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A - Introduction to Game Theory
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and

Game theory is the name given to the methodology of using mathematical tools to model and analyse
situations of interactive decision making. These are situations involving several decision makers (called
players) with different goals, in which the decision of each affects the outcome for all the decision makers.
The foundations of game theory were laid down in the book The Theory of Games and Economic Behavior,
published in 1944 by the mathematician John von Neumann and the economist Oskar Morgenstern. The
theory has been developed extensively since then and today it has applications in a wide range of fields,
especially in theoretical economics, networks, political science, military applications, inspection, biology,...

This section, will provide an introduction to the basic concepts of game theory.



1. Extensive and strategic forms of a game
1.1. Tic-tac-toe / Chess games
Every description of a game must include the following elements:
e a set of players (decision makers)
e the possible actions available to each player
e the rules determining the order in which players make their moves
e 3 rule determining when the game ends

e rule determining the outcome of every possible game ending

For instance, tic-tac-toe can be described as paper-and-pencil game for two players who take turns
marking the spaces in a three-by-three grid with X or O. The player who succeeds in placing three of their
marks in a horizontal, vertical, or diagonal row first is the winner. Fig. [I]illustrates a tic-tac-toe game.
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Figure 1: Example, of a tic-tac-toe game where the first player (X) wins the game in seven steps [from
https://en.wikipedia.org/wiki/Tic-tac-toe|.

This type of game is well described by what we call an “extensive form”, which corresponds to a graphical
way of describing a game and representing its rules (the order in which players make their moves, the
information available to players when they are called to take an action, the termination rules, and the
outcome at each endpoint). More precisely, a game in extensive form is given by a game tree, which consists
of a directed graph in which the set of vertices represents positions in the game and a distinct vertex, called
the root, represents the starting position of the game. Each player’s action is then represented as a transition
from one vertex to another. Fig.[2]shows the analogue of Fig. 1 in extended form, and Fig[3]is a representation
of the chess game in extended form.

1.2. Rock-paper-scissors
Let us consider now the rock-paper-scissors game illustrated in Fig. [l Here, we have two players and three
different strategies. This kind of representation for a game is called a "strategic" (or "normal") form.

Are all "extended form" games representable in "strategic form"?

The answer is yes. However, while in the rock-paper-scissor game the strategies are simple: each player has
only three strategies € {rock, paper, scissor}, for tic-tac-toe, one strategy for player I (the X’s) implies :

1. A choice (placement of an X on the grid) for her first move

2. One answer to each possible first move of player II

3. For each of these answers, an answer to each possible second move of player 11
4. etc...

and in the same way, one strategy for player II (the O’s) implies :
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Figure 2: “Extensive form” of the game Tic-Tac-Toe. The part shown in Fig. [1] is one particular route on
this tree linking the root to one leaf.
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Figure 3: The game of chess presented in extensive form (taken from the book Game theory)

1. One answer to each possible first move of player I

2. For each of these answers, an answer to each possible second move of player I



Player 11

Rock Paper Scissors

Rock | 0,0 1,-1 1 =l

Player I Paper 1,-1 0,0 -1,1

Scissors -1,1 -1,1 0,0

Figure 4: Rock, paper, scissors as a game in strategic (or normal) form. In each cell, the left number denotes
the outcome for Player I and the right number denotes the outcome for Player II, setting the gain of a player
to be 1 for a win, -1 for a loss, and 0 for a draw (equality).

3. etc...

Even for a game as simple as tic-tact-toe, the number of strategies is already quite large (of the order of
9! if we neglect the possibility that some games end before the grid is completely full). An illustration of two
strategies (one for player I, one for player II) is given in Fig. [5} For chess, with a larger chessboard, a large
option of moves at each turn, and a game duration which is typically much longer, the number of strategies
is immensely large.
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Figure 5: Illustration of one strategy for player I (left) and one strategy for player IT (right) [from
https://en.wikipedia.org/wiki/Tic-tac-toe]. These strategies can be proved to be optimal.

It is therefore usually not very convenient to represent games such as chess of even tic-tac-toe in normal
form. On the other hand, if you prove a theorem for games in strategic forms, this theorem will also apply
to games in extended forms.

Are all “strategic form” games representable in “extended form’” ?

A priori, the answer is no, since for instance rock-paper-scissor would be a bit boring if players were taking
turn to announce their move. One can however introduce the notion of information set, which is the set of
decision vertices of the player that are indistinguishable by her given her information at that stage of the
game. If one enhances the definition of the extended form with this notion of information set, it can be
shown that any game in strategic form can be represented in extended form. For rock-paper-scissor, one
possible representation in extended form is given in Figure [f] This imply in particular that, if one proves



a theorem for all games in strategic forms (with information sets), this theorem will also apply to games in
extended forms..

Draw
IT wins

I wins

B I wins

Pl A

Draw

5, IT wins

IT wins
I wins

Draw

Figure 6: Extended form of the rock-paper-scissors game. The information set of player II before her moves
includes the results of all possible moves of player I, giving the same results as if both player decisions were
simultaneous.

2. Notion of utility
2.1.  Utility as an "ordinal" function

In the examples above the possible outcomes were limited to either winning, losing or drawing. In the most
general cases, however, there could be any number of outcomes O1, O, O3, - (think of the results of an
election, for example). The players will choose their strategies depending on their preference about these
outcomes.

Definition 1 A preference relation of player i over a set of outcomes O = {O1,02,0s3,---} is a binary
relation denoted by 77, such that Oy ZZ; Og means that O, is preferred to Og. We assume

1. The preference relation 7Z; over O is complete; that is, for any pair of outcomes O, and Og in O,

~t

either Oy 2Z2; Og or Og 7Z; Og, or both.
2. The preference relation =; over O is reflexive; that is, Oy 77 O for every O, € O.

3. The preference relation 7, over O is transitive; that is, for any triple of outcomes Oy, Og and O, in
O, if Oq ZZ; O and Og 7Z; O then Oq ZZ; O .

Since using real numbers and the > ordering relation is convenient for the purposes of conducting analysis,
it would be an advantage to be able in general to represent game outcomes by real numbers, and player
preferences by the familiar > relation. Such a representation of a preference relation is called a wutility
function, and is defined as follows

Definition 2 Definition: Let O be a set of outcomes and 77, be a complete, reflexive, and transitive preference
relation over O. A function v : O — R is called a utility function representing 75 if for all Oy, Og, € O,

O, i 05 = U(Oa) > u(Og) . (1)



In other words, a utility function u is a function associating each outcome O, with a real number u(O, )
in such a way that the more an outcome is preferred, the larger is the real number associated with it. If the
set of outcomes is finite, any complete, reflexive, and transitive preference relation can easily be represented
by a utility function. A utility function is often called an ordinal function, because it represents only the order
of preferences between outcomes. The numerical values that a utility function associates with outcomes have
a priori no significance, and in principle do not in any way represent the “intensity” of a player’s preferences.
We will see that this perspective has to be modified a bit when probabilities are involved.

2.2.  Linear utility

We now consider the case where the results of a game are not a specific outcome A € O = {Ay, ..., A }, but
a lottery L = [p1(41),...,pr (AK)], with p, the probability of outcome A, (0 < p, < 1 and Zle Do = 1).
We note £ = {L} the set of all lotteries, and we assume agents have a complete and transitive preference
order relation on L.

Definition 3 A Linear utility, for agent i, is a utility function u; defined on the set of lotteries associated
with the outcomes O, thus such that u;(L) < w;(L') <= L Z; L', and which verifies

(L) = 3 palAa)us(Aa) (2)

Linear utilities may appear as a very specific subclass of all utility functions on lotteries. However, the
following theorem states that under very natural hypothesis, utility functions for lotteries can always been
chosen in this way.

Theorem 1 If player i’s preference relation over the set of all lotteries is complete, transitive, and verifies
the four von Neumann-Morgenstern azxioms, then the preference relation can be represented by a linear
utility function.

The four von Neumann-Morgenstern axioms are: Continuity, Monotonicity, Simplification, and
Equivalence:

e Continuity:
If Az, Bz; C, then 36; € [0,1] such that B ~; [0;,(A), (1 —6,)(B)].
In words: if the probability changes continuously, the preference changes continuously.
e Monotonicity: Let («, 3) € [0,1]%, assume A =; B.
Then [(1 - a)(B),a(A)] Zi [(1 = B)(B),B(A)] <= a=>p
In words: it is always preferable to have a higher probability of having an outcome one prefers.
e Simplification: Assume you have a compound lottery L = [q1(L1),...,q5(Ly)] where g; are probabilities
and the L; are “simple” lotteries Lj = [p] (A1), ..., Pl (Ax)].
Then L ~; [r1(A1), ...,k (Ag)] with rp = Zj qui.
In words: the way the outcomes are chosen is irrelevant, all that matters is their effective probability.

e Equivalence: Let two lotteries L = [p1(A1), - pr(Ak), -, pr (Ak )] and L’ = [p1(A1), -, pre(A%), -+, pr (Ak)]
(L and L’ thus differ only by the k’th outcome).

Then, A}, ~; Ay implies L’ ~; L.



Proof of the theorem: Let A; the least preferred outcome and Ax the preferred outcome (we assume
Af i Ap). Because of continuity, we can find for every outcome Aj;, a number 6% € R such that

Ap i [(1-608) (A1), 07 (Ak)] -
For any lottery L = [p1(A1),p2(A2), -, pr(Ak)], we define
u; : L —R
L—u(L)=> pb} .
k
The function w; is clearly linear, we want to show this is a utility.
Lemma: For every lottery L € £, L =; [(1 — u;(L))(A1),u;(L)(Axk)]

Proof of the lemma: Let’s introduce the lotteries My, = [(1 — 0F)(A1) + 0% (Af)]. We have

L =[p1(A1),....px(Ak)]
~; [p1(My), ..., pr (MK)] (equivalence)

~i [(1— Zpkef)(/h), Zpka(AK)] (simplification)
2 k

i [(1 = ui(L)) (A1), ui(L) (A )]

Now, if Ly 77; Lo, this implies u;(L1) > u;(L2) because of the monotonicity axiom, which complete the
proof that u; is indeed a linear utility.
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Figure 7: Sketch of linear utilities for risk neutral, risk seeker and risk adverse, agents.



Example: Suppose the outcome of the game is an amount of money z € [—-D€,+R€|. Fig. [7| shows
sketches of different linear utilities corresponding to risk-averse, risk-neutral or risk-seeking agents. In this
figure, u;(z) is the utility of the “outcome (monetary gain) z”, defined by the fact that outcome x =;
[(1 — u;(z))(—=D),u;i(z)(R)]]. For risk-averse agents, u;(x) > (z + D)/(R + D) (they prefer the certainty
of x to the possibility of a higher return R but with the risk of a deficit D, even though the expectation
is the same). Risk takers, on the other hand, would prefer the possibility of a higher income, even if it
involves some risk, to the certainty of the same average return, and so for them wu;(x) < (z + D)/(R + D).
People are usually risk averse, but there are situations where you can benefit from risk. For example, if
you have borrowed money from the mafia and have to pay back the totality of 100€ tonight or risk severe
consequences, you might prefer the lottery A = [0.5(1008),0.5(0%)] to B = [1(50%)].

2.3. Solution concepts: notion of dominated strategy

Here and below, we consider games in strategic form involving a set of n players N = {1,--- ,n}. We note
Si = {s;} the set of strategies of player i € N, S = ®%_; S; the set of vectors describing the strategies of all
players, S_; = ®;2; S; the set of vectors describing the strategies of all players except player 4, and s_; an
element of S_;. We furthermore assume the existence of n utility functions

u; S — R
s =(si,8-;) —> u;(s) .
We begin with the introduction of a little bit of vocabulary:
Definition 4 A strategy s; of a player i is strictly dominated by another strategy t; of the same player if

Vs_; € S_;, ’LLZ‘(SMS,Z‘) < ui(ti, S,l') .
Definition 5 A strategy s; of a player is weakly dominated by t; if

Vs_j €55, ulsj,s—j) <uilty,s—j)
and E|§_j S S_j s.t. u(sj,§_j) < ui(tj,s_j)

If all players are rational and if the fact that they are rational is common knowledge (which mean all players
know that all players are rational, and all players know that all of them know, etc.), then dominated strategies
can be eliminated. A strategy vector s € S which is the result iterative elimination of dominated strategies
is called a rational solution of a game. Rational solutions do not necessarily exist in all games.

Example: Second price auctions

Rules of the game: An indivisible object if offered for sale. Each of the N players have a private value v;
for the the object that is only known to themselves. A strategy is a bid b;. All bids are issued at the same
time. (The players do not know the bids of the others).

The highest bidder "wins" the auction and takes the object at the price of the second highest bidder
(thus the name “second price auction”). If there are ex aequo, the winner is chosen randomly among them.
We will try to find the rational solution to this game.

Le us first construct a utility function compatible with the preference relation of the players. For a player
i, there are 2 possible outcomes: not winning (—w;), and winning at a cost ¢; ((w;,¢;)). We assume that
¢; < ¢, implies (w;,¢;) Z; (w;, ¢;), and that the private value v; can be defined by the fact that winning at
a cost v; is equivalent to not winning ((w;, v;) &2; —~w;).

One possible choice for the utility function of player i is therefore

ul(—\wl) = ui(bi, b_l) =0 ifb; < B_; = max(b_i) (3)
ui(wi7 Ci :B,Z) = ul(b“ b,Z) =v;, — B_; if b, > B_; (4)
uz(bu b_l) = a(B_z—, k) ("Ui — B—z) if bl = B_i, with k£ winners . (5)

(with o € [0,1]).
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In all three cases, the strategy b; = v; is weakly dominant. It is therefore the rational solution of the
second price auctions.

3. Nash equilibrium
3.1. Definition of the Nash equilibrium

The concept of dominated strategies plays a very important role in game theory, as it often makes it possible
to simplify the analysis by eliminating irrelevant options. However, in most circumstances there are not
enough dominated strategies to specify a “rational outcome”.

Consider for instance the game in strategic form

‘ Player 11
L C R
T|0,6[6,0[4,3
Player1 M |6 ,0|0,6 |4, 3
B|3,3[4,3|5,5

There is no dominated strategy, neither for player I, nor for player II. For instance from the point of view of
player II:

o if Iplays T: L =y Ry C
o if Iplays M: C =y R L
o if Iplays B: R C =~ R

There is thus no pair of strategies (A, A2) € {L, C, R}? of player II such that whatever I plays, A; is always
prefered to Ao, i.e. no dominated strategy.

On the other hand the strategy vector s* = (B, R) is such if I plays s} = B, the best strategy for II is
s5 = R, and reciprocally if II plays s5 = R, the best strategy for I is s7 = B. Starting from s*, neither I nor
IT can change (alone) their strategy without loosing something. Here s* = (B, R) is what is called a Nash
equilibrium.

More generally we have

Definition 6 A strategy vector s* = (s},s5,- -+ ,s5) is a Nash equilibrium

& Vie N,Vs; €8; ulsi,s;) <u(s*).



3.2. Nash equilibrium for two-players zero-sum game

Consider the game

1I 1I
L C R L|C|R
T |[3,3[-5,5|-2,2 T |[3]|-5]-2]"
I M[1,1(4,41,1 o I M[1|4]1
B [6,6|3.3]5,.5 B[6 |35
which is such that for any strategy vector s, usr(s) = —u(s). We assume that the goal of both players is to

make “the best of the worse case scenario”. For instance for player I

if s =T,worse case —s;;=C ; u;=-5
if s = M,worse case —s;y=LorR ; wur=1
if s = B,worse case —s;y=R ; wu;=-5

We thus have v; = max,, mins,, ur(sy, sy7) = max(—5,1,—5) = 1, and the corresponding MaxMin strategy
issy =M.

In the same way, v;; = max,,, ming, urr(sy, sy7) = —ming,, maxs, ur(sr, $y7) = —min(6,4,1) = —1,
and the corresponding MaxMin strategy is s;; = R.

One can check here that s* = (M, R) is a Nash equilibrium, and that v; = —v;; = us(s*).

More generally
Definition 7 A two-players zero-sum game is a game such that
Vs € S =51®S82, us(s) = —uq(s) .
We note u(s) = ui(s) = —usa(s).
For any two-player zero-sum game we can define

v; = max min u(sy, s2)

S1 S2
vy = max min us (81, $2) = — min max u(s1, s2)
So S1 2 S1
the results of the MinMax strategies for player one and player two. We further note v = v; and v = —uv,.

Theorem 2 A two-player zero-sum game is said to have a value if v = v = v. In that case there is a
strategy vector for which this value is attained (i.e. 3s* such that u(s*) = v) and such that s* is a Nash
equilibrium for the game.

NB: the reciprocal is not true : a two-player zero-sum game can have a Nash equilibrium and not a value.

Proof

10
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We see that
v:g:u() < u(e) gu(@) =T=vw

Thus u(e) = v, and e = (s}, s7;) is a Nash equilibrium.

4. Nash Theorem and von Neumann Theorem
4.1. Mixed form extension of strategic form games
Consider a game in strategic form, which is thus defined by:

o A set of players N = {1,--- ,n}.

o A set of strategies S; = {s;} for each player i € N.

e The utility functions

ui:S:Slx52x~-~><Sn—>R
(8i,5—3) —> ui(si,5-3)

Definition 8 A mixed strategy is simply a probability distribution over the set of pure strategies S;. We
note X; the set of mized strategies.

Y = {ai;si = 0,11/ ) oilsi) 1} .
5,€85;
Notation If S; = {a,b,c}, we note

7= (30 30050)

the mixed strategy corresponding to a probability 1/3 to follow strategy a, a probability 1/3 to follow strategy
b, and a probability 1/3 to follow strategy c.

Definition 9 The mixed extension of a game in strategic form is defined by
o The set of mized strategies 3; = {0}

11



o The utilities
Ut XM =21 X X2, —R
(0i,0-i) — ui(0i,0-3) = E[ui(si, 5-4)]

= Z (81,7, Sn)o1(51)02(s2) - - on(Sn) -

(81,7 +8n)
NB1 The mixed extension of a game in strategic form is itself a game in strategic form.
NB2 The form of the utility functions of the mixed extension is justified because we assume the utilities of
the players satisfy the von-Neumann Morgenstern axioms, and thus the utility functions are linear.
4.2. Nash Theorem

Theorem 3 (Nash 1950) Every games in strategic form (with a finite number of players, each of them
having a finite number of strategies) has (at least) one Nash equilibrium in mized strategies.

The derivation of this theorem is a bit technical, and we will not provide it here. We will instead give a
derivation of the related result:

4.3. Von Neumann Theorem
Theorem 4 (von Neumann 1928) Fvery two-player zero-sum games in strategic form in which each

player has a finite number of strategies has a value.

Remark 1 If a 2-player 0-sum game has a “value”, this value is associated with a Nash equilibrium. The Von
Neumann Theorem is therefore somewhat the equivalent of the Nash theorem for 2-player 0-sum
games. Note though that having a value imply a Nash equilibrium, but that the reverse is not true.

Remark 2 Unless it is a constant, the extrema of a linear function are necessarily at the boundary of its domain
of definition. Since we assume the von Neumann-Morgenstern axioms, and thus linearity for the utility

functions,
Uz ) z E Uz 7,) .

this implies in particular

v = max min u(o1,02) = max min u(oq, S2)
01€X1 09€Y 01E€EY SsESs

Ty = min max u(si,0z)
02€X2 81€851

A simple example Consider the 2-players 0-sum game with two pure strategies corresponding to the
table

11

LR
510
314

T
B

For player one, a mixed strategy corresponds to [z1(T), (1 — 21)(B)], 21 € [0, 1]. We thus have

u(r,R)=(1—x1)-4=—4z1 +4
w(ry,L)=x1-5+(1—2)-3=221+3

12



-E:' = ety Mliaq U{:‘, L or R J

e=d L "
& X Ly
in
F/ V)= 000 )< . B0
—avP e b = 25" &
AL RECP AP
[ & =

For player two, a mixed strategy corresponds to [x2(L), (1 — x2)(R), 2 € [0,1], and thus

u(T, z2) = Sxa
u(B,x2) =22-3+(1—2)-4=—x+4
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We have thus v =7 = v = 10/3, ans ¢* = (1/6,2/3).

Why is this working ? Consider the general case of a 2-players 0-sum game with two pure strategies

L R
T | ury | urr
B | upr | uBr

We furthermore assume that there is no dominant strategy, and thus (urp > upr) < (urg < upgr) and
(urp, > urg) < (upr < upgr). The graph of the mixed strategies utility function

u(zy,2) = zrxoupr + (1 — 21)zourg + x1(1 — z2)upr, + (1 — 21)(1 — z2)ury,

can be represented by the graph

13
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Since the minmax and maxmin lines cross, they should have the save value, implying v = v = v.

4.4. Indifference principle

We finish this section with one important property of Nash equilibria for mixed strategies, which is charac-
terized by the following result

Theorem 5 (Indifference principle) Let o* be a Nash equilibrium in mized strategies of a strategic form
game, and let s and sf be two pure strategies of player i. Then

(a?‘(s‘i") >0 and af(sf) > O) = (ui(s?,a*_i) = ui(sf,a*_i)> .

Proof Assume u;(s®, 0% ;) > ui(s’,0*;), and let

P07 —1

ol (t;) if t; # s or s”

i i
O'i(ti) = 0 if ti == 8'6

K2

07 (s7) + 07 (s]) if t; = sf

Without the ¢; # s, sf , this amount to play a pure strategy s{*, which makes sense since it has a higher
utility.
We then have

wion0®) = Y or(tui(ti,0f,) + (07 (s7) + 07 (s)))us(s7, 07,
ti#£s$ or sf

>3 ot 0m) + o7 (9wl 0%) + 05 (5] Jui(s) o)
ti#£s$ or sf

=wu;(0")

This is impossible if o* is a Nash equilibrium, and thus the initial hypothesis cannot hold.

14



Dove | Hawk
Dove | 4,4 2,8
Hawk | 8§, 2 1,1

Table 1: Hawk and Dove game (lines : player 1, defender; columns : player 2, invader)

5. Evolutionary stable strategies

Consider the “hawk and dove” game characterized in strategic form by the following table

The hawk and dove game is a symmetric game, in the sense that S = S2 = {Dove, Hawk} and V(s,, s3) €
S,u1(8a, 8p) = u2(Sb, Sa)-

The mixed strategy of player 1 and 2 are

(z1(Dove), (1 — z1)Hawk)
(z2(Dove), (1 — xo)Hawk) .

0'1(,@1)

0'2(%2)

One can check easily that o* = (o1(x*), 02(2*)) is a Nash equilibrium for 7 = 25 = 2* = 1/5.

Assume now that the game is played repeatedly, and that the outcome of the game is related not to a
utility, but to the number of offspring of the animal playing that game, and furthermore that these offspring
tend to play the same strategies as their parents (up to some random mutation). An agent (defender) is thus
characterized by the mixed strategy “z” that she is following.

Assume now that this agent has a probability y to meet an invader that follows the Dove strategy, and
(1 —y) that she follows Hawk (this could be the probability that the invader plays one of this pure strategies,
or just implies that the invader plays the mixed strategy y, or a mix of the two). Then for the outcome up
for the defender depending on her strategy choice is given by

up (Dove ,y) =4y + 2(1 — y)
ur (Hawk, y) =8y + (1 —y)
ur(z,y) =r(dy+2(1-y))+ (1 —-2)8y+ (1 -y))
=z(1—-5y)+ (14 7y)

Thus :
e if (y > 1/5), the average number of offsprings decreases with x — more Doves
e if (y < 1/5), the average number of offsprings increases with z — more Hawks
e if (y =1/5), the average number of offsprings is independent of x.

If we assume that agents can alternatively be invaders and defenders, this gives the intuition that a
population of agents with strategy « = 1/5 should be stable in some sense, and this is clearly related to the
fact that o* = (1/5,1/5) is a Nash equilibrium.

To define this notion of stability more precisely, one introduces the concept of “evolutionary stable strategy
(ESS)”, which corresponds to the following question: Consider an initial situation where everyone follows
a strategy z*, and assume that a small group of size ¢ switches to a new strategy = # x*. Will this small
group become larger or simply disappear 7

This can be phrased more formally as

Definition 10 A mized strategy x* in a two players symmetric game is said to be an evolutionary stable
strategqy (ESS) if for every mized strategy x # xx Jeg > 0 such that Ve < €p:

(1 =eui(z,z") + eur(z,2) < (1 — e)uy (¥, ") + euy (2, x)
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Returning to our Hawk and Dove example above, we have wuj(x1,22) = 21(1 — 5za) + (1 + Tz3) and
x* = 1/5. Therefore

12
up(z, ") =uy (%, ") =14+ 72" = 5
up(z,2) =2x(1 —5y) +1+7x = —52* + 8z + 1
6

up(z,z) =2*(1 —5x)+ (1+ Tz) = 6z + E

What we want to check is:

(I —eui(z,z") + eur(z,z) < (1 — eur(z™, ") + euy (2, )

< uy(z,x) < ug(z*, x)

& 527 — 20+ < uy (2%, 2)

1

& 5z — 5)2 >0

which is here indeed the case. So the Nash strategy x* = 1/5 is here indeed evolutionary stable.
As a final remark, note that 2* = ESS can mean either that u;(z, 2*) < uy(z*,2*) for all other mixed

strategies x, or that ui(z,z*) < ui(x*,2*), but in that case the a’s such that u;(x,z*) = uq(z*, z*) verify
ur(z,z) < wup(z*,x). The first case would correspond to a strict Nash equilibrium, which however does

not really exist in mixed strategies. In the second case an extra constraint is imposed beyond the Nash
equilibrium.
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B -

Optimal control

Problem: I’'m on a beach, I would like to spend some time in the shade while the sun is high, then spend
some time on the shore, and eventually go back to the bus station in time to go home. What mathematical
framework would be appropriate for this task ?

Figure 8: [From https://www.papierpeintpanoramique.be/plage-en-noir-et-blanc.html|

This can be cast in the form of an optimal control problem, which is characterised by

A state variable X; describing the state of the agent at time ¢ (here X; would just be the location of
the agent at time t).

A control variable v;, chosen by the agent, and that will impact the trajectory followed by X;. For
instance here we will assume v; is the desired velocity at time ¢, but that the motion is subject to some
randomness, so that X; follows a Langevin equation

dXt = tht + O'dft N (6)

with £ a “normalized” white noise (E[d¢,] = 0, E[d¢2d€’] = da5 dt) and o the strength of the noise.

A cost function, which is a functional of v(-), and a function of the starting point z¢ and of the initial
time to.

T
Tasto[V()] = E / L(v.. X, 7) dr + Cr(Xr) . (7)
ty N——— ———
running cost final cost [ Sp—

Here we can assume the simple form
1
L(V,Xt,t) = imvz - V(Xa t) ) (8)

where the first term indicates that we would like a desired velocity that is not too high, and the second
term implements our preference to be under the beach umbrella when the sun is high, and near the
shore later. Finally Cr(Xr) tells us that we rather be at the bus stop when it is time to leave, i.e. at
the end of the optimization time 7.

Solving this optimal control problem boils down to determining the optimal control v; such that the cost
JIxoto [V*(+)] is minimal.
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Optimal control is the bread and butter of engineering sciences, and can be applied in a vast variety of
contexts. The state variable is not necessarily your location on the beach, but can be the speed of an engine,
the amount of stock purchased by an investor, or the amount of energy stored in a battery. Similarly, the
relationship between the control variable and the dynamics of the state variable may be considerably more
complex than the Langevin equation @, and the cost function may have a more general form than Eq. @
(and of course than Eq. (g)).

Here, T will limit the discussion to the above framework, which is sufficient to introduce the general
philosophy, and which also has the advantage that the formalism we will be dealing with is very reminiscent
of something very familiar to physicists.

1. The noiseless case : Lagrange equations

In the absence of noise (ie 0 = 0), it is not necessary to take the expectation value in Eq. , and the
“desired velocity” v; becomes just “the” velocity

Vi = Xt . (9)

Introducing a Lagrange multiplier P; to impose the constraint Eq. @D (so that v; and X; can be treated as
independent variables), the optimal velocity v} is such that the modified cost functional

T
Tron[V(), X()] = / (L(vr. Xri7) + Po(X, — vo))dr + Op(Xr) (10)

to

T
:/ (L(vy, Xy, 7) — (P X, +Pov,))dr + [Prxp — PoXo+Cr(Xp)],  (11)

to

is invariant under small variations dv; and §X;. We get

0Jx, oL
=0=—-P 12
ovy 0 ov ¢ (12)
0Jx, . OL -
X, VT ax (13)
which implies
d (0L oL
i@t (av) & (14)

We recognize the usual Lagrange equation of classical mechanics, which is not a surprise since the cost
function Eq. (7)) has exactly the structure of a classical action derived from the Lagrangian L(v,X,t) . With
the form Eq. (8) of the Lagrangian, Eq. take the even simpler form of Newton second law

mX = —8)(‘/ .

Finally, the variation with respect Xr leads to 0x.,.[PrX7r — PoXo + Cr(Xr)] = 0= Pr + C(X7) giving
the boundary conditions

tho =20 (15)
oL, . ., /
Pi_r = a*V(VT7XT7T) =—Cr(Xr) . (16)

These “mixed” boundary conditions, for which initial position and final momentum are fixed, are the only
significant difference with what we are used to in classical mechanics.
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2. The noisy case : Bellman equation and linear programming

In the presence of noise, the above Lagrange approach (where one follows the trajectory of an individual
agent) is difficult to generalize, and it turns out to be simpler to adopt an Eulerian approach where one focus
on fixed specific location in the space through which the agent goes through as time passes.
For this purpose, we introduce the value function u(x,t) defined as the optimal cost function for an agent
located at x at time ¢
u(x,t) = inf Jye [v(.)] .
v()

We stress again that, contrarily to X;, here x is a given location in space, with no time dependence. To
compute u(x,t) and finally relate the result to v}, we turn to the notion of dynamic programming, and more
specifically to Bellman’s optimality principle, which states that

"An optimal policy has the property that, whatever the initial state and the initial decision, the
remaining decisions must constitute an optimal policy with respect to the state resulting from
the first decision."

(note this is based under the assumption that the agent is allowed to re-adapt her strategy if, because of the
noise, the trajectory actually followed is not the “averaged one” anticipated).

This Bellman optimality principle means that the computation of w can be simplified by discretizing
the problem and optimizing on infinitesimally small time frames. If we split the optimization into two
intervals,[t, t + dt] and [t + dt, T], we get the Bellman equation

Vi

t4dt
u(x,t) =inf E [/ L(v:,x.,7)dT + u(x+dx,t+dt)|, (17)
¢

where now the minimisation is performed only at time t and not for the entire function v(-). Furthermore,
because of Eq. @, dx should be understood here as dx = v;dt + o0d&;. Since the noise |d&;| ~ Vdt, we need
to expand u to order 2 in dx
1

u(x+dx, t+dt) = u(x,t) + Opu(x, t)dt + Oxu(x, t)dx + 582ﬁu(x, t)dz®dz” + o(dt) .

With E[d¢*] = 0 and E[d€¥d¢P] = 0,pdt, this gives
1
Elu(x+dx, t+dt)] = u(x,t) + {&u(x, t) + vi - Oxu(x, t) + 5028l2mu(x, t)] dt + o(dt) .

Keeping only the terms of order dt in Eq. , we obtain

1
inf [L(vt, x,t) + Opu(x,t) + vy - Oxu(x,t) + 50283au(x, t)] =0.

Vi

The optimal choice v} should therefore fulfil the condition dyx[L(V{,x,t) + vi - Oxu(x,t)] = 0, that is

o (Vi2718) = ~Oxu(,). (13)
and introducing
H(p,X,t):V:'pr(V:,I,t), (19)

the values function should fulfil the PDE
1
Opu(x,t) — H(—0xu,x,t) + 502Au(x, t)=0, (20)

which is known as the Hamilton-Jacobi Bellman equation.
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Noting that at the final time ¢ = T the cost Eq. simplifies to J, 7 = Cr(z), and that, since there
is nothing left to optimize on, this is also the “optimal cost”, the value function need to fulfil the terminal
boundary condition

u(x, T) = Cr(x) . (21)

Solving the optimal control problem thus amounts to solve backward the PDE from the boundary
condition , and, once u(x,t) is known, to obtain the optimal control (which is our goal) from . (Note
the sign in front of the Laplacian also impose that Eq. should be solved backward in time.)

Quadratic running cost

If the running cost L(vy, Xy, t) takes the simple form Eq. , the optimality condition Eq. and the
function H defined in Eq. read explicitly

_18u

Vi = %a—x(x, t) (22)
P2
H(p7x, t) = % + V(X) ’ (23)
giving for the HJB equation
_ (Vxu)? 12 _
Opu(x,1) 5 + 3 Au(x,t) =V (x) . (24)

Back to the noiseless case

When ¢ = 0, one can also follow this Eulerian route, with the only difference that the HJB equation
reduces to the Hamilton-Jacoby equatiorﬂ

Opu(x,t) — H(—0xu,x,t) =0, (25)

(with the same terminal boundary condition u(xz,T) = Cr(x)). The Hamilton equations

oOH
=T 9
. oH
B © 0x

are the equivalent, in the Hamiltonian formalism to the Lagrange equation Eq. , and give rise to the same
dynamics, and it can be shown using traditional arguments from classical mechanics that the optimal control
derived from solving the Hamilton-Jacobi equation (25 and setting the optimal control v} by Eq. gives
the same results as defining it as the velocity Eq. (9) for the trajectories solution of the Lagrange equation

([T).

C - Introduction to mean field games

1. From optimal control to differential games

If we define a game as a competitive optimization, i.e. a situation in which more than one agent is trying
to determine a strategy that would yield a profit (or minimize a cost), but for which their own outcome
is influenced by the strategies of the other agents, then the optimal control problem discussed above is

1Unfortunately, when making the connection with the traditional classical dynamics u is not the action S, but minus
the action (u = —S). Therefore p = —0xu (instead of p = 9,5), and the usual HJ equation 8;S + H(9,S,xz) = 0 reads
—Oiu+ H(—0:S,2) =0 .
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transformed into a game when more than one agent is performing optimal control, and the cost function of
any given agent is influenced by the strategy choices of the others.

Let’s therefore consider a set of agents ¢ = 0,1,--- N, whose individual states are described by a
continuous variable X’ € R%. Depending on the problem at hand, the state variable X’ can represent
a physical location, the amount of resources owned by a company, etc. (To make things more concrete,
you might consider the case where these “agents” are tourists arriving at the beach at the same time and
competing for space under the umbrellas or near the shore). We will assume that each of these state variables

follows a Langevin equation _ _ _
dX§ = vidt + odg; (26)

with initial condition Xi:to = x!, and where the Brownian motions (ff,ff) are independent for i # j.
Specializing to a quadratic Lagrangian as in Eq. , each individual will tuned her control parameter v; to
optimize a cost functional

T /vi)2 ‘ A
T V()] = E [ [ (52 - vionexio) -+ CT<X%>] . (27)
to |Xt:t0 =xg

The main, but essential, difference from the plain vanilla optimal control considered above is that here the
potential V is supposed to include interactions with the other agents. Assuming that the agents are essentially
identical (that is, they differ only in their state X¢, but otherwise have the same dynamics, optimize the
same cost function, and interact symmetrically), the interaction can be expressed in terms of the empirical
density of agents

N 1 j
) = 1 3 dx - X]) (28)
JFi
In other words V[5;(-)](X%) is both a function of the agent’s state X} and a functional of the density of
agents p; in the state space. A typical example for V' would be

Vipe()](x) = gp(x) + Vo(x,1) (29)

where Vy(x,t) is a “one body” term playing a role similar as its equivalent in the original optimal control
problem, and gp(x) implement the preference (for g > 0) or aversion (for g < 0) of crowded places.

If we consider a given agent ¢ and assume the strategies v, ¢ of the other agents fixed, the optimization
performed by ¢ is just a standard optimal control problem leading to the HJB equation

i\2 2 B
Al (x, 1) — (V;i:l) + %Aui(x, t) = V[3(x) . (30)
with boundary condition u’(x,T) = Cr(x) and control parameter fixed as vi* = —LV,u. Finding a Nash

equilibrium therefore correspond to solving simultaneously the coupled (through V[j]) (N 4 1) equation
Eq. fore=0,---,N .

This correspond to a N-body game, which quickly becomes intractable as N increase.
2. Intermezzo : the mean field approximation for the Ising model (a brief recap)
The Ising model describes a system of spins {S; = £1} with a configurational energy
E({S})=-h)_ Si—J> SS;. (31)
i <ij>

It is one of the simplest examples of many-body problems, and remain nevertheless in general intractable
except in low dimensions (d = 1,2).
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In higher dimensions, a very good approximation is however provided by a mean-field approach. Consider
all contributions involving spin j
€(S;) = —hS; — JS; Y Sk, (32)
k€n.n
where the sum is over nearest neighbours (n.n.) k of site j. The mean field approximation consists in
approximating this contribution by replacing the Sj by their mean value

emt(Sj) = —hS; = JS; > (Sk) = —hmeS; (33)
k€n.n.
where
hmt =h+ Jzm (34)

with z the number of neighbours, and m, the magnetisation per spin, which is just the mean value of any
given spin

m= NZ@) = (Si) VEk . (35)

3
Thus, in the mean field approximation, one replaces the many-body problem governed by the configuration
energy Eq. by a one-body problem governed by Eq. , i.e. a non-interacting spin experiencing a field
hme. At finite temperature, with 8 = 1/kpT, we can write down the single-spin Boltzmann distribution
straight away
e~ Beme(S;) eBhmi S

pl5;) = S 1€ Pemi(S))  ePhmi 4 e Bhm (36)
-

However, we still have a consistency condition to fulfil: the value of the magnetisation m predicted by (6)
should be equal to the value of m used in the expression for hA,,¢. Thus we require

eBhme _ o—Bhms
m= Y p(S;)S; = Bt Bt tanh(Shme) (37)
Sj=+1

and we arrive at the mean-field equation for the magnetisation

m = tanh(Bh + BJzm) . (38)

3. Mean Field Games

For the Ising model, the mean-field approximation consists in replacing a complex many-body problem by
a much simpler one-body problem coupled to a “mean-field” (here the magnetization m), with the only
complication that a self-consistent condition must be fulfilled.

The “mean-field game” approximation to the “many-body Nash equilibrium" problem above follow exactly
the same logic. For large N, one assumes that the details of the empirical density p(x) Eq. are irrelevant,
and one replace this empirical density by its average

p(x) = E % > dx - X)) (39)

(NB: one important difference with Ising is that here the average is taken over the noise and not over space,
so the average density keep an x dependence.) Contrary to the empirical density p(x) which is intrinsically a
stochastic function, the averaged p(x) is deterministic, and, starting from from the initial distribution p%(x),
follow the Fokker-Planck/Kolmogorov equation [11]

Dipr(x) + V.(pi(x) v} (x)) = T-Api(x) = 0

preo(x) = 0"(x)

; (40)
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where the optimal velocity

derives from the Hamilton-Jacobi-Bellman equation

(Vuy(x))? | o2

Dute(x) — 5 o T Auy(x) = Ve ()](x)

ur(x) = Cr(x)

(41)

The above two equations and are coupled together (through the terms f/[pt] and v;) and both
of diffusion type, but respectively backward and forward in time; they form together the MFG system of
equations [8]. As for the Ising problem, we have transformed an very complicated many-body problem into a
much simpler one body problem (an optimization problem for a single agent), with however a “self-consistent
condition” stating that the time evolution of the mean field p;(x) predicted by Eq. should be the one
entering or the r.h.s. of Eq. .

4. Permanent regime

In the limit of a large optimization period T'— 0o, we expect that under reasonable conditions (no explicit
time dependence in V, etc ...), the system will, beyond a short transient near ¢t = 0 and ¢ = T, stay in a
permanent regime for most of the optimization time.

One must keep in mind, however, that by “permanent regime”, what we mean is that the physical
(observable) quantities, namely the density and desired velocity are time independent

pr(x) — p™ (%)
vi(x) — v(x) .

The value function u¢(x), which is not observable, may however keep a trivial time dependence, which is
however constrained by the fact that Vus(x) = —mv®(x) is time independent. This impose that in the
permanent regime, the value function should take the form

up(x) = u(x) — At, (42)

with the constant A usually fixed by the (spatial) boundary conditions. From Egs. —, we see imme-
diately that the pair (p®(x), v®"(x)) characterizing the permanent regime should be solution of the (time
independent) couple system of equations

V(™ (x)v (x)) — %Aper(x) =0
)T (Vu;;(;()) + %Auer(x) _ V[per](x)

See e.g. P. Cardialaguet et al. [I], for a more mathematical discussion.
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D - Study of a toy model: the fish-school problem

As an illustration, let us consider the following problem :

A school of fish live in a (1d) river :
e They start in the morning with an initial distribution pg(z).

e During the day they try to gather food, while staying close together to protect themselves from preda-
tors (and the latter concern take priority on the former).

Vipe()](x) = Vo(x) + gp(x) : (44)
——
Intrinsic quality of the place  g>0 favour dense groups
e At the end of the day they find shelter in the best possible place (quality of shelter described by Cr(x)).

(NB: do not try to use this theoretical approach to develop your fish farming business.)
All this to say we consider the (1d) MFG problem

2

o
Orpt + Oz (vepr) — 73§th =0 (45)
Opus)?  o? -
Do~ G T = VI O)w) = Vola) + 90(a) (16)
with the desired velocity given by v:(z) = —% Oy, the initial /terminal boundary conditions pi—o(:) = po(-),

ur(-) = Cr(-), and the assumption that g > 0 is large (in a sense to be defined more precisely later). (NB:
the limitation to 1d and to the form @ of V are not very important for most of the discussion.)

1. Mapping to the non-linear Schrédinger equation
1.1. Bellman

As a first step, we use the well known fact that the Hamilton-Jacobi-Bellman equation for the value function
u(z,t) in can be cast into a standard heat equation using a Cole-Hopf transformation [3]

®y(z) = exp (—u(z)/mo?) . (47)
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Indeed, noting that mo? has the dimension of an action, and using the notation

hegt = mo” (48)
we have u; = —heg log @4, and thus
Opuy = —heffaf?q) (49)
0,
Outr, = ~heg — (50)
O2,ur = —hesr 8%;(1) + hef‘f(aji)i(f)Q ) (51)

which, inserted in Eq. leads for ® to the time-backwards diffusion equation,

h2 ~
—heg 0y Py = + 2:2 92,9, + Vip®, , (52)
with @7 () = exp(—Cr(+)/hesr) - (53)

Note that it follows from equation that ®7(-) > 0, and that then implies ®;(x) > 0 for all times.

1.2. Fokker-Planck

In the same way, we can introduce the function I't(z) = ps(x)/®P+(x) [2], which is therefore such that

pu() = Ty () 4(2) (54)
We thus have

Opr =14 0Py + 01t Oy, (55)

aizpt = Ft agwq)t + agwrt q)t + 2aa:rt 8wq)t 5 (56)

and, using that v; = —%&Cut = 02(0,P;/Py) ,

aft (@ﬂ)) =020, (07,9 Tt + 0,4 0,1 . (57)
t

Bm(vtpt) = 0'2893 <

Inserting these equations into , we get

o2 T K2 -
8,y — 78;01} = (ﬁ <—heﬂatq>t — 2::&31@) =T\ V[p(z) . (58)

bzt @V [pe] ()

This second variable thus follows a heat equation almost identical to Eq. (52), but forward in time. Special-
izing to the form of V[p;](x), the MFG system of equations (46)-(45) thus amount to the system

D) = 002 T () 4 (Vo) + gpu())De(2) (59)
2
a0 (2) = + 202 0, (2) + (Vo(e) + (@) @u(a) (60

with the understanding that p = T'®, and initial/terminal conditions and Ti—o(:) = p°(-)/®i=0(").
Again, as both m® and ®,_ are strictly positive functions, we have I'y—o(-) > 0, and Eq. then implies
this is the case for all times.
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Under these transformations, the MFG system has been recast in a pair of non-linear heat equations,
differing only by the sign on the left hand side and by their asymmetric boundary conditions.
Let us now consider the scalar the Schrédinger equation describing the quantum evolution of a wave
amplitude ¥;(x) in a reversed potential —Vp(z)
h2

If now a large number of (bosonic) particles are interacting together through a local two-body interaction
Vint(x,2") = —g é(x — 2’) , the mean field approximation to this many-body problem amounts to the substi-
tution Vp(z) — V[pa](z) = Vo(z) + gp® () with p" = ¢)*¢) and Jr P*(xz) = 1. This leads to the non-linear
Schrodinger equation

iR Duu() = —5— 02, 0(@) — (Vola) + 65" (2) () (62)
—ih O () = — 5 07 () — (Vo(a) + o5 (2)) 5 ) (63)

We thus see that Egs. — are the equivalent to Egs. 7 under the formal correspondence
o — h, ¢(x,t) — ¥(x,it) and I(x,t) — [ (x, it)].

In the same way, starting from the system describing the permanent regime, and introducing the
new variables, ®¢"(z) = exp (—us*(z)/hiegt)) and T§"(z) = p§*(z) /5" (), we see that both have to follow the
same equation

po* -~
)\erwer _TAwer _ V[mer} (X)wer , (64)
with either ¢§"(z) = ®° or ¢§*(z) = I'{"(2). Note that if ¢°(x) is a solution of Eq. (64)), then the two time
dependent functions

1
heﬁ

1
pe(x) = exp{—l—ﬂ)\t}wer(x) ,

Iy(z) = exp{—

AL} ()

(with again heg = mo?), are solutions of, respectively Egs. —, in the very same way as
i
Pi(x) = exp{—ﬁ/\t}wcr(x)

97 (2) = exp{ 4 LA ()

is solution of both Eq. and Eq. (64).

The non linear Schrodinger equation has been used for decades to describe systems of interacting bosons
in the mean field approximation (see e.g. [6, [7, [4, [9, [10]), and for almost a century the context of fluid
mechanics ([5]). Physicists therefore know a lot about this equation and its solutions, and some of this
knowledge can be transferred to the context of (quadratic) mean field games.

2. Tools of quantum mechanics (h.g = mo?)

2.1. Heisenberg picture and Ehrenfest’s relations

Quantum mechanics 101 In the introductory class of quantum mechanics, the “system” under consid-
eration is described by a wavefunction v (x) which evolves according to the Schrédinger equation

ih Oy = Hipy (65)
—ih oy = Hyy . (66)
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with

ﬁz2m+V@)
p () = —ihd; (+)
T()=zx().

An “observable” is typically an operator O(p,Z) constructed as a function of p and &. It’s expectation
value is defined as

O(t) = (| Olihy) = / dz 5} () Oty ()

and is therefore such that it’s time evolution is given by ih9,0 = (—Hty|O|py)+ (0 [OH ;) = (44|[O, H]|1)y),
that is

d i A
L0 = L[| .
80 = L, Ol
If for instance we choose O = &, we have
A9 .
S L in
.8 = (i = 6 p. ]+ 3] ) =
—ih —ih
so that p )
N p
gy = ML 67
dt () m (67)
In the same way, with O = p, we have [",p] = ihni"! (e.g. by recurrence : [2",p] = (2"~ [&,p] +

[#"~ L p] &) = iha™ ! + ih(n—1)2"2%), and therefore

d

SB) = (-0.V (@) (69)

Egs. — are the Heisenberg equations, which state that if a wavefunction is localized enough on the
classical scale, it behaves essentially as a classical particle.

Mean Field Games Because of the similarities between Eqs. — and Eqgs. —, we can follow
the same philosophy as for standard quantum mechanics and introduce an operator formalism on some
appropriate functional space. We thus define the operator position and momentum as

X()=ax(),
() = ~hewr 0 ()
[X,H] :+hcffa

where again A = mo?. The mean filed game equations Egs. (60)-(59) can then be expressed as

+heg 81y = HT, (69)
— et 0;P; = H D, , (70)
Wit}E )
LI
H —_
o T Vipl(X).

2Note that he sign convention for H is not the same as in [12]
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For an arbitrary operator O defined in terms of X and I1, we define its average

(O)(t) = (8,/0[T) = / dz ®,(x) O Ty(x) , (71)

where the couple (®;,T';) defines the state of the system and evolves according to Eqs (69) . Note that,
as Ty(2)®;(z) = ps(x), when O depends only on the position: O = O(X), the latter average reduces to the
usual mean value with respect to the density:

0= / dz py(2)0(z) . (72)

Following the same logic as in the quantum case, we can express the time evolution of the mean value of
an observable in terms of a commutator:

d 00, 1

o 00, 'Y
G0 = ()= 11.0). (73)
and in particular, we get
d, .. ()
X)) = L 74
Sy=t, (74)
d - N
—(IT) = (F 75
S = (Flp)) (75)
where F[m;] = —9,V|[p;](X) is named by analogy the “force” operator.
Furthermore, when local interactions are assumed,
Vipd(z) = Vo(a) + flo(x)] , (76)
then
ElFin) = [ p(@)(~0u(flpta))de = ~ [ of (p)fde = F(~o6) - F(roc) =0,
where F(z) = [ zf'(z)dz. Therefore the mean force depends only on the external potential
(F) = (F,)  where = -9,Vo(X) (77)
and Eq. can be simplified accordingly.
2.2.  Conservation laws
For local interactions of the form we can introduce an action functional
7:L2
S[@,T) = / dt/ { D(oT) — (atq))l") — 2eff (0:2)(0,T) + @ Vy(x) I + F[®T]| , (78)

where F(m f f(m)dm' | which extremals are solutions of the system (5 . Indeed, the variational
equation (55 /6T =0 (respectlvely 05/6® =0 ) is equivalent to Eq. . respectlvely Eq. . ) with V[ ] in
the form Eq. . This property will provide us with a variational approximation scheme for the solutions of
the MFG system. Finally, for a pair (®,T") solving the MFG equations, the action Eq. can be rewritten
as

S[®, T] = /dtd {;ﬂ( (aT) — (99)T } /thtot

where we have introduced the “total energy”,

Etot (t) = Ekin + Epot + Eint (79)
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with “kinetic”, “potential”, and “interaction” energies defined respectively as

_ Lo
Byin = 5 (1%, (80)

Epot = <V0(X)>7 (81)
By = /de[p(x)] (82)

The integrand in the action functional does not depend explicitly on time, so that by Noether theorem,
there is a conserved quantity along the trajectories. This conserved Noether charge is (due to the sign
conventions here) minus the previously defined total energy, so that

By (t)
o =0 (83)

and for any pair (®(z),'(x)) solving the MFG equations, one has

heﬁ
2

S[®,T] = — / dt dz [B(OT) — (9BIT] + EporT . (84)

2.3. Solitons

Let us come back to the time independent non-linear Schrédinger equation with Vp(z) =0

h2
o TR
m
It can be shown relatively easily that the lowest energy solution of this equation takes the form

1 1

)= =
v) V21 cosh (%)
with n = 2h%/mg and X\ = g/4n. We observe that quite intuitively, n — 0 as g — oo. The size of the soliton
is given by a balance between the attractive interaction energy and the quantum effects which implies that
if the wave function is too localized in position, it has to have a big extension in momentum, and thus a
large kinetic energy. In the MFG context the role of this “quantum pressure” is played by the noise, which
prevents the density of agents to collapse completely.

By analogy, we can expect that in the limit of large ¢ (which we can define as the fact that the variations
of the external potential around any point, §Uy = 9, Vodz + (02,Vy)dx2 + - - -, are dominated by the first
term OVpox for a displacement of order |0z| ~ 1), the MFG problem will be characterized by a density of
agent localized on a distance of scale 7.

3. Generic scenario for the fish-school problem

Going back to our fish-school problem, we want therefore to solve the system of coupled equations —
describing respectively the dynamics of the fish-school and the optimization of individual fishes, with
some initial fish density p:—o(-) = po(-) and terminal cost for the location at the end of the day Cr(-). We
furthermore assume that the first concern of the fished it to avoid being eaten by predators, so that g is
positive and large (in the precise sense defined above).

3.1. Dynamical equations

In this context, we expect the following generic scenario for full duration of the game

e Near ¢ = 0: Formation of the soliton (a very short time process).
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e Second stage: Propagation of the soliton (for most of the interval [0, 7).
e Near ¢ = T: Destruction of the soliton (again a very short time process).

Let us focus on the second stage, where a soliton of size n ~ h2z/mg = mo?/g is formed and not yet
destroyed. The assumption that g is large, and more precisely that 1|02, Vy| < 9,Vp so that implies that

(8,Vo(X)) = 9,Vo((X)). Noting X = (X) the mean position of the fish-school and P = (II) its mean
momentum, the system Egs. — thus reads

d P

Yx_

dt m’ (85)
d

Yp__

o 0Vo(X) | (86)

in other words, the centre of mass of the fish-school just follow classical dynamics of a point particle in the
potential V().
The initial position of the soliton is given by

Xo = () = [ apo(a)de (s7)

and its final momentum by
Pr= / O (x) T (x) da
R

_ f/FT(:z:)f[CI)T(z) dz
R

heﬂram ‘I)T (CC)
@T(ZE)

- /R pr (@) (~Cr()) de = —(9,Cr(X))

= +/R(FT(x)<I>T(x)) dx

where we have used that the terminal condition Eq. reads fiegs log @7(-) = —ur(-) = —=Cr(-). For large
g, where we assume that Cr(x) do not vary much on the scale 7, this reads simply

—Pr = 0,Cr(Xr) . (88)

An illustration of the corresponding dynamics is given in Fig. [0

3.2. Large T limit

The mixed initial/terminal boundary conditions Egs. — require to find a trajectory starting from the
vertical line X = X, and ending on the curve Pr = —9,Cr(X7r). In the large T limit, most of the trajectories
simply wander off to infinity, and the only way to satisfy this constraint as T — oo is that to spend most of
the time at, or very near, an unstable fixed point (X*, P*) (= (0,0) for the choice of parameters in Fig. E[)
Let f; : (Xo, Py) — (X4, P;) the Hamiltonian flow corresponding to the dynamics Egs. —. , and

W= {(X.P)/ lim_fi(X.P) = (X".P")}
W= {(X’P)/t_lir_nooft(XﬂP) = (X*7P*)} )

the stable and unstable manifold associated with the fixed point (X*, P*), we see that in the large T limit,
the generic scenario described at the beginning of this section can be made more precise:

e First stage: Form the soliton (a very short time process close to t = 0).
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unstable
manifold

Final condition

Initial condition

Figure 9: Hlustration of the dynamics of the school-fish soliton, for the various parameters of the problem
taken as Vo(z) = —1a2* — 122, Op(z) = —Za + 322 (so that Pr = I — Xr) and X, = —1.5.

e Second stage: Follow the stable manifold W* until the fixed point (X*, P*) is reached.
e Third stage: Spend most of the time in [0, 7] waiting in the close neighbourhood of (X*, P*).

e Fourth stage: Leave the stable fixed point following the unstable manifold W*, just in time to reach
the curve P, = —0,Cr(Xr) at time T.

e Fifth stage Destroy the soliton (again a very short time process).

The permanent regime of section [4] is thus seen here to correspond to a soliton waiting on an unstable fixed
point, and can be understood in a more general context as a high dimensional generalisation of the concept
of unstable fixed point.
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