrons, celle-ci va
repousser les électrons, créant ainsi un déficit de charge négative (donc une charge positive)
dans son voisinage, qui va écranter (). Le potentiel électrostatique effectif créé par cette charge,
qui est la somme de Vj et du potentiel créé par la distribution de charge due au déplacement des
électrons s’écrit a 'approximation de Thomas-Fermi (et en dimension 2) comme [Ashcroft76]

dag -
Vrp(r,r') = %VTF(Q) ,
N 2me?
Vrr(q _— 2.2
TF( ) |q| + qs ( )

avec ¢s = 2me?N(0). Dans le bulk, et pour des moments plus petits que 2k, on peut voir, soit en
resommant la série RPA [Fetter71], soit par une approche de groupe de renormalisation[Shankar94],
que le potentiel Vg est aussi une trés bonne approximation de l'interaction effective résiduelle
entre électrons. Partant de particules nues interagissant fortement par l’interaction coulom-
bienne Eq. (2.1), on obtient donc des quasi-particules de Landau, constituées des électrons
entourés de leur nuage de déficit de charge, et qui interagissent faiblement par le biais de I'in-
teraction résiduelle Eq. (2.2).

Dans le cas des systémes confinés, comme les points quantiques, la situation est plus délicate.
En effet ce qui rend possible la resommation de la série RPA dans le cas du bulk est bien entendu
Iinvariance par translation qui permet de diagonaliser les différents opérateurs dans la base des
ondes planes. Cette invariance par translation est aussi indispensable dans I’approche de groupe
de renormalisation. En particulier, le potentiel moyen auto-consistant dans lequel évoluent les
électrons ne peut étre obtenu que numériquement en terme de ’environnement électrostatique.
Il n’est donc pas possible de faire pour les points quantiques un traitement de I’écrantage aussi
propre que dans le cas du bulk. Ceci dit, lorsque les longueurs d’écrantage sont petites devant
les dimensions des systemes considérés, la “sagesse commune” veut qu’on continue a procéder
comme dans le bulk, et & considérer les électrons comme des quasi-particules de Landau, évoluant
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dans un potentiel effectif incluant un effet moyen des autres électrons, et interagissant entre eux
par une interaction écrantée dont Eq. (2.2) est une bonne approximation. Comme ceci est le
cas pour les expériences de magnétisme orbital, nous allons en pratique adopter ce point de vue
pour calculer la réponse magnétique due aux interactions.

Cependant, il peut étre utile de développer un peu notre intuition sur la fagon dont s’ef-
fectue I’écrantage de I'interaction de Coulomb, et en particulier de clarifier le réle et le sens
exact du potentiel effectif moyen dans lequel évoluent les électrons. Pour rendre les choses plus
concretes, nous allons, avant d’aborder la question du magnétisme proprement dite, décrire dans
la prochaine section une question plus simple, qui est celle de ’écrantage, a température nulle,
de l’interaction de Coulomb dans une approximation de LDA de la fonctionnelle de densité.

2.1 L’écrantage dans I’approximation LDA

2.1.1 Fonctionnelle de densité et approximation de densité locale

Le théoréeme de Khon et Sham dit en substance que, pour une systéme d’électrons en in-
teraction dans un potentiel extérieur Vex(r) il existe une fonctionnelle Fxg[n| de la densité
électronique n(r) telle que
i) la densité électronique n¢(r) de I’état fondamental & N particule est un extremum de

Fisn] — uN[n], (2.3)
ou le parametre de Lagrange p est déterminé de facon que

N = Niny| dEef/drnf(r) . (2.4)

ii) Frs[ny| est alors I’énergie totale du systeme.

Bien entendu la forme explicite de cette fonctionnelle de Khon et Sham n’est pas connue,
et on doit en pratique se contenter d’une approximation. Une des plus simples, que nous allons
considérer ici, est 'approximation de densité locale (Local Density Approximation en anglais)
qui exprime F sous la forme

fLDA[n] = 7'LDA[n] + gea:t[n] + gcoul [’I’L] + gzc[n] ) (25)

ot Trpa[n] représente ’énergie cinétique, sur laquelle nous reviendrons dans quelques lignes,
Eeut [n] = /dl‘ V:axt(r)n(r)

e2 n(r)n(r
Eeoutln] = 5} / drdr’%

sont respectivement les énergies de confinement et d’interaction coulombienne, et enfin &,.[n]
prend en compte les termes d’échange et de corrélation. L’approximation locale de densité
consiste & choisir pour £,.[n] une forme qui redonne le résultat exact! pour un gaz d’électrons
infini sans potentiel extérieur. Plus généralement, on pourra considérer dans la suite que &;.[n]
est n’importe quelle fonctionnelle explicite de la densité.

1. “Exact” est bien sur ici & prendre entre guillemets, puisque méme dans le cas du bulk, les seuls résultats
analytiques sont des développement & haute densité (i.e. en 7s). En pratique &gc[n] est souvent calculée
numériquement par des méthodes Monte-Carlo.
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Pour revenir au terme d’énergie cinétique, notons que pour ’approximation de densité locale,
le parameétre variationel n’est pas réellement la densité n(r) mais N fonctions ¢1,...,pN de
norme

/dr|goi(r)|2 —1  (i=1,..N) (2.6)

et telles que
N
> leil?(r) = n(r) . (2.7)
1

(Il est assez naturel, mais parfois trompeur, d’interpréter les ¢; comme les fonctions d’onde des
électrons.) Trpa s’exprime alors en terme de ces parameétre variationels comme

_f h? 2
Tipaln] & /drzwm (2.8)

Les dérivées variationelles de

fLDA ez/dr |<Pz

(ou les €; sont les parameétres de Lagrange associés aux contraintes Eq. (2.6)) par rapport aux
fonctions ¢* donnent N équations de Schrodinger

2

T g+ Va(r)u(r) = i) (29)
Vaalol() % 240, (2.10)
Eiiln] E Eenaln] + Ecoln] + Eveln]

sont déterminées de fagon auto-consistante en terme des ; a travers Eq. (2.7). On doit donc
en pratique résoudre un probleme de Hartree auto-consistant.

2.1.2 L’approximation de Thomas-Fermi

La méthode de la fonctionnelle de la densité, méme dans le cadre de la LDA, est une approche
qui peut, dans certaines situations, décrire de fagon tres précise ’énergie de 1’état fondamental
d’un systeme d’électrons en interaction. Nous allons nous placer, dans toute la suite de cette

section, dans ’hypothese que ceci est le cas pour le systéme qui nous occupe. Nous considérerons
donc que Erpg = F LpA[nLDA] est, en pratique, le résultat exact. Le probléme qui se pose alors

est qu’obtenir E;p4 en résolvant numériquement le systéeme Egs. (2.9) (2.10) peut d’une part
étre lourd & mettre en oeuvre, mais surtout n’apporte pas une compréhension tres profonde sur
la nature du résultat obtenu. Une autre approche possible consiste & suivre le schéma d’approxi-
mation proposé par Strutinsky [Strutinsky68, Brack72] (a I’origine dans le cadre de Hartree Fock
plutot que de LDA), qui consiste & résoudre dans un premier temps un probléme ou les inter-
actions sont traitées de maniére auto-consistante, mais ou les effets quantiques d’interférences
sont négligés, puis & introduire les effets d’interférences perturbativement.

Un des avantages du schéma de Strutinsky dans le cadre de LDA est que son ordre zéro est
simplement donné par approximation de Thomas-Fermi (étendue). Celle-ci est obtenue, de la
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méme facon que LDA, en minimisant, sous contrainte Eq. (2.4), une fonctionnelle Frr[n| qui
s’écrit exactement comme Eq. (2.5) sauf que le terme d’énergie cinétique 7z.p4 est remplacé par

trp(n) /0 " ew)dv;, (2.11)

ol e(v) est linverse de la fonction v(e) définie par

def dp 2
v [ @y e~ P*/2m) (2.12)
(d est la dimension, et © la fonction de Heavyside). Pour fixer les idées, on aura par exemple
e(v) = (2rh%/m)v en dimension d = 2, et e(v) = (7*/2)'/3(h/m)v?/? en dimension d = 3.

La différence essentielle entre Frpa[n] et Frr[n| est que cette derniére s’exprime explici-
tement en fonction de la densité n(r). Minimiser la fonctionnelle n’est donc plus équivalent &
résoudre un probleme de Hartree auto-consistant, mais revient & résoudre une équation intégrale
trés semblable & I’équation de Poisson

i = T o)) + Vealrr () (e) (2.13)

ol Veg est défini par Eq. (2.10).

Méme si Frp[n| contient des termes d’origine purement quantique (77 vient du principe
d’exclusion de Pauli, &,. de ’échange et de la corrélation), on voit que ’équation qu’on a &
résoudre en pratique a une structure “classique”, dans le sens que sa solution nyp(r) varie peu

sur I’échelle la longueur d’onde de De Broglie Ag. On peut donc considérer que Erp & Frr[nrr]
est ’approximation “classique” de Erp 4. Nous allons donner immédiatement un sens plus précis
a cette assertion, aprés quoi nous verrons comment le schéma de Strutinsky permet, en effec-
tuant un développement en [nppa — nrr], d’obtenir au premier ordre des effets d’interférence
associés a I’énergie quantique d’un systéme de fermions sans interaction évoluant dans le po-
tentiel extérieur Veg[nrr|, et au deuxiéme ordre des corrections d’interactions résiduelles, pour
lesquelles nous pourrons voir explicitement comment s’opere I’écrantage de 'interaction cou-
lombienne.

2.1.3 Ordre zéro: Err comme approximation classique de Erpy.

La premiere question qu’on peut se poser est de savoir en quel sens Erp est elle une ap-

proximation de Erp 4. Pour y répondre, introduisons quelques notations. Soit V' (r) un potentiel
confinant quelconques, H[V] = p2/2m + V(r) I'Hamiltonien & une particule correspondant, et

€; et ; ses énergies et fonctions propres. On désignera par

N
nV](r) =Y lei(r)? (2.14)
i=1

la densité du systéme de N particules indépendantes soumises & H[V]. De méme, on notera
nW[V] la partie de Weyl de n[V], qui peut s’écrire explicitement sous la forme

mlV)(e) = [ (%sz)d@(uw p2/2m - V(r)) . (2.15)
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(1" est supposé choisi de fagon que [ny (r)dr = N).

Avec ces notations nous pouvons tout d’abord formuler un petit “théoréme”, qui nous sera
utile a plusieurs occasions, et qui s’écrit

dTrr
SIE Y V) (e) + V() = (2.16)
La démonstration de cette relation est en fait pratiquement immédiate puisque, en utilisant que
dTrF
T 1)) = e(n(r)) - (217)

elle s’écrit e(n[V](r)) = p — V(r), ce qui par application de la fonction v introduite par
Eq. (2.12) est exactement la définition Eq. (2.15) de n"'[V](r).

En rappelant que 'on a défini Vg[n| comme la dérivée fonctionnelle de & (cf. Eq. (2.10))
(pour étre tout a fait clair, ce n’est donc pas “Iinverse” de n[V.g]), on voit que 1’équation
auto-consistante Eq. (2.9) qui définit npp4 s’écrit

nLDA(r) = n[‘/;ﬂ‘[nLDAH(I') . (2.18)

De méme I’équation Eq. (2.13) qui définit npp peut, en appliquant la proposition ci-dessus, se
mettre sous la forme

nrr(r) = nw [Veg[nrr]](r) . (2.19)

Ces équations ne signifient pas que nyr est la partie de Weyl de nrp 4. Elles indiquent cependant
que si on néglige les termes d’interférence quantique (c’est & dire la différence entre la densité
de particules exacte et sa partie de Weyl), alors les définitions de nyp et nppa deviennent
équivalentes. C’est dans ce sens qu’on peut dire que nrg est 'approximation classique de npp4.

2.1.4 Corrections d’ordre un: effets de couches

Supposant connue nrp(r), ainsi que Erp = Frp[nrr|, on cherche a évaluer AEM | 1a
correction au premier ordre en [nppa — nrr] de AE = Erpa — Epp. Pour cela, on remarque
qu’on peut écrire

Erpa = &p[Veg[nrpal] — / dr Veg[nrpal(r) nepa(r) + Eotlnrpal (2.20)

ou &1p[V] = Zjlv €; est par définition 1’énergie d’un systéme de N particules indépendantes

soumises au potentiel V' (r). On notera que si Eq. (2.20) est vraie, Frpa[n| n’est en général pas
égale & Fy[n] = Eip[Verr[n]] — [ Ver[n]n + Etot[n] pour une densité arbitraire n(r). En utilisant

le fait que (cf. Eq. (2.30))
0&1p
SV
on peut vérifier cependant que (6Fg/dn)[nLpa] = 0, et donc qu’a des corrections d’ordre deux
prés on peut remplacer npp4 par nrp dans le membre de droite de Eq. (2.20). On obtient ainsi

=n(r) . (2.21)

AEW = &, [Veglnrr]] - /dr Veg[nrr|(r) nrr(r) — Trrlnrre] - (2.22)

Introduisons

Vv E / gig;d <% + V(r)> oY —p*/2m - V(r)), (2.23)
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(encore une fois "V est supposé choisi de fagon que [n"[V](r)dr = N) la partie de Weyl
de &1p[V], et évaluons cette quantité pour V' = Veg[nrr]. En intégrant séparément les termes
d’énergie cinétique et potentielle dans Eq. (2.23), on obtient

uY —Veg[nrr)(r) dv
/0 dee + / drnw [Veg[nre]](v) Vglnre](x) . (2.24)

£V Veglnrr]] = / dr
En comparant le premier terme du membre de droite avec la définition Eq. (2.11) de T7F, et en
utilisant Eq. (2.19), on voit que Eq. (2.22) peut se réécrire

def
AEY = & [Veglnrr] - €1, Ver[nrr]] = E5° [Verlnrr]] - (2.25)

Autrement dit, une fois le probléeme de Thomas-Fermi résolu, et donc Erp et npp(r) connues, la
premiere correction a ’énergie du systéme d’électrons en interaction est simplement donnée par
la partie oscillante de ’énergie & une particule pour un systéme de N fermions sans interactions
mutuelles évoluant dans le potentiel Veg[nrr| = &0t /dninTr].

2.1.5 Corrections d’ordre deux

Considérons maintenant les corrections d’ordre deux en dn = nppa — nrr. Pour les deux
derniers termes du membre de droit de Eq. (2.20), ces corrections s’évaluent simplement et
donnent

[ drVealnapal@) nopate) @S2 [ drdr’n(r) et ), )0 ()
5%V,
5n2ﬁ [nrrléndnnrp (2.26)

1 oV,
EotInLDA| ord_re) 2 3 /drdr' on(r) 5BH [n7r|(r,r’)on(r’) . (2.27)
n
Il faut par contre étre un peu plus attentif pour le développement de &1,[Veg[nLp4l]. Ce qu’on
cherche a évaluer, donc, est la variation de I’énergie &1, = Z{V €; d’'un systéeme de N fermions
sans interactions soumis & un Hamiltonien H[V.g] = p?/2m + Veg(r) lorsque le potentiel change
de Veg[nrr] & Veg[nLpal-

Considérons pour un court instant un probléme plus général, qui est celui d’'un Hamiltonien
H = p?/2m+ V (r) et de sa version perturbée H' = H +§V (r). On note ¢; et ¢;(r) les énergies
et les fonctions propre de H, et €, et ¢}(r) ceux de H'. A l'ordre deux en §V, on peut écrire

€, = €+ 651) + 652) (2.28)
o) = (eiloVign)
2 = E W .
t . €; — ej
i

De la méme fagon, en considérant que H' est 'Hamiltonien d’origine, et H = H' — §V I’"Hamil-
tonien perturbé, on a

€ = €+ 6;(1) + e;(2) (2.29)

&) = —(dlloViel)
e = 61(2)4-0(5‘/3).
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Par soustraction des Egs. (2.28) et (2.29) on obtient donc & l'ordre deux inclus €, — ¢; =
(el(-l) - ei(l))/2, c’est & dire

EulV +3V]~ElV] = 5 SN ((@i6VIed) + (A6VIe)) = 5 [ dedV@)(n(x) +n'(r)) . (2:30)

Si on revient maintenant au probléme qui nous occupe, on peut appliquer Eq. (2.30) avec

n — n[Veg[nrr]] = fi,n' = nppa et 5V — [(6Veg/6n)on + [(62Veg/6n?)dndn. En soustrayant

le terme [ 0n(6V(r)/dn)nrr qui est déja pris en compte & 'ordre un, on obtient (7°%¢ =

-V = —nrp)

Y e, ) (7250 + (')

ordre 2 1 )
glp[nLDA] — E/drdl'l 57’2,(1') 5n

82 Verr
on2

[nrr]dndnnry , (2.31)

et en sommant toutes les contributions d’ordre deux

AE® — / drdr5n( [nTF]( )0 () (2.32)
(les termes en (82Veg/dn?) = (63Ei0t/0n3) s’éliminent, ce qui est moral pour un calcul au
deuxiéme ordre).

2.1.6 Interprétation en terme d’écrantage de l’interaction de Coulomb

L’équation (2.32), telle qu’elle est écrite, n’est pas utilisable en pratique puisque elle exprime
AE®) en fonction de dn, qui en principe n’est pas connue (alors que 7 = n[Veg[nrr]] est
supposé l’étre). Il nous faut donc une deuxiéme équation permettant de déterminer dn. Pour
cette derniére cependant, un calcul & ’ordre le plus bas suffit. Plus précisément, puisque én est
du méme ordre que 7°°¢, cela signifie que, sous l'effet de la perturbation §Veg = Vegnrpal —
Veg|nTr], il nous faut inclure la premiére correction & n", mais I'ordre zéro dans la partie
oscillante de la densité suffit. Autrement dit, au niveau d’approximation ou 'on est

ngHa = (nLpa —nppa) = (i —nrp) = % (2.33)

Notons de plus qu’on peut écrire

0T7

5ZF [nrr] + Veg[nrr] = prr (2.34)
077
(;;F[ nipal + VeglnLpal = wipa - (2.35)

Eq. (2.34) est la définition de nrp, et Eq. (2.35) découle directement de la relation générale
Eq (2.16). Par soustraction, et en utilisant Eq. (2.33) pour écrire que n}¥p 4, — nrr = (nLpa —
nrr) — (nLpa — n‘iVDA) ~ dn — n°%, on obtient

/d 5%&' 57% +/d 5 7?Z“F'( ,r')(én(r') _,ﬁOSC(rI)) — A/J . (237)
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Si on a en téte un calcul numérique de AE® | cette équation détermine dn & Pordre le plus
bas (ainsi que Ay, qui est fixé de fagon que [dn(r)dr = 0) au prix d’un calcul relativement
modeste (en gros 'inversion d’un opérateur).

En plus de cela, on obtient une interprétation somme toute trés naturelle de ’Eq. (2.32), qui,
en derniére analyse est reliée & ’approximation Eq. (2.33). En effet, considérons le probléme de
Thomas-Fermi Eq. (2.34), et supposons modifié légérement le potentiel extérieur d’une quantité
§Vext(r). On obtiendrait alors une nouvelle solution de I’équation de Thomas-Fermi nf.p =
nrr + dnrp qui vérifierait

0TrF

n ——[n7p] + Ve [nrp] + 6Vext = prp - (2.38)

En soustrayant Eq. (2.34) comme précédemment on a

52
/d %F (r,r)onrp(r') + /d (r, r')onrp(r') + Vex = Ap . (2.39)
Si on choisit la variation du potentiel comme
Vesa(x) = [ de' (578t /5 a2 () (2.40)

dnrp + 1% vérifie la méme équation (2.37) que dn. Autrement dit, au niveau d’approximation
ol nous nous plagons, dn peut s’interpréter comme la somme de 7°°¢ et du déplacement dnrp
de charges écrantant n°%¢ a ’approximation de Thomas-Fermi. Par définition de ce qu’est un

potentiel écranté V., cela signifie donc que

/ PRLLE SRy / dr' Ve (r, )% (') (2.41)
on
et donc que Eq. (2.32) peut s’écrire

AB® = [ drar'iee ) Ve, i ) (242)

Pour résumer, le calcul de Erp4 & 'ordre deux se fait en trois étapes:

1) On commence par résoudre ’équation (auto-consistante, mais “classique”) de Thomas-
Fermi Eq. (2.13). On obtient ainsi nrp, la solution de cette équation, ainsi par conséquent
que Erp = Frr[nrr|, Vapproximation d’ordre zéro de ELp 4, et Veg[nrr](r) = (60t /dn)[nrF](r).
2) Dans un deuxiéme temps, on calcule les vecteurs propres et valeurs propres de I'Ha-
miltonien & une particule H = p?/2m + Veg(r). La premiére correction & 1’énergie est
alors la partie oscillante de &1, = Z{V €;. On obtient de plus une densité électronique
fi(r) = 3 |pi(r)]? = nrr(r) + 7°°¢(r) dont la partie de Weyl est égal & nrp.
3) Finalement, la correction d’ordre deux s’écrit comme ’énergie obtenue en faisant interagir
7°%¢ avec lui méme par le biais du potentiel écranté V. défini par les Eqs. (2.41) et (2.37).

Pour finir, montrons que dans la limite ou le potentiel confinant varie trés lentement sur
’échelle de la longueur d’onde de Fermi, et ou on néglige 62&,./0n? devant 62E.ou/0n® =
Veour(r,¥') = €2/|r — 1’|, on retrouve (pour un gaz d’électrons & d = 2 dimensions) le potentiel
d’interaction écranté de Thomas-Fermi usuel Eq. (2.2). Pour cela, notons que

8*Trr Sq(r —1')

52 (r,x) = () (2.43)
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(oW (r) = [dp/(2nh?) 64(u™" — H(p,r)) = N(0) (= m/27h? pour d = 2) est la partie de Weyl
de la densité d’états locale), et introduisons les transformées de Fourier
R . 2 = 2 2
choul (q) = /dl‘ eizqre— d;2) —ﬂ-e
b lal
A(R,q) = / dr e~ (R + 1)

N

V(R,q) = / dr e~ 9V (R — 6r, R + or)

Egs. (2.37) et (2.41) s’écrivent alors

208C

dq iqry; ~ dq iqr (5ﬁ(Ra q)) -n (Ra q)) _
/ 2 Vi (~Q)0A(R, ) + / e D — Au. (2.44)
d iar < N d iar ~o08c
ie’q Veour(—q)d7(R, q) :/%eq Vie(R,—a@)n (R, q) . (2.45)

Pour des moments |q| > L~! pour lesquels on peut négliger la variation de p"¥ on obtient

’ 1+ pW (R)Veour(a)

; (2.46)

ce qui, pour d = 2, est exactement Eq. (2.2). En particulier, puisque pWVcoul(q) = (me?)/(R%q)
on voit comment apparait I’échelle de longueur donnée par le rayon de Bohr ag = k> /me?, qui
distingue les courtes distances |q~!| < ag pour lesquelles VSC(R, q) ~ Vcoul(q), et les grandes
distances |q 1| > ag pour lesquelles Vio(R,q) ~ 1/p% (R).

2.2 Reéponse magnétique associée aux interactions: formalisme
semiclassique

Dans la section précédente, nous avons vu comment, dans le cadre de ’approximation locale
de la densité fonctionnelle, le réle des interactions coulombiennes était d’une part de définir un
potentiel effectif moyen Vg (r) dans lequel évoluent les électrons, et d’autre part de générer une
interaction résiduelle écrantée affectant les fluctuations de densité électronique. Cette interaction
résiduelle est petite, et donc se préte bien & un calcul perturbatif.

Lorsque l’'on consideére la réponse magnétique liée aux interactions, on sait depuis les tra-
vaux d’Aslamasov et Larkin [Aslamazov75] que, pour les densités électroniques typiques des
métaux ou des gaz d’électrons a deux dimensions, on ne peut pas se contenter d’un calcul a
Papproximation Hartree-Fock (ou LDA). Des termes de corrélation, et plus précisément la série
de Cooper du développement perturbatif, doivent étre pris en considération. On gardera malgré
tout I"image qui émerge de la discussion au niveau LDA. Le potentiel moyen dans lequel évoluent
les électrons est supposé étre un potentiel auto-consistant calculé a I’approximation de Thomas
Fermi. Ce potentiel, qui est donc en partie formé par 'interaction coulombienne, sera dans la
suite toujours considéré en pratique comme une donnée du probléme. Les électrons évoluant
dans ce potentiel moyen seront considérés comme des quasi-particules de Landau interagissant
par le potentiel écranté Eq. (2.2).

Revenons pour un instant sur la question de densité électronique mentionnée plus haut.
Celle-ci est généralement caractérisée par le parametre sans dimension rs=rg/ag, olt 7r¢ est
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I’aire moyenne par électron, et ag le rayon de Bohr dans le matériau considéré. On vérifie alors
facilement que le potentiel Eq. (2.2) peut s’écrire sous la forme

g NO
TSN

ott N(0) = p" (= gsm/2mh? pour d = 2, g, = 2 est le facteur de dégénérescence du au spin). Les
vecteurs d’onde typiques qui vont intervenir dans notre probléme étant de I’ordre du moment de
Fermi, on voit que dans la limite r¢ — 0, c’est & dire pour les hautes densités électroniques, cette
interaction est petite et proportionelle & rs. En pratique cependant, les densités électroniques
des points quantiques étudiés expérimentalement correspondent & des ¢ de 'ordre de deux.
Dans ces conditions, 'interaction Eq. (2.47) n’est pas si petite, ce qui nécessite de resommer
certaines séries de termes du développement perturbatif. Avant de discuter ces questions plus
en détail, il peut cependant étre intéressant de considérer dans un premier temps le cas plus
simple ou rg peut effectivement étre considéré comme un petit parametre, et ou un calcul au
premier ordre des perturbations suffit.

(2.47)

2.2.1 Premier ordre des perturbations

Lors de I’étude des modeles sans interactions, il était important de distinguer entre les
ensembles canonique et grand-canonique car dans ce dernier cas la réponse magnétique moyenne
s’annulait. Pour les interactions par contre, on peut se limiter & I’ensemble grand-canonique
puisqu’on obtient déja dans ce cadre des contributions non nulles en moyenne. Les corrections
d’ordre un au potentiel thermodynamique peuvent alors s’écrire comme la somme d’un terme
de Hartree (ou direct) et d’un terme de Fock (ou d’échange) en fonction des vecteurs propres
U, et valeurs propres E, du probléme sans interaction [Fetter71],

1 1
AW = J(g3H — 9. F) = 5 3 fufolgd(TuTo|VITuly) — gu(Ru T VI, )] . (2.48)

u,v

fo = f(Ey—u) = [1 + exp[B(E, —u)]] ! est le nombre d’occupation de Fermi, et g, = 2 est le
facteur de dégénérescence de spin.

Introduisons
n(r,1) = 3 fole 1) (Bol) = 5 [ dBF(B - w)[GM (x5 B) - GArx )] (2.49)

(n(r) = n(r,r) est la densité électronique locale du probléme sans interaction). Les contributions
directes et d’échanges peuvent se réécrire comme

/ dr dr' n(r)V (r — t')n(r)) (2.50)

/dr dr' n(r,r)V(r — r')n(r',r) (2.51)
Semiclassiquement, G® peut s’exprimer comme une somme de contributions Gf(r, r'; E)
associées aux trajectoires classiques j allant de r & r' & I’énergie E [Gutzwiller90b] :

GR(r,t;E)~ Y G} (2.52)

jir—r!
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GR = Dj etSi/himi/2 (2.53)

S; = Jr ’ p-dr est 'action classique associée a la trajectoire j, le préfacteur est donné par la
densité classique
2
prol L 1|2
7 b \/2in x| Oydy’
et v; est I'indice de Maslov qui compte le nombre de points conjugués le long de la trajectoire.
La fonction de Green avancée s’exprime en fonction de la fonction retardée par

GA(r,r; E) = [GER(t,r; E)* . (2.55)

: (2.54)

Dans une description semiclassique, elle peut s’interpréter comme une somme sur toutes les
trajectoires joignant r' & r en remontant le temps (et qui sont donc les symétriques par renver-
sement du temps de celles allant de r & r').
En notant que
95; _
3E =
ol ¢; est le temps mis par la trajectoire j pour aller de r & v/, I'intégrale dans Eq. (2.49) apparait
comme la convolution entre une fonction oscillante de période 27#/t; avec la fonction de Fermi
qui varie sur une échelle 5~!. En introduisant le temps caractéristique associé a la température

_"B

s

t (2.56)

tr (2.57)

on voit alors que la contribution de la trajectoire j sera exponentiellement supprimée des que
t; > tr. Plus précisément (cf. par exemple 'appendice A de [Richter96a] dans le chapitre un),
on a

|

[ 4B £(E - w6, ( "hR(tj/me(r,r')) ,

ot

o

f
avec R(z) £ z/sinh(z). (2.58)
Pour effectuer les intégrales sur la position intervenant dans les Egs. (2.50) et (2.51), introduisons
les coordonnées T = (r+r')/2 et or = (r—r'). Puisque l'interaction écrantée entre particules est de
courte portée, on peut supposer que les dr associés sont petits et, en utilisant que (85;/0r') = p’,

(0Sj/0r) = —p, on obtient

(2.59)

: Cen
GR(r £ 6r/2,7 £ 61'/2) = GR(x,T') exp [% (ip 5r' _p 6r>] |

2 T 3

L’intégrale sur dr donne la transformée de Fourier V(q) du potentiel d’interaction, et on obtient

w +\ ¢ (Pi=Pi _P{-pi
H = ﬁ/dr%le cos (‘Pkl> V( 5 3
+cos (9 ) V PitPl _ Pi-Pi (2.60)
cos (¢ 5 5 )
72 . f+ i f+ i
F = 2—2/erka cos(%ﬂ)V(pk2pk—p12pl
kl

f i i
N\ (PL+ -
+cos (i) V <p’“ b+ P pl)] (2.61)
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avec
Qu = “bs/tr) Dy Btu/tr) Dy ok = (Sk£81) LIS (2.62)
tr # h 2
Par conséquent, les corrections au premier ordre du potentiel thermodynamique peuvent s’ex-
primer semiclassiquement comme une somme portant sur toutes les paires d’orbites fermées. La
dépendance en champ de I’expression ci-dessus peut alors étre obtenue utilisant que
0S;

3B = (e/c)A;, (2.63)

ou A; est 'aire enfermée par 1'orbite. Pour des champ faibles, on peut s’arréter au premier ordre
des perturbations classiques: S;(B)/h = S’?/h—l— 21w A;B/¢o (o = hc/e est le quantum de flux).

Pour une paire de trajectoires kl générique, le terme cos[(Sk £ S;)/h| va osciller fortement en
fonction de la coordonnée r. Lorsqu’on effectue I'intégration sur la position, la condition de phase
stationnaire s’écrit (p£ —pi) =+ (plf —p!), et & moins que k et [ soient reliés par une symétrie, ceci
correspondra a des points isolés qui auront une contribution Rl/2 plus petite que le préfacteur
original. Si par contre une symétrie relie les trajectoires k et [, de facon a ce que Sy = 5,
ces oscillations seront complétement supprimées. Une maniére triviale d’obtenir ce résultat est
de choisir £ = [, mais ceci aura pour effet de supprimer aussi la dépendance en champ de la
contribution correspondante. Une autre possibilité consiste & associer une trajectoire avec sa
symétrique par renversement du temps. On conserve dans ce cas une dépendance en champ
magnétique, et on obtient pour les termes directs et d’échange

2
1 hR(t;/tT) 12 (47rAjB> ~ (Pj—Pj
Hp = 27r2/dr§j:< . |D;|? cos » 1% - : (2.64)

2
1 hR(t;/tT) 2 (47rAjB) ~ (P; +Pj
Fp = 5 / dr%j( . |D;|? cos . 1% - : (2.65)

L’indice D introduit ici spécifie que ce résultat correspond a I'approximation diagonale, et que
la somme porte sur toutes les orbites individuelles 7, et non sur les paires d’orbites comme dans
les Egs. (2.60) et (2.61).

Une troisieme maniere d’associer les trajectoires correspond a une situation ou les actions
des orbites k et [ sont égales (en ’absence de champ) sans que les trajectoires puissent se déduire
l'une de l'autre par une symétrie du systéme. Une telle situation se produira naturellement pour
les systemes intégrables, ayant des familles d’orbites périodiques, et donc de méme action. On
verra dans [Ullmo98] (section 2.3.2) que dans la limite semiclassique, c’est ce type d’association
qui va dominer la contribution des interactions a la réponse magnétique pour les systeémes
intégrables.

2.2.2 Effets de corrélations

Comme nous 'avons déja indiqué au début de cette section, les valeurs réalistes de ¢ nous
obligent a considérer des termes plus élevés dans le développement perturbatif du grand poten-
tiel. Par ailleurs, s ~ 1 signifie que la portée du potentiel écranté est de I'ordre de la longueur
d’onde de Fermi, ce qui fait que celui-ci a nécessairement un caractere local. Pour de telles den-
sités électroniques, et pour des vecteurs d’onde |q| < kr, on peut en effet négliger la dépendance
en q dans Eq. (2.47) et écrire

Vee(r — ') = AoN(0)715(r — ') (2.66)
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F1G. 1 — Termes directs de la série de Cooper dans I’expansion perturbative du Grand Potentiel.

ol Ag = 1 est introduit pour identifier ’ordre des perturbations.

Pour une telle interaction, un calcul perturbatif (diagrammatique) standard peut s’appliquer.
Comme nous allons considérer des points quantiques dont la température kgT = 3! est grande
devant ’espacement moyen entre niveaux, il nous faudra utiliser un formalisme a température
finie. Ces techniques sont maintenant classiques (cf. la section 15 de [AGD] par exemple). Nous
rappelons briévement la construction des diagrammes de Feynman d’ordre n pour le grand
potentiel.

1) Dessiner tous les diagrammes connexes et topologiquement distincts comportant n lignes
d’interactions, et 2n lignes (orientées) de particules, de fagon que de chaque vertex partent
deux lignes de particules et une ligne d’interaction.

2) Assigner (arbitrairement) une direction a chaque ligne d’interaction, puis une fréquence
de Matsubara (ou plutét une énergie), fermionique (i.e. de la forme €, = (2n+1)7w/3)
pour les lignes de particules, et bosonique (i.e. de la forme w,, =(2m)n/3) pour les lignes
d’interaction, de fagon a ce que ces fréquences de Matsubara soient conservées & chaque
vertex.

3) A chaque ligne de particule, on associe une fonction de Green & température finie, qui
entre deux points r et r’, et pour une fréquence de Matsubara €, s’écrit en terme des
fonctions de Green avancées et retardées usuelles

Gr v (€n) = 0(en) GE o (Er+ien) + 0(—€n) Gips (B +ien) (2.67)

(Er est I'énergie de Fermi).

4) A chaque ligne d’interaction on associe un facteur V. (r — r').

5) Effectuer l'intégrale sur toutes les positions r, et la somme sur toutes les fréquences de
Matsubara indépendantes (avec le cutoff & ’énergie de Fermi).

6) Multiplier ’ensemble par (—1/8)""1/2n x (—1)F gl ot F est le nombre de boucles de
fermions, et g; = 2 la dégénérescence de spin.

Parmi tous les diagrammes qui peuvent étre écrits de cette maniere, on peut voir que seule
la série de Cooper (cf. Fig. 1) aura une contribution importante & la réponse magnétique, mais
que tous les termes de cette derniére doivent étre considérés. Une facon de s’en convaincre
est d’effectuer un simple comptage des puissances de i de ces contributions. Le diagramme de
Cooper d’ordre k, Q(le ), contient k lignes d’interaction (chacune fournissant un facteur N(0)™1),
k paires de fonctions de Green, et (k + 1) sommes sur les fréquences de Matsubara (chacune
d’entre elles étant associée & un facteur 371). Si on se limite au comptage des puissances de

h, |G?| ~ N(0)/h. Par conséquent, la seule subtilité ici est de réaliser que chaque facteur de
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température 3! doit étre compté comme un h. En effet, le temps t7 = AB/m introduit par
Eq. (2.57) doit, dans le régime mésoscopique, étre du méme ordre de grandeur qu’un temps
caractéristique t., par exemple le temps de vol, du systéme. Par conséquent, si encore une
fois on se limite au comptage des puissances de %, on a 37! ~ h/t. ~ h, et par conséquent
Qgc) ~ [N(0)"1]* x [N(0)/h]* x R¥*1 ~ K. On voit donc que méme si les différents termes
de la série de Cooper apparaissent formellement comme un développement en perturbation de
I'interaction, ils sont en fait tous du méme ordre en A, qui est le seul vrai petit parametre
du probléme. De la méme facon, la série RPA a la méme dépendance en %, mais avec une
dépendance en champ magnétique négligeable, et elle peut par conséquent étre oubliée dans
le calcul de la réponse magnétique. On peut se convaincre enfin que tout autre diagramme
d’ordre k aurait soit un nombre plus petit de fonctions de Green, soit un nombre plus grand de
sommes sur les fréquences de Matsubara, et serait donc d’ordre plus élevé en 4. En remarquant
finalement que, puisque l'interaction Eq. (2.66) est locale, les diagrammes de Cooper directs et
d’échange ne différent que par leur signe et par le facteur de dégénérescence de spin, la réponse
magnétique peut étre déduite de la contribution de Cooper au potentiel thermodynamique

QC—@ZA—SZ dry .. drpSe; vy (Wm) - - Depry (W)
= 2/8 % 1.-- kZiry,ro Wm) .- ri,r1 Wm,
k=1 wm<Ep
gz_gs
= 826 > Tr{In[l + AoSer (wm)]} - (2.68)
wm<Ep

wm = 2mm sont des fréquences de Matsubara bosoniques et on a introduit le propagateur
particule-particule libre [AGD]

- Y Grr(€n)Gew (Wi — €n) - (2.69)

e (@m) = 5N 0) en e

Evaluation semiclassique du propagateur particule-particule

Calculer la réponse magnétique d’un systéme électronique dans ’approche perturbative que
nous utilisons revient donc a resommer la série de Cooper Eq.(2.68) et & en évaluer la dépendance
en champ magnétique. Ce programme a été réalisé par Aslamasov et Larkin pour des systémes
non confinés, libres ou diffusifs [Aslamazov75|, et par Eckern dans le cas d’anneaux diffusifs
[Eckern91]. Les systémes balistiques que nous cherchons & étudier se caractérisent encore une
fois par ’absence d’invariance par translation, méme & un niveau moyen, ce qui interdit de
calculer le logarithme de lopérateur 1 + A%, . (wm) en se placant dans la base des ondes
planes. Il y a donc ici une difficulté supplémentaire & surmonter, que nous aborderons comme
toujours par une approche semiclassique, basée sur le développement des fonctions de Green en
terme des trajectoires classiques.

Pour commencer, il est nécessaire de généraliser cette approximation aux fonctions de Green
a température finie. Ceci peut se faire simplement en partant de la relation Eq.(2.67), et en
utilisant pour les fonctions de Green retardées les expressions semiclassiques usuelles Egs. (2.52),
(2.52) et (2.54), ainsi que la relation Eq. (2.55) entre les fonctions de Green avancées et retardées.
Les énergies complexes intervenant dans Eq.(2.67) nous contraignent en principe & travailler avec
les prolongations analytiques de G* et G®. Cependant, nous verrons que seules les fréquences de
Matsubara petites par rapport a Er auront une contribution importante, ce qui nous autorise
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a faire un développement de l'action classique en utilisant Eq. (2.63) et d’obtenir ainsi

GPil (B tien) = GR(Ey) x exp [—6";]] (2.70)
On retrouve ainsi de nouveau (cf. Eq. (2.57)) que la température introduit un temps ca-
ractéristique tp = hB/m au deld duquel la contribution des trajectoires longues est rendue
exponentiellement petite par le terme ent;/h = (2n+1)t;/tr. De méme, on voit que seules les
fréquences de Matsubara peu élevées vont contribuer notablement, ce qui justifie & posteriori le
calcul perturbatif de la dépendance en énergie de I'action.

La dépendance en champ magnétique de la fonction de Green semiclassique peut de la méme
maniére étre traitée perturbativement. En utilisant Eq. (2.63) on obtient

o i t; BA;
GEI(Ep+ien, B) = G¥(Ey, B=0) x exp [—E"TJ] X exp [z’27r ; J] : (2.71)
9y b 0

Dans cette équation, A; est laire effective entourée par la trajectoire (i.e. la circulation du
potentiel vecteur entre r et r') et ¢ est le quantum de flux. Finalement ’approximation semi-
classique & champ faible de la fonction de Green Eq. (2.67) est donnée par

) : b BA;
gr,r’ (fnaB): 0(671) Z Dj elSj/h—lﬂ'l/j/2 X €xXp [_GTJ] X €Xp |:227T—J:| +

jir—r! ¢0
. . t -1 BA 3!
+6(—¢p) Z Dj e WSt /htimp [2 o exp [EnTJ] X exp [—i27r—]] (2.72)
jlir'—=r QSO

ou les trajectoires j et ' vont de r & r’ en sens contraire, & ’énergie E, et en absence de champ
magnétique.

Le propagateur particule-particule ¥, »(wp,) peut maintenant étre évalué semiclassiquement
a partir des Egs. (2.72) et (2.69). En général ceci va impliquer une double somme sur toutes
les paires d’orbites joignant r & r’. Cependant, de méme qu’en section 2.2.1, la plupart de ces
paires vont étre associées a des contributions fortement oscillantes, qui vont se moyenner a zéro
lorsqu’on effectuera les intégrales sur la position. Il n’est donc nécessaire de considérer que les
termes non oscillants qui gardent une dépendance en champ magnétique. Une facon de faire cela,
encore une fois, est d’associer les trajectoires avec leur symétrique par renversement du sens du
temps. Ceci implique que dans la somme sur les fréquence de Matsubara, dans Eq (2.69), seules
les €, telles que €, (wm —€,) < 0 doivent étre considérées. Cette partie diagonale du propagateur
particule-particule peut alors s’écrire comme

€n<EF
(D) h 2 . BAJ:| |: (|6n|+|wm_en|)t]:|
Yo (wm) ¥ ————— E D; 4r—= E — .
o (w ) 2m (0)’8 j:rﬁr’| J| o |:Z " ¢ en(wm—en)<0 o h

(2.73)

La somme sur €, pour la contribution de la trajectoire j donne alors

S o[ st Lot B [ S

en(wm—€n)<0
(2.74)

ou la fonction R et le temps caractéristique associé a la température sont donnés par les
Eqgs. (2.57) et (2.58). L’origine du dernier facteur (1—exp|—(Er—wm)t/h|) est la limite supérieure
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E de la somme sur les fréquences de Matsubara. Si on suppose w,, < Er, son effet est de sup-
primer de Eg,) toutes les contributions de trajectoires de longueur plus petite que Ag = g/,
ce qui a en particulier pour effet d’éviter la divergence du propagateur particule-particule quand
r — r’. Si on remplace ce facteur par un cutoff & Ay on obtient

Lj>A0
(D) 1 2 R(2t;/ tT) [ mBA; ] wWmtj
D3N ~ E D, 4 — . 2.
r ( ) ﬂN(O) jr—r! | ]| 2tj/tT ’ ¢0 exp[ h ] ( 75)

L’expression de ES,Dr,)(wm) a, de méme que celles de Hp and Fp (Egs. (2.64) and (2.65)),
la particularité d’étre une approximation semiclassique dont la variation est douce sur I’échelle
de Ar. En ce sens, (P) peut, par certains aspects, étre considéré comme un opérateur clas-
sique, plutot que semiclassique. Ceci jouera un role important lorsqu’on analysera ses propriétés

analytiquement ou numériquement.

2.2.3 Renormalisation de l’interaction
—Systémes diffusifs

La simplicité relative du traitement des systemes diffusifs vient de ce qu’il est possible de
relier £(P) & une probabilité classique satisfaisant & une équation de diffusion. Pour ce faire, on
peut introduire une intégrale sur le temps dans Eq. (2.75) afin d’utiliser la relation [Argaman93|

P(r,r';t) = 275;720) > D1t —t5) . (2.76)

jir—r!
Celle-ci relie les déterminants |D;|? & la probabilité classique P(r,r';t) d’aller de r & r’ en un
temps ¢.

Le terme d’ordre n de Eq. (2.68) peut alors s’exprimer en fonction de la probabilité
P(r1,...,rp,r1;t1,...,t,|A) de revenir au point initial ry apres étre passé par tous les points
intermédiaires r; avec comme contrainte que t; soit le temps mis pour se propager de r; a r;, i, et
que 'aire totale enclose soit A. Pour un mouvement diffusif, cette probabilité est multiplicative,
c’est a dire que

/drl...drnP(rl,...,rn,rl;tl,...,tn|A) = /drP(r,r;ttot|A) (2.77)

avec tyy = 3. t;. Si on applique les Eqs. (2.77) et (2.76) & Eq. (2.75), la contribution Q(”) de
Eq. (2.68)venant des termes diagonaux de X(P) donne alors

QD) — ZQ%D)

— %/dr/dtcoth <%) K(t) A(r,t; B) . (2.78)

Le facteur coth(t/tr) (tr est défini par Eq. (2.57)) provient de la somme sur w dans Eq. (2.68),
qui est ici effectuée explicitement. Les fonctions K et A sont définies par

SEt) Kt = 520 { / H[dt’ a2t/ tr)] 5(t—ttot>}z.79>

/ dA cos (4”3 A) P(r,r;¢|A) . (2.80)

x
~
N—r
Il

=
=
Z
[
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K (t) prend en compte l'effet de la température, et A(r,t; B) contient la dépendance en champ
ainsi que la probabilité de retour classique.

Nous allons voir maintenant que pour les systeme diffusifs, I’effet des termes d’ordre supérieur
est de renormaliser la constante de couplage Ao(= 1) [Aslamazov75, Altshuler83, Altshuler85,
Eckern91]. Plus précisément, cela se traduit par le fait que la fonction K (t) peut étre remplacée
par K;(t) (c’est & dire ce qu’on aurait obtenu en ne considérant que le premier ordre des
perturbations [Ambegaokar90, Montambaux96]), & condition de remplacer dans cette derniére
Ao par une fonction A(t) < A9 dépendant peu (logarithmiquement), ou pas, de ¢, en fonction
des régimes considérés.

Pour voir cela, introduisons la transformée de Laplace de K (t),

(O] pp— 2.81)
Py = 9s ‘Zyptr+2(2n+ 1) )
ou BE kgL
F FLT
= - 2.82
e 2T 4 ( )
Le noyau complet K (t) est alors donné par la transformée de Laplace inverse
1 o it ;
K(t) = — / dpet? [l + f(p)] . (2.83)
27 J—ico
Pour évaluer cette intégrale, introduisons
9(p) =1+ f(p) (2.84)
ainsi que
2(2 1
Dy = _20@n+1) (2.85)
tr
les singularités de g(p), pour n = 0,...,np. Soient enfin p, les zéros correspondants (p, est
supposé se trouver entre p,, et p,+1). Sur ’axe réel, g est une fonction réelle qui est négative dans
chaque intervalles [py,pn] (on note p,, = —o0), et positive partout ailleurs. Par conséquent,

In g(p) est analytique dans le plan complexe, sauf sur les coupures [py,p,]. La discontinuité de
phase a travers la coupure est de 27 puisque [g(p)] et positive au-dessus et négative en dessous
de l'axe réel. En déformant le contour d’intégration comme montré sur la figure 2 on obtient

donc
K@) = tm [ P (g ic) - mlg(p +ic)] (2.86)

= lim . %in n[g(p — ie n[g(p + i€)] e .
nF  rpn

= Y dpeP? (2.87)
n=0 ﬁn
1 & _

= S et (2.88)
n=0

Pour n < np, on a 6, = tr(p, — Prn) < 1, et donc a l'ordre un en 6, :

o &1 40 1

1+_Z ’

gS nl;én n—n gs 5n

=0. (2.89)
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§(p)

el
e
=R
g
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Am"d?
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O
o0
~R
g

Re(p)

F1G. 2 — Haut: graphe de la fonction §(p) (pour ny = 200). Bas: chemin d’intégration de la
transformée de Laplace inverse Eq. (2.86) dans le plan complexe p.
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Cette condition donne
5y = 4 (2.90)
" gs/do+¥(np +1) —¥(2n+1) ’

avec ¥ la fonction digamma.

Dans le régime de hautes températures tr < t, tous les n qui contribuent effectivement a la
somme (2.88) sont tels que le dénominateur dans Eq. (2.90) est dominé par ¥(np+1) ~ In(ng).
On obtient dans ce cas

ng
K(t) = % > ent 1 e ont/i] (2.91)
n=0

4 Ao
gstr 1+ (Xo/gs) In(kp L7 /4

1

72 % ePrt . (2.92)

Dans le régime de basses températures tp/t > 1, le n typique contribuant a (2.88) est
ng = tr/4t (que nous supposons toujours beaucoup plus petit que ng). A cause de la variation
lente du logarithme, on peut dans ce cas remplacer n par ng dans Eq. (2.90). [Une justification
plus formelle consisterait & remplacer la somme (2.88) par une intégrale, a passer & In(n) comme
variable d’intégration , et & utiliser ’'approximation de phases stationnaires.] On obtient ainsi

4 4)\0/95

On =~ 9s/Ao + In(nys) — In(2ng) 1 + (Xo/gs) In(2kpvpt) ’ (2.93)

et de la méme fagon que ci-dessus

K(t) ~

4 Ao = pnt
e, 2.94
gstr 1+ (XNo/gs) In(2kpvpt) ;::0 (2:94)

En remarquant que

A &,
2.95
gstT Z ( )
on identifie A
K(t) ~ %Kl(t) (2.96)
0
avec )\
At) = 0 L* = min(2vpt, L7 /4) . (2.97)

1+ (o/g5) (L")
Cette égalité est valable quand In kzL* > 1. Ceci est nécessairement le cas si Inkzl > 1, ce qui
correspond au régime semiclassique pour les systéme diffusifs. Eq. (2.96) montre que les termes
d’ordre supérieur dans K (t) ont en pratique pour effet de renormaliser, dans K (t), la constante
de couplage A\g=1 en A(¢).

Au premier ordre on a, & partir de Eq. (2.79)

R(2t/tr)

Ki(t) = do—

(2.98)

On en déduit donc que K s’exprime comme

o R(2t/tr)
1+ (ho/gs) In(kpL*) 2t

K(t) ~ (2.99)
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Les Eqgs. (2.78)—(2.80) combinées avec Eq. (2.99) forment un point de départ général permettant
de calculer la réponse magnétique des systémes diffusifs pour des géométries variées. Celles-
ci interviennent & travers la probabilité de retour P(r,r,t|A) et Eq. (2.80) dans le calcul de
Q(P), Dans [Ullmo97] (section 2.3.1), ces résultats seront appliqués pour calculer la réponse
magnétique de différents types de structures mésoscopiques diffusives.

—Systémes balistiques

Pour les systeme balistiques, la renormalisation de la constante de couplage s’exprime d’une
maniere légerement plus compliquée que dans le cas diffusif, et ceci pour des raisons qui en
dernier ressort peuvent étre reliées a ’absence d’un comportement “multiplicatif”, tel que celui
exprimé par Eq. (2.77), de la probabilité de propagation. Il est possible cependant d’effectuer
un schéma de renormalisation tres simple, ot I'intégration sur les orbites courtes se traduit par
une décroissance de la constante de couplage effective. Pour ce faire, considérons un nouveau
cutoff A, plus grand que Ay (cf. Eq. (2.75)), mais beaucoup plus petit que toutes les autres
distances caractéristiques du probléme (c’est & dire la taille typique L du point quantique, la
longueur Ly = vptr associée a la température, ou la longueur magnétique Lp = 1/¢9/B). Pour
une trajectoire quelconque j joignant r a r', avec L; > A, notons Ei » sa contribution a EiDr,)
et introduisons ’ ’

=g — g _ j ~
EI‘,I" = EI‘,I" AO/drl EI‘,I‘l El‘]_,l"

+A2 / dry dry D7 S S+ (2.100)

A

ou l'intégrale sur r; est limitée & Ag < |r;_1 —r;| <A (avec ro=r'). ¥y, , est définie par Eq. (2.75),
mais avec une somme limitée aux trajectoires “courtes”, de longueur comprise entre Ag et A;
i r, est déduit de £J , en déformant continiment la trajectoire j. Pour éviter le logarithme
dans Eq. (2.68), introduisons

r=-Tr (2.101)
B wz,; 1+ 208 ()
QD) ge déduit de I par
Ao !
2P () = [ LR T (2.102)
0 0

Remplacer ¥ par ¥ dans I revient & réordonner le développement perturbatif de I' de fagon
que les trajectoires courtes soient associées & des termes d’ordre inférieur. De plus, si L; > A,
de petites variations de la position ne vont pas modifier sensiblement ¥J. Si on approxime
alors ¥, par 21,1”, dans Eq. (2.100), et si on utilise que pour les trajectoires courtes Yy, p =
1/2mgs|r1 — r'|?, on obtient
y XS .
XX, ~ . ~AA) X!, (2.103)

rr’ — ~ r,r
14 )\0/ drlﬁrhr:
Ao<|r1—r'|<A

ou la constante de couplage courante est définie par

ACA) = Ao/[L + (Mo/gs) In(A/Ag)] - (2.104)
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F1G. 3 — Partie diagonale de la contribution des interactions d la susceptibilité magnétique (a
champ nul, pour kra = 50 et une température T telle que Ly = 4a) en fonction du cutoff A
utilisé pour définir le propagateur particule-particule X. La courbe continue correspond a un
calcul ot la constante de couplage \ est modifiée en fonction de A suivant Eq. (2.104), tandis
que X\ est maintenu fize (= Ag) pour la courbe en pointillés. La ligne verticale (trait interrompu)
indique la valeur du cutoff a partir de laquelle la condition A < a n’est plus vérifice.

Par conséquent, la série de transformations successives que nous avons effectuée revient a changer
a la fois la constante de couplage et le cutoff (puisque maintenant les trajectoires plus courtes
que A doivent étre exclues) sans changer I'; c’est & dire

(Ao, Xo) = T (A, A(A)) . (2.105)

On peut alors remonter & QP), et donc & la susceptibilité magnétique & travers Eq. (2.102).
Dans [Oppen00] (section 2.3.3), on verra que ce schéma de renormalisation permet de retrouver
de facon immeédiate la réponse magnétique associé aux interactions du gaz d’électron a deux
dimensions (i.e. sans désordre ni confinement).

Pour les systémes balistiques, nous verrons dans [Ullmo98] (section 2.3.2) qu’il est possible
de calculer la partie diagonale de la contribution des interactions & la susceptibilité magnétique
en calculant numériquement la trace du logarithme de (1 + )\OE(D)), ot £(P) gexprime en
fonction des trajectoires classiques du systéme. La figure 3 illustre, dans le cas d’un billard
carré, l'effet de la renormalisation. On y montre en effet la variation de la susceptibilité en
fonction du cutoff A utilisé pour définir le propagateur particule-particule ¥ : (i) si on garde
la constante de couplage A\¢ inchangée (courbe en pointillés), (ii) si on modifie la constante
de couplage suivant Eq. (2.104). On observe alors que dans le deuxiéme cas (et contrairement
au premier), la susceptibilité magnétique obtenue reste invariante tant que le cutoff A reste
significativement plus petit que la taille du billard. Ceci permettra dans [Ullmo98] d’interpréter
de maniére naturelle les résultats obtenus pour les systémes balistiques confinés.
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2.3 Reéponse magnétique associée aux interactions: articles

2.3.1 Article “ Semiclassical Approach to Orbital Magnetism of Interacting

Diffusive Quantum Systems” (réf. [Ullmo97])
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Abstract

We study interaction effects on the orbital magnetism of diffusive mesoscopic quantum systems. By combining many-body
perturbation theory with semiclassical techniques, we show that the interaction contribution to the ensemble-averaged quantum
thermodynamic potential can be reduced to an essentially classical operator. We compute the magnetic response of disordered
rings and dots for diffusive classical dynamics. Our semiclassical approach reproduces the results of previous diagrammatic

quantum calculations. © 1997 Elsevier Science B.V. All rights reserved.

PACS: 03.65.8q; 05.45.+b; 05.30.Fk; 73.20.Dx
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1. Introduction

The interplay of disorder and interactions in meso-
scopic systems has attracted considerable attention [1].
Interaction effects on transport through small quan-
tum dots [2, 3] as well as on thermodynamic proper-
ties like persistent currents and orbital magnetism are
of present interest. In the latter case, the unexpectedly
large measured persistent current of small metal rings
[4--6] pointed towards the importance of such interac-

* Corresponding author. Tel.: +49 351 871 2210; fax: +49 351
871 1199; e-mail: richter@mpipks-dresden.mpg.de.

1386-9477/97/$17.00 © 1997 Elsevier Science B.V. All rights reserved
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tion effects and motivated a large number of theoreti-
cal approaches [7, 8].

For the description of thermodynamic quantities,
semiclassical expansions have proven particularly
useful, both within the independent-particle model
[9-13] and for interaction effects [14,15]. These
studies established a close relation between the classi-
cal dynamics and the quantum-mechanical magnetic
response. In particular, studies of ballistic systems
showed that the quantum thermodynamic properties
are sensitive to whether the classical dynamics is reg-
ular or chaotic [10-13, 15].

In this paper we apply these semiclassical tech-
niques to the orbital magnetism of interacting sys-
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tems whose non-interacting classical dynamics is
diffusive. Specifically, we present semiclassical
derivations of the interaction contributions to the
persistent current of metal rings and to the suscepti-
bility of singly connected two-dimensional diffusive
systems. We recover results obtained previously by
quantum diagrammatic calculations [16-20], showing
that the semiclassical approach is on the same level
of approximation. By semiclassically evaluating the
relevant diagrams appearing in the many-body per-
turbation series for the thermodynamic potential, we
express the latter in terms of an essentially classi-
cal operator. This expression provides a convenient
starting point for further calculations. Moreover, by
making the connection with the classical dynamics, it
provides a physically intuitive picture of the interplay
between disorder and interaction.

2. Diagrammatic perturbation theory

We are interested in the orbital magnetism of a
mesoscopic quantum system subject to an external
magnetic field B. While the magnetic response of a
singly connected system is usually measured in terms
of its susceptibility y, the magnetic moment of a
ring-type structure threaded by a flux ¢ = B4 (where
A is the enclosed area) is usually described by the
related persistent current /. Both are given in terms of
the thermodynamic potential  as (V' being the area
(volume) of the structure)

1:__.8_9- ~:_laz_g (D
T % T v

To calculate the interaction contribution to the
magnetic response, the high-density expansion (RPA)
of the thermodynamic potential [21] has to be ex-
tended by including interaction corrections from
diagrams with the Cooper channel. This was orig-
inally performed in the context of superconducting
fluctuations and then applied to disordered normal
metals [16-20] Such expansions usually yield reli-
able results even beyond the high-density limit, if
the relevant sets of terms are properly resummed.
The relevant Cooper-like diagrams are shown in Fig.
Fig. 1. The screened Coulomb interaction (wavy
lines) can be treated as local [18,19]: U(r —¢#') =
ZoN(0)'8(r — ¢'). Here, N(0) denotes the density

of states and the bookkeeping index 4y = 1 identifies
the order of perturbation. For the local interaction,
direct and exchange term are equivalent up to a factor
of (—2) due to the spin sums and the different num-
ber of fermion loops. The corresponding perturbation
expansion for this interaction contribution Q to the
thermodynamic potential, which yields the magnetic
response, can be formally expressed as [17, 18]

12 (—o)!
/jn | n

x> [ dry...dr 2, (W) Zy e ()

w .

- % S Te{In[1 + Ao E()]}. 2)

[0

Q=-

Nghs

i

Here, w denotes the bosonic Matsubara frequen-
cies @ = 2An/f with fi = 1/kT. The particle—particle
propagator 3(w) is expressed (in position represen-
tation) in terms of products of finite-temperature
Green’s functions as [21]

Ey

1
2 (@) = gy Gy

Gr (£)Gr (@ — £). 3)
Here, the sum runs over the fermionic Matsub-
ara frequencies ¢ = (2n+ 1)n/f. The short-length
(high-frequency) behavior is included in the screened
interaction, thus requiring a cutoff of the frequency
sums at the Fermi energy E¢ [18]. The straight lines in
Fig. | represent finite-temperature Green’s functions
of the non-interacting system. They are of the form

G, () = 0(£)GR . (Er + ie) + 0(—£)G2, (Er + ic)

(4)
in terms of the retarded and advanced Green’s
functions GRA which are related by G;fr,(E )=

[GE ,(£*)]*. For diffusive systems, they include the
presence of the disorder potential.

3. Semiclassical formalism

Both in ballistic and diffusive samples, the Fermi
wavelength Ar is often the shortest length scale. It is
in this situation that we can apply semiclassical tech-
niques to compute X, ,(w). Here, we will moreover
assume that the magnetic field B is classically weak,
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Fig. 1. Leading Cooper-channel diagrams for the interaction contribution to thethermodynamic potential.

i.e., that the cyclotron radius R, » min{/,L} (with /
the elastic mean free path and L the system size).

Semiclassically, the retarded Green’s function is
represented as a sum of contributions Gf 7 over all
classical paths j from r to #' [22],

G,}-{,r (E) ~ Z D/ eiS,,y’h—mv,/Z‘ (5)

Jar—r'

Here §; = f:l p - dr is the classical action of trajectory
J. The prefactor D; includes the classical phase-space
density [D; = (1/4/2n(ikyxx")[028;/0v2y|'*  in
two dimensions]. v; is a Maslov index. The semi-
classical approximation makes the temperature and
magnetic-field dependences of the finite-temperature
Green’s function transparent. Employing (0S;/0E) =
t; and (8S;/0B) = (e/c)d;, where {; and A4; are the
traversal time and area, one finds

GNJ(Ep + ie, B) = G /(Ep, B = 0) x exp[—=t;/h]
xexp[i2nBA;/do] (6)

where ¢¢ = hc/e is the flux quantum. Note that tem-
perature exponentially suppresses the contributions
of long paths to each Green’s function.

Semiclassically, the particle—particle propagator
2yp(w) is then represented as a sum over pairs of
paths between r and #’. Ofi-diagonal pairs (of different
paths) generally contain highly oscillatory contribu-
tions which do not survive an ensemble (disorder)
average. (There can be exceptions as discussed in
Ref. [15].) On the other hand, the diagonal pairing of
cach orbit j with its time reverse persists upon aver-
aging since their dynamical phases exp[iS;(8 = 0)/%]
cancel while retaining a magnetic-field dependence.
A more detailed semiclassical analysis [ 15] shows that
the Cooper series in Fig. 1 contains the magnetic-field
sensitive contribution to  which is leading order
in A.

Using Eqgs. (4)—(6) in Eq. (3) and performing the
Matsubara sum yields for the diagonal part of X

Z(D)((U)N—L»AO‘ |? M
TN e 2y
i4mBA 0t
X exp [1 T(;)o ’] X exp {~%} . (7)

The sum runs over all trajectories longer than the cut-
off Ay = Ap/m [corresponding to the upper bound Ep
on the Matsubara sum in Eq. (3)]. The temperature
dependence in Eq. (7) enters through the function
R(x) = x/sinh(x) introducing the time scale

- (8)
b
and the related length scale Lt = vp#r, with v being
the Fermi velocity. This semiclassical framework al-
lows us to reduce the original quantum problem to
2 which no longer exhibits variations on the quan-
tum scale Ar but only on classical scales. We empha-
size that the representation, Eq. (7), of Z'? is rather
general since we have not yet made any assumption
about the classical dynamics of the system. In partic-
ular, it applies to both diffusive and ballistic systems.
On the basis of Eq. (7), we have recently studied in-
teraction effects in ballistic quantum dots [15]. Speci-
fically, we show that the interaction-induced orbital
magnetism scales differently for systems with regular
and chaotic non-interacting classical counterparts.
Here, we focus on diffusive systems for which it is
useful to relate X7 to classical probabilities satisfy-
ing the diffusion equation. To this end we introduce
an additional time integration in Eq. (7) and make use
of the relation [9]

1 25 N(O) ’
52 2 D700 = 1) = == P(r. 1) 9)

Jir—r!
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between the weights |D;|? and the classical probability
P(r,¥'; 1) to propagate from r to +’ in time 1.

An nth order contribution to Q in Eq. (2) then
contains expressions for the joint return probabil-
ity P(r1,... Fpsr5 0, 1y |A) to visit the points r;
(with ¢ being the time between r; and r;.;) un-
der the condition that the enclosed area is A. In
diffusive systems, the probability is multiplicative,
namely Jdr A P(rr, i A =
[ drP(r,r; tt]4) with te = 3 t;. The contribution to
Q in Eq. (2) from the diagonal terms Z(® then yields

Dy _ D)
'Q( - Z Q}i
n

:l/dr /dmoth(i> KA (r,1:B).  (10)
B . It

where coth(#/¢r) arises from the w-sum in Eq. (2) and

K(ty =Y K1)

o (—4) nodu R/ ) ] B
= Zn: I { :[II {—r } ot tlut}}
(11}

o(r,t;B) = /dA cos(%) P(r,r;t|4). (12)
0

K{(t) accounts for temperature effects while .7 con-
tains the field dependence and the classical return
probability. Egs. (10)-(12) are a general and conve-
nient starting point to compute the orbital response of
disordered systems.

4. Diffusive rings

We start with the computation of the first-order
interaction contribution, Q(ID ), to illustrate the main
ideas. Consider a (thin) disordered ring of width b,
cross section ¢ and circumference L. For L » 1. b the
motion of particles around the ring effectively follows
a law for one-dimensional diffusion. Since the area en-
closed is given in terms of the number / of windings
around the ring, one has

oo

11 msz)
P(r,r;t|A)= ———==exp| ———
writr= & 2o (-

. L?
X <A —i”—>, (13)
47

where D = vpl/d is the diffusion constant (in d dimen-
sions). Because of the disorder average the classical
return probability does not depend on r. In first order,
we have

Ki(1) = AoR(2t/tr)/2t. (14)

Combining this with the coth function in Eq. (10) we
find

L Lh ot dnme’
Q'ID)ﬁ/.o%mzx os( (:;d)).llm(T) (15)
with

oc 204/, — 2
gy = [ @R el (b /EDO]

2
0 4

vanDt

Taking the derivative with respect to the flux, we
recover the first-order interaction contribution to the
persistent current, first obtained in Ref. [19] by purely
diagrammatic techniques

h=4% S msin (M)gmm. (7

T m=—oc (b(l
Semiclassically, this first-order result was already de-
rived by Montambaux [14].

In addition, our semiclassical approach allows us
to obtain the renormalization of the coupling con-
stant [16-20] due to the higher-order diagrams of the
Cooper series. Including these diagrams amounts to
using the full kemel K(¢) in Eq. (10) instead of K, (¢).
Introducing the Laplace transform of K(¢)

N ny 1
=2y —— I8
f(p) /O,g)ptT-%—Z(ZnJrl) (18)
(ny = PEp/2m = keL1/4),K (1) is given by the inverse
Laplace transform

1 +io .
K(t)= 7_m/ dpe™ " In{1 + f(p)]

—1oc

2
o~ K (1),
7o In(keL") 1)

L* = min(vgt, L1/4). (19)

The last equality is valid when InkgL*> 1 which
is certainly satisfied when Inkp/> 1. Therefore, the
higher-order terms merely lead to a renormalization
of the coupling constant, thus reducing the pre-
dicted magnitude of the persistent current. In the
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high-temperature regime (Lt < L,,) the coupling
constant is renormalized to 2/In(kgLr/4). Introducing
L = vp(mL)*/4D, the average length of a trajec-
tory diffusing m times around the ring, one gets at
low temperature (Lt > L,,) a replacement of 4y = 1
by2/In(kgLy,).-These two limits agree with results ob-
tained diagrammatically by Eckern [20].

We note that the functional form of the temperature
dependence (exponential 7-damping [19]) is in line
with experiments {4—-6] while the amplitude of the
persistent current with renormalized coupling constant
is smraller than the experiments by a factor of ~5.

5. Diffusive two-dimensional systems

Contrary to rings, the geometry imposes no short-
est length for returning paths in singly-connected sys-
tems. One, therefore, expects a different temperature
dependence of the magnetic response.

Consider a two-dimensional singly-connected dif-
fusive quantum dot. In view of the general renormal-
ization property of diffusive systems, Eq. (19), the
diagonal part of the thermodynamic potential from the
entire Cooper series [Eq. (10)] can be written as

1 1 t t
D) T p2 .
QP = B _/dr/dtﬁln(kp th)_tZR <t—T)d(r,l,B).
(20)

Here we have used L* = vgt in Eq. (19) since the R?
factor ensures that the main contribution to the integral
comes from ¢ < ¢7. In two dimensions the conditional
return probability, entering into .7, is conveniently
expressed in terms of the Fourier transform [9]

. ! i exp(—|k|Dt)

P(r,rt|d) = — | dk|k|e¥-—— 2L

(k) = 35 | KK o —2lkiDn)

1)
from which one obtains
1 R(t/tg)

A(rt;B) = ————. 2

BB =b (22)
Here, we introduced the magnetic time

o) L3

- = £ 2

"~ 4xBD ~ 4nD (23)

It is related to the square of the magnetic length Lg
which denotes the area enclosing one flux quantum

(assuming diffusive dynamics). Note that the function
R in Eq. (22) has a different origin than in Eq. (20).

Using Eq. (22) in Eq. (20) and taking the second
derivative with respect to the field, we find for the
susceptibility

X(D)

12 o dt t t
£ st (e ).
‘XL’ Tt( F )~/fu tIn(ky vpt) It Ip

(24)

where R” is thesecond derivative of R. The suscep-
tibility is normalized to the two-dimensional diamag-
netic Landau susceptibilityy, = —e2/(12nmc?).

In the above time integral the elastic scattering time
7o = [/vp enters as a lower bound. This cutoff must
be introduced since for backscattered paths withtimes
shorter than 7 the diffusion approximation, Eq. (21),
no longer holds [23]. On the other hand, Eq. (24)
holds true only as long as the upper cutoff time ¢* =
min(#y, £ ) is smaller than the Thouless time £, = L?/D
(with L being the system size). For times larger than
t. the dynamics begins to behave ergodically, and the
two-dimensional diffusion approximation is no longer
valid. Assuming ¢* < ¢, Eq. (24) can be approxi-
mately evaluated by replacing R(¢/tr) and R(t/tz) by
R(0)=1 and R"(0) = w;-—, respectively, and intro-
ducing the upper cutoff #* in the integral. The remain-
ing integral yields for r* » 74

T dr In[kr vp min(tr, 15)]
=1 .
/ fnkr or0) “{ (ke /) } (25)

The log-log form produced by the 1/¢In ¢ dependence
results from the wide distribution of path lengths in the
system — there are flux-enclosing paths with lengths
ranging from about vpte up to vpt*. In contrast, in
the ring geometry discussed in the previous section
the temperature dependence is exponential because the
minimum length of flux-enclosing trajectories is the
circumference.

The averaged susceptibility of a diffusive two-
dimensional structure then reads

~

Z(D) 4
ol om

In[kr vr min(tr, )] }

In(k1) (26)

(kpl)ln{

One thus finds a log-log temperature dependence for
tr < tp and a log—log B dependence for 7 > t3.With
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regard to magnitude, the magnetic response of diffu-
sive systems is paramagnetic and enhanced by a factor
ke ! compared to the clean Landau susceptibility y.

Eq. (26) agrees with results from Aslamazov and
Larkin [16], Altshuler et al. [17, 18] obtained with
quantum diagrammatic perturbation theory. The equiv-
alence between the semiclassical and quantum ap-
proaches to diffusive systems may be traced back to
the fact that the “quantum”diagrammatic perturbation
theory relies on the use of the small parameter 1/kr/
which can be viewed as a semiclassical approxima-
tion.

6. Conclusions

To conclude, we developed a semiclassical ap-
proach to evaluate the interaction contribution of the
grand potential in a high-density perturbative expan-
sion. We showed that the averaged quantum magnetic
response can be expressed in terms of an operator
containing the classical probability for particles to re-
turn. As an application we computed the orbital mag-
netic response of diffusive rings and two-dimensional
quantum dots arising from the combined effects of
disorder and interaction.
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2.3.2 Article “Chaos and Interacting Electrons in Ballistic Quantum Dots”
(réf. [Ullmo98))
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LETTERS
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Chaosand Interacting Electronsin Ballistic Quantum Dots
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We show that the classical dynamics of independent particles can determine the quantum properties
of interacting electrons in the ballistic regime. This connection is established using diagrammatic
perturbation theory and semiclassidahite-temperature Green functions. Specifically, the orbital
magnetism is greatly enhanced by the combined effects of interactions and finite size. The presence of
families of periodic orbits in regular systems makes their susceptibility parametrically larger than that
of chaotic systems, a difference which emerges from correlation terms. [S0031-9007(97)05133-8]

PACS numbers: 05.45.+b, 03.65.Sq, 05.30.Fk, 73.20.Dx

The connection between classical dynamics and wavingly, as the perturbation theory is carried outhigher
interference has recently attracted attention in many fieldserders a qualitative difference emerges: Thermodynamic
of physics [1], including atomic, mesoscopic, and opticalproperties scale differently with Fermi energy for chaotic
physics. A central question is to what extent the quantunand regular systems. This correlation effect shows that
properties of classically regular and chaotic systemshe nature of the classical dynamics can have a substan-
differ. On the whole, this question has been addressetial effect on the quantum properties of an interacting
for noninteracting systems. It is now known that manysystem.
guantum properties are, in fact, strongly influenced by To be specific, we study the magnetic response of an
the nature of the classical dynamics—the density ofnsemble of ballistic quantum dots formed from a two-
states, the quantum corrections to the conductance, amimensional electron gas. Recent fabrication progress has
the optical absorption, to name a few. made possible phase-coherent electronic microstructures

We wish to address this question fimteracting sys- much smaller than the mean free path. In these “ballistic”
tems and, in particular, to investigate the role of the classiguantum dots, one can think of electrons moving along
cal dynamics of the noninteracting system in this contextstraight lines between specular reflections off the confin-
If the interactions are strong, the noninteracting classicahg potential. Because this motion is qualitatively differ-
dynamics will be of little relevance. However, if the in- ent from that taking place in bulk materials, a variety of
teractions are short range and not too strong, the nonintenew behavior has been observed [2]. In particular, the
acting classical dynamics may be important, and its rolenagnetic susceptibility of an ensemble of ballistic squares
can be assessed with perturbation theory. This regimeas been measured [3], and a large enhancement over the
is physically relevant: It applies to a high-density two- Landau response was found. First attempts to understand
dimensional electron gas in which the quasiparticles inthis experiment within noninteracting models pointed to
teract weakly through the short-range screened Coulomtine importance of the classical dynamics [3—5]. The in-
interaction. We find that dfirst order in the interaction clusion of interactions in such systems is our main con-
there is a difference between regular and chaotic systemeern, though much of the discussion applies to ballistic
but one which is only numerical, not qualitative. Intrigu- structures in general.
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For the magnetic response, thgh-density expansion long paths throughthe tereat; /i = 2n + 1)t;/tr. (vr
[random-phase approximation] of the thermodynamic pois the Fermi velocity of a billiard.) This provides a com-
tential [6] has to be extended by including Cooper-likeplete description in the semiclassical perturbative regime.
correlations, as carried out previously for disordered met- We start with the first-order (Hartree-Fock) term in the
als [7—9]. Such expansions are typically used beyond thdiagrammatic expansion
high-density limit and yield reliable results for the bulk A
provided some sets of terms are properly resummed. We o =2 Z TS (wm)}, 3)
continue to follow this point of view for quantum dots, @n

«, no__ H 2
where the “small parameter; = ro/ao is about2. €76 \yhere the trace implies an integral over the spatial
is the average area per electron, aqds the Bohr radius 50 ments of the particle-particle propagator [6]
in the material.) We show that these expansions are par-

ticularly insightful when combined with a semiclassical 1 &
approximation from which the connection to the nature of ep(w) = BN(0) ZGrJ/(En)Gr-r’(“’ — &) (4
the classical dynamics can be made. Thus, we will as- €
sume thatcpa > 1 (a is the size of the microstructures and w,, = 2m«/B. The short-length (high-frequency)
andkr the Fermi wave vector) and that the magnetic fieldbehavior is incorporated in the screened interaction, thus
B is classically weak (cyclotron radius-a). requiring a cutoff of the frequency sumst [8]. Semi-
Semiclassical approach-The perturbation expansion classically,3 ., is a sum over pairs of trajectories joining
[6,8,9] for the interaction contribution to the thermo-r to r’. However, most pairs yield highly oscillating
dynamic potential() yields the magnetic susceptibility contributions which, after the spatial integrations, give
through x = (—1/a*)9*Q/aB*>. A series of terms is higher-order terms inl/kra. To leading order, only
shown in Fig. 1. The screened Coulomb interactionthose pairs contribute to the susceptibility whose dynami-
(wavy lines) is treated as local [10J/(r — r') = cal phases exXps;(B = 0)//] cancel while retaining a
AoN(0)~'8(r — '), with N(0) the density of states and magnetic-field dependence. One way this can be achieved
Ao = 1 identifying the order of perturbation. Straight is by pairing each orbij with its time reverse. The trace
lines represent the *“free” finite-temperature Greenin Eq. (3) yields a sum over closed but not necessarily
function in the presence of the confining potential, periodic trajectories [see Fig. 2 (left) for a square]. This
Ger(en) = 0(e,)GR(Ep + i€,) “diagonal” or “Cooper channel” is present, independent
A . of the nature of the classical dynamics, and we will re-
+ 0(—€,)Gr(Er + i€,). turn to it below. We first turn to an additional contri-
Here,Er is the Fermi energy, = (2n + 1)7/B arethe bution present for integrable systems which is central to
Matsubara frequencies, agtf is the retarded, advanced this paper.

Green functions related hyﬁ,,(E) = [Gﬁ,(E*)]*. Nondiagonal channek-In integrable systems, periodic
SemiclassicallyG* is the sum of the contributior(éﬁj; prbits come in families within which the action i.ntegral
of each classical trajectoryfromr to ' [1]: In 2D, is constant. If, as is generally the case, two orbits of the

same family cross at a given point, it is possible to cancel
GR(E) = Z DjeiSi/h=imyi/2, (1) the dynamical phases by pairing them [Fig. 2 (right)].
’ jr—r’ This pair contributes to the trace in Eq. (3) because both

orbits are continuously deformable so that the phase is
canceled throughout an entire region of space. For closed
but nonperiodic orbits, this condition is met only if they
are time reversed (i.e., in the Cooper channel).

This nondiagonal first-order contribution involves a
term for each family of periodic orbits. For the square
Gri(Ep + i€y, B) = Gri(Ep, B = 0) X exd—e,t;/n]  billiard at not too lowT (Lt = 2a), only the shortest of

whereS; = [% p - dr is the classical action of trajectory
j, D} = (xx")"'|a%S;/ayay'|/2m(ik)’ is the classical den-
sity, andy; is a Maslov index. UsingdS;/0E) = t; and
(05;/0B) = (e/c)A;, wherer; and A; are the traversal
time and area, one finds

X exfi2mBA;/¢o], )
where ¢g = hc/e is the flux quantum. Note that tem-
perature introduces time and length scajes= Ly /vy = r

i B /7 which exponentially suppress the contributions of

FIG. 2. Typical pairs of real-space trajectories that contribute
FIG. 1. Leading Cooper-channel diagrams for the interactiorto the average susceptibility to first order in the interaction in
contribution to the thermodynamic potential. the diagonal channel (left) and the nondiagonal channel (right).
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T ] tion—and regular ones—for which the nondiagonal term

is also present—is numerical but not qualitative.

- However, higher-order diagrams are essential in the

AN diagonal Cooper channel, as known from the theory of

5 W . superconductivity [6,7]. One should sum all terms which
F (i) do not vanish upon ensemble averaging, (ii) depend on

. . . . B, and (iii) are of leading orderifi ~ 1/kra. Thisyields

2 8 4 8 the Cooper series [6—8] shown in Fig. 1. For instance,
. (iii) is checked byi power counting, since a pair of Green
functions scales a&'(0)/#, interactions agN(0)]~!, and
Te—e—6 I Matsubara sums as. Indeed, all terms in the series are
0 1 T/ZT 3 4 of order/ despite the formal expansion iy. Summing
0

the series yields, for the diagonal contribution [8],
FIG. 3. Temperature dependence of #ezo-field susceptibil- 1 )

ity (solid line) for an ensemble of squaresita = 50. The (D) — D

contribution of the nondiagonal channel [dashed, family (11) Q D> THIN[1 + AoZp (@)} (6)
and repetitions] exceeds that of the diagonal Cooper channel

Goted & o emperare ot 0% & The iagonal et of 3 is a sum over all jctois

longer than the cutoff\, = Ar/7 [associated with the
upper boundzr on the Matsubara sum in Eq. (4)]:

these periodic orbits contributes, namely, the family (11) ) Li>Ao R(2z /tr
with lengthL;; = 2+/2a shown in Fig. 2 (right). In this Xy (@) = 27N ( O) Z |D;|? ———
case, we find for the susceptibility in terms of the Landau jir—r!
susceptibilityy; (= e2/12mc?) X exflidmBA;/ o] X ex;{fwmz,/ﬁ]. @)
nondiag 2,2
X11 ) 3kra d*C*() 2<L11>
YL 04\/5773 do? L) (5)  While we cannot diagonaliz®, . analytically, it has the

nice property that (except fok,) all variations occur on

where, as above, one should take= 1 so that the inter- classical scales: Rapid quantum oscillations on the scale of
action strength i€/ = N(0)~! [10]. The temperature de- Ay have been washed out, greatly simplifying the original
pendence is governed by the functiifix) = x/sinh(x)  quantum problem. In this sens&® is a “classical”
and the field dependence b§ (¢) = (2¢) '/?[cosx  operator. Hence, we can discretZ& with a mesh size
(me)C(Jme) + sin(me)S(Jme)], with ¢ = Ba*/¢y  larger thaniy, sum over trajectories between cells, and so
and C and S Fresnel functions. As in the noninteract- computeQ® numerically.
ing case [4,5], the contribution of Eq. (5) is linearkpa We have performed this computation for the square bil-
and has a temperature scale related to the length of tHiard, obtaining the dotted curve in Fig. 3 fg(7). In this
periodic orbit. Quantitatively, the nondiagonal contribu- curve, we can distinguish three regimes. At low tempera-
tion of the family (11) and its repetitions is shown as theture, y?) is paramagneticand decays on a scale similar
dashed curve in Fig. 3.Thus the existence of a family to the nondiagonal contribution (dashed curve), but has a
of periodic orbits—a characteristic of the noninteracting significantly smaller amplitude. In the intermediate range,
classical dynamics—is associated with an additional first-y?) is small anddiamagnetic Finally, at high tempera-
order interaction contribution to the susceptibility. tures, y©) is again paramagnetic, but very small. This

Higher-order terms in perturbation theory also containis naturally understood by associating each regime with
nondiagonal contributions. However, in these terms then order in the perturbation series. The |@wpart corre-
location of the additional interaction points is severely lim-sponds to the first-order term [orbits of the type in Fig. 2
ited: They must lie on both periodic orbits to cancel the(left)] which is exponentially suppressed by the tempera-
dynamical phases and so must be near the intersections tofre factorR whenL; becomes smaller than the shortest
the two orbits. Further analysis shows that these contrielosed orbit. At this point the second-order term, due to the
butions are therefore smaller by a factor lofcra. By  closed paths of two trajectories connected by interactions,
contrast, we will now show that the diagonal contributiontakes over. There is no minimum length of these paths,
is strongly renormalized by higher-order terms. and hence the second-order term is less rapidly suppressed

Diagonal Cooper channek-The first-order contribu- by T. For repulsive interactions, the sign is opposite to
tion to y in the diagonal channel has the same depenthe first-order term, thus the sign changeyif?). Ateven
dence orkra as in Eq. (5) and a similaf dependence; higher temperatures onder < a, this term is a surface
its magnitude is~1.4 times larger. So, to first order contribution and the third-order term takes over. The lat-
in the interaction, the difference between generic chaotiter is a bulk contribution [7] since, with three interactions,
systems—for which there is only the diagonal contribu-flux can be enclosed without bouncing off the boundary.
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Renormalization scheme-This interpretation of Fig. 3 remaining smaller than all classical lengths. Furthermore,
should be reconsidered for two reasons. First, the figyal it is qualitatively reasonable that the perturbation series of
sult for the diagonal channel at Icivis much smaller than Q°) becomes convergent wheh is of ordera, since
the first-order diagonal contribution noted above. Secondjy this point the spread in length scales causing the
one observes numerically that the terms in the perturbadivergence has been eliminated. We have checked that
tion series increase in magnitude with order: One is nothis is true numerically, although this is at the border of the
in the radius of convergence of perturbation theory but irrange for a quantitative answer. The conclusion from this
its analytical continuation. Despite these facts, we showenormalization argument is thata) = 2/[2 + In(kra)]
that the interpretation is valid once the interaction enterreplaces the coupling constaid = 1 in the perturbative
ing the diagonal contribution is replaced by a renormalizedxpressions for the diagonal channel.
interaction. Consequently, for largér at low T (Ly = shortest

To demonstrate this, we introduce a simple renormalperiodic orbit), the diagonal contribution isarametri-
ization scheme where integration over short trajectories ofally smaller than the nondiagonal contribution by a fac-
length betweemn\, and a new cutoff\ yields a decreased tor 1/In(kra) because higher-order correlation terms re-
effective coupling constant. The new cutdffis larger duce only the diagonal contributionTherefore, regular
than Ay but much smaller than any other characteristicsystems, for which there is a nondiagonal contribution,
length @, L7, or \/¢o/B). For each pathy joiningr to  show a magnetic response logarithmically larger than
' with L; > A, let Eﬁ,w denote its contribution to?il,),), the generic chaotic systems, for which only the diagonal

and define channel is open.For comparison, we note that the non-
interacting contribution obtained previously [4,5] is of the

Si =iy f aesi S same order as this interaction contribution for integrable

' rr o A0 1<rr S systems but smaller for chaotic ones.
o . The reduction factor provided by(a) allows one to

+ /\(z)f dridryX] . e 200 + ..., (8)  understand qualitatively, first, why the diagonal contribu-

tion is less than the off-diagonal one in Fig. 3 and, second,

where ther; integration is overAg < |r;.; — r;] < A Why the diamagnetic excursion and high-temperature tail

with ro = r'). 3, . is defined by Eq. (7) but with the are small. Thus, the interpretation above of the diagonal
sum restricted to “short” trajectories with lengths in theChannel is correct oncé(a) replacesi,. _
range[Ag, A]; 3tr, is obtained from3 . by continu- With the nondiagonal channel, the magnitudeyothat

ously deforming trajectoryj. To avoid the awkward W€ find is in good agreement with the experiment at the
In in Eq.(6), we introducel = (1/8)Y, Trl + lowest experimental temperatures [3]. However, the tem-

(D) 2 ) ) - perature scal& in Fig. 3 is significantly smaller than that
A2 (@n)] !, from which Q) can be derived through jp, the experiment: After an initial rapid decay, the experi-
N gl mental susceptibility decreases slowlyragcreases. The
QP(p) = [ 2T (9) reason for this slow decay is not known.
o A In conclusion, we have shown that a semiclassical treat-
. - . . ment allows one to study the high-density perturbative
ReplacingX by X in I' amounts to a reordering of the expansion of the interaction contribution to the grand po-
perturbation expansion of in which short paths are tengjal for ballistic quantum dots. This semiclassical ap-
gathered into lower-order terms. MoreoverLif > A, nroach is an efficient tool to compute quantitatively the
small variations in the spatial arguments do not mOd'fymagnetic response. Moreover, when combined with a
noticeably the characteristics &f . ApproximatingStr,  renormalization scheme, it provides an intuitive picture of
by i, in Eq. (8) and using>, » = 1/47|r; — r/|>  various features specific to the ballistic regime. The most

valid for short paths, we obtain striking one is that the susceptibilities of integrable and
j chaotic geometries scale differently wiktra because of
)\oiir _ Ao - /\(A)Zi,ru (10) the presence of families of periodic orbits in the former.

1+ A fdrlim, Another unusual property, caused by the diffefBdiepen-
dence of different orders in the (renormalized) interaction,
where the running coupling constant is defined\Moyx) = is that with increasing temperature the interaction contri-
Ao/[1 + (A0/2) In(A/Ap)]. Therefore, these steps amount bution changes sign from paramagnetic to diamagnetic and
to a change of both the coupling constant and the cutoffhen back to paramagnetic.
(since now trajectories shorter thanmust be excluded) R.A.J., F.vO., and K.R. thank the ITP Santa Bar-
without changingT’; that is, T'(Ag, Ag) = T'(A, A(A)). bara (PHY94-07194), where part of this research was
Through Eg. (9), this renormalization scheme can beerformed. R.A.J. and K.R. acknowledge support from
applied toQP), and so to the average susceptibility. the French-German program PROCOPE. The Division de
In this way, we have eliminated the last “quantum scale’Physique Théorique is “Unité de recherche des Univer-
Ao from @) A can be made much larger thap while  sités Paris 11 et Paris 6 associée au C.N.R.S.”
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2.3.3 Article “Interaction-Induced Magnetization of the Two-Dimensional
Electron Gas: Semiclassical Approach” (réf. [Oppen00)])

On limite parfois le régime proprement mésoscopique a des températures comprises entre
Pespacement moyen A entre niveaux & une particule, et ’énergie de Thouless Ery = 7,/h, ou 7,
est le temps de vol L/vy a travers le systéme (cf. par exemple [Shapiro93]). On considére alors
que pour des températures plus basses ’aspect microscopique associé aux niveaux d’énergies
individuels commence a jouer un role important. Pour des températures plus hautes, aucun
effet d’interférence n’est attendu, que ce soit pour un modele de particules indépendantes ou
pour un traitement des interactions entre électrons sous forme de quasi-particules de Landau.

Dans ce régime “mésoscopique”, les prédictions théoriques obtenues par notre approche
semiclassique sont tout & fait compatibles avec les résultats expérimentaux [Levy93, Mailly93],
tant du point de vue de la taille des effets observés que des échelles de champ magnétique ou
ils prennent place. Pour des températures supérieures a E7p par contre, la réponse magnétique
devrait disparaitre exponentiellement rapidement puisqu’elle est entierement due a des effets
d’interférence. Il se trouve que, au moins dans un cas [Levy93], une réponse magnétique est
mesurée significativement au deld de cette température.

L’origine de cette réponse magnétique pour des températures “hors régime mésoscopique”
est trés mal comprise. Différentes hypotheéses ont été avancées, comme par exemple le fait qu’elle
puisse étre associée a des phénomenes hors d’équilibre [Kravtsov00]. Une autre possibilité, peut
étre plus intéressante encore, serait que le traitement des interactions entre électrons par une
approche de type liquide de Landau ne soit pas suffisante pour décrire le magnétisme orbital
observé par Lévy et collaborateurs. Si cette derniére suggestion se trouvait confirmée, il faudrait
encore spécifier si ce comportement “non liquide de Landau” est du au caractére mésoscopique
du probléme, c’est a dire au fait que les électrons soient confinés, ou si déja le magnétisme orbital
du gaz d’électrons & deux dimension (non confiné) met en défaut, pour la réponse magnétique
a champ faible, la description en terme de quasi-particules de Landau.

Il apparaissait donc naturel de revenir un peu en arriére, et de considérer de facon précise la
réponse magnétique a champ faible associée aux interactions au sein d’une description de type
liquide de Landau, pour le gaz d’électrons & deux dimensions. C’est ce que nous avons fait dans
le dernier article inclus dans ce mémoire [Opp00], en espérant que ces prédictions théoriques
motiveront des études expérimentales permettant de clarifier, au moins, le cas a priori plus
simple des systémes non confinés.
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Interaction-induced magnetization of a two-dimensional electron gas
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We consider the contribution oélectron-electron interactions to the orbital magnetization of a two-
dimensional electron gas, focusing on the ballistic limit in the regime of negligible Landau-level spacing. This
regime can be described by combining diagrammatic perturbation theory with semiclassical techniques. At
sufficiently low temperatures, the interaction-induced magnetization overwhelms the Landau and Pauli contri-
butions. Curiously, the interaction-induced magnetization is third-order ifrémormalizedl Coulomb inter-
action. We give a simple interpretation of this effect in terms of classical paths using a renormalization
argument: a polygon must have at least three sides in order to enclose an area. To leading order in the
renormalized interaction, the renormalization argument gives exactly the same result as the full treatment.

I. INTRODUCTION on the trajectories and only need to consider the Aharonov-
Bohm phases induced by th field. For classically weak
Within the independent-electron picture, the magnetic remagnetic fields, we can distinguish between two magnetic
sponse of a bulk two-dimensional electron gas has twdield regimes: The low-field regime, considered by Aslama-
sources: Pauli paramagnetism originating from the electrogov and Larkin, whereLt<L and the high-field regime
spin and Landau diamagnetism originating from the orbitalLt>Ly. We present analytical results in both regimes and
electronic motion. After studies of the contribution of super-also show numerical results bridging these two regions. Most
conducting fluctuations to the magnetic response of supeimportantly, we present a simple renormalization argument
conductors abov@,,'? Aslamazov and Larkipointed out  based on classical paths which exactly reproduces the result
that electron-electron interactions make an analogous contrif the complicated full treatment.
bution to the magnetic response of normal-metal systems. The magnetization of the two-dimensional electron gas
While the fluctuation contribution is diamagnetic in super-has been studied experimentally in mesoscopic safhples
conductors, the Coulomb interaction gives a paramagnetignd in the gquantum-Hall reginte? To the best of our
contribution to the susceptibility of normal metals; this dif- knowledge, no experiments have been performed on bulk 2D
ference is a direct consequence of the different signs of theamples at classically weak magnetic fields. Such experi-
effective interaction in the two cases. ments would be a valuable test of our theoretical understand-
In their seminal work, Aslamazov and LarRinomputed ing of the interaction contribution to the magnetization.
the interaction contribution to the susceptibility of three- This paper is organized as follows. In Sec. Il we develop
dimensional metals and of layered systems at zero magnetibe semiclassical approach to the interaction-induced magne-
field. They found that the effect was particularly strong fortization for 2D bulk systems. In Sec. Il we employ the gen-
layered systems. In view of the importance of the physics ofral results derived in Sec. Il to derive explicit expressions
the two-dimensional2D) electron gas, the purpose of the for the magnetization in the high- and low-field regimes. A
present paper is to compute the interaction-induced magnéurious feature of these results is that the interaction-induced
tization of a strictlytwo-dimensionabulk system. We shall, susceptibility is third order in thérenormalized interaction
moreover, go beyond the zero-field limit considered bystrength. In Sec. IV we show how the renormalization-group
Aslamazov and Larkin and compute the magnetization foepproach introduced in Ref. 10 allows one to give a simple
arbitrary classically weak magnetic fields. We find that thesemiclassical interpretation of this result. We conclude in
interaction-induced magnetization generally dominates ove$ec. V by comparing the interaction-induced susceptibility to
the Landau and Pauli contributions at sufficiently low tem-the Landau and Pauli susceptibilities and discussing finite-

peratures. size effects.
The relevant length scales of the problem are the thermal
length Lr=fve/(27T), the magnefic length Ly I. THE SEMICLASSICAL APPROACH
=(hl/eB)™%, the cyclotron radiusR.=mgr/eB, and the
elastic mean free path,. Throughout this paper, we focus A. Basics

on the regimd_;<<l, which allows us to neglect the effects
of impurity scattering. Moreover, we restrict ourselves to
classically weak magnetic fields, defined by the condition Calculating the interaction contribution to the magnetic
L+<R. (or equivalentlys w.<T, wherew, is the cyclotron response requires one to extend the high-density expansion
frequency. Within a semiclassical approach, this implies [random-phase approximati¢RPA)] of the thermodynamic
that we can neglect the classical effects of the magnetic fieldotential' by including interaction corrections from dia-

1. Cooper channel

0163-1829/2000/63)/19358)/$15.00 PRB 62 1935 ©2000 The American Physical Society
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place the free Green functions in the particle-particle propa-
+ + covenee + gator by their semiclassical approximations. Generally, the

semiclassical approximation to the Green funct®n,,(Er

+i€,B) is expressed as a sum over all classical paths from

to r’ at energyEr .28 For the bulk 2D electron gas, there is

FIG. 1. Leading Cooper-channel diagrams for the mteractlononly a single such trajectory, namely the straight line con-

contribution to the thermodynamic potential. Because we can tak . . 7 =
the interaction to be locak & functior), the corresponding Fock- ﬁectlng the two points. Far=0 andB=0 one therefore has

like diagrams differ from the Hartree-like diagrams shown only by . .

a factor of — 1/2. GR (Ef,B=0)= 1 m exfiS, (Ep)/h —im/4]
nr N (Ke|r—r'|)2

grams in the Cooper channel. This was first done incihre- 5)

text of superconducting fluctuations and then applied to dis,

218 X -~ “whereS, ,(Eg) =fikg|r —r'| is the classical action along the
or(_iered normal metaf. Such éxpansions usgal_ly gve path. Moreover, since we assume the magnetic field is clas-
reliable results even beyond the high density limit, if the

relevant sets of terms are properly resummed. The releva§l|ca"y weak, the field affects the action along the path

Cooper-like diagrams are shown in Fig. 1. The screene rough

Coulomb interactiorfwavy lineg can be treated as locil?* el
U(r—r")=xoN(0) " 18(r—r’). Here,N(0)=m,/(7#?) de- S(B)=S(B=0)+ gf dxA(x), (6)
notes the full density of states and the bookkeeping index '

No=1 identifies the order of perturbation. For a local inter-where the integral is along the unperturbed straight line path.
action, the direct and exchange term are the same up to Rinally, it turns out that only small values of the imaginary
factor of (—2) coming from the spin sums and the different part of the energy should be considered, so we can use the
number of fermion loops. The straight lines in Fig. 1 repre-relation

sent finite-temperature Green functions of the noninteracting

system. These take the form (9SI9E) =t, (7

wheret=r—r’|/vg is the time of flight fromr tor’. In this
way one obtains the semiclassical Green function for finite
) field and finite(imaginary energye,
in terms of the retarded and advanced Green functions

Ger(€)=0(e)Gr, (Ec+ie)+8(— )G, (Ex+ie)

’ ie ’
Gl (E)=[G}, (E*)]*. Gfr,(EF-He,B):GFr,(EF,B:O)ex;{ﬁJr dx A(X)
The perturbation expansion for this interaction contribu- ' ’ CJr
tion O to the thermodynamic potential, which yields the lellr—r'|
magnetic response, can be formally expressé#i'as X ex;{ - T} (8)
UF
1o (=)\)"
O=- E 21 no Z f drq--dr, 3. Semiclassical particle-particle propagator
n= (0]
In the calculation of the thermodynamic potential E2),
X2 y(ry,r2) - -2 y(rn,ry) (2 one should neglect all rapidly oscillating contributions in
1 3, (r,r") as these will give a small contribution upon inte-
_2 a gration. Thus, in the particle-particle propagaXarit is nec-
% Tr{In[1+ o2 o 1 @) essary to pair advanced and retarded Green functions, and

. . furthermore, to pair each path in the semiclassical expression
Here » denotes the bosonic Matsubara frequencies for GR with those inGA for which the dynamical phase
=2mm/B (M is any positive or negative integewith B factor cancels. The obvious case of pairing each path with
=1/kgT. (We employ units such thds=1 in this paped.  jtself is excluded because it yields no field dependend@ in
The particle-particle propagatdr,, is expressedin position  ang hence zero magnetization. Thus one is led to consider
representationin terms of products of finite-temperature pairs of time-reversed paths—for these the dynamical phase

Green functions &5 cancels but the magnetic field part is multiplied by two. The

Er pairing of GR with G* means concretely that one should
N _ keep only those terms in which and w— e have opposite
r,r )= ’ ’ , 4 . . . .
o0 BN(O)Ee Grrr(€)Grrr(w =€) @ signs in the sum over Matsubara frequencies. Using the re-

where the sum runs over the fermionic Matsubara frequenl-atlon

cies e=(2n+1)x/pB. The shortlengthhigh-frequency be- exf —|w|t/#]

havior is included in the screened interaction, thus requiring 2 exd —|2e—ol|t/i]= 9

a cutoff of the frequency sums at the Fermi enekgy. '3 (w=9<0 sinh(2tm/ Bf)

one obtains the final result f&
2. Semiclassical Green function

In view of the fact that the Fermi wavelength is the small- S (r,r’)=2(°)(|r—r’|)ex ZI—eIr,dxA(x) . (10
est length scale in the problem, our strategy will be to re- ¢ ¢ ch J
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where we have introduced the zero field limit of {herticle- ol o ©
particle propagator oy =oy= i (O)J dr 2571 D) ¢ o). (17
S0 | 1 exd —|m|[r—r'|/L{] Using the explicit expressions foiff)(r) [Eqg. (11)] and
Or=rp= : : i i i
amlor—r'| sinh|r—r'|/Ly) Um0, We finally obtain for the eigenvalues
o_n,I:o_n,O
B. Derivation of the eigenvalues e dxexp{*|m|X}
The ladder-diagram contribution to the thermodynamic 2 i sinhx
potential is expressed in E(B) solely in terms of the eigen- < exnl — X212V L (X2 a? 18
values of the operatat ,(r,r'). We therefore need to solve A aYLa(xTa), (18
the eigenvalue equation wherea=Ly /Ly is the essential dimensionless parameter. It
is important to keep in mind that the screened interaction
, , ol already implicitly takes into account the effect of the inter-
dr’ 2 (1) gn (1) =0 (1), (12 action on scales shorter than the Fermi wavelength, so the
integral overx should be cut off for smalt at approximately
wheren and| are quantum numbers. X min= 1/(KeL7).

Assuming from now on the symmetric gauge=BXxr/2,

Eq. (10) reads C. Reordering of the sum

The interaction contribution to the thermodynamic poten-
(13)  tial is given in terms of the eigenvalued by

3,0 =30(r—r'|)ex 2i—eE(rxr’)
o @ ch 2 '

It can be easily checked that any operator of the form Eq. ZBA 1 ls 2 |
(13) commutes with any element of the magnetic translation N(1+Xo0y).

group

(19
o n=0
Here we have already taken proper account of the degen-
i 2e eracy of the eigenvalues by the prefact®&A ¢,. The mag-
T(R)= exr{ (p* *A” (14 netization per unit area now follows by differentiation with
respect taB,
and therefore with its generators

- Bry do
PN g — 2
=[P (2e/0)A], % 2, | In(L+Nool) + ot T
(20
II,=[p,— (2e/c)A/]. When done naively, the sum over the quantum number in

this expression diverges. We assume that this is associated
with the inadequate treatment of the interaction at short dis-
tances. We expect that when working with the full screened
interaction, the contribution of large quantum numbers is ap-
2 propriately suppressed. Hence, we reorder the sum in such a
.. 2 124 124 283 that th b t and the eigenval
Ao={p+=A| =M2+112+ =37, (15  way that the sum becomes convergent and the eigenvalues
c ch with sufficiently largen do not contribute appreciably to the
N . . sum. This philosophy is completely analogous to the ap-
we see thak.,(r,r') is diagonal in the basifyy, } of the o oach taken in the work on the fluctuation contribution to
eigenvectors oH, andJ,, wheren and| are the Landau- the diamagnetic susceptibility in superconductors above

level and angular-momentum quantum numbers, respecr 12 |n fact, our reordering closely follows the reordering
tively. For =0 the Landau-level wave functioffor a par- proposed by Payne and Lée.

Noting that, first,% (r,r’) is invariant under rotation and,
second, the Landau Hamiltonian for a particle of charge
(—2e) can be written as

ticle of charge— 2e) has the well-known form In a first step, we compute
_ Ir|? Ir|? B _2 f dp p3(© B 2|€B
Pno(r)=exp — L2 Ly ek (16) 7| dpp2y (p)exp — opt 7
H H
with L,, the Laguerre polynomial and,,= (#/eB)*2 Xp’[Li(eBp®h)—3Ln(eBp?/h)].  (21)

Finally, an important property of th&(R) is that they ¢ simplify this expression, we use the recursion relations
commute with bott, andS.(r,r’) but not withd,. Since, for Laguerre polynomials
moreover, within a Landau level there is no stable subspace
for all the T(R), the eigenvalues™' cannot depend on the XLa(X)=nLn(X) = NLy-1(X), (22

angular-momentum quantum numblerAt r=0, Eq. (12 ,
then reads XLay(X)=(N+ 1)Ly 1(X) = (n+1=x)Ln(x), (23
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and obtain . 1 1 (= e Imlx

, A%:*mﬁfodx"zm
o’“’ n n n n—
2B—r=(n+ Doy —opl+nlog -0yl (29) X expl — x22a2 L1 (X% a?). (30)

We can also rearrange

o ¢ o o
2 (n+1)In nH:E nInfnfE (n+1)Inf,
A=0 fn  A=o A=0

:—2}0 Inf,. (25)

Using these expressions, we have for the magnetization

11 ” 1+Ngott

M=-——— n+1){ 2 InN——2—

d)OB% FIZO( )+ 1 )\00’2
Nolol 1=l Noloh = ap] 26

1+ N0 1+hgo?tt |7

In terms of the notation

1
7\0[0'2+ _U'Z]

XN=—-2 2
¢ 1+ Ngoh @
we have
M:iiE i (n+1){ 2In(1+X")— X"~ o
$o B G n=0 ¢ ¢ 1+XZ .
(28)
For all cases considered beloX{ <1 so that
11 5 (n+1
M=——=2 ( )[x"]3. (29
¢0 o n=0 3 @

This expression will be our starting point for computing the
magnetization and the susceptibility. Referring back to the?

definition of X! in Eq. (27) above, we see that atbntribu-

Here thex integration is well behaved at smadl and so the
lower limit x,;; can be replaced by zero.

A. Small-magnetic-field (high-temperature) limit

The small-magnetic field, or equivalently high-
temperature, limit is defined bya>1. The factor
e~ I™/sinhx provides an upper cutoff at min(in| ') in the
integrals Eqs.(18) and (30). In addition, x?/a? is much
smaller than one in the entire range of integration. We can
therefore use the asymptotic expression

LD oty o, L)),
@

valid in the range &x=<n*?[J,(x) denotes the Bessel func-
tions, I'(n) the Gamma function, and=4n+2a+2], and
we obtain

e La(x)=

1= exp—|mlx)

oh=5 | A 2 Ul a),

Xenin sinhx (32

n~_
Ao,= .

(33
For n<ny=a® max(1|m|), Egs.(32) and(33) yield'®

a

1 1fwd exp(—|m|x)J 2yn+1x
i1 2alo P sinhx !

n 1fmin(1,\m|’1)dx
o= iy
© 2

1
< =§In(kFLT/max{1,|m|}), (34)

Xmin

1 (=
n~_7
Ao,= Zazfo dx ¥

up to constants of order one, and so thgependence can be
eglected. Fon>n,, bothAo” ando! depend om. How-
ever, for ¢!, the dependence is only logarithmic, since it

e"mlx

sinhx’ (35)

tions to the susceptibility are at least third order in the intermerely amounts to replacing the upper bound of the integral

action\o.

I11. MAGNETIC SUSCEPTIBILITY

by a/\/n. Hence the dominanm dependence oK comes
from Ao .

From these results for the eigenvalues, the magnetization
[Eq. (29)] to lowest order in the small parameter HkgL+)

Using the general results of Sec. I, we now find expresis

sions for the susceptibility in two limits—small and large
magnetic fields—and then evaluate the susceptibility in the
intermediate regime numerically. Before considering the
various regimes, it is useful to note thd} , as defined in Eq.
(27), consists of two factors with noticeably different behav-

ior. On the one hand, because the integrand in(E§). be-
haves as ¥ at smallx, both ¢!, and Nq/(1+\g0?)) are

dominated by a logarithmic singularity at zero and so have

1 1 1
3008 > kLY
* . _ 3
x})llU gy 2SR Imx) |m|X)J1(2\/ﬁx/a) :
n=1+/n

7

0 sinhx

(36)

little magnetlc-fleld dependence On the other hand, uSing’he sum oven converges Only Slow'y and of Ordeb terms

the relationL,(x) —L,_1(x)=—xL}_,(x)/n (L} is a gener-
alized Laguerre polynomial we can rewriteAo=o""?
— ol as

contribute. In view of the fact thatis multiplied byx?/a? in
the argument of the Bessel function, we can replace the sum
overn by an integral. This yields the final expression
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1.0 T T T T

Cr
= (kely) (KFL) [ XanaalB. 37) \
is gi 2 o5l
=

where| xiandal =€%/12rmc and Cy is given by

= wdn 1 1 1 1
cT:r;mL?fi(n)zo.gz (38) L S a—

T T T T T Ty T T Ty T T T T T

where we define

= xexp(—|m[x) 7
=i [ o ZE T 2. (@9 2 ]
. . . i i 01k ool vl 1
We see that thenteraction-induced contribution to the 0.01 0.1 1 10 100

magnetization will generally be larger than the Landau mag- (L/Ly?  [<B]

netization due to the large factokeL;.® The factor

1/In(keLt) must be interpreted as a renormalized interaction FIG. 2. Magnetic-field dependence of the susceptibility at two
strength in the Cooper chanrigf It is interesting that the temperaturesEg/T=2000 (solid) and 200(dashedl The Landau
interaction contribution to the susceptibilitytisird orderin  susceptibilityy, is the natural unit foy; the lower panel shows the
this renormalized interaction strength. This unusual state gfame data on an logarithmic scale. Note the crossover in behavior
affairs can easily be understood by considering the classicathenLt~Ly.

paths involved, as we shall discuss in Sec. IV.

The magnetic susceptibility obtained above is at zero In this case, the sum over converges rapidlyfaster than
field and to lowest order in the renormalized interactionl/n?), but typically about 14 terms contribute to the Mat-
strength which is proportional to 1/kLy). It is possible to ~ Subara sum. Neglecting again the logarithmic dependence of
derive, with a similar approach, an expressiony§¢@) with- 7, onnand|m|, we can make progress by noting that the
out expanding in the renomalized interaction strength. This iSUM overm can be turned into an integral. This yields the

done in Appendix A; one obtains high-field result
C
x(0) 3 =dé S B
o~ 7 Z |, EheOn®, 4o M= kel (b X LanaalB, (4

) where the constar®, is
where we have introduced

Fr(m))®
N c=f dm 2 T 074 (47)
Mo(B)= , 41) " (e n?
o[20°(T) = 9u(6)] with
gw(X)=f0 ”’5, d¢’, (42) Fn(m):f dy ye Imy=y*2 1(y2). (48)
0
" e~ Imix The principal difference between the results for high and low
20°=20"(B=0)= dx——— X =In[keLt/max1,|m|)].  fields is thus the replacement of the thermal lerigitby the
X SIN 43 magnetic length_ .

C. Intermediate range
B. Large-magnetic-field (low-temperature) limit . .
) o } When « is neither much smaller nor much larger than
In the high-magnetic-field or equivalently the low- one it is not possible to obtain a simple expression for the
temperature I|n12|t, , defined by a<1, the factor magnetic response. In this regime, we have performed a nu-
exp{—x72a}Ln(x"/ a) always cuts off the integral in Eq. merical integration of Eq(18) to compute the eigenvalues
(18) atx<1 so that we can approximate sihx. Hence, ;" as well as their derivatives with respectBo The mag-

we find netic susceptibility is then obtained through the field deriva-
tive of Eq.(28),

N lJmin[\m\’l,a/\fﬁ]dX
g == —_—
@ 2 Xmin X (XI:J* 1>2dX27 1/d B

n
X > (1+X01)2

: (49)
=iminfIn(keLy /Vn),In(keL1/|mD], (44 Brbo m

by direct summation over the eigenvalue index and the

1 (= . . .
Ao =— 7[ dy ye almy-y?2 1,2y (45  bosonic Matsubara frequencies.
o= 2(n+1) Jo vy Y. (49 Figure 2 shows the resulting/| x| angal @s a function of
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20y T T T T field-dependent terms together, one finds
N "
1.5 1.0F ER sz Q(n)’ (50)
E ] n=1
Toff - 14
= —ll\ P LTI B " S - 1 (—)\O)n
\ 0.0001 0.001  0.01 Q= — E N dry---dr,

Liol(ry, - - vrn))

Xi(rl«rz)-~-§(rn,r1)cotl—( T

0.0
0.0 0002 0.004 0006 0.008 0.010
T/ER AmA(r1, ... fn)B
Xco§g ——mmMmMmm

FIG. 3. Temperature dependence of the interaction-induced low- bo

field susceptibility; Ly /L1=28.9 is fixed. The total susceptibility Wherei(r,r’) is the particle-particle propagator f@&=0

differs from the interaction-induced contribution shown here only .+ " 5 | “ is the total length, and, the area enclosed

by aconstant offsetlue to the Landau and Pauli contributions. The by the povlygt(())tn ' tot

inset shows the same data on a log-log scale. For this low field, the As it stands ’ Eq(50) is of little practical use because the

contribution of thew=0 Matsubara frequencydashedl gives a ST ’ . : .

substantial portion of the resufolid). Note the approximate power series inn is strongly divergentthe term (.)f orden is typi-

law increase iny at low temperatures, consistent with the Cf"‘”y larger than the one of Order__l)_' Itis, however, pOS-_

asymptotic expression Tin® T. sible to apply a simple renormallza_tlon-group ar_gl_Jment, in-
troduced in Ref. 10 and discussed in more detail in Ref. 22.

Indeed, as we already stressed when deriving the eigenvalues

of the particle-particle propagatc,(r,r') must be cutoff at
Ao=1/kg because the use of the screened interaction as-
sumes that all high-momentum degrees of freedom have al-
éeady been integrated ottWe therefore have

, (59)

magnetic fieldo= 2= (27L2/ ¢,) B for fixed values of the
temperature. The crossover between lthe- and high-field
regimes is clearly seen. Aincreasesy has a slight maxi-
mum around. = Lg which arises from the competition be-
tween the increased field sensitivity of large triangles and th
thermal suppression of long sides. In the large-field regime,
the numerical result is in reasonable agreement with the S(r,r'iAg)= 1
value obtained from the asymptotic expressidf): for L+ 4alfr—r'|sinb(|r—r’|/Ly)
=10Ly and kgL=64, x/ ~0.28 numerically and ,
0.18 ::nalyticaplly.H KXl for [r=r'|>Aq

Figure 3 shows the temperature dependence af fixed =0 for |r—r'|<A (52)
Ly /L in the low-field regime. TheKgL+)/In3(keL7) behav- o
ior is apparent, particularly in the inset. Again, the numericalReferences 10 and 22 show than if a new length saale
result agrees nicely with the asymptotic result: at the low> Ay much smaller that any other characteristic length scale
temperatureT/Ex=10"3, Eq. (37) yields x/|xiandal=0.51  of the problem [+ or L) is introduced, one can replade
while our numerical result is 0.52. by A in Eq. (52) provided the “bare” coupling constant,

in Eq. (50) is replaced by the renormalized one,

IV. SEMICLASSICAL INTERPRETATION No

el A) = T (A TA Y 9

We have seen above that the magnetic response has a
rather peculiar property: it ithird order in the renormalized For the leading behavior in Tii(keL;), we can assume

coupling CO”_Sta”E\:_Z mfl(kFLT,H% both in the low- and A — ) _with e<1 but assumed fixed as kL) goes to
high-field regimes. Within the approach used up to now, it 'Sinfinity. In that casera(A) =2 In~L(keLy)+O[In2(keLy)]
difficult to understand the physical origin of this behavior. In i smail and Eq(50) becomes a genuine perturbative expan-
this section we show that an approach in terms of classicalio, \hose leading behavior is given by the first nonvanish-
paths provides a natural understanding of this fact. Con3|qhg term. Clearly,0(M=0, andQ® is independent of the
ering for instance the low-field reginiéhe argument can be magnetic field and so does not contribute to the magnetic
transposed to high fields W|t_h no essential Qn‘flcwtyye response. Therefore, the leading behavior is given by
shall, moreover, recover precisely the expression(B.in ) (3)__gnt is, third orderin In~(keL,)—as illustrated in Fig.

a much simpler way. 4 and we have
From the expression Eq10) for the particle-particle
propagator, it is clear that the interaction contribution to the 1/ 2 3
thermodynamic potential in E¢2) can be written as a sum X(B:O):@(M) JLZ,L3,L23>Adr2dr3

over closed polygonal paths, where each vertex is associated
with an interaction event and the magnetic field enters only _ _ _ Liot| [ 47A) 2
via the Aharonov-Bohm factor associated with the magnetic XE(O,rz)E(rz,r3)2(r2,0)cotr( )( )

: 2Lt/\ o
flux enclosed by the polygon. Performing the sum over
bosonic Matsubara frequencies in Eg) and grouping the (54
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can be given a natural semiclassical interpretation in terms of
the classical-path picture for the thermodynamic potential: a
polygon must have at least three sides in order to enclose
area. Moreover, the much simpler classical-path approach
gives exactly the same answer as the eigenvalue calculation.

A4 Higher-than-third-order contribution§n the bare coupling
Dt constant predominantly lead to an substantial downward
renormalization of the coupling constant. This picture has
(a) ®) been made precise in the present paper by means of a

) . ) _ renormalization-group approach.
FIG. 4. (a) Typical trajectory of lowest order in the coupling & . .o
constant which contributes to the interaction contribution to the, In the low-field (high-temperature limit Ly<Ly, the

magnetization. Each vertex of the polygon corresponds to an intert-empera’[l’Ire dependence of the suscgptlbllltyT_s:Irl? T this
mes from the thermal length: which dominates here

action event. Note that at least three interaction events are requir . . S
to obtain a trajectory enclosing magnetic flux. This explains the fac ecause only trajectories shorter thap make significant

that the interaction contribution to the magnetization is third ordercOntributions to the Green functions. At the lowest tempera-

in the (renormalizedl interaction. (b) Higher-order contributions ~tures, this behavior is cut off by a finite magnetic field once

predominantly lead to a renormalization of the third-order resultbn<Lt. In the high-field(low-temperaturglimit Ly>L,

due to short trajectories like the one shown. the susceptibility is no longer temperature dependent. The
Green function is still dominated by trajectories shorter than

(L2: |r2|’ |_3= ‘r3|’ L23= |r3_ r2|). Expressing all distances LT, but n.OW trajectorle§ enCIOSIng more area t"lincon'

in the integral in units of.; gives tribute with random signs due to the Aharonov-Bohm
phases. Hence, in this case, the relevant cutoff length, is

Cre So far, we ignored dephasing due to inelastic scattering.
x(B=0)= 37(kFLT)|XLandaJ (55 At low temperatures, this should be mostly due to electron-
7 In*(keL1) electron scattering. We expect, however, that dephasing will
with the constan€rg given by not significantly affect our results. Within the semiclassical
approach employed in this paper, dephasing suppresses the
1 Afmcotr(Lwt/Z) contribution of trajectories longer than the dephasing length

L,. For a clean Fermi liquid such as discussed here, one

expectsL 4~ 1/T?. Thus, at sufficiently low temperatures the
(56)  dephasing length should always be longer than the thermal
Because of the factoA2, in the numerator, the integrand !€ngthLr~1/T. Correspondingly, the suppression of trajec-
here is regular and the cutoff can be taken to zeroc@y-  tories due to thermal smearing should always set in before
sidering the limitk y<In(keLy)<1 (instead of\,=1) where the suppression due to dephasing. _
both the standard and renormalization-group approaches are !t iS interesting to compare the present results with the
accurate, it can be shown th@ke=Cr, so that Eq(55) is contributions to the _susce_ptl_blllty (xi_:haotlo mesoscopic
strictly equivalent to Eq(37). This approach shows clearly Samples of Ilg?zalr size. within the independent-electron
that the third power of the coupling constant arises becaus@PProximation
only trajectories with three or more vertices enclose flux.

1
CRG:?I drzdr3L2L23L3 sinhL, sinhL ,3sinhLy”

X~ ‘XLandaJr (57
V. DISCUSSION AND SUMMARY and due to interaction®
In this paper we study the interaction contribution to the (kel)
magnetization of a two-dimensional electron gas in the limit X~ mHLandaJ« (58

Lt<R.,lq. We find that this interaction-induced contribu-

tion is paramagnetic for the repulsive Coulomb interactionwhere we have takebht~L, T>A (A is the level spacing

and dominates over the Landau diamagnetism at smalindL,>L. In contrast to the bulk results derived in this

enough temperatures and fieftiBhe Pauli paramagnetism is paper, these expressions are zeroth or first order in the renor-

even smaller than Landau diamagnetism inmalized interaction constant. These contributions exist for

GaAs/ALGa _,As heterostructures because of the small ef-mesoscopic samples because, in finite-size systems, flux-

fective mass and the reduction in théactor. It appears from enclosing trajectories are produced by scattering from the

the quantitative answer that one needs to go to rather lowyeometric boundaries of the system. Nevertheless, apart from

temperatures before the interaction becomes truly larger thathe different order in the renormalized interaction, the finite-

the Landau susceptibiliticf. Fig. 3). Still, such temperatures size result due to interactions is qualitatively the same as the

are possible in two-dimensional electron-gas systems. Ibulk result derived here.

should be possible to distinguish the interaction contribution Orbital magnetism in mesoscopic samples has been a con-

by way of either its temperature dependefsiace the Lan- troversial issue over the last decade, both for ballistic and

dau susceptibility is independentor its dependence ok diffusive structures, ring and dot geometrfés>-26n par-

in a gated structure. ticular, the fact that the measured values are apparently sub-
We find that the leading contribution to the magnetizationstantially larger than the theoretical results has attracted a lot

is third-order in the renormalized Coulomb interaction. Thisof attention. In order to benchmark the theory in a simpler
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system, we think the magnetization of a cleawo-  wheref (&) is defined by Eq(39). In the same way, taking
dimensional electron gas should be measured and that thike derivative of Eq(32) with respect td yields
would provide valuable information in addressing the “per-

-1
sistent current problem” in rings and dots. do, 1 1
P ’ 46— =" [(N-12b]=—{[f(§)+O(b)].
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From these expressions for the eigenvalues, we obtain

APPENDIX Xzﬁl:Xw(f,b)

In this appendix we derive an expression for the suscep-

tibility at zero field, Eq.(40), which does not involve ex- — b Nof o (€)/€ LoD

panding in the renormalized coupling constant. Starting from 24+ N[20°—g(8)]

the magnetization Eq29), the essential ingredient needed is

expressions for the eigenvalues. One can check that both the =—b\,(§)f,(§)/E+0(b?). (A4)

Bessel approximations, Eq&2) and(33), and the replace-
ment of the discrete sum over Landau-level indeky an
integral only yield corrections of ordeB? to the magnetic
susceptibility. Therefore, as long as we are only interested i
the susceptibility aB=0, we can make the change of vari-

Note that it is necessary to compensate the fagtdt origi-
nating from the ternrmdn when changing variables fromto
. Using the above expression, one can therefore write the
agnetization up to corrections of ordef,

ablesn—¢=bn whereb=a"?= (277L$/¢O)B is propor- 1 &de s 5
tional to the magnetic field. We can thus write M= 3¢OBZ ?Xw(f,b) +0(b%),  (AH)
—1_ L . .
2005 T=—Dbf(&)/E, (A1) which immediately gives Eq40).
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Conclusion

Nous avons abordé dans ce mémoire une description du magnétisme orbital d’'un systeme
d’électrons confinés dans des petites structures de dimensions mésoscopiques. Cette description
a été faite dans une premieére partie au sein d’un modele de particules indépendantes, et dans
une deuxiéme en traitant les électrons comme des quasi-particules de Landau interagissant
faiblement par le biais d’un potentiel coulombien écranté.

D’un point de vue formel, I'intérét principal de ce travail est de fournir, grace a une approche
semiclassique, une description des mécanismes a ’origine de la réponse magnétique orbitale, qui
est basée sur les trajectoires classiques des systémes considérés, et donc en fait trés intuitive. Une
premiére chose que permet ce formalisme est de redériver de maniére transparente un certain
nombre de résultats classiques, comme ’effet de Haas — van Alphen, ou plus récents, comme la
réponse magnétique associée aux interactions de systémes diffusifs [Aslamazov75, Eckern91].

Il est peut étre utile ici de préciser que, pour les systemes diffusifs, les résultats que nous
obtenons sont strictement équivalents a ceux dérivés de maniere plus traditionnelle. Considérons
par exemple le propagateur particule-particule Eq. (2.69) (page 126) qui joue un role central
dans le calcul de la réponse magnétique moyenne, associée ou non aux interactions. Sans entrer
ici dans la discussion de la dépendance en champ magnétique, la fagon habituelle d’évaluer ce
propagateur pour un systéme désordonné consiste a effectuer un développement perturbatif dans
le potentiel du désordre. On peut alors remarquer que la contribution essentielle est obtenue en
resommant la série de Cooper dont un terme générique est représenté en Fig. 4, et montrer qu’on
obtient ainsi, sous certaines conditions, une équations de diffusions pour ¥(r, r’) (cf. par exemple
[A&M)] pour un exposé tres didactique de cette dérivation). Le fait que ’on obtienne en fin de
compte un mouvement de diffusion pour le propagateur particule-particule est physiquement
associé & la nature diffusive du mouvement classique. Ceci permet de s’assurer de la robustesse
de ce résultat, et de le généraliser a des situations ou les hypothéses utilisées dans sa dérivation
ne sont pas toujours vérifiées.

Il y & donc une reconnaissance tres claire, parmi les praticiens des systemes électroniques
désordonnés,? du réle joué par la dynamique classique diffusive des électrons. Un avantage

2. On a bien sur en téte ici le régime krl > 1.

\/
~

X X oo 0 eX

_,
Y
~

Fi1Gc. 4 — Terme générique du Cooperon. Les X représentent une interaction avec le potentiel
désordonné
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de notre approche semiclassique est de faire entrer la nature de la dynamique classique des
Porigine, et en particulier de faire apparaitre plus naturellement, pour les systémes désordonnés,
que le caractere diffusif du mouvement classique s’exprime dans les propriétés quantiques. Elle
permet surtout d’aborder le cas plus compliqué des points quantiques balistiques, pour lesquels
I'invariance par translation du probleme est completement perdue, méme & un niveau moyen,
et que les approches de type “systémes désordonnés” ne peuvent pas traiter. Dans ce régime
balistique, une des choses remarquables qui apparait alors naturellement dans le formalisme
semiclassique est que la nature du mouvement classique, et plus précisément son caractere
chaotique ou intégrable, peut affecter de fagon sensible la réponse magnétique.

Les points quantiques chaotiques se comportent en effet pour leur part d’une maniére assez
semblable & ceux évoluant en régime diffusif. En pratique, beaucoup de résultats obtenus pour
ces derniers peuvent étre, au moins qualitativement, transposés aux premiers, au prix de la
simple redéfinition de certaines grandeurs, comme par exemple 1’énergie de Thouless Erg.
En particulier, la réponse magnétique moyenne est toujours dominée par la contribution des
interactions, et plus précisément par sa partie diagonale, pour les systémes chaotiques aussi
bien que diffusifs.

Certaines différences existent cependant entre les systémes balistiques, méme chaotiques, et
les systemes diffusifs, en particulier dans la maniére dont est renormalisée I'interaction. En effet,
on a vu en section 2.3.2, dans le cas d’un billard rectangulaire, que la susceptibilité associée
a la partie diagonale de la contribution des interactions pouvait étre négative dans une petite
plage de température. De tels changements de signe de la réponse magnétique moyenne, méme
s’ils sont d’un intérét plutot académique, sont en principe possibles pour des points quantiques
chaotiques, alors qu’ils sont tout a fait interdits en régime diffusif.

Les points quantiques dont la dynamique classique est intégrable ont par contre un com-
portement profondément différent des précédents. Ils s’en distinguent avant tout par le fait que
leur réponse magnétique typique, (c’est & dire la magnitude de la susceptibilité pour un point
quantique donné) est entierement dominée par le terme sans interaction, et est significativement
plus grande (typiquement un ordre de grandeur) que la réponse magnétique moyenne d'un en-
semble de microstructures. Méme pour cette derniére, la contribution des interactions est soit
logarithmiquement plus petite, soit du méme ordre de grandeur, que celle du terme sans interac-
tion; et dans ce deuxieme cas ceci est di a I'existence de termes non-diagonauz qui dominent la
contribution des interactions car ils échappent & la renormalisation de la constante de couplage.
Dans le cadre d’une description de type liquide de Landau des électrons, on voit donc qu’il était
important de pouvoir prendre en compte en détail la nature du mouvement classique, ce que
notre approche semiclassique rend possible.

La situation au regard des expériences est plus ambivalante. Pour les systéemes diffusifs, d’une
part, nos prédictions sont, comme je 1’ai mentionné plus haut, strictement équivalentes a celles
dérivées auparavant par des méthodes diagrammatiques. Nous retrouvons donc par exemple,
sans rien apporter au débat, la différence d’amplitude d’un facteur de ’ordre de trois ou cing
entre les courant permanents prédits théoriquement pour le anneaux diffusifs [Eckern91] et ceux
mesurés expérimentalement [Levy90, Chandrasekhar91, Mohanty96].

Pour les microstructures balistiques d’autre part, la discussion se présente de manieére
différente suivant le régime de température considéré. En effet, (cf. la discussion précédant
[Oppen00] dans le chapitre 2, page 145), la comparaison avec les expériences semble tout & fait
satisfaisante dans le régime proprement “mésoscopique” (A < kgT < Erp), mais aucune ex-
plication n’est fournie & ’existence d’une réponse magnétique non nulle pour des températures
supérieures a Erpg.
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Dans le régime diffusif déja, mais encore plus dans le régime balistique, on se retrouve donc
confronté & une situation ou a la fois la modélisation en termes de propriétés a 1’équilibre d’un
liquide de Landau semble correspondre & la réalité expérimentale pour un grand nombre d’as-
pects, mais ot malgré tout il y & des indications fortes que cette description n’est pas compleéte.
Quelques directions d’investigation ont été proposées pour obtenir une description parfaitement
satisfaisante de la réponse magnétique de ces nanostructures électroniques, comme par exemple
la possibilité d’effets hors d’équilibre, ou de comportement non liquide de Landau. Cependant,
le nombre tres limité de résultats expérimentaux rend malaisée la clarification de ce débat. Il
faut en effet garder en mémoire que, dans le régime balistique, et pour la réponse & un champ
statique,® seulement deux expériences ont été effectuées jusqu’a ce jour. L’une [Mailly93] sur
un anneau unique, qui mesure donc la réponse magnétique typique du systéme, ’autre sur un
ensemble de carrés [Levy93], et qui acceéde par conséquent & la réponse magnétique moyenne
de ces microstructures. Dans la premiére de ces deux expériences, seules des températures plus
basses que I'énergie de Thouless ont été étudiées. Ce n’est donc que dans la seconde qu’ont été
faites des observations rendant nécessaire d’aller plus loin, dans la modélisation de ces points
quantiques électroniques, qu’'une description en termes de liquides de Landau a I’équilibre. Il
parailt indispensable de clarifier par de nouvelles expériences si, et dans quelles conditions, une
physique nouvelle est & 'oeuvre. Ceci d’autant plus que les microstructures balistiques ont une
trés grande richesse de comportement, et que pour elles il est possible de jouer sur certain
couples d’opposition (intégrable versus chaotique, réponse magnétique moyenne ou typique,
contribution ou non des interactions) pour lesquels on prévoit des changements de comporte-
ment trés marqués. Si on s’abstrait des questions de faisabilité, I’expérience “idéale” serait sans
doute d’avoir un réseau de microstructures sur lesquelles a la fois des mesures individuelles
et d’ensemble puissent étre effectuées pour une large gamme de température, dont la dyna-
mique classique soit intégrable, mais puisse étre dégradée en jouant par exemple sur le désordre
résiduel, et pour lesquelles 'effet des interactions puisse étre modulé par la présence d’une grille
métallique voisine. Il est [trés| déraisonnable d’imaginer que toutes ces caractéristiques puissent
étre réalisées en pratique, et a fortiori au sein d’'une méme expérience. Il est cependant pro-
bable que, au moins a un certain niveau, il soit possible d’exploiter expérimentalement la tres
grande richesse de comportement des microstructures balistiques. Certains des développements
théoriques présentés dans ce mémoire, en particulier ceux concernant les questions de désordre
résiduel et d’interaction, pourraient étre mis a profit dans ce cadre.

3. Pour la réponse & un champ dynamique, voir par contre [Reulet95, Deblock01].
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Annexe A

Tableaux récapitulatifs

On trouvera dans cet appendice deux tableaux résumant la dépendance en champs et en
température de la réponse magnétique moyenne pour différentes géométries, a la fois pour les
modeles sans interaction (premier tableau) et pour des électrons interagissant par le potentiel de

porté nul Eq. (2.66) (deuxiéme tableau). On a utilisé les notations tr Ly /Tr, tp & ¢o/4AnBD,
LY € ptr et L9 Y /RD/T.

géométrie réponse moyenne canonique (sans interactions)

I 2gs

anneaux balistiques(!) S =y (47r£) R%«(L/Lg)))
Iy o

(circonférence = L ~ Lg{))) (Io = evg /L)

9

disques balistiques(® X - \/_(kpa) cos <3f ¢ ) R%.(3v3a/L b))

XL

(rayon = a ~ Lg’))
3) X 3 ( dZC

, .. ( X ___ 9
carrés balistiques = (Van)? a)—— i R2.(2V2 a/L )
(coté = a ~ L) C(9) = [cos(n$)C(v/2) + sin(n) S (v2))/ V25
systéme chaotique générique(®) XL =96 <0LjT ) F(¢)
(aire = A, ¢ = 2nH\/o LY /o) F(€) = [ Rp(z)(1 — 4¢%x) exp(—2¢2z)dx
5 oo
anneaux diffusifs(®) I =2eA 2‘2:2 mzzzl exp (—v2rL/ Lg:i )) sin (4wm%>
(&5 ¢ = do(L/L{")) . .
. L LY 29 Arg L
(6) 2 _ TP LT
disques diffusifs M = pp2g2 =L L %0 / dzR7(z) exp { x b0 L }

Pour ce premier tableau, on pourra se reporter aux références suivantes: (1) [Cheung88|,
[Richter96a] (section 4); (2) [Ullmo95|, [Richter96a] (section 4); (3) [Ullmo95], [Oppen94],
[Richter96a] (section 5); (4) [Richter96a] (section 6); (5) [Schmid91], [Oppen91], [Altshuler91],
[Argaman93], (cf. aussi section 1.4 de ce mémoire); (6) [Oh91].
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ANNEXE A.

géométrie

contribution des interactions

, .o (1) X 0 3 d202 2 .
carrés balistiques o - 128 WRT(G sin(m/3)/L.)
anneaux diffusifs(®) I= Le i" #m sin (47rm£> gm(T)
m  log(kgL},) do
(L}, = vemin {(mL)?/AD;tr/4}) | gm(T) = J3° dtt 2R (t/tr) =2 LR /4D0)
9D-bulk diffusif(® X L) log [kF”F wmin{fr, tp }]
XL 7 log krl

(~ disques diffusifs)

Pour ce deuxiéme tableau, on pourra se reporter aux références suivantes: (1) [Ullmo98|;
(2) [Ambegaokar90| , [Eckern91], [Montambaux96], [Ullmo97]; [2] [Aslamazov75], [Altshuler83],
[Ullmo97].
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