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Stephan Fauve

Laboratoire de Physique Statistique-Laboratoire de Radioastronomie — Ecole Normale Supérieure





❘és✉♠é

❈❡ ♠é♠♦✐r❡ ❞❡ t❤ès❡ tr❛✐t❡ ❞❡ ❧❛ ♠❛❣♥ét♦❤②❞r♦❞②♥❛♠✐q✉❡✱ ❡t ♣❧✉s ♣❛rt✐❝✉❧✐è✲
r❡♠❡♥t ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦✱ ❝✬❡st✲à✲❞✐r❡ ❧❛ ❣é♥ér❛t✐♦♥ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❛✉t♦✲
❡♥tr❡t❡♥✉ ♣❛r ❧❡s ♠♦✉✈❡♠❡♥ts t✉r❜✉❧❡♥ts ❞✬✉♥ ✢✉✐❞❡ ❝♦♥❞✉❝t❡✉r ❞✬é❧❡❝tr✐❝✐té✳ ❉❛♥s
❝❡ tr❛✈❛✐❧✱ tr♦✐s ❛♣♣r♦❝❤❡s ❝♦♠♣❧é♠❡♥t❛✐r❡s s♦♥t ✉t✐❧✐sé❡s✳ Pr❡♠✐èr❡♠❡♥t✱ ♥♦✉s ❛✈♦♥s
ét✉❞✐é ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ✭❱♦♥ ❑❛r♠❛♥ ❙♦❞✐✉♠✮✳ ❈❡tt❡ ❞②♥❛♠♦ ❡①♣ér✐♠❡♥t❛❧❡ ❛ ♠✐s
❡♥ é✈✐❞❡♥❝❡ ❧❛ ❣é♥ér❛t✐♦♥ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ à ♣❛rt✐r ❞✬✉♥ é❝♦✉❧❡♠❡♥t t✉r❜✉❧❡♥t
❡t ♥♦♥✲❝♦♥tr❛✐♥t✳ ❙❡❧♦♥ ❧❡s ♣❛r❛♠ètr❡s ❞❡ ❢♦rç❛❣❡ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t✱ ❞✐✛ér❡♥ts ré❣✐♠❡s
❞②♥❛♠✐q✉❡s s♦♥t ❡♥❣❡♥❞rés✱ ❝♦♠♠❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ♣ér✐♦❞✐q✉❡s ♦✉ ❞❡s r❡♥✈❡rs❡✲
♠❡♥ts ❝❤❛♦t✐q✉❡s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ s✐♠✐❧❛✐r❡s à ❝❡✉① ♦❜s❡r✈és ♣♦✉r ❧❡ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ t❡rr❡str❡✳ ▲❡s rés✉❧t❛ts ❡①♣ér✐♠❡♥t❛✉① s♦♥t ét✉❞✐és ❡t ❝♦♠♣❛rés ❛✈❡❝
❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❞✐r❡❝t❡s✳ ❊♥ ✉t✐❧✐s❛♥t ❞✐✛ér❡♥t❡s ❣é♦♠étr✐❡s✱ ♥♦✉s ❛✈♦♥s
♠♦♥tré q✉❡ ❧❛ ♣❧✉♣❛rt ❞❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡ ❧✬❡①♣ér✐❡♥❝❡✱ ❝♦♠♠❡ ❧❛ str✉❝t✉r❡ ♦✉
❧❡s ❝♦♠♣♦rt❡♠❡♥ts t❡♠♣♦r❡❧s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ♣❡✉✈❡♥t êtr❡ r❡♣r♦❞✉✐t❡s✳ ❈❡❧❛
♠❡t ❛✐♥s✐ ❡♥ ❛✈❛♥t ❧❡s ♠é❝❛♥✐s♠❡s ❡ss❡♥t✐❡❧s à ❧❛ ❣é♥ér❛t✐♦♥ ❡t à ❧❛ ❞②♥❛♠✐q✉❡ ❞✉
❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❊♥✜♥✱ ❧❡s ❞✐✛ér❡♥ts rés✉❧t❛ts ♥✉♠ér✐q✉❡s ♦❜t❡♥✉s s♦♥t ❝♦♠♣r✐s
à tr❛✈❡rs ❞❡s ♠♦❞è❧❡s t❤é♦r✐q✉❡s ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥❛❧✐té✱ ♣r✐♥❝✐♣❛❧❡♠❡♥t ❞ér✐✈és
à ♣❛rt✐r ❞✬❛r❣✉♠❡♥ts ❞❡ s②♠étr✐❡s✳ ■❧ ❡st ❛✐♥s✐ ♣♦ss✐❜❧❡ ❞❡ ❞é❝r✐r❡ s✐♠♣❧❡♠❡♥t ❧❛
❞②♥❛♠✐q✉❡ ❝♦♠♣❧❡①❡ ❞❡s ❞②♥❛♠♦s t✉r❜✉❧❡♥t❡s ét✉❞✐é❡s✳





❆❜str❛❝t

❚❤✐s t❤❡s✐s ❢♦❝✉s ♦♥ ♠❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝s ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r✱ ♦♥ ❞②♥❛♠♦ ❛❝t✐♦♥✱
✐✳❡✳ ♦♥ t❤❡ s❡❧❢ ❣❡♥❡r❛t✐♦♥ ♦❢ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❜② t❤❡ t✉r❜✉❧❡♥t ♠♦t✐♦♥s ♦❢ ❛♥ ❡❧❡❝tr✐✲
❝❛❧❧② ❝♦♥❞✉❝t✐♥❣ ✢✉✐❞✳ ■♥ t❤✐s ✇♦r❦✱ t❤r❡❡ ❝♦♠♣❧❡♠❡♥t❛r② ❛♣♣r♦❛❝❤❡s ❛r❡ ❢♦❧❧♦✇❡❞✳
❋✐rst✱ ✇❡ ❤❛✈❡ st✉❞✐❡❞ t❤❡ ❱❑❙ ❡①♣❡r✐♠❡♥t ✭❱♦♥ ❑❛r♠❛♥ ❙♦❞✐✉♠✮✳ ❚❤✐s ❧❛❜♦r❛t♦r②
❞②♥❛♠♦ ✐s t❤❡ ✜rst ❡①♣❡r✐♠❡♥t❛❧ ♦❜s❡r✈❛t✐♦♥ ♦❢ ❞②♥❛♠♦ ❛❝t✐♦♥ ✐♥ ❛♥ ✉♥❝♦♥str❛✐♥❡❞
t✉r❜✉❧❡♥t ✢♦✇✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❢♦r❝✐♥❣ ❝♦♥✜❣✉r❛t✐♦♥✱ t❤✐s ❡①♣❡r✐♠❡♥t r❡♣r♦❞✉❝❡s
t❤❡ s❡❧❢✲❣❡♥❡r❛t✐♦♥ ♦❢ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ❜✉t ❛❧s♦ s❤♦✇s s♦♠❡ ❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦rs
s✐♠✐❧❛r t♦ t❤❡ ❊❛rt❤✱ s✉❝❤ ❛s ❝❤❛♦t✐❝ r❡✈❡rs❛❧s ♦❢ t❤❡ ♣♦❧❛r✐t② ♦❢ t❤❡ ✜❡❧❞✳ ❆ ❧♦t ♦❢
❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤✐s ❡①♣❡r✐♠❡♥t❛❧ ❞②♥❛♠♦ r❡♠❛✐♥ ♥♦t ❢✉❧❧② ❡①♣❧❛✐♥❡❞✱ ❛♥❞ ✐t ❝❛♥
❜❡ ✈❡r② ✉s❡❢✉❧ t♦ ✉s❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦❛❝❤ t♦ ✉♥❞❡rst❛♥❞ ✇❤❛t ❤❛♣♣❡♥s ✐♥ t❤❡
❡①♣❡r✐♠❡♥t✳ ■♥ t❤✐s ♣❡rs♣❡❝t✐✈❡✱ ■ ✉s❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✐♥ ❞✐✛❡r❡♥t ❣❡♦♠❡tr②✳
❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ♠♦st ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ❝❛♥ ❜❡ r❡♣r♦❞✉❝❡❞ ❜②
♦✉r ❞✐r❡❝t ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✱ ❧✐❦❡ t❤❡ str✉❝t✉r❡ ♦r t❤❡ ❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡
♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❋✐♥❛❧❧②✱ t❤❡s❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❛r❡ ✉♥❞❡rst♦♦❞ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢
❧♦✇ ❞✐♠❡♥s✐♦♥❛❧ ❞②♥❛♠✐❝❛❧ s②st❡♠s✱ ❞❡r✐✈❡❞ ❜② s②♠♠❡tr② ❛r❣✉♠❡♥ts✳ ❚❤❡s❡s ♠♦❞❡❧s
♣r♦✈✐❞❡ ❛ s✐♠♣❧❡ ✇❛② t♦ ❞❡s❝r✐❜❡ t❤❡ ❝♦♠♣❧❡① ❞②♥❛♠✐❝s ♦❢ t❤❡ t✉r❜✉❧❡♥t ❞②♥❛♠♦s
st✉❞✐❡❞ ❤❡r❡✳



❘❡♠❡r❝✐❡♠❡♥ts

❚♦✉t ❞✬❛❜♦r❞✱ ♠❡s r❡♠❡r❝✐❡♠❡♥ts ✈♦♥t é✈✐❞❡♠♠❡♥t à ♠♦♥ ❞✐r❡❝t❡✉r ❞❡ t❤ès❡
❊♠♠❛♥✉❡❧ ❉♦r♠②✱ ♠❛✐s é❣❛❧❡♠❡♥t à ❙t❡♣❤❛♥ ❋❛✉✈❡✳ ❉✉r❛♥t ❝❡s tr♦✐s ❛♥s✱ ❥✬❛✐ é♥♦r✲
♠é♠❡♥t ❛♣♣r✐s à ❧❡✉rs ❝ôtés✱ ❡t ❥❡ ♥✬❛✉r❛✐s ♣✉ ❡s♣ér❡r ✉♥ ♠❡✐❧❧❡✉r ❡♥❝❛❞r❡♠❡♥t✱ t❛♥t
s✉r ❧❡ ♣❧❛♥ s❝✐❡♥t✐✜q✉❡ q✉❡ s✉r ❧❡ ♣❧❛♥ ❤✉♠❛✐♥✳ ❆ tr❛✈❡rs ♥♦s ❞✐s❝✉ss✐♦♥s s❝✐❡♥t✐✜q✉❡s✱
❥❡ ♣❡♥s❡ q✉✬✐❧s ♦♥t ❢♦rt❡♠❡♥t ❝♦♥tr✐❜✉é à ❞é✈❡❧♦♣♣❡r ♠♦♥ ✐♥térêt ♣♦✉r ❧❛ ♣❤②s✐q✉❡✳
❏❡ ❧❡s r❡♠❡r❝✐❡ é❣❛❧❡♠❡♥t ♣♦✉r ❧❡ s✉♣♣♦rt ❡t ❧❛ ❝♦♥✜❛♥❝❡ q✉✬✐❧s ♠✬♦♥t té♠♦✐❣♥é✱ ❡t
❝❡ ❞❛♥s ✉♥❡ ❛t♠♦s♣❤èr❡ t♦✉❥♦✉rs ❛❣ré❛❜❧❡ ❡t ❛♠✐❝❛❧❡✳

❈❡tt❡ t❤ès❡ ❛ été ré❛❧✐sé❡ ❝♦♥❥♦✐♥t❡♠❡♥t ❛✉ ❧❛❜♦r❛t♦✐r❡ ❞❡ P❤②s✐q✉❡ ❙t❛t✐st✐q✉❡
❡t ❛✉ ❧❛❜♦r❛t♦✐r❡ ❞❡ ❘❛❞✐♦❆str♦♥♦♠✐❡ ❞❡ ❧✬❊◆❙✳ ❏❡ t✐❡♥s à r❡♠❡r❝✐❡r ❊r✐❝ P❡r❡③ ❡t
▼✐❝❤❡❧ Pér❛✉❧t✱ ❧❡s ❞✐r❡❝t❡✉rs ❞❡ ❝❡s ❞❡✉① ❧❛❜♦r❛t♦✐r❡s à ♠♦♥ ❛rr✐✈é❡✱ q✉✐ ♦♥t ♣❡r♠✐s
♠♦♥ ❛❝❝✉❡✐❧ ❞❛♥s ❞❡ très ❜♦♥♥❡s ❝♦♥❞✐t✐♦♥s✳

❏❡ r❡♠❡r❝✐❡ ❧❡s r❛♣♣♦rt❡✉rs ❞❡ ❝❡tt❡ t❤ès❡ ▲❛✉r❡tt❡ ❚✉❝❦❡r♠❛♥ ❡t ❚❤✐❡rr② ❆❧✲
❜♦✉ss✐èr❡ ♣♦✉r ❧❛ r❛♣✐❞✐té ❛✈❡❝ ❧❛q✉❡❧❧❡ ✐❧s ♦♥t ❧✉ ♠♦♥ ♠❛♥✉s❝r✐t ❡t ❧✬✐♥térêt q✉✬✐❧s ♦♥t
♣♦rté à ♠♦♥ tr❛✈❛✐❧✳ ▼❡r❝✐ é❣❛❧❡♠❡♥t ❛✉① ❛✉tr❡s ♠❡♠❜r❡s ❞✉ ❥✉r② q✉✐ ♦♥t ❛❝❝❡♣té
❞❡ ❥✉❣❡r ❝❡ tr❛✈❛✐❧ ✿ ❈❛r♦❧✐♥❡ ❚❡rq✉❡♠✱ ▼✐❝❤❛❡❧ Pr♦❝t♦r ✭q✉❡ ❥❡ r❡♠❡r❝✐❡ é❣❛❧❡♠❡♥t
♣♦✉r ❛✈♦✐r ♣♦sé s❡s q✉❡st✐♦♥s ❡♥ ❢r❛♥ç❛✐s ❧♦rs ❞❡ ❧❛ s♦✉t❡♥❛♥❝❡ ✦✮✱ ❛✐♥s✐ q✉❡ ❱✐♥❝❡♥t
❈♦✉rt✐❧❧♦t✱ ❞♦♥t ❧❡s ♣ré❝✐❡✉① ❝♦♥s❡✐❧s ♠✬♦♥t ❛✐❞é à ❛♠é❧✐♦r❡r ❧❛ ✈❡rs✐♦♥ ✜♥❛❧❡ ❞❡ ❝❡
♠❛♥✉s❝r✐t✳

❏❡ t✐❡♥s à ❛❞r❡ss❡r ✉♥ r❡♠❡r❝✐❡♠❡♥t t♦✉t s♣é❝✐❛❧ à ❋r❛♥ç♦✐s Pétré❧✐s✱ ❛✈❡❝ q✉✐ ❥✬❛✐
❡✉ ❜❡❛✉❝♦✉♣ ❞❡ ♣❧❛✐s✐r à tr❛✈❛✐❧❧❡r ❞✉r❛♥t ❝❡tt❡ t❤ès❡✳ ■❧ ❛ t♦✉❥♦✉rs été ❞✐s♣♦♥✐❜❧❡
♣♦✉r ❞✐s❝✉t❡r✱ ♣❧❛✐s❛♥t❡r✱ ré♣♦♥❞r❡ à ♠❡s q✉❡st✐♦♥s✱ ❡t ❛ ♣❛r❢♦✐s ❝♦♥s✐❞ér❛❜❧❡♠❡♥t
♦r✐❡♥t❡r ♠❡s tr❛✈❛✉① ❞❡ r❡❝❤❡r❝❤❡ ✭❛✐♥s✐ q✉❡ ♠❡s ❤❛❜✐t✉❞❡s t❛❜❛❣✐q✉❡s✮✳ ❏❡ r❡♠❡r❝✐❡
é❣❛❧❡♠❡♥t ❧❡s ❛✉tr❡s ♠❡♠❜r❡s ❞✉ ❣r♦✉♣❡✱ ❆❧❡①❛♥❞r♦s ❆❧❡①❛❦✐s ✭q✉✐ ❛ s✉ êtr❡ ❞✐s❝r❡t
❝♦♥❝❡r♥❛♥t ❧✬é♣✐s♦❞❡ ❞❡ ❧❛ r✐✈✐èr❡ ❞❡ ❈❛♠❜r✐❞❣❡✮✱ ❈❧❛✉❞❡ ▲❛r♦❝❤❡✱ ❙é❜❛st✐❡♥ ❆✉✲
♠❛✐tr❡✱ ❊r✐❝ ❋❛❧❝♦♥✱ ◆❛❜✐❧ ●❛rr♦✉♠✱ ❈❧❛✉❞✐♦ ❋❛❧❝♦♥ ❡t ◆✐❝♦❧❛s ▼♦r❞❛♥t✱ q✉✐ ♠✬❛
✐♥✐t✐é ❛✉ tr❛✈❛✐❧ ❡①♣ér✐♠❡♥t❛❧ ❡t ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❛✉① ❥♦✐❡s ❞✉ ●❛❧❧✐✉♠✳✳✳

▼❡r❝✐ é❣❛❧❡♠❡♥t à t♦✉t❡s ❧❡s ♣❡rs♦♥♥❡s q✉❡ ❥✬❛✐ ♣✉ ❝ôt♦②❡r ❛✉ ▲❘❆✱ ❡♥ ♣❛rt✐✲
❝✉❧✐❡r P❛tr✐❝❦ ❍❡♥♥❡❜❡❧❧❡✱ ❆♥❞r❡❛ ❈✐❛r❞✐✱ ❍❡♥r✐❦ ▲❛tt❡r ❡t ❙t❡✈❡♥ ❇❛❧❜✉s✳ ❏❡ s✉✐s
é❣❛❧❡♠❡♥t r❡❝♦♥♥❛✐ss❛♥t ❡♥✈❡rs ▼❛r✐❡ ●❡✤♦t✱ ◆♦r❛ ❙❛❞❛♦✉✐ ❡t ❆♥♥✐❡ ❘✐❜❛✉❞❡❛✉✱
❧❡s s❡❝rét❛✐r❡s ❞✉ ▲P❙✱ q✉✐ ♦♥t été ❣é♥✐❛❧❡s ❛✈❡❝ ♠♦✐ ❞✉r❛♥t ❝❡s tr♦✐s ❛♥s✳

❉✉r❛♥t ❝❡tt❡ t❤ès❡✱ ❥✬❛✐ ♣❛ssé ❜❡❛✉❝♦✉♣ ❞❡ t❡♠♣s ❛✈❡❝ ❧❡s ❞✐✛ér❡♥ts t❤és❛r❞s
❡t ♣♦st❞♦❝s q✉✐ s❡ s♦♥t s✉❝❝é❞é✳ ❏❡ ❧❡s r❡♠❡r❝✐❡ ❞♦♥❝ ♣♦✉r ❛✈♦✐r ❝♦♥tr✐❜✉é à ❧❛
❜♦♥♥❡ ❛♠❜✐❛♥❝❡ ❞✉ ❧❛❜♦ ✿ ❚❤♦♠❛s t♦✉t ❞✬❛❜♦r❞ ✭♣♦✉r ❧❡s ❝♦✉rs❡s ❡♥❞✐❛❜❧é❡s✱ ❧❡s
❜✐❧❧❡✲❝❛rt♦♥s✱ ❧❡s ✬❛❧❧♦ ❄✬ ❡t ❛✉tr❡s ❞é❧✐r❡s✮✱ ♠❛✐s é❣❛❧❡♠❡♥t ▼❛rt✐♥✱ ♣♦✉r s❛ ❜♦♥♥❡
❤✉♠❡✉r ♣❡r♠❛♥❡♥t❡✱ s❡s ❝♦♥s❡✐❧s ❡t ♣♦✉r ❧❡s ❞é❜❛ts ♣❛ss✐♦♥♥❛♥ts q✉❡ ♥♦✉s ❛✈♦♥s
❡✉✳ P♦✉r ❞✬✐♥♥♦♠❜r❛❜❧❡s r❛✐s♦♥s✱ ❥❡ s✉✐s é❣❛❧❡♠❡♥t ❤❡✉r❡✉① ❞✬❛✈♦✐r ♣❛ssé ❝❡s tr♦✐s
❛♥s ❛✉① ❝♦tés ❞❡ ▲✉❞♦✱ q✉✐ ❡st ❞❡✈❡♥✉ ✉♥ ✈ér✐t❛❜❧❡ ❛♠✐✱ ❡t s❛♥s q✉✐ ❧❛ ✈✐❡ ❛✉ ❧❛❜♦



✈✐✐

♥✬❛✉r❛✐t ♣❛s été ❧❛ ♠ê♠❡✳ ▼❡r❝✐ ❛✉ss✐ à ❇❛s✐❧❡✱ ❛✈❡❝ q✉✐ ❥✬❛✐ ❡✉ ❛✉t❛♥t ❞❡ ♣❧❛✐s✐r à
❞✐s❝✉t❡r ❞❡ s❝✐❡♥❝❡ q✉✬à r✐❣♦❧❡r✱ ♣♦rt❡r ❧❛ ♠♦✉st❛❝❤❡ ❡t t❛♥t ❞✬❛✉tr❡s ❝❤♦s❡s ✦ ▼❡r❝✐
é❣❛❧❡♠❡♥t à ▼✐❝❤❛❡❧✱ ❲✐❡t③❡✱ ❱✐♥❝❡♥t ❡t ❜✐❡♥ s✉r à ◗✉❡♥t✐♥✱ q✉❡ ❥✬❡s♣èr❡ r❡✈♦✐r
❜✐❡♥tôt ❡♥ ♣♦ss❡ss✐♦♥ ❞✉ ❱❡rr❡✳✳✳ ❏✬❛✐ é❣❛❧❡♠❡♥t ♣❛ssé ❞✐① s❡♠❛✐♥❡s très ❛❣ré❛❜❧❡s à
❲♦♦❞s❤♦❧❡✱ ❡t ❥❡ r❡♠❡r❝✐❡ t♦✉s ❝❡✉① q✉✐ ♦♥t ❝♦♥tr✐❜✉é à ❝❡❧❛✱ t♦✉t ♣❛rt✐❝✉❧✐èr❡♠❡♥t
❈é❧✐♥❡ ❡t ❚♦❜②✳ ❏✬❛❞r❡ss❡ ❛✉ss✐ ✉♥ ❣r❛♥❞ ♠❡r❝✐ à ❏♦❤♥✲❋r❛♥❝❦ ❡t à s♦♥ ❢rèr❡✳

❊♥✜♥✱ ❥❡ s♦✉❤❛✐t❡ r❡♠❡r❝✐❡r ♠❛ ❢❛♠✐❧❧❡ ❡t ♠❡s ❛♠✐s✱ q✉✐ s♦♥t r❡stés ♣rès ❞❡ ♠♦✐
♠❛❧❣ré ♠♦♥ ♠❛♥q✉❡ ❞❡ ❞✐s♣♦♥✐❜✐❧✐té ❞✉r❛♥t ❝❡s tr♦✐s ❛♥♥é❡s✳ ▼❡s ♣❛r❡♥ts é✈✐❞❡♠✲
♠❡♥t✱ ♣♦✉r t♦✉s ❧❡s s❛❝r✐✜❝❡s q✉✬✐❧s ♦♥t ❢❛✐t ♣♦✉r ♠✬❡♥❝♦✉r❛❣❡r✱ ♠❛✐s é❣❛❧❡♠❡♥t ♠❛
s♦❡✉r ❙é✈❡r✐♥❡✱ ♣♦✉r ❧❡ s♦✉t✐❡♥ é♥♦r♠❡ ❡t s❛♥s ❢❛✐❧❧❡ q✉✬❡❧❧❡ ♠✬❛ t♦✉❥♦✉rs ❛♣♣♦rté✳
❏❡ s✉✐s é❣❛❧❡♠❡♥t r❡❝♦♥♥❛✐ss❛♥t à t♦✉s ♠❡s ❛♠✐s ♣♦✉r ❧❡✉r s♦✉t✐❡♥ ❡t ❧❡✉r ♣rés❡♥❝❡✳
◗✉❛♥✱ ❍❛❦✐♠✱ ❈❧❛✉❞❡✱ P❛tr✐❝✐❛✱ ❉❛♥✐❡❧✱ ◆❛③✐♠✱ ▼✐❝❤❛❡❧✱ ❏✉❧✐❛✱ ❙❛r❛❤✱ ▲②❞✐❛✱ ❏✉❧✐❛
❡t t♦✉t ❧❡s ❛✉tr❡s ✿ ❥❡ ✈♦✉s r❡♠❡r❝✐❡ ❞✉ ❢♦♥❞ ❞✉ ❝♦❡✉r✳

P♦✉r ✜♥✐r✱ ❧❡ ♣❧✉s ❢♦rt ❞❡ ♠❡s r❡♠❡r❝✐❡♠❡♥ts ❡st é✈✐❞❡♠♠❡♥t ♣♦✉r ❘✐♠✳ ❊❧❧❡ ❛ s✉
♠❡ s♦✉t❡♥✐r ♣❡♥❞❛♥t ❧❡s ♠♦♠❡♥ts ❞✐✣❝✐❧❡s✱ ♠✬❡♥❝♦✉r❛❣❡r ❡t ♠❡ ♠♦t✐✈❡r q✉♦t✐❞✐❡♥✲
♥❡♠❡♥t✳ ❏❡ ❧✉✐ ❞♦✐s ❜❡❛✉❝♦✉♣✱ ❡t ❥✬❡s♣èr❡ ♣♦✉✈♦✐r ✉♥ ❥♦✉r ❧✉✐ r❡♥❞r❡ t♦✉t ❝❡ q✉✬❡❧❧❡
♠✬❛ ❞♦♥♥é✳





❏❡ ❞é❞✐❡ ❝❡ tr❛✈❛✐❧

à ♠❛ ♠èr❡





❚❛❜❧❡ ❞❡s ♠❛t✐èr❡s

❘és✉♠é ✐✐✐

❆❜str❛❝t ✈

❘❡♠❡r❝✐❡♠❡♥ts ✈✐

❚❛❜❧❡ ❞❡s ♠❛t✐èr❡s ①✐✐

✶ ■♥tr♦❞✉❝t✐♦♥ ✶
✶✳✶ ❖❜❥❡t ❡t ♠♦t✐✈❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶
✶✳✷ ▲❡s éq✉❛t✐♦♥s ❞❡ ❧❛ ♠❛❣♥ét♦❤②❞r♦❞②♥❛♠✐q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽
✶✳✸ ❯♥❡ ✐♥st❛❜✐❧✐té ❝♦♠♣❧❡①❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✷ ❆♣♣r♦❝❤❡ ❊①♣ér✐♠❡♥t❛❧❡ ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦ ✶✼
✷✳✶ ▲❛ ❚❡rr❡ ❡♥ ❧❛❜♦r❛t♦✐r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼
✷✳✷ ❱❑❙ ✿ ♠♦♥t❛❣❡ ❡①♣ér✐♠❡♥t❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹
✷✳✸ ❘és✉❧t❛ts ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✷✳✸✳✶ ❊❝♦✉❧❡♠❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼
✷✳✸✳✷ ●é♥ér❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵
✷✳✸✳✸ ●é♦♠étr✐❡ ❞✉ ♠♦❞❡ ❞②♥❛♠♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶
✷✳✸✳✹ ❯♥❡ ❞②♥❛♠♦ α− ω ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸
✷✳✸✳✺ ❘é❣✐♠❡s ❞②♥❛♠✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻
✷✳✸✳✻ ❘❡♥✈❡rs❡♠❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✷✳✹ ❈♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❡t ❞②♥❛♠✐q✉❡ ❞✉ ❝❤❛♠♣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻
✷✳✹✳✶ ❈♦♥tr❛✲r♦t❛t✐♦♥ ❡①❛❝t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼
✷✳✹✳✷ ❈♦♥tr❛✲r♦t❛t✐♦♥ ♥♦♥✲❡①❛❝t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶
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❇ ❆rt✐❝❧❡s ♣✉❜❧✐és ❞✉r❛♥t ❧❛ t❤ès❡ ✷✵✶

▲✐st❡ ❞❡s t❛❜❧❡❛✉① ✷✷✶

▲✐st❡ ❞❡s ✜❣✉r❡s ✷✸✺



❈❤❛♣✐tr❡ ✶

■♥tr♦❞✉❝t✐♦♥

✶✳✶ ❖❜❥❡t ❡t ♠♦t✐✈❛t✐♦♥

▲❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡ ❧✬♦r✐❣✐♥❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ t❡rr❡str❡ ❛ ❝♦♥♥✉ ❞✬✐♠♣r❡s✲
s✐♦♥♥❛♥t❡s é✈♦❧✉t✐♦♥s ❞❡♣✉✐s s❛ ❞é❝♦✉✈❡rt❡✳ ❏✉sq✉✬❛✉ ✶✻è♠❡ s✐è❝❧❡✱ ❧❡ ❢❛✐t q✉❡ ❧❡s
❛✐❣✉✐❧❧❡s ❞❡s ❜♦✉ss♦❧❡s ✐♥❞✐q✉❡♥t s②sté♠❛t✐q✉❡♠❡♥t ❧❡ ♥♦r❞ tr♦✉✈❡ ❞❡✉① ❡①♣❧✐❝❛t✐♦♥s
❞✐✛ér❡♥t❡s ✿ ❧✬❛ttr❛❝t✐♦♥ ♣❛r ❧✬ét♦✐❧❡ ♣♦❧❛✐r❡✱ ♦✉ ❧❛ ♣rés❡♥❝❡ ❞✬✉♥❡ î❧❡ ♠❛❣♥ét✐q✉❡ ❞✬❡♥✲
✈✐r♦♥ ✺✵ ❦✐❧♦♠ètr❡s ❞❡ ❞✐❛♠ètr❡ s✐t✉é❡ q✉❡❧q✉❡ ♣❛rt ❛✉ ♣ô❧❡ ♥♦r❞✳✳✳ ■❧ ❢❛✉t ❛tt❡♥❞r❡
✶✻✵✵ ♣♦✉r ✈♦✐r ❛♣♣❛r❛îtr❡ ❧❡ ♣r❡♠✐❡r ✈r❛✐ ♠♦❞è❧❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ t❡rr❡str❡ ✿
❙✐r ❲✐❧❧✐❛♠ ●✐❧❜❡rt s✉❣❣èr❡ ❛❧♦rs q✉❡ ❧❛ ❚❡rr❡ ❡❧❧❡✲♠ê♠❡ s❡ ❝♦♠♣♦rt❡ ❝♦♠♠❡ ✉♥
é♥♦r♠❡ ❛✐♠❛♥t✳ ❖♥ s❛✐t ❞és♦r♠❛✐s q✉✬❛✉❝✉♥ ♠❛tér✐❛✉ ♥✬❡st ❝❛♣❛❜❧❡ ❞❡ r❡st❡r ❛✐✲
♠❛♥té ❛✉① t❡♠♣ér❛t✉r❡s ❡t ♣r❡ss✐♦♥s q✉✐ rè❣♥❡♥t ❛✉ s❡✐♥ ❞✉ ♥♦②❛✉ t❡rr❡str❡✳ ❆✉
❞é❜✉t ❞✉ ✶✾è♠❡ s✐è❝❧❡✱ à ❧❛ ❧✉♠✐èr❡ ❞❡s ❡①♣ér✐❡♥❝❡s ❞✬❖❡rst❡❞✱ ❆♠♣èr❡ ❡♥✈✐s❛❣❡
❛✐♥s✐ q✉❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣♦✉rr❛✐t êtr❡ ❞û à ❞❡s ❝♦✉r❛♥ts é❧❡❝tr✐q✉❡s ♣❛r❝♦✉✲
r❛♥t ❧❛ ❚❡rr❡✳ ▼❛✐s ❝✬❡st ❡♥ ✶✾✶✾ q✉✬❛♣♣❛r❛ît ♣♦✉r ❧❛ ♣r❡♠✐èr❡ ❢♦✐s ❧❛ t❤é♦r✐❡ ❞②♥❛♠♦✳

❋✐❣✳ ✶✳✶✿ ❊①tr❛✐t ❞✬✉♥❡ ❝❛rt❡ ♠❛r✐♥❡ ❞❡ ✶✺✸✾ ♣❛r ❖❧❛✉s ♠❛❣♥✉s✱ ♠♦♥tr❛♥t ❧❛ ♣♦s✐t✐♦♥
❞✉ ♥♦r❞ ♠❛❣♥ét✐q✉❡ ♥♦♠♠é❡ ✬■♥s✉❧❛ ▼❛❣♥❡t✉✬ ✭❧❛t✐♥ ♣♦✉r ✬■❧❡ ♠❛❣♥ét✐q✉❡✬✮✳

❉❛♥s ✉♥❡ ét✉❞❡ s✉r ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞✉ ❙♦❧❡✐❧✱ ❙✐r ❏♦s❡♣❤ ▲❛r♠♦r ♣r♦♣♦s❡ q✉❡
❧❡s ❝♦✉r❛♥ts é❧❡❝tr✐q✉❡s à ❧✬♦r✐❣✐♥❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣♦✉rr❛✐❡♥t êtr❡ ♣r♦❞✉✐ts
♣❛r ❧❡s ♠♦✉✈❡♠❡♥ts ❞✉ ♣❧❛s♠❛ ✐♦♥✐sé ❝♦♥st✐t✉❛♥t ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❞✉ s♦❧❡✐❧✳ ❆ ❧❛



✷ ■♥tr♦❞✉❝t✐♦♥

✜♥ ❞❡ s♦♥ ❛rt✐❝❧❡✱ ▲❛r♠♦r ♥♦t❡ q✉❡ ❝❡tt❡ t❤é♦r✐❡ s❡♠❜❧❡ r❛✐s♦♥♥❛❜❧❡ ♣♦✉r ❧❡ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ t❡rr❡str❡✱ ♠❛✐s à ❝♦♥❞✐t✐♦♥ ❞❡ ❝♦♥s✐❞ér❡r ✉♥ ♥♦②❛✉ ❞❡ ❢❡r ❧✐q✉✐❞❡ ❬✹✹❪✳
❈❡tt❡ ❤②♣♦t❤ès❡ ❞✬✉♥ ♥♦②❛✉ ❡①t❡r♥❡ ❧✐q✉✐❞❡ s❡r❛ ❝♦♥✜r♠é❡ ✉♥ ♣❡✉ ♣❧✉s t❛r❞ ♣❛r ❏❡❢✲
❢r❡②s ❡♥ ✶✾✷✻ à ♣❛rt✐r ❞✬✉♥ ❝❛❧❝✉❧ s✉r ❧✬❛♠♣❧✐t✉❞❡ ❞❡s ♠❛ré❡s ❬✸✻❪✱ ♣✉✐s ♣❛r ▲❡❤♠❛♥♥
❡♥ ✶✾✸✻ à ♣❛rt✐r ❞✬ét✉❞❡s s✐s♠♦❣r❛♣❤✐q✉❡s ❬✹✺❪✱ q✉✐ ♠♦♥tr❡ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ♥♦②❛✉
✐♥t❡r♥❡ s♦❧✐❞❡✳

❯♥❡ ♣rés❡♥t❛t✐♦♥ ❞ét❛✐❧❧é❡ ❞❡ ❧❛ t❤é♦r✐❡ ❞②♥❛♠♦ ♣❡✉t êtr❡ tr♦✉✈é❡ ❞❛♥s ❧✬♦✉✲
✈r❛❣❡ ❞❡ ▼♦✛❛tt ✭✶✾✼✽✮ ❬✺✹❪✱ ♦✉ ❡♥❝♦r❡ ❞❛♥s ❧❡ ❧✐✈r❡ ❞❡ ❉♦r♠② ❡t ❙♦✇❛r❞ ✭✷✵✵✼✮
❬✶✾❪✳ ❈❡tt❡ t❤é♦r✐❡ s❡ ♣♦s❡ ❞❛♥s ❧❡ ❝❛❞r❡ ♣❧✉s ❣é♥ér❛❧ ❞❡ ❧❛ ♠❛❣♥ét♦❤②❞r♦❞②♥❛✲
♠✐q✉❡ ✭▼❍❉✮✳ ■❧ s✬❛❣✐t ❞❡ ❧✬ét✉❞❡ ❞❡s ✢✉✐❞❡s ❝♦♥❞✉❝t❡✉rs ❞✬é❧❡❝tr✐❝✐té ❡♥ ♣rés❡♥❝❡
❞❡ ❝❤❛♠♣s é❧❡❝tr♦♠❛❣♥ét✐q✉❡s✳ ❈❡tt❡ ❞✐s❝✐♣❧✐♥❡✱ q✉✐ ❣é♥ér❛❧✐s❡ ❧✬❤②❞r♦❞②♥❛♠✐q✉❡✱
♣♦ssè❞❡ ❞❡ ♥♦♠❜r❡✉s❡s ❛♣♣❧✐❝❛t✐♦♥s ♣✉✐sq✉❡ ❧❡s ✢✉✐❞❡s ❝♦♥❞✉❝t❡✉rs s♦♥t ♣rés❡♥ts à
t♦✉t❡s ❧❡s é❝❤❡❧❧❡s ❞❛♥s ❧✬✉♥✐✈❡rs✳ ▲❡ ♠✐❧✐❡✉ ✐♥t❡rst❡❧❧❛✐r❡ ❞❡s ❣❛❧❛①✐❡s ❡st ❝♦♥st✐t✉é
❡ss❡♥t✐❡❧❧❡♠❡♥t ❞❡ ♣❧❛s♠❛✳ ▲❡s ét♦✐❧❡s s♦♥t é❣❛❧❡♠❡♥t ❝♦♠♣♦sé❡s ❞❡ ❣❛③ ✐♦♥✐sé✱ ❡t
♣rés❡♥t❡♥t ❡♥ ❣é♥ér❛❧ ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ✐♠♣♦rt❛♥t✳ ❊♥✜♥✱ ✐❧ ❡st ❞és♦r♠❛✐s ❛❞♠✐s
q✉❡ ❧❡ ♥♦②❛✉ ❞❡s ♣❧❛♥èt❡s ❡st ❢♦r♠é ❡♥ ♣❛rt✐❡ ❞❡ ❢❡r ❧✐q✉✐❞❡ ✭♦✉ ❞❡ ❣❛③ ♠ét❛❧❧✐q✉❡
❞❛♥s ❧❡ ❝❛s ❞❡s ♣❧❛♥èt❡s ❣é❛♥t❡s✮✳ ▲❛ ✜❣✉r❡ ✶✳✷ ✐❧❧✉str❡ s❝❤é♠❛t✐q✉❡♠❡♥t ❧❛ str✉❝t✉r❡
✐♥t❡r♥❡ ❞❡ ❧❛ ❚❡rr❡ ❡t ❞✉ s♦❧❡✐❧✳

❋✐❣✳ ✶✳✷✿ ❙❝❤é♠❛s ✐❧❧✉str❛♥t ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❡s ❞❡✉① ♦❜❥❡ts ❛str♦♣❤②s✐q✉❡s ❧❡s ♠✐❡✉①
❝♦♥♥✉s✳ ❆ ❣❛✉❝❤❡ ✿ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❡ ❧❛ ❚❡rr❡✳ ❆ ❞r♦✐t❡ ✿ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞✉
s♦❧❡✐❧✳

▲❛ t❤é♦r✐❡ ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦ ❡st ❧❛ ♣❛rt✐❡ ❞❡ ❧❛ ▼❍❉ q✉✐ ❞é❝r✐t ❧❡s ♣r♦❝❡ss✉s
♣❛r ❧❡sq✉❡❧s ✉♥ ✢✉✐❞❡ ❝♦♥❞✉❝t❡✉r ❡♥ ♠♦✉✈❡♠❡♥t ❛❣✐t ❛✜♥ ❞❡ ♠❛✐♥t❡♥✐r ✉♥ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ à ✉♥❡ ✈❛❧❡✉r ♥♦♥✲♥✉❧❧❡✳ ❊♥ ❡✛❡t✱ ❧❡ ❞é♣❧❛❝❡♠❡♥t ❞✬✉♥ ✢✉✐❞❡ ❝♦♥❞✉❝✲
t❡✉r s♦✉♠✐s à ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❝ré❡ ✉♥ ❞é♣❧❛❝❡♠❡♥t ❞❡ ❝❤❛r❣❡ à ❧✬✐♥tér✐❡✉r ❞✉
✢✉✐❞❡✳ ▲❡ ❝♦✉r❛♥t é❧❡❝tr✐q✉❡ ❡♥❣❡♥❞ré ♣❛r ❝❡ ♣❤é♥♦♠è♥❡ ❞✬✐♥❞✉❝t✐♦♥ é❧❡❝tr♦♠❛❣♥é✲
t✐q✉❡ ♣❡✉t✱ ❞❛♥s ❝❡rt❛✐♥s ❝❛s✱ ❞♦♥♥❡r ♥❛✐ss❛♥❝❡ à ✉♥ ♥♦✉✈❡❛✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡
q✉✐ ✈✐❡♥t r❡♥❢♦r❝❡r ❧❡ ♣r❡♠✐❡r✳ ❈❡tt❡ ❝ré❛t✐♦♥ ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ s✬♦♣♣♦s❡ à ❧❛
❞✐ss✐♣❛t✐♦♥ ♦❤♠✐q✉❡ ❞❡s ❝♦✉r❛♥ts é❧❡❝tr✐q✉❡s s❡ ♣r♦❞✉✐s❛♥t ❝♦♥st❛♠♠❡♥t ❛✉ s❡✐♥ ❞❡



✶✳✶ ❖❜❥❡t ❡t ♠♦t✐✈❛t✐♦♥ ✸

t♦✉t ❝♦♥❞✉❝t❡✉r ré❡❧✳ ❉❛♥s ❝❡s ❝♦♥❞✐t✐♦♥s✱ ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡st ❛✉t♦✲❛♠♣❧✐✜é
❧♦rsq✉❡ ❧❡s ♣r♦❝❡ss✉s ❞✬✐♥❞✉❝t✐♦♥ s♦♥t ♣❧✉s ✐♠♣♦rt❛♥ts q✉❡ ❧❛ ❞✐ss✐♣❛t✐♦♥ ♦❤♠✐q✉❡✳ ■❧
❡st ❛❧♦rs ♣♦ss✐❜❧❡ ❞✬♦❜s❡r✈❡r✱ à ♣❛rt✐r ❞✬✉♥❡ ♣❡rt✉r❜❛t✐♦♥ ♠❛❣♥ét✐q✉❡ ✐♥✜♥✐tés✐♠❛❧❡✱
❧❛ ❝r♦✐ss❛♥❝❡ ❡①♣♦♥❡♥t✐❡❧❧❡ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ str✉❝t✉ré à ❣r❛♥❞❡ é❝❤❡❧❧❡✳ ■❧
s✬❛❣✐t ❞♦♥❝ ❞✬✉♥ ❝❛s t②♣✐q✉❡ ❞✬✐♥st❛❜✐❧✐té✳ ▲♦rsq✉❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡♥❣❡♥❞ré
❞❡✈✐❡♥t s✉✣s❛♠♠❡♥t ❢♦rt✱ ✐❧ ❛❣✐t ❡♥ r❡t♦✉r s✉r ❧❡ ✢✉✐❞❡ ❡t ❧✬✐♥st❛❜✐❧✐té s❛t✉r❡ ❣é♥é✲
r❛❧❡♠❡♥t ❞❛♥s ✉♥ ét❛t ❞✬éq✉✐❧✐❜r❡✳ ▲❡ ♣❤é♥♦♠è♥❡ r❡♣♦s❡ ❞♦♥❝ s✉r ✉♥❡ ❝♦♥✈❡rs✐♦♥
♣❛rt✐❡❧❧❡ ❞✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ ❡♥ é♥❡r❣✐❡ ♠❛❣♥ét✐q✉❡✳ ▲❡ ♠é❝❛♥✐s♠❡ ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦
s✬✐❧❧✉str❡ ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❜✐❡♥ ❛✈❡❝ ❧✬❡①❡♠♣❧❡ ❞❡ ❧❛ ❞②♥❛♠♦ ❞✐sq✉❡ ❤♦♠♦♣♦❧❛✐r❡✱
✐❧❧✉stré❡ ♣❛r ❧❡ s❝❤é♠❛ ❞❡ ❧❛ ✜❣✉r❡ ✶✳✸ ✭❇✉❧❧❛r❞✱ ✶✾✺✺ ❬✶✷❪✮✳ ❉❛♥s ❝❡tt❡ ❡①♣ér✐❡♥❝❡

❋✐❣✳ ✶✳✸✿ ❙❝❤é♠❛ ✐❧❧✉str❛♥t ❧❛ ❞②♥❛♠♦ ❞✐sq✉❡ ❤♦♠♦♣♦❧❛✐r❡ ❞❡ ❇✉❧❧❛r❞✳

❤②♣♦t❤ét✐q✉❡✱ ✉♥ ❞✐sq✉❡ ❞❡ ❝✉✐✈r❡ s♦❧✐❞❡ t♦✉r♥❡ ❛✉t♦✉r ❞❡ s♦♥ ❛①❡ ❛✈❡❝ ✉♥❡ ✈✐t❡ss❡
❛♥❣✉❧❛✐r❡ ω ✭✈♦✐r ✜❣✉r❡ ✶✳✸✮✳ ❙✐ ❧✬♦♥ ❝♦♥s✐❞èr❡ ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ✈❡rt✐❝❛❧✱ ✉♥❡
❢♦r❝❡ é❧❡❝tr♦♠♦tr✐❝❡ ❡st ❡♥❣❡♥❞ré❡ ❡t ✉♥ ❝♦✉r❛♥t ❞✐r✐❣é ❞❡ ❧✬❛①❡ ✈❡rs ❧❛ ♣ér✐♣❤ér✐❡ ❞✉
❞✐sq✉❡ ❛♣♣❛r❛ît✳ ❙✉r ❧❛ ✜❣✉r❡ ✶✳✸✱ ♦♥ ✈♦✐t q✉❡ ❧❡ ❞✐sq✉❡ ❡st ❝♦♥♥❡❝té ✭♣❛r ✉♥ ❝♦♥t❛❝t
❣❧✐ss❛♥t✮ à ✉♥❡ s♣✐r❡ ❞✬✐♥❞✉❝t❛♥❝❡ L✳ ❙✐ s❛ ❢♦r♠❡ ❡st t❡❧❧❡ q✉❡ ❧❡ ❝♦✉r❛♥t ❝✐r❝✉❧❛♥t à
❧✬✐♥tér✐❡✉r ❡♥❣❡♥❞r❡ ✉♥ ❝❤❛♠♣ ✈❡rt✐❝❛❧ ♣❛r❛❧❧è❧❡ ❛✉ ❝❤❛♠♣ ✐♥✐t✐❛❧✱ ♦♥ ❛ ✉♥ ♣r♦❜❧è♠❡
t②♣✐q✉❡ ❞✬✐♥st❛❜✐❧✐té ✿ s✐ ❧❛ ✈✐t❡ss❡ ❛♥❣✉❧❛✐r❡ ❞✉ ❞✐sq✉❡ ❡st s✉✣s❛♠♠❡♥t ✐♠♣♦rt❛♥t❡
♣♦✉r ❝♦♠♣❡♥s❡r ❧❛ ❞✐ss✐♣❛t✐♦♥ ♦❤♠✐q✉❡✱ ✉♥❡ ♣❡rt✉r❜❛t✐♦♥ ✐♥✐t✐❛❧❡ ❞❡ ❝♦✉r❛♥t é❧❡❝✲
tr✐q✉❡ I ♣❡✉t êtr❡ ❛♠♣❧✐✜é❡ ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t ♣❛r ❡✛❡t ❞②♥❛♠♦✳ ❖♥ ❞✐t q✉❡ ❧❡ ❝❤❛♠♣
❡st ❛✉t♦✲❡①❝✐té ❝❛r ✐❧ ♥✬❡st ♣❛s ♥é❝❡ss❛✐r❡ ❞✬❛♣♣❧✐q✉❡r ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡①t❡r♥❡✳
❙✐ ❧✬♦♥ ❞é✜♥✐t ❧✬✐♥❞✉❝t❛♥❝❡ ♠✉t✉❡❧❧❡ M ❡♥tr❡ ❧❛ s♣✐r❡ ❡t ❧❡ ❞✐sq✉❡ ❡t R ❧❛ rés✐st❛♥❝❡
é❧❡❝tr✐q✉❡ ❞❡ ❧✬❡♥s❡♠❜❧❡✱ ❧✬é✈♦❧✉t✐♦♥ ❞✉ ❝♦✉r❛♥t ❡st ❣♦✉✈❡r♥é❡ ♣❛r

L
dI

dt
+ RI = MωI ✭✶✳✶✮

❖♥ r❡❝♦♥♥❛ît ✉♥❡ éq✉❛t✐♦♥ ❧✐♥é❛✐r❡ ❡♥ I q✉✐ ♠♦♥tr❡ q✉❡ ❧❡ s②stè♠❡ ❡st ✐♥st❛❜❧❡ ♣♦✉r
✉♥❡ ✈❛❧❡✉r ❝r✐t✐q✉❡ ❞❡ ❧❛ ✈✐t❡ss❡ ❛♥❣✉❧❛✐r❡ t❡❧❧❡ q✉❡

ω >
R

M
✭✶✳✷✮



✹ ■♥tr♦❞✉❝t✐♦♥

▼♦♠❡♥t ■♥❝❧✐♥❛✐s♦♥ ❈❤❛♠♣ ♠❛①✳
❞✐♣♦❧❛✐r❡ ❞✉ ❞✐♣♦❧❡ à ❧❛ ❢r♦♥t✐èr❡ ♥♦②❛✉✲♠❛♥t❡❛✉
✭A.m2✮ ✭❞❡❣rés✮ ✭10−4 ❚✮

▼❡r❝✉r❡ 4.3 × 1019 < 10 0.014
▲❛ ❚❡rr❡ 8. × 1022 11.5 7.6
●❛♥②♠è❞❡ 1.3 × 1020 ∼ 10 2.5
❏✉♣✐t❡r 1.5 × 1027 9.6 17
❙❛t✉r♥❡ 4.2 × 1025 0.8 2.5
❯r❛♥✉s 3.8 × 1024 58.6 1.3
◆❡♣t✉♥❡ 2.0 × 1024 47.0 ✵✳✺✷

❚❛❜✳ ✶✳✶✿ ❈❤❛♠♣s ♠❛❣♥ét✐q✉❡s ♣❧❛♥ét❛✐r❡s✳ ❉✬❛♣rès ❏♦♥❡s ✷✵✵✼ ❬✶✾❪

▲❡ ❧❡❝t❡✉r ♥♦t❡r❛ q✉❡ ❧✬✐♥st❛❜✐❧✐té ♥❡ s❡ ♣r♦❞✉✐t q✉❡ s✐ M > 0✱ ❝✬❡st✲à✲❞✐r❡ s✐ ❧✬❤é❧✐❝✐té
❞❡ ❧❛ s♣✐r❡ ♣♦ssè❞❡ ❧❡ ❜♦♥ s✐❣♥❡✳ ❖♥ ♣❛r❧❡ ❞✬❡①♣ér✐❡♥❝❡ ✬❤②♣♦t❤ét✐q✉❡✬ ❝❛r ❧❛ ✈✐t❡ss❡
❛♥❣✉❧❛✐r❡ ♥é❝❡ss❛✐r❡ à ✉♥ ❡✛❡t ❞②♥❛♠♦ s❡r❛✐t ❞✐✣❝✐❧❡ ✭✈♦✐r❡ ✐♠♣♦ss✐❜❧❡✮ à ❛tt❡✐♥❞r❡
❞❛♥s ✉♥ t❡❧ ♠♦♥t❛❣❡✳ ❉❡ ♣❧✉s✱ ❧❛ ré❛❝t✐♦♥ ❡♥ r❡t♦✉r ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ s✉r ❧❛
r♦t❛t✐♦♥ ❞✉ ❞✐sq✉❡ ❡st ♥é❣❧✐❣é❡✳ ❈❡t ❡✛❡t✱ ❞û à ❧❛ ❢♦r❝❡ ❞❡ ▲❛♣❧❛❝❡✱ ❝♦♥❞✉✐t à s✬♦♣♣♦s❡r
à ❧❛ r♦t❛t✐♦♥ ❞✉ ❞✐sq✉❡ ❧♦rsq✉❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❡✈✐❡♥t ❛ss❡③ ❢♦rt ❡t ♣❡r♠❡t
❛✐♥s✐ à ❝❡❧✉✐✲❝✐ ❞❡ s❛t✉r❡r✳ ◆♦t♦♥s q✉✬✐❧ ❡①✐st❡ ✉♥❡ ✈❡rs✐♦♥ ♠♦❞✐✜é❡ ❞❡ ❝❡tt❡ ❞②♥❛♠♦✱
♣r♦♣♦sé❡ ♣❛r ❘✐❦✐t❛❦❡ ❬✼✹❪ ❡t ❜❛sé❡ s✉r ❧❡ ❝♦✉♣❧❛❣❡ ❞❡ ❞❡✉① ❞②♥❛♠♦s ❞✐sq✉❡s✳ ❉❛♥s
❝❡ ❝❛s✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬♦❜s❡r✈❡r ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❛✈❡❝ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❛❧é❛t♦✐r❡s ❞❡
❧❛ ♣♦❧❛r✐té ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣r♦❞✉✐t✳ ◆♦✉s r❡✈✐❡♥❞r♦♥s ♣❧✉s t❛r❞ s✉r ❧✬✐♥térêt
❞✉ ♠♦❞è❧❡ ❞❡ ❘✐❦✐t❛❦❡✳

▲✬é♠❡r❣❡♥❝❡ ❞❡ ❧❛ t❤é♦r✐❡ ❞②♥❛♠♦ ❢♦✉r♥✐t ✉♥❡ ❡①♣❧✐❝❛t✐♦♥ ♣♦✉r ❧✬♦r✐❣✐♥❡ ❞❡s
❝❤❛♠♣s ♠❛❣♥ét✐q✉❡s ♥❛t✉r❡❧s✱ ❝♦♠♠❡ ❝❡❧✉✐ ❞❡ ❧❛ ❚❡rr❡ ♦✉ ❞✉ ❙♦❧❡✐❧✱ ♠❛✐s ♣❡r♠❡t
s✉rt♦✉t ✉♥❡ ét✉❞❡ ♣❧✉s ❛♣♣r♦❢♦♥❞✐❡ ❞❡s ❞✐✛ér❡♥t❡s str✉❝t✉r❡s ❡t ❝♦♠♣♦rt❡♠❡♥ts ❞②✲
♥❛♠✐q✉❡s ❞❡s ❝❤❛♠♣s ♠❛❣♥ét✐q✉❡s ♦❜s❡r✈és✳ ▲❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❡ ❧❛ ❚❡rr❡ ❡st
❝♦♥st✐t✉é ♣r✐♥❝✐♣❛❧❡♠❡♥t ❞✬✉♥ ❞✐♣♦❧❡ ❛①✐❛❧✱ ❞♦♥t ❧✬❛①❡ ❢❛✐t ❛❝t✉❡❧❧❡♠❡♥t ✉♥ ❛♥❣❧❡
❞✬❡♥✈✐r♦♥ 12✝❛✈❡❝ ❧✬❛①❡ ❞❡ r♦t❛t✐♦♥ ❞❡ ❧❛ ❚❡rr❡ ✭✈♦✐r ❧❛ ✜❣✉r❡ ✶✳✹✮✳ ❆✉ ❝♦♥tr❛✐r❡✱
❧❡ ❙♦❧❡✐❧ ♣♦ssè❞❡ ✉♥❡ str✉❝t✉r❡ ♠❛❣♥ét✐q✉❡ ❞❡ ♣❡t✐t❡ é❝❤❡❧❧❡ ❞♦♥t ❧✬✐♥t❡♥s✐té ❞é♣❛ss❡
❞❡ ♣❧✉s✐❡✉rs ♦r❞r❡s ❞❡ ❣r❛♥❞❡✉r ❧❛ ♣❛rt✐❡ ❞✐♣♦❧❛✐r❡ ❞✉ ❝❤❛♠♣✳ ▲❡s ♦❜s❡r✈❛t✐♦♥s ❞✉
❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❡s ❛✉tr❡s ♣❧❛♥èt❡s s✉❣❣èr❡♥t q✉❡ ❧❛ str✉❝t✉r❡ ❞✐♣♦❧❛✐r❡ ❞♦♠✐♥❡
é❣❛❧❡♠❡♥t✱ ❜✐❡♥ q✉✬✐❧ ❡①✐st❡ ❞❡s ❝♦♥tr✐❜✉t✐♦♥s ♥♦♥✲❛①✐s②♠étr✐q✉❡s s✉✣s❛♥t❡s ♣♦✉r
✐♥❝❧✐♥❡r ❧❡ ❞✐♣♦❧❡ ♣❛r r❛♣♣♦rt à ❧✬❛①❡ ❞❡ r♦t❛t✐♦♥✳ ▲❡ t❛❜❧❡❛✉ ✶✳✶ ❝♦♠♣❛r❡ q✉❡❧q✉❡s
❞♦♥♥é❡s s✉r ❧❛ ❢♦r❝❡ ❡t ❧✬✐♥❝❧✐♥❛✐s♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❡ q✉❡❧q✉❡s ♣❧❛♥èt❡s ❞✉
s②stè♠❡ s♦❧❛✐r❡✳

❊♥ ✶✾✵✻✱ ♣❡✉ ❞❡ t❡♠♣s ❛✈❛♥t ❧❛ ♣r♦♣♦s✐t✐♦♥ ❞❡ ❧❛ t❤é♦r✐❡ ❞②♥❛♠♦ ✢✉✐❞❡ ♣❛r ▲❛r✲
♠♦r✱ ✉♥ ❣é♦♣❤②s✐❝✐❡♥ ❢r❛♥ç❛✐s✱ ❇❡r♥❛r❞ ❇r✉♥❤❡s✱ ❞é❝♦✉✈r❛✐t ❡♥ ét✉❞✐❛♥t ❧✬❛✐♠❛♥✲
t❛t✐♦♥ ❞❡ ❝♦✉❧é❡s ❞❡ ❧❛✈❡ q✉❡ ❧❛ ♣♦❧❛r✐té ❞✉ ❞✐♣♦❧❡ ❛①✐❛❧ ❞❡ ❧❛ ❚❡rr❡ s✬❡st ✐♥✈❡rsé❡
♣❧✉s✐❡✉rs ❢♦✐s ❛✉ ❝♦✉rs ❞❡ s♦♥ ❤✐st♦✐r❡ ❬✶✶❪✳ ▲✬❡✛❡t ❞②♥❛♠♦ ❡st ❛❝t✉❡❧❧❡♠❡♥t ❧❛ s❡✉❧❡
t❤é♦r✐❡ ❝❛♣❛❜❧❡ ❞✬❡①♣❧✐q✉❡r ❝❡s r❡♥✈❡rs❡♠❡♥ts ♠❛❣♥ét✐q✉❡s✳ ▲❛ ✜❣✉r❡ ✶✳✺ ♠♦♥tr❡ ❧❛
❞✐str✐❜✉t✐♦♥ ❞❡ ❝❡s r❡♥✈❡rs❡♠❡♥ts ❛✉ ❝♦✉rs ❞❡s t❡♠♣s ❣é♦❧♦❣✐q✉❡s✳ ▲❡s r❡♥✈❡rs❡♠❡♥ts



✶✳✶ ❖❜❥❡t ❡t ♠♦t✐✈❛t✐♦♥ ✺

❋✐❣✳ ✶✳✹✿ ❈❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❡ ❧❛ ❚❡rr❡✳ ❊♥ ❤❛✉t ✿ ✐❧❧✉str❛t✐♦♥ s❝❤é♠❛t✐q✉❡ ❞✉ ❞✐♣♦❧❡✱
♠♦♥tr❛♥t ✉♥❡ ✐♥❝❧✐♥❛✐s♦♥ ❞❡ ✶✷✝❛✈❡❝ ❧✬❛①❡ ❞❡ r♦t❛t✐♦♥ ❞❡ ❧❛ ❚❡rr❡✳ ❊♥ ❜❛s ✿ ■♥✲
t❡♥s✐té ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ r❛❞✐❛❧ t❡rr❡str❡✱ ✐ss✉ ❞❡s ❞♦♥♥é❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s
✭❞✬❛♣rès ❈❤r✐st❡♥s❡♥ ❡t ❛❧ ✶✾✾✾✮✳

❞❡ ❧❛ ♣♦❧❛r✐té ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ t❡rr❡str❡ s❡♠❜❧❡♥t s❡ ♣r♦❞✉✐r❡ ❞❡ ♠❛♥✐èr❡ ❝❤❛♦✲
t✐q✉❡✳ ❇✐❡♥ q✉❡ ❧❛ ❞✉ré❡ ♠♦②❡♥♥❡ ❡♥tr❡ ❞❡✉① r❡♥✈❡rs❡♠❡♥ts s♦✐t très ✈❛r✐❛❜❧❡✱ ✐❧ ❡st
♣♦ss✐❜❧❡ ❞❡ ❞é✜♥✐r ✉♥❡ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞✬❡♥✈✐r♦♥ 200, 000 ❛♥s✳ ❚♦✉t❡❢♦✐s✱ ♦♥ ♣❡✉t
♥♦t❡r s✉r ❧❛ ✜❣✉r❡ ✶✳✺ ✉♥❡ ♣ér✐♦❞❡ ❞❡ ✹✹ ♠✐❧❧✐♦♥s ❞✬❛♥♥é❡s ❛✉ ❈rét❛❝é ♣❡♥❞❛♥t ❧❛✲
q✉❡❧❧❡ ❧❡ ❞✐♣♦❧❡ ♥❡ s✉❜✐t ❛✉❝✉♥ r❡♥✈❡rs❡♠❡♥t✳ ❈❡ ❝♦♠♣♦rt❡♠❡♥t ❝❤❛♦t✐q✉❡✱ ❛ ♣r✐♦r✐
✐♠♣ré✈✐s✐❜❧❡✱ s✬♦♣♣♦s❡ r❛❞✐❝❛❧❡♠❡♥t à ❧❛ ❞②♥❛♠✐q✉❡ ♦❜s❡r✈é❡ ♣♦✉r ❧❡ ❙♦❧❡✐❧✳ ❊♥ ❡✛❡t✱
❧❡s ♦❜s❡r✈❛t✐♦♥s ❞✉ ❙♦❧❡✐❧ ♠♦♥tr❡♥t q✉❡ s♦♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♦s❝✐❧❧❡ ❞❡ ♠❛♥✐èr❡
♣ér✐♦❞✐q✉❡✱ ❛✈❡❝ ✉♥❡ ♣ér✐♦❞❡ ❜✐❡♥ ❞é✜♥✐❡ ❞❡ 22 ❛♥s✳ ❈❡s r❡♥✈❡rs❡♠❡♥ts s♦♥t ❛ss♦❝✐és
à ✉♥❡ ♦♥❞❡ s❡ ♣r♦♣❛❣❡❛♥t ❡♥ ❧❛t✐t✉❞❡ ✭✈♦✐r ✜❣✉r❡ ✶✳✻✮✳ ▲✬❛❝t✐✈✐té ♠❛❣♥ét✐q✉❡ s♦❧❛✐r❡
❡st ❝♦♥♥✉❡ ❞❡♣✉✐s très ❧♦♥❣t❡♠♣s ❞❡ ❢❛ç♦♥ ✐♥❞✐r❡❝t❡✱ ❝❛r ❡❧❧❡ ❡st ❞✐r❡❝t❡♠❡♥t r❡❧✐é❡
❛✉① t❛❝❤❡s s♦♠❜r❡s q✉✐ ❛♣♣❛r❛✐ss❡♥t à ❧❛ s✉r❢❛❝❡ ❞✉ s♦❧❡✐❧✱ ❢❛❝✐❧❡♠❡♥t ♦❜s❡r✈❛❜❧❡s✳

❆ ♣❛rt✐r ❞❡ ❧❛ ❞❡✉①✐è♠❡ ♠♦✐t✐é ❞✉ ✷✵è♠❡ s✐è❝❧❡✱ ❧✬❡✛❡t ❞②♥❛♠♦ ❛ ❝♦♥♥✉ ✉♥ ❡ss♦r
t❤é♦r✐q✉❡ ❝♦♥s✐❞ér❛❜❧❡✳ ❈❡s ❞é✈❡❧♦♣♣❡♠❡♥ts ♦♥t ♣❡r♠✐s ❞❡ ♠✐❡✉① ❝♦♠♣r❡♥❞r❡ ❧❡s
♠é❝❛♥✐s♠❡s q✉✐ ❡♥❣❡♥❞r❡♥t ❧❛ str✉❝t✉r❡ ❡t ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ❝❤❛♠♣s ♠❛❣♥ét✐q✉❡s
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❋✐❣✳ ✶✳✺✿ P♦❧❛r✐té ❞❡ ❧❛ ♣❛rt✐❡ ❞✐♣♦❧❛✐r❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ t❡rr❡str❡ ❛✉ ❝♦✉rs ❞❡s ✶✻✵
❞❡r♥✐❡rs ♠✐❧❧✐♦♥s ❞✬❛♥♥é❡s✳ ❊♥ ♥♦✐r ✿ ❧❡s ♣ér✐♦❞❡s ❞❡ t❡♠♣s s✐♠✐❧❛✐r❡s à ❧❛ ♣♦❧❛r✐té
❛❝t✉❡❧❧❡✳ ❖♥ ♥♦t❡r❛ ❧❡ ❝❛r❛❝tèr❡ ❝❤❛♦t✐q✉❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts ✭❞✬❛♣rés ▼❡r✐❧❧ ❡t
❛❧ ✶✾✾✻✮✳

❞②♥❛♠♦s✳ ▲❡s ♣r♦❝❤❛✐♥❡s s❡❝t✐♦♥s ❞❡ ❝❡ ❝❤❛♣✐tr❡ t❡♥t❡♥t ❞❡ ❞♦♥♥❡r ✉♥ ❛♣❡rç✉ r❛♣✐❞❡
❞❡ ❝❡tt❡ ❞❡s❝r✐♣t✐♦♥ t❤é♦r✐q✉❡✳ ❆✉ ♣r♦❝❤❛✐♥ ❝❤❛♣✐tr❡✱ ♥♦✉s ✈❡rr♦♥s q✉❡ ❧✬❛♣♣r♦❝❤❡
❡①♣ér✐♠❡♥t❛❧❡ ❛ é❣❛❧❡♠❡♥t ❢♦rt❡♠❡♥t ❝♦♥tr✐❜✉é à ❛♠é❧✐♦r❡r ♥♦tr❡ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡
❧✬✐♥st❛❜✐❧✐té ❞②♥❛♠♦✳ ❊♥✜♥✱ ❧❡s ✷✵ ❞❡r♥✐èr❡s ❛♥♥é❡s ♦♥t été ♠❛rq✉é❡s ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥
❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ♣♦✉r ❝♦♠♣❧ét❡r ❧❡s ❛♣♣r♦❝❤❡s t❤é♦r✐q✉❡s ❡t ❡①♣ér✐♠❡♥✲
t❛❧❡s✳ ❈❡rt❛✐♥s ♠♦❞è❧❡s ♥✉♠ér✐q✉❡s ♦♥t ❛✐♥s✐ ♣✉ r❡♣r♦❞✉✐r❡ ❧❛ ❣é♥ér❛t✐♦♥ ❞✬✉♥ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ ❞❛♥s ❞❡s ❝♦♥✜❣✉r❛t✐♦♥s ❣é♦♠étr✐q✉❡s ♣r♦❝❤❡s ❞❡ ❧❛ ❣é♦❞②♥❛♠♦✱ ❡♥ ré✲
s♦❧✈❛♥t ❧❡ s②stè♠❡ ❝♦♠♣❧❡t ❞❡s éq✉❛t✐♦♥s ❞❡ ❧❛ ♠❛❣♥ét♦❤②❞r♦❞②♥❛♠✐q✉❡ ✭✈♦✐r ❧❛
✜❣✉r❡ ✶✳✼ ♣❛r ❡①❡♠♣❧❡✮✳

❈❡rt❛✐♥❡s ❞❡ ❝❡s s✐♠✉❧❛t✐♦♥s ♦♥t ♣✉ é❣❛❧❡♠❡♥t r❡♣r♦❞✉✐r❡ ❧❡s r❡♥✈❡rs❡♠❡♥ts ❞✉



✶✳✶ ❖❜❥❡t ❡t ♠♦t✐✈❛t✐♦♥ ✼

❋✐❣✳ ✶✳✻✿ ❈♦♠♣♦rt❡♠❡♥t ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ s♦❧❛✐r❡✳ ❊♥ ❤❛✉t ✿ t❛❝❤❡s s♦❧❛✐r❡s ♦❜✲
s❡r✈é❡s ❛✉ ❝♦✉rs ❞✉ s✐è❝❧❡✳ ❊♥ ❜❛s ✿ ♥♦♠❜r❡ ♠♦②❡♥ ❞❡ t❛❝❤❡s s♦❧❛✐r❡s ♦❜s❡r✈és
✭❞♦♥♥é❡s ◆❆❙❆✴◆❙❙❚❈✴❍❛t❤❛✇❛② ✷✵✵✺✴✵✶✮✳

❋✐❣✳ ✶✳✼✿ ❙✐♠✉❧❛t✐♦♥ ♥✉♠ér✐q✉❡ ré❛❧✐sé❡ ❡♥ ✶✾✾✺ ♣❛r ●❧❛t③♠❛✐❡r ❡t ❘♦❜❡rts✳ ■❧ s✬❛❣✐t ❞❡
❧✬✉♥❡ ❞❡s ♣r❡♠✐èr❡s ♠♦❞é❧✐s❛t✐♦♥s ♥✉♠ér✐q✉❡s ❞❡ ❧❛ ❣é♦❞②♥❛♠♦✳ ❖♥ r❡❝♦♥♥❛ît
❧❡ ❝❛r❛❝tèr❡ ❢♦rt❡♠❡♥t ❞✐♣♦❧❛✐r❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳

❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ t❡rr❡str❡✱ ♦❜t❡♥✉s ♣♦✉r ❧❛ ♣r❡♠✐èr❡ ❢♦✐s ♣❛r ●❧❛t③♠❛✐❡r ❡t ❘♦✲
❜❡rts ❡♥ ✶✾✾✺ ❬✷✻❪✳ ■❧ ❢❛✉t t♦✉t❡❢♦✐s ❣❛r❞❡r à ❧✬❡s♣r✐t ❧❡s ❧✐♠✐t❛t✐♦♥s ✐♠♣♦sé❡s ♣❛r
❧❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ✿ ♠ê♠❡ s✐ ❝❡❧❧❡s✲❝✐ ♣❡r♠❡tt❡♥t ❛✉❥♦✉r❞✬❤✉✐ ❞✬♦❜t❡♥✐r ❞❡s
s♦❧✉t✐♦♥s ❛✉ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ▼❍❉ ❝♦♠♣❧❡t✱ ✉♥❡ rés♦❧✉t✐♦♥ ♥✬❡st ♣♦ss✐❜❧❡ q✉❡
❞❛♥s ✉♥ ré❣✐♠❡ ❞❡ ♣❛r❛♠ètr❡ très ❧♦✐♥ ❞❡ ❧❛ ré❛❧✐té✳
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■❧ ❛♣♣❛r❛ît ❞♦♥❝ ♥é❝❡ss❛✐r❡ ❞✬♦♣t❡r ♣♦✉r ✉♥❡ ❛♣♣r♦❝❤❡ ♠✉❧t✐♣❧❡✱ ♦ù ❧✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡
❞♦♥♥é❡s ❡①♣ér✐♠❡♥t❛❧❡s ❡t s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ♣❡r♠❡t ❞✬❛♠é❧✐♦r❡r ❝❡rt❛✐♥s ♠♦✲
❞è❧❡s t❤é♦r✐q✉❡s✳

✶✳✷ ▲❡s éq✉❛t✐♦♥s ❞❡ ❧❛ ♠❛❣♥ét♦❤②❞r♦❞②♥❛♠✐q✉❡

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ❛❧❧♦♥s ❞é✜♥✐r ❧❡s ❞✐✛ér❡♥t❡s éq✉❛t✐♦♥s ❝♦♥st✐t✉t✐✈❡s ❞❡
❧❛ ♠❛❣♥ét♦❤②❞r♦❞②♥❛♠✐q✉❡✱ q✉✐ s❡r✈❡♥t ❞❡ ❜❛s❡ à ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡ ❧✬✐♥st❛❜✐❧✐té
❞②♥❛♠♦✳

▲❡ ♣♦✐♥t ❞❡ ❞é♣❛rt ❡st é✈✐❞❡♠♠❡♥t ❧✬éq✉❛t✐♦♥ ❞❡ ◆❛✈✐❡r✲❙t♦❦❡s ❞♦♥♥❛♥t ❧✬é✈♦✲
❧✉t✐♦♥ ❞❡ ❧❛ ✈✐t❡ss❡ u(r, t) ✱ à ❧❛q✉❡❧❧❡ s✬❛❥♦✉t❡ ❧❛ ❝♦♥❞✐t✐♦♥ ❞✬✐♥❝♦♠♣r❡ss✐❜✐❧✐té ❞✉
✢✉✐❞❡ ❝♦♥❞✉❝t❡✉r

∇.u = 0 , ✭✶✳✸✮

ρ
∂u

∂t
+ ρ (u∇)u = −∇P + ρν∇2u + F + j × B . ✭✶✳✹✮

♦ù ρ ❡st ❧❛ ♠❛ss❡ ✈♦❧✉♠✐q✉❡✱ ν ❧❛ ✈✐s❝♦s✐té ❝✐♥é♠❛t✐q✉❡ ❞✉ ✢✉✐❞❡ ❡t P(r, t) ❧❡ ❝❤❛♠♣
❞❡ ♣r❡ss✐♦♥✳ ▲❡ t❡r♠❡ F r❡♣rés❡♥t❡ ❧❡s ❢♦r❝❡s ✈♦❧✉♠✐q✉❡s ❛❣✐ss❛♥t s✉r ❧❡ ✢✉✐❞❡✱ ❡t
✈❛r✐❡♥t s❡❧♦♥ ❧❡ ♣r♦❜❧è♠❡ ❝♦♥s✐❞éré ✭♣♦✉ssé❡ ❞✬❆r❝❤✐♠è❞❡✱ ❡♥tr❛î♥❡♠❡♥t ✐♥❡rt✐❡❧✱
r♦t❛t✐♦♥✱ ✳✳✳✮✳ ▲❡ ❞❡r♥✐❡r t❡r♠❡ r❡♣rés❡♥t❡ ❧❛ ❢♦r❝❡ ❞❡ ▲❛♣❧❛❝❡✳ ■❧ s✬❛❣✐t ❞❡ ❧✬❛❝t✐♦♥
q✉✬❡①❡r❝❡ t♦✉t ❝❤❛♠♣ é❧❡❝tr♦♠❛❣♥ét✐q✉❡ s✉r ✉♥ ✢✉✐❞❡ ❝♦♥❞✉❝t❡✉r✳ ▼❛t❤é♠❛t✐q✉❡✲
♠❡♥t✱ ❝❡ t❡r♠❡ ♣❡r♠❡t ✉♥❡ ✐♥✢✉❡♥❝❡ s✉r ❧✬éq✉❛t✐♦♥ ❞✬é✈♦❧✉t✐♦♥ ❞✉ ✢✉✐❞❡ ❞❡ ❧❛ ♣❛rt
❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ▲✬é✈♦❧✉t✐♦♥ ❞❡ ❝❡❧✉✐✲❝✐ ❡st ré❣✐ ♣❛r ❧✬éq✉❛t✐♦♥ ❞✬✐♥❞✉❝t✐♦♥✱
q✉✐ s✬♦❜t✐❡♥t à ♣❛rt✐r ❞❡s éq✉❛t✐♦♥s ❞❡ ▼❛①✇❡❧❧

∇.E =
ρe

ǫ0
, ∇× E = −

∂B

∂t
, ✭✶✳✺✮

∇.B = 0 , ∇× B = µ0j + ǫ0µ0
∂E

∂t
. ✭✶✳✻✮

❉❛♥s ❝❡s éq✉❛t✐♦♥s✱ B ❡st ❧✬✐♥❞✉❝t✐♦♥ ♠❛❣♥ét✐q✉❡ ✭s♦✉✈❡♥t s✐♠♣❧❡♠❡♥t ♥♦♠♠é
❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✮✱ E ❡st ❧❡ ❝❤❛♠♣ é❧❡❝tr✐q✉❡✱ j ❡st ❧❛ ❞❡♥s✐té ❞❡ ❝♦✉r❛♥t é❧❡❝✲
tr✐q✉❡✱ ρe ❡st ❧❛ ❞❡♥s✐té ❞❡ ❝❤❛r❣❡ é❧❡❝tr✐q✉❡✱ µ0 ❡t ǫ0 r❡s♣❡❝t✐✈❡♠❡♥t ❧❛ ♣❡r♠é❛❜✐❧✐té
♠❛❣♥ét✐q✉❡ ❡t ❧❛ ♣❡r♠✐tt✐✈✐té ❞✉ ✈✐❞❡✳ ▲❡s éq✉❛t✐♦♥s ❞❡ ❧❛ ♠❛❣♥ét♦❤②❞r♦❞②♥❛♠✐q✉❡
❝❧❛ss✐q✉❡ r❡♣♦s❡♥t s✉r ✉♥❡ ❤②♣♦t❤ès❡ ✐♠♣♦rt❛♥t❡ ✿ ♦♥ s✉♣♣♦s❡ q✉❡ ❧❡s ✈✐t❡ss❡s t②✲
♣✐q✉❡s ❡♥ ❥❡✉ ❞❛♥s ❧❡ ♣r♦❜❧è♠❡ r❡st❡♥t ❢❛✐❜❧❡s ❝♦♠♣❛ré❡s à ❧❛ ✈✐t❡ss❡ ❞❡ ❧❛ ❧✉♠✐èr❡✳ ■❧
s✬❛❣✐t ❞✬✉♥❡ ❧✐♠✐t❡ s❛t✐s❢❛✐t❡ ♣❛r ❧❛ ♣❧✉♣❛rt ❞❡s ♦❜❥❡ts ♥❛t✉r❡❧s ét✉❞✐és ❞❛♥s ❧❡ ❝❛❞r❡
❞❡ ❧❛ t❤é♦r✐❡ ❞②♥❛♠♦ ❝♦♠♠❡ ❧❡s ❝❤❛♠♣s ♠❛❣♥ét✐q✉❡s st❡❧❧❛✐r❡s ♦✉ ♣❧❛♥ét❛✐r❡s✳ ❈✬❡st
é❣❛❧❡♠❡♥t ✈r❛✐ ♣♦✉r ❧❡s ❡①♣ér✐❡♥❝❡s ❞②♥❛♠♦s✳ ❈❡❧❛ ♥♦✉s ❝♦♥❞✉✐t à ♥é❣❧✐❣❡r ❧❡s ❝♦✉✲
r❛♥ts ❞❡ ❞é♣❧❛❝❡♠❡♥ts ❞❛♥s ❧✬éq✉❛t✐♦♥ ❞❡ ▼❛①✇❡❧❧✲❆♠♣èr❡✱ q✉✐ ❞❡✈✐❡♥t

∇× B = µ0j . ✭✶✳✼✮



✶✳✷ ▲❡s éq✉❛t✐♦♥s ❞❡ ❧❛ ♠❛❣♥ét♦❤②❞r♦❞②♥❛♠✐q✉❡ ✾

❖♥ ♦❜t✐❡♥t ❛✐♥s✐ ✉♥❡ r❡❧❛t✐♦♥ s✐♠♣❧❡ ❡♥tr❡ ❝♦✉r❛♥t é❧❡❝tr✐q✉❡ ❡t ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳
■❧ ❡st ♣♦ss✐❜❧❡ ❞❡ r❡❧✐❡r ❧❡s ❝♦✉r❛♥ts é❧❡❝tr✐q✉❡s ❛✉ ❝❤❛♠♣ é❧❡❝tr✐q✉❡ ♣❛r ❧❛ ❧♦✐ ❞✬❖❤♠

j = σE , ✭✶✳✽✮

♦ù ❧✬♦♥ ❛ ✐♥tr♦❞✉✐t ❧❛ ❝♦♥❞✉❝t✐✈✐té é❧❡❝tr✐q✉❡ σ ❞✉ ✢✉✐❞❡✳ ❈❡s éq✉❛t✐♦♥s s♦♥t ✈❛❧❛❜❧❡s
❞❛♥s ✉♥ ré❢ér❡♥t✐❡❧ ❧✐é ❛✉ ♠✐❧✐❡✉ ❝♦♥❞✉❝t❡✉r✳ ◆♦✉s ❛✈♦♥s ❞é❥à ❡①♣❧✐q✉é q✉❡ ❧✬❡✛❡t
❞②♥❛♠♦ ❡t t♦✉s ❧❡s ♣❤é♥♦♠è♥❡s ♠❛❣♥ét♦❤②❞r♦❞②♥❛♠✐q✉❡s s♦♥t ❝❛✉sés ♣❛r ❧❡ ♠♦✉✲
✈❡♠❡♥t ❞✉ ✢✉✐❞❡ ❝♦♥❞✉❝t❡✉r ❝♦♥s✐❞éré✳ ■❧ ❢❛✉t ❞♦♥❝ t❡♥✐r ❝♦♠♣t❡ ❞❡s ♠♦❞✐✜❝❛t✐♦♥s
❛♣♣♦rté❡s ♣❛r ❧❡ ♠♦✉✈❡♠❡♥t✳ ❖♥ ✉t✐❧✐s❡ ♣♦✉r ❝❡❧❛ ❧❡s tr❛♥s❢♦r♠❛t✐♦♥s st❛♥❞❛r❞s
❞❡ ❧❛ t❤é♦r✐❡ ❞❡ ❧✬é❧❡❝tr♦♠❛❣♥ét✐s♠❡✱ ♠❛✐s ❞❛♥s ❧❡✉r ❢♦r♠❡ ♥♦♥✲r❡❧❛t✐✈✐st❡✳ ❙♦✉s ❧❛
tr❛♥s❢♦r♠❛t✐♦♥ ❣❛❧✐❧é❡♥♥❡ x′ = x − ut✱ ❧❡s ❝❤❛♠♣s ❞❡✈✐❡♥♥❡♥t

B′ = B , ✭✶✳✾✮

j′ = j , ✭✶✳✶✵✮

E′ = E + u × B . ✭✶✳✶✶✮

✭✶✳✶✷✮

❉❛♥s ✉♥ ❝♦♥❞✉❝t❡✉r ❡♥ ♠♦✉✈❡♠❡♥t✱ ❧❛ ❧♦✐ ❞✬❖❤♠ ❞❡✈✐❡♥t ❞♦♥❝

j = σ (E + u × B) . ✭✶✳✶✸✮

❊♥ ♣r❡♥❛♥t ❧❡ r♦t❛t✐♦♥❡❧ ❞❡ ❧✬éq✉❛t✐♦♥ ✶✳✶✸ ❡t ❡♥ ✉t✐❧✐s❛♥t ❧❡s éq✉❛t✐♦♥ ✶✳✼ ❡t ✶✳✺✱ ♦♥
♦❜t✐❡♥t ❧✬éq✉❛t✐♦♥ ❞✬✐♥❞✉❝t✐♦♥

∂B

∂t
= ∇× (u × B) +

1

µ0σ
∇2B . ✭✶✳✶✹✮

P❛r ❛♥❛❧♦❣✐❡ ❛✈❡❝ ❧❛ ✈✐s❝♦s✐té ❝✐♥é♠❛t✐q✉❡✱ ♦♥ ❞é✜♥✐t ♣❛r❢♦✐s ❧❛ ❞✐✛✉s✐✈✐té ♠❛❣♥é✲
t✐q✉❡ η = 1

µ0σ
✳ ❆✈❡❝ ❧✬éq✉❛t✐♦♥ ❞❡ ▼❛①✇❡❧❧✲❚❤♦♠s♦♥ ∇.B = 0 q✉✐ ✐♥t❡r❞✐t ❧✬❡①✐st❡♥❝❡

❞❡ ♠♦♥♦♣♦❧❡s ♠❛❣♥ét✐q✉❡s✱ ❝❡tt❡ éq✉❛t✐♦♥ ré❣✐t ❧✬é✈♦❧✉t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳
❖♥ ♣❡✉t r❡♠❛rq✉❡r q✉❡ ❝❡tt❡ éq✉❛t✐♦♥ ❡st ❧✐♥é❛✐r❡ ❡♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ■❧ ❡st ❢❛❝✐❧❡
❞❡ ❝♦♠♣r❡♥❞r❡ ❧✬♦r✐❣✐♥❡ ♣❤②s✐q✉❡ ❞❡s ❞✐✛ér❡♥ts t❡r♠❡s ❞❡ ❝❡tt❡ éq✉❛t✐♦♥✳ ▲❡ ❞❡r♥✐❡r
t❡r♠❡ ❞✉ ♠❡♠❜r❡ ❞❡ ❞r♦✐t❡ ♣r♦✈✐❡♥t ❞❡ ∇× j✱ ❡t r❡♣rés❡♥t❡ ❧❛ ❞✐ss✐♣❛t✐♦♥ ♦❤♠✐q✉❡✳
❊♥ ❧✬❛❜s❡♥❝❡ ❞❡ ✈✐t❡ss❡✱ ❧✬éq✉❛t✐♦♥ ❞✬✐♥❞✉❝t✐♦♥ s❡ rés✉♠❡ ❞♦♥❝ à ✉♥❡ s✐♠♣❧❡ éq✉❛t✐♦♥
❞❡ ❞✐✛✉s✐♦♥✱ q✉✐ ❞é❝r✐t ❧❛ ❞é❝r♦✐ss❛♥❝❡ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❛✉ s❡✐♥ ❞✬✉♥ ❝♦♥❞✉❝✲
t❡✉r ❛✉ r❡♣♦s✳ ▲♦rsq✉❡ u ❡st ♥♦♥✲♥✉❧✱ ❧✬é✈♦❧✉t✐♦♥ ♣❡✉t ❞❡✈❡♥✐r ♣❧✉s ❝♦♠♣❧✐q✉é❡✳ ❊♥
♣❛rt✐❝✉❧✐❡r✱ ❧❡ ♣r❡♠✐❡r t❡r♠❡ ❞✉ ♠❡♠❜r❡ ❞❡ ❞r♦✐t❡ ♣❡✉t ❛❣✐r ❝♦♠♠❡ ✉♥ t❡r♠❡ s♦✉r❝❡
♣♦✉r ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ▲♦rsq✉❡ ❧❛ ✈✐t❡ss❡ ❡st t❡❧❧❡ q✉❡ ❝❡ t❡r♠❡ s♦✉r❝❡ ❞❡✈✐❡♥t
♣❧✉s ✐♠♣♦rt❛♥t q✉❡ ❧❛ ❞✐ss✐♣❛t✐♦♥ ♦❤♠✐q✉❡✱ ❧❛ ✈❛r✐❛t✐♦♥ ❞✬é♥❡r❣✐❡ ♠❛❣♥ét✐q✉❡ ❡st
♣♦s✐t✐✈❡ ❡t ♦♥ ♣❛r❧❡ ❞❡ ❞②♥❛♠♦ ❛✉t♦✲❡♥tr❡t❡♥✉❡✳ ▲❛ ❧✐♥é❛r✐té ❞❡ ❧✬éq✉❛t✐♦♥ ❞✬✐♥❞✉❝✲
t✐♦♥ ✐♠♣♦s❡ ❞❛♥s ❝❡ ❝❛s ✉♥❡ ❝r♦✐ss❛♥❝❡ ❡①♣♦♥❡♥t✐❡❧❧❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❈❡tt❡
❝r♦✐ss❛♥❝❡ s❡ ♣♦✉rs✉✐✈r❛✐t ✐♥❞é✜♥✐♠❡♥t s❛♥s ❧❛ ♣rés❡♥❝❡ ❞❡ ❧❛ ❢♦r❝❡ ❞❡ ▲❛♣❧❛❝❡ ❞❛♥s
❧✬éq✉❛t✐♦♥ ❞❡ ◆❛✈✐❡r✲❙t♦❦❡s✳ ❊♥ ❡✛❡t✱ ❧♦rsq✉❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❡✈✐❡♥t ❛ss❡③
✐♠♣♦rt❛♥t✱ ✐❧ ❛❣✐t ❡♥ r❡t♦✉r s✉r ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ✈✐❛ ❧❛ ❢♦r❝❡ ❞❡ ▲❛♣❧❛❝❡✳ ▲❡ ❝♦✉✲
♣❧❛❣❡ ❡♥tr❡ ❧❡s ❞❡✉① ❝❤❛♠♣s ♣❡r♠❡t ✉♥ é❝❤❛♥❣❡ ❞✬é♥❡r❣✐❡ q✉✐ s❛t✉r❡ ❧❛ ❝r♦✐ss❛♥❝❡ ❞✉
❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❉✉r❛♥t ❝❡tt❡ ♣❤❛s❡ s❛t✉ré❡✱ ❧❡ ❝♦✉♣❧❛❣❡ ✐♥tr♦❞✉✐t ♣❛r ❧❛ ❢♦r❝❡ ❞❡



✶✵ ■♥tr♦❞✉❝t✐♦♥

▲❛♣❧❛❝❡ ♣❡✉t ❞♦♥❝ ❡♥❣❡♥❞r❡r ✉♥ ❝♦♠♣♦rt❡♠❡♥t ❝♦♠♣❧❡①❡ ❡t ♥♦♥✲❧✐♥é❛✐r❡ ❞✉ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡✱ ❡♥ ❞é♣✐t ❞❡ ❧❛ ❧✐♥é❛r✐té ❛♣♣❛r❡♥t❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞✬✐♥❞✉❝t✐♦♥✳

▲❡s éq✉❛t✐♦♥s ✶✳✹ ❡t ✶✳✶✹ ❝♦♥st✐t✉❡♥t ✉♥ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ❝♦♠♣❧❡t ❞❡ ❧❛ ♠❛✲
❣♥ét♦❤②❞r♦❞②♥❛♠✐q✉❡✳ P♦✉r ❞é❝r✐r❡ ❝♦♠♣❧èt❡♠❡♥t ❧❡ ♣r♦❜❧è♠❡✱ ✐❧ ❢❛✉t ❛❞❥♦✐♥❞r❡ ❞❡s
❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❛♣♣r♦♣r✐é❡s✳ P♦✉r ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡✱ ❧❡ ❝❤♦✐① ❧❡ ♣❧✉s ré♣❛♥❞✉
❝♦♥s✐st❡ à ❝♦♥s✐❞ér❡r ❞❡s ♣❛r♦✐s s♦❧✐❞❡s✱ ❝❡ q✉✐ ❡♥tr❛î♥❡ u = 0 ❛✉① ❜♦r❞s✳ ❉❛♥s ❝❡r✲
t❛✐♥s ❝❛s✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬✐♠♣♦s❡r ♣❧✉tôt ✉♥❡ ❝♦♥tr❛✐♥t❡ ♥✉❧❧❡ à ❧❛ ♣❛r♦✐✳ P♦✉r ❧❡
❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ❞✐✛ér❡♥ts ❝❤♦✐① s♦♥t é❣❛❧❡♠❡♥t ♣♦ss✐❜❧❡s✳ ▲❡ ♣❧✉s ❢réq✉❡♥t ❡st ❞❡
❝♦♥s✐❞ér❡r q✉❡ ❧❡ ✢✉✐❞❡ ❝♦♥❞✉❝t❡✉r ❡st ❡♥t♦✉ré ❞✬✉♥ ❞♦♠❛✐♥❡ é❧❡❝tr✐q✉❡♠❡♥t ✐s♦❧❛♥t✳
❉❛♥s ❝❡ ❝❛s✱ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞ér✐✈❡ ❞✬✉♥ ♣♦t❡♥t✐❡❧✱ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡
▲❛♣❧❛❝❡✳ ❉❛♥s ❝❡ ❞♦♠❛✐♥❡ ❡①tér✐❡✉r✱ ♦♥ ❛ ❛❧♦rs ❧❡s éq✉❛t✐♦♥s ✿

∇× B = 0 , ✭✶✳✶✺✮

∇.B = 0 . ✭✶✳✶✻✮

❉✬❛✉tr❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s s♦♥t ♣♦ss✐❜❧❡s✱ ♠❛✐s r❡♣♦s❡♥t ❡♥ ❣é♥ér❛❧ s✉r ❞❡s ❝❛s
❧✐♠✐t❡s✱ ❝♦♠♠❡ ❧❡ r❛❝❝♦r❞❡♠❡♥t à ✉♥ ❝♦♥❞✉❝t❡✉r ♣❛r❢❛✐t ✭❞❡ ❝♦♥❞✉❝t✐✈✐té ✐♥✜♥✐❡✮ ♦✉
❡♥❝♦r❡ à ✉♥ ♠ét❛❧ ❢❡rr♦♠❛❣♥ét✐q✉❡ ❞❡ ♣❡r♠é❛❜✐❧✐té ✐♥✜♥✐❡✳ ❯♥❡ ♣❛rt✐❡ ❞❡ ❝❡tt❡ t❤ès❡
❡st ❞é❞✐é❡ à ❧✬ét✉❞❡ ❞❡ ❧✬✐♥✢✉❡♥❝❡ ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ♠❛❣♥ét✐q✉❡s s✉r ❧✬❡✛❡t
❞②♥❛♠♦✳

❈♦♠♠❡ ♣♦✉r t♦✉t❡ ét✉❞❡ ♣❤②s✐q✉❡✱ ✐❧ ❡st ✉t✐❧❡ ❞❡ r❡♣ér❡r ❧❡s ❧♦♥❣✉❡✉rs ❡t t❡♠♣s
t②♣✐q✉❡s ❞✉ ♣r♦❜❧è♠❡ ❛✜♥ ❞❡ ♣♦✉✈♦✐r ❛❞✐♠❡♥s✐♦♥♥❡r ♥♦s éq✉❛t✐♦♥s✳ ❖♥ ♣❡✉t ❛❧♦rs
❞é❝r✐r❡ ❧❡s ♣❤é♥♦♠è♥❡s ♣❤②s✐q✉❡s à ❧✬❛✐❞❡ ❞❡ ♥♦♠❜r❡s ❝❛r❛❝tér✐st✐q✉❡s✱ s❛♥s ❢❛✐r❡
ré❢ér❡♥❝❡ ❛✉① ❞✐♠❡♥s✐♦♥s ♥✐ ✉♥✐tés ❡①♣❧✐❝✐t❡s✳ ■♥tr♦❞✉✐s♦♥s ❧❛ ✈✐t❡ss❡ t②♣✐q✉❡ ❞❡
❧✬é❝♦✉❧❡♠❡♥t V ✱ ✉♥❡ é❝❤❡❧❧❡ ❝❛r❛❝tér✐st✐q✉❡ L ❡t ✉♥ t❡♠♣s t②♣✐q✉❡ T ✳ ❉❛♥s ❧❡ ♣r♦✲
❜❧è♠❡ t❡❧ q✉✬✐❧ ❛ été ♣♦sé ✐❝✐ ❡t q✉✐ s❡r❛ ét✉❞✐é t♦✉t ❛✉ ❧♦♥❣ ❞❡ ❝❡tt❡ t❤ès❡✱ ❧❛ r♦t❛t✐♦♥
♦✉ ❧❛ t❡♠♣ér❛t✉r❡ ♥❡ ❥♦✉❡♥t ❛✉❝✉♥ rô❧❡✳ ❈❡❧❛ ♥♦✉s ❝♦♥❞✉✐t ❞♦♥❝ à ♥❡ ❝♦♥s✐❞ér❡r q✉❡
tr♦✐s ♥♦♠❜r❡s s❛♥s ❞✐♠❡♥s✐♦♥s ✭❞♦♥t s❡✉❧❡♠❡♥t ❞❡✉① s♦♥t ✐♥❞é♣❡♥❞❛♥ts✮ ✿

Re =
UL

ν
, Rm =

UL

η
, Pm =

ν

η
. ✭✶✳✶✼✮

▲❡ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s Re ❝♦♠♣❛r❡ ❧✬✐♠♣♦rt❛♥❝❡ ❞✉ t❡r♠❡ ❛❞✈❡❝t✐❢ ❞❡ ❧✬éq✉❛t✐♦♥
❞❡ ◆❛✈✐❡r✲❙t♦❦❡s ♣❛r r❛♣♣♦rt ❛✉ t❡r♠❡ ✈✐sq✉❡✉①✳ ❉❛♥s t♦✉s ❧❡s s②stè♠❡s ❝♦♥s✐❞érés
❞❛♥s ❝❡tt❡ t❤ès❡ ✭♥♦②❛✉① ♣❧❛♥ét❛✐r❡s✱ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❞✉ ❙♦❧❡✐❧✱ ❡①♣ér✐❡♥❝❡s ❞②♥❛✲
♠♦s✱ ✳✳✳✮✱ ❝❡ ♥♦♠❜r❡ ❡st ❡♥ ❣é♥ér❛❧ très ❣r❛♥❞✱ s✉♣ér✐❡✉r à 106✳ ▲❡s é❝♦✉❧❡♠❡♥ts
❝♦rr❡s♣♦♥❞❛♥t s♦♥t ♣❛r ❝♦♥séq✉❡♥t très t✉r❜✉❧❡♥ts✱ ❝❛r ❧❡s t❡r♠❡s ❞✬❛❞✈❡❝t✐♦♥ s♦♥t
✉♥❡ s♦✉r❝❡ ❞❡ ♥♦♥✲❧✐♥é❛r✐tés✳ ❆✉ ❝♦♥tr❛✐r❡✱ ✐❧ ❡st très ❞✐✣❝✐❧❡ ❞✬❛tt❡✐♥❞r❡ ❞❡s ♥♦♠❜r❡s
❞❡ ❘❡②♥♦❧❞s ✐♠♣♦rt❛♥ts ❞❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s✱ ❝❛r ❝❡❧❛ ♥é❝❡ss✐t❡ ❞❡ ré✲
s♦✉❞r❡ ♣❧✉s✐❡✉rs é❝❤❡❧❧❡s ❞✬❡s♣❛❝❡ ❡t ❞❡ t❡♠♣s très ❞✐✛ér❡♥t❡s✳
▲❡ ♥♦♠❜r❡ ❞❡ Pr❛♥❞t❧ ♠❛❣♥ét✐q✉❡ Pm ❝♦♥trô❧❡ ❧❡ r❛♣♣♦rt ❡♥tr❡ ❧❛ ✈✐s❝♦s✐té ❝✐♥é✲
♠❛t✐q✉❡ ❞✉ ✢✉✐❞❡ ❡t s❛ ❞✐✛✉s✐✈✐té ♠❛❣♥ét✐q✉❡✳ ■❧ s✬❛❣✐t ❞✬✉♥❡ ♣r♦♣r✐été ✐♥tr✐♥sèq✉❡
❞✉ ✢✉✐❞❡ ❝♦♥❞✉❝t❡✉r✳ P♦✉r ❧❡s ♠ét❛✉① ❧✐q✉✐❞❡s✱ ❝❡ ♣❛r❛♠ètr❡ ❡st ✐♥❢ér✐❡✉r à 10−5✳
❈❡❧❛ ✐♥tr♦❞✉✐t ✉♥❡ sé♣❛r❛t✐♦♥ ❞✬é❝❤❡❧❧❡ ❞❛♥s ❧❡s ❧♦♥❣✉❡✉rs ❡t ❧❡s t❡♠♣s ❞❡ ❞✐✛✉s✐♦♥
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♠❛❣♥ét✐q✉❡ ❡t ❝✐♥ét✐q✉❡✱ é❣❛❧❡♠❡♥t très ❞✐✣❝✐❧❡ à s✐♠✉❧❡r ♥✉♠ér✐q✉❡♠❡♥t✳
▲❡ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s ♠❛❣♥ét✐q✉❡ Rm ❡st ❧✬éq✉✐✈❛❧❡♥t ❞❡ Re ♣♦✉r ❧❡ ❝❤❛♠♣ ♠❛✲
❣♥ét✐q✉❡✳ ■❧ ♠❡t ❡♥ ❜❛❧❛♥❝❡ ❧❡ t❡r♠❡ ❞✬❛❞✈❡❝t✐♦♥ ♠❛❣♥ét✐q✉❡ ❛✈❡❝ ❝❡❧✉✐ ❞❡ ❞✐✛✉s✐♦♥
♠❛❣♥ét✐q✉❡ ❞❛♥s ❧✬éq✉❛t✐♦♥ ❞✬✐♥❞✉❝t✐♦♥✳ ❈✬❡st ✉♥ ♣❛r❛♠ètr❡ ❞❡ ❝♦♥trô❧❡ ✐♠♣♦rt❛♥t
♣✉✐sq✉✬✐❧ ❞ét❡r♠✐♥❡ ❧✬é❝❛rt ❛✉ s❡✉✐❧ ❞❡ ❧✬✐♥st❛❜✐❧✐té ❞②♥❛♠♦✳ ❉❛♥s ❧❡s ❡①♣ér✐❡♥❝❡s ❞②✲
♥❛♠♦✱ ✐❧ ❡st t❡❝❤♥✐q✉❡♠❡♥t ❞✐✣❝✐❧❡ ❞✬♦❜t❡♥✐r ❧❡s ✈✐t❡ss❡s s✉✣s❛♥t❡s ♣♦✉r ❡♥❣❡♥❞r❡r
✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ❡t ♦♥ s❡ s✐t✉❡ ❣é♥ér❛❧❡♠❡♥t ♣r♦❝❤❡ ❞✉ s❡✉✐❧ ❞❡ ❧✬✐♥st❛❜✐❧✐té✱
Rm ét❛♥t ❞❡ ❧✬♦r❞r❡ ❞❡ 100✳ ❉❛♥s ❧❡ ❝❛s ❞❡ ❧❛ ❚❡rr❡✱ ❧❡s ✈❛❧❡✉rs ❡st✐♠é❡s s♦♥t ✉♥
♣❡✉ ♣❧✉s ❣r❛♥❞❡s✱ ❛✈❡❝ Rm ∼ 1000✳ ❉❛♥s ❧❡s ❞❡✉① ❝❛s✱ ✐❧ s✬❛❣✐t ❞❡ ✈❛❧❡✉rs q✉✬✐❧ ❡st
♣♦ss✐❜❧❡ ❞❡ r❡♣r♦❞✉✐r❡ ❞❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s✳ ❯♥ ❝❛❧❝✉❧ t❤é♦r✐q✉❡ ré❛❧✐sé
♣❛r ❇❛❝❦✉s ❡♥ ✶✾✺✽ ❬✹❪ ❛ ♠♦♥tré q✉❡ ❞❛♥s ✉♥ ❞♦♠❛✐♥❡ s♣❤ér✐q✉❡✱ ✉♥❡ ❝♦♥❞✐t✐♦♥
♥é❝❡ss❛✐r❡ ♣♦✉r ♦❜t❡♥✐r ✉♥ ❝❤❛♠♣ ❞②♥❛♠♦ ❡st ❞✬❛✈♦✐r Rm ≥ π2✳ ❈❡tt❡ ✈❛❧❡✉r ✜①❡
✉♥ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r ♣♦✉r Rm ❞❛♥s ❧❡s ❡①♣ér✐❡♥❝❡s ❡t ❧❡s s✐♠✉❧❛t✐♦♥s ❞②♥❛♠♦s✳
❖♥ ♥♦t❡r❛ q✉❡ ❧❡s ❞❡✉① ♥♦♠❜r❡s ❞❡ ❘❡②♥♦❧❞s ✭❤②❞r♦❞②♥❛♠✐q✉❡ ❡t ♠❛❣♥ét✐q✉❡✮ s♦♥t
r❡❧✐és ❡♥tr❡ ❡✉① ♣❛r ❧❛ r❡❧❛t✐♦♥ Rm = RePm✳ ▲❛ très ❢❛✐❜❧❡ ✈❛❧❡✉r ❞❡ Pm ✐♠♣❧✐q✉❡
❞♦♥❝ q✉❡ ❧❡s ❝❤❛♠♣s ♠❛❣♥ét✐q✉❡s ♣r♦❞✉✐ts ♣❛r ❡✛❡t ❞②♥❛♠♦ s❡ ♣r♦❞✉✐s❡♥t ♦❜❧✐❣❛✲
t♦✐r❡♠❡♥t à ♣❛rt✐r ❞✬✉♥ é❝♦✉❧❡♠❡♥t ❡①trê♠❡♠❡♥t t✉r❜✉❧❡♥t✳

❆✉ ❝♦✉rs ❞❡ ❝❡tt❡ t❤ès❡✱ ♥♦✉s ❢❡r♦♥s ✉s❛❣❡ ❞❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ♣♦❧♦ï❞❛❧✲t♦r♦ï❞❛❧
❞❡s ✈❛r✐❛❜❧❡s ♠❛❣♥ét✐q✉❡s ❡t ❤②❞r♦❞②♥❛♠✐q✉❡s✳ ■❧ s✬❛❣✐t ❞✬✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ très
✉t✐❧❡ ♣♦✉r ❞é❝r✐r❡ ❝❡rt❛✐♥s ♣r♦❝❡ss✉s ❞②♥❛♠♦s✱ ♠❛✐s é❣❛❧❡♠❡♥t ♣♦✉r é❝r✐r❡ ❧❡s éq✉❛✲
t✐♦♥s ❞❡ ❧❛ ♠❛❣♥ét♦❤②❞r♦❞②♥❛♠✐q✉❡ ❡♥ ❣é♦♠étr✐❡ s♣❤ér✐q✉❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❝❡tt❡
❞é❝♦♠♣♦s✐t✐♦♥ ❡st à ❧❛ ❜❛s❡ ❞❡ ♥♦♠❜r❡✉① ♠♦❞è❧❡s ♥✉♠ér✐q✉❡s ❞❡ ❧❛ ❣é♦❞②♥❛♠♦✳ ❖♥
é❝r✐t ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❝♦♠♠❡ s✉✐t

B = BP + BT , ✭✶✳✶✽✮

❛✈❡❝

BP = ∇×∇× (Pr) , ✭✶✳✶✾✮

BT = ∇× (T r) , ✭✶✳✷✵✮

♦ù P ❡t T s♦♥t ❞❡s s❝❛❧❛✐r❡s q✉✐ ❞é♣❡♥❞❡♥t ❞❡ ❧✬❡s♣❛❝❡ ❡t ❞✉ t❡♠♣s✱ r❡♣rés❡♥t❛♥t r❡s✲
♣❡❝t✐✈❡♠❡♥t ❧❡s ❝♦♠♣♦s❛♥t❡s ♣♦❧♦ï❞❛❧❡ ❡t t♦r♦ï❞❛❧❡ ❞✉ ❝❤❛♠♣✳ ❈❡tt❡ ❞é❝♦♠♣♦s✐t✐♦♥
♥✬❡st ✈❛❧❛❜❧❡ q✉❡ ♣♦✉r ❞❡s ❝❤❛♠♣s à ❞✐✈❡r❣❡♥❝❡ ♥✉❧❧❡✳ ❉❛♥s ❧❡ ❝❛s ❞✬✉♥ ♣r♦❜❧è♠❡
❛①✐s②♠étr✐q✉❡✱ ❧❛ ♣❛rt✐❡ t♦r♦ï❞❛❧❡ s❡ ré❞✉✐t à ❧❛ ❝♦♠♣♦s❛♥t❡ ❛③✐♠✉t❛❧❡✳

✶✳✸ ❯♥❡ ✐♥st❛❜✐❧✐té ❝♦♠♣❧❡①❡

▲❛ ♣rés❡♥t❛t✐♦♥ ❞❡s éq✉❛t✐♦♥s ❞❡ ❧❛ ♠❛❣♥ét♦❤②❞r♦❞②♥❛♠✐q✉❡ ré❛❧✐sé❡ à ❧❛ s❡❝t✐♦♥
♣ré❝é❞❡♥t❡ ❧❛✐ss❡ ❛♣♣❛r❛îtr❡ ❧❛ ❝♦♠♣❧❡①✐té ❞❡s ♣❤é♥♦♠è♥❡s ♠✐s ❡♥ ❥❡✉✳ ▲❛ ❧✐♥é❛r✐té ❞❡
❧✬éq✉❛t✐♦♥ ❞✬✐♥❞✉❝t✐♦♥ ♥❡ s✐♠♣❧✐✜❡ ♣❛s ✈r❛✐♠❡♥t ❧✬✐♥st❛❜✐❧✐té ❞②♥❛♠♦✱ ❝❛r ❧❛ ❢♦r❝❡ ❞❡
▲❛♣❧❛❝❡ ❝♦✉♣❧❡ ❧❡s ❝❤❛♠♣s ♠❛❣♥ét✐q✉❡ ❡t ❝✐♥ét✐q✉❡✳ ❖♥ ♣❡✉t ♥é❛♥♠♦✐♥s r❡♠❛rq✉❡r
q✉❡ ❧♦rsq✉❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡st s✉✣s❛♠♠❡♥t ♣❡t✐t✱ ✐❧ ✐♥✢✉❡♥❝❡ ♣❡✉ ❧✬é❝♦✉❧❡✲
♠❡♥t✱ q✉✐ ❛❣✐t ❛❧♦rs ❝♦♠♠❡ ✉♥❡ s♦✉r❝❡ ✐♥❞é♣❡♥❞❛♥t❡ ♣♦✉r ❧❛ ❝r♦✐ss❛♥❝❡ ❞✉ ❝❤❛♠♣✳



✶✷ ■♥tr♦❞✉❝t✐♦♥

❈❡tt❡ ❝❛r❛❝tér✐st✐q✉❡ ❡st ♣❛r❢♦✐s ❡①♣❧♦✐té❡ ♣♦✉r s✐♠♣❧✐✜❡r ❧✬❛♣♣r♦❝❤❡ ♥✉♠ér✐q✉❡ ♦✉
t❤é♦r✐q✉❡ ❞✉ ♣r♦❜❧è♠❡✳ ❉❛♥s ✉♥❡ t❡❧❧❡ ❛♣♣r♦❝❤❡ ❞✐t❡ ✬❝✐♥é♠❛t✐q✉❡✬ ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦✱
❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❡st ✐♠♣♦sé✱ s❛♥s s✉❜✐r ❧✬❛❝t✐♦♥ ❞❡ ❧❛ ❢♦r❝❡ ❞❡ ▲❛♣❧❛❝❡✱ ❡t ♦♥ ré✲
s♦✉t ✉♥✐q✉❡♠❡♥t ❧✬éq✉❛t✐♦♥ ❞✬✐♥❞✉❝t✐♦♥✳ ❖♥ ♦❜t✐❡♥t ❛✐♥s✐ ✉♥ ♣r♦❜❧è♠❡ ❞✬✐♥st❛❜✐❧✐té
❧✐♥é❛✐r❡✳ ❉❛♥s ❝❡ ré❣✐♠❡✱ s✐ ❧✬é❝♦✉❧❡♠❡♥t ❡st ❡✣❝❛❝❡✱ ❝❡❧❛ ♠è♥❡ à ✉♥❡ ❛♠♣❧✐✜❝❛t✐♦♥
❡①♣♦♥❡♥t✐❡❧❧❡ ❞❡ ❧✬é♥❡r❣✐❡ ♠❛❣♥ét✐q✉❡ ❛ss♦❝✐é ❛✉ ♠♦❞❡ ❞②♥❛♠♦✳ ▲✬❛♣♣r♦❝❤❡ ❝✐♥é✲
♠❛t✐q✉❡ ❡st ♣❛r ❡①❡♠♣❧❡ ❡✣❝❛❝❡ ♣♦✉r ♣ré❞✐r❡ ❧❡ s❡✉✐❧ ❞✬✐♥st❛❜✐❧✐té ❞❡ ❧❛ ❞②♥❛♠♦✱ ❛
♣r✐♦r✐ ✐♥❞é♣❡♥❞❛♥t ❞❡s ♣r♦❝❡ss✉s ❞❡ s❛t✉r❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ▲✬é❝♦✉❧❡♠❡♥t
♣❡✉t êtr❡ ❝❤♦✐s✐t ❝♦♠♠❡ ét❛♥t ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ◆❛✈✐❡r✲❙t♦❦❡s✱ ♠❛✐s ♦♥ ✉t✐❧✐s❡ ❜✐❡♥
s♦✉✈❡♥t ✉♥ é❝♦✉❧❡♠❡♥t s②♥t❤ét✐q✉❡✳ ❉❛♥s ❝❡tt❡ t❤ès❡✱ ♥♦tr❡ ét✉❞❡ ♥✉♠ér✐q✉❡ s❡ sé✲
♣❛r❡ ❡♥ ❞❡✉① ♣❛rt✐❡s✱ ❞♦♥t ❧✬✉♥❡ ❝♦♥s✐st❡ ❥✉st❡♠❡♥t ❡♥ ✉♥❡ ❛♣♣r♦❝❤❡ ❝✐♥é♠❛t✐q✉❡ ❞✉
♣r♦❜❧è♠❡ ❞❡ ❧❛ ❞②♥❛♠♦ ❞❡ ❱❑❙✳

❊♥ ✶✾✹✷✱ ❆❧❢✈❡♥ ❬✶❪ ❛ ❞é♠♦♥tré ✉♥ t❤é♦rè♠❡ très ✐♠♣♦rt❛♥t ♣♦✉r ❧✬❡✛❡t ❞②♥❛♠♦✱
s✐♠✐❧❛✐r❡ à ❝❡❧✉✐ s✉r ❧❛ ❝✐r❝✉❧❛t✐♦♥ ❞❡ ❑❡❧✈✐♥ ♣♦✉r ❧❡s ✢✉✐❞❡s ✐♥✈✐s❝✐❞❡s✳ ❈❡ t❤é♦rè♠❡✱
♣❛r❢♦✐s ❛♣♣❡❧é t❤é♦rè♠❡ ❞✉ ✢✉① ❣❡❧é✱ st✐♣✉❧❡ q✉✬✉♥ t✉❜❡ ❞❡ ✢✉① ♠❛❣♥ét✐q✉❡ ❡st ✬❣❡✲
❧é✬ ❞❛♥s ❧❡ ✢✉✐❞❡ ❡♥ ♠♦✉✈❡♠❡♥t ❧♦rsq✉❡ ❧❛ ❞✐✛✉s✐✈✐té ♠❛❣♥ét✐q✉❡ t❡♥❞ ✈❡rs ③ér♦✳
❈❡❝✐ ❛ ✉♥❡ ❝♦♥séq✉❡♥❝❡ ✐♥tér❡ss❛♥t❡ ✿ ❧♦rsq✉❡ η = 0 ❡t q✉❡ ❧❡ ✢✉✐❞❡ ❡st ✐♥❝♦♠♣r❡s✲
s✐❜❧❡✱ ét✐r❡r ❧❡s ❧✐❣♥❡s ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ✐♠♣❧✐q✉❡ ✉♥❡ ❛♠♣❧✐✜❝❛t✐♦♥ ❞❡ B ❞❛♥s
❧❛ ❞✐r❡❝t✐♦♥ ❞✬ét✐r❡♠❡♥t✳ ▲✬❛♠♣❧✐✜❝❛t✐♦♥ ❡st ✐❝✐ s❡✉❧❡♠❡♥t ❧✐♥é❛✐r❡ ♠❛✐s ❧❡ t❤é♦rè♠❡
❞✬❆❧❢✈❡♥ ❢♦✉r♥✐t t♦✉t ❞❡ ♠ê♠❡ ✉♥❡ r❡♣rés❡♥t❛t✐♦♥ ✐♥t✉✐t✐✈❡ ❞❡ ❧❛ ❝ré❛t✐♦♥ ❞❡ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ ♣❛r ❡✛❡t ❞②♥❛♠♦✳ ❈❡tt❡ r❡♣rés❡♥t❛t✐♦♥ ♥✬❡st ❛ ♣r✐♦r✐ ✈❛❧❛❜❧❡ q✉❡ ❞❛♥s ❧❛
❧✐♠✐t❡ Rm → ∞✳ ❚♦✉t❡❢♦✐s✱ ♠ê♠❡ ♣rès ❞✉ s❡✉✐❧ ❞②♥❛♠♦✱ ✐❧ ❡st t♦✉❥♦✉rs ♣♦ss✐❜❧❡ ❞❡
♣❡♥s❡r à ❧✬éq✉❛t✐♦♥ ❞✬✐♥❞✉❝t✐♦♥ ❝♦♠♠❡ ✉♥❡ ❝♦♠♣ét✐t✐♦♥ ❡♥tr❡ ❝❡ ♠é❝❛♥✐s♠❡ ❞✬❛♠✲
♣❧✐✜❝❛t✐♦♥ ❞✉ ❝❤❛♠♣ ✭r❡❧✐é ❛✉ t❡r♠❡ ∇× (u × B)✮ ❡t ❧❛ ❞✐ss✐♣❛t✐♦♥ ❞✉ t❡r♠❡ ❞✐✛✉s✐❢✳

❋✐❣✳ ✶✳✽✿ ■❧❧✉str❛t✐♦♥ s❝❤é♠❛t✐q✉❡ ❞❡ ❧✬❡✛❡t ω✳



✶✳✸ ❯♥❡ ✐♥st❛❜✐❧✐té ❝♦♠♣❧❡①❡ ✶✸

▲✬❡✛❡t ω ❡st ✉♥ ♠é❝❛♥✐s♠❡ ❞❡ ❝ré❛t✐♦♥ ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ✐❧❧✉str❛♥t ❞✐r❡❝✲
t❡♠❡♥t ❧❡ t❤é♦rè♠❡ ❞✬❆❧❢✈❡♥✳ ▲❛ ❞✐st♦rs✐♦♥ ❞❡s ❧✐❣♥❡s ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ② ❡st
❞✉❡ à ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❡①✐st❛♥t ❛✉ s❡✐♥ ❞✉ ✢✉✐❞❡✳ ❈♦♥s✐❞ér♦♥s ♣❛r ❡①❡♠♣❧❡
✉♥❡ ❧✐❣♥❡ ❞❡ ❝❤❛♠♣ ✐♥✐t✐❛❧❡♠❡♥t ✈❡rt✐❝❛❧❡ ✭♦✉ ♣❧✉s ❣é♥ér❛❧❡♠❡♥t ♣♦❧♦ï❞❛❧❡✮✱ ❝♦♠♠❡
s✉r ❧❛ ✜❣✉r❡ ✶✳✽✳ ❙✬✐❧ ❡①✐st❡ ✉♥❡ r♦t❛t✐♦♥ ❣❧♦❜❛❧❡ ❞✉ ✢✉✐❞❡ Vφ s❡❧♦♥ ❧❛ ❞✐r❡❝t✐♦♥ φ✱ ❧❡
t❤é♦rè♠❡ ❞❡ ✢✉① ❣❡❧é ♥♦✉s ✐♥❞✐q✉❡ q✉❡ ❧❛ ❧✐❣♥❡ ❞❡ ❝❤❛♠♣ s❡r❛ ❛❞✈❡❝té❡ ✉♥✐❢♦r♠é✲
♠❡♥t✱ s❛♥s ❞é❢♦r♠❛t✐♦♥✱ ❡t ❞♦♥❝ s❛♥s ❝ré❛t✐♦♥ ❞❡ ❝❤❛♠♣✳ ❆✉ ❝♦♥tr❛✐r❡✱ s✬✐❧ ❡①✐st❡ ♣❛r
❡①❡♠♣❧❡ ✉♥ ❝✐s❛✐❧❧❡♠❡♥t ❛③✐♠✉t❛❧ ∂Vφ(z)/∂z ✱ ❧❛ ❧✐❣♥❡ ❞❡ ❝❤❛♠♣ ♣♦❧♦ï❞❛❧❡ s❡ ❞é❢♦r♠❡
s♦✉s ❧✬❡✛❡t ❞❡ ❧❛ ✈✐t❡ss❡✱ ❝ré❛♥t ❛✐♥s✐ ✉♥❡ ❝♦♠♣♦s❛♥t❡ s❡❧♦♥ ❧❛ ❞✐r❡❝t✐♦♥ ❛③✐♠✉t❛❧❡ ✿
❧✬❡✛❡t ω ❡♥❣❡♥❞r❡ ❛✐♥s✐ ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ t♦r♦ï❞❛❧ à ♣❛rt✐r ❞✬✉♥ ❝❤❛♠♣ ✐♥✐t✐❛❧❡✲
♠❡♥t ♣♦❧♦ï❞❛❧✳ ▲✬❛♠♣❧✐✜❝❛t✐♦♥ ♠❛❣♥ét✐q✉❡ ❞é♣❡♥❞ é✈✐❞❡♠♠❡♥t ❞❡ ❧✬✐♥t❡♥s✐té ❞❡ ❧❛
✈✐t❡ss❡ ❡t ❞✉ ❝✐s❛✐❧❧❡♠❡♥t ❝♦♥s✐❞éré✱ ❡t ❧❛ ❞✐✛✉s✐♦♥ ♦❤♠✐q✉❡ t❡♥❞ à ré❞✉✐r❡ ❧❛ ❝ré❛t✐♦♥
❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❉❡ ♣❧✉s✱ ❝❡ ♠é❝❛♥✐s♠❡ s❡✉❧ ♥❡ ♣❡✉t ❡♥❣❡♥❞r❡r ❞✬❛♠♣❧✐✜❝❛t✐♦♥
❡①♣♦♥❡♥t✐❡❧❧❡ ❞✉ ❝❤❛♠♣✱ ❡t ♥é❝❡ss✐t❡ ✉♥ ❝♦✉♣❧❛❣❡ ❛✈❡❝ ❞✬❛✉tr❡s ♠é❝❛♥✐s♠❡s✱ ❝♦♠♠❡
❧✬❡✛❡t P❛r❦❡r✳

▲✬❡✛❡t P❛r❦❡r ❡st ✉♥ ❛✉tr❡ ♠é❝❛♥✐s♠❡ ❞é❝r✐✈❛♥t ❧❛ ❣é♥ér❛t✐♦♥ ❞❡ ❝❤❛♠♣ ♠❛❣♥é✲
t✐q✉❡✳ ■❧ ❛ été ✐♥tr♦❞✉✐t ♣❛r P❛r❦❡r ❡♥ ✶✾✺✺ ❬✻✹❪✳ ❈❡ ♠é❝❛♥✐s♠❡ ♣❡✉t s❡ ♣r♦❞✉✐r❡
❛✉ s❡✐♥ ❞✬é❝♦✉❧❡♠❡♥t ❞✬❤é❧✐❝✐té ♥♦♥✲♥✉❧❧❡✳ ▲❛ ✜❣✉r❡ ✶✳✾ ✐❧❧✉str❡ ❝❡t ❡✛❡t P❛r❦❡r✳ ❙✉r
❝❡tt❡ ✜❣✉r❡✱ ♦♥ ❝♦♥s✐❞èr❡ ✉♥❡ ❧✐❣♥❡ ❞❡ ❝❤❛♠♣ ❛✉ s❡✐♥ ❞✬✉♥ é❝♦✉❧❡♠❡♥t t♦✉r❜✐❧❧♦♥✲
♥❛✐r❡✳ ❈❡❧❛ s✐❣♥✐✜❡ q✉✬❡♥ ♣❧✉s ❞✬✉♥❡ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡✱ ✐❧ ❡①✐st❡ ✉♥❡ ❝♦♠♣♦s❛♥t❡
❞❡ ✈✐t❡ss❡ ♣❛r❛❧❧è❧❡ à ❧❛ ✈♦rt✐❝✐té✳ ▲❛ ❣é♥ér❛t✐♦♥ ❞✉ ❝❤❛♠♣ s❡ ♣r♦❞✉✐t ❡♥ ❞❡✉① t❡♠♣s✳
❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s ❧❛ ❧✐❣♥❡ ❞❡ ❝❤❛♠♣ ❡st ét✐ré❡ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ♣❡r♣❡♥❞✐❝✉❧❛✐r❡
♣❛r ❧❛ ✈✐t❡ss❡✳ ❉❛♥s ✉♥ ❞❡✉①✐è♠❡ t❡♠♣s✱ s♦✉s ❧✬❡✛❡t ❞❡ ❧❛ ✈♦rt✐❝✐té✱ ✐❧ s❡ ♣r♦❞✉✐t ✉♥❡
❞✐st♦rs✐♦♥ ❞❡ ❧❛ ❧✐❣♥❡ ❞❡ ❝❤❛♠♣ t❡❧❧❡ q✉✬✉♥❡ ❜♦✉❝❧❡ ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ s❡ ❢♦r♠❡✳
▲❡ ❝♦✉r❛♥t ❛✐♥s✐ ❝ré❡ ❡♥❣❡♥❞r❡ ❞♦♥❝ ❞✉ ❝❤❛♠♣ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ ❛✉
❝❤❛♠♣ ✐♥✐t✐❛❧✳ ❈❡ ♠é❝❛♥✐s♠❡ ❡st s♦✉✈❡♥t ♠✐s ❡♥ ❛✈❛♥t ♣♦✉r ❡①♣❧✐q✉❡r ❧❛ ❣é♥ér❛t✐♦♥
❞❡ ❝❤❛♠♣ ♣♦❧♦ï❞❛❧ à ♣❛rt✐r ❞✬✉♥ ❝❤❛♠♣ t♦r♦ï❞❛❧✳ ❖♥ ❝♦♠♣r❡♥❞ ❛✐♥s✐ q✉❡ ❧✬❤é❧✐❝✐té
❝✐♥ét✐q✉❡ ❞✬✉♥ é❝♦✉❧❡♠❡♥t ❡st ✉♥ ✐♥❣ré❞✐❡♥t ✐♠♣♦rt❛♥t ♣♦✉r ♦❜t❡♥✐r ✉♥ ❡✛❡t ❞②✲
♥❛♠♦✳ ◆♦t♦♥s q✉✬✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬❡♥✈✐s❛❣❡r ✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❞❡s ❡✛❡ts P❛r❦❡r ❡t ω
♣♦✉r ❝ré❡r ❞❡s ♠é❝❛♥✐s♠❡s ❞❡ ❞②♥❛♠♦s ❛✉t♦✲❡♥tr❡t❡♥✉❡s✱ ❝♦♠♠❡ ♥♦✉s ❧❡ ✈❡rr♦♥s ❛✉
♣r♦❝❤❛✐♥ ❝❤❛♣✐tr❡✳

■❧ ❡st ❛✐♥s✐ ♣♦ss✐❜❧❡ ❞❡ ❝❛r❛❝tér✐s❡r ❝❡rt❛✐♥❡s ♣r♦♣r✐étés ❞❡s é❝♦✉❧❡♠❡♥ts ♠❛❣♥é✲
t♦❤②❞r♦❞②♥❛♠✐q✉❡s✱ ❝♦♠♠❡ ❧✬❤é❧✐❝✐té ♦✉ ❧❡ ❝✐s❛✐❧❧❡♠❡♥t✱ ❢❛✈♦r❛❜❧❡s à ❧❛ ❣é♥ér❛t✐♦♥
❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ▲❡ ♣r♦❜❧è♠❡ r❡st❡ ♥é❛♥♠♦✐♥s ❝♦♠♣❧❡①❡ ✿ ❝❡s ✐♥❣ré❞✐❡♥ts
♥❡ s♦♥t ♣❛s t♦✉❥♦✉rs ♥é❝❡ss❛✐r❡s✱ ❡t ♣❡rs♦♥♥❡ ♥✬❛ ❥❛♠❛✐s ♣✉ tr♦✉✈❡r ❞❡s ❝♦♥❞✐t✐♦♥s
s✉✣s❛♥t❡s s✉r ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ♣♦✉r ♦❜s❡r✈❡r ✉♥ ❡✛❡t ❞②♥❛♠♦✳ ▼❛❧❣ré ❝❡s ❞✐❢✲
✜❝✉❧tés t❤é♦r✐q✉❡s✱ ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ t❤é♦rè♠❡s ♦♥t été ♦❜t❡♥✉s✱ ♠♦♥tr❛♥t q✉❡
❝❡rt❛✐♥❡s s✐t✉❛t✐♦♥s ♥❡ ♣❡✉✈❡♥t ❡♥ ❛✉❝✉♥ ❝❛s ❝♦♥❞✉✐r❡ à ✉♥ ❡✛❡t ❞②♥❛♠♦✳ P❛r♠✐ ❝❡s
t❤é♦rè♠❡s ❞✐ts ✬❛♥t✐✲❞②♥❛♠♦s✬✱ ♦♥ tr♦✉✈❡ ♣❛r ❡①❡♠♣❧❡ q✉✬✐❧ ❡st ✐♠♣♦ss✐❜❧❡ ❞✬♦❜t❡✲
♥✐r ✉♥ ❡✛❡t ❞②♥❛♠♦ ❛✈❡❝ ✉♥ é❝♦✉❧❡♠❡♥t ♣✉r❡♠❡♥t t♦r♦ï❞❛❧ ❬✶✸❪✱ ♦✉ ❡♥❝♦r❡ ❧♦rsq✉❡
❧✬é❝♦✉❧❡♠❡♥t ❡st ♣❧❛♥ ❡t à ✷ ❞✐♠❡♥s✐♦♥s ❬✺✹❪✳ ▲❡ t❤é♦rè♠❡ ❛♥t✐✲❞②♥❛♠♦ ❧❡ ♣❧✉s ❝♦♥♥✉
❛ été ét❛❜❧✐ ♣❛r ❈♦✇❧✐♥❣ ❡♥ ✶✾✸✹ ❬✶✻❪✳ ■❧ ✐♥❞✐q✉❡ q✉✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡♥❣❡♥✲
❞ré ♣❛r ❡✛❡t ❞②♥❛♠♦ ♥❡ ♣❡✉t ❡♥ ❛✉❝✉♥ ❝❛s êtr❡ ♣✉r❡♠❡♥t ❛①✐s②♠étr✐q✉❡✳ ❈❡ t❤é♦✲
rè♠❡ ❡st ❞✬✉♥❡ ❣r❛♥❞❡ ✐♠♣♦rt❛♥❝❡ ❝❛r ❧✬❛①✐s②♠étr✐❡ ♣❡r♠❡ttr❛✐t ✉♥ tr❛✐t❡♠❡♥t ♣❧✉s



✶✹ ■♥tr♦❞✉❝t✐♦♥

❋✐❣✳ ✶✳✾✿ ■❧❧✉str❛t✐♦♥ s❝❤é♠❛t✐q✉❡ ❞❡ ❧✬❡✛❡t P❛r❦❡r✱ ♣❛r❢♦✐s ❛♣♣❡❧é ❡✛❡t α✳

s✐♠♣❧❡ ❞✉ ♣r♦❜❧è♠❡ ❞②♥❛♠♦✳ ▲❡ t❤é♦rè♠❡ ❞❡ ❈♦✇❧✐♥❣ ✐♥t❡r❞✐t ❞♦♥❝ ❧❛ ❝♦♥str✉❝✲
t✐♦♥ ❞❡ ♠♦❞è❧❡s s✐♠♣❧✐✜és ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦ ❡t ♥♦✉s ❢♦r❝❡ à ét✉❞✐❡r ❞✐r❡❝t❡♠❡♥t ❧❡
♣r♦❜❧è♠❡ ❡♥ ✸ ❞✐♠❡♥s✐♦♥s ❞✬❡s♣❛❝❡✳ ❖♥ ♥♦t❡r❛ ❡♥ ♣❛rt✐❝✉❧✐❡r q✉❡ ❧✬❛①✐s②♠étr✐❡ ❞❡
B ✐♠♣❧✐q✉❡ ❢♦r❝é♠❡♥t ❧✬❛①✐s②♠étr✐❡ ❞❡ ❧❛ ✈✐t❡ss❡ u✱ s❛♥s q✉❡ ❧✬♦♣♣♦sé ♥❡ s♦✐t ✈r❛✐✳
❯♥❡ ❢♦r♠❡ ❛❧t❡r♥❛t✐✈❡ ❞✉ t❤é♦rè♠❡ ❞❡ ❈♦✇❧✐♥❣ ❡st ❞♦♥❝ ❞❡ ❞✐r❡ q✉✬✉♥ ❝❤❛♠♣ ❞❡
✈✐t❡ss❡ ❛①✐s②♠étr✐q✉❡ ♥❡ ♣❡✉t ♠❛✐♥t❡♥✐r ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❛①✐s②♠étr✐q✉❡ ♣❛r
❡✛❡t ❞②♥❛♠♦✳ ❈❡tt❡ ❢♦r♠✉❧❛t✐♦♥ s✬❛✈èr❡ ♣❛r❢♦✐s ✉t✐❧❡ ♣♦✉r ❝♦♠♣r❡♥❞r❡ ❧✬♦r✐❣✐♥❡ ❞❡ ❧❛
❝♦♠♣♦s❛♥t❡ ♠❛❣♥ét✐q✉❡ ❛①✐s②♠étr✐q✉❡ ❞✬✉♥❡ ❞②♥❛♠♦✳ ■❧ ❡①✐st❡ ♣❧✉s✐❡✉rs ♠❛♥✐èr❡s
❞✬♦❜t❡♥✐r ❝❡ rés✉❧t❛t✳ ❖♥ ♠♦♥tr❡ ✐❝✐ ❧❛ ♣r❡✉✈❡ t❡❧❧❡ q✉✬❡❧❧❡ ❛ été ❞♦♥♥é❡ ♣❛r ❇r❛❣✐♥s✲
❦✐✐✱ ❡♥ ✶✾✻✹ ❬✶✵❪✳ ❯♥❡ ❞❡s❝r✐♣t✐♦♥ ♣❧✉s ❞ét❛✐❧❧é❡ ♣❡✉t êtr❡ tr♦✉✈é❡ ❞❛♥s Pr♦❝t♦r ❬✶✾❪
✭✷✵✵✼✮✳ P✉✐sq✉❡ u ❡t B s♦♥t ❛①✐s②♠étr✐q✉❡s✱ ♦♥ ✉t✐❧✐s❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ s✉✐✈❛♥t❡✱
❞❛♥s ❧❡s ❝♦♦r❞♦♥♥é❡s ❝②❧✐♥❞r✐q✉❡s ✭s✱ φ✱ z✮

B = Beφ + ∇× (Aeφ) , ✭✶✳✷✶✮

u = up + Ueφ . ✭✶✳✷✷✮

▲✬éq✉❛t✐♦♥ ❞✬✐♥❞✉❝t✐♦♥ s❡ ré❝r✐t

∂A

∂t
+

1

s
uP .∇ (sA) = η

(

∆ −
1

s2

)

A , ✭✶✳✷✸✮

∂B

∂t
+ suP .∇

(

B

s

)

= sBP .∇

(

U

s

)

+ η

(

∆ −
1

s2

)

B , ✭✶✳✷✹✮

♦ù BP = ∇×(Aeφ)✳ ❖♥ ♣❡✉t ❞é❥à ♥♦t❡r q✉❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ t♦r♦ï❞❛❧ ♥✬❛♣♣❛r❛ît
♣❛s ❞❛♥s ❧✬éq✉❛t✐♦♥ ♣♦✉r A✳ ▲❡s éq✉❛t✐♦♥s ♣ré❝é❞❡♥t❡s s❡ s✐♠♣❧✐✜❡♥t s✐ ❧✬♦♥ ✉t✐❧✐s❡ ❧❡
❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ A = χ/s✱ B = sψ ❡t U = sΩ

∂χ

∂t
+ uP .∇χ = η

(

∆ −
2

s

∂

∂s

)

χ , ✭✶✳✷✺✮

∂ψ

∂t
+ uP .∇ψ = BP .∇Ω + η

(

∆ +
2

s

∂

∂s

)

ψ . ✭✶✳✷✻✮



✶✳✸ ❯♥❡ ✐♥st❛❜✐❧✐té ❝♦♠♣❧❡①❡ ✶✺

■❧ ❡st ❝❧❛✐r q✉❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣♦❧♦ï❞❛❧ ❞é❝r♦ît ❞♦♥❝ ✈❡rs ③ér♦✱ ✐♥❞é♣❡♥❞❛♠✲
♠❡♥t ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ t♦r♦ï❞❛❧❡✱ ♣✉✐sq✉❡ ❝❡❧❧❡✲❝✐ ♥✬❛♣♣❛r❛ît ♣❛s ❞❛♥s ❧✬éq✉❛t✐♦♥✳
❉❛♥s ❝❡ ❝❛s✱ ❧❡ t❡r♠❡ s♦✉r❝❡ BP .∇Ω ❞❡ ❧✬éq✉❛t✐♦♥ ✶✳✷✻ ❞✐s♣❛r❛ît✱ ❡t ❧❡ ❝❤❛♠♣ ♠❛✲
❣♥ét✐q✉❡ t♦r♦ï❞❛❧ ❞é❝r♦ît é❣❛❧❡♠❡♥t✳ ▲✬❛①✐s②♠étr✐❡ ❞❡s ❝❤❛♠♣s ❝♦♥❞✉✐t ❞♦♥❝ à ❧✬✐♠✲
♣♦ss✐❜✐❧✐té ❞✬✉♥❡ ❛♠♣❧✐✜❝❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❯♥ ❞❡s rés✉❧t❛t ❞❡ ❝❡tt❡ t❤ès❡
❡st ❞❡ ♠♦♥tr❡r q✉❡ ❧❡ t❤é♦rè♠❡ ❞❡ ❈♦✇❧✐♥❣✱ ❜✐❡♥ q✉❡ r✐❣♦✉r❡✉s❡♠❡♥t ❡①❛❝t✱ r❡st❡
t♦✉t❡❢♦✐s ❧✐♠✐té à ❞❡s ❝❛s très ✐❞é❛❧✐sés✳

❯♥ ❛♣♣♦rt ❝♦♥s✐❞ér❛❜❧❡ à ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦ ❛ été ❢♦✉r♥✐ à
♣❛rt✐r ❞❡s ❛♥♥é❡s ✻✵ ❣râ❝❡ à ❧✬❛♣♣r♦❝❤❡ ❞✐t❡ ✬❞❡ ❝❤❛♠♣ ♠♦②❡♥✬✳ ▲❛ t❤é♦r✐❡ ❞❡ ❝❤❛♠♣
♠♦②❡♥ r❡♣♦s❡ s✉r ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ sé♣❛r❛t✐♦♥ ❞✬é❝❤❡❧❧❡ ❞❛♥s ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡
❡t ❝✐♥ét✐q✉❡✳ ❖♥ ❞é❝♦♠♣♦s❡ ❛✐♥s✐ ❧❡s ❝❤❛♠♣s ❡♥ ✉♥❡ ❝♦♠♣♦s❛♥t❡ ♠♦②❡♥♥❡ ❞❡ ❣r❛♥❞❡
é❝❤❡❧❧❡ ❡t ✉♥❡ ❝♦♠♣♦s❛♥t❡ ❞❡ ♣❡t✐t❡ é❝❤❡❧❧❡✱ s♦✐t B = B + B′ ❡t u = u + u′✳ ❉❛♥s
❝❡rt❛✐♥s ❝❛s✱ ✐❧ ❡st ❛❧♦rs ♣♦ss✐❜❧❡ ❞❡ ❞é❝r✐r❡ ❧✬é✈♦❧✉t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♠♦②❡♥
B ❡♥ ♥❡ ❝♦♥♥❛✐ss❛♥t q✉❡ ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ♠♦②❡♥ ❡t ❧❡s ♣r♦♣r✐étés st❛t✐st✐q✉❡s
❞✉ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ✢✉❝t✉❛♥t u′✳ ❊♥ ❡✛❡t✱ s♦✉s ❝❡tt❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ ❘❡②♥♦❧❞s✱
❧✬éq✉❛t✐♦♥ ❞✬✐♥❞✉❝t✐♦♥ ❞❡✈✐❡♥t

∂tB = ∇× ǫ+ ∇×
(

u × B
)

−∇×
(

η∇× B
)

, ✭✶✳✷✼✮

❛✈❡❝ ǫ = u′ × B′✳ ❖♥ ✈♦✐t q✉❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞✉ ❝❤❛♠♣ ♠♦②❡♥ ❡st ❣♦✉✈❡r♥é❡ ♣❛r
❧✬éq✉❛t✐♦♥ ❞✬✐♥❞✉❝t✐♦♥ ❤❛❜✐t✉❡❧❧❡ ✐♠♣❧✐q✉❛♥t ❧✬é❝♦✉❧❡♠❡♥t ♠♦②❡♥ ❛✉q✉❡❧ s✬❛❥♦✉t❡ ✉♥
♥♦✉✈❡❛✉ t❡r♠❡ s♦✉r❝❡ ✐ss✉ ❞❡s ❝❤❛♠♣s ✢✉❝t✉❛♥ts✳ ◆♦t♦♥s q✉❡ ❧❛ ♣❛rt✐❡ ✢✉❝t✉❛♥t❡ ❞✉
❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ♣❡✉t êtr❡ ✉♥ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ t✉r❜✉❧❡♥t ❝❧❛ss✐q✉❡✱ ♦✉ ✉♥❡ ❝♦♠♣♦✲
s❛♥t❡ ♣❛rt✐❝✉❧✐èr❡ ❞❡ ♣❡t✐t❡ é❝❤❡❧❧❡✳ ❙♦✉s ❝❡rt❛✐♥❡s ❤②♣♦t❤ès❡s✱ ❝♦♠♠❡ ❧✬❤♦♠♦❣é♥é✐té
❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ♣❛r ❡①❡♠♣❧❡✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ r❡❧✐❡r ❧❡ ❝❤❛♠♣ ♠♦②❡♥ à ǫ à tr❛✈❡rs
❧❛ r❡❧❛t✐♦♥ s✐♠♣❧❡ ǫ = αB✳ ▲✬éq✉❛t✐♦♥ ❞✬é✈♦❧✉t✐♦♥ ❞❡✈✐❡♥t

∂tB = ∇× αB + ∇×
(

u × B
)

−∇×
(

η∇× B
)

. ✭✶✳✷✽✮

❈❡tt❡ ❢♦r♠❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞✬✐♥❞✉❝t✐♦♥ ❛ été ♦❜t❡♥✉❡ ♣♦✉r ❧❛ ♣r❡♠✐èr❡ ❢♦✐s ♣❛r ❙t❡❡♥✲
❜❡❝❦ ❡t ❑r❛✉s❡ ❡♥ ✶✾✻✻ ❬✽✵❪✱ ❧❛ ❢♦r❝❡ é❧❡❝tr♦♠♦tr✐❝❡ ❝♦rr❡s♣♦♥❞❛♥t❡ ❢♦✉r♥✐ss❛♥t ✉♥
❡✛❡t α✳ ❖♥ r❡tr♦✉✈❡ ✐❝✐ ❧❡ ♠ê♠❡ ❝♦♥❝❡♣t q✉❡ ♣♦✉r ❧✬❡✛❡t P❛r❦❡r ♦❜t❡♥✉ ✶✵ ❛♥s ❛✉✲
♣❛r❛✈❛♥t✱ ❛✈❡❝ ❧❛ ♣♦ss✐❜✐❧✐té ❞❡ ❝ré❡r ❞✉ ❝❤❛♠♣ ♣♦❧♦ï❞❛❧ à ♣❛rt✐r ❞✬✉♥❡ ❝♦♠♣♦s❛♥t❡
t♦r♦ï❞❛❧❡✳ ❖♥ ♣❡✉t ❞♦♥❝ ✈♦✐r ❧❡ t❡r♠❡ α ❞❡s t❤é♦r✐❡s ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ❝♦♠♠❡ ✉♥ ❡❢✲
❢❡t P❛r❦❡r s❡ ♣r♦❞✉✐s❛♥t ❛✉① ♣❡t✐t❡s é❝❤❡❧❧❡s ❞❡ ♠❛♥✐èr❡ st❛t✐st✐q✉❡✱ ❝❡ q✉✐ ❡①♣❧✐q✉❡
q✉✬✐❧ s♦✐t s♦✉✈❡♥t ❛ss♦❝✐é ❛✉① ♠♦✉✈❡♠❡♥ts ❝②❝❧♦♥✐q✉❡s ❞✉ ✢✉✐❞❡ q✉✐ ❡①✐st❡♥t ❛✉①
♣❡t✐t❡s é❝❤❡❧❧❡s✳ ■❧ ❡①✐st❡ ❞❡ ♥♦♠❜r❡✉s❡s ❛♣♣❧✐❝❛t✐♦♥s ❛✉① t❤é♦r✐❡s ❞❡ ❝❤❛♠♣ ♠♦②❡♥✳
❈❡ ❢♦r♠❛❧✐s♠❡ ♣❡r♠❡t ❞❡ ré❛❧✐s❡r ❞❡s ❝❛❧❝✉❧s ❛♥❛❧②t✐q✉❡s✳ ❉❡ ♣❧✉s✱ ❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡
♥✉♠ér✐q✉❡✱ ✐❧ ❡st ♣❧✉s ❛✐sé ❞❡ ♠❛♥✐♣✉❧❡r ❧✬éq✉❛t✐♦♥ ❞✬✐♥❞✉❝t✐♦♥ ♠♦❞✐✜é❡ ✶✳✷✽ ❛✈❡❝
✉♥ t❡r♠❡ s♦✉r❝❡ α✱ ♣❧✉tôt q✉❡ ❞✬✐♠♣❧é♠❡♥t❡r ✉♥❡ ✈✐t❡ss❡ t✉r❜✉❧❡♥t❡✱ ❛✈❡❝ ✉♥ ❤❛✉t
❞❡❣ré ❞❡ ✢✉❝t✉❛t✐♦♥s✳ ❚♦✉t❡❢♦✐s✱ ✐❧ ❢❛✉t s❡ s♦✉✈❡♥✐r q✉✬✐❧ s✬❛❣✐t ❞✬✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥✱
r❡♣♦s❛♥t s✉r ♣❧✉s✐❡✉rs ❤②♣♦t❤ès❡s✳ P❛r ❡①❡♠♣❧❡✱ ❧❛ sé♣❛r❛t✐♦♥ ❞✬é❝❤❡❧❧❡ ✐♥❞✐s♣❡♥s❛❜❧❡
à ❧❛ ❝♦♥str✉❝t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ✶✳✷✽ ♥✬❡st ♣❛s t♦✉❥♦✉rs ✈ér✐✜é❡✳ ■❧ ❡st ❛❧♦rs ♥é❝❡ss❛✐r❡
❞✬ét✉❞✐❡r ❧❡ ♣r♦❜❧è♠❡ ❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ ❝❧❛ss✐q✉❡✱ ♣❛r ❡①❡♠♣❧❡ ❡♥ ré❛❧✐s❛♥t ❞❡s s✐♠✉✲
❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❞✐r❡❝t❡s ❞❡ ❧✬éq✉❛t✐♦♥ ❞✬✐♥❞✉❝t✐♦♥ ♦r✐❣✐♥❛❧❡✱ ❛✈❡❝ ✉♥❡ ❞❡s❝r✐♣t✐♦♥
❝♦♠♣❧èt❡ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t✳ ❉✉r❛♥t ❝❡tt❡ t❤ès❡✱ ♥♦✉s ❛✈♦♥s ét✉❞✐é ❞❡✉① ❝❛s ❞✐✛ér❡♥ts



✶✻ ■♥tr♦❞✉❝t✐♦♥

q✉✐ ✐❧❧✉str❡♥t à ❧❛ ❢♦✐s ❧✬✐♥térêt ❡t ❧❡s ❧✐♠✐t❛t✐♦♥s ❞❡ ❧✬❛♣♣r♦❝❤❡ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ✿ ❞❛♥s
❧✬ét✉❞❡ ❞❡ ❧❛ ❞②♥❛♠♦ ❣❛❧❛❝t✐q✉❡ ✭✈♦✐r ❛♥♥❡①❡ ❈✮✱ ❧❡s rés✉❧t❛ts ✐ss✉s ❞❡ s✐♠✉❧❛t✐♦♥s
❞✐r❡❝t❡s ✸❉ s♦♥t ❡♥ très ❜♦♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s rés✉❧t❛ts ♣ré❞✐ts à ❧✬❛✐❞❡ ❞❡ ❧❛ t❤é♦r✐❡
❞❡ ❝❤❛♠♣ ♠♦②❡♥✳ ❉❛♥s ❧✬ét✉❞❡ ❞❡ ❧❛ ❞②♥❛♠♦ ❝✐♥é♠❛t✐q✉❡ ❞❡ ❱❑❙✱ ♥♦✉s ✈❡rr♦♥s
q✉✬✐❧ ❡st ❝♦♠♣❧✐q✉é ❞❡ ❞é❝r✐r❡ ❧❡s rés✉❧t❛ts ❡①♣❡r✐♠❡♥t❛✉① à ❧✬❛✐❞❡ ❞✬✉♥❡ ❛♣♣r♦❝❤❡
❞❡ ❝❤❛♠♣ ♠♦②❡♥✱ ❧à ♦ù ❞❡s s✐♠✉❧❛t✐♦♥s ❞✐r❡❝t❡s s❛♥s sé♣❛r❛t✐♦♥ ❞✬é❝❤❡❧❧❡ ♣❡r♠❡tt❡♥t
❞✬♦❜t❡♥✐r ❞❡s rés✉❧t❛ts s❛t✐s❢❛✐s❛♥ts✳



❈❤❛♣✐tr❡ ✷

❆♣♣r♦❝❤❡ ❊①♣ér✐♠❡♥t❛❧❡ ❞❡ ❧✬❡✛❡t

❞②♥❛♠♦

❈♦♥t❡♥ts
✷✳✶ ▲❛ ❚❡rr❡ ❡♥ ❧❛❜♦r❛t♦✐r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼
✷✳✷ ❱❑❙ ✿ ♠♦♥t❛❣❡ ❡①♣ér✐♠❡♥t❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹
✷✳✸ ❘és✉❧t❛ts ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✷✳✸✳✶ ❊❝♦✉❧❡♠❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼
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✷✳✸✳✺ ❘é❣✐♠❡s ❞②♥❛♠✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻
✷✳✸✳✻ ❘❡♥✈❡rs❡♠❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✷✳✹ ❈♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❡t ❞②♥❛♠✐q✉❡ ❞✉ ❝❤❛♠♣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻
✷✳✹✳✶ ❈♦♥tr❛✲r♦t❛t✐♦♥ ❡①❛❝t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼
✷✳✹✳✷ ❈♦♥tr❛✲r♦t❛t✐♦♥ ♥♦♥✲❡①❛❝t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶
✷✳✹✳✸ ❈♦✲r♦t❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺
✷✳✹✳✹ ❉é❝♦♠♣♦s✐t✐♦♥ ❞✐♣♦❧❡✲q✉❛❞r✉♣♦❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼
✷✳✹✳✺ ❉②♥❛♠✐q✉❡ ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥ ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ✳ ✳ ✳ ✻✵

✷✳✶ ▲❛ ❚❡rr❡ ❡♥ ❧❛❜♦r❛t♦✐r❡

▲❛ t❤é♦r✐❡ ❞②♥❛♠♦ ♣❡r♠❡t ❞✬❡①♣❧✐q✉❡r ❧✬♦r✐❣✐♥❡ ❞❡s ❝❤❛♠♣s ♠❛❣♥ét✐q✉❡s ❣é♦✲
♣❤②s✐q✉❡s ❡t ❛str♦♣❤②s✐q✉❡s✱ ♠❛✐s ❝❡rt❛✐♥❡s q✉❡st✐♦♥s r❡st❡♥t ❡♥❝♦r❡ s❛♥s ré♣♦♥s❡s✳
❆✜♥ ❞❡ ré♣♦♥❞r❡ à ❝❡s ✐♥t❡rr♦❣❛t✐♦♥s✱ ❧❡s ♠ét❤♦❞❡s ❞✬♦❜s❡r✈❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥é✲
t✐q✉❡ t❡rr❡str❡ ❡t ❞❡ s♦♥ é✈♦❧✉t✐♦♥ ♣❛ssé❡ ♥✬♦♥t ❞❡ ❝❡ss❡ ❞❡ s✬❛♠é❧✐♦r❡r✳ ❈❡❧❛ ♣❡r♠❡t
❞✬❡①tr❛✐r❡ ❧❡s ✐♥❢♦r♠❛t✐♦♥s ✐♥❞✐s♣❡♥s❛❜❧❡s à ♥♦tr❡ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦✱
❝♦♠♠❡ ❧❛ str✉❝t✉r❡ ♦✉ ❧❛ ❞②♥❛♠✐q✉❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ▼❛❧❣ré ❝❡❧❛✱ ❡t ❡♥ ❞é♣✐t
❞❡ ❧✬✐♥❣é♥✐♦s✐té ❞♦♥t ❢♦♥t ♣r❡✉✈❡ ❧❡s ❣é♦♣❤②s✐❝✐❡♥s✱ ❧❡s ♠❡s✉r❡s ❞✐s♣♦♥✐❜❧❡s r❡st❡♥t



✶✽ ❆♣♣r♦❝❤❡ ❊①♣ér✐♠❡♥t❛❧❡ ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦

r❛r❡s ❡t ♣❡✉ ♣ré❝✐s❡s✳ ▲❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❧✬❛str♦♣❤②s✐q✉❡✱ ❡t ❧❡s ❞é❝♦✉✈❡rt❡s ❡♥ ♣❧❛✲
♥ét♦❧♦❣✐❡ ❡♥ ♣❛rt✐❝✉❧✐❡r✱ ❞❡✈r❛✐❡♥t ♣❡r♠❡ttr❡ ❞❛♥s ❧❡s ♣r♦❝❤❛✐♥❡s ❞é❝❡♥♥✐❡s ❞✬♦❜t❡♥✐r
❞❡ ♣❧✉s ❡♥ ♣❧✉s ❞✬✐♥❢♦r♠❛t✐♦♥s s✉r ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞✬❛✉tr❡s ♣❧❛♥èt❡s ❡t ét♦✐❧❡s✳
❚♦✉t❡❢♦✐s✱ ❝❡s ♦❜s❡r✈❛t✐♦♥s ♣❡r♠❡tt❡♥t s✉rt♦✉t ❞❡ ❝♦♥♥❛îtr❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡
à ❧✬✐♥st❛♥t ♣rés❡♥t✳ ◆♦✉s ❛✈♦♥s ✈✉ ❡♥ ✐♥tr♦❞✉❝t✐♦♥ q✉❡ ♣♦✉r ❧❛ ❚❡rr❡✱ ❧❡s ❞♦♥♥é❡s
♣❛❧é♦♠❛❣♥ét✐q✉❡s ♣❡r♠❡tt❡♥t ❞❡ ❞ét❡r♠✐♥❡r ❧❛ ❞②♥❛♠✐q✉❡ ❞✉ ❝❤❛♠♣ s✉r ❞❡s t❡♠♣s
♣❧✉s ❧♦♥❣s✳ ▲✬❛❜s❡♥❝❡ ❞❡ ❞♦♥♥é❡s ♣❛❧é♦♠❛❣♥ét✐q✉❡s ♣♦✉r ❧❡s ❛✉tr❡s ♣❧❛♥èt❡s r❡♥❞
♣♦✉r ❧✬✐♥st❛♥t ✐♠♣♦ss✐❜❧❡ ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡ r❡♥✈❡rs❡♠❡♥ts ❞❡
❝❡s ❝❤❛♠♣s ♣❛r ❡①❡♠♣❧❡✳ ◆♦✉s ❛✈♦♥s é❣❛❧❡♠❡♥t ✈✉ q✉❡ ❧❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s✱
❜✐❡♥ q✉❡ ❞❡ ♣❧✉s ❡♥ ♣❧✉s ♣✉✐ss❛♥t❡s✱ s♦♥t ❡♥❝♦r❡ très ❧♦✐♥ ❞✉ ré❣✐♠❡ ❞❡ ♣❛r❛♠ètr❡
❛♣♣r♦♣r✐é✳

▲✬❛♣♣r♦❝❤❡ ❡①♣ér✐♠❡♥t❛❧❡ ❛♣♣❛r❛ît ❝♦♠♠❡ ✉♥ ♠♦②❡♥ ✐♥❞✐s♣❡♥s❛❜❧❡ ♣♦✉r ét✉❞✐❡r
❧✬❡✛❡t ❞②♥❛♠♦ à ❧✬♦r✐❣✐♥❡ ❞❡s ❝❤❛♠♣s ♠❛❣♥ét✐q✉❡s ♥❛t✉r❡❧s✳ ❉✉ ♣♦✐♥t ❞❡ ✈✉❡ ❣é♦♣❤②✲
s✐q✉❡✱ ✐❧ ❡st très ✐♠♣♦rt❛♥t ❞❡ r❡♣r♦❞✉✐r❡ ❛✉ ♠✐❡✉① ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❞✬✉♥❡ ❞②♥❛♠♦
♥❛t✉r❡❧❧❡✳ ❆✐♥s✐✱ ❞❡♣✉✐s ❧❡s ♣r❡♠✐❡rs tr❛✈❛✉① ❡①♣ér✐♠❡♥t❛✉① s✉r ❧✬❡✛❡t ❞②♥❛♠♦✱ ❧❡s
♣❤②s✐❝✐❡♥s ♦♥t s❛♥s ❝❡ss❡ ❝❤❡r❝❤é à s❡ r❛♣♣r♦❝❤❡r ❞❡s ❝♦♥❞✐t✐♦♥s ❣é♦♣❤②s✐q✉❡s✱ ❝❤❛✲
❝✉♥❡ ❞❡s ♥♦✉✈❡❧❧❡s ❡①♣ér✐❡♥❝❡s ❢❛✐s❛♥t ❛♣♣❛r❛îtr❡ ❞❡ ♥♦✉✈❡❛✉① ♣❤é♥♦♠è♥❡s s✉r♣r❡✲
♥❛♥ts ❡t ❡♥r✐❝❤✐ss❛♥ts✳ ❉❡ ♣❧✉s✱ ❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ ♣✉r❡♠❡♥t ♣❤②s✐q✉❡✱ ❧❛ r❡♣r♦❞✉❝✲
t✐♦♥ ❞✬✉♥ ❝❤❛♠♣ ❞②♥❛♠♦ ❡♥ ❧❛❜♦r❛t♦✐r❡ ❡st ✉♥ ♦✉t✐❧ ✐♥tér❡ss❛♥t ♣♦✉r ❛❝❝r♦îtr❡ ♥♦tr❡
❝♦♠♣ré❤❡♥s✐♦♥ ❞❡s ♣❤é♥♦♠è♥❡s ♥♦♥✲❧✐♥é❛✐r❡s ❡♥ ❣é♥ér❛❧✳

▲❛ ❞②♥❛♠♦ ❞✐sq✉❡ ❞❡ ❇✉❧❧❛r❞ ✭♦✉ ❜✐❡♥ ❧❛ ✈❛r✐❛♥t❡ à ❞❡✉① ❞✐sq✉❡s ♣r♦♣♦sé❡ ♣❛r
❘✐❦✐t❛❦❡✮ ✐❧❧✉str❡ ❞❡ ♠❛♥✐èr❡ s✐♠♣❧❡ ❧❡ ♠é❝❛♥✐s♠❡ ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦ ❛✉t♦ ❡①❝✐té✳ ❊♥
❢❛✐t✱ ❝❡tt❡ ❞②♥❛♠♦ ♥✬❛ ❥❛♠❛✐s été ré❛❧✐sé❡ ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t ❝❛r ❧❛ ❢réq✉❡♥❝❡ ❞❡
r♦t❛t✐♦♥ ❞✉ ❞✐sq✉❡ ♥é❝❡ss❛✐r❡ à ❧✬♦❜t❡♥t✐♦♥ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡st tr♦♣ ❣r❛♥❞❡
♣♦✉r êtr❡ ❛tt❡✐♥t❡ ❡♥ ♣r❛t✐q✉❡✳ ❙✐ ❝❡tt❡ ❞②♥❛♠♦ ét❛✐t t♦✉t❡❢♦✐s ré❛❧✐sé❡✱ ♦♥ ♣♦✉rr❛✐t
✐♠♠é❞✐❛t❡♠❡♥t ♣♦✐♥t❡r ❞✉ ❞♦✐❣t s♦♥ ♠❛♥q✉❡ ❞❡ ré❛❧✐s♠❡ ✿ ❞❛♥s ❝❡tt❡ ❡①♣ér✐❡♥❝❡✱
❧❛ ❣é♦♠étr✐❡ ❞✉ ✜❧ é❧❡❝tr✐q✉❡ ❝♦♥♥❡❝té ❛✉ ❞✐sq✉❡ ❡st ❞❡ t❡❧❧❡ s♦rt❡ q✉❡ ❧❡ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ ❝ré❡ ♣❛r ❧❡ ❝♦✉r❛♥t ✈✐❡♥t ❡①❛❝t❡♠❡♥t r❡♥❢♦r❝❡r ❧❡ ❝❤❛♠♣ ♣ré❡①✐st❛♥t✳
❯♥❡ t❡❧❧❡ ❝♦♥tr❛✐♥t❡ ❣é♦♠étr✐q✉❡ ❡st é✈✐❞❡♠♠❡♥t ✐♥❡①✐st❛♥t❡ ❛✉ s❡✐♥ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t
t✉r❜✉❧❡♥t ❞❡ ❢❡r ❧✐q✉✐❞❡ ❞❛♥s ❧❡ ♥♦②❛✉ t❡rr❡str❡✳

❉ès ❧❡s ♣r❡♠✐èr❡s ❡①♣ér✐❡♥❝❡s ❞②♥❛♠♦s✱ ❧✬♦❜❥❡❝t✐❢ ❢✉t ❞♦♥❝ ❞❡ s✬♦r✐❡♥t❡r ✈❡rs ✉♥❡
s✐t✉❛t✐♦♥ ♣❧✉s ré❛❧✐st❡✳ ▲♦✇❡s ❡t ❲✐❧❦✐♥s♦♥✱ ❡♥ ✶✾✻✸✱ ♣r♦♣♦s❡♥t ♣♦✉r ❧❛ ♣r❡♠✐èr❡ ❢♦✐s
✉♥❡ ❞②♥❛♠♦ ❡♥ ❧❛❜♦r❛t♦✐r❡ ❬✹✼❪✳ ▲❡✉r ❝♦♥✜❣✉r❛t✐♦♥ ❡①♣ér✐♠❡♥t❛❧❡ s✬✐♥s♣✐r❡ ❞❡ ❝❛❧✲
❝✉❧s t❤é♦r✐q✉❡s ❞✬❍❡r③❡♥❜❡r❣ ré❛❧✐sés ❡♥ ✶✾✺✽ ❬✷✾❪✳ ❉❛♥s ❝❡tt❡ ❡①♣ér✐❡♥❝❡✱ ❧❡s ❞❡✉①
♣❤②s✐❝✐❡♥s ❝❤❡r❝❤❡♥t à ❝ré❡r ✉♥❡ s✐t✉❛t✐♦♥ ❞❛♥s ❧❛q✉❡❧❧❡ ❧❡s ❝♦✉r❛♥ts é❧❡❝tr✐q✉❡s ♥❡
s♦✐❡♥t ♣❧✉s ❝♦♥tr❛✐♥ts ❣é♦♠étr✐q✉❡♠❡♥t✱ ❝♦♠♠❡ ❞❛♥s ❧❛ ❞②♥❛♠♦ ❞❡ ❇✉❧❧❛r❞✳ ❉❛♥s
✉♥ tr❛✈❛✐❧ ❡♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ◆✐❝♦❧❛s ▼♦r❞❛♥t✱ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧✬❡♥s❡✐❣♥❡♠❡♥t
♣♦✉r ❧❡s ét✉❞✐❛♥ts ❞❡ ❧✬❊❝♦❧❡ ◆♦r♠❛❧❡ ❙✉♣ér✐❡✉r❡✱ ♥♦✉s ❛✈♦♥s ❝♦♥str✉✐t ✉♥ ❞✐s♣♦s✐t✐❢
❡①♣ér✐♠❡♥t❛❧ ✐♥s♣✐ré ❞❡ ❝❡tt❡ ❝♦♥✜❣✉r❛t✐♦♥ ✭✉♥❡ ♣❤♦t♦ ❞❡ ♥♦tr❡ ❡①♣ér✐❡♥❝❡ ❡st ♣ré✲
s❡♥té❡ s✉r ❧❛ ✜❣✉r❡ ✷✳✶✮✳ ▲✬❡①♣ér✐❡♥❝❡ ❡st ❝♦♥st✐t✉é❡ ❞❡ ❞❡✉① ❝②❧✐♥❞r❡s ♥♦♥✲❝♦❛①✐❛✉①
t♦✉r♥❛♥t à ❞❡s ✈✐t❡ss❡s ❛♥❣✉❧❛✐r❡s ω1 ❡t ω2✳ ▲♦rsq✉❡ ❧✬❛♥❣❧❡ ❡♥tr❡ ❧❡s ❞❡✉① ❛①❡s ❞❡s
❝②❧✐♥❞r❡s ❡st ❞❡ π/2✱ ❧❛ s✐t✉❛t✐♦♥ ❡st ❢❛✈♦r❛❜❧❡ à ❧❛ ❝ré❛t✐♦♥ s♣♦♥t❛♥é❡ ❞✬✉♥ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡✳ ▲❡ ♠é❝❛♥✐s♠❡ ❡st ❧❡ s✉✐✈❛♥t ✿ ❧❛ r♦t❛t✐♦♥ ω1 ❞❡ ❧✬✉♥ ❞❡s ❝②❧✐♥❞r❡s ❛♠♣❧✐✜❡



✷✳✶ ▲❛ ❚❡rr❡ ❡♥ ❧❛❜♦r❛t♦✐r❡ ✶✾

❋✐❣✳ ✷✳✶✿ P❤♦t♦ ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❞❡ ▲♦✇❡s ❡t ❲✐❧❦✐♥s♦♥✱ r❡♣r♦❞✉✐t❡ ❛✉ ❝♦✉rs ❞✬✉♥ tr❛✈❛✐❧ ❡♥
❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ◆✐❝♦❧❛s ▼♦r❞❛♥t✳ ❖♥ ② ❞✐st✐♥❣✉❡ ❝❧❛✐r❡♠❡♥t ❧❡s ❞❡✉① ♠♦t❡✉rs
❡t ❧❡ ❜❧♦❝ ❝❡♥tr❛❧ ❝♦♥t❡♥❛♥t ❧❡s r♦t♦rs✳ ▲❡s ❜❧♦❝s ❢♦♥t ❡♥✈✐r♦♥ 20 ❝♠ ❞❡ ❧❛r❣❡✉r✳

✉♥ ❝❤❛♠♣ ✐♥✐t✐❛❧❡♠❡♥t ❛①✐❛❧ B01 ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ t♦r♦ï❞❛❧❡✳ ●râ❝❡ à ❧✬❛♥❣❧❡ ❝❤♦✐s✐t✱
❝❡ ❝❤❛♠♣ t♦r♦ï❞❛❧ ❛❣✐t ❛❧♦rs ❝♦♠♠❡ ✉♥ ❝❤❛♠♣ ❛①✐❛❧ B02 ♣♦✉r ❧❡ ❞❡✉①✐è♠❡ ❝②❧✐♥❞r❡
q✉✐ ♣❡✉t ❛❧♦rs✱ ♣❛r ❧❡ ♠ê♠❡ ♠é❝❛♥✐s♠❡✱ ré✲❛♠♣❧✐✜❡r ❧❡ ❝❤❛♠♣ ✐♥✐t✐❛❧ ❞✉ ♣r❡♠✐❡r ❝②✲
❧✐♥❞r❡ ✭✈♦✐r ✜❣✉r❡ ✷✳✷✱ à ❣❛✉❝❤❡✮✳ ▲✬✐♥t❡♥s✐té ❞✬✉♥ t❡❧ ♠é❝❛♥✐s♠❡ ❞é♣❡♥❞ é✈✐❞❡♠♠❡♥t
❞❡s ✈✐t❡ss❡s ❞❡ r♦t❛t✐♦♥ ❞❡s ❝②❧✐♥❞r❡s✳ ❙✐ ❧❛ r♦t❛t✐♦♥ ❞❡s ❝②❧✐♥❞r❡s ❡st s✉✣s❛♠♠❡♥t
r❛♣✐❞❡✱ ❧❡ ❝❤❛♠♣ ✐♥❞✉✐t ❡st ♣❧✉s ❣r❛♥❞ q✉❡ ❧❡ ❝❤❛♠♣ ✐♥✐t✐❛❧✱ ❡t ❝❡ ♣❤é♥♦♠è♥❡ t②♣✐q✉❡
❞✬✐♥st❛❜✐❧✐té ❝♦♥❞✉✐t à ❧❛ ❣é♥ér❛t✐♦♥ ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❛✉t♦✲❡♥tr❡t❡♥✉ à ♣❛rt✐r
❞✬✉♥❡ ♣❡rt✉r❜❛t✐♦♥ ✐♥✜♥✐tés✐♠❛❧❡✳ ▲❡ ❞✐❛❣r❛♠♠❡ ❞❡ ❜✐❢✉r❝❛t✐♦♥ ❞❡ ❝❡tt❡ ✐♥st❛❜✐❧✐té
❡st ✐❧❧✉stré s✉r ❧❛ ✜❣✉r❡ ✷✳✷✱ à ❞r♦✐t❡✳ P♦✉r ❝❡rt❛✐♥❡s ✈❛❧❡✉rs ❞❡s ✈✐t❡ss❡s ❞❡ r♦t❛t✐♦♥
❞❡s ❝②❧✐♥❞r❡s✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬♦❜s❡r✈❡r ✉♥❡ ❞②♥❛♠✐q✉❡ ♣❧✉s ❝♦♠♣❧❡①❡ q✉✬✉♥❡ s✐♠♣❧❡
❞②♥❛♠♦ st❛t✐♦♥♥❛✐r❡✱ ❝♦♠♠❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ♣ér✐♦❞✐q✉❡s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❬✹✽❪✳
❉❛♥s ❝❡tt❡ ❡①♣ér✐❡♥❝❡✱ ❧❡s ❝♦✉r❛♥ts ♥❡ s♦♥t ♣❧✉s ❝♦♥tr❛✐♥ts à s❡ ❞é♣❧❛❝❡r ❞❛♥s ❞❡s
✜❧s✱ ♠❛✐s ♣❡✉✈❡♥t ❝✐r❝✉❧❡r ♥✬✐♠♣♦rt❡ ♦ù à ❧✬✐♥tér✐❡✉r ❞❡s ❝②❧✐♥❞r❡s ❡t ❞❡s ❜❧♦❝s q✉✐ ❧❡s
❡♥t♦✉r❡♥t✳ ❆✐♥s✐✱ ❜✐❡♥ q✉✬✐❧ s✬❛❣✐ss❡ ❞✬✉♥❡ ❞②♥❛♠♦ s♦❧✐❞❡✱ ❝❡tt❡ ❡①♣ér✐❡♥❝❡ ❛ ♣❡r♠✐s
❞❡ ♠♦♥tr❡r q✉✬✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬♦❜t❡♥✐r ✉♥ ❡✛❡t ❞②♥❛♠♦ r❡♣r♦❞✉✐s❛♥t ❧❡ ❝❛r❛❝tèr❡
❤♦♠♦❣è♥❡ ❞❡ ❧❛ ❞②♥❛♠♦ t❡rr❡str❡✳

❆♣rès ▲♦✇❡s ❡t ❲✐❧❦✐♥s♦♥✱ ❧✬ét❛♣❡ s✉✐✈❛♥t❡ ❞❛♥s ❧✬ét✉❞❡ ❞❡ ❞②♥❛♠♦s ❡①♣ér✐♠❡♥✲
t❛❧❡s ❢✉t ❞♦♥❝ ♥❛t✉r❡❧❧❡♠❡♥t ❞✬♦❜t❡♥✐r ✉♥❡ ❞②♥❛♠♦ à ♣❛rt✐r ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ❞✬✉♥
✢✉✐❞❡ ❝♦♥❞✉❝t❡✉r ♣❧✉tôt q✉✬❛✈❡❝ ✉♥ s♦❧✐❞❡ ❡♥ r♦t❛t✐♦♥✳ ■❧ s✬❛❣✐t ❧à ❞✬✉♥ ❣r❛♥❞ ❞é✜✱ à ❧❛
❢♦✐s t❡❝❤♥✐q✉❡ ❡t t❤é♦r✐q✉❡✱ ❝❛r ♣❧✉s✐❡✉rs é❧é♠❡♥ts ✈✐❡♥♥❡♥t ❝♦♠♣❧✐q✉❡r ❧❛ ❣é♥ér❛t✐♦♥



✷✵ ❆♣♣r♦❝❤❡ ❊①♣ér✐♠❡♥t❛❧❡ ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦

❋✐❣✳ ✷✳✷✿ ❉✐❛❣r❛♠♠❡ s❝❤é♠❛t✐q✉❡ ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❞❡ ▲♦✇❡s ❡t ❲✐❧❦✐♥s♦♥ ✐❧❧✉str❛♥t ❧❡
♠é❝❛♥✐s♠❡ ❞✬❛♠♣❧✐✜❝❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳

❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❊✛❡❝t✐✈❡♠❡♥t✱ ❡♥ ♣❧✉s ❞❡ ❧✬❤♦♠♦❣é♥é✐té ❞❡s ❝♦✉r❛♥ts ✐♥❞✉✐ts✱
♦♥ ❧✐❜èr❡ ✉♥❡ ❝♦♥tr❛✐♥t❡ s✉♣♣❧é♠❡♥t❛✐r❡ s✉r ❧❡ ♠♦✉✈❡♠❡♥t ♠ê♠❡ ❞✉ ❝♦♥❞✉❝t❡✉r✳ ❊♥
✉t✐❧✐s❛♥t ✉♥ ✢✉✐❞❡ ❝♦♥❞✉❝t❡✉r✱ ♦♥ ♥❡ ♣❡✉t ❝♦♥trô❧❡r ❧❡ ♠♦✉✈❡♠❡♥t ❛✉ss✐ ❜✐❡♥ q✉✬❛✈❡❝
❞❡ s✐♠♣❧❡s r♦t♦rs ❡t r✐❡♥ ❞❡ ❣❛r❛♥t✐t ❛❧♦rs ✉♥ ♠é❝❛♥✐s♠❡ ❞②♥❛♠♦ s✉✣s❛♠♠❡♥t ❡❢✲
✜❝❛❝❡✳ ▲❡s ♣r❡♠✐èr❡s ❞②♥❛♠♦s ✢✉✐❞❡s ❢✉r❡♥t ♣♦✉rt❛♥t ♦❜s❡r✈é❡s ❡♥ ✶✾✾✾ ❡t ✷✵✵✵✱
❛✈❡❝ ❧❡s ❡①♣ér✐❡♥❝❡s ❞❡ ❘✐❣❛ ❬✷✷❪✱ ❡♥ ▲❡tt♦♥✐❡✱ ❡t ❞❡ ❑❛r❧sr✉❤❡ ❬✽✷❪✱ ❡♥ ❆❧❧❡♠❛❣♥❡✳
❈❡s ❞❡✉① ❞②♥❛♠♦s ❡①♣ér✐♠❡♥t❛❧❡s ❢✉r❡♥t ♠♦t✐✈é❡s ♣❛r ❧✬❡①✐st❡♥❝❡ ❞✬é❝♦✉❧❡♠❡♥ts
♠♦❞è❧❡s ❝♦♥♥✉s ♣♦✉r ❡♥❣❡♥❞r❡r t❤é♦r✐q✉❡♠❡♥t ✉♥ ❡✛❡t ❞②♥❛♠♦✳ P❛r ❡①❡♠♣❧❡✱ ❞❛♥s
❧❡ ❝❛s ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❞❡ ❘✐❣❛✱ ❧✬éq✉✐♣❡ ❛ ✉t✐❧✐sé ✉♥ é❝♦✉❧❡♠❡♥t ❞❡ s♦❞✐✉♠ ❧✐q✉✐❞❡
❡♥ ♠♦✉✈❡♠❡♥t ❤é❧✐❝♦ï❞❛❧ ❞❛♥s ✉♥ ❝②❧✐♥❞r❡✳ ❈❡tt❡ ❣é♦♠étr✐❡ s✬❛♣♣r♦❝❤❡ ❛✐♥s✐ ❞✬✉♥❡
s♦❧✉t✐♦♥ ❛♥❛❧②t✐q✉❡ ❛✉ ♣r♦❜❧è♠❡ ❞❡ ❧❛ ❞②♥❛♠♦ ♣r♦♣♦sé❡ ♣❛r P♦♥♦♠❛r❡♥❦♦ ❬✻✾❪ ❡♥
✶✾✼✸✱ q✉✐ ❛ ♣r♦✉✈é q✉❡ ❧❡ ♠♦✉✈❡♠❡♥t ❤é❧✐❝♦ï❞❛❧ ❞✬✉♥ ❝②❧✐♥❞r❡ ✐♥✜♥✐ ❞❛♥s ✉♥ ❜❧♦❝ ❞❡
♠ê♠❡ ❝♦♥❞✉❝t✐✈✐té ❝♦♥❞✉✐t à ✉♥❡ ❞②♥❛♠♦ ❝✐♥é♠❛t✐q✉❡✳ ▲✬❡①♣ér✐❡♥❝❡ ❞❡ ❑❛r❧sr✉❤❡
s✬✐♥s♣✐r❡ ❞✬✉♥❡ s♦❧✉t✐♦♥ ❛♥❛❧②t✐q✉❡ ♣r♦♣♦sé❡ ♣❛r ❘♦❜❡rts ❬✼✺❪✳ ▲❡s s❝❤é♠❛s ❞❡ ❝❡s
❞❡✉① ❡①♣ér✐❡♥❝❡s s♦♥t ✈✐s✐❜❧❡s s✉r ❧❛ ✜❣✉r❡ ✷✳✸✳ ❉❛♥s ❝❡s ❞❡✉① ❡①♣ér✐❡♥❝❡s✱ ❧✬✐❞é❡
❢✉t ❞♦♥❝ ❞✬♦❜t❡♥✐r ✉♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ❛✉ss✐ ♣r♦❝❤❡ q✉❡ ♣♦ss✐❜❧❡ ❞❡
❧✬é❝♦✉❧❡♠❡♥t t❤é♦r✐q✉❡ ❝♦♥♥✉ ♣♦✉r s❛ ❝❛♣❛❝✐té à ❡♥❣❡♥❞r❡r ✉♥❡ ❞②♥❛♠♦✳ ❊♥ ♣r❛✲
t✐q✉❡✱ ❧❡ ♠ét❛❧ ❧✐q✉✐❞❡ ❡st ❞♦♥❝ ❝♦♥tr❛✐♥t à s❡ ❞é♣❧❛❝❡r ❞❛♥s ✉♥ rés❡❛✉ ❞❡ t✉②❛✉t❡r✐❡✱
❛ss✉r❛♥t ❛✐♥s✐ ❧❛ ❜♦♥♥❡ str✉❝t✉r❡ ❛✉ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡✳ ▲❡ s✉❝❝ès ❞❡ ❝❡s ❞❡✉① ❡①♣é✲
r✐❡♥❝❡s ❛ ❝♦♥tr✐❜✉é à ♠✐❡✉① ❝♦♠♣r❡♥❞r❡ ❧✬❡✛❡t ❞②♥❛♠♦✳ ❈❡ ❢✉t ❛✈❛♥t t♦✉t ❧❛ ♣r❡♠✐èr❡
♣r❡✉✈❡ ❡①♣ér✐♠❡♥t❛❧❡ ❞❡ ❣é♥ér❛t✐♦♥ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣❛r ❡✛❡t ❞②♥❛♠♦ ❛✉
s❡✐♥ ❞✬✉♥ ✢✉✐❞❡ ❝♦♥❞✉❝t❡✉r✳ ❉✬❛✉tr❡ ♣❛rt✱ ❝❡ ❢✉t ✉♥❡ ♦❝❝❛s✐♦♥ ✉♥✐q✉❡ ❞❡ ❝♦♠♣r❡♥❞r❡
✉♥ ♣❡✉ ♠✐❡✉① ❧❡s ♠é❝❛♥✐s♠❡s ❞❡ s❛t✉r❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❈❡s ❡①♣ér✐❡♥❝❡s
♠♦♥tr❡♥t ♣❛r ❡①❡♠♣❧❡ q✉❡ ❧❡ ré❣✐♠❡ ❞❡ s❛t✉r❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞é♣❡♥❞
❞✉ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s ❬✻✺❪✳ ❚♦✉t❡❢♦✐s✱ ❧✬❛s♣❡❝t ❝♦♥tr❛✐♥t ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ❞❛♥s ❧❡s
❞❡✉① ❡①♣ér✐❡♥❝❡s ❧❡s r❡♥❞ ❡♥❝♦r❡ très é❧♦✐❣♥é❡s ❞❡s s②stè♠❡s ♥❛t✉r❡❧s✱ ♦ù ❧❡ ♠ét❛❧
❧✐q✉✐❞❡ ❡st ❡♥ ❣é♥ér❛❧ ❡①trê♠❡♠❡♥t t✉r❜✉❧❡♥t✳ ❊♥ ❞é♣✐t ❞❡ ♥♦♠❜r❡s ❞❡ ❘❡②♥♦❧❞s
✐♠♣♦rt❛♥ts✱ ❧❡s rés✉❧t❛ts ❡①♣ér✐♠❡♥t❛✉① ❝♦♥❝❡r♥❛♥t ❧❛ str✉❝t✉r❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥é✲
t✐q✉❡ s♦♥t ❡♥ très ❜♦♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s rés✉❧t❛ts ♥✉♠ér✐q✉❡s ✉t✐❧✐s❛♥t ✉♥❡ ❞❡s❝r✐♣t✐♦♥
s✐♠♣❧✐✜é❡✱ q✉✐ ♥❡ t✐❡♥t ♣❛s ❝♦♠♣t❡ ❞❡s ✢✉❝t✉❛t✐♦♥s t✉r❜✉❧❡♥t❡s ✭✈♦✐r ♣❛r ❡①❡♠♣❧❡
❬✽✹❪✮✳ ❈❡t ❛❝❝♦r❞ ❛✈❡❝ ❧❡s ❞②♥❛♠♦s ❝✐♥é♠❛t✐q✉❡s ❧❛♠✐♥❛✐r❡s s✬❡①♣❧✐q✉❡ ♣❡✉t✲êtr❡ ♣❛r
❧❛ ❝♦♥tr❛✐♥t❡ ❣é♦♠étr✐q✉❡ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ❞❛♥s ❝❡s ❞❡✉① ❡①♣ér✐❡♥❝❡s✱ q✉✐ ❧✐♠✐t❡ ❧❡s
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❋✐❣✳ ✷✳✸✿ ■❧❧✉str❛t✐♦♥ s❝❤é♠❛t✐q✉❡ ❞❡s ❡①♣ér✐❡♥❝❡s ❞❡ ❑❛r❧sr✉❤❡ ✭❊♥ ❤❛✉t✮ ❡t ❞❡ ❘✐❣❛ ✭
❡♥ ❜❛s✮✳

✢✉❝t✉❛t✐♦♥s t✉r❜✉❧❡♥t❡s ❞❡ ❣r❛♥❞❡s é❝❤❡❧❧❡s✳

❈✬❡st ❞❛♥s ❝❡ ❝♦♥t❡①t❡ q✉✬❛♣♣❛r❛ît t♦✉t ❧✬✐♥térêt ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✳ ■❧ ❡st ✐♥✲
tér❡ss❛♥t ❞✬♦❜t❡♥✐r ✉♥ ❡✛❡t ❞②♥❛♠♦ ❛✉ s❡✐♥ ❞✬✉♥ ✢✉✐❞❡ ❝♦♠♣❧èt❡♠❡♥t t✉r❜✉❧❡♥t ❡t
♥♦♥ ❝♦♥tr❛✐♥t✱ ❛✈❡❝ ✉♥ é❝♦✉❧❡♠❡♥t t♦t❛❧❡♠❡♥t ❧✐❜r❡ ❞❡ s✬♦r❣❛♥✐s❡r✳ ❈❡tt❡ s✐t✉❛t✐♦♥
❡st ❡✛❡❝t✐✈❡♠❡♥t ❜❡❛✉❝♦✉♣ ♣❧✉s ♣r♦❝❤❡ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t q✉✐ ❡①✐st❡ ❛✉ s❡✐♥ ❞✉ ♥♦②❛✉
t❡rr❡str❡ ♦✉ ❞❛♥s ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❞✉ s♦❧❡✐❧ ♣❛r ❡①❡♠♣❧❡✳ ❉❡ ❢❛ç♦♥ ♣❧✉s ❣é♥ér❛❧❡✱
❝✬❡st é❣❛❧❡♠❡♥t ❧✬♦❝❝❛s✐♦♥ ❞✬ét✉❞✐❡r ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t ❧✬❛♣♣❛r✐t✐♦♥ ❞✬✉♥❡ ✐♥st❛❜✐❧✐té
❡♥ ♣rés❡♥❝❡ ❞❡ ✢✉❝t✉❛t✐♦♥s✳ ▲✬❡①✐st❡♥❝❡ ❞❡ ❣r❛♥❞❡s ✢✉❝t✉❛t✐♦♥s t✉r❜✉❧❡♥t❡s ❞❛♥s ❧❡
s②stè♠❡ ❢❛✐t ❡✛❡❝t✐✈❡♠❡♥t é♠❡r❣❡r ❞❡ ♥♦♠❜r❡✉s❡s q✉❡st✐♦♥s ❢♦♥❞❛♠❡♥t❛❧❡s ✿ ◗✉❡❧
❡st ❧❡ rô❧❡ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ s✉r ❧❡ s❡✉✐❧ ❞✬❛♣♣❛r✐t✐♦♥ ❞✬✉♥❡ ❞②♥❛♠♦✱ ❡t ❝♦♠♠❡♥t ✉♥



✷✷ ❆♣♣r♦❝❤❡ ❊①♣ér✐♠❡♥t❛❧❡ ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦

é❝♦✉❧❡♠❡♥t ❢♦rt❡♠❡♥t t✉r❜✉❧❡♥t s✬♦r❣❛♥✐s❡✲t✲✐❧ ♣♦✉r s❛t✉r❡r ❧✬✐♥st❛❜✐❧✐té ❄ ◗✉❡❧ ❡st
❧✬✐♠♣❛❝t ❞❡s ✢✉❝t✉❛t✐♦♥s ❤②❞r♦❞②♥❛♠✐q✉❡s s✉r ❧❛ str✉❝t✉r❛t✐♦♥ s♣❛t✐❛❧❡ ❞✉ ♠♦❞❡
♠❛❣♥ét✐q✉❡ ❄ ❈♦♠♠❡♥t ❧❡ s②stè♠❡ s✬♦r❣❛♥✐s❡✲t✲✐❧ ♣♦✉r ♠❡ttr❡ ❡♥ ♣❧❛❝❡ ✉♥❡ ❞②♥❛✲
♠✐q✉❡ ❝♦♠♣❧❡①❡ ✭❝♦♠♠❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ♣ér✐♦❞✐q✉❡s ♦✉ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦✲
t✐q✉❡s ❞✉ ❝❤❛♠♣✮✳ ❆✉t❛♥t ❞❡ q✉❡st✐♦♥s ❛✉①q✉❡❧❧❡s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ t❡♥t❡ ❞✬❛♣♣♦r✲
t❡r ❞❡s ré♣♦♥s❡s✳ ❈✬❡st é❣❛❧❡♠❡♥t ❛✉t♦✉r ❞❡ ❝❡tt❡ ♣r♦❜❧é♠❛t✐q✉❡ q✉❡ s✬♦r❣❛♥✐s❡♥t
❧❡s tr❛✈❛✉① ♥✉♠ér✐q✉❡s ❞❡ ❝❡tt❡ t❤ès❡✳

■❧ ❡①✐st❡ ❡♥ ❢❛✐t ♣❧✉s✐❡✉rs t❡♥t❛t✐✈❡s à tr❛✈❡rs ❧❡ ♠♦♥❞❡ q✉✐ t❡♥t❡♥t ❞❡ r❡♣r♦❞✉✐r❡
✉♥❡ t❡❧❧❡ ❡①♣ér✐❡♥❝❡ ❛✜♥ ❞❡ ré♣♦♥❞r❡ à ❝❡s ❞✐✈❡rs❡s q✉❡st✐♦♥s✳ ❆ ❝❡ ❥♦✉r✱ s❡✉❧❡ ❧✬❡①♣é✲
r✐❡♥❝❡ ❱❑❙ ❛ ♠✐s ❡♥ é✈✐❞❡♥❝❡ ❧❛ ❣é♥ér❛t✐♦♥ s♣♦♥t❛♥é❡ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣❛r
❡✛❡t ❞②♥❛♠♦ ❛✉ s❡✐♥ ❞✬✉♥ é❝♦✉❧❡♠❡♥t ♥♦♥✲❝♦♥tr❛✐♥t✳ ❆ ●r❡♥♦❜❧❡✱ ✉♥❡ éq✉✐♣❡ ❞❡ ❣é♦✲
❞②♥❛♠♦ ❢r❛♥ç❛✐s❡ ❛ ♠✐s ❛✉ ♣♦✐♥t ❧✬❡①♣ér✐❡♥❝❡ ❉❚❙ ✭✈♦✐r ✜❣✉r❡ ✷✳✹✮✱ q✉✐ ❝♦♥s✐st❡ ❡♥ ❧❛
r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❞❡ ❞❡✉① s♣❤èr❡s ❝♦♥❝❡♥tr✐q✉❡s ❞♦♥t ❧✬❡s♣❛❝❡ ❡♥tr❡ ❧❡s s♣❤èr❡s
❝♦♥t✐❡♥t ✹✵ ❧✐tr❡s ❞❡ s♦❞✐✉♠ ❧✐q✉✐❞❡✳ ❯♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞✐♣♦❧❛✐r❡ ❡st ✐♠♣♦sé à
❧✬❛✐❞❡ ❞✬❛✐♠❛♥ts ♣❡r♠❛♥❡♥ts ♣❧❛❝és ❞❛♥s ❧❛ s♣❤èr❡ ✐♥t❡r♥❡✳ ❇✐❡♥ q✉❡ ❧✬❡✛❡t ❞②♥❛♠♦
♥❡ s♦✐t ♣❛s ✉♥ ❞❡s ♦❜❥❡❝t✐❢s ❞❡ ❝❡tt❡ ❡①♣ér✐❡♥❝❡✱ ❧✬❡①♣ér✐❡♥❝❡ ❉❚❙ ❛ ♣❡r♠✐s ❞✬♦❜t❡♥✐r
❞✬✐♥tér❡ss❛♥ts rés✉❧t❛ts ❞✬✐♥❞✉❝t✐♦♥ ✭✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬✼✽❪✱❬✻✵❪✮✳ ❈❡tt❡ ❡①♣ér✐❡♥❝❡
♣❡r♠❡t ❡♥ ♣❛rt✐❝✉❧✐❡r ❞✬ét✉❞✐❡r ❞❡s éq✉✐❧✐❜r❡s ❞❡ ❢♦r❝❡s s✐♠✐❧❛✐r❡s à ❝❡✉① s✉♣♣♦sés
❛✉ s❡✐♥ ❞✉ ♥♦②❛✉ t❡rr❡str❡✳ ▲✬éq✉✐♣❡ s✐t✉é❡ à ❧✬✉♥✐✈❡rs✐té ❞✉ ▼❛r②❧❛♥❞✱ ❛✉① ❊t❛ts✲

❋✐❣✳ ✷✳✹✿ ■❧❧✉str❛t✐♦♥ s❝❤é♠❛t✐q✉❡ ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❉❚❙✱ à ●r❡♥♦❜❧❡✳

❯♥✐s✱ s♦✉s ❧❛ ❞✐r❡❝t✐♦♥ ❞❡ ❉❛♥✐❡❧ ▲❛t❤r♦♣✱ ❛ ❝♦♥str✉✐t ✉♥❡ s♣❤èr❡ ❞❡ tr♦✐s ♠ètr❡s ❞❡
❞✐❛♠ètr❡ à ❧✬✐♥tér✐❡✉r ❞❡ ❧❛q✉❡❧❧❡ s❡ tr♦✉✈❡ ✉♥❡ ❣r❛✐♥❡ s♣❤ér✐q✉❡✳ ❈❡t é❝♦✉❧❡♠❡♥t ❞❡
❈♦✉❡tt❡✲❚❛②❧♦r s♣❤ér✐q✉❡✱ s✐♠✐❧❛✐r❡ à ❉❚❙✱ ♥✬❛ ♣❛s ❡♥❝♦r❡ ❡♥❣❡♥❞ré ❞✬❡✛❡t ❞②♥❛♠♦
✳ ❆ P❡r♠✱ ❡♥ ❘✉ss✐❡✱ ❧✬éq✉✐♣❡ ❞❡ P❡t❡r ❋r✐❝❦ ✉t✐❧✐s❡ ✉♥ t♦r❡ ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡ s♦✉♠✐s
à ✉♥ ❢r❡✐♥❛❣❡ ❜r✉t❛❧✳ P❡♥❞❛♥t ❧❡ ❝♦✉rt ✐♥t❡r✈❛❧❧❡ ❞❡ t❡♠♣s ♣❡♥❞❛♥t ❧❡q✉❡❧ ❧❡ ✢✉✐❞❡
r❡t♦✉r♥❡ à ❧✬éq✉✐❧✐❜r❡✱ ❝❡tt❡ éq✉✐♣❡ ❡s♣èr❡ ♦❜s❡r✈❡r ❧❛ ❣é♥ér❛t✐♦♥ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥é✲
t✐q✉❡ ♣❛r ❡✛❡t ❞②♥❛♠♦✳ ❊♥✜♥✱ ❧✬éq✉✐♣❡ ❞❡ ❈❛r② ❋♦r❡st✱ à ❧✬✉♥✐✈❡rs✐té ❞✉ ❲✐s❝♦♥s✐♥ à
▼❛❞✐s♦♥✱ ét✉❞✐❡ ✉♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ♣rés❡♥t❛♥t q✉❡❧q✉❡s s✐♠✐❧❛r✐tés ❛✈❡❝ ❧✬❡①♣ér✐❡♥❝❡
❱❑❙✳ ■❧ s✬❛❣✐t ❞✬✉♥❡ s♣❤èr❡ ❞✬✶ ♠ètr❡ ❞❡ ❞✐❛♠ètr❡✱ r❡♠♣❧✐❡ ❞❡ s♦❞✐✉♠ ❧✐q✉✐❞❡✱ ❞❛♥s
❧❛q✉❡❧❧❡ s❡ tr♦✉✈❡ ❞❡✉① ❤é❧✐❝❡s ❡♥ ❝♦♥tr❛✲r♦t❛t✐♦♥ ✭✈♦✐r ✜❣✉r❡ ✷✳✺✮✳ ❈❡tt❡ ❡①♣ér✐❡♥❝❡
♥✬❛ ♣❛s ♥♦♥ ♣❧✉s ♠♦♥tré✱ à ❝❡ ❥♦✉r✱ ❞❡ ❣é♥ér❛t✐♦♥ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣❛r ❡✛❡t



✷✳✶ ▲❛ ❚❡rr❡ ❡♥ ❧❛❜♦r❛t♦✐r❡ ✷✸

❞②♥❛♠♦✱ ♠❛✐s ❞✬✐♥tér❡ss❛♥t❡s ét✉❞❡s ❞✬✐♥❞✉❝t✐♦♥ ♦♥t é❣❛❧❡♠❡♥t été ♠❡♥é❡s ❬✼✾❪✳
The Madison Dynamo Experiment

1 meter diameter sphere

180 gallons liquid sodium

Two 75 kW motors drive 

impellers (30 Hz max)

Two sets of orthogonal coils 

can apply fields up to 100 G

74 Hall probes on surface of 

sphere to measure field

60 Hall probes within radial 

tubes inside sphere

16 surface potential 

measurements

❋✐❣✳ ✷✳✺✿ ■❧❧✉str❛t✐♦♥ s❝❤é♠❛t✐q✉❡ ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❞✉ ❲✐s❝♦♥s✐♥✳ ❖♥ ✈♦✐t ❝❧❛✐r❡♠❡♥t ❧❡s
❞❡✉① ❤é❧✐❝❡s ♣❧♦♥❣é❡s à ❧✬✐♥tér✐❡✉r ❞❡ ❧❛ s♣❤èr❡✳

❚♦✉t ❛✉ ❧♦♥❣ ❞❡ ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ❛❧❧♦♥s ♣rés❡♥t❡r ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ❞❡ ♠❛♥✐èr❡
♥♦♥✲❡①❤❛✉st✐✈❡✱ ❡♥ ❡ss❛②❛♥t ❞❡ s❡ r❡str❡✐♥❞r❡ ❛✉① rés✉❧t❛ts ❧❡s ♣❧✉s ✐♠♣♦rt❛♥ts✳ ❉❡
♣❧✉s✱ ♥♦✉s ❞♦♥♥❡r♦♥s ❧❡s ❞✐✛ér❡♥t❡s ✐♥t❡r♣rét❛t✐♦♥s t❤é♦r✐q✉❡s q✉✐ ♦♥t été ♣r♦♣♦sé❡s✳
▲❡s ♠♦❞é❧✐s❛t✐♦♥s ♥✉♠ér✐q✉❡s ré❛❧✐sé❡s ♣❡♥❞❛♥t ♠❛ t❤ès❡ s❡ ♣♦s❡r♦♥t ❛❧♦rs ❝♦♠♠❡
✉♥ ♦✉t✐❧ ❡ss❡♥t✐❡❧ ♣♦✉r ❝♦♠♣r❡♥❞r❡ ❝❡rt❛✐♥s ❛s♣❡❝ts ❞❡ ❧✬❡①♣ér✐❡♥❝❡✱ ❡t ❞❛♥s ❝❡rt❛✐♥s
❝❛s ❢❛✐r❡ ❧❡ ❧✐❡♥ ❛✈❡❝ ❧❡s ❡①♣❧✐❝❛t✐♦♥s t❤é♦r✐q✉❡s✳



✷✹ ❆♣♣r♦❝❤❡ ❊①♣ér✐♠❡♥t❛❧❡ ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦

✷✳✷ ❱❑❙ ✿ ♠♦♥t❛❣❡ ❡①♣ér✐♠❡♥t❛❧

▲✬❡①♣ér✐❡♥❝❡ ❱❑❙ ✭♣♦✉r ❱♦♥ ❑❛r♠❛♥ ❙♦❞✐✉♠✮ ❡st ❧❡ ❢r✉✐t ❞✬✉♥❡ ❝♦❧❧❛❜♦r❛t✐♦♥
ré✉♥✐ss❛♥t ❧❡ ❈♦♠♠✐ss❛r✐❛t à ❧✬❊♥❡r❣✐❡ ❆t♦♠✐q✉❡ ✭❈❊❆✮ ❞❡ ❙❛❝❧❛② ❡t ❧❡s ❊❝♦❧❡s ◆♦r✲
♠❛❧❡s ❙✉♣ér✐❡✉r❡s ✭❊◆❙✮ ❞❡ ▲②♦♥ ❡t ❞❡ P❛r✐s✳ ▲✬✐❞é❡ ❝❡♥tr❛❧❡✱ ♣r♦♣♦sé❡ ♣❛r ❙t❡♣❤❛♥
❋❛✉✈❡ ❞ès ✶✾✾✸✱ ❡st ❞✬❡♥❣❡♥❞r❡r ❧❛ ❞②♥❛♠♦ à ❧✬❛✐❞❡ ❞✬✉♥ é❝♦✉❧❡♠❡♥t ❞✐t ❞❡ ✬✈♦♥
❑❛r♠❛♥✬ ❞❛♥s ✉♥ ❝②❧✐♥❞r❡ ❝♦♥t❡♥❛♥t ✉♥ ♠ét❛❧ ❧✐q✉✐❞❡✱ à ❧✬❛✐❞❡ ❞❡ ❞❡✉① ❞✐sq✉❡s ♦✉
t✉r❜✐♥❡s ❡♥ r♦t❛t✐♦♥✱ s✐t✉é❡s ❛✉① ❞❡✉① ❡①tré♠✐tés ❞✉ ❝②❧✐♥❞r❡✳ ❈✬❡st ✈♦♥ ❑❛r♠❛♥
q✉✐✱ ❡♥ ✶✾✷✶✱ ét✉❞✐❛ ❡♥ ♣r❡♠✐❡r ❧✬é❝♦✉❧❡♠❡♥t ❞❛♥s ✉♥ ❞♦♠❛✐♥❡ s❡♠✐✲✐♥✜♥✐ ❡♥tr❛✐♥é
♣❛r ✉♥ ❞✐sq✉❡ ❡♥ r♦t❛t✐♦♥ ❬✸✽❪✳ ❈❡tt❡ ét✉❞❡ ❢✉t ❣é♥ér❛❧✐sé❡ ♣❛r ❧❛ s✉✐t❡ ♣❛r ❇❛t❝❤❡✲
❧♦r ❡♥ ✶✾✺✶✱ q✉✐ ét❡♥❞✐t ❧❡ ♣r♦❜❧è♠❡ à ❞❡✉① ❞✐sq✉❡s ❡♥ r♦t❛t✐♦♥s ❬✺❪✳ ▲❡s ❞ét❛✐❧s ❞❡
❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ❡①♣ér✐♠❡♥t❛❧❡ ♦♥t s✉❜✐✱ ❛✉ ❝♦✉rs ❞❡s q✉✐♥③❡ ❞❡r♥✐èr❡s ❛♥♥é❡s✱ ❞❡
♥♦♠❜r❡✉s❡s ♠♦❞✐✜❝❛t✐♦♥s✳ ▲❛ ❞✐✣❝✉❧té à ♦❜t❡♥✐r ❧❛ ❣é♥ér❛t✐♦♥ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥é✲
t✐q✉❡ ❛ ♣♦✉ssé ❧✬éq✉✐♣❡ à t❡st❡r ❞✐✛ér❡♥t❡s ❝♦♥✜❣✉r❛t✐♦♥s✱ ❝❤❡r❝❤❛♥t ❝♦♥t✐♥✉❡❧❧❡♠❡♥t
à ❛❜❛✐ss❡r ❧❡ s❡✉✐❧ ❞❡ ❧❛ ❞②♥❛♠♦✱ ♦✉ ❛❝❝r♦îtr❡ ❧❛ ♣✉✐ss❛♥❝❡ ❞✐s♣♦♥✐❜❧❡✳ ❚♦✉t ❛✉ ❧♦♥❣
❞❡ ❝❡ ❝❤❛♣✐tr❡✱ ♦♥ s✬✐♥tér❡ss❡ ♣r✐♥❝✐♣❛❧❡♠❡♥t à ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ❛②❛♥t ♣♦✉r ❧❛ ♣r❡✲
♠✐èr❡ ❢♦✐s ♠❡♥é à ✉♥ ❡✛❡t ❞②♥❛♠♦✳ ◆♦✉s ❞✐s❝✉t❡r♦♥s t♦✉t❡❢♦✐s à ❧❛ ✜♥ ❞❡ ❝❡ ❝❤❛♣✐tr❡
❧✬❡✛❡t ❞❡s ❝❡rt❛✐♥❡s ♠♦❞✐✜❝❛t✐♦♥s ❛♣♣♦rté❡s à ❧✬❡①♣ér✐❡♥❝❡✳ ❯♥ s❝❤é♠❛ ❞✉ ❞✐s♣♦s✐t✐❢

❋✐❣✳ ✷✳✻✿ ▲✬❡①♣ér✐❡♥❝❡ ❱❑❙✳ ❆ ❣❛✉❝❤❡ ✿ s❝❤é♠❛ t②♣✐q✉❡ ❞❡ ❧✬❡①♣ér✐❡♥❝❡✳ ▲❡ ❝②❧✐♥❞r❡✱ ♣❧❛❝é
❤♦r✐③♦♥t❛❧❡♠❡♥t✱ ❡st ♠✉♥✐ ❞❡ ❞❡✉① ❞✐sq✉❡s ❡♥ ❝♦♥tr❛✲r♦t❛t✐♦♥✳ ❆ ❞r♦✐t❡ ✿ ♣❤♦t♦
❞❡ ❧✬✐♥tér✐❡✉r ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❧♦rsq✉❡ ❧✬✉♥ ❞❡s ❞✐sq✉❡s ❡st r❡t✐ré ✿ ❖♥ ✈♦✐t ❛✉ ❢♦♥❞
❧❡ ❞❡✉①✐è♠❡ ❞✐sq✉❡ ❡t ❧✬ ❡s♣❛❝❡ ❡♥tr❡ ❧❛ ❝✉✈❡ ❡t ❧❡ ❝②❧✐♥❞r❡ ❡①tér✐❡✉r✱ ♣❡r♠❡tt❛♥t
❧✬❛❥♦✉t ❞✉ s♦❞✐✉♠ ❛✉ r❡♣♦s✳ ◆♦t❡r ❧❛ ♣rés❡♥❝❡ ❞❡ ♥♦♠❜r❡✉① t✉②❛✉① ❛ss✉r❛♥t ❧❡
r❡❢r♦✐❞✐ss❡♠❡♥t ❞❡ ❧✬❡♥s❡♠❜❧❡✳

❡①♣ér✐♠❡♥t❛❧✱ ❛✐♥s✐ q✉✬✉♥❡ ♣❤♦t♦ ❞❡ ❧✬❡①♣ér✐❡♥❝❡✱ s♦♥t ♣rés❡♥tés s✉r ❧❛ ✜❣✉r❡ ✷✳✻✳
▲✬❡①♣ér✐❡♥❝❡ ❱❑❙ ❡st ❝♦♥st✐t✉é❡ ❞✬✉♥❡ ❝✉✈❡ ❡♥ ❝✉✐✈r❡✱ r❡♠♣❧✐❡ ❞✬❡♥✈✐r♦♥ 150 ❧✐tr❡s
❞❡ s♦❞✐✉♠ ❧✐q✉✐❞❡✳ ❖♥ tr♦✉✈❡ s✉r ❧❡ s❝❤é♠❛ ✷✳✼ ❧❡s ❞✐♠❡♥s✐♦♥s ❡①❛❝t❡s ❞✉ ❞✐s♣♦s✐t✐❢✳
▲❛ ❝✉✈❡ ❡st ✉♥ ❝②❧✐♥❞r❡ ❞❡ r❛②♦♥ R = 289mm ❡t ❞❡ ❧♦♥❣✉❡✉r L = 606mm✳ ❊♥ ❢❛✐t✱
❧✬✐♥tér✐❡✉r ❞❡ ❝❡tt❡ ❝✉✈❡ ❡st sé♣❛ré❡ ❡♥ ❞❡✉① ❞♦♠❛✐♥❡s ❞✐st✐♥❝ts ♣❛r ✉♥ ❝②❧✐♥❞r❡ ❡♥
❝✉✐✈r❡ ❞❡ 4mm ❞✬é♣❛✐ss❡✉r✳ ❆ ❧✬✐♥tér✐❡✉r ❞❡ ❝❡ ❝②❧✐♥❞r❡ ❞❡ r❛②♦♥ Ri = 206mm✱ ❧❡ s♦✲
❞✐✉♠ ❡st ♠✐s ❡♥ ♠♦✉✈❡♠❡♥t ♣❛r ❧❡s t✉r❜✐♥❡s✱ t❛♥❞✐s q✉✬à ❧✬❡①tér✐❡✉r ❧❡ s♦❞✐✉♠ ② ❡st



✷✳✷ ❱❑❙ ✿ ♠♦♥t❛❣❡ ❡①♣ér✐♠❡♥t❛❧ ✷✺

❛✉ r❡♣♦s✳ ▲❡s t✉r❜✐♥❡s s♦♥t ❞❡✉① ❞✐sq✉❡s ❝♦❛①✐❛✉① ❛✈❡❝ ❧✬❛①❡ ❞✉ ❝②❧✐♥❞r❡✱ ❞❡ r❛②♦♥
155mm ❡t sé♣❛rés ❡♥tr❡ ❡✉① ❞❡ 412mm✳ ❯♥ ❡♥tr❛î♥❡♠❡♥t ✈✐sq✉❡✉① ❞❡ ❝❡s ❞✐sq✉❡s
♥✬ét❛♥t ♣❛s très ❡✣❝❛❝❡✱ ❝❤❛❝✉♥ ❞❡s ❞✐sq✉❡s ❡st ♠✉♥✐ ❞❡ ❤✉✐t ♣❛❧❡s ❝♦✉r❜❡s ❞❡ ❤❛✉✲
t❡✉r 41mm✱ ❛✜♥ ❞✬❛❝❝r♦îtr❡ ❧❡ ❢♦rç❛❣❡ ✐♥❡rt✐❡❧ ❞✉ ✢✉✐❞❡✳ ◆♦✉s ✈❡rr♦♥s ♣❛r ❧❛ s✉✐t❡
q✉✬✐❧ ❡st ♣♦ss✐❜❧❡ q✉❡ ❝❡s ♣❛❧❡s ❥♦✉❡♥t ✉♥ rô❧❡ ♣❧✉s ✐♠♣♦rt❛♥t✳ ▲❛ ❝♦✉r❜✉r❡ ❞❡s ♣❛❧❡s
❢♦✉r♥✐t ✉♥ ♠♦②❡♥ s✉♣♣❧é♠❡♥t❛✐r❡ ❞❡ ✈❛r✐❡r ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ❞❡ ❧✬❡①♣ér✐❡♥❝❡✱ ♣✉✐sq✉❡
❝❡❧❛ ✐♠♣❧✐q✉❡ q✉❡ ❧❡s ❞❡✉① s❡♥s ❞❡ r♦t❛t✐♦♥ ♥❡ s♦✐❡♥t ♣❛s t♦✉t à ❢❛✐t éq✉✐✈❛❧❡♥ts
q✉❛♥t à ❧❛ str✉❝t✉r❡ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t✳ ▲❡s ❞✐sq✉❡s ❛✐♥s✐ q✉❡ ❧❡s ♣❛❧❡s ét❛✐❡♥t ❡♥ ❛❝✐❡r
✐♥♦①②❞❛❜❧❡ ❛✈❛♥t ✷✵✵✻✱ ❡t ♦♥t été r❡♠♣❧❛❝és ♣❛r ❞❡s ❞✐sq✉❡s ❡♥ ❢❡r ❞♦✉①✱ ❞❡ ♣❡r♠é❛✲
❜✐❧✐té ♠❛❣♥ét✐q✉❡ ❞❡ ❧✬♦r❞r❡ ❞❡ ✶✵✵✵✳ ◆♦✉s ✈❡rr♦♥s q✉✬✐❧ s✬❛❣✐t ❞✬✉♥❡ ♠♦❞✐✜❝❛t✐♦♥
❝r✉❝✐❛❧❡ ❛♣♣♦rté❡ à ❧✬❡①♣ér✐❡♥❝❡✳ ❊♥✜♥✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❞✬❛❥♦✉t❡r ✉♥
✜♥ ❛♥♥❡❛✉ ❞❡ ❝✉✐✈r❡ ❞❛♥s ❧❡ ♣❧❛♥ ♠é❞✐❛♥ ❞✉ ❝②❧✐♥❞r❡ ✐♥tér✐❡✉r✱ ❞❡ r❛②♦♥ 175mm ❡t
❞✬é♣❛✐ss❡✉r 5mm✳

❋✐❣✳ ✷✳✼✿ ❙❝❤é♠❛ ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ✐♥❞✐q✉❛♥t ❧❡s ❝♦t❡s ❡①❛❝t❡s ❞✉ ❞✐s♣♦s✐t✐❢✳ ❆ ❣❛✉❝❤❡✱
❧❡s ✈❛❧❡✉rs ✐♥❞✐q✉é❡s s♦♥t ❡♥ ♠♠ t❛♥❞✐s q✉✬❡❧❧❡s s♦♥t ♥♦r♠❛❧✐sé❡s ♣❛r ❧❡ r❛②♦♥
❞❡ ❧❛ ❝✉✈❡ à ❞r♦✐t❡✳

▲❡s ❞❡✉① ❞✐sq✉❡s s♦♥t ♠✐s ❡♥ r♦t❛t✐♦♥ à ❧✬❛✐❞❡ ❞❡ q✉❛tr❡ ♠♦t❡✉rs ❢♦✉r♥✐ss❛♥t
✉♥❡ ♣✉✐ss❛♥❝❡ ❞❡ 150kW ♣♦✉r ❝❤❛q✉❡ ❞✐sq✉❡✳ ❈❡s 300 ❦❲ ❞✐s♣♦♥✐❜❧❡s ♣❡r♠❡tt❡♥t
❞✬❛tt❡✐♥❞r❡ ❞❡s ❢réq✉❡♥❝❡s ❞❡ r♦t❛t✐♦♥ ❞✬❡♥✈✐r♦♥ 30 ❍③✳ ■❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ❢❛✐r❡ t♦✉r♥❡r
❝❡s ❞❡✉① ❞✐sq✉❡s ❞❛♥s ❧❡s ❞❡✉① s❡♥s✱ ❡♥ t❤é♦r✐❡ ✐♥❞é♣❡♥❞❛♠♠❡♥t ❧✬✉♥ ❞❡ ❧✬❛✉tr❡✳
▲♦rsq✉❡ ❧❡s ❞✐sq✉❡s t♦✉r♥❡♥t ❡♥ s❡♥s ♦♣♣♦sé✱ ❧❡ ✢✉✐❞❡ ❡st ❛❧♦rs s♦✉♠✐s ❛ ✉♥ ❢♦rt
❝✐s❛✐❧❧❡♠❡♥t ❞❛♥s ❧❡ ♣❧❛♥ ♠é❞✐❛♥ ❞✉ ❝②❧✐♥❞r❡ ❡t ❧✬♦♥ ❛tt❡✐♥t ✉♥ ré❣✐♠❡ très ❢♦rt❡♠❡♥t
t✉r❜✉❧❡♥t✳ ▲❡s 300kW ❢♦✉r♥✐s ❛✉ s♦❞✐✉♠ ❧✐q✉✐❞❡ ♣r♦✈♦q✉❡♥t ✐♥é✈✐t❛❜❧❡♠❡♥t ✉♥❡



✷✻ ❆♣♣r♦❝❤❡ ❊①♣ér✐♠❡♥t❛❧❡ ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦

❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧❛ t❡♠♣ér❛t✉r❡ ❞✉ ✢✉✐❞❡✳ ❚♦✉t ❛✉t♦✉r ❞❡ ❧❛ ❝✉✈❡ s❡ tr♦✉✈❡ ❞♦♥❝
✉♥ rés❡❛✉ ❞❡ t✉②❛✉① ❞❡ r❡❢r♦✐❞✐ss❡♠❡♥t✱ ❛✜♥ ❞❡ ré❣✉❧❡r ❧❛ t❡♠♣ér❛t✉r❡ ❞✉ s♦❞✐✉♠
❧✐q✉✐❞❡ à ❡♥✈✐r♦♥ 120✝✳ ❊♥ ❡✛❡t✱ ❧❛ ❝♦♥❞✉❝t✐✈✐té é❧❡❝tr✐q✉❡ ❞✉ s♦❞✐✉♠ ❞✐♠✐♥✉❡ ❛✈❡❝ ❧❛
t❡♠♣ér❛t✉r❡ ❡t ♣✉✐sq✉✬✐❧ s✬❛❣✐t ❞✬✉♥❡ ❡①♣ér✐❡♥❝❡ à ♣r✐♦r✐ ♣rès ❞✉ s❡✉✐❧ ❞✬✐♥st❛❜✐❧✐té✱
✉♥ ❝❤❛♥❣❡♠❡♥t✱ ♠ê♠❡ ♠✐♥✐♠❡✱ ❞❡ ❝❡tt❡ ❝♦♥❞✉❝t✐✈✐té ♣❡✉t ❛✛❡❝t❡r ❣r❛♥❞❡♠❡♥t ❧❛
❣é♥ér❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳

▲✬✐♥str✉♠❡♥t❛t✐♦♥ ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ❡st é❣❛❧❡♠❡♥t ✉♥❡ ♣❛rt ✐♠♣♦rt❛♥t❡ ❞✉
❞✐s♣♦s✐t✐❢✳ ■❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ♠❡s✉r❡r ❧❛ ♣✉✐ss❛♥❝❡ ✐♥❥❡❝té❡ ❞❛♥s ❧✬é❝♦✉❧❡♠❡♥t ❛✐♥s✐ q✉❡
❧❛ t❡♠♣ér❛t✉r❡ à ❧✬✐♥tér✐❡✉r ❞❡ ❧❛ ❝✉✈❡✳ P♦✉r ♠❡s✉r❡r ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ♥♦✉s
✉t✐❧✐s♦♥s ♣r✐♥❝✐♣❛❧❡♠❡♥t ❞❡s ❝❛♣t❡✉rs à ❡✛❡t ❍❛❧❧✳ ▲❡s ♠❡s✉r❡s s♦♥t ❣é♥ér❛❧❡♠❡♥t
ré❛❧✐sé❡s ❛✈❡❝ ✉♥ ❣❛✉ss♠ètr❡ ✉♥✐q✉❡ ♦✉ ❞❡s s♦♥❞❡s ♠✉❧t✐♣❧❡s✱ ❛ss❡♠❜❧❛❣❡s ❝♦♥st✐t✉és
❞✬✉♥❡ ❞✐③❛✐♥❡ ❞❡ s♦♥❞❡s ❍❛❧❧✳ ▲❛ ♣rés❡♥❝❡ ❞❡ ✬❞♦✐❣ts ❞❡ ❣❛♥ts✬✱ s♦rt❡s ❞❡ t✉❜❡s
♠ét❛❧❧✐q✉❡s ♣❧♦♥❣❡❛♥t à ❧✬✐♥tér✐❡✉r ❞❡ ❧❛ ❝✉✈❡ ❞❛♥s ❧❡sq✉❡❧s ❧❡s s♦♥❞❡s s♦♥t ✐♥séré❡s✱
♣❡r♠❡t ❞✬♦❜t❡♥✐r ❧❛ ✈❛❧❡✉r ❞✉ ❝❤❛♠♣ à ❧✬✐♥tér✐❡✉r ❞❡ ❧✬é❝♦✉❧❡♠❡♥t✳ ■❧ ❡st ❡♥ r❡✈❛♥❝❤❡
♣❧✉s ❞✐✣❝✐❧❡ ❞✬♦❜t❡♥✐r ❞❡s ✐♥❢♦r♠❛t✐♦♥s s✉r ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡✳ ◆♦✉s ✈❡rr♦♥s t♦✉t ❛✉
❧♦♥❣ ❞❡ ❝❡tt❡ t❤ès❡ q✉❡ ❧✬é❝♦✉❧❡♠❡♥t ❡st ❞♦♥❝ s♦✉✈❡♥t ❞é❞✉✐t ✐♥❞✐r❡❝t❡♠❡♥t à ♣❛rt✐r
❞❡ ♠❡s✉r❡s ❡♥ ❡❛✉✳ ❯♥❡ ❡①♣ér✐❡♥❝❡ ❛ ❞❛♥s ❝❡ ❜✉t été ❞é✈❡❧♦♣♣é❡ à ❙❛❝❧❛②✱ ♦ù ❡st
✉t✐❧✐sé❡ ✉♥❡ ❝✉✈❡ ❡♥ t♦✉t ♣♦✐♥t ✐❞❡♥t✐q✉❡ à ❝❡❧❧❡ ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✱ ♠❛✐s à ❧✬é❝❤❡❧❧❡
✶✴✷ ❡t r❡♠♣❧✐❡ ❞✬❡❛✉✳ ❉❡s ❞é✈❡❧♦♣♣❡♠❡♥ts s♦♥t ❛❝t✉❡❧❧❡♠❡♥t ❡♥ ❝♦✉rs✱ ♥♦t❛♠♠❡♥t
s✉✐t❡ à ❧❛ t❤ès❡ ❞❡ ▼✳ ❇❡r❤❛♥✉✱ ❛✜♥ ❞✬♦❜t❡♥✐r ❞❡s ♠❡s✉r❡s ❤②❞r♦❞②♥❛♠✐q✉❡s à ♣❛rt✐r
❞❡ s♦♥❞❡s à ❞✐✛ér❡♥❝❡ ❞❡ ♣♦t❡♥t✐❡❧ ❞❛♥s ❧❡ s♦❞✐✉♠✳



✷✳✸ ❘és✉❧t❛ts ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ✷✼

✷✳✸ ❘és✉❧t❛ts ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙

✷✳✸✳✶ ❊❝♦✉❧❡♠❡♥t

P❧✉s✐❡✉rs r❛✐s♦♥s ♦♥t ♠♦t✐✈é ❝❡tt❡ ❝♦♥✜❣✉r❛t✐♦♥ ❞✬✉♥ ❝②❧✐♥❞r❡ ♠✉♥✐ ❞❡ ❞❡✉①
❞✐sq✉❡s ❡♥ ❝♦♥tr❛✲r♦t❛t✐♦♥✳ ■❧ s✬❛❣✐t ❛✈❛♥t t♦✉t ❞✬✉♥ t②♣❡ ❞✬é❝♦✉❧❡♠❡♥t ❜✐❡♥ ❝♦♥♥✉✱
q✉✐ ❛ été ❧✬♦❜❥❡t ❞❡ ♥♦♠❜r❡✉s❡s ét✉❞❡s ❤②❞r♦❞②♥❛♠✐q✉❡s ❞❛♥s ❧❡s ❛♥♥é❡s ✽✵ ❡t ✾✵
✭ ✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬✷✶❪✮✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ♣r♦❞✉✐t ❝♦♥t✐❡♥t ❞❡✉①
✐♥❣ré❞✐❡♥ts ✐♠♣♦rt❛♥ts ❝♦♥♥✉s ♣♦✉r ❢❛✈♦r✐s❡r ❧✬❡✛❡t ❞②♥❛♠♦ ✿ ✉♥❡ ❢♦rt❡ r♦t❛t✐♦♥ ❞✐❢✲
❢ér❡♥t✐❡❧❧❡ ❛✐♥s✐ q✉❡ ❞❡ ❧✬❤é❧✐❝✐té ❝✐♥ét✐q✉❡✱ s✉r ❧❡sq✉❡❧❧❡s ♥♦✉s r❡✈✐❡♥❞r♦♥s ♣❧✉s t❛r❞✳
▼❛✐s ❧✬✐♥térêt ♠❛❥❡✉r ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ rés✐❞❡ ❞❛♥s ❧❡ ❢❛✐t q✉❡ ❝❡tt❡ ❝♦♥✜❣✉r❛✲
t✐♦♥ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ✉♥ ♥✐✈❡❛✉ ❡①trê♠❡♠❡♥t ✐♠♣♦rt❛♥t ❞❡ t✉r❜✉❧❡♥❝❡✳ ▲✬é❝♦✉❧❡✲
♠❡♥t✱ ❝♦♠♣❧èt❡♠❡♥t ❝❤❛♦t✐q✉❡✱ ♥✬❛♣♣❛r❛ît str✉❝t✉ré q✉✬à ❝♦♥❞✐t✐♦♥ ❞❡ ré❛❧✐s❡r ✉♥❡
♠♦②❡♥♥❡ t❡♠♣♦r❡❧❧❡✳ ❈✬❡st ❝❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ♠♦②❡♥ q✉❡ ♥♦✉s ❛❧❧♦♥s ❞é❝r✐r❡ ❞❛♥s
✉♥ ♣r❡♠✐❡r t❡♠♣s✳

▲✬é❝♦✉❧❡♠❡♥t ♠♦②❡♥ ♣r♦❞✉✐t ❛✉ s❡✐♥ ❞❡ ❧❛ ❝✉✈❡ ❡st ❞✐t ❞❡ ✬✈♦♥ ❑❛r♠❛♥✬✳ ▲♦rs✲
q✉✬✉♥ ❞❡s ❞✐sq✉❡s t♦✉r♥❡✱ ✐❧ ♣r♦❞✉✐t ❧♦❝❛❧❡♠❡♥t ✉♥ ❢♦rt ❡♥tr❛î♥❡♠❡♥t ❞✉ ✢✉✐❞❡ ❞❛♥s
❧❛ ❞✐r❡❝t✐♦♥ ❛③✐♠✉t❛❧❡✳ ❙✐ ❧❡s ❞❡✉① ❞✐sq✉❡s t♦✉r♥❡♥t ❡♥ s❡♥s ♦♣♣♦sé ♠❛✐s à ❞❡s ✈✐✲
t❡ss❡s ❞❡ r♦t❛t✐♦♥ ✐❞❡♥t✐q✉❡s✱ ré❣✐♠❡ ♣❛r❢♦✐s ❛♣♣❡❧é ✬❝♦♥tr❛✲r♦t❛t✐♦♥ ❡①❛❝t❡✬✱ ❝❡❧❛
♣r♦❞✉✐t ❞❡✉① ❝❡❧❧✉❧❡s ❞❡ ✈✐t❡ss❡ t♦r♦ï❞❛❧❡ ❝♦♥tr❛r♦t❛t✐✈❡s✳ P❛r s②♠étr✐❡✱ ❧❛ r♦t❛t✐♦♥
❞✉ ✢✉✐❞❡✱ ❞❡ s❡♥s ♦♣♣♦sé ♣rès ❞❡ ❝❤❛q✉❡ ❞✐sq✉❡✱ ❞♦✐t s✬❛♥♥✉❧❡r ❞❛♥s ❧❡ ♣❧❛♥ ♠é❞✐❛♥
❡♥tr❡ ❧❡s ❞❡✉① ❞✐sq✉❡s✳ ❈✬❡st ♣♦✉rq✉♦✐ ❝❡❧❛ ❞♦♥♥❡ ♥❛✐ss❛♥❝❡✱ ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡✱ à
✉♥ ❢♦rt ❝✐s❛✐❧❧❡♠❡♥t ❞❛♥s ❧❡ ♣❧❛♥ éq✉❛t♦r✐❛❧ ❞✉ ❝②❧✐♥❞r❡✳ ■❧ ② ❛ é❣❛❧❡♠❡♥t ✉♥❡ ❢♦rt❡
r❡❝✐r❝✉❧❛t✐♦♥ ♣♦❧♦ï❞❛❧❡ ✿ ❧♦rsq✉✬✉♥ ❞✐sq✉❡ t♦✉r♥❡✱ ✐❧ ❝ré❡ ✉♥❡ ❢♦r❝❡ ❝❡♥tr✐❢✉❣❡ q✉✐
é❥❡❝t❡ ❧❡ ✢✉✐❞❡ ❞❡♣✉✐s ❧✬❛①❡ ❝❡♥tr❛❧ ✈❡rs ❧❛ ♣ér✐♣❤ér✐❡ ❞✉ ❝②❧✐♥❞r❡✳ ▲❡ ✢✉✐❞❡ r❡❝✐r❝✉❧❡
✈❡rs ❧✬❛①❡ ♣rès ❞❡ ❧❛ ❝♦✉❝❤❡ ♠é❞✐❛♥❡✱ ♣♦✉r ② êtr❡ ❢♦rt❡♠❡♥t ♣♦♠♣é ❡♥ ❞✐r❡❝t✐♦♥ ❞❡s
❞✐sq✉❡s✳ ▲❛ ✜❣✉r❡ ✷✳✽ ♠♦♥tr❡ s❝❤é♠❛t✐q✉❡♠❡♥t à q✉♦✐ r❡ss❡♠❜❧❡ ❧✬é❝♦✉❧❡♠❡♥t ♠♦②❡♥
❞❡ ❱♦♥ ❑❛r♠❛♥✳ ❙❡❧♦♥ ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ✐♥tr♦❞✉✐t❡ ♣❛r ❉✉❞❧❡② ❡t ❏❛♠❡s ❡♥ ✶✾✽✾ ❬✷✵❪✱
❝❡t é❝♦✉❧❡♠❡♥t ❡st ♣❛r❢♦✐s ❝♦♥s✐❞éré ❝♦♠♠❡ ét❛♥t ❞✉ t②♣❡ s0

2 + t0
2 ✱ ❝❛r ✐❧ ✐♠♣❧✐q✉❡ à

❧❛ ❢♦✐s ✉♥❡ ♣❛rt✐❡ ♣♦❧♦ï❞❛❧❡ ❡t ✉♥❡ ♣❛rt✐❡ t♦r♦ï❞❛❧❡ ❞❡ ❞❡❣rés ❞✬❤❛r♠♦♥✐q✉❡ s♣❤ér✐q✉❡
l = 2 ❡t m = 0

▲❛ ❝❛r❛❝tér✐st✐q✉❡ ♣r✐♥❝✐♣❛❧❡ ❞❡ ❝❡t é❝♦✉❧❡♠❡♥t ❡st ❞♦♥❝ q✉✬✐❧ ♣rés❡♥t❡ t♦✉t
❞✬❛❜♦r❞ ✉♥❡ ❢♦rt❡ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡✱ ❞✉❡ ❛✉ ❝✐s❛✐❧❧❡♠❡♥t ❞❡ ❧❛ ❝♦♥tr❛✲r♦t❛t✐♦♥
❞❛♥s ❧❡ ♣❧❛♥ éq✉❛t♦r✐❛❧✳ ■❧ s✬❛❣✐t ❞✬✉♥❡ ♠❛♥✐èr❡ très ❡✣❝❛❝❡ ❞✬❛♠♣❧✐✜❡r ❞✉ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡✱ ♣❛r ❡①❡♠♣❧❡ ❡♥ ❛❞✈❡❝t❛♥t ♥♦♥✲✉♥✐❢♦r♠é♠❡♥t ❞❡s ❧✐❣♥❡s ❞❡ ❝❤❛♠♣ ✐♥✐✲
t✐❛❧❡♠❡♥t ❛①✐❛❧❡s✱ ❝ré❛♥t ❛✐♥s✐ ❞✉ ❝❤❛♠♣ s❡❧♦♥ ❧❛ ❞✐r❡❝t✐♦♥ ❛③✐♠✉t❛❧❡✳ ❯♥❡ ❛✉tr❡
s♦✉r❝❡ ❞❡ ❝✐s❛✐❧❧❡♠❡♥t ✈✐❡♥t é❣❛❧❡♠❡♥t ❞❡ ❧❛ ♣rés❡♥❝❡ ❞❡s ♣❛❧❡s✳ ▲❡ ✢✉✐❞❡ ❥✉st❡ ❛♣rès
❧❡ ❞✐sq✉❡s ♥❡ t♦✉r♥❡ ❥❛♠❛✐s t♦t❛❧❡♠❡♥t à ❧❛ ♠ê♠❡ ✈✐t❡ss❡ q✉❡ ❧❡ ❞✐sq✉❡✱ ♠❛✐s ❧é❣è✲
r❡♠❡♥t ♠♦✐♥s ✈✐t❡✳ ❚♦✉t❡❢♦✐s✱ ❧❛ ♣rés❡♥❝❡ ❞❡s ♣❛❧❡s ❞é❧✐♠✐t❡ ❞❡s ❡s♣❛❝❡s ♦ù ❧❡ ✢✉✐❞❡
② ❡st ❡♥tr❛î♥é ❡♥ ❜❧♦❝✱ à ✉♥❡ ✈✐t❡ss❡ ♣r♦❝❤❡ ❞❡ ❝❡❧❧❡ ❞❡s ❞✐sq✉❡s✳ ❉❛♥s ❝❡tt❡ ③♦♥❡✱ ✐❧
❡①✐st❡ ✉♥❡ ✈❛r✐❛t✐♦♥ très r❛♣✐❞❡ ❞❡ ✈✐t❡ss❡ ❝ré❛♥t ✉♥ ❢♦rt ❝✐s❛✐❧❧❡♠❡♥t✳ ◆♦✉s r❡✈✐❡♥✲
❞r♦♥s ♣❧✉s t❛r❞ s✉r ❧❡s ✐♠♣❧✐❝❛t✐♦♥s ❞✬✉♥ t❡❧ ❝✐s❛✐❧❧❡♠❡♥t✳
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❋✐❣✳ ✷✳✽✿ ❙❝❤é♠❛ ✐❧❧✉str❛♥t ❧✬é❝♦✉❧❡♠❡♥t ❞❡ ✈♦♥ ❑❛r♠❛♥✳ ❙✉r ❝❡ ❞❡ss✐♥✱ ♦♥ ✈♦✐t ❝❧❛✐r❡♠❡♥t
❧❡s ❞❡✉① ❞✐sq✉❡s ❡♥ ❝♦♥tr❛✲r♦t❛t✐♦♥✳ ❊♥ r♦✉❣❡ s♦♥t ✐❧❧✉stré❡s ❧❡s ❞❡✉① ❝❡❧❧✉❧❡s
❞❡ r♦t❛t✐♦♥ ❛③✐♠✉t❛❧❡ ❡t ❡♥ ❜❧❡✉ ❧❛ r❡❝✐r❝✉❧❛t✐♦♥ ♣♦❧♦ï❞❛❧❡ ❞✉❡ à ❧✬❡①♣✉❧s✐♦♥
❝❡♥tr✐❢✉❣❡ ❞✉ ✢✉✐❞❡ ♣rès ❞❡s ❞✐sq✉❡s✳

▲✬❤é❧✐❝✐té ❝✐♥ét✐q✉❡ ❡st ❧❛ ❞❡✉①✐è♠❡ ❝❛r❛❝tér✐st✐q✉❡ ❢♦rt❡ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t✳ P❛r ❡①❡♠♣❧❡✱
❧❛ ❝♦♠❜✐♥❛✐s♦♥ ❞❡ ❧✬é❥❡❝t✐♦♥ ❝❡♥tr✐❢✉❣❡ ❞✉ ✢✉✐❞❡ ❛✈❡❝ ❧❛ r♦t❛t✐♦♥ ❛③✐♠✉t❛❧❡ ❞✐✛ér❡♥✲
t✐❡❧❧❡ r❡♥❞ ❧❛ ✈✐t❡ss❡ ❢♦rt❡♠❡♥t ❤é❧✐❝✐t❛✐r❡ ♣rès ❞❡s ❞✐sq✉❡s✳ ❈❡❝✐ ♣❡✉t ♠❡♥❡r à ✉♥
❝♦✉♣❧❛❣❡ ❞❡s ♣❛rt✐❡s ♣♦❧♦ï❞❛❧❡ ❡t t♦r♦ï❞❛❧❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡t ❢♦✉r♥✐r ✉♥ ♠é✲
❝❛♥✐s♠❡ ❞②♥❛♠♦✳

❚❡❧ q✉✬✐❧ ✈✐❡♥t ❞✬êtr❡ ❞é❝r✐t✱ ❝❡ ❢♦rç❛❣❡✱ ❡t ❧✬é❝♦✉❧❡♠❡♥t q✉✬✐❧ ♣r♦✈♦q✉❡✱ ♣♦ssè❞❡♥t
❞✬✐♠♣♦rt❛♥t❡s s②♠étr✐❡s✳ ❙✐ ❧✬♦♥ ❝♦♥s✐❞èr❡ ♥✬✐♠♣♦rt❡ q✉❡❧ ❛①❡ ❝♦♥t❡♥✉ ❞❛♥s ❧❡ ♣❧❛♥
éq✉❛t♦r✐❛❧ ❡♥tr❡ ❧❡s ❞❡✉① ❞✐sq✉❡s✱ ❧❡ s②stè♠❡ ❞❡♠❡✉r❡ ✐♥✈❛r✐❛♥t ♣❛r ✉♥❡ r♦t❛t✐♦♥
❞✬✉♥ ❛♥❣❧❡ π ❛✉t♦✉r ❞❡ ❝❡t ❛①❡✳ ◆♦✉s ❞é♥♦t❡r♦♥s ❞❛♥s ❧❛ s✉✐t❡ ❞❡ ❝❡tt❡ t❤ès❡ ❝❡tt❡
s②♠étr✐❡ ❢♦♥❞❛♠❡♥t❛❧❡ ♣❛r Rπ✳ ❉❡ ♣❧✉s✱ ❧✬é❝♦✉❧❡♠❡♥t ♠♦②❡♥ ❡st ❛①✐s②♠étr✐q✉❡✱ ❝❡ q✉✐
s✐❣♥✐✜❡ q✉✬✐❧ ❡st ✐♥✈❛r✐❛♥t ♣❛r t♦✉t❡ r♦t❛t✐♦♥ ❛✉t♦✉r ❞❡ ❧✬❛①❡ ❞❡s ❞✐sq✉❡s✳ ❈♦♠♠❡
t♦✉t ♣r♦❜❧è♠❡ ❞❡ ♣❤②s✐q✉❡✱ ❡t t♦✉t ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❞❛♥s ❧✬ét✉❞❡ ❞✬✐♥st❛❜✐❧✐té✱ ✐❧
❡st ❝❛♣✐t❛❧ ❞❡ ❜✐❡♥ ✐❞❡♥t✐✜❡r ❧❡s s②♠étr✐❡s ❞✉ ♣r♦❜❧è♠❡✱ ❡t s✉rt♦✉t ❧❡s ❝♦♥❞✐t✐♦♥s
❞❛♥s ❧❡sq✉❡❧❧❡s ❝❡s s②♠étr✐❡s s♦♥t ❜r✐sé❡s✳ P❛r ❡①❡♠♣❧❡ ♥♦✉s s❛✈♦♥s ❞é❥à ❣râ❝❡ ❛✉
t❤é♦rè♠❡ ❞❡ ❈♦✇❧✐♥❣ q✉❡ ❝❡tt❡ ✈✐t❡ss❡ ❛①✐s②♠étr✐q✉❡ ♥❡ ♣♦✉rr❛✐t ❢♦✉r♥✐r s❡✉❧❡ ✉♥
♠é❝❛♥✐s♠❡ ❞❡ ❣é♥ér❛t✐♦♥ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣r✐♥❝✐♣❛❧❡♠❡♥t ❛①✐s②♠étr✐q✉❡✳
❉❡ ♣❧✉s✱ ♥♦✉s ✈❡rr♦♥s q✉❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❝♦♠♣♦rt❡♠❡♥ts ❞②♥❛♠✐q✉❡s ❞✉ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ ♥✬❛♣♣❛r❛✐ss❡♥t q✉❡ ❧♦rsq✉❡ ❧❛ s②♠étr✐❡ Rπ ❞✉ ❢♦rç❛❣❡ ❡st ❜r✐sé❡✱ ❝✬❡st✲à✲
❞✐r❡ ❧♦rsq✉✬✉♥ ❞❡s ❞✐sq✉❡s t♦✉r♥❡ ♣❧✉s ✈✐t❡ q✉❡ ❧✬❛✉tr❡✳

▲♦rsq✉❡ ❧❡s ❞❡✉① ❞✐sq✉❡s t♦✉r♥❡♥t à ❞❡s ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥ ❞✐✛ér❡♥t❡s✱ ♠❛✐s
t♦✉❥♦✉rs ❡♥ s❡♥s ♦♣♣♦sé✱ ❧✬é❝♦✉❧❡♠❡♥t ❞❡✈✐❡♥t ❛❧♦rs ❞✐ss②♠étr✐q✉❡✳ ❊✛❡❝t✐✈❡♠❡♥t✱ ❧❡
♣♦♠♣❛❣❡ ❡t ❧✬❡♥tr❛î♥❡♠❡♥t ❡st ♣❧✉s ✐♠♣♦rt❛♥t ♣rès ❞✉ ❞✐sq✉❡ ❧❡ ♣❧✉s r❛♣✐❞❡✳ ❉❛♥s
❧❛ ❧✐♠✐t❡ ♦ù ❧✬✉♥ ❞❡s ❞✐sq✉❡s ♣♦ssè❞❡ ✉♥❡ ✈✐t❡ss❡ ♥✉❧❧❡✱ ❧✬é❝♦✉❧❡♠❡♥t t❡♥❞ ✈❡rs ✉♥❡
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❋✐❣✳ ✷✳✾✿ ➱❝♦✉❧❡♠❡♥t ❞❡ ✈♦♥ ❑❛r♠❛♥ ❝ré❡ ♣❛r ❧❛ r♦t❛t✐♦♥ ❞✬✉♥ s❡✉❧ ❞✐sq✉❡✱ ❧✬❛✉tr❡ ét❛♥t
à ❧✬❛rrêt ✭F2 = 0✮✳

t♦♣♦❧♦❣✐❡ ❞✉ t②♣❡ ❞❡ ❝❡❧❧❡ ✐❧❧✉stré❡ à ❧❛ ✜❣✉r❡ ✷✳✾✳ ❙✉r ❧❛ ✜❣✉r❡ ✷✳✾✱ ♦♥ ✈♦✐t q✉❡ ❧❡
♣♦♠♣❛❣❡ ❛ t♦✉❥♦✉rs ❧✐❡✉ ♣rès ❞❡ ❧✬❛①❡✱ ♠❛✐s ❝❡❧✉✐✲❝✐ ♥❡ ❝❤❛♥❣❡ ♣❧✉s ❞❡ s✐❣♥❡ ❛✈❡❝
z ✳ ▲❛ r❡❝✐r❝✉❧❛t✐♦♥ s❡ ♣r♦❞✉✐t ❞♦♥❝ s✉r ❧✬❡♥s❡♠❜❧❡ ❞✉ ❝②❧✐♥❞r❡ ❡t ♥♦♥ s✉r ❝❤❛q✉❡
♠♦✐t✐é ❝♦♠♠❡ ♣ré❝é❞❡♠♠❡♥t✳ ▲❡ ♣❛rt✐❡ t♦r♦ï❞❛❧❡ ❞✉ ❝❤❛♠♣✱ ❡❧❧❡ ❛✉ss✐✱ ♥❡ ❝❤❛♥❣❡
♣❛s ❞❡ s✐❣♥❡✳ ❈❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ♣❡✉t êtr❡ ❝❧❛ss✐✜é ❞❛♥s ❧❛ ❝❛té❣♦r✐❡ s0

1 + t0
1 ❞❡ ❧❛

❝❧❛ss✐✜❝❛t✐♦♥ ❞❡ ❉✉❞❧❡② ❡t ❏❛♠❡s✳ ■❧ s✬❛❣✐t ❛✐♥s✐ ❞✉ ♠♦❞❡ ❞❡ ♣❧✉s ❣r❛♥❞❡ é❝❤❡❧❧❡ ❛♥t✐✲
s②♠étr✐q✉❡ ♣❛r r❛♣♣♦rt à ❧❛ r♦t❛t✐♦♥ Rπ✳ ❊♥ ❝♦♥tr❛✲r♦t❛t✐♦♥ ♥♦♥✲❡①❛❝t❡ ❧✬é❝♦✉❧❡♠❡♥t
♠♦②❡♥ ❡st ❞♦♥❝ ✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❞❡ ❝❡s ❞❡✉① t②♣❡s ❞❡ ✈✐t❡ss❡s✳

P♦✉r ✜♥✐r✱ ✐❧ ❡st ✐♠♣♦rt❛♥t ❞✬✐♥s✐st❡r s✉r ❧❡ ❝❛r❛❝tèr❡ t✉r❜✉❧❡♥t ❞❡ ❧✬é❝♦✉❧❡♠❡♥t✳
❊✛❡❝t✐✈❡♠❡♥t✱ ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❣é♦♠étr✐q✉❡s q✉❡ ❧✬♦♥ ✈✐❡♥t ❞❡ ❞é❝r✐r❡✱ ❡t ❡♥ ♣❛r✲
t✐❝✉❧✐❡r ❧❛ str✉❝t✉r❡ ❜✐❡♥ ❞é✜♥✐❡ ❞❡s ✜❣✉r❡s ✷✳✽ ❡t ✷✳✾✱ ♥❡ s✬❛♣♣❧✐q✉❡♥t ♣❛s ✈r❛✐♠❡♥t
❛✉ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ✐♥st❛♥t❛♥é ❞❡ ❧✬❡①♣ér✐❡♥❝❡✳ ❉❛♥s ❧❡ s♦❞✐✉♠ ❧✐q✉✐❞❡✱ ❡t ❛✉① ✈✐✲
t❡ss❡s ❞❡ r♦t❛t✐♦♥ ✉t✐❧✐sé❡s✱ ❧❡s ♥♦♠❜r❡s ❞❡ ❘❡②♥♦❧❞s ❛tt❡✐♥ts s♦♥t s✉♣ér✐❡✉rs à 106✳
❆✐♥s✐✱ ✉♥❡ ♠❡s✉r❡ ✐♥st❛♥t❛♥é❡ ❞✉ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ♥❡ ♣rés❡♥t❡ q✉❡ très ♣❡✉ ❞❡
r❡ss❡♠❜❧❛♥❝❡ ❛✈❡❝ ❧✬é❝♦✉❧❡♠❡♥t ♠♦②❡♥ ❞❡ ❱♦♥ ❑❛r♠❛♥ ❞é❝r✐t ♣ré❝é❞❡♠♠❡♥t✳ ❆✉
❝♦♥tr❛✐r❡✱ ❧✬é❝♦✉❧❡♠❡♥t à ✉♥ ✐♥st❛♥t ❞♦♥♥é ❡st ❡①trê♠❡♠❡♥t ❝❤❛♦t✐q✉❡ ❡t ❧❡s ✢✉❝t✉❛✲
t✐♦♥s t✉r❜✉❧❡♥t❡s ❛tt❡✐❣♥❡♥t ❞❡s ✈❛❧❡✉rs ❞✉ ♠ê♠❡ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r q✉❡ ❧❡ ❝❤❛♠♣ ❞❡
✈✐t❡ss❡ ♠♦②❡♥✳ P♦✉r ♦❜t❡♥✐r ❝❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ♠♦②❡♥ ❡t r❡❝♦♥♥❛îtr❡ ✉♥❡ str✉❝t✉r❡
❝♦❤ér❡♥t❡ ❞❛♥s ❧✬é❝♦✉❧❡♠❡♥t✱ ✐❧ ❡st ❞♦♥❝ ♥é❝❡ss❛✐r❡ ❞✬❡✛❡❝t✉❡r ✉♥❡ ♠♦②❡♥♥❡ s✉r ❞❡s
t❡♠♣s ❞❡ ❧✬♦r❞r❡ ❞❡ ♣❧✉s✐❡✉rs s❡❝♦♥❞❡s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❝❡❧❛ s✐❣♥✐✜❡ q✉❡ ❧❡s s②♠étr✐❡s
❞✉ ♣r♦❜❧è♠❡ ♥❡ s♦♥t ♣❛s ❧❡s ♠ê♠❡s s❡❧♦♥ ❧✬é❝❤❡❧❧❡ ❞❡ t❡♠♣s s✉r ❧❛q✉❡❧❧❡ ♦♥ ❝♦♥s✐❞èr❡
❧❡ s②stè♠❡✳ P❛r ❡①❡♠♣❧❡✱ ❡♥ ❝♦♥tr❛✲r♦t❛t✐♦♥ ❡①❛❝t❡✱ ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ✐♥st❛♥t❛♥é
♥✬❡st ♥✐ ❛①✐s②♠étr✐q✉❡✱ ♥✐ Rπ✲s②♠étr✐q✉❡✳



✸✵ ❆♣♣r♦❝❤❡ ❊①♣ér✐♠❡♥t❛❧❡ ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦

✷✳✸✳✷ ●é♥ér❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡

❆✉ ❝♦✉rs ❞❡s ❞✐✛ér❡♥t❡s ❝❛♠♣❛❣♥❡s ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✱ ♣❧✉s✐❡✉rs ❝♦♥✈❡♥t✐♦♥s
♦♥t été ✉t✐❧✐sé❡s ♣♦✉r ❞é✜♥✐r ❧❡ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s ♠❛❣♥ét✐q✉❡✱ ❝♦♥trô❧❛♥t ❧❛ ❜✐❢✉r✲
❝❛t✐♦♥ ❞②♥❛♠♦✳ ▲❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ❧❡s ❞✐✈❡rs❡s ❞é✜♥✐t✐♦♥s r❡st❡ s✉✣s❛♠♠❡♥t ♣❡t✐t❡
♣♦✉r ♥❡ ♣❛s ♠♦❞✐✜❡r ❧❛ ❞✐s❝✉ss✐♦♥ ❞❡s rés✉❧t❛ts✳ ◆♦✉s ❝❤♦✐s✐r♦♥s ✐❝✐ ❧❛ ❝♦♥✈❡♥t✐♦♥
❛❞♦♣té❡ ❡♥tr❡ ❛✉tr❡s ♣❛r ▼✐❝❤❛❡❧ ❇❡r❤❛♥✉ ❛✉ ❝♦✉rs ❞❡ s❛ t❤ès❡✱ q✉✐ ❝♦♥s✐st❡ à ✉t✐❧✐s❡r
❧❛ ✈✐t❡ss❡ ❞❡ ❜♦r❞ ❞❡s ❞✐sq✉❡s ❝♦♠♠❡ ✈✐t❡ss❡ ❝❛r❛❝tér✐st✐q✉❡ ❡t ❧❡ r❛②♦♥ ❞❡s ❞✐sq✉❡s
❝♦♠♠❡ ❧♦♥❣✉❡✉r ❝❛r❛❝tér✐st✐q✉❡✱ s♦✐t ✿

Rm = µ0σ2πFR2 ✭✷✳✶✮

♦ù F ❡st ❧❛ ❢réq✉❡♥❝❡ ❞❡ r♦t❛t✐♦♥ ❞❡s ❞✐sq✉❡s✱ µ0 ❡st ❧❛ ♣❡r♠é❛❜✐❧✐té ♠❛❣♥ét✐q✉❡ ❞✉
✈✐❞❡✱ σ ❡st ❧❛ ❝♦♥❞✉❝t✐✈✐té é❧❡❝tr✐q✉❡ ❞✉ s♦❞✐✉♠ ❧✐q✉✐❞❡ ❡t R ❧❡ r❛②♦♥ ❞❡s ❞✐sq✉❡s✳
❉❛♥s ❝❡tt❡ ❡①♣ér✐❡♥❝❡✱ ■❧ s✬❛❣✐t ❞♦♥❝ ❞✬❛tt❡✐♥❞r❡ ❧❡ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s ♠❛❣♥ét✐q✉❡
❝r✐t✐q✉❡ ❞❡ ❧✬✐♥st❛❜✐❧✐té ❞②♥❛♠♦ ♥é❝❡ss❛✐r❡ à ❧❛ ❣é♥ér❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳
▲❛ ♣✉✐ss❛♥❝❡ ❞✐s♣♦♥✐❜❧❡ ❛✐♥s✐ q✉❡ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ s♦❞✐✉♠ ❧✐q✉✐❞❡ ❝♦♥❞✉✐s❡♥t à ❞❡s
Rm ❞❡ ❧✬♦r❞r❡ ❞❡ 50✳ ▲❡ s♦❞✐✉♠ ❧✐q✉✐❞❡ ♣♦ssè❞❡ ✉♥❡ ✈✐s❝♦s✐té ❝✐♥é♠❛t✐q✉❡ ❡♥✈✐r♦♥
10−6 ❢♦✐s ♣❧✉s ♣❡t✐t❡ q✉❡ s❛ ❞✐✛✉s✐✈✐té ♠❛❣♥ét✐q✉❡✳ ❉❡ ❝❡ ❢❛✐t✱ ♦♥ s✬❛tt❡♥❞ à ❝❡
q✉❡ ❧✬é❝♦✉❧❡♠❡♥t s♦✐t ❡①trê♠❡♠❡♥t t✉r❜✉❧❡♥t ❧♦rs ❞❡ ❧✬♦❜s❡r✈❛t✐♦♥ ❞✬✉♥❡ ❞②♥❛♠♦✱
❛✈❡❝ ❞❡s ♥♦♠❜r❡s ❞❡ ❘❡②♥♦❧❞s ❞❡ ❧✬♦r❞r❡ ❞❡ Re ∼ 5.106 ❛✉ s❡✉✐❧✳ ❉❛♥s ❧❡ ❝❛s ❞❡ ❧❛
❝♦♥tr❛✲r♦t❛t✐♦♥ ♥♦♥ ❡①❛❝t❡✱ ♦♥ ♣♦✉rr❛ é❣❛❧❡♠❡♥t ❞é✜♥✐r ❞❡s ♥♦♠❜r❡s ❞❡ ❘❡②♥♦❧❞s
♠❛❣♥ét✐q✉❡s ❜❛sés s✉r ❝❤❛❝✉♥ ❞❡s ❞❡✉① ❞✐sq✉❡s✱ ❝✬❡st✲à✲❞✐r❡ Rmi = µ0σ2πR2Fi ✳
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❋✐❣✳ ✷✳✶✵✿ ❊♥r❡❣✐str❡♠❡♥t ❞❡s ❝♦♠♣♦s❛♥t❡s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❛✉ ❝♦✉rs ❞✉ t❡♠♣s✳
Rm ❡st ❛✉❣♠❡♥té ❞❡ 19 ❥✉sq✉✬à 40

❊♥ s❡♣t❡♠❜r❡ ✷✵✵✻✱ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ❛ ❡♥❣❡♥❞ré ♣♦✉r ❧❛ ♣r❡♠✐èr❡ ❢♦✐s ✉♥ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ ♣❛r ❡✛❡t ❞②♥❛♠♦ ❛✉ s❡✐♥ ❞✬✉♥ é❝♦✉❧❡♠❡♥t ❢♦rt❡♠❡♥t t✉r❜✉❧❡♥t ❬✺✻❪✳ ◆♦✉s



✷✳✸ ❘és✉❧t❛ts ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ✸✶

♥♦✉s ✐♥tér❡ss♦♥s ❞✬❛❜♦r❞ ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ❛✉ ❝❛s ❞❡ ❧❛ ❝♦♥tr❛✲r♦t❛t✐♦♥ ❡①❛❝t❡✱ ♦ù
❧❡s ❞❡✉① ❞✐sq✉❡s t♦✉r♥❡♥t à ❧❛ ♠ê♠❡ ❢réq✉❡♥❝❡✳ ▲✬✐♥st❛❜✐❧✐té ❞②♥❛♠♦ s❡ ❞é❝❧❡♥❝❤❡
♣♦✉r ✉♥ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s ♠❛❣♥ét✐q✉❡ ❝r✐t✐q✉❡ ❞❡ ❧✬♦r❞r❡ ❞❡ Rm ∼ 30✳ ▲❛ ✜❣✉r❡
✷✳✶✵ ♠♦♥tr❡ ❧✬é✈♦❧✉t✐♦♥ t②♣✐q✉❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❧♦rsq✉❡ ❧✬♦♥ ❛✉❣♠❡♥t❡ ❧❛
❢réq✉❡♥❝❡ ❞❡ r♦t❛t✐♦♥ ❞❡s ❞✐sq✉❡s✳ ▲❡s tr♦✐s ❝♦♠♣♦s❛♥t❡s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ s♦♥t
♠❡s✉ré❡s ❛✈❡❝ ✉♥❡ s♦♥❞❡ à ❡✛❡t ❍❛❧❧ ✸❉✳ ❙✉r ❧❛ ✜❣✉r❡ ✷✳✶✵✱ ❧❛ s♦♥❞❡ ❡st ♣❧❛❝é❡
❞❛♥s ❧❡ ♣❧❛♥ ♠é❞✐❛♥ ❞✉ ❝②❧✐♥❞r❡✱ ❡♥ ♣ér✐♣❤ér✐❡ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t✳ ❖♥ ♣❡✉t ♥♦t❡r
q✉✬à ❝❡t ❡♥❞r♦✐t✱ ❧❛ ❝♦♠♣♦s❛♥t❡ ❛③✐♠✉t❛❧❡ Bφ ❞♦♠✐♥❡ ❧❛r❣❡♠❡♥t ❧❡s ❞❡✉① ❛✉tr❡s
❝♦♠♣♦s❛♥t❡s✳ ❈❡❧❧❡✲❝✐ ❛✉❣♠❡♥t❡ à ♣❛rt✐r ❞❡ ❧❛ ✈❛❧❡✉r ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ t❡rr❡str❡
✭❡♥✈✐r♦♥ 0.5 ●❛✉ss✮ ❥✉sq✉✬à ✉♥❡ ✈❛❧❡✉r ❞❡ 40 ●❛✉ss ❡♥✈✐r♦♥✳ ▼ê♠❡ s✐ ❝❡❧❛ ❡st ♣❡✉
✈✐s✐❜❧❡ s✉r ❧❛ ✜❣✉r❡ ❡♥ r❛✐s♦♥ ❞❡s ❢♦rt❡s ✢✉❝t✉❛t✐♦♥s ❞✉ s✐❣♥❛❧✱ ✐❧ ❡st ✐♠♣♦rt❛♥t
❞❡ ♥♦t❡r q✉❡ ❧❡s ❞❡✉① ❛✉tr❡s ❝♦♠♣♦s❛♥t❡s ❞✉ ❝❤❛♠♣ ♦♥t é❣❛❧❡♠❡♥t ❞❡s ✈❛❧❡✉rs
♠♦②❡♥♥❡s ♥♦♥✲♥✉❧❧❡s✳ ❈❡tt❡ ♦❜s❡r✈❛t✐♦♥ s♦✉❧✐❣♥❡ ❧❡ ♥✐✈❡❛✉ ✐♠♣♦rt❛♥t ❞❡ ✢✉❝t✉❛t✐♦♥s
❞✉❡s à ❧❛ t✉r❜✉❧❡♥❝❡ ❤②❞r♦❞②♥❛♠✐q✉❡ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t✱ ❝♦♠♠❡ ♦♥ s✬② ❛tt❡♥❞r❛✐t ❛✈❡❝
Re ∼ 106✳ ❚♦✉t❡❢♦✐s✱ ♠❛❧❣ré ❝❡s ✐♠♣♦rt❛♥t❡s ✢✉❝t✉❛t✐♦♥s✱ ♦♥ ♦❜s❡r✈❡ ✉♥❡ ❜✐❢✉r❝❛t✐♦♥
st❛t✐st✐q✉❡♠❡♥t st❛t✐♦♥♥❛✐r❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ▲❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❛tt❡✐♥t❡ ❞❛♥s
❧❡ ré❣✐♠❡ ❞❡ s❛t✉r❛t✐♦♥ ❞é♣❡♥❞ é✈✐❞❡♠♠❡♥t ❞❡ ❧✬é❝❛rt ❛✉ s❡✉✐❧ ❞❡ ❧❛ ❞②♥❛♠♦✳

❯♥ ❞✐❛❣r❛♠♠❡ ❞❡ ❜✐❢✉r❝❛t✐♦♥ ❡st ♠♦♥tré s✉r ❧❛ ✜❣✉r❡ ✷✳✶✶✭❛✮ ❡t ♣❡r♠❡t ❞✬❛♣✲
♣ré❝✐❡r ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞✉ ❝❤❛♠♣ ❛③✐♠✉t❛❧ ❞❛♥s ❧❡ ♣❧❛♥ ♠é❞✐❛♥
❡♥ ❢♦♥❝t✐♦♥ ❞❡ Rm✳ ▲♦rsq✉❡ ❧✬♦♥ ré♣èt❡ ♣❧✉s✐❡✉rs ❢♦✐s ❧✬❡①♣ér✐❡♥❝❡ ❞❛♥s ❧❡s ♠ê♠❡s
❝♦♥❞✐t✐♦♥s✱ ❧❡ s✐❣♥❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡st ❝❤♦✐s✐ ❛❧é❛t♦✐r❡♠❡♥t ♣❛r ❧❡ s②stè♠❡✱
❡♥ r❛✐s♦♥ ❞❡ ❧✬✐♥✈❛r✐❛♥❝❡ ♣❛r ✐♥✈❡rs✐♦♥ ❞✉ s✐❣♥❡ ❞❡ B ❞❛♥s ❧✬éq✉❛t✐♦♥ ❞✬✐♥❞✉❝t✐♦♥✳
❖♥ ♠♦♥tr❡ s✉r ❧❛ ✜❣✉r❡ ✷✳✶✶✭❜✮ ❧✬é✈♦❧✉t✐♦♥ ❞✉ ❝❤❛♠♣ ♣rès ❞❡s ❞✐sq✉❡s✳ ❉❛♥s ❝❡ ❝❛s✱
♦♥ ♠♦♥tr❡ é❣❛❧❡♠❡♥t ❧❛ ❝♦✉r❜❡ ❞❡ ❜✐❢✉r❝❛t✐♦♥ ❞❛♥s ❧❡ ❝❛s ♦ù ❧✬♦♥ ✐♥✈❡rs❡ ❧❡ s❡♥s
❞❡ r♦t❛t✐♦♥ ❞❡s ❞❡✉① ❞✐sq✉❡s✱ ré❣✐♠❡ ♣❛r❢♦✐s ♥♦♠♠é ✬❛♥t✐✲❝♦♥tr❛✬✳ ❆ ❝❛✉s❡ ❞❡ ❧❛
❝♦✉r❜✉r❡ ❞❡s ♣❛❧❡s s✉r ❧❡s ❞✐sq✉❡s✱ ❝❡s ❞❡✉① s✐t✉❛t✐♦♥s ♥❡ s♦♥t ♣❛s éq✉✐✈❛❧❡♥t❡s ❡t
❧✬é❝♦✉❧❡♠❡♥t ❞✉ ✢✉✐❞❡ ❡st ❧é❣èr❡♠❡♥t ❞✐✛ér❡♥t❡✳ ❈❡❝✐ ✐❧❧✉str❡ ❧❛ s❡♥s✐❜✐❧✐té ❞✉ ♠♦❞❡
♠❛❣♥ét✐q✉❡ ✈✐s✲à✲✈✐s ❞❡ ❧✬é❝♦✉❧❡♠❡♥t✳ ❉❛♥s ❧❡s ❞❡✉① ❝❛s ét✉❞✐és✱ ♦♥ ♣❡✉t ✈♦✐r q✉✬✐❧
s✬❛❣✐t ❞✬✉♥❡ ❜✐❢✉r❝❛t✐♦♥ ❢♦✉r❝❤❡✱ st❛t✐♦♥♥❛✐r❡ ❡t s✉♣❡r❝r✐t✐q✉❡✳

✷✳✸✳✸ ●é♦♠étr✐❡ ❞✉ ♠♦❞❡ ❞②♥❛♠♦

❯♥❡ ét❛♣❡ ✐♠♣♦rt❛♥t❡ ❞❛♥s ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ❡st ❧❛ ❞ét❡r✲
♠✐♥❛t✐♦♥ ❞❡ ❧❛ str✉❝t✉r❡ s♣❛t✐❛❧❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡♥❣❡♥❞ré✳ ❊✛❡❝t✐✈❡♠❡♥t✱
❝❡❧❛ ♣❡r♠❡t ❞❡ ré♣♦♥❞r❡ à ♣❧✉s✐❡✉rs q✉❡st✐♦♥s✱ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ❧❡ ♠é❝❛♥✐s♠❡ ❞❡
❣é♥ér❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❉❛♥s ❧✬❡①♣ér✐❡♥❝❡✱ ♣♦✉r ❞❡s r❛✐s♦♥s ❞❡ ❞✐✣❝✉❧tés
t❡❝❤♥✐q✉❡s✱ ♦♥ ❞✐s♣♦s❡ ❡♥ ❣é♥ér❛❧ ❞❡ très ♣❡✉ ❞❡ ♣♦✐♥ts ❞❡ ♠❡s✉r❡s✳ ❈❡ ♣r♦❜❧è♠❡
r❡♥❞ ❞✐✣❝✐❧❡ ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❡①❛❝t❡ ❞❡ ❧❛ str✉❝t✉r❡ ❞✉ ♠♦❞❡ ♠❛❣♥ét✐q✉❡ ♦❜s❡r✈é✱
❡t s❡✉❧❡s q✉❡❧q✉❡s ✐♥❞✐❝❛t✐♦♥s ♣❡✉✈❡♥t êtr❡ ❞♦♥♥é❡s✳ ❖♥ ❞✐s♣♦s❡ t♦✉t❡❢♦✐s ❞✬❛ss❡③
❞✬✐♥❢♦r♠❛t✐♦♥s ♣♦✉r ❞é❞✉✐r❡ ❧❡s s②♠étr✐❡s ❞✉ ♠♦❞❡ ♠❛❣♥ét✐q✉❡ ❡t s❛ str✉❝t✉r❡ ❛✉①
❣r❛♥❞❡s é❝❤❡❧❧❡s✳ ◆♦✉s ✈❡rr♦♥s q✉❡ ❝❡❝✐ ❡st s✉✣s❛♥t ♣♦✉r ❛✈❛♥❝❡r q✉❡❧q✉❡s ✐♥t❡r♣ré✲
t❛t✐♦♥s ♣❤②s✐q✉❡s✳ ▲❡s ❝♦♠♣♦s❛♥t❡s ❞❡ ♣❡t✐t❡s é❝❤❡❧❧❡s ❞✉ ❝❤❛♠♣ ♥✬♦♥t ♥é❛♥♠♦✐♥s
♣❛s ♣✉ êtr❡ ❞ét❡r♠✐♥é❡s ♣♦✉r ❧✬✐♥st❛♥t✳
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❋✐❣✳ ✷✳✶✶✿ ❉✐❛❣r❛♠♠❡s ❞❡ ❜✐❢✉r❝❛t✐♦♥✳ ✭❛✮ ✿ ❝❤❛♠♣ ❛③✐♠✉t❛❧ ❞❛♥s ❧❡ ♣❧❛♥ ♠é❞✐❛♥✳ ❖♥
s✉♣❡r♣♦s❡ ❞❡✉① rés✉❧t❛ts ♠♦♥tr❛♥t ✉♥❡ ♣♦❧❛r✐té ❞✐✛ér❡♥t❡✳ ▲❡s ❧✐❣♥❡s ❝♦♥t✐♥✉❡s
s♦♥t ✉♥ ❛❥✉st❡♠❡♥t ♥✉♠ér✐q✉❡ ❞❡s ♣♦✐♥ts ❡①♣ér✐♠❡♥t❛✉① t❡❧ q✉❡ B ∼ (Rm −

32)0.77 ✭❜✮ ❈❤❛♠♣ ♠❡s✉ré ♣rès ❞❡s ❞✐sq✉❡s ❞❛♥s ❧❡ ❝❛s ✬❝♦♥tr❛✬✭❡♥ ❜❧❡✉✮ ❡t
✬❛♥t✐❝♦♥tr❛✑❡♥ r♦✉❣❡✮✳

➱t✉❞✐♦♥s t♦✉t ❞✬❛❜♦r❞ ❧❛ ❞é♣❡♥❞❛♥❝❡ ❛③✐♠✉t❛❧❡ ❞✉ ❝❤❛♠♣✳ ❉❡ ♥♦♠❜r❡✉s❡s ♠❡✲
s✉r❡s s✉❝❝❡ss✐✈❡s ♦♥t été ❡✛❡❝t✉és s②sté♠❛t✐q✉❡♠❡♥t ❞❛♥s ❧❡ ♣❧❛♥ ♠é❞✐❛♥ ❞✉ ❝②❧✐♥❞r❡
♦✉ ♣rès ❞❡s ❞✐sq✉❡s✱ ♣❛r❢♦✐s ♣♦✉r ❞❡✉① s♦♥❞❡s s✐t✉é❡s à π/2 ❧✬✉♥❡ ❞❡ ❧✬❛✉tr❡✳ ❚♦✉t❡s
❧❡s ♠❡s✉r❡s ❡✛❡❝t✉é❡s à ❝❡ ❥♦✉r ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ♦♥t s②sté♠❛t✐q✉❡♠❡♥t ❝♦♥❞✉✐t à
❧✬✐♥t❡r♣rét❛t✐♦♥ ❞✬✉♥ ♠♦❞❡ st❛t✐st✐q✉❡♠❡♥t ❛①✐s②♠étr✐q✉❡✱ ❛✈❡❝ ✉♥❡ ❞é♣❡♥❞❛♥❝❡ ❛③✐✲
♠✉t❛❧❡ m = 0✳ ❈❡tt❡ ✐♥❢♦r♠❛t✐♦♥ ❡st ❞✬✉♥ ❣r❛♥❞ ✐♥térêt ❡t ♣❡✉t s❡♠❜❧❡r ❞ér♦✉t❛♥t❡
❛✉ ♣r❡♠✐❡r ❛❜♦r❞ ♣♦✉r ♣❧✉s✐❡✉rs r❛✐s♦♥s✳ Pr❡♠✐èr❡♠❡♥t✱ ♥♦✉s ❛✈♦♥s ✈✉ ❡♥ ✐♥tr♦❞✉❝✲
t✐♦♥ q✉✬❡♥ ✶✾✸✹✱ ❈♦✇❧✐♥❣ ❛ ❞é♠♦♥tré ✉♥ t❤é♦rè♠❡ ❛♥t✐✲❞②♥❛♠♦ q✉✐ st✐♣✉❧❡ q✉✬✉♥
❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❛①✐s②♠étr✐q✉❡ ♥❡ ♣❡✉t ❡♥ ❛✉❝✉♥ ❝❛s êtr❡ ❡♥tr❡t❡♥✉ ♣❛r ❡✛❡t ❞②✲
♥❛♠♦✳ P❛r ❛✐❧❧❡✉rs✱ ❧✬❡♥s❡♠❜❧❡ ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❡✛❡❝t✉é❡s ❛✈❛♥t ❧✬♦❜s❡r✲
✈❛t✐♦♥ ❞❡ ❧❛ ❞②♥❛♠♦ ♦♥t t♦✉t❡s ♣ré❞✐t ✉♥❡ str✉❝t✉r❡ ❝❧❛✐r❡♠❡♥t ♥♦♥✲❛①✐s②♠étr✐q✉❡✱
❛✈❡❝ ✉♥❡ ❞é♣❡♥❞❛♥❝❡ ❛③✐♠✉t❛❧❡ ❞✉ t②♣❡ B ∼ cos(mφ)✱ ❛✈❡❝ m = 1✳

❊♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❛ ✈✐♦❧❛t✐♦♥ ❛♣♣❛r❡♥t❡ ❞✉ t❤é♦rè♠❡ ❞❡ ❈♦✇❧✐♥❣✱ ♣❧✉s✐❡✉rs
ré♣♦♥s❡s ♣❡✉✈❡♥t êtr❡ ❛♣♣♦rté❡s✳ ❖♥ ♥♦t❡ ❞✬✉♥❡ ♣❛rt q✉❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡st



✷✳✸ ❘és✉❧t❛ts ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ✸✸

❢♦rt❡♠❡♥t ✢✉❝t✉❛♥t✱ ❡t ❞♦♥❝ ❛①✐s②♠étr✐q✉❡ s❡✉❧❡♠❡♥t ❡♥ ♠♦②❡♥♥❡✳ ❘✐❡♥ ♥✬❡♠♣ê❝❤❡
❛❧♦rs ❞✬✐♥✈♦q✉❡r ❧❡s ✢✉❝t✉❛t✐♦♥s ♣♦✉r ❜r✐s❡r ❧✬❛①✐s②♠étr✐❡ ❞✉ ❝❤❛♠♣✳ ◆♦✉s ✈❡rr♦♥s
❞✉r❛♥t ❧✬ét✉❞❡ ♥✉♠ér✐q✉❡ ❞✉ ❝❤❛♣✐tr❡ 4 q✉✬✐❧ ❡①✐st❡ ❡♥ ❢❛✐t ❞✬❛✉tr❡s ♠♦②❡♥s ♣❧✉s
s✉❜t✐❧s ❞❡ ❝♦♥t♦✉r♥❡r ❧❡ t❤é♦rè♠❡ ❞❡ ❈♦✇❧✐♥❣✱ ❡♥ ✐♥✈♦q✉❛♥t ❧❛ ❢♦r❝❡ ❞❡ ▲❛♣❧❛❝❡ ♣❛r
❡①❡♠♣❧❡✳ ❉✬❛✉tr❡ ♣❛rt✱ ❧❡ ♠❛♥q✉❡ ❞❡ ♣ré❝✐s✐♦♥ ❞❡s ♠❡s✉r❡s ❡①♣ér✐♠❡♥t❛❧❡s ♥❡ ♣❡r✲
♠❡t ♣❛s ❞✬❡①❝❧✉r❡ ❞❡ ❞é♣❡♥❞❛♥❝❡ ❛♥❣✉❧❛✐r❡ str✉❝t✉ré❡s ❞❡ ♣❧✉s ❤❛✉t ❞❡❣ré✳ ◆♦✉s
✈❡rr♦♥s ♣❛r ❡①❡♠♣❧❡ ❛✉ ❝❤❛♣✐tr❡ 3 q✉❡ ❝❡ ❞✐♣♦❧❡ ♣r✐♥❝✐♣❛❧❡♠❡♥t ❛①✐s②♠étr✐q✉❡ ♣❡✉t
s✬❡①♣❧✐q✉❡r s✐ ❧✬♦♥ s✉♣♣♦s❡ ✉♥❡ ♣❡t✐t❡ ❞é♣❡♥❞❛♥❝❡ m = 8 ❞❛♥s ❧❡s ❝❤❛♠♣s ❝✐♥é✲
t✐q✉❡ ❡t ♠❛❣♥ét✐q✉❡✱ ❝❡ q✉✐ ♥✬❡st ♣❛s ♣♦✉r ❧✬✐♥st❛♥t ♠❡s✉r❛❜❧❡ ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t✳
❉❛♥s t♦✉s ❧❡s ❝❛s✱ ❝❡tt❡ ♦❜s❡r✈❛t✐♦♥ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣r✐♥❝✐♣❛❧❡♠❡♥t ❛①✐✲
s②♠étr✐q✉❡✱ ❝♦♠❜✐♥é❡ ❛✉① ♣ré❞✐❝t✐♦♥s ♥✉♠ér✐q✉❡s ❞✬✉♥ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ❡♥❣❡♥❞ré
♣❛r ❧✬é❝♦✉❧❡♠❡♥t ♠♦②❡♥✱ ♥♦✉s ❛♠è♥❡ à ✉♥❡ ♣r❡♠✐èr❡ ❝♦♥❝❧✉s✐♦♥ ❝❧❛✐r❡ ✿ ✐❧ ♥✬❡st ♣❛s
♣♦ss✐❜❧❡ ❞✬❡①♣❧✐q✉❡r ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ❡♥ ✐♥✈♦q✉❛♥t ✉♥✐q✉❡♠❡♥t ✉♥ ❝❤❛♠♣ ❞❡ ✈✐✲
t❡ss❡ ❞é♣♦✉r✈✉❡ ❞❡ ✢✉❝t✉❛t✐♦♥s✳ ■❧ s✬❛❣✐t ❧à ❞✬✉♥❡ ❞✐✛ér❡♥❝❡ ❢♦♥❞❛♠❡♥t❛❧❡ ❛✈❡❝ ❧❡s
❡①♣ér✐❡♥❝❡s ♣ré❝é❞❡♥t❡s ❞❡ ❑❛rsr✉❤❡ ❡t ❘✐❣❛✱ ❡t ✉♥ ❞é✜ ✐♥tér❡ss❛♥t ❞✉ ♣♦✐♥t ❞❡ ✈✉❡
❞❡ ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ♥✉♠ér✐q✉❡✳

▲❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡ ❧❛ ❣é♦♠étr✐❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❛♥s ❧❡s ❛✉tr❡s ❞✐r❡❝✲
t✐♦♥s ❡st ♣❧✉s ❢❛❝✐❧❡✳ ▲✬✉t✐❧✐s❛t✐♦♥ ❞❡ s♦♥❞❡s ♠✉❧t✐♣❧❡s ❡♥ ♣❛rt✐❝✉❧✐❡r✱ ♣❡r♠❡t ❞✬♦❜t❡✲
♥✐r ❜❡❛✉❝♦✉♣ ❞❡ ♣♦✐♥ts ❞❡ ♠❡s✉r❡s ❧❡ ❧♦♥❣ ❞❡ ❧✬❛①❡✳ ■❧ ❛♣♣❛r❛ît ❛✐♥s✐ q✉❡ ❧❡ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ ❡st ❞♦♠✐♥é ♣❛r ✉♥ ❝❤❛♠♣ ❢♦rt❡♠❡♥t ❛③✐♠✉t❛❧ ❡♥ ♣ér✐♣❤ér✐❡ ❞❡ ❧✬é❝♦✉✲
❧❡♠❡♥t✱ t❛♥❞✐s q✉✬✐❧ ❡st ♣r✐♥❝✐♣❛❧❡♠❡♥t ❛①✐❛❧ ♣rès ❞❡ ❧✬❛①❡ ❞❡ r♦t❛t✐♦♥✳ ▲❡s ♠❡s✉r❡s
❡①♣ér✐♠❡♥t❛❧❡s✱ ❛✐♥s✐ q✉✬✉♥❡ r❡♣rés❡♥t❛t✐♦♥ s❝❤é♠❛t✐q✉❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ s♦♥t
♣rés❡♥tés s✉r ❧❛ ✜❣✉r❡ ✷✳✶✷✳

▲❛ str✉❝t✉r❡ ❧❛ ♣❧✉s s✐♠♣❧❡ ❝♦♠♣❛t✐❜❧❡ ❛✈❡❝ ❝❡s ✐♥❢♦r♠❛t✐♦♥s ❡st ❞♦♥❝ ✉♥ ❞✐♣♦❧❡
❛①✐❛❧✱ ❛ss♦❝✐é à ✉♥ ❢♦rt ❝❤❛♠♣ t♦r♦ï❞❛❧ ❛①✐s②♠étr✐q✉❡✳ ❖♥ ♣❡✉t r❡♠❛rq✉❡r q✉❡ ❧❛
♣❛rt✐❡ ♣♦❧♦ï❞❛❧❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡st ✜♥❛❧❡♠❡♥t ❛ss❡③ s✐♠✐❧❛✐r❡ à ❝❡❧✉✐ ♦❜s❡r✈é
♣♦✉r ❧❛ ❚❡rr❡✱ à ❧❛ ❞✐✛ér❡♥❝❡ q✉✬❛✉❝✉♥❡ ❝♦♠♣♦s❛♥t❡ éq✉❛t♦r✐❛❧❡ ♥✬❡st été ❞ét❡❝té❡
❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✳ ❉❡ ♣❧✉s✱ ❧❡s ♠❡s✉r❡s ❢❛✐t❡s à ❧✬❛✐❞❡ ❞❡s s♦♥❞❡s ♠✉❧t✐♣❧❡s
♣❡r♠❡tt❡♥t ❞✬❛✈♦✐r ✉♥ ♣r♦✜❧ ❛ss❡③ ♣ré❝✐s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❧❡ ❧♦♥❣ ❞❡ ❧❛ ❞✐r❡❝t✐♦♥
r❛❞✐❛❧❡ ✭✈♦✐r ✜❣✉r❡ ✷✳✶✸✮✳ ◆♦✉s r❡✈✐❡♥❞r♦♥s ♣❧✉s t❛r❞ s✉r ❝❡ ♣r♦✜❧ ❧♦rsq✉❡ ♥♦✉s
❝♦♠♣❛r❡r♦♥s ❝❡s rés✉❧t❛ts ❛✈❡❝ ❧✬ét✉❞❡ ♥✉♠ér✐q✉❡ ❞✉ ❝❤❛♣✐tr❡ 3✳ ◆♦t♦♥s ❞ès à ♣rés❡♥t
q✉❡ ❝❡ t②♣❡ ❞❡ ♠❡s✉r❡s ♥✬❡①❝❧✉t ♣❛s ❧✬❡①✐st❡♥❝❡ ❡♥ ♣❧✉s ❞✉ ❞✐♣♦❧❡ ❛①✐❛❧ ❞✬✉♥ ♠♦❞❡
♣❧✉s str✉❝t✉ré✳ ◆♦✉s ✈❡rr♦♥s é❣❛❧❡♠❡♥t q✉❡ ❧❛ str✉❝t✉r❡ ❞✉ ❝❤❛♠♣ ❡st ♣❧✉s ❝♦♠♣❧❡①❡
❧♦rsq✉❡ ❧❡s ❞✐sq✉❡s t♦✉r♥❡♥t à ❞❡s ✈✐t❡ss❡s ❞✐✛ér❡♥t❡s✳

✷✳✸✳✹ ❯♥❡ ❞②♥❛♠♦ α− ω

❈❡tt❡ ♦❜s❡r✈❛t✐♦♥ ❞✬✉♥ ❞✐♣♦❧❡ ❛①✐❛❧ ❡①❝❧✉t ❛✐♥s✐ q✉❡ ❧❛ ❣é♥ér❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛✲
❣♥ét✐q✉❡ s♦✐t ❡①❝❧✉s✐✈❡♠❡♥t ❞✉❡ ❛✉ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ♠♦②❡♥ ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✳
❆✉ ❝♦♥tr❛✐r❡✱ ✐❧ s❡♠❜❧❡ ✐♠♣ér❛t✐❢ ❞✬✐♠♣❧✐q✉❡r ❧❡s ♣❡rt✉r❜❛t✐♦♥s ♥♦♥✲❛①✐s②♠étr✐q✉❡s
❞❡ ✈✐t❡ss❡✳ ❈❡❝✐ ❡①♣❧✐q✉❡ ❛✐♥s✐ ❧✬é❝❤❡❝ ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❛♥tér✐❡✉r❡s✱ q✉✐
♣r❡♥❛✐❡♥t ✉♥✐q✉❡♠❡♥t ❡♥ ❝♦♠♣t❡ ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❛①✐s②♠étr✐q✉❡✳ ▲❡ ♠♦❞❡ ♠❛✲



✸✹ ❆♣♣r♦❝❤❡ ❊①♣ér✐♠❡♥t❛❧❡ ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦

❋✐❣✳ ✷✳✶✷✿ ●é♦♠étr✐❡ ❞✉ ♠♦❞❡ ❞②♥❛♠♦✳ ▲❡s ✢è❝❤❡s r❡♣rés❡♥t❡♥t ❧✬❛♠♣❧✐t✉❞❡ ❞✉ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ ❞é❞✉✐t❡ ❞❡s ♠❡s✉r❡s ❛✉① ❞✐✛ér❡♥ts ♣♦✐♥ts ❞❡ s♦♥❞❡✳✭❛✮ ✿ ❝♦♠♣♦✲
s❛♥t❡ t♦r♦ï❞❛❧❡ ❞✉ ❝❤❛♠♣✳ ✭❜✮ ✿ ❝♦♠♣♦s❛♥t❡ ♣♦❧♦✐❞❛❧❡✳ ✭❝✮ ✿ ✐❧❧✉str❛t✐♦♥ ❞✉
❞✐♣♦❧❡ ❛①✐❛❧ ❛①✐s②♠étr✐q✉❡✱ str✉❝t✉r❡ ❧❛ ♣❧✉s s✐♠♣❧❡ ❝♦♠♣❛t✐❜❧❡ ❛✈❡❝ ❧❡s ❞♦♥✲
♥é❡s ✭❛✮ ❡t ✭❜✮✳

❣♥ét✐q✉❡ ❡①❝✐té ✐❧❧✉str❡ ❞❡ ♠❛♥✐èr❡ ❢r❛♣♣❛♥t❡ ❧✬❛s♣❡❝t t✉r❜✉❧❡♥t ❞❡ ❝❡tt❡ ❞②♥❛♠♦✱
❞♦♥t ❧❡ ♠é❝❛♥✐s♠❡ ❞❡ ❣é♥ér❛t✐♦♥ ❞❡✈✐❡♥t ✉♥ ♣r♦❜❧è♠❡ ❝❡♥tr❛❧✳

❖♥ ♣♦✉rr❛✐t ❝r❛✐♥❞r❡ q✉❡ ❧❛ ♥❛t✉r❡ ❢❡rr♦♠❛❣♥ét✐q✉❡ ❞❡s ❞✐sq✉❡s ♣✉✐ss❡ êtr❡ à
❧✬♦r✐❣✐♥❡ ❞❡ ❧❛ ❣é♥ér❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ✉♥ ♣❡✉ à ❧❛ ♠❛♥✐èr❡ ❞❡ ❧❛ ❞②♥❛♠♦
❞❡ ▲♦✇❡s ❡t ❲✐❧❦✐♥s♦♥✳ ❉❡ ♥♦♠❜r❡✉① ❛r❣✉♠❡♥ts ✈♦♥t t♦✉t❡❢♦✐s à ❧✬❡♥❝♦♥tr❡ ❞❡ ❝❡tt❡
✐♥t❡r♣rét❛t✐♦♥✱ ❡t ❧✬❤②❞r♦❞②♥❛♠✐q✉❡ s❡♠❜❧❡ ❛✉ ❝♦♥tr❛✐r❡ ❧✬é❧é♠❡♥t ❞ét❡r♠✐♥❛♥t ❞❡
❧❛ ❞②♥❛♠♦✳ ❖♥ ♣❡✉t ✈♦✐r ♣❛r ❡①❡♠♣❧❡ s✉r ❧❛ ✜❣✉r❡ ✷✳✶✶✲❜ q✉❡ ❧❡s ❞❡✉① s❡♥s ❞❡
❝♦♥tr❛✲r♦t❛t✐♦♥✱ q✉✐ ✐♠♣❧✐q✉❡♥t ✉♥ é❝♦✉❧❡♠❡♥t ❧é❣èr❡♠❡♥t ❞✐✛ér❡♥t à ❝❛✉s❡ ❞❡ ❧❛
❝♦✉r❜✉r❡ ❞❡s ♣❛❧❡s✱ ❡♥❣❡♥❞r❡♥t ❞❡s ❞②♥❛♠♦s à ❞❡s s❡✉✐❧s ♥❡tt❡♠❡♥t ❞✐✛ér❡♥ts✳ ❉❡
♣❧✉s✱ ✉♥❡ ❞②♥❛♠♦ ♣❡✉t êtr❡ ♦❜s❡r✈é ❧♦rsq✉✬✉♥ s❡✉❧ ❞✐sq✉❡ ❡st ❡♥ r♦t❛t✐♦♥✱ ♦✉ ❧♦rs✲
q✉✬✉♥ s❡✉❧ ❞✐sq✉❡ ❡st ❢❡rr♦♠❛❣♥ét✐q✉❡✳ ◆♦✉s ét✉❞✐❡r♦♥s ❞❛♥s ❧❛ s✉✐t❡ ❞❡ ❝❡tt❡ t❤ès❡✱
❡t ♥♦t❛♠♠❡♥t ❛✉ ❝❤❛♣✐tr❡ 3✱ ❧✬❡✛❡t ❞❡s ❞✐sq✉❡s ❢❡rr♦♠❛❣♥ét✐q✉❡s s✉r ❧❛ ❣é♥ér❛t✐♦♥
❞❡ ❧❛ ❞②♥❛♠♦✳

❉❛♥s ✉♥ ❛rt✐❝❧❡ ❞❡ ✷✵✵✼ ❞❡ Pétré❧✐s✱ ▼♦r❞❛♥t ❡t ❋❛✉✈❡ ❬✻✽❪✱ ✐❧ ❛ été ♣r♦♣♦sé
q✉✬✉♥ ❞❡s ♠é❝❛♥✐s♠❡s ❧❡s ♣❧✉s s✐♠♣❧❡s ♣♦✉r ❡①♣❧✐q✉❡r ❝❡ ❝❤❛♠♣ ❛①✐s②♠étr✐q✉❡ ❡st ✉♥
♣r♦❝❡ss✉s α−ω✳ ❈❡ t②♣❡ ❞❡ ♠é❝❛♥✐s♠❡ ❛ ❞é❥à été ❡sq✉✐ssé ❡♥ ✐♥tr♦❞✉❝t✐♦♥✳ ▲❡ ❧❡❝t❡✉r



✷✳✸ ❘és✉❧t❛ts ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ✸✺

❋✐❣✳ ✷✳✶✸✿ Pr♦✜❧s r❛❞✐❛✉① ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❇❧❡✉ ✿ ❝❤❛♠♣ ❛①✐❛❧✱ ❱❡rt ✿ ❝❤❛♠♣ r❛❞✐❛❧✱
❘♦✉❣❡ ✿ ❝❤❛♠♣ ❛③✐♠✉t❛❧✳ ❧❡s ❞✐✛ér❡♥t❡s ❝♦✉r❜❡s ❞❡ ♠ê♠❡ ❝♦✉❧❡✉rs ✐♥❞✐q✉❡♥t
❧❡ ❝❤❛♠♣ ♣♦✉r ♣❧✉s✐❡✉rs ❘♠✳

❝✉r✐❡✉① ♣♦✉rr❛ tr♦✉✈❡r ❡♥ ❛♥♥❡①❡ ❈ ✉♥ ❡①❡♠♣❧❡ t②♣✐q✉❡ ❞✬✉♥❡ t❡❧❧❡ ❞②♥❛♠♦ α− ω✱
à tr❛✈❡rs ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ s✐♠♣❧❡ ❞❡ ❧❛ ❞②♥❛♠♦ ❣❛❧❛❝t✐q✉❡ ❡✛❡❝t✉é❡ ❞✉r❛♥t ❝❡tt❡
t❤ès❡✳ ▲✬❡✛❡t ω✱ ❝♦♥s✐st❛♥t à ❝ré❡r ❞✉ ❝❤❛♠♣ t♦r♦ï❞❛❧ à ♣❛rt✐r ❞✬✉♥ ❝❤❛♠♣ ♣♦❧♦ï❞❛❧✱
❡st ❞û ✐❝✐ ❛✉ ❢♦rt ❝✐s❛✐❧❧❡♠❡♥t ♣r♦✈♦q✉é ♣❛r ❧❛ ❝♦♥tr❛✲r♦t❛t✐♦♥ ❞❡s ❞❡✉① ❞✐sq✉❡s✳ ▲❡s
s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❡✛❡❝t✉é❡s ❛✉ ♣r♦❝❤❛✐♥ ❝❤❛♣✐tr❡ s✉❣❣èr❡♥t ♣❛r ❛✐❧❧❡✉rs q✉❡
❧✬é❝♦✉❧❡♠❡♥t ❞❡ ❱♦♥ ❑❛r♠❛♥ ♠♦②❡♥ ♣♦ssè❞❡ ✉♥❡ ❤é❧✐❝✐té ✐♠♣♦rt❛♥t❡✱ ❡t ❧✬❡✛❡t α
❛ss♦❝✐é ♣❡✉t ♣r♦❜❛❜❧❡♠❡♥t ❝♦♥tr✐❜✉❡r à ✉♥ ❡✛❡t ❞②♥❛♠♦ ❞ès q✉❡ ❧✬❛①✐s②♠étr✐❡ ❞✉
❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❡st ❜r✐sé❡✳ ❯♥❡ s♦✉r❝❡ s✉♣♣❧é♠❡♥t❛✐r❡ ❞✬❡✛❡t α ♣♦✉rr❛✐t ✈❡♥✐r ❞❡
❧✬é❝♦✉❧❡♠❡♥t ❤é❧✐❝✐t❛✐r❡ s❡ ♣r♦❞✉✐s❛♥t ♣rès ❞❡s ❞✐sq✉❡s✳ ❊♥ ❡✛❡t✱ ❧❛ ♣rés❡♥❝❡ ❞❡s 8
♣❛❧❡s ❝♦✉r❜❡s s✉r ❧❡s ❞✐sq✉❡s ✐♥tr♦❞✉✐t ✉♥ ♥❡t ❝✐s❛✐❧❧❡♠❡♥t ❡♥tr❡ ❧❡ ✢✉✐❞❡ s✐t✉é à
♣r♦①✐♠✐té ❞❡s ❞✐sq✉❡s ❡t ❝❡❧✉✐ ❝♦♥✜♥é ❡♥tr❡ ❧❡s ♣❛❧❡s✳ ❈❡ ❝✐s❛✐❧❧❡♠❡♥t✱ ❝♦♠❜✐♥é à
❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❞✉ ✢✉✐❞❡✱ ❞♦♥♥❡ ❛✐♥s✐ ♥❛✐ss❛♥❝❡ à ❞❡ ♣❡t✐ts t♦✉r❜✐❧❧♦♥s ❞❡
✈✐t❡ss❡ ♣rès ❞❡s ❞✐sq✉❡s✳ P❛r ❝♦♥séq✉❡♥t✱ ❧✬❡①♣✉❧s✐♦♥ ❝❡♥tr✐❢✉❣❡ ❞✉ ✢✉✐❞❡ ♣rès ❞❡s
❞✐sq✉❡s ❡st ❢♦rt❡♠❡♥t ❤é❧✐❝✐t❛✐r❡✱ ❝❡ q✉✐ ❢♦✉r♥✐t ✉♥❡ ✐♠♣♦rt❛♥t❡ s♦✉r❝❡ ❞✬❡✛❡t α✳

❖♥ s✬❛tt❡♥❞ ❞❡ ♣❧✉s à ❝❡ q✉❡ ❝❡tt❡ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t✱ q✉✐ s❡ ❞é♣❧❛❝❡
❛✈❡❝ ❧❛ r♦t❛t✐♦♥ ❞❡s ❞✐sq✉❡s✱ s♦✐t ❞é♣❡♥❞❛♥t❡ ❞✉ t❡♠♣s✳ ❆ ❝❛✉s❡ ❞❡s 8 ♣❛❧❡s✱ ✐❧ ❡st
r❛✐s♦♥♥❛❜❧❡ ❞✬✐♥tr♦❞✉✐r❡ ✉♥❡ ❝♦♠♣♦s❛♥t❡ m = 8 ❞❡ ❧✬é❝♦✉❧❡♠❡♥t✱ ❧♦❝❛❧✐sé❡ r❡❧❛t✐✈❡✲
♠❡♥t ♣rès ❞❡s ❞✐sq✉❡s✳ ❈❡tt❡ ♠♦❞✉❧❛t✐♦♥ ❞✐s♣❛r❛ît ❞♦♥❝ s♦✉s ❧✬❡✛❡t ❞✬✉♥❡ ♠♦②❡♥♥❡
t❡♠♣♦r❡❧❧❡ s✉r q✉❡❧q✉❡s t❡♠♣s ❞❡ r♦t❛t✐♦♥s✱ ♦✉ s✐ ❧✬♦♥ ♠♦②❡♥♥❡ s❡❧♦♥ ❧❛ ❞✐r❡❝t✐♦♥
❛③✐♠✉t❛❧❡✳ Pr❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❝❡tt❡ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ✈✐t❡ss❡ ♥♦♥✲❛①✐s②♠étr✐q✉❡ ❡st
❛✐♥s✐ ✉♥❡ ♠❛♥✐èr❡ s✐♠♣❧❡ ❞✬❡①♣❧✐q✉❡r ❧❛ str✉❝t✉r❡ ❛①✐s②♠étr✐q✉❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥é✲
t✐q✉❡✳ ❆✉ ❝❤❛♣✐tr❡ 3✱ ♥♦✉s ✉t✐❧✐s❡r♦♥s ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞❡ ❝❡t é❝♦✉❧❡♠❡♥t
♣♦✉r ♠♦♥tr❡r ❞❛♥s q✉❡❧❧❡ ❧✐♠✐t❡ ❝❡tt❡ ❤②♣♦t❤ès❡ ❞❡ ❞②♥❛♠♦ α − ω ❡st ❛♣♣r♦♣r✐é❡✱



✸✻ ❆♣♣r♦❝❤❡ ❊①♣ér✐♠❡♥t❛❧❡ ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦

❡t q✉❡❧ ❡st ❛❧♦rs ❛❧♦rs ❧❡ rô❧❡ ❞❡s ❞✐sq✉❡s ❢❡rr♦♠❛❣♥ét✐q✉❡s✳

✷✳✸✳✺ ❘é❣✐♠❡s ❞②♥❛♠✐q✉❡s

▲❡s rés✉❧t❛ts q✉✐ ♣ré❝é❞❡♥t ❝♦♥❝❡r♥❡♥t ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♦❜t❡♥✉ ❧♦rsq✉❡ ❧❡s
❞❡✉① ❞✐sq✉❡s t♦✉r♥❡♥t à ❞❡s ❢réq✉❡♥❝❡s ❞❡ r♦t❛t✐♦♥ s✐♠✐❧❛✐r❡s✳ ❯♥❡ ❞❡s ♣❛rt✐❝✉❧❛✲
r✐tés ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ rés✐❞❡ t♦✉t❡❢♦✐s ❞❛♥s ❧❛ ♣rés❡♥❝❡ ❞❡ ♥♦♠❜r❡✉① ré❣✐♠❡s
❞②♥❛♠✐q✉❡s très ❞✐✛ér❡♥ts ❞ès q✉❡ ❧✬♦♥ s✬é❧♦✐❣♥❡ ❞❡ ❧❛ ❝♦♥tr❛✲r♦t❛t✐♦♥ ❡①❛❝t❡✱ ❝✬❡st✲
à✲❞✐r❡ q✉❛♥❞ ❧❡s ❢réq✉❡♥❝❡s ❞❡ r♦t❛t✐♦♥ s♦♥t ❞✐✛ér❡♥t❡s ✭F1 6= F2 ✮✳ ■❧ ❢❛✉t é❣❛❧❡♠❡♥t
♥♦t❡r q✉❡ ❝❡s ré❣✐♠❡s ❞②♥❛♠✐q✉❡s ♥✬♦♥t ❥❛♠❛✐s été ♦❜s❡r✈és t❛♥t q✉❡ F1 = F2✳ ▲✬♦❜✲
s❡r✈❛t✐♦♥ ❞❡ ré❣✐♠❡s ❞②♥❛♠✐q✉❡s ❝♦♠♣❧❡①❡s ❡st ❞✬✉♥ ✐♥térêt ♠❛❥❡✉r ♣♦✉r ♣❧✉s✐❡✉rs
r❛✐s♦♥s✳ ◆♦✉s ✈❡rr♦♥s q✉❡ ❝❡rt❛✐♥s ré❣✐♠❡s✱ ❝♦♠♠❡ ❧❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s
❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ♣rés❡♥t❡♥t ❞❡ s✉r♣r❡♥❛♥t❡s s✐♠✐❧✐t✉❞❡s ❛✈❡❝ ❝❡✉① ❞✉ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ t❡rr❡str❡ ❬✽❪✳

❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ❞é❥à ♠❡♥t✐♦♥♥é✱ ❝❡tt❡ s✐t✉❛t✐♦♥ ❞✐ss②♠étr✐q✉❡ ❞✉ ❢♦rç❛❣❡
❝♦rr❡s♣♦♥❞ à ✉♥❡ ❜r✐s✉r❡ ❞❡ ❧❛ s②♠étr✐❡ Rπ ❞❛♥s ❧✬é❝♦✉❧❡♠❡♥t ♠♦②❡♥✳ ❈❡t é❝❛rt à ❧❛
❝♦♥tr❛✲r♦t❛t✐♦♥ ❡①❛❝t❡ ❡st ♣❛r❢♦✐s ♣❛r❛♠étré ♣❛r ❧❡ ❝♦❡✣❝✐❡♥t θ = (F1−F2)/F1 +F2)✳
❯♥ ❛♣❡rç✉ ❞❡ ❧❛ r✐❝❤❡ss❡ ❞❡s ❝♦♠♣♦rt❡♠❡♥ts ❞②♥❛♠✐q✉❡s ❡st ❞♦♥♥é à ❧❛ ✜❣✉r❡ ✷✳✶✹✱
♦ù ❧✬♦♥ ♠♦♥tr❡ ❧❡s ❞✐✛ér❡♥ts ré❣✐♠❡s ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s✳

❆ ♣r❡♠✐èr❡ ✈✉❡✱ ❧❛ s✐t✉❛t✐♦♥ ♣❡✉t s❡♠❜❧❡r ❝♦♠♣❧✐q✉é❡✱ ❡t ❞✐✣❝✐❧❡ à ❛♥❛❧②s❡r✳ ■❧
❡①✐st❡ ❞❡ ♥♦♠❜r❡✉① t②♣❡s ❞❡ ré❣✐♠❡s ❞②♥❛♠✐q✉❡s✱ ♠❛✐s é❣❛❧❡♠❡♥t ❞❡s ét❛ts st❛✲
t✐♦♥♥❛✐r❡s ✈❛r✐és✱ ❡t ❧❡s tr❛♥s✐t✐♦♥s ❡♥tr❡ ❝❡s ❞✐✛ér❡♥t❡s s♦❧✉t✐♦♥s ♠❛❣♥ét✐q✉❡s ♥❡
♣❛r❛îss❡♥t ♣❛s ✈r❛✐♠❡♥t ♦r❞♦♥♥é❡s✳ ❖♥ ❡st ✐❝✐ ❜✐❡♥ ❧♦✐♥ ❞❡s rés✉❧t❛ts s✐♠♣❧❡s ♦❜t❡✲
♥✉s ❛✈❡❝ ❧❛ ❞②♥❛♠♦ s♦❧✐❞❡ ❞❡ ▲♦✇❡s ❡t ❲✐❧❦✐♥s♦♥✱ ♦✉ ❞❡s ❡①♣ér✐❡♥❝❡s r❡❧❛t✐✈❡♠❡♥t
♣ré❞✐❝t✐❜❧❡s ❞❡ ❘✐❣❛ ❡t ❑❛r❧sr✉❤❡✳ ❯♥❡ ❛✉tr❡ ♣❛rt✐❝✉❧❛r✐té ét♦♥♥❛♥t❡ ❡st q✉❡ ❧✬❡♥✲
s❡♠❜❧❡ ❞❡s ré❣✐♠❡s ❞②♥❛♠✐q✉❡s ❛♣♣❛r❛✐ss❡♥t ❞❛♥s ❞❡s ré❣✐♦♥s r❡❧❛t✐✈❡♠❡♥t ♣❡t✐t❡s
❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s✱ ❡t ♣♦✉r ❞❡s é❝❛rts ❞❡ q✉❡❧q✉❡s ♣♦✉r❝❡♥ts ♣❛r r❛♣♣♦rt à
❧❛ ❝♦♥tr❛✲r♦t❛t✐♦♥ ❡①❛❝t❡✳

■❧ s❡r❛✐t ❛ss❡③ ❧♦♥❣ ❞❡ ré♣❡rt♦r✐❡r ❧✬❡♥s❡♠❜❧❡ ❞❡s ét❛ts ♦❜s❡r✈és ❞❛♥s ❧❛ t♦t❛❧✐té ❞❡
❧✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s✳ ❯♥❡ ❢♦✐s ❡♥❝♦r❡✱ ♦♥ s❡ r❡str❡✐♥t ✐❝✐ à ♣rés❡♥t❡r ❧❡s q✉❡❧q✉❡s
rés✉❧t❛ts ✐♥❞✐s♣❡♥s❛❜❧❡s à ❧❛ ❜♦♥♥❡ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡s ♠é❝❛♥✐s♠❡s s♦✉s✲❥❛❝❡♥ts ❞❡
❧❛ ❞②♥❛♠✐q✉❡ ❞✉ ❝❤❛♠♣✳ ▲❛ ♣❧✉♣❛rt ❞❡s rés✉❧t❛ts r❛♣♣♦rtés ✐❝✐ ♣❡✉✈❡♥t êtr❡ tr♦✉✲
✈és ❡♥ ❞ét❛✐❧s ❞❛♥s ❬✺✺❪ ♣❛r ❡①❡♠♣❧❡✱ ♦✉ ❡♥❝♦r❡ ❞❛♥s ❧❛ t❤ès❡ ❞❡ ▼✐❝❤❛❡❧ ❇❡r❤❛♥✉
❬✼❪✳ ▲❛ ♠❛❥❡✉r❡ ♣❛rt✐❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s ❡st ♦❝❝✉♣é❡ ♣❛r ❞✐✛ér❡♥ts ét❛ts
st❛t✐♦♥♥❛✐r❡s✱ q✉✐ s❡ ❞✐st✐♥❣✉❡♥t ❡♥ ❣é♥ér❛❧ ♣❛r ❞❡s ❛♠♣❧✐t✉❞❡s ♠♦②❡♥♥❡s ❡t ❞❡s ♥✐✲
✈❡❛✉① ❞❡ ✢✉❝t✉❛t✐♦♥s ❞✐✛ér❡♥ts ✭✈♦✐r ✜❣✉r❡ ✷✳✶✺❛✱❞ ❡t ❧✮✳ ■❧ ❡①✐st❡ ♣❛r ❛✐❧❧❡✉rs ✉♥❡
❝❡rt❛✐♥❡ r♦❜✉st❡ss❡ ❞❛♥s ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ❧❡s ré❣✐♠❡s ❞é♣❡♥❞❛♥ts ❞✉ t❡♠♣s✱ ❡t ❧❛
✜❣✉r❡ ✷✳✶✹✭❜✮ ♠♦♥tr❡ ✉♥ ❡①❡♠♣❧❡ ❞❡ s❝é♥❛r✐♦ ❞❛♥s ❧✬❡s♣❛❝❡ (Rm, θ)✳ ❈❡tt❡ r♦❜✉st❡ss❡
♣❡✉t ♣❛r❛îtr❡ ❛ss❡③ s✉r♣r❡♥❛♥t❡ ❡♥ r❛✐s♦♥ ❞❡ ❧✬✐♠♣♦rt❛♥t ♥✐✈❡❛✉ ❞❡ ✢✉❝t✉❛t✐♦♥ ❞✉
s②stè♠❡✳ ❆✐♥s✐✱ ♣♦✉r ❞❡ ♣❡t✐ts é❝❛rts à θ = 0✱ ❧❡s ♠❡s✉r❡s ✐♥❞✐q✉❡♥t q✉❡ ❧❡ ♠♦❞❡ ♠❛✲
❣♥ét✐q✉❡ s❡ ❞é❢♦r♠❡ ✉♥ ♣❡✉✱ ♠❛✐s r❡st❡ st❛t✐♦♥♥❛✐r❡✳ ❖♥ ♦❜s❡r✈❡ ❡♥s✉✐t❡✱ à ♣❛rt✐r ❞❡
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no dynamo

STAT1

STAT2

STAT3
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extinction
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limit cycle

bursts

(b)

❋✐❣✳ ✷✳✶✹✿ ❉✐✛ér❡♥ts ré❣✐♠❡s ❞②♥❛♠♦ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s✳ ✭❛✮ ✿ ❞❛♥s ❧❡ ♣❧❛♥
(F1,F2)✳ ✭❜✮ ✿ ❞♦♥♥é❡s s②♠étr✐sé❡s✱ é✈♦❧✉t✐♦♥ ❧♦rsq✉❡ ❧❛ r♦t❛t✐♦♥ ❞✬✉♥ s❡✉❧
❞✐sq✉❡ ❡st ♠♦❞✐✜é❡✱ ❞❛♥s ❧❡ ♣❧❛♥ (Rm, θ)✳ ❉✬❛♣rès ❬✺✺❪✳

❝❡t ét❛t st❛t✐♦♥♥❛✐r❡✱ ✉♥❡ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ ❝②❝❧❡ ❧✐♠✐t❡✱ ♣r♦❞✉✐s❛♥t ❞❡s ♦s❝✐❧❧❛t✐♦♥s
♥♦♥✲❧✐♥é❛✐r❡s✳ ❙✉r ❧❛ ✜❣✉r❡ ✷✳✶✹✭❜✮✱ ❧❛ ❜✐❢✉r❝❛t✐♦♥ ✈❡rs ❝❡ ❝②❝❧❡ ❧✐♠✐t❡ s❡ ♣r♦❞✉✐t ♣❛r
❡①❡♠♣❧❡ ♣♦✉r θ ∼ 0.1✳ ▲✬é✈♦❧✉t✐♦♥ ❛✉ ❝♦✉rs ❞✉ t❡♠♣s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞✉r❛♥t
❝❡ ❝②❝❧❡ ❧✐♠✐t❡ ❡st ✈✐s✐❜❧❡ s✉r ❧❛ ✜❣✉r❡ ✷✳✶✺✭❝✮✳ ❖♥ ♥♦t❡ q✉❡ ❧❡ ❝②❝❧❡ r❛❧❡♥t✐t ♥❡tt❡✲



✸✽ ❆♣♣r♦❝❤❡ ❊①♣ér✐♠❡♥t❛❧❡ ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦

♠❡♥t ♣rès ❞❡ ❧✬❛♥❝✐❡♥♥❡ s♦❧✉t✐♦♥ st❛t✐♦♥♥❛✐r❡✳ ❊♥ ❢❛✐t ❧❡ r❛❧❡♥t✐ss❡♠❡♥t ❝r✐t✐q✉❡ ♣rès
❞❡ ❧✬❛♥❝✐❡♥♥❡ s♦❧✉t✐♦♥ s❡♠❜❧❡ ❞é♣❡♥❞r❡ ❞❡ ❧❛ ❞✐st❛♥❝❡ ❛✉ ♣♦✐♥t ❞❡ ❜✐❢✉r❝❛t✐♦♥✱ ❡t
❞✐✈❡r❣❡r ❡♥ ❝❡ ♣♦✐♥t✳

▲♦rsq✉❡ ❧✬♦♥ ❛✉❣♠❡♥t❡ ❡♥❝♦r❡ ✉♥ ♣❡✉ ❧❡ ♣❛r❛♠ètr❡ θ✱ ❧✬ét❛t ❡st ❞❡ ♥♦✉✈❡❛✉ st❛✲
t✐♦♥♥❛✐r❡ ❛✈❛♥t ❞❡ ❜✐❢✉rq✉❡r ✈❡rs ✉♥ ❝♦♠♣♦rt❡♠❡♥t t♦✉t ❛ ❢❛✐t r❡♠❛rq✉❛❜❧❡ ✿ ❧❡
s②stè♠❡ s✉❜✐t ❞❡s r❡♥✈❡rs❡♠❡♥ts ❛♣♣❛r❡♠♠❡♥t ❝❤❛♦t✐q✉❡s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡
❝♦♥♥❡❝t❛♥t ❧✬ét❛t st❛t✐♦♥♥❛✐r❡ ♦❜t❡♥✉ ❥✉st❡ ❛✈❛♥t ❝❡tt❡ ❜✐❢✉r❝❛t✐♦♥ à ❧❛ s♦❧✉t✐♦♥ ♦♣✲
♣♦sé❡✳ ❯♥ ❡①❡♠♣❧❡ t②♣✐q✉❡ ❞❡ ❝❡ t②♣❡ ❞❡ ré❣✐♠❡ ❡st ✐❧❧✉stré ♣❛r ❧❛ ✜❣✉r❡ ✷✳✶✺✭❣✮✳ ■❧
s✬❛❣✐t ❞❡s ♣r❡♠✐❡rs r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♦❜s❡r✈és ❞❛♥s
✉♥❡ ❞②♥❛♠♦ ✢✉✐❞❡ ❡①♣ér✐♠❡♥t❛❧❡✳ ▲❛ r❡ss❡♠❜❧❛♥❝❡ ❛✈❡❝ ❧❡s r❡♥✈❡rs❡♠❡♥ts ❞✉ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ t❡rr❡str❡ ❡st ❢r❛♣♣❛♥t❡✳ ❖♥ ♥♦t❡ é❣❛❧❡♠❡♥t q✉❡ ❝❡ ré❣✐♠❡ ❜✐❢✉rq✉❡ t♦✉✲
❥♦✉rs à ♣❛rt✐r ❞✬✉♥ ét❛t st❛t✐♦♥♥❛✐r❡✳ ▲✬ét✉❞❡ ❞❡ ❝❡ ré❣✐♠❡ ❢❛✐t ❧✬♦❜❥❡t ❞❡ ❧❛ s❡❝t✐♦♥
s✉✐✈❛♥t❡✳ ❉✬❛✉tr❡s ré❣✐♠❡s ♣❡✉✈❡♥t ❛❧♦rs êtr❡ tr♦✉✈és s✐ ❧✬♦♥ ❝♦♥t✐♥✉❡ ❞❡ ❜r✐s❡r ❧❛
s②♠étr✐❡ Rπ✳ P❛r ❡①❡♠♣❧❡✱ à ♣r♦①✐♠✐té ❞❡s r❡♥✈❡rs❡♠❡♥ts s❡ tr♦✉✈❡♥t ❞❡s ❜♦✉✛é❡s
✐♥t❡r♠✐tt❡♥t❡s ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ✭✜❣✉r❡ ✷✳✶✺✭❡✮✮ ♦✉ ❞✬❛✉tr❡s ét❛ts st❛t✐♦♥♥❛✐r❡s✳
P♦✉r ❞❡ ♣❧✉s ❣r❛♥❞s θ✱ ♦♥ ♥♦t❡ é❣❛❧❡♠❡♥t ❧❛ ♣rés❡♥❝❡ ❞✬ ♦s❝✐❧❧❛t✐♦♥s ♣ér✐♦❞✐q✉❡s
❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ❝♦♠♠❡ à ❧❛ ✜❣✉r❡ ✷✳✶✺✭❦✮✳ ❈❡ t②♣❡ ❞❡ ❝♦♠♣♦rt❡♠❡♥t ❞✉
❞✐♣♦❧❡ ❛①✐❛❧ ❡st ❛✉ ❝♦♥tr❛✐r❡ ♣❧✉tôt s✐♠✐❧❛✐r❡ à ❧✬♦s❝✐❧❧❛t✐♦♥ ♣ér✐♦❞✐q✉❡ ♦❜s❡r✈é❡ ♣♦✉r
❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ s♦❧❛✐r❡✳ ❆✐♥s✐✱ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ r❡♣r♦❞✉✐t ❞✐✈❡rs ❝♦♠♣♦rt❡✲
♠❡♥ts ♣r♦♣r❡s ❛✉① ❞②♥❛♠♦s ♥❛t✉r❡❧❧❡s ❞❛♥s ✉♥❡ ré❣✐♦♥ très r❡str❡✐♥t❡ ❞❡ ❧✬❡s♣❛❝❡
❞❡s ♣❛r❛♠ètr❡s✳ ❈❡ rés✉❧t❛t ❧❛✐ss❡ ❡s♣ér❡r ✉♥ ❝❛r❛❝tèr❡ ✉♥✐✈❡rs❡❧ ❞❡s ♠é❝❛♥✐s♠❡s à
❧✬♦❡✉✈r❡ ❞❛♥s ❝❡s ❞✐✛ér❡♥ts ré❣✐♠❡s ❞②♥❛♠♦s✳ ❯♥❡ ét✉❞❡ t♦✉t❡ ♣❛rt✐❝✉❧✐èr❡ ❞❡ ❧✬❛♣✲
♣❛r✐t✐♦♥ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❛♥s ❱❑❙ ♠ér✐t❡ ❞♦♥❝ q✉❡ ❧✬♦♥
s✬② ✐♥tér❡ss❡ ❡♥ ❞ét❛✐❧✳

✷✳✸✳✻ ❘❡♥✈❡rs❡♠❡♥ts

❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s s✉❣❣éré ❡♥ ✐♥tr♦❞✉❝t✐♦♥✱ ❝♦♠♣r❡♥❞r❡ ❧❡ ♠é❝❛♥✐s♠❡ ❞❡ r❡♥✲
✈❡rs❡♠❡♥t ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ t❡rr❡str❡ ❡st ✉♥ ❞❡s ❣r❛♥❞s ❞é✜s ❞❡ ❧❛ t❤é♦r✐❡ ❞②✲
♥❛♠♦✳ ❉❡ ♣❧✉s✱ ♦♥ ❛ ✈✉ q✉❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞✉ s♦❧❡✐❧ ♣❛r ❡①❡♠♣❧❡✱ q✉✐ rés✉❧t❡
é❣❛❧❡♠❡♥t ❞✬✉♥ ❡✛❡t ❞②♥❛♠♦✱ ♣rés❡♥t❡ ❛✉ ❝♦♥tr❛✐r❡ ✉♥ ❝♦♠♣♦rt❡♠❡♥t ❢♦rt❡♠❡♥t
♣ér✐♦❞✐q✉❡✳ ▲❡ s✉❝❝ès ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ❢♦✉r♥✐t ✉♥ ♥♦✉✈❡❧ ❡①❡♠♣❧❡ ❞❡ ❞②♥❛♠♦
t✉r❜✉❧❡♥t❡✳ ❆✉ ❝♦♥tr❛✐r❡ ❞❡s ♦❜❥❡ts ♥❛t✉r❡❧s✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ♠♦❞✐✜❡r ❝❡rt❛✐♥s
♣❛r❛♠ètr❡s ❞❡ ❝❡ s②stè♠❡✱ ❡t ♥♦✉s ❛✈♦♥s ✈✉ q✉✬✐❧ ❡st ❛❧♦rs ♣♦ss✐❜❧❡ ❞✬♦❜t❡♥✐r ❢❛❝✐✲
❧❡♠❡♥t ❞❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s très s✐♠✐❧❛✐r❡s à ❧❛ ❣é♦❞②♥❛♠♦✳ ❉❛♥s ❞✬❛✉tr❡s
❝✐r❝♦♥st❛♥❝❡s✱ ♦♥ ♦❜s❡r✈❡ ❛✉ ❝♦♥tr❛✐r❡ ✉♥ ❝♦♠♣♦rt❡♠❡♥t ♣ér✐♦❞✐q✉❡ q✉✐ r❛♣♣❡❧❧❡ ❧❛
❞②♥❛♠♦ s♦❧❛✐r❡✳ ❖♥ ♣❡✉t ❞♦♥❝ ❡s♣ér❡r q✉✬✐❧ ❡①✐st❡ ✉♥ ♠é❝❛♥✐s♠❡ ❝♦♠♠✉♥ à ❝❡s ❞✐❢✲
❢ér❡♥ts s②stè♠❡s✱ ❣é♥ér❛❧✐s❛♥t ❛✐♥s✐ ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ❞②♥❛♠♦s
t✉r❜✉❧❡♥t❡s✳

P♦✉r ❝❡❧❛✱ ✐❧ ❡st ✐♥❞✐s♣❡♥s❛❜❧❡ ❞❡ ❜✐❡♥ ❝♦♠♣r❡♥❞r❡ ❝♦♠♠❡♥t ❧❡ s②stè♠❡ ❜✐❢✉rq✉❡
✈❡rs ❧❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✳ ❚♦✉t ❞✬❛❜♦r❞✱ ✐❧ ❢❛✉t ♥♦t❡r
q✉❡ ❝❡s r❡♥✈❡rs❡♠❡♥ts s❡ ♣r♦❞✉✐s❡♥t s②sté♠❛t✐q✉❡♠❡♥t à ♣r♦①✐♠✐té ❞✬✉♥ ❝②❝❧❡ ❧✐♠✐t❡✱



✷✳✸ ❘és✉❧t❛ts ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ✸✾

❋✐❣✳ ✷✳✶✺✿ ❊✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡s ❞✐✛ér❡♥ts ré❣✐♠❡s ❞②♥❛♠♦s ♦❜s❡r✈és ❞❛♥s ❧✬❡①♣é✲
r✐❡♥❝❡ ❱❑❙✳ ❖♥ ♥♦t❡r❛ ❧❛ r✐❝❤❡ss❡ ❞❡s ❝♦♠♣♦rt❡♠❡♥ts ♦❜t❡♥✉s ✿ s♦❧✉t✐♦♥s st❛✲
t✐♦♥♥❛✐r❡s ✭❛✱ ❞✱ ✐✱ ❥ ❡t ❧✮✱ r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s ✭❣✮✱ ❜♦✉✛é❡s ✐♥t❡r♠✐tt❡♥t❡s
✭❡✮ ❡t ♦s❝✐❧❧❛t✐♦♥s ♣ér✐♦❞✐q✉❡s ✭❝✮✳

♠❛✐s t♦✉❥♦✉rs à ♣❛rt✐r ❞✬✉♥ ét❛t st❛t✐♦♥♥❛✐r❡✳ ▲❡s ❜✐❢✉r❝❛t✐♦♥s ♦❜s❡r✈é❡s ❞❛♥s ❧✬❡①✲
♣ér✐❡♥❝❡ s✉❣❣èr❡ ✉♥❡ ❞②♥❛♠✐q✉❡ ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥✱ ♥❡ ❢❛✐s❛✐t ❛♣♣❡❧ q✉✬❛ q✉❡❧q✉❡s
♠♦❞❡s ❡♥ ✐♥t❡r❛❝t✐♦♥✳ ❊♥ s✉✐✈❛♥t ❝❡tt❡ ❞é♠❛r❝❤❡✱ ✉♥ ♣r♦❜❧è♠❡ ❝r✉❝✐❛❧ s❡♠❜❧❡ ♣♦✉r✲
t❛♥t s✉r❣✐r ✿ ❈♦♠♠❡♥t ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ♣❡✉t✲❡❧❧❡ êtr❡ ❝♦♠♣r✐s❡ ❡♥ ✐♥✈♦q✉❛♥t ✉♥❡
❞②♥❛♠✐q✉❡ ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥❛❧✐té ❄ ❈❡❧❛ s❡♠❜❧❡ ❡♥ ❡✛❡t ❝♦♥tr❛❞✐❝t♦✐r❡ ❛✈❡❝ ❧❛
❢♦rt❡ t✉r❜✉❧❡♥❝❡ ❞✉ ✢✉✐❞❡ ✭Re > 106✮ ❡t ❧❡ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ❞❡❣rés ❞❡ ❧✐❜❡rté ❞✉
✢✉✐❞❡ ❛ss♦❝✐é ❛✈❡❝ ✉♥ t❡❧ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s✳ ❚♦✉t❡❢♦✐s✱ ❧❛ ❢♦r♠❡ ❡t ❧✬❛♣♣❛r✐t✐♦♥
❞❡s r❡♥✈❡rs❡♠❡♥ts s❡♠❜❧❡ êtr❡ ❡①trê♠❡♠❡♥t r♦❜✉st❡✳ ❈♦♠♣r❡♥❞r❡ ❧✬♦r✐❣✐♥❡ ❞❡ ❝❡tt❡
s✐♠♣❧✐❝✐té ❞❛♥s ❧❛ ❞②♥❛♠✐q✉❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ s❡r❛ ❧✬✉♥ ❞❡s ♦❜❥❡❝t✐❢s ❞✉ tr❛✈❛✐❧
♥✉♠ér✐q✉❡ ❡✛❡❝t✉é ❞✉r❛♥t ❝❡tt❡ t❤ès❡✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❛✉ ❝❤❛♣✐tr❡ 4✳ ◆♦✉s ✈❡rr♦♥s q✉❡
❧❛ ❥✉st✐✜❝❛t✐♦♥ ❞✬✉♥❡ ❛♣♣r♦❝❤❡ ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥ rés✐❞❡ ❞❛♥s ❧❛ sé♣❛r❛t✐♦♥ ❞✬é❝❤❡❧❧❡
❞❡ t❡♠♣s ❡♥tr❡ ❧❡s ❝❤❛♠♣s ♠❛❣♥ét✐q✉❡ ❡t ❝✐♥ét✐q✉❡✱ ✐♥tr♦❞✉✐t❡ ♣❛r ❧✬é♥♦r♠❡ r❛♣♣♦rt
❞❡ ❞✐✛✉s✐✈✐tés ❡♥tr❡ ❝❡s ❞❡✉① ❝❤❛♠♣s✳

❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ❞é❥à ❞✐t✱ ❧♦rsq✉❡ ❧✬♦♥ s✬é❝❛rt❡ ❞❡ ❧❛ ❝♦♥tr❛✲r♦t❛t✐♦♥ ❡①❛❝t❡✱
♣♦✉r 0 < θ < 0.09✱ ❧❡ s②stè♠❡ ❞❡♠❡✉r❡ st❛t✐st✐q✉❡♠❡♥t st❛t✐♦♥♥❛✐r❡✳ ❚♦✉t❡❢♦✐s✱ ❧❡
r❛♣♣♦rt ❡♥tr❡ ❧❡s ❞✐✛ér❡♥t❡s ❝♦♠♣♦s❛♥t❡s ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❝❤❛♥❣❡✱ ✐♥❞✐q✉❛♥t
✉♥❡ ♠♦❞✐✜❝❛t✐♦♥ ❞❡ ❧❛ ❣é♦♠étr✐❡ ❞✉ ♠♦❞❡✳ ▲❡ ❝❤❛♥❣❡♠❡♥t ❞❡ t♦♣♦❧♦❣✐❡ ❡st ✐❧❧✉stré
à ❧❛ ✜❣✉r❡ ✷✳✶✻✳ Près ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ❧❡ ❝②❝❧❡ ❧✐♠✐t❡ ✭♥♦té (22, 19) s✉r ❧❛ ✜❣✉r❡✮✱
♦♥ ♦❜s❡r✈❡ q✉❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♠❡s✉ré ❞❛♥s ❧❡ ♣❧❛♥ ♠é❞✐❛♥ ✐♠♣❧✐q✉❡ ✉♥❡ ❝♦♠✲



✹✵ ❆♣♣r♦❝❤❡ ❊①♣ér✐♠❡♥t❛❧❡ ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦

❋✐❣✳ ✷✳✶✻✿ ❚r❛♥s✐t✐♦♥ ✈❡rs ✉♥ ❝②❝❧❡ ❧✐♠✐t❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ▲❡ ❝②❝❧❡ s❡♠❜❧❡ ✐♠✲
♣❧✐q✉❡r ❞❡✉① ♠♦❞❡s ♠❛❣♥ét✐q✉❡s ❞✐✛ér❡♥ts ❀ ✉♥ ❞✐♣♦❧❡ ✭❛✮ ❡t ✉♥ q✉❛❞r✉♣♦❧❡
✭❜✮✳ ▲✬é✈♦❧✉t✐♦♥ ❞✉ ❝❤❛♠♣ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s Br ,Bθ ✭❝✮ ♠♦♥tr❡ q✉❡ ❧❡
❝②❝❧❡ r❡✈✐s✐t❡ ❝❤❛❝✉♥ ❞❡s ♣♦✐♥ts ✜①❡s ♣ré❝é❞❡♥ts✳ ✭❞✮ ✿ ❙✐❣♥❛❧ t❡♠♣♦r❡❧ ❞✉ ❝②❝❧❡
❧✐♠✐t❡✳

♣♦s❛♥t❡ ❛①✐s②♠étr✐q✉❡ ❛ss❡③ ❢♦rt❡ ❞❡ ❝❤❛♠♣ r❛❞✐❛❧✳ ❆✉ ❝♦♥tr❛✐r❡✱ ❧❛ ♣❛rt✐❡ ❛③✐♠✉t❛❧❡
s❡♠❜❧❡ s✬❛♥♥✉❧❡r✳ ■❧ s✬❛❣✐t ❧à ❞❡ ❝❛r❛❝tér✐st✐q✉❡s très ❞✐✛ér❡♥t❡s ❞✉ ❝❛s s②♠étr✐q✉❡
(22, 22)✱ ❡t ♣❡✉ ❝♦♠♣❛t✐❜❧❡ ❛✈❡❝ ✉♥ ❞✐♣♦❧❡ ❛①✐❛❧✳ ▲❛ ❣é♦♠étr✐❡ ❧❛ ♣❧✉s s✐♠♣❧❡ ❡♥



✷✳✸ ❘és✉❧t❛ts ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ✹✶

❛❝❝♦r❞ ❛✈❡❝ ❝❡s ✐♥❢♦r♠❛t✐♦♥s ❡st ✉♥ q✉❛❞r✉♣♦❧❡ ❛①✐❛❧✱ ✐❧❧✉stré s❝❤é♠❛t✐q✉❡♠❡♥t s✉r
❝❡tt❡ ♠ê♠❡ ✜❣✉r❡✳ ❖♥ ♣❡✉t ❞♦♥❝ ❝♦♥s✐❞ér❡r q✉✬✐❧ s❡ ♣r♦❞✉✐t ✉♥❡ tr❛♥s✐t✐♦♥ ❡♥tr❡ ✉♥
❝❤❛♠♣ ♣✉r❡♠❡♥t ❞✐♣♦❧❛✐r❡ ❡♥ ❝♦♥tr❛✲r♦t❛t✐♦♥ ❡①❛❝t❡ ✈❡rs ✉♥ ❝❤❛♠♣ q✉❛❞r✉♣♦❧❛✐r❡
❧♦rsq✉❡ ❧✬♦♥ ❛✉❣♠❡♥t❡ θ✳ ▲❛ ❜✐❢✉r❝❛t✐♦♥ ❞✉ s②stè♠❡ ✈❡rs ❧❡ ❝②❝❧❡ ❧✐♠✐t❡ ❡st ❛ss♦❝✐é❡
à ✉♥ ❝♦♠♣♦rt❡♠❡♥t r❡♠❛rq✉❛❜❧❡ ✿ ❧❛ tr❛❥❡❝t♦✐r❡ ❞✉ ❝②❝❧❡ ♣❛ss❡ ♣❛r ❧✬❡♥s❡♠❜❧❡ ❞❡s
❛♥❝✐❡♥s ♣♦✐♥ts ✜①❡s ♦❜t❡♥✉s ❛✈❛♥t ❧✬♦s❝✐❧❧❛t✐♦♥ ✭✈♦✐r ✜❣✉r❡ ✷✳✶✻✮✳

❈❡ ❝♦♠♣♦rt❡♠❡♥t s✉r♣r❡♥❛♥t s❡ r❡tr♦✉✈❡ ❡♥ ❢❛✐t ❞❛♥s ✉♥ ❡①❡♠♣❧❡ ❜✐❡♥ ❝♦♥♥✉
❞❡ ♣❤②s✐q✉❡ ❝❧❛ss✐q✉❡ ✿ ❧❡ ♣❡♥❞✉❧❡ s✐♠♣❧❡ r✐❣✐❞❡ s♦✉♠✐s à ✉♥ ❝♦✉♣❧❡✳ ▲♦rsq✉❡ ❧✬♦♥
s♦✉♠❡t ❧❡ ♣❡♥❞✉❧❡ à ✉♥ ❝♦✉♣❧❡ ❝♦♥st❛♥t✱ ❧❛ s♦❧✉t✐♦♥ st❛❜❧❡ ✐♥✐t✐❛❧❡♠❡♥t ✈❡rt✐❝❛❧❡ ❡st
♠♦❞✐✜é❡ ❡t ❧❡ ♣❡♥❞✉❧❡ s❡ st❛❜✐❧✐s❡ ❞❛♥s ✉♥❡ ♣♦s✐t✐♦♥ ❧é❣èr❡♠❡♥t ✐♥❝❧✐♥é❡✳ ❘❡s♣❡❝✲
t✐✈❡♠❡♥t✱ ❧❛ s♦❧✉t✐♦♥ ✐♥st❛❜❧❡ ❝♦rr❡s♣♦♥❞❛♥t ❛✉ ♣❡♥❞✉❧❡ ♣♦✐♥t❛♥t ✈❡rs ❧❡ ❤❛✉t ❡st
♠♦❞✐✜é❡✱ ❡t s❡ r❛♣♣r♦❝❤❡ ❞✉ ♣♦✐♥t st❛❜❧❡✳ ▲♦rsq✉❡ ❧❡ ❝♦✉♣❧❡ ❞❡✈✐❡♥t tr♦♣ ✐♠♣♦rt❛♥t✱
♦♥ ♦❜s❡r✈❡ q✉❡ ❧❛ s♦❧✉t✐♦♥ st❛❜❧❡ ❡t ❧❛ s♦❧✉t✐♦♥ ✐♥st❛❜❧❡ ❞✉ s②stè♠❡ ❝♦❧❧✐s✐♦♥♥❡♥t
❡t ❞✐s♣❛r❛✐ss❡♥t à ❧✬❛♥❣❧❡ π/2 ✳ ❘✐❡♥ ♥✬❡♠♣ê❝❤❡ ❛❧♦rs ❧❛ r♦t❛t✐♦♥ ❞✉ ♣❡♥❞✉❧❡ ❡t ♦♥
♦❜s❡r✈❡ ✉♥ ❝②❝❧❡ ❧✐♠✐t❡ q✉✐ ♣❛ss❡ ♣❛r ❝❤❛❝✉♥ ❞❡s ❛♥❝✐❡♥s ♣♦✐♥ts ✜①❡s✳ ❖♥ ♥♦t❡ ❞❛♥s
❝❡ ❝❛s ✉♥ r❛❧❡♥t✐ss❡♠❡♥t ❞✉ ♣❡♥❞✉❧❡ ❧♦rsq✉✬✐❧ ❛♣♣r♦❝❤❡ ❧❡ ♣♦✐♥t ❞❡ ❜✐❢✉r❝❛t✐♦♥✳ ❈❡tt❡
tr❛♥s✐t✐♦♥ ❝♦rr❡s♣♦♥❞ à ✉♥❡ ❜✐❢✉r❝❛t✐♦♥ ♥♦❡✉❞✲❝♦❧ ❣❧♦❜❛❧❡✱ ❡t ✐♠♣❧✐q✉❡ ❧❛ ❝♦❧❧✐s✐♦♥
❞✬✉♥❡ s♦❧✉t✐♦♥ st❛❜❧❡ ❛✈❡❝ ✉♥❡ s♦❧✉t✐♦♥ ✐♥st❛❜❧❡✳ ▲✬❛♥❛❧♦❣✐❡ ❡st s✉✣s❛♠♠❡♥t ❢♦rt❡
♣♦✉r q✉❡ ❧✬♦♥ s♦✐t t❡♥té ❞❡ ❝♦♠♣r❡♥❞r❡ ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ❧❡ ❝②❝❧❡ ❧✐♠✐t❡ ❞✉ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ ❝♦♠♠❡ ét❛♥t ✉♥❡ ❜✐❢✉r❝❛t✐♦♥ ♥♦❡✉❞✲❝♦❧ ✐♠♣❧✐q✉❛♥t ✉♥❡ s♦❧✉t✐♦♥ st❛❜❧❡✱
❧❡ ❞✐♣♦❧❡ ❡t ✉♥❡ s♦❧✉t✐♦♥ ✐♥st❛❜❧❡✱ ❧❡ q✉❛❞r✉♣♦❧❡✳ ❈❡tt❡ ✐♥t❡r♣rét❛t✐♦♥ ❡st r❡♥❢♦r❝é❡
♣❛r ❧✬♦❜s❡r✈❛t✐♦♥ q✉❡ ❝❡tt❡ tr❛♥s✐t✐♦♥ s❡ ♣r♦❞✉✐t ❧♦rsq✉❡ ❧✬♦♥ ❜r✐s❡ ❧❛ s②♠étr✐❡ Rπ✱
❛✉t♦r✐s❛♥t ❛❧♦rs ✉♥ ❝♦✉♣❧❛❣❡ ❧✐♥é❛✐r❡ ❡♥tr❡ ❞✐♣♦❧❡ ❡t q✉❛❞r✉♣♦❧❡✳

❆ ❝❡ st❛❞❡✱ ❧❡s é❧é♠❡♥ts ❛♣♣♦rtés ❛✐❞❡♥t s✉rt♦✉t à ❝♦♠♣r❡♥❞r❡ ❧❛ tr❛♥s✐t✐♦♥
✈❡rs ❧❡ ré❣✐♠❡ ♣ér✐♦❞✐q✉❡ ❞✉ ❝②❝❧❡ ❧✐♠✐t❡✳ ❖r✱ ✐❧ ❡①✐st❡ é❣❛❧❡♠❡♥t ❞❡s r❡♥✈❡rs❡♠❡♥ts
❝❤❛♦t✐q✉❡s ❞✉ ❝❤❛♠♣ ♣♦✉r ❞❡s ♣❛r❛♠ètr❡s très ♣r♦❝❤❡s✱ ❝♦♠♠❡ ❧❡ ♠♦♥tr❡ ❧❛ ✜❣✉r❡
✷✳✶✼✭❛✮✳ ❙✉r ❝❡tt❡ ✜❣✉r❡✱ ♦♥ ✈♦✐t q✉❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ r❡st❡ ❞❛♥s ✉♥❡ ♣♦❧❛r✐té
❞♦♥♥é❡ ❞✉r❛♥t ❞❡ ❧♦♥❣✉❡s ♣ér✐♦❞❡s ✭♣❧✉s✐❡✉rs ❞✐③❛✐♥❡s ❞❡ t❡♠♣s rés✐st✐❢s✮✱ ❛✈❛♥t ❞❡
s✉❜✐t❡♠❡♥t s❡ r❡♥✈❡rs❡r ❛✉ ❜♦✉t ❞✬✉♥ t❡♠♣s q✉✐ s❡♠❜❧❡ ✐♠♣♦ss✐❜❧❡ à ♣ré✈♦✐r✳ ▲❛
✜❣✉r❡ ✷✳✶✼✭❜✮ ♣❡r♠❡t é❣❛❧❡♠❡♥t ❞✬❛♣♣ré❝✐❡r ❧❡ ❝❛r❛❝tèr❡ r❡♣r♦❞✉❝t✐❜❧❡ ❞❡ ❝❡s r❡♥✲
✈❡rs❡♠❡♥ts✱ ❡t ❧❛ ✬❢♦r♠❡✬ ❜✐❡♥ ♣❛rt✐❝✉❧✐èr❡ q✉✬✐❧s ♣r❡♥♥❡♥t✳ ❖♥ ✈♦✐t q✉✬✐❧ s❡ ♣r♦❞✉✐t
t♦✉❥♦✉rs ✉♥❡ ❞é❝r♦✐ss❛♥❝❡ ❧❡♥t❡ s✉✐✈✐❡ ❞✬✉♥❡ ré❝✉♣ér❛t✐♦♥ très r❛♣✐❞❡ ❞✉ ❝❤❛♠♣ ❧♦rs
❞✬✉♥ r❡t♦✉r♥❡♠❡♥t✳ ❉❡ ♣❧✉s✱ ❥✉st❡ ❛♣rès ✉♥ r❡♥✈❡rs❡♠❡♥t✱ ❧❡ ❝❤❛♠♣ ❛tt❡✐♥t t♦✉✲
❥♦✉rs ✉♥❡ ✈❛❧❡✉r ♣❧✉s ✐♠♣♦rt❛♥t❡ q✉❡ ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ st❛t✐♦♥♥❛✐r❡ q✉✐ s✉✐t✳ ❈❡
r❡❜♦♥❞✱ ❛✐♥s✐ q✉❡ ❧❛ ❞✐s②♠étr✐❡ ❞❛♥s ❧❡ r❡♥✈❡rs❡♠❡♥t✱ s♦♥t ❞❡s ❝❛r❛❝tér✐st✐q✉❡s é❣❛❧❡✲
♠❡♥t ♣rés❡♥t❡s ❞❛♥s ❧❡s ♦❜s❡r✈❛t✐♦♥s ❣é♦♣❤②s✐q✉❡s ❬✽✺❪✳ ❈❡s ♣❛rt✐❝✉❧❛r✐tés✱ ❡t ❧❡ ❢❛✐t
q✉✬❡❧❧❡s s♦✐❡♥t s②sté♠❛t✐q✉❡s ❡t r❡♣r♦❞✉❝t✐❜❧❡s✱ ✐♥❞✐q✉❡♥t ✉♥❡ ❢♦✐s ❞❡ ♣❧✉s ❧❛ ❜❛ss❡
❞✐♠❡♥s✐♦♥❛❧✐té ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳



✹✷ ❆♣♣r♦❝❤❡ ❊①♣ér✐♠❡♥t❛❧❡ ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦

❋✐❣✳ ✷✳✶✼✿ ❘❡♥✈❡rs❡♠❡♥ts ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❧♦rsq✉❡ ❧❡s ❢réq✉❡♥❝❡s ❞❡ r♦t❛t✐♦♥ s♦♥t
F1 = 16❍③ ❡t F2 = 22❍③✳✭❛✮ ✿ ❙ér✐❡ t❡♠♣♦r❡❧❧❡ ❞❡s tr♦✐s ❝♦♠♣♦s❛♥t❡s ❞✉
❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✭r♦✉❣❡ ✿ ♣❛rt✐❡ ❛③✐♠✉t❛❧❡✱ ❜❧❡✉ ✿ ❛①✐❛❧❡✱ ✈❡rt❡ ✿ r❛❞✐❛❧❡✮✳
◆♦t❡r ❧❡ ❝❛r❛❝tèr❡ ❝❤❛♦t✐q✉❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts✳ ✭❜✮ ✿ s✉♣❡r♣♦s✐t✐♦♥s ❞❡ ❞♦✉③❡s
r❡♥✈❡rs❡♠❡♥ts✳ ❖♥ ♥♦t❡r❛ ❧❛ r♦❜✉st❡ss❡ ❞❡ ❧❛ ❢♦r♠❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts✳

❯♥ ♠♦❞è❧❡ ❞❡ r❡♥✈❡rs❡♠❡♥t

❚♦✉t❡s ❧❡s ❞♦♥♥é❡s ❡①♣ér✐♠❡♥t❛❧❡s ❡①♣♦sé❡s ❞✉r❛♥t ❝❡ ❝❤❛♣✐tr❡ s❡♠❜❧❡♥t ❞♦♥❝
✐♥❞✐q✉❡r ✉♥❡ ♣♦ss✐❜❧❡ ✐♥t❡r♣rét❛t✐♦♥ ❡♥ t❡r♠❡ ❞❡ ❞②♥❛♠✐q✉❡ ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥✱
❝♦♠♠❡ ❧❡ s✉❣❣èr❡ ❧✬❛♥❛❧♦❣✐❡ ❞✉ ♣❡♥❞✉❧❡ r✐❣✐❞❡✳ ❇❛sé s✉r ❝❡s ♦❜s❡r✈❛t✐♦♥s✱ ✉♥ ♠♦❞è❧❡
s✐♠♣❧❡ ♣♦✉r ❧❡s r❡♥✈❡rs❡♠❡♥ts ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❛ ❞♦♥❝ été ♣r♦♣♦sé ré❝❡♠♠❡♥t
♣❛r Pétré❧✐s ❡t ❋❛✉✈❡ ❬✻✻❪✳ ❉❛♥s ❝❡ ♠♦❞è❧❡✱ ✐❧ ❡st ♣r✐♠♦r❞✐❛❧ ❞❡ ❝♦♥s✐❞ér❡r ✉♥ s②stè♠❡
♣r♦❝❤❡ ❞✉ s❡✉✐❧ ❞✬✐♥st❛❜✐❧✐té ❞②♥❛♠♦✱ ❝♦♠♠❡ ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✳ ❈❡tt❡ ♣r♦①✐♠✐té
❛✈❡❝ ❧❛ ❝r✐t✐❝❛❧✐té ♣❡r♠❡t ❞❡ ❞é❝♦♠♣♦s❡r ❧❡ ❝❤❛♠♣ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ s❡✉❧❡♠❡♥t ❞❡✉①
♠♦❞❡s

~B = D(t) ~d(r) + Q(t) ~q(r) , ✭✷✳✷✮

♦ù D ❡t Q r❡♣rés❡♥t❡♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡s ❛♠♣❧✐t✉❞❡s ❞✉ ❞✐♣♦❧❡ ❡t ❞✉ q✉❛❞r✉♣♦❧❡✳
❖♥ ❞é❝✐❞❡ ❛❧♦rs ❞✬♦✉❜❧✐❡r ❧❛ str✉❝t✉r❡ s♣❛t✐❛❧❡ ❞❡ ❝❡s ♠♦❞❡s ❡t ❞✬é❝r✐r❡ s✐♠♣❧❡♠❡♥t
✉♥❡ éq✉❛t✐♦♥ ❞✬é✈♦❧✉t✐♦♥ ♣♦✉r ❧❡s ❡♥✈❡❧♦♣♣❡s t❡♠♣♦r❡❧❧❡s✳ ❆ ❝❡ st❛❞❡✱ ✐❧ ❡st ♣❧✉s
❝♦♠♠♦❞❡ ❞❡ ❞é✜♥✐r ✉♥❡ ❛♠♣❧✐t✉❞❡ ❝♦♠♣❧❡①❡ A t❡❧❧❡ q✉❡ A = D + iQ✳ Près ❞✉
s❡✉✐❧ ❞❡ ❧✬✐♥st❛❜✐❧✐té✱ ✐❧ ❡st ❛❧♦rs ♣❡rt✐♥❡♥t ❞✬é❝r✐r❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❝❡tt❡ ❛♠♣❧✐t✉❞❡ ❡♥
♣✉✐ss❛♥❝❡ ❞❡ A ❡t ❞❡ s♦♥ ❝♦♠♣❧❡①❡ ❝♦♥❥✉❣✉é Ā✳ ❯t✐❧✐s❛♥t ❧❛ s②♠étr✐❡ ❢♦♥❞❛♠❡♥t❛❧❡
B → −B✭❝✬❡st✲à✲❞✐r❡ A → −A✮✱ ❡t ❡♥ s❡ ❧✐♠✐t❛♥t ❛✉① t❡r♠❡s ❝✉❜✐q✉❡s✱ ♦♥ ♦❜t✐❡♥t
❛✐♥s✐

Ȧ = µA + νĀ + β1A
3 + β2A

2Ā + β3AĀ2 + β4Ā
3 . ✭✷✳✸✮

◆♦✉s ❛✈♦♥s ❞é❥à ✐♥s✐sté s✉r ❧❡ ❝❛r❛❝tèr❡ ❢♦♥❞❛♠❡♥t❛❧ ❞❡ ❧❛ s②♠étr✐❡ Rπ ❞❛♥s ❝❡
♣r♦❜❧è♠❡✳ ■❧ ❢❛✉t r❡♠❛rq✉❡r q✉❡ s♦✉s ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ Rπ✱ ❞✐♣♦❧❡ ❡t q✉❛❞r✉♣♦❧❡



✷✳✸ ❘és✉❧t❛ts ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ✹✸

s♦♥t tr❛♥s❢♦r♠és ❞❡ ♠❛♥✐èr❡ ❞✐✛ér❡♥t❡

D → −D , ✭✷✳✹✮

Q → +Q , ✭✷✳✺✮

A → −Ā . ✭✷✳✻✮

✭✷✳✼✮

❆✐♥s✐✱ à ❝❛✉s❡ ❞❡ ❝❡tt❡ s②♠étr✐❡✱ ❧❡ ❞✐♣♦❧❡ ❡t ❧❡ q✉❛❞r✉♣♦❧❡ ♥❡ ♣❡✉✈❡♥t êtr❡
❧✐♥é❛✐r❡♠❡♥t ❝♦✉♣❧és ❧♦rsq✉❡ ❝❡tt❡ s②♠étr✐❡ ❡st r❡s♣❡❝té❡✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❡s ♣❛r❛♠ètr❡s
❞❡ ❧✬éq✉❛t✐♦♥ ✷✳✸ ❞♦✐✈❡♥t êtr❡ ré❡❧s✳ ❊♥ s✉♣♣♦s❛♥t ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s q✉❡ ❧❡
♠♦❞✉❧❡ R ❞❡ A é✈♦❧✉❡ s✉r ✉♥ t❡♠♣s t②♣✐q✉❡ ♣❧✉s ❝♦✉rt q✉❡ ❧❛ ♣❤❛s❡✱ ♦♥ s✬✐♥tér❡ss❡
✉♥✐q✉❡♠❡♥t à ❧✬éq✉❛t✐♦♥ ♣♦✉r ❧❛ ♣❤❛s❡

φ̇ = µi − νr sin(2φ) + νi cos(2φ) . ✭✷✳✽✮

❖♥ s❡ r❡str❡✐♥t ✐❝✐ s❡✉❧❡♠❡♥t ❛✉① t❡r♠❡s ❧✐♥é❛✐r❡s ❞✉ s②stè♠❡✳ P❛r ✉♥ ❝❤❛♥❣❡♠❡♥t
❛♣♣r♦♣r✐é ❞❡ ❧✬♦r✐❣✐♥❡ ❞❡ ❧❛ ♣❤❛s❡ φ→ φ+ φ0✱ ♦♥ ♦❜t✐❡♥t ❧✬éq✉❛t✐♦♥ s✐♠♣❧✐✜é❡

φ̇ = µi + |ν| sin(2φ) . ✭✷✳✾✮

❖♥ s✬✐♥tér❡ss❡ ❞❛♥s ❝❡ ❝❛s à ❧✬❛♠♣❧✐t✉❞❡ ❞✉ ❞✐♣♦❧❡ ❞é✜♥✐❡ ♣❛r d = R cos(φ+φ0) ▲❡s
❝♦♠♣♦rt❡♠❡♥ts q✉❛❧✐t❛t✐❢s ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ♣❡✉✈❡♥t êtr❡ ❝❛♣t✉rés ♣❛r ❝❡tt❡ ✈❡rs✐♦♥
❞✉ ♠♦❞è❧❡✳

❋✐❣✳ ✷✳✶✽✿ ❊s♣❛❝❡ ❞❡s ♣❤❛s❡s t②♣✐q✉❡ ❞✬✉♥ s②stè♠❡ ✐♥✈❛r✐❛♥t s❡❧♦♥ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥
B → −B ❡t ♣rés❡♥t❛♥t ✉♥❡ ❜✐❢✉r❝❛t✐♦♥ ♥♦❡✉❞✲❝♦❧ ❣❧♦❜❛❧❡✳✭❛✮ ✿ ❛✉✲❞❡ss♦✉s ❞❡
❧❛ ❜✐❢✉r❝❛t✐♦♥ ♥♦❡✉❞✲❝♦❧✱ ❧❡s s♦❧✉t✐♦♥s st❛t✐♦♥♥❛✐r❡s s♦♥t ❞❡s ét❛ts ♠✐①t❡s ❡♥tr❡
❞✐♣♦❧❡ ❡t q✉❛❞r✉♣♦❧❡✳ ✭❜✮ ✿ ❛✉✲❞❡ss✉s ❞❡ ❧❛ ❜✐❢✉r❝❛t✐♦♥ ♥♦❡✉❞✲❝♦❧✱ ❧❡ s②stè♠❡
♦s❝✐❧❧❡ êtr❡ ❧❡s ❞❡✉① ♠♦❞❡s✳

❖♥ r❡❝♦♥♥❛ît ❞❛♥s ✷✳✾ ❧✬éq✉❛t✐♦♥ q✉✐ ré❣✐t ❧✬é✈♦❧✉t✐♦♥ ❞✬✉♥ ♣❡♥❞✉❧❡ s♦✉♠✐s à
✉♥ ❝♦✉♣❧❡ ❝♦♥st❛♥t✳ ▲❡ ❢❛❝t❡✉r 2 ❞❛♥s ❧❡ s✐♥✉s ✈✐❡♥t ❞❡ ❧✬✐♥✈❛r✐❛♥❝❡ B → −B q✉✐



✹✹ ❆♣♣r♦❝❤❡ ❊①♣ér✐♠❡♥t❛❧❡ ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦

✐♠♣❧✐q✉❡ φ→ φ+π✳ ▲❡s s♦❧✉t✐♦♥s ❞✬✉♥❡ t❡❧❧❡ éq✉❛t✐♦♥ s♦♥t ❞♦♥❝ ✉♥❡ s♦❧✉t✐♦♥ st❛❜❧❡
✭♣✉r❡♠❡♥t ❞✐♣♦❧❛✐r❡ s✐ µi = 0✮ ❡t ✉♥❡ s♦❧✉t✐♦♥ ✐♥st❛❜❧❡✱ ❛✐♥s✐ q✉❡ ❧❡✉rs ♦♣♣♦sé❡s✳
▲❡s s♦❧✉t✐♦♥s st❛t✐♦♥♥❛✐r❡s ❞❡ ❝❡tt❡ éq✉❛t✐♦♥ ❞✐s♣❛r❛✐ss❡♥t à tr❛✈❡rs ✉♥❡ ❜✐❢✉r❝❛t✐♦♥
♥♦❡✉❞✲❝♦❧ ❧♦rsq✉❡ µi ❡st ♥♦♥✲♥✉❧ ❡t s✉✣s❛♠♠❡♥t ❣r❛♥❞✱ ❡t ❧❡ s②stè♠❡ tr❛♥s✐t❡ ✈❡rs
✉♥ ré❣✐♠❡ ♦s❝✐❧❧❛♥t✳ ❙✉r ❧❛ ✜❣✉r❡ ✷✳✶✽✱ ♦♥ ♠♦♥tr❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ❞✉ ♠♦❞è❧❡
✷✳✽✳ ❆✈❛♥t ❧❛ ❜✐❢✉r❝❛t✐♦♥ ♥♦❡✉❞✲❝♦❧✱ ♣♦✉r 0 < |µi | < |ν|✱ ♦♥ ✈♦✐t ❡♥ ❜❧❡✉ ❧❡s ❞❡✉①
s♦❧✉t✐♦♥s st❛❜❧❡s ✭Bs ❡t −Bs✮ ❡t ❡♥ r♦✉❣❡ ❧❡s ❞❡✉① s♦❧✉t✐♦♥s ✐♥st❛❜❧❡s ✭Bu ❡t −Bu✮✳ ▲❛
s♦❧✉t✐♦♥ st❛❜❧❡ ✭❝♦rr❡s♣♦♥❞❛♥t à ✉♥ ❞✐♣♦❧❡ ♣✉r ❧♦rsq✉❡ φ = 0✮✱ ❡st ✉♥ ♠♦❞❡ ♠✐①t❡✱
❝♦♠❜✐♥❛✐s♦♥ ❞❡ ❞✐♣♦❧❡ ❡t ❞❡ q✉❛❞r✉♣♦❧❡✳ ❆✉✲❞❡❧à ❞❡ ❧❛ ❜✐❢✉r❝❛t✐♦♥ ♥♦❡✉❞✲❝♦❧✱ ♣♦✉r
|µi | > |ν|✱ à ❞r♦✐t❡ s✉r ❧❛ ✜❣✉r❡✱ ♦♥ ♦❜s❡r✈❡ q✉❡ ❧❛ ❝♦❧❧✐s✐♦♥ ❞❡s s♦❧✉t✐♦♥s st❛❜❧❡s ❡t
✐♥st❛❜❧❡s ❝♦♥❞✉✐t à ✉♥ ❝②❝❧❡ ❧✐♠✐t❡ q✉✐ ❝♦♥♥❡❝t❡ ❧❡s ❞❡✉① ❛♥❝✐❡♥s ét❛ts st❛❜❧❡ Bs ❡t
−Bs ✳

❉❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ❝♦♠♠❡ ❞❛♥s ❧❡ ♥♦②❛✉ t❡rr❡str❡✱ ❧✬é❝♦✉❧❡♠❡♥t ❞✉ ♠ét❛❧
❧✐q✉✐❞❡ ❡st ❡①trê♠❡♠❡♥t t✉r❜✉❧❡♥t✳ ❉❛♥s ❝❡ ♠♦❞è❧❡ s✐♠♣❧❡✱ ✐❧ ❡st ❞♦♥❝ ♥é❝❡ss❛✐r❡ ❞❡
♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧✬❡✛❡t ❞❡s ✢✉❝t✉❛t✐♦♥s ❤②❞r♦❞②♥❛♠✐q✉❡s✳ ❖♥ ❝♦♥s✐❞èr❡ ❞♦♥❝ ❧❡
♠♦❞è❧❡ s✉✐✈❛♥t

φ̇ = µi + |ν| sin(2φ) + ∆(t) , ✭✷✳✶✵✮

♦ù ∆(t) ❡st ✉♥ ❜r✉✐t ❜❧❛♥❝ ❣❛✉ss✐❡♥✱ ✐♥tr♦❞✉✐t ♣♦✉r ♠♦❞é❧✐s❡r ❧❡s ✢✉❝t✉❛t✐♦♥s ❝réé❡s
♣❛r ❧❛ t✉r❜✉❧❡♥❝❡ ❤②❞r♦❞②♥❛♠✐q✉❡✳ ■❧ ❡st ❛❧♦rs ♣♦ss✐❜❧❡ ❞❡ ❝♦♠♣r❡♥❞r❡ ❧✬❛♣♣❛r✐t✐♦♥
❞❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s ❞✉ ❝❤❛♠♣✳ ❆ ♣r♦①✐♠✐té ❞✉ ♣♦✐♥t ❞❡ ❜✐❢✉r❝❛t✐♦♥ ♥♦❡✉❞✲
❝♦❧✱ ❧é❣èr❡♠❡♥t ❡♥ ❞❡ss♦✉s ✭s✐t✉❛t✐♦♥ ❝♦rr❡s♣♦♥❞❛♥t à ❧❛ ✜❣✉r❡ ✷✳✶✽✱ à ❣❛✉❝❤❡✮✱ ❧❡
s②stè♠❡ ✢✉❝t✉❡ ♠❛✐s s❡ s✐t✉❡ ❡♥ ♠♦②❡♥♥❡ ❛✉t♦✉r ❞❡ ❧❛ s♦❧✉t✐♦♥ st❛❜❧❡✳ ▲❡s ✢✉❝t✉❛✲
t✐♦♥s ♣❡✉✈❡♥t✱ ❞❡ t❡♠♣s ❡♥ t❡♠♣s✱ ♣♦✉ss❡r ❧❡ s②stè♠❡ ❛ss❡③ ❧♦✐♥ ❞❡ ❧❛ s♦❧✉t✐♦♥ st❛❜❧❡
Bs ♣♦✉r ❛❧❧❡r ❛✉✲❞❡❧à ❞✉ ♣♦✐♥t ✜①❡ ✐♥st❛❜❧❡ Bu✳ ■❧ ② ❛ ❛❧♦rs ❛ttr❛❝t✐♦♥ ❥✉sq✉✬❛✉ ♣♦✐♥t
✜①❡ st❛❜❧❡ ♦♣♣♦sé✱ ❡t ❧❡ s②stè♠❡ ♣r♦❞✉✐t ❛✐♥s✐ ✉♥ r❡♥✈❡rs❡♠❡♥t ❞✉ ❝❤❛♠♣ ♠❛❣♥é✲
t✐q✉❡✳ ❯♥❡ sér✐❡ t❡♠♣♦r❡❧❧❡ ❞❡ ❧✬❛♠♣❧✐t✉❞❡ d ✐ss✉❡ ❞✉ ♠♦❞è❧❡ ✷✳✶✵ ❡st ✐❧❧✉stré❡ s✉r ❧❛
✜❣✉r❡ ✷✳✶✾✱ ♣♦✉r µi = −1.665✱ |ν| = 1.85 ❡t φ0 = 0.3✳ ❖♥ ♣❡✉t ② ✈♦✐r q✉❡ ❝❡ ♠♦❞è❧❡
s✐♠♣❧❡ ♣r♦❞✉✐t ❞❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ❞✬✉♥❡ ♥❛t✉r❡
s✐♠✐❧❛✐r❡ à ❝❡✉① ♦❜s❡r✈és ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡✳

❈❡ ♠é❝❛♥✐s♠❡ s✐♠♣❧❡ ♣❡r♠❡t ❞❡ ❢❛✐r❡ q✉❡❧q✉❡s ♣ré❞✐❝t✐♦♥s s✉r ❧❡ ❝♦♠♣♦rt❡♠❡♥t
❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞✉r❛♥t ✉♥ r❡♥✈❡rs❡♠❡♥t✳ P❛r ❡①❡♠♣❧❡✱ ♦♥ ♥♦t❡ q✉✬✉♥ r❡♥✈❡r✲
s❡♠❡♥t ❡st ❝♦♥st✐t✉é ❞❡ ❞❡✉① ♣❤❛s❡s ❞✐st✐♥❝t❡s ✿ ❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ❧❡s ✢✉❝✲
t✉❛t✐♦♥s ❛♠❡♥❛♥t ❧❡ s②stè♠❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ st❛❜❧❡ ✈❡rs ❧❛ s♦❧✉t✐♦♥ ✐♥st❛❜❧❡ ❧✉tt❡♥t
❝♦♥tr❡ ❧❛ ♣❛rt✐❡ ❞ét❡r♠✐♥✐st❡ ❞❡ ❧✬éq✉❛t✐♦♥✳ ❊♥ ❡✛❡t✱ ❧❡ s②stè♠❡ s❡ tr♦✉✈❡ ❞❛♥s ✉♥
ét❛t st❛❜❧❡✱ ❡t ❝❡tt❡ ♣r❡♠✐èr❡ ♣❤❛s❡ ❡st ❞♦♥❝ ❧❡♥t❡✳ ❆✉ ❝♦♥tr❛✐r❡✱ ❛✉✲❞❡❧à ❞✉ ♣♦✐♥t
✐♥st❛❜❧❡✱ ❧❛ ♣❛rt✐❡ ❞ét❡r♠✐♥✐st❡ ♣♦✉ss❡ ❧❡ s②stè♠❡ à s❡ r❡♥✈❡rs❡r ✈❡rs ❧❡ ♣♦✐♥t ✜①❡
♦♣♣♦sé✳ ❈❡tt❡ ♣❤❛s❡ ❡st ❞♦♥❝ ♣❧✉s r❛♣✐❞❡ q✉❡ ❧❛ ♣ré❝é❞❡♥t❡✳ ❈❡ ♠é❝❛♥✐s♠❡ ♣r♦❞✉✐t
❛✐♥s✐ ✉♥❡ ❛s②♠étr✐❡ ❡♥tr❡ ❧❛ ♣❤❛s❡ ❞❡ ❞é❝r♦✐ss❛♥❝❡ ❞✉ ❝❤❛♠♣ ❡t s❛ r❡♠♦♥té❡✳ ❈❡tt❡
❛s②♠étr✐❡ ❡st ♦❜s❡r✈é❡ ❛ss❡③ ♥❡tt❡♠❡♥t ❞❛♥s ❧❡ ❝❛❞r❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ t❡rr❡str❡
❡t ❞✉r❛♥t ❧❡s r❡♥✈❡rs❡♠❡♥ts ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✳ P❛r ❛✐❧❧❡✉rs✱ ❧❡ ♣♦✐♥t ❞❡ tr❛♥s✐t✐♦♥
♥❡ ❝♦rr❡s♣♦♥❞❛♥t ♣❛s ❡♥ ❣é♥ér❛❧ à ✉♥ ❞✐♣♦❧❡ ♣✉r ♠❛✐s à ✉♥ ♠♦❞❡ ♠✐①t❡✱ ❧❛ ✈❛❧❡✉r ❞✉
❞✐♣♦❧❡ ❞é♣❛ss❡ ❞♦♥❝ ❝❡❧❧❡ ❞✉ ♣♦✐♥t ✜①❡ ❧♦rs ❞✬✉♥ r❡♥✈❡rs❡♠❡♥t✳ ❈❡ ♠♦❞è❧❡ ❡st ❛✐♥s✐
❝❛♣❛❜❧❡ ❞✬❡①♣❧✐q✉❡r ❧❡ r❡❜♦♥❞ t②♣✐q✉❡ ♦❜s❡r✈é ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✳ ❈❡ ♠♦❞è❧❡
♣r♦♣♦s❡ ❞♦♥❝ ✉♥❡ ❡①♣❧✐❝❛t✐♦♥ ✉♥✐✜é❡ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❝♦♠♣♦rt❡♠❡♥ts ❞②♥❛♠✐q✉❡s



✷✳✸ ❘és✉❧t❛ts ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ✹✺

❋✐❣✳ ✷✳✶✾✿ ■♥té❣r❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞✉ ♠♦❞è❧❡ ✷✳✶✵✳ ❖♥ ♠♦♥tr❡ ❧✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡
❧✬❛♠♣❧✐t✉❞❡ D✳ ▲❡ r❡❜♦♥❞ ❡st ❡♥ ♣❛rt✐❝✉❧✐❡r ❜✐❡♥ ✈✐s✐❜❧❡✳

♦❜s❡r✈és ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✳ ❉❛♥s ✉♥❡ ét✉❞❡ ❝♦♠♣❧èt❡ ✐♠♣❧✐q✉❛♥t ❧✬❡♥s❡♠❜❧❡ ❞❡s
t❡r♠❡s ♥♦♥✲❧✐♥é❛✐r❡s ❞❡ ❧✬éq✉❛t✐♦♥ ✷✳✸✱ Pétré❧✐s ❡t ❋❛✉✈❡ ♦♥t ♣❛r ❛✐❧❧❡✉rs ♠♦♥tré q✉❡
❧✬❡♥s❡♠❜❧❡ ❞❡s ❝♦♠♣♦rt❡♠❡♥ts ❞②♥❛♠✐q✉❡s ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ♣❡✉✈❡♥t êtr❡ r❡♣r♦❞✉✐ts
♣❛r ❝❡ ♠♦❞è❧❡✳ ❘❡♣♦s❛♥t s✉r ❞❡s ♠é❝❛♥✐s♠❡s s✐♠♣❧❡s ❡t ♦❜t❡♥✉❡ ♣❛r ❞❡s ❛r❣✉♠❡♥ts
❞❡ s②♠étr✐❡s✱ ❧✬éq✉❛t✐♦♥ ✷✳✸ ❡st r❡❧❛t✐✈❡♠❡♥t ❣é♥ér❛❧❡✳ ❈❡ ♠♦❞è❧❡ ❛ ❛✐♥s✐ été ét❡♥❞✉
❛✉① r❡♥✈❡rs❡♠❡♥ts ♦❜s❡r✈és ❞❛♥s ❧❡ ❝❛s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❡ ❧❛ ❚❡rr❡ ❬✻✼❪✳ ❉❡s
❡✛♦rts ♦♥t é❣❛❧❡♠❡♥t été ❢❛✐t ♣♦✉r ❝♦♠♣r❡♥❞r❡ ❞✬❛✉tr❡s t②♣❡ ❞❡ ❞②♥❛♠♦s✱ ❝♦♠♠❡
❧❡s ♦s❝✐❧❧❛t✐♦♥s ♣ér✐♦❞✐q✉❡s ❞❡ ❧❛ ❞②♥❛♠♦ s♦❧❛✐r❡ ♦✉ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❤é♠✐s♣❤é✲
r✐q✉❡ ❞❡ ▼❛rs ❬✷✸❪✳ ◆♦✉s ✈❡rr♦♥s q✉❡ ❧❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❡✛❡❝t✉é❡s ❞✉r❛♥t
❧❛ t❤ès❡ ♣❡✉✈❡♥t êtr❡ ❞✐r❡❝t❡♠❡♥t ❝♦♠♣❛ré❡s ❛✉① ♣ré❞✐❝t✐♦♥s ❞❡ ❝❡ ♠♦❞è❧❡✳



✹✻ ❆♣♣r♦❝❤❡ ❊①♣ér✐♠❡♥t❛❧❡ ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦

✷✳✹ ❈♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❡t ❞②♥❛♠✐q✉❡ ❞✉ ❝❤❛♠♣

▲❡s ♥♦♠❜r❡✉① rés✉❧t❛ts ♦❜t❡♥✉s ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ❡t ❞é❝r✐ts ❞❛♥s ❧❛ s❡❝t✐♦♥
♣ré❝é❞❡♥t❡ ❝♦♥❝❡r♥❡♥t ❞❡s ❝❛♠♣❛❣♥❡s ❞❡ ♠❡s✉r❡s ❛♥tér✐❡✉r❡s à ♠♦♥ ❛♣♣❛rt❡♥❛♥❝❡
à ❧❛ ❝♦❧❧❛❜♦r❛t✐♦♥ ❱❑❙✳ ■❧ ❡st ❞♦♥❝ ✐♠♣♦rt❛♥t ❞❡ s♦✉❧✐❣♥❡r q✉✬✐❧ ♥❡ s✬❛❣✐t ♣❛s ❞❡s
tr❛✈❛✉① ❡①♣ér✐♠❡♥t❛✉① ❛✉①q✉❡❧s ❥✬❛✐ ❞✐r❡❝t❡♠❡♥t ♣❛rt✐❝✐♣é✳ ❈❡tt❡ s❡❝t✐♦♥ ♣rés❡♥t❡
❛✉ ❝♦♥tr❛✐r❡ ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ♠❛ t❤ès❡✳ ❏✬② ❞é❝r✐s ❧❡s rés✉❧✲
t❛ts ♦❜t❡♥✉s ❞✉r❛♥t ❧❛ ❝❛♠♣❛❣♥❡ ré❛❧✐sé❡ ❡♥ ❥✉✐❧❧❡t ✷✵✵✾✳ ❏✬❛✐ ❞é❥à ♠❡♥t✐♦♥♥é q✉❡
❧❛ ❣é♥ér❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ♥✬❛ été ♣♦ss✐❜❧❡ q✉✬❡♥
✉t✐❧✐s❛♥t ❞❡s ❞✐sq✉❡s ❡♥ ❢❡r ❞♦✉①✳ ▲✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❞✐sq✉❡s ❢❡rr♦♠❛❣♥ét✐q✉❡s ✐♥tr♦✲
❞✉✐t ❞♦♥❝ ✉♥❡ ❝♦♠♣❧✐❝❛t✐♦♥ ❞❛♥s ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞✉ ♠é❝❛♥✐s♠❡ ❞❡ ♣r♦❞✉❝t✐♦♥
❞✉ ❝❤❛♠♣ ❞②♥❛♠♦✳ ❆✉ ❝❤❛♣✐tr❡ 3✱ ♥♦✉s ét✉❞✐❡r♦♥s ❝❡ ♣r♦❜❧è♠❡ à ❧✬❛✐❞❡ ❞❡ s✐♠✉❧❛✲
t✐♦♥s ♥✉♠ér✐q✉❡s ❛✜♥ ❞❡ ♠✐❡✉① ❝♦♠♣r❡♥❞r❡ ❧❡ rô❧❡ ❞❡ ❝❡s ❞✐sq✉❡s✳ ▲❛ ❝❛♠♣❛❣♥❡ ❞✐t❡
✬VKS2n✬✱ ét✉❞✐é❡ ❞❛♥s ❧❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ ❞❡ ❝❡tt❡ s❡❝t✐♦♥✱ ❡st ❧✬♦❝❝❛s✐♦♥ ❞✬ét✉❞✐❡r
❧❡ ♣r♦❜❧è♠❡ ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ♠❛❣♥ét✐q✉❡s ❞✉ ♣♦✐♥t ❞❡ ✈✉❡ ❡①♣ér✐♠❡♥t❛❧✱
❛✈❡❝ ✉♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦ù ❧❡s ❞❡✉① ❞✐sq✉❡s ♥❡ s♦♥t ♣❛s ❝♦♥s✐t✉és ❞✉ ♠ê♠❡ ♠❛tér✐❛✉✳
❉❛♥s ✉♥❡ ❞❡✉①✐è♠❡ ♣❛rt✐❡✱ ❥❡ ♣rés❡♥t❡r❛✐ ✉♥ tr❛✐t❡♠❡♥t ♦r✐❣✐♥❛❧ ❞❡s ❞♦♥♥é❡s s✉r
❧❡s ré❣✐♠❡s ❞②♥❛♠✐q✉❡s ♦❜s❡r✈és ❧♦rs ❞❡s ❝❛♠♣❛❣♥❡s ❞❡ ♠❡s✉r❡s ♣ré❝é❞❡♥t❡s ❞✐t❡s
✬VKS2i ✬ ❡t ✬VKS2j ✬✱ ♣❧✉s ❝❧❛ss✐q✉❡s✱ ❛✈❡❝ ❞❡✉① ❞✐sq✉❡s ❡♥ ❢❡r ❞♦✉①✳

❉❛♥s ❝❡tt❡ ❝❛♠♣❛❣♥❡✱ ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ❡①♣ér✐♠❡♥t❛❧❡ ❡st ❧❛ s✉✐✈❛♥t❡ ✿ ❧❛ ❝❤❡♠✐s❡
❡♥ ❝✉✐✈r❡ sé♣❛r❛♥t ❧❡ ✢✉✐❞❡ ❡♥ ♠♦✉✈❡♠❡♥t ❞❡ ❧❛ ❝♦✉❝❤❡ ❞❡ s♦❞✐✉♠ ❛✉ r❡♣♦s ❛ été
s✉♣♣r✐♠é❡✳ ❖♥ ♦❜t✐❡♥t ❛✐♥s✐ ✉♥ ❞♦♠❛✐♥❡ ❞❡ ✢✉✐❞❡ ❡♥ ♠♦✉✈❡♠❡♥t ✉♥ ♣❡✉ ♣❧✉s ❣r❛♥❞✳
❆✐♥s✐✱ ❧✬❛♥♥❡❛✉ ❞✉ ♣❧❛♥ ♠é❞✐❛♥ ♥✬❡st ♣❛s ♣rés❡♥t✳ ❊♥✜♥✱ ❡t ❝✬❡st ❧❛ ❝❛r❛❝tér✐st✐q✉❡
❧❛ ♣❧✉s ✐♥tér❡ss❛♥t❡ ❞❡ ❝❡tt❡ ❝♦♥✜❣✉r❛t✐♦♥✱ ✉♥ s❡✉❧ ❞❡s ❞❡✉① ❞✐sq✉❡s ❡st ❡♥ ❢❡r ❞♦✉①
✭♥♦té ♣❛r ❧❛ s✉✐t❡ ❞✐sq✉❡ 1✮✱ ❧✬❛✉tr❡ ét❛♥t ❡♥ ❛❝✐❡r ✐♥♦①②❞❛❜❧❡ ✭❞✐sq✉❡ 2✮✳

▲❛ ✜❣✉r❡ ✷✳✷✵ ♠♦♥tr❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s ♦❜t❡♥✉ ❞✉r❛♥t ❝❡tt❡ ❝❛♠♣❛❣♥❡✳ ❙✉r
❝❡tt❡ ✜❣✉r❡✱ ♦♥ ré♣❡rt♦r✐❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ré❣✐♠❡s ét✉❞✐és ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s
❞❡ ❝♦♥trô❧❡ ❞❡ ❧✬❡①♣ér✐❡♥❝❡✳ ▲❡ ❞✐❛❣r❛♠♠❡ ❡st ❣r❛❞✉é ❡♥ Rm✳ ▲✬❛❜s❝✐ss❡ Rm1 ✐♥❞✐q✉❡
❧❡ Rm ❛ss♦❝✐é ❛✉ ❞✐sq✉❡ 1 ❢❡rr♦♠❛❣♥ét✐q✉❡ t❛♥❞✐s q✉❡ ❧✬♦r❞♦♥♥é❡ Rm2 ❡st ❛ss♦❝✐é❡
❛✉ ❞✐sq✉❡ ❡♥ ✐♥♦① 2✳ ▲❡s ✈❛❧❡✉rs ♥é❣❛t✐✈❡s ✐♥❞✐q✉❡♥t ✉♥❡ r♦t❛t✐♦♥ ❞✉ ❞✐sq✉❡ ❞❛♥s ❧❡
s❡♥s ♦♣♣♦sé ❛✉ s❡♥s ♥❛t✉r❡❧ ✐♠♣♦sé ♣❛r ❧❛ ❝♦✉r❜✉r❡ ❞❡s ♣❛❧❡s ✭✈♦✐r ❧❡ s❝❤é♠❛ ❞❡ ❧❛
✜❣✉r❡ ✷✳✷✶✮✳

▲❛ ✜❣✉r❡ ✷✳✷✵ ♣❡r♠❡t ❞✬❛♣♣ré❝✐❡r ❧❡s ❞✐✛ér❡♥ts ré❣✐♠❡s ❤②❞r♦❞②♥❛♠✐q✉❡s ❡①♣❧♦✲
rés ❞❛♥s ❝❡tt❡ ❝♦♥✜❣✉r❛t✐♦♥✳ ❖♥ ♣❡✉t ❞é❥à ♥♦t❡r q✉❡ ❝❡rt❛✐♥s ❞❡ ❝❡s é❝♦✉❧❡♠❡♥ts
s♦♥t ❝❛♣❛❜❧❡s ❞✬❡♥❣❡♥❞r❡r ❞❡s ❞②♥❛♠♦s✱ ♠❛❧❣ré ❧✬✉t✐❧✐s❛t✐♦♥ ❞✬✉♥ s❡✉❧ ❞✐sq✉❡ ❡♥ ❢❡r✳
❚♦✉t❡❢♦✐s✱ ❝❡tt❡ ❝♦♥✜❣✉r❛t✐♦♥ ♥✬❡st ♣❛s ❝❛♣❛❜❧❡ ❞❡ ♣r♦❞✉✐r❡ ❞❡s ré❣✐♠❡s ❞②♥❛♠✐q✉❡s
❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ❝♦♠♠❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ♦✉ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❞✉ ❝❤❛♠♣✳ ❉❛♥s
✉♥❡ ♣❡t✐t❡ ré❣✐♦♥ ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s✱ ♦♥ ♦❜s❡r✈❡ ♥é❛♥♠♦✐♥s ✉♥ ré❣✐♠❡ ❞❡
❜♦✉✛é❡s ✐♥t❡r♠✐tt❡♥t❡s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ✭❛♣♣❡❧és ✬❜✉rsts✬✮✳
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❋✐❣✳ ✷✳✷✵✿ ❊s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s ♣♦✉r ❧❛ ❝❛♠♣❛❣♥❡ ✬VKS2n✬✳ ▲❡s r♦♥❞s r♦✉❣❡s ✐♥❞✐q✉❡♥t
✉♥❡ ❞②♥❛♠♦✳

✳

✷✳✹✳✶ ❈♦♥tr❛✲r♦t❛t✐♦♥ ❡①❛❝t❡

❈♦♠♠❡ ♣♦✉r ❧❡s ❝♦♥✜❣✉r❛t✐♦♥s ♣ré❝é❞❡♥t❡s✱ ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ st❛t✐♦♥♥❛✐r❡
❡st ❡♥❣❡♥❞ré ❡♥ ❝♦♥tr❛✲r♦t❛t✐♦♥ ❡①❛❝t❡✱ ❝✬❡st✲à✲❞✐r❡ ❧♦rsq✉❡ ❧❡s ❞❡✉① ❞✐sq✉❡s t♦✉r♥❡♥t
à ❧❛ ♠ê♠❡ ❢réq✉❡♥❝❡ ♠❛✐s ❡♥ s❡♥s ♦♣♣♦sés✳ ▲❡ ❝❤❛♠♣ ❡st ❢♦rt❡♠❡♥t ✢✉❝t✉❛♥t✱ ❡t
♦♥ ♠♦♥tr❡ s✉r ❧❛ ✜❣✉r❡ ✷✳✷✷ ❧❛ ❝♦✉r❜❡ ❞❡ ❜✐❢✉r❝❛t✐♦♥ ❝♦rr❡s♣♦♥❞❛♥t ❛✉① ✈❛❧❡✉rs
♠♦②❡♥♥❡s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ▲❛ ❜✐❢✉r❝❛t✐♦♥ s✉♣❡r❝r✐t✐q✉❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡
s❡ ♣r♦❞✉✐t ♣♦✉r ✉♥ s❡✉✐❧ Rmc ∼ 30✳ ❆✉① ❢réq✉❡♥❝❡s ❞❡ r♦t❛t✐♦♥s ♠❛①✐♠❛❧❡s✱ ❧❡ ❝❤❛♠♣
t♦t❛❧ s❛t✉r❡ à ✉♥❡ ✈❛❧❡✉r ❞✬❡♥✈✐r♦♥ ✉♥❡ ❝❡♥t❛✐♥❡ ❞❡ ●❛✉ss✳

❈❡tt❡ ♦❜s❡r✈❛t✐♦♥ ❞✬✉♥❡ ❞②♥❛♠♦ ❡♥ ré❣✐♠❡ ❝♦♥tr❛✲r♦t❛t✐❢ ❡st ✐♠♣♦rt❛♥t❡ ✿ ❝❡❧❛
♠♦♥tr❡ q✉✬✐❧ ♥✬❡st ♣❛s ♥é❝❡ss❛✐r❡ q✉❡ ❧❡s ❞❡✉① ❞✐sq✉❡s s♦✐❡♥t ❢❡rr♦♠❛❣♥ét✐q✉❡s ♣♦✉r
❡♥❣❡♥❞r❡r ✉♥ ❡✛❡t ❞②♥❛♠♦ ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✱ ❝❡ q✉✐ é❧✐♠✐♥❡ ✉♥ é✈❡♥t✉❡❧ ♠é✲
❝❛♥✐s♠❡ ❞✬❛♠♣❧✐✜❝❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♣❛r ✐♥❞✉❝t✐♦♥ ♠✉t✉❡❧❧❡ ❡♥tr❡ ❧❡s ❞❡✉① ❞✐sq✉❡s ❡♥
❢❡r ❡♥ r♦t❛t✐♦♥✳
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❋✐❣✳ ✷✳✷✶✿ ❙❝❤é♠❛ ❞✉ ❞✐sq✉❡ ♠✉♥✐ ❞❡s ❤✉✐t ♣❛❧❡s ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✳ ❖♥ ✐♥❞✐q✉❡ ❧❡s
❞❡✉① s❡♥s ❞❡ r♦t❛t✐♦♥ ❞✐✛ér❡♥ts ✉t✐❧✐sés✱ ❛ss♦❝✐és à ❞❡s Rm ❞❡ s✐❣♥❡s ♦♣♣♦sés✳
❙❡❧♦♥ ❧❡ s❡♥s ❞❡ r♦t❛t✐♦♥✱ ❧❛ ❝♦✉r❜✉r❡ ❞❡s ♣❛❧❡s ❛❝❝r♦ît ♦✉ ❞✐♠✐♥✉❡ ❧✬é❥❡❝t✐♦♥
r❛❞✐❛❧ ❞✉ ✢✉✐❞❡ ❡♥tr❡ ❧❡s ♣❛❧❡s à ❧❛ ♣ér✐♣❤ér✐❡ ❞✉ ❞✐sq✉❡✳

❋✐❣✳ ✷✳✷✷✿ ➱✈♦❧✉t✐♦♥ ❞❡ ❧❛ ♠♦②❡♥♥❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ Rm = Rm1 =
Rm2✳ ❆ ❣❛✉❝❤❡ ✿ ❧❡ ♣♦✐♥t ❞❡ ♠❡s✉r❡ ❡st s✐t✉é ❡♥ z = −119mm✱ ♣rès ❞✉ ❞✐sq✉❡
❡♥ ❢❡r✳ ❆ ❞r♦✐t❡ ✿ ❧❛ ♠❡s✉r❡ ❡st ré❛❧✐sé❡ ❡♥ z = +119mm✱ ♣rès ❞✉ ❞✐sq✉❡ ❡♥
✐♥♦①✳ ❉❛♥s ❧❡s ❞❡✉① ❝❛s✱ r = 96mm ❡t θ = 0✳

●é♦♠étr✐❡ ❞✉ ♠♦❞❡ ❞②♥❛♠♦

❈❡tt❡ ❝❛♠♣❛❣♥❡ s❡ ❞✐st✐♥❣✉❡ ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ♣❧✉s✐❡✉rs s♦♥❞❡s ♠✉❧t✐♣❧❡s✱ ♣❡r✲
♠❡tt❛♥t ❞❡ ♥♦♠❜r❡✉s❡s ♠❡s✉r❡s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ■❧ ❡st ❛✐♥s✐ ♣♦ss✐❜❧❡ ❞❡ ❜✐❡♥
❝❛r❛❝tér✐s❡r ❧❛ str✉❝t✉r❡ s♣❛t✐❛❧❡ ❞✉ ♠♦❞❡ ❞②♥❛♠♦ ❡♥❣❡♥❞ré✳ ❉❛♥s ❝❡ ré❣✐♠❡✱ ♦♥
❞✐s♣♦s❡ ❞❡ q✉❛tr❡ s♦♥❞❡s ♠✉❧t✐♣❧❡s ✿ ❞❡✉① s♦♥❞❡s s♦♥t ♣❧❛❝é❡s ♣rès ❞❡ ❝❤❛❝✉♥ ❞❡s
❞❡✉① ❞✐sq✉❡s ✭❝♦♠♠❡ ✐♥❞✐q✉é ❞❛♥s ❧❛ ❧é❣❡♥❞❡ ❞❡ ❧❛ ✜❣✉r❡ ✷✳✷✷✮ ❡t ❞❡✉① ❛✉tr❡s s❡
s✐t✉❡♥t ❞❛♥s ❧❡ ♣❧❛♥ ♠é❞✐❛♥ ❞❡ ❧❛ ❝✉✈❡✱ ❢❛✐s❛♥t ✉♥ ❛♥❣❧❡ ❞❡ π/2 ❡♥tr❡ ❡❧❧❡s✳ ▲❛ ❝♦♠✲
♣❛r❛✐s♦♥ ❞❡ ❝❡s ❞❡✉① ❞❡r♥✐èr❡s ♣❡r♠❡t ❞✬é✈❛❧✉❡r ❧❛ ❞é♣❡♥❞❛♥❝❡ ❛③✐♠✉t❛❧❡ ❞✉ ❝❤❛♠♣
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❋✐❣✳ ✷✳✷✸✿ ❖r✐❡♥t❛t✐♦♥ ♠♦②❡♥♥❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❛♥s ❧❡ ♣❧❛♥ (r , z)✳ ▲❡ ❞✐sq✉❡ ❡♥
❢❡r ❡st à ❣❛✉❝❤❡✳ ▲❡s ❞❡✉① ❢réq✉❡♥❝❡s ❞❡ r♦t❛t✐♦♥ s♦♥t é❣❛❧❡s ❡t Rm = 50✳

♠❛❣♥ét✐q✉❡✳ ❈♦♠♠❡ ♣♦✉r t♦✉t❡s ❧❡s ❞②♥❛♠♦s ♦❜s❡r✈é❡s ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✱ ❧❡s
❞♦♥♥é❡s s✉❣❣èr❡♥t ❡♥ ♠♦②❡♥♥❡ ✉♥❡ ❛①✐s②♠étr✐❡ ❞✉ ♠♦❞❡ ❞②♥❛♠♦✱ ❛①✐s②♠étr✐❡ q✉✐
❡st é✈✐❞❡♠♠❡♥t ❜r✐sé❡ ❛✉① t❡♠♣s ❝♦✉rts ♣❛r ❧❡s ✢✉❝t✉❛t✐♦♥s t✉r❜✉❧❡♥t❡s✳ ❉❛♥s ❧❡s
r❡♣rés❡♥t❛t✐♦♥s ❞❡ ❧❛ str✉❝t✉r❡ s♣❛t✐❛❧❡ ❞✉ ❝❤❛♠♣✱ ♦♥ s②♠étr✐s❡ ❞♦♥❝ s②sté♠❛t✐q✉❡✲
♠❡♥t ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ φ ❧❡s ❞♦♥♥é❡s ♦❜t❡♥✉❡s✱ ♣✉✐sq✉✬✐❧ ♥✬❛ ♣❛s été ♣♦ss✐❜❧❡ ❞❡
♠❡ttr❡ ❡♥ é✈✐❞❡♥❝❡ ✉♥❡ ❞é✈✐❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠♦②❡♥ à ❧✬❛①✐s②♠étr✐❡✳ ▲❛ ✜❣✉r❡ ✷✳✷✸
♠♦♥tr❡ ❧❛ str✉❝t✉r❡ ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♦❜s❡r✈é à ❧✬❛✐❞❡ ❞❡s s♦♥❞❡s ♠✉❧t✐♣❧❡s✳ ❖♥
✈♦✐t s✉r ❝❡tt❡ ✜❣✉r❡ q✉❡ ❧❡ ♠♦❞❡ ❞②♥❛♠♦ ❡st s❛♥s ❛✉❝✉♥ ❞♦✉t❡ ❞♦♠✐♥é ♣❛r ✉♥ ♠♦❞❡
❛①✐❛❧✳ ❙✉r ❝❡tt❡ ✜❣✉r❡✱ ❧❡ ❞✐sq✉❡ ❡♥ ❢❡r s❡ s✐t✉❡ s✉r ❧❛ ❣❛✉❝❤❡✳

❋✐❣✳ ✷✳✷✹✿ ❖r✐❡♥t❛t✐♦♥ ♠♦②❡♥♥❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❛♥s ❧❡ ♣❧❛♥ (r , θ) ❡t ♣♦✉r z =
118mm✱ z = 0mm ❡t z = −118mm ❞❡ ❣❛✉❝❤❡ à ❞r♦✐t❡✳ ▲❡s ❞❡✉① ❢réq✉❡♥❝❡s ❞❡
r♦t❛t✐♦♥ s♦♥ é❣❛❧❡s ❡t Rm = 50✳

■❧ ❡st é❣❛❧❡♠❡♥t ♣♦ss✐❜❧❡ ❞❡ ✈✐s✉❛❧✐s❡r ❧❡ ♠♦❞❡ ♠❛❣♥ét✐q✉❡ ❞❛♥s ❧❡ ♣❧❛♥ ✭r , θ✮✳
▲❛ ✜❣✉r❡ ✷✳✷✹ ♠♦♥tr❡ ❧❡s ❞♦♥♥é❡s ♦❜t❡♥✉❡s ❞❛♥s ❧❡ ♣❧❛♥ ♠é❞✐❛♥✱ ❛✐♥s✐ q✉❡ ♣♦✉r ❧❡s
❞❡✉① ♣❧❛♥s ♣rès ❞❡ ❝❤❛❝✉♥ ❞❡s ❞✐sq✉❡s✳ ◗✉❡❧q✉❡ s♦✐t ❧❛ ❝♦♠♣♦s❛♥t❡✱ ❧❡ ❝❤❛♠♣ ❡st
❞✐ss②♠étr✐q✉❡ ♣❛r r❛♣♣♦rt ❛✉ ♣❧❛♥ z = 0✱ ❡t ♠♦♥tr❡ ✉♥❡ ✐♥t❡♥s✐té ♣rès ❞✉ ❞✐sq✉❡
❡♥ ❢❡r s②sté♠❛t✐q✉❡♠❡♥t ♣❧✉s ❢♦rt❡ q✉❡ ♣rès ❞❡ ❧✬❛✉tr❡ ❞✐sq✉❡✱ s❛♥s q✉❡ ❧❡ ❝❤❛♠♣ ♥❡



✺✵ ❆♣♣r♦❝❤❡ ❊①♣ér✐♠❡♥t❛❧❡ ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦

s♦✐t ❝♦♠♣❧èt❡♠❡♥t ❧♦❝❛❧✐sé ♣rès ❞✉ ❞✐sq✉❡ ❢❡rr♦♠❛❣♥ét✐q✉❡ ✿ ♣❛r ❡①❡♠♣❧❡✱ ♦♥ ✈♦✐t
q✉❡ ❧❡ ❝❤❛♠♣ ❛①✐❛❧ ❡st ♣❧✉s ❢♦rt ❞❛♥s ❧❡ ♣❧❛♥ ♠é❞✐❛♥ ❞✉ ❝②❧✐♥❞r❡ q✉✬❛ ♣r♦①✐♠✐té
❞✉ ❞✐sq✉❡ ❡♥ ❢❡r✳ ■❧ ❡st é❣❛❧❡♠❡♥t ✐♥tér❡ss❛♥t ❞❡ ♥♦t❡r q✉❡ ❧❡ ❝❤❛♠♣ ❛①✐❛❧ ❝❤❛♥❣❡
❞❡ s✐❣♥❡ ♣rès ❞❡ ❧❛ ♣❛r♦✐ ❡①tér✐❡✉r❡✱ ♠♦♥tr❛♥t ❝♦♠♠❡♥t ✉♥❡ ♣❛rt✐❡ ❞❡s ❧✐❣♥❡s ❞❡
❝❤❛♠♣s ❜♦✉❝❧❡ ❞❛♥s ❧❡ s♦❞✐✉♠✳ ❆ ❝❛✉s❡ ❞❡ ❧❛ ❞✐ss②♠étr✐❡ ✐♥tr♦❞✉✐t❡ ♣❛r ❧❛ ♥❛t✉r❡
❞✐✛ér❡♥t❡ ❞❡s ❞❡✉① ❞✐sq✉❡s✱ ❧❡ ♠♦❞❡ ❞②♥❛♠♦ ♦❜s❡r✈é ❡st ❝❧❛✐r❡♠❡♥t ❛①✐❛❧✱ ♠❛✐s ♥✬❡st
♣❛s t♦t❛❧❡♠❡♥t ❛♥t✐s②♠étr✐q✉❡ ♣❛r r❛♣♣♦rt à ❧❛ r♦t❛t✐♦♥ Rπ✳ ❉❛♥s ❧❡ ♣❧❛♥ (r , θ)✱ ♦♥

❋✐❣✳ ✷✳✷✺✿ Pr♦✜❧s r❛❞✐❛✉① ❞❡s tr♦✐s ❝♦♠♣♦s❛♥t❡s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♦❜t❡♥✉s à ♣❛rt✐r
❞❡s s♦♥❞❡s ♠✉❧t✐♣❧❡s✳ ❊♥ ❤❛✉t✱ à ❣❛✉❝❤❡ ✿ s♦♥❞❡ s✐t✉é❡ ♣rès ❞✉ ❞✐sq✉❡ ❡♥ ❢❡r✳
❊♥ ❤❛✉t✱ à ❞r♦✐t❡ ✿ s♦♥❞❡ s✐t✉é❡ ♣rès ❞✉ ❞✐sq✉❡ ❡♥ ✐♥♦①✳ ❊♥ ❜❛s ✿ s♦♥❞❡ s✐t✉é❡
❞❛♥s ❧❡ ♣❧❛♥ ♠é❞✐❛♥✳

♦❜s❡r✈❡ q✉❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ t♦r♦ï❞❛❧ ❡st ♣❧✉s ❢♦rt ♣rès ❞✉ ❞✐sq✉❡ ❡♥ ❢❡r q✉❡
❞❛♥s ❧❡ ♣❧❛♥ ♠é❞✐❛♥✳ ❈❡❧❛ ♣♦✉rr❛✐t s✉❣❣ér❡r q✉❡ ❧❛ ♥❛t✉r❡ ❢❡rr♦♠❛❣♥ét✐q✉❡ ❞✉ ❞✐sq✉❡
❡st très ❡✣❝❛❝❡ ♣♦✉r r❡♥❢♦r❝❡r ❧❡ ❝❤❛♠♣ t♦r♦ï❞❛❧✱ ❝♦♠♠❡ s✉❣❣éré ❞❛♥s ❧❡ ♠♦❞è❧❡ ❞❡
▼♦r❞❛♥t✱ Pétré❧✐s ❡t ❋❛✉✈❡ ❬✻✽❪✳ ■❧ ❡st é❣❛❧❡♠❡♥t ♣♦ss✐❜❧❡ ❞❡ ♣rés❡♥t❡r ❧❛ str✉❝t✉r❡
❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ à tr❛✈❡rs ❧❡s ♣r♦✜❧s r❛❞✐❛✉① ❞✉ ♠♦❞❡ ❞②♥❛♠♦✱ ❝♦♠♠❡ à ❧❛
✜❣✉r❡ ✷✳✷✺✳ ❖♥ ✈♦✐t q✉❡ ❧❛ ❝♦♠♣♦s❛♥t❡ θ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ r❡st❡ r❡❧❛t✐✈❡♠❡♥t
❢♦rt❡ ♣rès ❞❡ ❧✬❛①❡✳ ❈❡❧❛ ♣♦✉rr❛✐t ❝♦rr❡s♣♦♥❞r❡ à ❧❛ ♣rés❡♥❝❡ r❡❧❛t✐✈❡♠❡♥t ❢❛✐❜❧❡ ❞✬✉♥❡
str✉❝t✉r❡ ♥♦♥✲❛①✐s②♠étr✐q✉❡✱ ❝♦♠♠❡ ✉♥ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧✳ ❯♥❡ ❝♦♠♣♦s❛♥t❡ m = 1
♣❡✉t é❣❛❧❡♠❡♥t ❢❛❝✐❧❡♠❡♥t êtr❡ ❡①❝✐té❡ ♣❛r ❧❛ ♣rés❡♥❝❡ ❞❡s ❞♦✐❣ts ❞❡ ❣❛♥ts ❞❛♥s ❧❡
♣❧❛♥ ♠é❞✐❛♥ ❞❡ ❧✬❡①♣ér✐❡♥❝❡✱ ✐♥❞✐s♣❡♥s❛❜❧❡ ♣♦✉r ❧❛ ♠❡s✉r❡ ❞✉ ❝❤❛♠♣✳

❖♥ ♦❜s❡r✈❡ q✉❡ ❧❛ str✉❝t✉r❡ ❞✉ ♠♦❞❡ ❞②♥❛♠♦ ♦❜t❡♥✉ ✈❛r✐❡ très ♣❡✉ s❡❧♦♥ ❧❛
✈❛❧❡✉r ❞❡ Rm✳ ❖♥ ♣❡✉t ❢♦r♠✉❧❡r ❞❡✉① ❝♦♥❝❧✉s✐♦♥s à ❧❛ s✉✐t❡ ❞❡ ❝❡s ♣r❡♠✐❡rs rés✉❧t❛ts✳



✷✳✹ ❈♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❡t ❞②♥❛♠✐q✉❡ ❞✉ ❝❤❛♠♣ ✺✶

Pr❡♠✐èr❡♠❡♥t✱ ♦♥ ✈♦✐t q✉❡ ❧❛ ❣é♥ér❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♥❡ ♥é❝❡ss✐t❡ ♣❛s ❧❛
r♦t❛t✐♦♥ ❞❡ ❞❡✉① ❞✐sq✉❡s ❢❡rr♦♠❛❣♥ét✐q✉❡s ✭❝♦♥tr❛✐r❡♠❡♥t ♣❛r ❡①❡♠♣❧❡ à ❧✬❡①♣ér✐❡♥❝❡
❞❡ ▲♦✇❡s ❡t ❲✐❧❦✐♥s♦♥✮✳ ■❧ ❡st ❞♦♥❝ ✐♥❞✐s♣❡♥s❛❜❧❡ ❞✬✐♠♣❧✐q✉❡r ❧✬é❝♦✉❧❡♠❡♥t ❞❛♥s ❧❡
♠é❝❛♥✐s♠❡ ❞❡ ❣é♥ér❛t✐♦♥ ❞✉ ❝❤❛♠♣✳ ▲❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣rès ❞✉
❞✐sq✉❡ ❡♥ ❢❡r s✉❣❣èr❡ ♥é❛♥♠♦✐♥s ✉♥ rô❧❡ ❞✬❛♠♣❧✐✜❝❛t✐♦♥ ❞✉ ❝❤❛♠♣✱ ♣❛rt✐❝✉❧✐èr❡♠❡♥t
♣♦✉r ❧❛ ❝♦♠♣♦s❛♥t❡ t♦r♦ï❞❛❧❡✳ ❊♥ ❝♦♠♣❛r❛♥t ❧❡s ♣r♦✜❧s ❞❛♥s ❧❡ ♣❧❛♥ (r , z) ♣rès ❞❡
❝❤❛❝✉♥ ❞❡s ❞❡✉① ❞✐sq✉❡s✱ ♦♥ ♣❡✉t é❣❛❧❡♠❡♥t ♦❜s❡r✈❡r q✉❡ ❧❡s ❧✐❣♥❡s ❞❡ ❝❤❛♠♣s ♦♥t
t❡♥❞❛♥❝❡ à ❢♦❝❛❧✐s❡r ✈❡rs ❧❡ ❞✐sq✉❡ ❡♥ ❢❡r ✭❞❡ r❛②♦♥ 155mm✮✳ ❈❡tt❡ ❤②♣♦t❤ès❡ ❞✬✉♥❡
♠♦❞✐✜❝❛t✐♦♥ ❧♦❝❛❧❡ ❞❡ ❧❛ t♦♣♦❧♦❣✐❡ ❞❡s ❧✐❣♥❡s ❞❡ ❝❤❛♠♣s ❢❡r❛ ❧✬♦❜❥❡t ❞✬✉♥❡ ♣❛rt✐❡ ❞✉
♣r♦❝❤❛✐♥ ❝❤❛♣✐tr❡✱ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧✬❛♣♣r♦❝❤❡ ♥✉♠ér✐q✉❡✳

✷✳✹✳✷ ❈♦♥tr❛✲r♦t❛t✐♦♥ ♥♦♥✲❡①❛❝t❡

◆♦✉s ❛✈♦♥s ♠♦♥tré à ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡ q✉❡ ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✱ t♦✉s
❧❡s ré❣✐♠❡s ❞②♥❛♠✐q✉❡s s♦♥t ♦❜t❡♥✉s ❧♦rsq✉✬✐❧ ❡①✐st❡ ✉♥ ❞é❝❛❧❛❣❡ ❡♥tr❡ ❧❡s ❞❡✉①
❢réq✉❡♥❝❡s ❞❡ r♦t❛t✐♦♥ ❞❡s ❞✐sq✉❡s✳ ■❧ ❡st é❣❛❧❡♠❡♥t ♣♦ss✐❜❧❡ ❞✬♦❜s❡r✈❡r ✉♥❡ ❞②♥❛♠♦
❧♦rsq✉✬✉♥ s❡✉❧ ❞✐sq✉❡ ❡st ❡♥ r♦t❛t✐♦♥✳ ▲❡ ❞✐❛❣r❛♠♠❡ ❞❡ ❧❛ ✜❣✉r❡ ✷✳✷✵ ♠♦♥tr❡ q✉❡
❞❛♥s ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ❛❝t✉❡❧❧❡✱ ✐❧ ♥✬❛ ♣❛s été ♣♦ss✐❜❧❡ ❞✬♦❜t❡♥✐r ✉♥❡ ❞②♥❛♠♦ ❧♦rsq✉❡
s❡✉❧ ❧❡ ❞✐sq✉❡ ❡♥ ✐♥♦① t♦✉r♥❡✳ ❊♥ r❡✈❛♥❝❤❡✱ ♦♥ ♦❜s❡r✈❡ ❧❛ ❣é♥ér❛t✐♦♥ ❞✬✉♥ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ ❢❛✐❜❧❡ ❧♦rsq✉❡ ❧❡ ❞✐sq✉❡ ❡♥ ✐♥♦① ❡st à ❧✬❛rrêt ❡t q✉❡ s❡✉❧ ❧❡ ❞✐sq✉❡ ❡♥ ❢❡r
❡st ❡♥ r♦t❛t✐♦♥✳

❉②♥❛♠♦ ❛ ✶ ❞✐sq✉❡ ✿ ❝♦✉r❜❡ ❞❡ ❜✐❢✉r❝❛t✐♦♥

▲❛ ❣é♥ér❛t✐♦♥ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❧♦rsq✉✬✉♥ s❡✉❧ ❞✐sq✉❡ ❡st ❡♥ r♦t❛t✐♦♥ r❡♥tr❡
é❣❛❧❡♠❡♥t ❞❛♥s ❧❡ ❝❛❞r❡ ❞✬✉♥❡ ✐♥t❡r♣rét❛t✐♦♥ ❡♥ t❡r♠❡ ❞❡ ❞②♥❛♠♦ α − ω✳ ❉❛♥s ❝❡
❝❛s✱ ❧✬❡✛❡t α ❡st ❧♦❝❛❧✐sé ♣rès ❞✉ ❞✐sq✉❡ ❡♥ r♦t❛t✐♦♥✱ ❡t ✉♥ ❝✐s❛✐❧❧❡♠❡♥t ❡st t♦✉❥♦✉rs
♣rés❡♥t ❞❛♥s ❧✬é❝♦✉❧❡♠❡♥t✱ ❜✐❡♥ q✉❡ ♠♦✐♥s ✐♠♣♦rt❛♥t ❡t ♠♦✐♥s ❧♦❝❛❧✐sé q✉❡ ❞❛♥s ❧❡ ❝❛s
❝♦♥tr❛✲r♦t❛t✐❢✳ ▲❛ ✜❣✉r❡ ✷✳✷✻ ♠♦♥tr❡ ❧❛ ❝♦✉r❜❡ ❞❡ ❜✐❢✉r❝❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡
❡♥ ❢♦♥❝t✐♦♥ ❞❡ Rm1✱ ❧♦rsq✉❡ Rm2 = 0✳ ▲❛ ❞②♥❛♠♦ ❡♥❣❡♥❞ré❡ ♣rés❡♥t❡ ✉♥ s❡✉✐❧ q✉✐
♥✬❡st ♣❛s ❜❡❛✉❝♦✉♣ ♣❧✉s ❣r❛♥❞ q✉❡ ❞❛♥s ❧❡ ❝❛s ❝♦♥tr❛✲r♦t❛t✐❢✱ ❛✈❡❝ ✉♥ ♥♦♠❜r❡ ❞❡
❘❡②♥♦❧❞s ♠❛❣♥ét✐q✉❡ ❝r✐t✐q✉❡ Rmc ∼ 35✳ ▲❛ ✈❛❧❡✉r ❛tt❡✐♥t❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡
❡st ♥é❛♥♠♦✐♥s ♣❧✉s ♣❡t✐t❡✱ ❛✈❡❝ ✉♥❡ ✈❛❧❡✉r ♠❛①✐♠❛❧❡ ❞✬❡♥✈✐r♦♥ 30G ✳

●é♦♠étr✐❡ ❞✉ ♠♦❞❡ ❞②♥❛♠♦

▲♦rsq✉✬✉♥ s❡✉❧ ❞✐sq✉❡ ❡st ❡♥ r♦t❛t✐♦♥✱ ♦♥ s✬❛tt❡♥❞ ❛ ♣r✐♦r✐ à ❝❡ q✉❡ ❧❛ str✉❝t✉r❡
❞✉ ♠♦❞❡ ♠❛❣♥ét✐q✉❡ s♦✐t ❞✐✛ér❡♥t❡ ❞❡ ❝❡❧❧❡ ♦❜s❡r✈é❡ ❡♥ ❝♦♥tr❛✲r♦t❛t✐♦♥ ❡①❛❝t❡✳
▲❛ ✜❣✉r❡ ✷✳✷✼ ♠♦♥tr❡ ❧❛ str✉❝t✉r❡ ❞✉ ♠♦❞❡ ♠❛❣♥ét✐q✉❡✳ ❖♥ ✈♦✐t q✉❡ ❧❡ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ r❡st❡ ❞♦♠✐♥é ♣❛r ✉♥ ❝❤❛♠♣ ❛①✐❛❧✱ ❛ss♦❝✐é à ✉♥ ❢♦rt ❝❤❛♠♣ t♦r♦ï❞❛❧✳ ▲❡
❝❤❛♠♣ ♣rés❡♥t❡ ✉♥❡ str✉❝t✉r❡ ❛ss❡③ s✉r♣r❡♥❛♥t❡ ❞❛♥s ❧❡ ♣❧❛♥ (r , z)✳ ❖♥ ♦❜s❡r✈❡ très



✺✷ ❆♣♣r♦❝❤❡ ❊①♣ér✐♠❡♥t❛❧❡ ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦

❋✐❣✳ ✷✳✷✻✿ ❈♦✉r❜❡ ❞❡ ❜✐❢✉r❝❛t✐♦♥ ❧♦rsq✉❡ ❧❡ ❞✐sq✉❡ ❡♥ ✐♥♦① ❡st à ❧✬❛rrêt✳ ❖♥ ♠♦♥tr❡ ❧❛
✈❛❧❡✉r ♠♦②❡♥♥❡ ❞❡s tr♦✐s ❝♦♠♣♦s❛♥t❡s ♣♦✉r ✉♥❡ s♦♥❞❡ s✐t✉é❡ ♣rès ❞✉ ❞✐sq✉❡
❡♥ r♦t❛t✐♦♥✳

♣❡✉ ❞❡ ❝❤❛♠♣ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ❛①✐❛❧❡ ♣rès ❞✉ ❞✐sq✉❡ ❡♥ ❢❡r✳ ❈❡tt❡ ♦❜s❡r✈❛t✐♦♥ ❡st
très ❞✐✛ér❡♥t❡ ❞❡ ❧❛ ❢♦❝❛❧✐s❛t✐♦♥ ❞❡s ❧✐❣♥❡s ❞❡ ❝❤❛♠♣s ✈❡rs ❧❡ ❞✐sq✉❡ ❢❡rr♦♠❛❣♥ét✐q✉❡
♦❜s❡r✈é ❡♥ ❝♦♥tr❛✲r♦t❛t✐♦♥✳ ❈❡t ❡✛❡t ♣♦✉rr❛✐t êtr❡ ❞û ❛✉① ♣❛❧❡s s❡ tr♦✉✈❛♥t s✉r ❧❡
❞✐sq✉❡✳ ❊♥ ❡✛❡t✱ ❝❡❧❧❡s✲❝✐ s♦♥t é❣❛❧❡♠❡♥t ❢❡rr♦♠❛❣♥ét✐q✉❡✱ ❡t ♣❡✉✈❡♥t ❞♦♥❝ ❞é✈✐❡r
❧❡s ❧✐❣♥❡s ❞❡ ❝❤❛♠♣ ❞✐✛ér❡♠♠❡♥t q✉✬❛✈❡❝ ✉♥ s✐♠♣❧❡ ❞✐sq✉❡ ♣❧❛t✳ ❈❡tt❡ ♣♦ss✐❜✐❧✐té
❡st ❞✬❛✐❧❧❡✉rs ❡♥✈✐s❛❣é❡ ❛✉ ❝❤❛♣✐tr❡ 3 ❞❛♥s ✉♥❡ ❛♣♣r♦❝❤❡ ✐❞é❛❧✐sé❡ ❞❡ ❝❡ ♣❤é♥♦♠è♥❡✳
❉❛♥s t♦✉s ❧❡s ❝❛s✱ ❧❛ ♣rés❡♥❝❡ ❞✬✉♥ ❞✐sq✉❡ ❢❡rr♦♠❛❣♥ét✐q✉❡ s❡♠❜❧❡ ✐♠♣♦s❡r ❞❡ ❢♦rt❡s
❝♦♥tr❛✐♥t❡s t♦♣♦❧♦❣✐q✉❡s s✉r ❧❡s ❧✐❣♥❡s ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳

❆ ♣❛rt✐r ❞❡ ❝❡tt❡ ❞②♥❛♠♦ à 1 ❞✐sq✉❡✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬❛✉❣♠❡♥t❡r ♣r♦❣r❡ss✐✈❡♠❡♥t
❧❛ ❢réq✉❡♥❝❡ ❞❡ r♦t❛t✐♦♥ ❞✉ ❞✐sq✉❡ ❡♥ ✐♥♦① ❛✜♥ ❞❡ r❛♠❡♥❡r ❧❡ s②stè♠❡ ✈❡rs ❧❛ ❝♦♥tr❛✲
r♦t❛t✐♦♥ ❡①❛❝t❡✳ ▲❛ ❝♦✉r❜❡ ✷✳✷✾ ♠♦♥tr❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡

√
< B2 > ❡♥ ❢♦♥❝t✐♦♥ ❞❡ Rm2✳

▲❛ r♦t❛t✐♦♥ ❞✉ ❞✐sq✉❡ 1 ❡st ♠❛✐♥t❡♥✉ ❝♦♥st❛♥t❡ ❞❡ s♦rt❡ q✉❡ Rm1 = 45✳ ▲❛ r♦t❛t✐♦♥
❞✉ ❞✐sq✉❡ ❡♥ ✐♥♦① ♣r♦✈♦q✉❡ ❞✬❛❜♦r❞ ✉♥❡ ❞✐♠✐♥✉t✐♦♥ ❞❡ ❧❛ ✈❛❧❡✉r s❛t✉ré❡ ❞❡ ❧✬é♥❡r❣✐❡
♠❛❣♥ét✐q✉❡✳ ■❧ s❡♠❜❧❡ ❞♦♥❝ q✉❡ ❧❛ ♠✐s❡ ❡♥ r♦t❛t✐♦♥ ❞✉ ❞❡✉①✐è♠❡ ❞✐sq✉❡ ♣❡rt✉r❜❡
❧✬é❝♦✉❧❡♠❡♥t ❞❡ ♠❛♥✐èr❡ ❞é❢❛✈♦r❛❜❧❡ ♣♦✉r ❝❡ ♠♦❞❡ ❞②♥❛♠♦✳ ❖♥ ♥♦t❡ q✉❡ ♣❡♥❞❛♥t
❝❡tt❡ ♣❤❛s❡✱ ❧❛ str✉❝t✉r❡ ❞✉ ♠♦❞❡ r❡st❡ ❧❛ ♠ê♠❡✳ ❆ ♣❛rt✐r ❞❡ Rm2 ∼ 35✱ ❧❡ ❝❤❛♠♣
❛✉❣♠❡♥t❡ ❜r✉t❛❧❡♠❡♥t ✈❡rs ❞❡s ✈❛❧❡✉rs ❜✐❡♥ ♣❧✉s ❢♦rt❡s ❡t s❛t✉r❡ ✜♥❛❧❡♠❡♥t ❛✉①
♠ê♠❡ ✈❛❧❡✉rs q✉❡ ❝❡❧❧❡s ♦❜s❡r✈é❡s ❡♥ ❝♦♥tr❛✲r♦t❛t✐♦♥ ❡①❛❝t❡✳ ■❧ ❡st ✐♥tér❡ss❛♥t ❞❡
♥♦t❡r q✉❡ ❝❡ s❛✉t ❜r✉sq✉❡ s✬❛❝❝♦♠♣❛❣♥❡ ❞✬✉♥ ❝❤❛♥❣❡♠❡♥t ❞❡ t♦♣♦❧♦❣✐❡ ❞✉ ♠♦❞❡
❞②♥❛♠♦✱ ♦ù ❧✬♦♥ r❡tr♦✉✈❡ ❧❛ str✉❝t✉r❡ ♦❜s❡r✈é❡ ❡♥ ❝♦♥tr❛✲r♦t❛t✐♦♥✳

❈❡s rés✉❧t❛ts ♠♦♥tr❡♥t q✉✬✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬❡♥❣❡♥❞r❡r ✉♥❡ ❞②♥❛♠♦ ❧♦rsq✉✬✉♥ s❡✉❧
❞✐sq✉❡ t♦✉r♥❡✱ ♠❛✐s ✉♥✐q✉❡♠❡♥t s✬✐❧ s✬❛❣✐t ❞✉ ❞✐sq✉❡ ❡♥ ❢❡r✳ ■❧ s❡♠❜❧❡r❛✐t ❞♦♥❝ q✉❡ ❧❛
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❋✐❣✳ ✷✳✷✼✿ ❙tr✉❝t✉r❡ ❣é♦♠étr✐q✉❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❧♦rsq✉❡ ❧❡ ❞✐sq✉❡ ❡♥ ✐♥♦① ❡st
à ❧✬❛rrêt✳ ❊♥ ❤❛✉t ✿ ♣r♦✜❧ ❞✉ ❝❤❛♠♣ ❞❛♥s ❧❡ ♣❧❛♥ (r , z) ♣♦✉r ❞❡✉① s♦♥❞❡s
s✐t✉é❡s ♣rès ❞✉ ❞✐sq✉❡ ❡♥ r♦t❛t✐♦♥ ❡t ❞❛♥s ❧❡ ♣❧❛♥ ♠é❞✐❛♥✳ ❊♥ ❜❛s ✿ ❖r✐❡♥t❛t✐♦♥
♠♦②❡♥♥❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❛♥s ❧❡ ♣❧❛♥ (r , θ) ❡t ♣♦✉r z = 118mm✱ z =
0mm ❡t z = −118mm ❞❡ ❣❛✉❝❤❡ à ❞r♦✐t❡✳

r♦t❛t✐♦♥ ❞✬✉♥ ♠❛tér✐❛✉ ❢❡rr♦♠❛❣♥ét✐q✉❡ s♦✐t ♥é❝❡ss❛✐r❡ à ❧❛ ❣é♥ér❛t✐♦♥ ❞❡ ❧❛ ❞②♥❛♠♦
❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ❛✉① ✈❛❧❡✉rs ❞❡ Rm ❛tt❡✐♥t❡s✳ ❈❡tt❡ ❛✣r♠❛t✐♦♥ ♣❡✉t t♦✉t❡❢♦✐s
êtr❡ r❡❧❛t✐✈✐sé❡ ♣❛r ❧✬❛r❣✉♠❡♥t s✉✐✈❛♥t ✿ ❡♥ s❡ ♣❧❛ç❛♥t ❞❛♥s ✉♥ ré❢ér❡♥t✐❡❧ ❡♥ r♦t❛t✐♦♥✱
✐❧ ❡st t♦✉❥♦✉rs ♣♦ss✐❜❧❡ ❞❡ s❡ r❛♠❡♥❡r ❞❛♥s ❧❡ ré❢ér❡♥t✐❡❧ ❞✉ ❞✐sq✉❡ ❡♥ ❢❡r✱ q✉✐ ❛♣♣❛r❛ît
✜①❡✳ ❈✬❡st ❧❡ ❞✐sq✉❡ ❡♥ ✐♥♦① q✉✐ s❡ tr♦✉✈❡ ❛❧♦rs ❡♥ r♦t❛t✐♦♥✱ ♠❛✐s ❧✬é❝♦✉❧❡♠❡♥t ② ❡st
❞✐✛ér❡♥t ✿ ❧❛ ❝✉✈❡ ❡st ❡♥ r♦t❛t✐♦♥✱ ❝❡ q✉✐ ✐♥tr♦❞✉✐t ✉♥❡ r♦t❛t✐♦♥ ❣❧♦❜❛❧❡ ❞✉ ✢✉✐❞❡✳
❉❡ ♣❧✉s✱ ❧❛ ❝✐r❝✉❧❛t✐♦♥ ♣♦❧♦ï❞❛❧❡ ❡st ✐♥✈❡rsé❡✱ ❝❛r ❧❡ ✢✉✐❞❡ ❡st é❥❡❝té ♣rès ❞❡ ❧✬❛①❡
♣❛r ❧❡ ❞✐sq✉❡ ❡♥ r♦t❛t✐♦♥ ❛✉ ❧✐❡✉ ❞✬② êtr❡ ♣♦♠♣é✳ ❇✐❡♥ q✉✬✐❧ ♥❡ s♦✐t ♣❛s ♣♦ss✐❜❧❡ ❞❡
ré❛❧✐s❡r ❝❡tt❡ ❝♦♥✜❣✉r❛t✐♦♥ ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t✱ ❝❡❧❛ ♠♦♥tr❡ q✉❡ ❧❛ r♦t❛t✐♦♥ ❞✉ ❞✐sq✉❡
❢❡rr♦♠❛❣♥ét✐q✉❡ ♥✬❡st ♣❛s ✉♥ é❧é♠❡♥t ✐♥❞✐s♣❡♥s❛❜❧❡✱ ♠❛✐s ✉♥ ✐♥❣ré❞✐❡♥t ❡✣❝❛❝❡ ♣♦✉r
❛♠♣❧✐✜❡r ❧❡ ♠é❝❛♥✐s♠❡ ❞❡ ❣é♥ér❛t✐♦♥ ❞❡ ❧✬✐♥st❛❜✐❧✐té ❞②♥❛♠♦✳



✺✹ ❆♣♣r♦❝❤❡ ❊①♣ér✐♠❡♥t❛❧❡ ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦

❋✐❣✳ ✷✳✷✽✿ Pr♦✜❧s r❛❞✐❛✉① ❞❡s tr♦✐s ❝♦♠♣♦s❛♥t❡s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♦❜t❡♥✉❡s à ♣❛rt✐r
❞❡s s♦♥❞❡s ♠✉❧t✐♣❧❡s✳ ❆ ❣❛✉❝❤❡ ✿ s♦♥❞❡ s✐t✉é❡ ♣rès ❞✉ ❞✐sq✉❡ ❡♥ ❢❡r✳ ❆ ❞r♦✐t❡ ✿
s♦♥❞❡ s✐t✉é❡ ❞❛♥s ❧❡ ♣❧❛♥ ♠é❞✐❛♥✳ ▲❛ ✈❛❧❡✉r ❞✉ ●❛✉ss♠ètr❡✱ s✐t✉é ♣rès ❞✉
❞✐sq✉❡ ❡♥ ✐♥♦① ❡t ♣♦✉r r ≈ 70mm✱ ✐♥❞✐q✉❡ < BR >= −10G ✱< Bθ >= 23G ❡t
< BZ >= −8G
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❋✐❣✳ ✷✳✷✾✿ ❈♦✉r❜❡ ❞❡ ❜✐❢✉r❝❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ Rm2✱ ♣♦✉r ✉♥❡
r♦t❛t✐♦♥ ✜①é❡ ❞✉ ❞✐sq✉❡ 1 t❡❧❧❡ q✉❡ Rm1 = 45✳ ❙♦♥❞❡ s✐t✉é❡ ❞❛♥s ❧❡ ♣❧❛♥
♠é❞✐❛♥✳
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✷✳✹✳✸ ❈♦✲r♦t❛t✐♦♥

❙✉r ❧❛ ✜❣✉r❡ ✷✳✷✵✱ ❧✬❛❜s❡♥❝❡ ❞❡ ❞②♥❛♠♦ ♣♦✉r ❧❡s Rm ♥é❣❛t✐❢s ✐❧❧✉str❡ ❝❧❛✐r❡♠❡♥t
❧✬❛s②♠étr✐❡ ❡①✐st❛♥t ❡♥tr❡ ❧❡s ❞❡✉① s❡♥s ❞❡ r♦t❛t✐♦♥s ♣♦✉r ❧❡s ❞✐sq✉❡s✳ ❈❡❝✐ ♠❡t ❡♥
❛✈❛♥t ❧✬✐♠♣♦rt❛♥❝❡ ❞✉ ❢♦rç❛❣❡ ❤②❞r♦❞②♥❛♠✐q✉❡✳ ❈♦♠♠❡ ❧❡ ♠♦♥tr❡ ❧❛ ✜❣✉r❡ ✷✳✷✶✱
✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ r❡❧✐❡r ❧❛ ❝♦✉r❜✉r❡ ❞❡s ♣❛❧❡s à ❧✬✐♥t❡♥s✐té ❞❡ ❧❛ ✈✐t❡ss❡ é❥❡❝té❡ r❛✲
❞✐❛❧❡♠❡♥t✳ ▲♦rsq✉❡ Rm > 0✱ ❧❛ ❝♦✉r❜✉r❡ ❛✉❣♠❡♥t❡ ❧✬é❥❡❝t✐♦♥ ❞✉ ✢✉✐❞❡✱ ❢❛✈♦r✐s❛♥t
❛✐♥s✐ ❧✬❡✛❡t α ❞û à ❧✬❤é❧✐❝✐té ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ♣rès ❞❡s ♣❛❧❡s✳ ❆✉ ❝♦♥tr❛✐r❡✱ ❧❛ r♦t❛t✐♦♥
♣♦✉r ❧❡s Rm ♥é❣❛t✐❢s ♣r♦❞✉✐t ✉♥❡ é❥❡❝t✐♦♥ r❛❞✐❛❧❡ ♣❧✉s ❢❛✐❜❧❡✱ ❞✐♠✐♥✉❛♥t ❧✬❤é❧✐❝✐té✳ ▲❛
❧✐❜❡rté q✉❛♥t ❛✉ s❡♥s ❞❡ r♦t❛t✐♦♥ ❞❡s ❞✐sq✉❡s ♦✛r❡ ❞♦♥❝ ✉♥ ❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s
♣❧✉s ❣r❛♥❞✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ♠❡ttr❡ ❡♥ r♦t❛t✐♦♥ ❧❡s ❞❡✉① ❞✐sq✉❡s
❞❛♥s ❧❡ ♠ê♠❡ s❡♥s✳ ❯♥❡ t❡❧❧❡ ❝♦♥✜❣✉r❛t✐♦♥✱ q✉❡ ❧✬♦♥ ♥♦♠♠❡ ❝♦✲r♦t❛t✐♦♥✱ ♣rés❡♥t❡
❧✬✐♥térêt ❞❡ ♣r♦❞✉✐r❡ ✉♥ é❝♦✉❧❡♠❡♥t s②♠étr✐q✉❡ ♣❛r r❛♣♣♦rt ❛✉ ♣❧❛♥ z = 0✱ ❞♦♥❝
♣❧✉s ♣r♦❝❤❡ ❞❡s s②♠étr✐❡s ❛tt❡♥❞✉s ♣♦✉r ❧✬é❝♦✉❧❡♠❡♥t ❛✉ s❡✐♥ ❞✉ ♥♦②❛✉ t❡rr❡str❡✳
❆ ❝❛✉s❡ ❞❡ ❧❛ ❝♦✉r❜✉r❡ ❞❡s ♣❛❧❡s✱ ♦♥ s✬❛tt❡♥❞ ❞❡ ♣❧✉s à ❝❡ q✉❡ ❧❛ ❣é♥ér❛t✐♦♥ ❞❡
❝❤❛♠♣ s♦✐t ❧é❣èr❡♠❡♥t ❞✐✛ér❡♥t❡ ♣♦✉r ❝❤❛q✉❡ ❞✐sq✉❡✳ ▲❛ ✜❣✉r❡ ✷✳✸✵ ❡st ✉♥❡ ✐❧❧✉s✲
tr❛t✐♦♥ s❝❤é♠❛t✐q✉❡ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ♣r♦❞✉✐t ❞❛♥s ❧❡ ré❣✐♠❡ ❝♦✲r♦t❛t✐❢✳ ▲♦rsq✉❡ ❧❡s

!"

!#

❋✐❣✳ ✷✳✸✵✿ ❙❝❤é♠❛ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ♣r♦❞✉✐t ♣❛r ✉♥ ❢♦r❝❛❣❡ ❝♦✲r♦t❛t✐❢ ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡
❱❑❙✳

❞❡✉① ❞✐sq✉❡s t♦✉r♥❡♥t ❡①❛❝t❡♠❡♥t à ❧❛ ♠ê♠❡ ❢réq✉❡♥❝❡ ❡t ❡♥ ❝♦✲r♦t❛t✐♦♥✱ ❧✬é❝♦✉❧❡✲
♠❡♥t ♥✬❡♥❣❡♥❞r❡ ❥❛♠❛✐s ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❈❡tt❡ ♦❜s❡r✈❛t✐♦♥ ❛♠è♥❡ q✉❡❧q✉❡s
❝♦♠♠❡♥t❛✐r❡s s✉r ❧✬ ✐♥t❡r♣rét❛t✐♦♥ ❡♥ t❡r♠❡ ❞❡ ❞②♥❛♠♦ α−ω✳ ❊♥ ❡✛❡t✱ ♦♥ ✈♦✐t s✉r ❧❛
✜❣✉r❡ ✷✳✸✵ q✉❡ ❧❛ ❝♦✲r♦t❛t✐♦♥ ❡st ❛ss♦❝✐é❡ à ✉♥❡ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❛ ♣r✐♦r✐ ♥✉❧❧❡✱
❝✬❡st✲à✲❞✐r❡ s❛♥s ❡✛❡t ω ❞❛♥s ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ♠♦②❡♥✳ ❆✉ ❝♦♥tr❛✐r❡✱ ❧❡s t♦✉r✲
❜✐❧❧♦♥s ❝ré❡s ♣❛r ❧❡s ♣❛❧❡s s♦♥t t♦✉❥♦✉rs ♣rés❡♥ts✱ ❡t ❧❛ ❝♦✲r♦t❛t✐♦♥ ❡♥❣❡♥❞r❡ ❞❡✉①
③♦♥❡s ♣rès ❞❡ ❝❤❛q✉❡ ❞✐sq✉❡s ❛✈❡❝ ❞❡s ❡✛❡ts α ❞❡ s✐❣♥❡s ♦♣♣♦sés✳ ❊♥ ❝♦✲r♦t❛t✐♦♥
❝♦♠♠❡ ❡♥ ❝♦♥tr❛✲r♦t❛t✐♦♥✱ ✐❧ ❡①✐st❡ t♦✉t❡❢♦✐s ✉♥ ❝✐s❛✐❧❧❡♠❡♥t ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ r❛✲
❞✐❛❧❡✱ ❡t ✐❧ s❡r❛✐t ❞♦♥❝ ♣♦ss✐❜❧❡ ❞✬✐♠❛❣✐♥❡r ✉♥ ♣r♦❝❡ss✉s ❞❡ ❣é♥ér❛t✐♦♥ ❞✉ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ ✐♠♣❧✐q✉❛♥t ❝❡ ❝✐s❛✐❧❧❡♠❡♥t✳ ❖♥ ♣♦✉rr❛✐t é❣❛❧❡♠❡♥t ❝♦♥s✐❞ér❡r ❧❛ ✈♦rt✐✲



✺✻ ❆♣♣r♦❝❤❡ ❊①♣ér✐♠❡♥t❛❧❡ ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦

❝✐té ❞❛♥s ❞✐✛ér❡♥t❡s ❞✐r❡❝t✐♦♥s ❛✜♥ ❞❡ ❞é❝r✐r❡ ✉♥ ♣r♦❝❡ss✉s ❞❡ t②♣❡ α2✳ ▼❛❧❣ré ❝❡❧❛✱
✉♥❡ ❞②♥❛♠♦ ❡st ❡♥❣❡♥❞ré❡ ✉♥✐q✉❡♠❡♥t ❧♦rsq✉❡ ❧❡s ❞✐sq✉❡s t♦✉r♥❡♥t à ❞❡s ❢réq✉❡♥❝❡s
❞✐✛ér❡♥t❡s✳ ■❧ s❡♠❜❧❡ ❞♦♥❝ q✉❡ ❧❡ ❝✐s❛✐❧❧❡♠❡♥t ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ z ❥♦✉❡ ✉♥ rô❧❡ ✐♠✲
♣♦rt❛♥t ❞❛♥s ❧❡ ♠é❝❛♥✐s♠❡ ❞②♥❛♠♦✳ ▲❛ ✜❣✉r❡ ✷✳✸✶ ✐♥❞✐q✉❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ ✈❛❧❡✉r
♠♦②❡♥♥❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❞✐✛ér❡♥❝❡ ❞❡ ❢réq✉❡♥❝❡ ❡♥tr❡ ❧❡s
❞❡✉① ❞✐sq✉❡s✳ P♦✉r ❝❡tt❡ ✜❣✉r❡ ❧❛ r♦t❛t✐♦♥ ❞✉ ❞✐sq✉❡ ❡♥ ❢❡r ❡st ✜①é❡ à F1 = 30Hz ✱
s♦✐t Rm1 = 60.3✳ ❆ ♣❛rt✐r ❞✬✉♥ ét❛t ♥✉❧✱ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❝r♦✐t ❡♥ ❢♦♥❝t✐♦♥ ❞❡
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❋✐❣✳ ✷✳✸✶✿ ❈♦✉r❜❡s ❞❡ ❜✐❢✉r❝❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♠♦②❡♥ à ♣❛rt✐r ❞❡ ❧✬ét❛t ❝♦✲
r♦t❛t✐❢ Rm1 = −Rm2 = 60.3 ❡♥ ❞✐♠✐♥✉❛♥t ❧❛ r♦t❛t✐♦♥ ❞✉ ❞✐sq✉❡s 2✱ ♠❡s✉ré
♣rès ❞✉ ❞✐sq✉❡ 1 ✭à ❣❛✉❝❤❡✮ ❡t ❞✉ ❞✐sq✉❡ 2 ✭à ❞r♦✐t❡✮✳

❧✬é❝❛rt à ❧❛ ❝♦✲r♦t❛t✐♦♥ ❡①❛❝t❡✱ ❝♦♥trô❧é ♣❛r ❧❛ ✈❛❧❡✉r Rm2✳ ▲❡s ✈❛❧❡✉rs ♦❜t❡♥✉❡s s♦♥t
♣❧✉s ❣r❛♥❞❡s q✉❡ ❝❡❧❧❡s ❛tt❡✐♥t❡s ❧♦rsq✉❡ s❡✉❧ ❧❡ ❞✐sq✉❡ 1 ❡st ❡♥ r♦t❛t✐♦♥✳ ❉❛♥s ❝❡
ré❣✐♠❡ ❞❡ ❝♦✲r♦t❛t✐♦♥ ❞é❝❛❧é❡✱ ♥♦t♦♥s q✉❡ ❧✬♦♥ ♣❡✉t t♦✉❥♦✉rs ❞é❝♦♠♣♦s❡r ❛♣♣r♦①✐✲
♠❛t✐✈❡♠❡♥t ❧✬é❝♦✉❧❡♠❡♥t ❝♦♠♠❡ ❧❛ s♦♠♠❡ ❞✬✉♥❡ ✈✐t❡ss❡ ♣r♦❞✉✐t❡ ♣❛r ❧❛ ❝♦✲r♦t❛t✐♦♥
❞❡s ❞❡✉① ❞✐sq✉❡s ❛✈❡❝ ✉♥❡ ♣❡t✐t❡ ❝♦♠♣♦s❛♥t❡ ❞✬✉♥ é❝♦✉❧❡♠❡♥t à ✉♥ ❞✐sq✉❡✳

●é♦♠étr✐❡ ❞✉ ♠♦❞❡ ❞②♥❛♠♦

▲❛ ✜❣✉r❡ ✷✳✸✷ ♠♦♥tr❡ ❧❛ ❣é♦♠étr✐❡ ❞❛♥s ❧❡ ♣❧❛♥ (r , z) ❞✉ ♠♦❞❡ ♠❛❣♥ét✐q✉❡ ♦❜t❡♥✉
❞❛♥s ❝❡s ré❣✐♠❡s✳ ▲❛ str✉❝t✉r❡ ♥❡ ❝❤❛♥❣❡ q✉❛s✐♠❡♥t ♣❛s s✉r ❧✬✐♥t❡r✈❛❧❧❡ ❞❡ Rm2

❡①♣❧♦ré ❞❛♥s ❧❛ ✜❣✉r❡ ✷✳✸✶✳ ❖♥ ♦❜s❡r✈❡ ✉♥❡ ❣é♦♠étr✐❡ ♣rés❡♥t❛♥t ❝❡rt❛✐♥❡s s✐♠✐❧❛r✐tés
❛✈❡❝ ❧❡ ♠♦❞❡ ♦❜t❡♥✉ ♣♦✉r ❧❛ ❞②♥❛♠♦ à ✶ ❞✐sq✉❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❡ ❝❤❛♠♣ ❛①✐❛❧ r❡st❡
très ❢❛✐❜❧❡ ♣rès ❞✉ ❞✐sq✉❡ 1✳ ■❧ ❡st ❡♥ r❡✈❛♥❝❤❡ ❛ss❡③ s✉r♣r❡♥❛♥t ❞❡ ♥♦t❡r q✉❡ ❧❡ ❞✐♣♦❧❡
❛①✐❛❧ ♦❜s❡r✈é r❡st❡ ❛ss♦❝✐é à ✉♥ ❝❤❛♠♣ t♦r♦ï❞❛❧ q✉✐ ♥❡ ❝❤❛♥❣❡ ♣❛s ❞❡ s✐❣♥❡ ❛✉ ♣❛ss❛❣❡
❞✉ ♣❧❛♥ éq✉❛t♦r✐❛❧ ✭✈♦✐r ✜❣✉r❡ ✷✳✸✸✮✳ ❊♥ ❡✛❡t✱ ❧❡s s②♠étr✐❡s ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ❡♥
❝♦✲r♦t❛t✐♦♥ s♦♥t ❢♦♥❞❛♠❡♥t❛❧❡♠❡♥t ❞✐✛ér❡♥t❡s ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ❝❧❛ss✐q✉❡ ❡♥ ❝♦♥tr❛✲
r♦t❛t✐♦♥✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♦♥ s✬❛tt❡♥❞ ✐❝✐ à ❝❡ q✉❡ ❧✬❡✛❡t ω ❡♥❣❡♥❞r❡ ❞✉ ❝❤❛♠♣ t♦r♦ï❞❛❧
❞❡ s❡♥s ♦♣♣♦sé ♣rès ❞❡ ❝❤❛❝✉♥ ❞❡s ❞❡✉① ❞✐sq✉❡s✳ ❉❛♥s ❧❡ ❝❛s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡
t❡rr❡str❡✱ ✐❧ ❡st ❣é♥ér❛❧❡♠❡♥t ❛❞♠✐s q✉❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ t♦r♦ï❞❛❧ à ❧✬✐♥tér✐❡✉r ❞✉



✷✳✹ ❈♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❡t ❞②♥❛♠✐q✉❡ ❞✉ ❝❤❛♠♣ ✺✼

❋✐❣✳ ✷✳✸✷✿ ●é♦♠étr✐❡ ❞❛♥s ❧❡ ♣❧❛♥ (r , z) ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡♥❣❡♥❞ré ❡♥ ❝♦✲r♦t❛t✐♦♥
❧é❣èr❡♠❡♥t ❞é❝❛❧é❡✳

❋✐❣✳ ✷✳✸✸✿ ●é♦♠étr✐❡ ❞❛♥s ❧❡ ♣❧❛♥ (r , θ) ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡♥❣❡♥❞ré ❡♥ ❝♦✲r♦t❛t✐♦♥
❧é❣èr❡♠❡♥t ❞é❝❛❧é❡✳ ❉❡ ❣❛✉❝❤❡ à ❞r♦✐t❡ ✿ ♠❡s✉r❡s ré❛❧✐sé❡ ♣♦✉r z = 118mm✱
z = 0mm ❡t z = −118mm✳

♥♦②❛✉ ❝❤❛♥❣❡ ❞❡ s✐❣♥❡ ❛✉ ♥✐✈❡❛✉ ❞❡ ❧✬éq✉❛t❡✉r ét❛♥t ❞♦♥♥é ❧❡s s②♠étr✐❡s ❛tt❡♥❞✉❡s
❞❡ ❧✬é❝♦✉❧❡♠❡♥t✳ ❚♦✉t❡❢♦✐s✱ ♦♥ ♣❡✉t r❡♠❛rq✉❡r q✉✬❛✉❝✉♥❡ ❞②♥❛♠♦ ♥✬❡st ♦❜s❡r✈é❡ ❡♥
❝♦✲r♦t❛t✐♦♥ ❡①❛❝t❡✱ ❡t ❧❛ ❜r✐s✉r❡ ❞❡ s②♠étr✐❡ éq✉❛t♦r✐❛❧❡ ✐♥tr♦❞✉✐t❡ ♣❛r ❧❡s ♥❛t✉r❡s
❞✐✛ér❡♥t❡s ❞❡s ❞❡✉① ❞✐sq✉❡s ♣❡✉t é❣❛❧❡♠❡♥t ❝♦♠♣❧✐q✉❡r ❧❡ r❛✐s♦♥♥❡♠❡♥t✳ ▲❛ ✜❣✉r❡
✷✳✸✹ ♠♦♥tr❡ ❧❡s ♣r♦✜❧s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣rès ❞❡ ❝❤❛❝✉♥ ❞❡s ❞✐sq✉❡s ❡♥ ❢♦♥❝t✐♦♥
❞❡ ❧❛ ❞✐st❛♥❝❡ à ❧✬❛①❡✳ ▲❡s ✈❛❧❡✉rs s♦♥t ❝♦♠♣❛r❛❜❧❡s ❞❡ ❝❤❛q✉❡ ❝♦té✱ ❝❡ q✉✐ ♣❡✉t
s✬✐♥t❡r♣rét❡r ❝♦♠♠❡ ✉♥ ❝❤❛♠♣ ❞♦♠✐♥é ♣❛r ✉♥ ❝❤❛♠♣ ❛♥t✐s②♠étr✐q✉❡ ♣❛r r❛♣♣♦rt à
❧✬éq✉❛t❡✉r ✭❢❛♠✐❧❧❡ ❞✉ ❞✐♣♦❧❡✮✳

✷✳✹✳✹ ❉é❝♦♠♣♦s✐t✐♦♥ ❞✐♣♦❧❡✲q✉❛❞r✉♣♦❧❡

▲✬✉t✐❧✐s❛t✐♦♥ ❞✬✉♥ s❡✉❧ ❞✐sq✉❡ ❡♥ ❢❡r ❞♦✉① ❞❛♥s ❝❡tt❡ ❝♦♥✜❣✉r❛t✐♦♥ ✐♥tr♦❞✉✐t ✉♥❡
❢♦rt❡ ❛s②♠étr✐❡ ❞❛♥s ❧❡ ♣r♦❜❧è♠❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❛ str✉❝t✉r❡ ❣é♦♠étr✐q✉❡ ❞✉ ♠♦❞❡
❞②♥❛♠♦ ❡st ♣❧✉s ❝♦♠♣❧✐q✉é❡ q✉❡ ❞❛♥s ❧❡s ❝♦♥✜❣✉r❛t✐♦♥s ♣ré❝é❞❡♥t❡s✳ ❊♥ r❛✐s♦♥ ❞❡
❝❡tt❡ ❜r✐s✉r❡ ❞❡ ❧❛ s②♠étr✐❡ Rπ✱ ❡t à ❧❛ ❧✉♠✐èr❡ ❞✉ ♠♦❞è❧❡ ♣rés❡♥té ❜r✐è✈❡♠❡♥t à
❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✱ ✐❧ ❡st t❡♥t❛♥t ❞❡ ❞é❝♦♠♣♦s❡r ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♠❡s✉ré



✺✽ ❆♣♣r♦❝❤❡ ❊①♣ér✐♠❡♥t❛❧❡ ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦

❋✐❣✳ ✷✳✸✹✿ Pr♦✜❧s ❡♥ ❢♦♥❝t✐♦♥ ❞❡ r ❞✉ ♠♦❞❡ ❞②♥❛♠♦ ♠❡s✉ré ♣❛r ❧❡s s♦♥❞❡s ♠✉❧t✐♣❧❡s✳ ❆
❣❛✉❝❤❡ ✿ ♣rès ❞✉ ❞✐sq✉❡ ❡♥ ❢❡r✳ ❆ ❞r♦✐t❡ ✿ ♣rès ❞✉ ❞✐sq✉❡ ❡♥ ✐♥♦①✳ ▲❛ ✈❛❧❡✉r ❞✉
●❛✉ss♠ètr❡✱ s✐t✉é ❛✉ ❝❡♥tr❡✱ ✐♥❞✐q✉❡ < BR >= −10✱ < Bθ >= 22✱ < BZ = 2✳

s❡❧♦♥ ❧❛ ❜❛s❡ ❞✐♣♦❧❡✴q✉❛❞r✉♣♦❧❡✳ ❚♦✉t ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣❡✉t é✈✐❞❡♠♠❡♥t êtr❡
❞é❝♦♠♣♦sé s❡❧♦♥ ✉♥❡ ❜❛s❡ s②♠étr✐q✉❡✴❛♥t✐✲s②♠étr✐q✉❡✳ ❊♥ s✉♣♣♦s❛♥t q✉❡ ❝❤❛❝✉♥❡
❞❡ ❝❡s ❞❡✉① ❢❛♠✐❧❧❡s ❡st r❡s♣❡❝t✐✈❡♠❡♥t ❞♦♠✐♥é ♣❛r ✉♥ ❞✐♣♦❧❡ D ❡t ✉♥ q✉❛❞r✉♣♦❧❡
Q✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬é❝r✐r❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡♥ t♦✉t ♣♦✐♥t ❞❡ ❧✬❡s♣❛❝❡ ❝♦♠♠❡

B(r, t) = D(r, t) + Q(r, t) ✭✷✳✶✶✮

❈❡tt❡ ❝❛♠♣❛❣♥❡ ❞❡ ♠❡s✉r❡ s❡ ♣rêt❡ ❜✐❡♥ à ✉♥❡ t❡❧❧❡ ❞❡s❝r✐♣t✐♦♥ ♣✉✐sq✉❡ ❧✬♦♥
❞✐s♣♦s❡ ❞❡ ♥♦♠❜r❡✉① ❝❛♣t❡✉rs ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❖♥ ❝♦♥s✐❞èr❡ ❧❡s ❞❡✉① s♦♥❞❡s
s✐t✉é❡s ♣rès ❞❡ ❝❤❛❝✉♥ ❞❡s ❞❡✉① ❞✐sq✉❡s✱ ❡♥ z1 = −118mm ❡t z2 = +118mm✳ P✉✐sq✉❡
❝❡s ❞❡✉① ♣♦s✐t✐♦♥s s♦♥t ❡①❛❝t❡♠❡♥t s②♠étr✐q✉❡s ♣❛r r❛♣♣♦rt ❛✉ ♣❧❛♥ ♠é❞✐❛♥ ✭Rπ✲
s②♠étr✐q✉❡s✮✱ ♦♥ ♣❡✉t ✉t✐❧✐s❡r ❞❡s ❛r❣✉♠❡♥ts s✐♠♣❧❡s ❞❡ s②♠étr✐❡ ♣♦✉r ❡①tr❛✐r❡ ❧❡s
❝♦♠♣♦s❛♥t❡s D ❡t Q✱ ❝❡ q✉✐ ❞♦♥♥❡ ❡♥ ❝♦♦r❞♦♥♥é❡s ❝②❧✐♥❞r✐q✉❡s

Dr (r , z1) =
Br (r , z1) − Br (r , z2)

2
, Qr (r , z1) =

Br (r , z1) + Br (r , z2)

2
✭✷✳✶✷✮

Dθ(r , z1) =
Bθ(r , z1) + Bθ(r , z2)

2
, Qθ(r , z1) =

Bθ(r , z1) − Bθ(r , z2)

2
✭✷✳✶✸✮

Dz(r , z1) =
Bz(r , z1) + Bz(r , z2)

2
, Qz(r , z1) =

Bz(r , z1) − Bz(r , z2)

2
. ✭✷✳✶✹✮

▲❡s s②♠étr✐❡s ❞❡s ♠♦❞❡s ♥♦✉s ♣❡r♠❡tt❡♥t ❞✬♦❜t❡♥✐r ❧❡s ❝❤❛♠♣s ❡♥ z = z2✳ ❉❡ ❧❛
♠ê♠❡ ♠❛♥✐èr❡✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬❡①tr❛✐r❡ ❧❡s ♠♦❞❡s ❞❛♥s ❧❡ ♣❧❛♥ ♠é❞✐❛♥✱ ❡♥ s✉♣♣♦s❛♥t
q✉❡ Dr = 0✱ Qθ = 0 ❡t Qz = 0✳

▲❛ ✜❣✉r❡ ✷✳✸✺ ♠♦♥tr❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❞✉ ❝❤❛♠♣ ♦❜t❡♥✉ ❡♥ ❝♦♥tr❛✲r♦t❛t✐♦♥
❡①❛❝t❡✱ ❞é❥à ✐❧❧✉stré s✉r ❧❛ ✜❣✉r❡ ✷✳✷✸✳ ❙✉r ❧❛ ✜❣✉r❡ ✷✳✸✺✱ ♦♥ ♠♦♥tr❡ à ❣❛✉❝❤❡ ❧❛
♣❛rt✐❡ ❞✐♣♦❧❛✐r❡ ❞✉ ❝❤❛♠♣ t❛♥❞✐s q✉❡ ❧❛ ♣❛rt✐❡ q✉❛❞r✉♣♦❧❛✐r❡ ❡st ♠♦♥tré❡ à ❞r♦✐t❡✳
▲❛ ❞✐✛ér❡♥❝❡ ❞❡ ♥❛t✉r❡ ❞❡s ❞❡✉① ❞✐sq✉❡s ♣r♦✈♦q✉❡ ✉♥❡ ❜r✐s✉r❡ ❞❡ ❧❛ s②♠étr✐❡ Rπ✱
❝❡ q✉✐ ❡①♣❧✐q✉❡ ❧❛ ♣rés❡♥❝❡ ❞✬✉♥❡ ❝♦♠♣♦s❛♥t❡ q✉❛❞r✉♣♦❧❛✐r❡ ♥♦♥✲♥é❣❧✐❣❡❛❜❧❡✳ ❈❡tt❡
❞é❝♦♠♣♦s✐t✐♦♥ ♣❡r♠❡t ❞❡ r❛✐s♦♥♥❡r s✉r ❞❡s str✉❝t✉r❡s ♠❛❣♥ét✐q✉❡s ♣❧✉s s✐♠♣❧❡s q✉❡



✷✳✹ ❈♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❡t ❞②♥❛♠✐q✉❡ ❞✉ ❝❤❛♠♣ ✺✾

❋✐❣✳ ✷✳✸✺✿ ❆ ❣❛✉❝❤❡ ✿ ♣❛rt✐❡ ❞✐♣♦❧❛✐r❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡♥ ❝♦♥tr❛✲r♦t❛t✐♦♥ ❡①❛❝t❡✳
❆ ❞r♦✐t❡ ✿ ♣❛rt✐❡ q✉❛❞r✉♣♦❧❛✐r❡✳

❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♦r✐❣✐♥❛❧✳ ❖♥ ♣❡✉t ♥♦t❡r q✉❡ Dz s❡♠❜❧❡ ♣❧✉s ✐♠♣♦rt❛♥t ❞❛♥s ❧❡
♣❧❛♥ ♠é❞✐❛♥ q✉❡ ♣rès ❞❡s ❞✐sq✉❡s✳

❖✉tr❡ ❧❛ str✉❝t✉r❡ s♣❛t✐❛❧❡ ❞❡ ❝❡s ❞❡✉① ♠♦❞❡s✱ ✐❧ ❡st ✐♥tér❡ss❛♥t ❞✬ét✉❞✐❡r ❧✬✐♥✲
t❡♥s✐té r❡❧❛t✐✈❡ ❞❡s ❞❡✉① ♠♦❞❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ❞✐✛ér❡♥ts ♣❛r❛♠ètr❡s ❞✉ s②stè♠❡✳
▲❛ ✜❣✉r❡ ✷✳✸✻ ♠♦♥tr❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡s ♣r♦♣♦rt✐♦♥s r❡❧❛t✐✈❡s ❞❡ ❞✐♣♦❧❡ ❡t q✉❛❞r✉♣♦❧❡
❞✉r❛♥t ❧❛ ❜✐❢✉r❝❛t✐♦♥ ❞②♥❛♠♦ ❧♦rsq✉❡ ❧❡s ❞❡✉① ❞✐sq✉❡s t♦✉r♥❡♥t ❡♥ s❡♥s ♦♣♣♦sés à
♠ê♠❡ ❢réq✉❡♥❝❡✳ ❖♥ ♠♦♥tr❡ ✐❝✐ ❧✬é✈♦❧✉t✐♦♥ ❞❡s ❝♦♠♣♦s❛♥t❡s s❡❧♦♥ θ✳ ▲❡ s❡✉✐❧ s❡ s✐t✉❡

❋✐❣✳ ✷✳✸✻✿ ➱✈♦❧✉t✐♦♥✱ ❡♥ ❝♦♥tr❛✲r♦t❛t✐♦♥ ❡①❛❝t❡✱ ❞❡s ♣❛rt✐❡s ❞✐♣♦❧❛✐r❡s ❡t q✉❛❞r✉♣♦❧❛✐r❡s
❞✉ ❝❤❛♠♣ r❡❝♦♥str✉✐t❡s à ♣❛rt✐r ❞❡ < Bθ >✱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ Rm✳

❡♥✈✐r♦♥ à Rmc = 30✳ ❆✉✲❞❡ss✉s ❞❡ Rmc ✱ ❧❛ ♣r♦♣♦rt✐♦♥ r❡st❡ ❝♦♥st❛♥t❡✱ ✐♥❞✐q✉❛♥t q✉❡
❧❡ ♠♦❞❡ ♠❛❣♥ét✐q✉❡ s❡ ♠♦❞✐✜❡ très ♣❡✉ ❛✈❡❝ ❧✬é❝❛rt ❛✉ s❡✉✐❧✳ ❈❡❧✉✐✲❝✐ ❡st ❧é❣èr❡♠❡♥t
❞♦♠✐♥é ♣❛r ❧❛ str✉❝t✉r❡ ❞✐♣♦❧❛✐r❡✳ ❆✉✲❞❡ss♦✉s ❞✉ s❡✉✐❧✱ ❧❡ ❝❤❛♠♣ ❡st très ✐♥❝♦❤é✲
r❡♥t✱ ❡t ✐❧ ❡st ❞✐✣❝✐❧❡ ❞❡ ❥✉st✐✜❡r ♥♦tr❡ ❞é❝♦♠♣♦s✐t✐♦♥✳ ❚♦✉t❡❢♦✐s✱ ♦♥ ♣❡✉t ♥♦t❡r ✉♥
❝❤❛♥❣❡♠❡♥t ❛ss❡③ ♥❡t s✉r ❧❛ ✜❣✉r❡ ✷✳✸✻ ♣♦✉r Rm ≈ 27✱ q✉✐ ♣♦✉rr❛✐t êtr❡ ✐♥t❡r♣rété
❝♦♠♠❡ ✉♥❡ ✐♥❞✐❝❛t✐♦♥ ❞❡ ❧❛ ♣r♦①✐♠✐té ❞✉ s❡✉✐❧ ❞❡ ❧❛ ❞②♥❛♠♦✳



✻✵ ❆♣♣r♦❝❤❡ ❊①♣ér✐♠❡♥t❛❧❡ ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦

❙✉r ❧❛ ✜❣✉r❡ ✷✳✷✻✱ ♥♦✉s ❛✈♦♥s ✈✉ q✉❡ ❧❡ ♣❛ss❛❣❡ ❞✬✉♥❡ ❞②♥❛♠♦ à ✶ ❞✐sq✉❡ à ✉♥❡
❞②♥❛♠♦ ❡♥ ❝♦♥tr❛✲r♦t❛t✐♦♥ ❡①❛❝t❡ s❡♠❜❧❡ s✬❡✛❡❝t✉❡r ❞❡ ♠❛♥✐èr❡ ❜r✉t❛❧❡✱ ❡t s✬❛❝✲
❝♦♠♣❛❣♥❡ ❞✬✉♥❡ ❢♦rt❡ ❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ♠❛❣♥ét✐q✉❡✳ ▲❛ ✜❣✉r❡ ✷✳✸✼ ♠♦♥tr❡
❧✬é✈♦❧✉t✐♦♥ ❞❡s ❝♦♠♣♦s❛♥t❡s ❞✐♣♦❧❛✐r❡ ❡t q✉❛❞r✉♣♦❧❛✐r❡ ❞✉r❛♥t ❝❡tt❡ tr❛♥s✐t✐♦♥✳ ▲❛
r♦t❛t✐♦♥ ❞✉ ❞✐sq✉❡ ✶ ❡st ✜①é❡ ❞❡ s♦rt❡ q✉❡ Rm1 = 45.6✱ ❡t ♦♥ ❛✉❣♠❡♥t❡ ♣r♦❣r❡ss✐✲
✈❡♠❡♥t ❧❛ r♦t❛t✐♦♥ ❞✉ ❞✐sq✉❡ ✷✱ ❛❧❧❛♥t ❞❡ Rm2 = 19 ❥✉sq✉✬à Rm2 = 50✳ ❉✉r❛♥t ❧❛

❋✐❣✳ ✷✳✸✼✿ ➱✈♦❧✉t✐♦♥ ❞❡s ♣❛rt✐❡s ❞✐♣♦❧❛✐r❡s ❡t q✉❛❞r✉♣♦❧❛✐r❡s ❡t ❞✉ ❝❤❛♠♣ r❡❝♦♥str✉✐t❡s
à ♣❛rt✐r ❞❡ < Bθ >✱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ Rm2✳ ▲❛ r♦t❛t✐♦♥ ❞✉ ❞✐sq✉❡ 1 ❡st ✜①é❡ à
✉♥❡ ✈❛❧❡✉r ❝♦♥st❛♥t❡ t❡❧❧❡ q✉❡ Rm1 = 47.6✳

♣r❡♠✐èr❡ ♣❤❛s❡✱ ♣♦✉r 19 < Rm2 < 36✱ ❧❛ str✉❝t✉r❡ ♥❡ s❡ ♠♦❞✐✜❡ ♣❛s ❡t ❧❡ ❝❤❛♠♣
s❡♠❜❧❡ ❢♦rt❡♠❡♥t ❞♦♠✐♥é ♣❛r ✉♥ ❞✐♣♦❧❡✳ ❆ ♣❛rt✐r ❞❡ Rm = 39✱ ♦♥ ✈♦✐t q✉❡ ❧❛ tr❛♥s✐✲
t✐♦♥ ❞❛♥s ❧✬é♥❡r❣✐❡ ♠❛❣♥ét✐q✉❡ ❡st ❛ss♦❝✐é❡ à ✉♥❡ ♠♦❞✐✜❝❛t✐♦♥ ❝❧❛✐r❡ ❞❡s ❝♦♠♣♦s❛♥t❡s
❞✐♣♦❧❛✐r❡ ❡t q✉❛❞r✉♣♦❧❛✐r❡✱ ❞♦♥t ❧❡s ✈❛❧❡✉rs ❞❡✈✐❡♥♥❡♥t ♣❧✉s ♣r♦❝❤❡✳ P❧✉s s✉r♣r❡♥❛♥t✱
♣♦✉r Rm2 > Rm1✱ ♦♥ ♦❜s❡r✈❡ à ♣❛rt✐r ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ θ q✉❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡
❡st ❞♦♠✐♥é ♣❛r ✉♥ q✉❛❞r✉♣♦❧❡✳

✷✳✹✳✺ ❉②♥❛♠✐q✉❡ ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥ ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♦♥ s✬✐♥tér❡ss❡ à ❧❛ ❞②♥❛♠✐q✉❡ ❞✉ ❝❤❛♠♣ ♦❜s❡r✈é ❧♦rs ❞❡s ❝❛♠✲
♣❛❣♥❡s ♣ré❝é❞❡♥t❡s ♣❧✉s ❝❧❛ss✐q✉❡s✱ ♦ù ❧❡s ❞❡✉① ❞✐sq✉❡s s♦♥t ❝♦♥st✐t✉és ❞❡ ❢❡r ❞♦✉①✳
◆♦✉s ❛✈♦♥s ✈✉ q✉✬✐❧ ❛ été ♣r♦♣♦sé ✉♥ ❡①♣❧✐❝❛t✐♦♥ ❞❡s ré❣✐♠❡s ❞②♥❛♠✐q✉❡s✱ ✐♠♣❧✐✲
q✉❛♥t ✉♥❡ ❝♦♠♣ét✐t✐♦♥ ❡♥tr❡ ✉♥ ❞✐♣♦❧❡ ❡t ✉♥ q✉❛❞r✉♣♦❧❡✳ ■❧ ❡st ♣♦ss✐❜❧❡ ❞✬❛♥❛❧②s❡r ❧❡s
rés✉❧t❛ts ❞❡s ❝❛♠♣❛❣♥❡s ❞❡ ♠❡s✉r❡s ♣ré❝é❞❡♥t❡s ✭❝❛♠♣❛❣♥❡s ❞✐t❡s VKS2i ❡t VKS2j✮
❛✜♥ ❞✬❡①tr❛✐r❡ ❧❡ ❝♦♠♣♦rt❡♠❡♥t t❡♠♣♦r❡❧ ❞❡s ♠♦❞❡s ❞✐♣♦❧❛✐r❡ ❡t q✉❛❞r✉♣♦❧❛✐r❡✳
P♦✉r ❝❡s ❞❡✉① ❝❛♠♣❛❣♥❡s✱ ✐❧ ❡①✐st❡ tr♦✐s ③♦♥❡s ❞✐st✐♥❝t❡s ❞❛♥s ❧❡sq✉❡❧❧❡s ❛♣❛r❛îss❡♥t
❞❡s r❡♥✈❡rs❡♠❡♥ts ♦✉ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ♣ér✐♦❞✐q✉❡s✳ ❊♥ ré❣✐♠❡ très ❞é❝❛❧é ✭♣♦✉r
F1/F2 = 0.29✮✱ ❞❛♥s ✉♥❡ ③♦♥❡ ♣r♦❝❤❡ ❞❡ ❧❛ ❝♦♥tr❛✲r♦t❛t✐♦♥ ❡①❛❝t❡ ✭F1/F2 = 0.75✮ ❡t
♣♦✉r ✉♥❡ ✈❛❧❡✉r ✐♥t❡r♠é❞✐❛✐r❡ ✭F1/F2 = 0.6✮✳



✷✳✹ ❈♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❡t ❞②♥❛♠✐q✉❡ ❞✉ ❝❤❛♠♣ ✻✶

❱❑❙✷❥ ✿ ré❣✐♠❡ ♣ér✐♦❞✐q✉❡ ♣♦✉r 15Hz , 25Hz

▲❛ ❝❛♠♣❛❣♥❡ VKS2j ✉t✐❧✐s❡ ✉♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ✐❞❡♥t✐q✉❡ à VKS2n ❞é❝r✐t❡ ♣ré❝é✲
❞❡♠♠❡♥t✱ ♠❛✐s ❧❡s ❞❡✉① ❞✐sq✉❡s s♦♥t ❡♥ ❢❡r ❞♦✉①✱ ❡t ❧❛ ❝♦✉❝❤❡ ❞❡ s♦❞✐✉♠ ❛✉ r❡♣♦s
❡st ♣rés❡♥t❡✳ ❆✜♥ ❞✬é❝r✐r❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ❞✐♣♦❧❡✴q✉❛❞r✉♣♦❧❡✱ ♦♥ ❞✐s♣♦s❡ ❞✬✉♥
●❛✉ss♠ètr❡ ♣rès ❞✉ ❞✐sq✉❡ 1 ❡t ❞✬✉♥❡ s♦♥❞❡ ♠✉❧t✐♣❧❡ ♣rès ❞✉ ❞✐sq✉❡ 2✳ ■❧ ❡①✐st❡
❛✐♥s✐ ❞❡✉① ❝❛♣t❡✉rs s✐t✉és t♦✉s ❞❡✉① ❛♣♣r♦①✐♠❛t✐✈❡♠❡♥t ♣♦✉r ❞❡s r ❡t θ ✐❞❡♥t✐q✉❡s✱
♠❛✐s ♣♦✉r ❞❡s ♣♦s✐t✐♦♥s ❛①✐❛❧❡s ♦♣♣♦sé❡s✱ ❝✬❡st✲à✲❞✐r❡ z1 = −z2 = 118mm✳ ◆♦t♦♥s
q✉✬✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡ ♣♦✐♥t ❞❡ ♠❡s✉r❡ s✉r ❧❛ s♦♥❞❡ ♠✉❧t✐♣❧❡ ❡①❛❝t❡♠❡♥t s✐t✉é à ❧❛
♠ê♠❡ ♣♦s✐t✐♦♥ r❛❞✐❛❧❡ q✉❡ ❧❡ ●❛✉ss♠ètr❡✳ ■❧ ❛♣♣❛r❛ît ♥é❛♥♠♦✐♥s q✉❡ ❧❡s rés✉❧t❛ts
♥❡ s♦♥t ♣❛s q✉❛❧✐t❛t✐✈❡♠❡♥t ❛✛❡❝té ♣❛r ❧❡ ❝❤♦✐① ❞✉ ❝❛♣t❡✉r ❞❡ ❧❛ s♦♥❞❡✱ t❛♥t q✉❡
❝❡❧✉✐✲❝✐ ❛ ✉♥❡ ♣♦s✐t✐♦♥ r❛❞✐❛❧❡ r❛✐s♦♥♥❛❜❧❡♠❡♥t ♣r♦❝❤❡ ❞❡ ❝❡❧❧❡ ❞✉ ●❛✉ss♠ètr❡✳ ■❧
❡①✐st❡ ♣❧✉s✐❡✉rs ♠ét❤♦❞❡s ♣♦✉r ❡①tr❛✐r❡ ❧❡s ♠♦❞❡s ❞✐♣♦❧❛✐r❡ ❡t q✉❛❞r✉♣♦❧❛✐r❡ ❞✉
❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❉❛♥s ❝❡tt❡ ♣❛rt✐❡✱ ♦♥ s✬✐♥tér❡ss❡ ♣❧✉s à ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧✬❛♠♣❧✐✲
t✉❞❡ ❞❡s ♠♦❞❡s q✉✬à ❧❡✉rs str✉❝t✉r❡s s♣❛t✐❛❧❡s✳ ■❧ ♣❡✉t ❞♦♥❝ êtr❡ ✉t✐❧❡ ❞✬♦❜t❡♥✐r ✉♥❡
♦❜s❡r✈❛❜❧❡ ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ s♣❛t✐❛❧❡✳ ❈♦♠♠❡ ♣♦✉r ❧✬♦❜t❡♥t✐♦♥ ❞✉ ♠♦✲
❞è❧❡ ❞✬éq✉❛t✐♦♥ ❞✬❛♠♣❧✐t✉❞❡✱ ♦♥ ❢❛✐t ❧✬❤②♣♦t❤ès❡ ❞✬✉♥❡ sé♣❛r❛t✐♦♥ ❞❡s ❞é♣❡♥❞❛♥❝❡s
s♣❛t✐❛❧❡ ❡t t❡♠♣♦r❡❧❧❡✱ ❞❡ s♦rt❡ q✉❡ ❧✬♦♥ ♣❡✉t é❝r✐r❡

D(r, t) = D∗(t)d(r) ✭✷✳✶✺✮

Q(r, t) = Q∗(t)q(r) ✭✷✳✶✻✮

❊♥ s✉♣♣♦s❛♥t q✉❡ ❧❛ str✉❝t✉r❡ s♣❛t✐❛❧❡ ❞❡s ♠♦❞❡s ♥✬❡st ♣❛s ♠♦❞✐✜é❡ ❡t q✉❡ s❡✉❧❡
❧✬❡♥✈❡❧♦♣♣❡ t❡♠♣♦r❡❧❧❡ é✈♦❧✉❡✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ré❛❧✐s❡r ✉♥❡ ♣r♦❥❡❝t✐♦♥ s✉r ❧❡ ❝❤❛♠♣
✐♥✐t✐❛❧✳ ❖♥ ❝❛❧❝✉❧❡ ❞♦♥❝ ✿

D(t) =
D(r, t).D(r, t0)

|D(r, t0)|2
, Q(t) =

Q(r, t).Q(r, t0)

|Q(r, t0)|2
✭✷✳✶✼✮

♦ù D(t) = D∗(t)/|D∗(t0)| ❡t Q(t) = Q∗(t)/|Q∗(t0)|✳ ❉❛♥s ❧❡ ré❣✐♠❡ ✭15Hz/25Hz✮✱
❝♦rr❡s♣♦♥❞❛♥t ❛✉ ❝❛s ✬♠♦②❡♥♥❡♠❡♥t ❞é❝❛❧é✬✱ ❧❡ ❝❤❛♠♣ s✉❜✐t ❞❡s r❡♥✈❡rs❡♠❡♥ts ♣ér✐♦✲
❞✐q✉❡s ❞❡ s❛ ♣♦❧❛r✐té✳ ▲❛ ✜❣✉r❡ ✷✳✸✽ ♠♦♥tr❡ ❧✬é✈♦❧✉t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞✉r❛♥t
❧❡ ❝②❝❧❡✳ ▲❡s ❞♦♥♥é❡s ♦♥t été s②sté♠❛t✐q✉❡♠❡♥t ❧✐ssé❡s ♣❛r ♠♦②❡♥♥❡ t❡♠♣♦r❡❧❧❡ ❣❧✐s✲
s❛♥t❡ ❛✜♥ ❞✬❛tté♥✉❡r ❧❡s ✢✉❝t✉❛t✐♦♥s ❞✉❡s à ❧❛ t✉r❜✉❧❡♥❝❡ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t✳ ❊♥ ❤❛✉t
❞❡ ❧❛ ✜❣✉r❡✱ ♦♥ ♠♦♥tr❡ ❧❡s tr♦✐s ❝♦♠♣♦s❛♥t❡s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♠❡s✉ré❡s ♣rès
❞✉ ❞✐sq✉❡ 1✳ ▲❡ ❞é❜✉t ❞❡ ❧❛ ❝♦✉r❜❡ ✭t < 160✮ ❝♦rr❡s♣♦♥❞ ❛✉① ❢réq✉❡♥❝❡s 14.1/23.5✱
♣♦✉r ❧❡sq✉❡❧s ✉♥❡ s♦❧✉t✐♦♥ st❛t✐♦♥♥❛✐r❡ ❡st ♦❜s❡r✈é❡✳ P♦✉r ❝❛❧❝✉❧❡r ❧❡s ♣❛rt✐❡s ❞✐✲
♣♦❧❛✐r❡s ❡t q✉❛❞r✉♣♦❧❛✐r❡s ♦♥ ♣r♦❥❡tt❡ ♣❛r ❧❛ s✉✐t❡ s✉r ❧❡s ♠♦❞❡s ❞❡ ❝❡tt❡ s♦❧✉t✐♦♥
st❛t✐♦♥♥❛✐r❡ ✭❛♣♣❡❧é❡ ét❛t (D0, Q0)✮✳ ❊♥ ❜❛s à ❣❛✉❝❤❡ s✉r ❧❛ ✜❣✉r❡ ✷✳✸✽✱ ♦♥ ♠♦♥tr❡
❧✬é✈♦❧✉t✐♦♥ ❛✉ ❝♦✉rs ❞✉ t❡♠♣s ❞❡s ❞❡✉① ♠♦❞❡s✳ ▲❡s ❝♦♠♣♦rt❡♠❡♥ts ❝❛r❛❝tér✐st✐q✉❡s
s♦♥t ✉♥ r❡❜♦♥❞ s②sté♠❛t✐q✉❡ ❞✉ ❝❤❛♠♣ ❞✐♣♦❧❛✐r❡ ❛♣rès ❝❤❛q✉❡ r❡♥✈❡rs❡♠❡♥t✱ ❡t ✉♥
tr❛♥s❢❡rt ♥❡t ✈❡rs ❧❡ q✉❛❞r✉♣♦❧❡ ❧♦rsq✉❡ ❧❡ ❞✐♣♦❧❡ s✬❛♥♥✉❧❡✳ ❆ ❞r♦✐t❡✱ ❧❛ tr❛❥❡❝t♦✐r❡
❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s (D, Q) ❢❛✐t ❝❧❛✐r❡♠❡♥t ❛♣♣❛r❛îtr❡ ✉♥ ❝②❝❧❡ q✉✐ r❛❧❡♥t✐t ❞❛♥s
❞❡✉① ré❣✐♦♥s ♦♣♣♦sé❡s ❞❡ ❧✬❡s♣❛❝❡✱ ❝♦rr❡s♣♦♥❞❛♥t ♣r♦❜❛❜❧❡♠❡♥t à ❧❛ ♣♦s✐t✐♦♥ ❞❡ ❞❡✉①
♣♦✐♥ts ✜①❡s✳ ❈❡s ❝♦♠♣♦rt❡♠❡♥ts ❝♦♥✜r♠❡♥t ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s rés✉❧t❛ts ❡♥ ♥❡ ❢❛✐✲
s❛♥t ❛♣♣❡❧ q✉✬à ❧✬✐♥t❡r❛❝t✐♦♥ ❞✬✉♥ ❞✐♣♦❧❡ ❡t ❞✬✉♥ q✉❛❞r✉♣♦❧❡✳ ❈❡tt❡ ✐♥t❡r♣rét❛t✐♦♥
s❡♠❜❧❡ ❛ss❡③ r♦❜✉st❡ ❢❛❝❡ ❛✉① ❞✐✛ér❡♥t❡s ♠ét❤♦❞❡s ❞❡ ❝❛❧❝✉❧ ❞❡s ♣❛rt✐❡s ❞✐♣♦❧❛✐r❡s
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❋✐❣✳ ✷✳✸✽✿ ❘é❣✐♠❡ F1 = 15Hz ✱ F2 = 25Hz ❊♥ ❤❛✉t ✿ ➱✈♦❧✉t✐♦♥ ❞❡s ❝♦♠♣♦s❛♥t❡s ❞✉ ❝❤❛♠♣
♠❡s✉ré❡s ♣rès ❞✉ ❞✐sq✉❡ 1✳ ❊♥ ❜❛s✱ à ❣❛✉❝❤❡ ✿ é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡s ♠♦❞❡s
❞✐♣♦❧❛✐r❡ ❡t q✉❛❞r✉♣♦❧❛✐r❡ ♣r♦❥❡tés s✉r ❧✬ét❛t (D0,Q0)✳ ❊♥ ❜❛s✱ à ❞r♦✐t❡ ✿ ♦♥
r❡♣rés❡♥t❡ ❧❛ tr❛❥❡❝t♦✐r❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s (D,Q)✳

❡t q✉❛❞r✉♣♦❧❛✐r❡s✳ ■❧ ❡st ♣♦ss✐❜❧❡ ❞✬♦❜t❡♥✐r ❞❡s ❝♦♥❝❧✉s✐♦♥s ✐❞❡♥t✐q✉❡s s❛♥s ré❛❧✐s❡r
❞❡ ♣r♦❥❡❝t✐♦♥ ❡t ❡♥ r❡❣❛r❞❛♥t ♣❛r ❡①❡♠♣❧❡ ❞✐r❡❝t❡♠❡♥t ❧❡s ❝♦♠♣♦s❛♥t❡s r❛❞✐❛❧❡s ❡t
❛①✐❛❧❡s ❞❡s ♠♦❞❡s✳ ❊♥ r❡✈❛♥❝❤❡✱ ❧❛ ❝♦♠♣♦s❛♥t❡ θ ♠è♥❡ à ✉♥ ❝②❝❧❡ ✉♥ ♣❡✉ ❞✐✛ér❡♥t✱
♦ù ❧❡ tr❛♥s❢❡rt ✈❡rs ❧❡ q✉❛❞r✉♣♦❧❡ ❡st ♠♦✐♥s ♥❡t✳

➱✈♦❧✉t✐♦♥ ❞✉ ❝②❝❧❡ ✿ ❛♣♣❛r✐t✐♦♥ ❡t ❞✐s♣❛r✐t✐♦♥

▲❡ ❝②❝❧❡ ♦❜t❡♥✉ à ❧❛ ✜❣✉r❡ ✷✳✸✽ ❡st ✉♥❡ ❜♦♥♥❡ ✐❧❧✉str❛t✐♦♥ ❞✉ ❝❛r❛❝tèr❡ ❞❡ ❜❛ss❡
❞✐♠❡♥s✐♦♥ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✳ ■❧ ❡st ✐♠♣♦rt❛♥t ❞❡ ♠✐❡✉① ❝♦♠✲
♣r❡♥❞r❡ ❝♦♠♠❡♥t ❝❡ ❝②❝❧❡ é✈♦❧✉❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ❞❡ ❝♦♥trô❧❡ ❞❡ ❧✬❡①♣é✲
r✐❡♥❝❡✳ ❚♦✉t ❡♥ r❡st❛♥t ❛✉ r❛♣♣♦rt ❞❡ ❢réq✉❡♥❝❡ F1/F2 = 0.6✱ ♦♥ ♠♦❞✐✜❡ F1 + F2✱
❛✜♥ ❞❡ ✈♦✐r ❝♦♠♠❡♥t ❧❡ s②stè♠❡ ❜✐❢✉rq✉❡ ✈❡rs ❝❡t ét❛t ♦s❝✐❧❧❛♥t✳ P♦✉r ❧❡s ❞✐✛ér❡♥t❡s
♠❡s✉r❡s✱ ♦♥ ❝♦♥t✐♥✉❡ ❞❡ ♣r♦❥❡t❡r s✉r ❧✬ét❛t (D0, Q0) ✉t✐❧✐sé ♣ré❝é❞❡♠♠❡♥t ❛✜♥ ❞❡
♣♦✉✈♦✐r ❝♦♠♣❛r❡r ❧❡s rés✉❧t❛ts✳ ▲❛ ✜❣✉r❡ ✷✳✸✾ ♠♦♥tr❡ ❧❡s ❞✐✛ér❡♥ts ❝②❝❧❡s ♦❜t❡♥✉s✳
▲❛ t❛❝❤❡ ♥♦✐r❡ ❝♦rr❡s♣♦♥❞ ❛✉ ♣♦✐♥t ✜①❡ ♦❜t❡♥✉ ♣♦✉r 14.1Hz/23.5Hz ✳ ❊♥ ❛✉❣♠❡♥t❛♥t
❧é❣èr❡♠❡♥t ❧❡s ❢réq✉❡♥❝❡s t♦✉t ❡♥ ❝♦♥s❡r✈❛♥t ❧❡ r❛♣♣♦rt F1/F2 = 0.6✱ ❧❡ s②stè♠❡ ❜✐✲
❢✉rq✉❡ ✈❡r ✉♥ ❝②❝❧❡ ❧✐♠✐t❡✳ ▲❡ ❝②❝❧❡ ❡st ✐❞❡♥t✐q✉❡ à ❝❡❧✉✐ ✈✉ à ❧❛ ✜❣✉r❡ ✷✳✸✽✳ ▲♦rsq✉❡
❧✬♦♥ ❝♦♥t✐♥✉❡ ❞✬❛❝❝r♦îtr❡ ❧❛ r♦t❛t✐♦♥ ❞❡s ❞❡✉① ❞✐sq✉❡s✱ ♦♥ ✈♦✐t q✉❡ ❧❡ ❝②❝❧❡ s❡ ❞é❢♦r♠❡



✷✳✹ ❈♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❡t ❞②♥❛♠✐q✉❡ ❞✉ ❝❤❛♠♣ ✻✸

❋✐❣✳ ✷✳✸✾✿ ❚r❛❥❡❝t♦✐r❡s ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s (D,Q) ❞❡s ré❣✐♠❡s ♦❜s❡r✈és ♣♦✉r
F1/F2 = 0.6✳ ❖♥ ♦❜s❡r✈❡ ✉♥❡ tr❛♥s✐t✐♦♥ ❡♥tr❡ ♣♦✐♥ts ✜①❡s✱ ❝②❝❧❡s ❧✐♠✐t❡s ❡t
r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s✳

❧é❣èr❡♠❡♥t✱ ❡t ❧❡s ♣♦✐♥ts ❞❡ st❛❣♥❛t✐♦♥ ❞✉ ❝②❝❧❡ s❡ ❞é♣❧❛❝❡♥t✳ ▲❡ ❝②❝❧❡ s❡♠❜❧❡ é❣❛❧❡✲
♠❡♥t ♣❛ss❡r ✉♥ t❡♠♣s ❞❡ ♣❧✉s ❡♥ ♣❧✉s ❧♦♥❣ ♣rès ❞❡s ♣♦✐♥ts ✜①❡s✳ ❊♥✜♥✱ ❧❛ ✜❣✉r❡ ✷✳✸✾
♠♦♥tr❡ q✉❡ ❧❡ s②stè♠❡ s❡ st❛❜✐❧✐s❡ ✈❡rs ✉♥ ré❣✐♠❡ ❞❡ r❡♥✈❡rs❡♠❡♥ts ♣❧✉s r❛r❡s ✭✈♦✐r
16.5Hz/27.5Hz ✱ ❝♦✉r❜❡ r♦✉❣❡✮✳ ❉❛♥s ❝❡ ré❣✐♠❡✱ ❧❡s r❡♥✈❡rs❡♠❡♥ts s❡ ♣r♦❞✉✐s❡♥t ❞❡
♠❛♥✐èr❡ ❝❤❛♦t✐q✉❡ ✭✈♦✐r ✜❣✉r❡ ✷✳✹✵ ♣❛r ❡①❡♠♣❧❡✮✳ P♦✉r ❞❡s ❢réq✉❡♥❝❡s ♣❧✉s é❧❡✈é❡s✱
❧❡ s②stè♠❡ r❡st❡ ♣✐é❣é s✉r ✉♥ ❞❡s ♣♦✐♥ts ✜①❡s ♦❜t❡♥✉s✱ s❛♥s s❡ r❡♥✈❡rs❡r✳

❱❑❙✷❏ ✿ r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡ ♣♦✉r 16Hz , 26.5Hz

❖♥ s✬✐♥tér❡ss❡ ♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❛✉ ré❣✐♠❡ s❡ ♣r♦❞✉✐s❛♥t ♣♦✉r ❧❡s ❢réq✉❡♥❝❡s
16Hz/26.5Hz ✳ P♦✉r ❝❡s ♣❛r❛♠ètr❡s✱ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ s❡ r❡♥✈❡rs❡ ❞❡ ♠❛♥✐èr❡
❝❤❛♦t✐q✉❡✳ ▲❛ ✜❣✉r❡ ✷✳✹✵ ♠♦♥tr❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡s ♠♦❞❡s ♠❛❣♥ét✐q✉❡s ❞✉r❛♥t ❧❡s r❡♥✲
✈❡rs❡♠❡♥ts✳ P♦✉r ❝❡tt❡ ✜❣✉r❡✱ ♦♥ ❝❤♦✐s✐t ❞❡ ♠♦♥tr❡r ❧❡s ❝♦♠♣♦s❛♥t❡s ❛①✐❛❧❡s ❞❡s
♠♦❞❡s✱ ❝✬❡st✲à✲❞✐r❡ ❝❛❧❝✉❧é❡s à ♣❛rt✐r ❞❡ Bz(r, t)✳ ❆✈❡❝ ❝❡tt❡ ♠ét❤♦❞❡ ❞✐✛ér❡♥t❡ ❞❡
✈✐s✉❛❧✐s❛t✐♦♥ ❞❡s ♠♦❞❡s ❞✐♣♦❧❡✴q✉❛❞r✉♣♦❧❡✱ ♦♥ ✈♦✐t q✉❡ ❧❡ ❝②❝❧❡ ✭❡♥ ❤❛✉t✱ à ❞r♦✐t❡✮
❡st ❧é❣èr❡♠❡♥t ❞✐✛ér❡♥t ❞❡ ❝❡❧✉✐ ❞❡ ❧❛ ✜❣✉r❡ ✷✳✸✾✱ s❛♥s ♣♦✉r ❛✉t❛♥t ❝❤❛♥❣❡r ❧❡s
❝♦♥❝❧✉s✐♦♥s q✉❛❧✐t❛t✐✈❡s s✉r ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞✉ ❝❤❛♠♣✳ ❖♥ r❡tr♦✉✈❡ s✉r ❧❛ sér✐❡
t❡♠♣♦r❡❧❧❡ ❧❡s ♠ê♠❡ ❝❛r❛❝tér✐st✐q✉❡s ✭r❡❜♦♥❞ ❞✉ ❞✐♣♦❧❡ ❡t tr❛♥s❢❡rt ✈❡rs ❧❡ q✉❛✲
❞r✉♣♦❧❡✮✳ ❙✉r ❧❛ ✜❣✉r❡ ❞✉ ❜❛s✱ ♦♥ s✉♣❡r♣♦s❡ ❧❡s ✹ r❡♥✈❡rs❡♠❡♥ts ♦❜t❡♥✉s ❞❛♥s ❝❡
ré❣✐♠❡✳ ▲❛ ❝♦♠♣ét✐t✐♦♥ ❡♥tr❡ ❧❡s ❞❡✉① ♠♦❞❡s✱ ❛✐♥s✐ q✉❡ ❧❛ r♦❜✉st❡ss❡ ❞❡ ❧❛ ❢♦r♠❡
❞❡s r❡♥✈❡rs❡♠❡♥ts✱ ❡st ❛ss❡③ ❝❧❛✐r❡✳ ❈❡ ré❣✐♠❡ ❡st ❞✬❛✉t❛♥t ♣❧✉s ✐♥tér❡ss❛♥t q✉✬✐❧



✻✹ ❆♣♣r♦❝❤❡ ❊①♣ér✐♠❡♥t❛❧❡ ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦

❋✐❣✳ ✷✳✹✵✿ ❘é❣✐♠❡ F1 = 16Hz ✱ F2 = 26.5Hz ❊♥ ❤❛✉t✱ à ❣❛✉❝❤❡ ✿ é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡s
♠♦❞❡s ❞✐♣♦❧❛✐r❡ ❡t q✉❛❞r✉♣♦❧❛✐r❡ ❝❛❧❝✉❧és à ♣❛rt✐r ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ❛①✐❛❧ ❞✉
❝❤❛♠♣✳ ❆ ❞r♦✐t❡ ✿ ♦♥ r❡♣rés❡♥t❡ ❧❛ tr❛❥❡❝t♦✐r❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s (D,Q)✳
❊♥ ❜❛s ✿ ➱✈♦❧✉t✐♦♥ ❞✉ ❝❤❛♠♣ ❞✉r❛♥t q✉❛tr❡ r❡♥✈❡rs❡♠❡♥ts s✉♣❡r♣♦sés✳

♣rés❡♥t❡ ✉♥❡ ♣❛rt✐❡ q✉❛❞r✉♣♦❧❛✐r❡ ♣r♦❝❤❡ ❞❡ ③❡r♦ ♣❡♥❞❛♥t ✉♥❡ ♣♦❧❛r✐té ❞♦♥♥é✱ ❜✐❡♥
q✉❡ ❧❡ q✉❛❞r✉♣♦❧❡ ♣❛rt✐❝✐♣❡ ❛❝t✐✈❡♠❡♥t à ❧❛ ❞②♥❛♠✐q✉❡✳ ■❧ s✬❛❣✐t ❞✬✉♥❡ s✐t✉❛t✐♦♥
s✐♠✐❧❛✐r❡ à ❧❛ ❣é♦❞②♥❛♠♦✱ ♣♦✉r ❧❛q✉❡❧❧❡ ❧❡ q✉❛❞r✉♣♦❧❡ ❡st ❢❛✐❜❧❡ ❞✉r❛♥t ❧❡s ♣❤❛s❡s
❞❡ ♣♦❧❛r✐té ❞♦♥♥é❡s✳ ❯♥ ♣❡✉ ❛✈❛♥t ❝❤❛q✉❡ r❡♥✈❡rs❡♠❡♥t✱ ♦♥ ♦❜s❡r✈❡ ✉♥ ❝❤❛♥❣❡♠❡♥t
❞❛♥s ❧✬❛♠♣❧✐t✉❞❡ ❞❡s ✢✉❝t✉❛t✐♦♥s ❡t ❞❡ ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞❡s ❞❡✉① ♠♦❞❡s✳ ❈❡❧❛
♣❡✉t s✬✐♥t❡r♣rét❡r ❝♦♠♠❡ ✉♥❡ ✐♥t❡r❛❝t✐♦♥ ❛✈❡❝ ✉♥ ♣♦✐♥t ✜①❡ ✐♥st❛❜❧❡✳ ▲❡ s②stè♠❡ s❡
tr♦✉✈❡ ♣r♦❜❛❜❧❡♠❡♥t ❥✉st❡ ❛✉✲❞❡ss♦✉s ❞✉ ♣♦✐♥t ❞❡ ❜✐❢✉r❝❛t✐♦♥ ♥♦❡✉❞✲❝♦❧ é✈♦q✉é ❞❛♥s
❧❡ ♠♦❞è❧❡ ❞❡ ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✱ ❡t ❧❡s ✢✉❝t✉❛t✐♦♥s t✉r❜✉❧❡♥t❡s ♣❡r♠❡tt❡♥t ❞❡s
r❡♥✈❡rs❡♠❡♥ts ❢réq✉❡♥ts ❣râ❝❡ à ❧❛ ♣r♦①✐♠✐té ❞❡s s♦❧✉t✐♦♥s st❛❜❧❡ ❡t ✐♥st❛❜❧❡✳ ❈❡tt❡
✐♥t❡r♣rét❛t✐♦♥ ❡st r❡♥❢♦r❝é❡ ♣❛r ❧❡ ❝②❝❧❡ ♦❜s❡r✈é à ❧❛ ✜❣✉r❡ ✷✳✸✾✱ ♣♦✉r ❧❡s ❢réq✉❡♥❝❡s
16.5Hz/27.5Hz ✭❝♦✉r❜❡ r♦✉❣❡✮✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❡s r❡♥✈❡rs❡♠❡♥ts ❞✉ ❝❤❛♠♣ s♦♥t ❜❡❛✉✲
❝♦✉♣ ♣❧✉s r❛r❡s✱ ❡t s❡ ♣r♦❞✉✐s❡♥t ❡♥tr❡ ❞❡s ✈❛❧❡✉rs ♠♦②❡♥♥❡s ❞✉ ❞✐♣♦❧❡ ❞✬❡♥✈✐r♦♥
D = ±7✳ ❖♥ ❛♣❡rç♦✐t ♣♦✉rt❛♥t s✉r ❧❡ ❝②❝❧❡ ✉♥ ♣♦✐♥t ❞❡ st❛❣♥❛t✐♦♥ ❝♦rr❡s♣♦♥❞❛♥t
à ✉♥❡ ✈❛❧❡✉r ♣❧✉s ❢❛✐❜❧❡ ❞❡ D ∼ −3✱ ❛tt❡✐♥t ❥✉st❡ ❛✈❛♥t ❧❡ r❡♥✈❡rs❡♠❡♥t✳ ❈❡ ♣♦✐♥t
✜①❡ ✐♥st❛❜❧❡ s❡ tr♦✉✈❡ ✈✐s✐❜❧❡♠❡♥t ♣❧✉s ❧♦✐♥ ❞❡ ❧❛ s♦❧✉t✐♦♥ st❛❜❧❡ q✉❡ ♣♦✉r ❧❛ ✜❣✉r❡
✷✳✹✵✳ ❈❡tt❡ ❞✐st❛♥❝❡ ♣❛r r❛♣♣♦rt ❛✉ ♣♦✐♥t ❞❡ ❜✐❢✉r❝❛t✐♦♥ ♥♦❡✉❞✲❝♦❧ ✭❝♦rr❡s♣♦♥❞❛♥t



✷✳✹ ❈♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❡t ❞②♥❛♠✐q✉❡ ❞✉ ❝❤❛♠♣ ✻✺

à ❧❛ ❝♦❧❧✐s✐♦♥ ❞❡s ❞❡✉① s♦❧✉t✐♦♥s✮✱ r❡♥❞ ♣❧✉s ❞✐✣❝✐❧❡ ❧✬❛♣♣❛r✐t✐♦♥ ❞❡s r❡♥✈❡rs❡♠❡♥ts✳

❱❑❙✷✐ ✿ ♦s❝✐❧❧❛t✐♦♥ ♣ér✐♦❞✐q✉❡ ♣♦✉r 28Hz , 8Hz

▲❛ ❝♦♥✜❣✉r❛t✐♦♥ ❞❡ ❧❛ ❝❛♠♣❛❣♥❡ ❱❑❙✷✐ ❡st ✐❞❡♥t✐q✉❡ à ❱❑❙✷❥✱ s❛✉❢ q✉❡ ❧✬❛♥✲
♥❡❛✉ ❝❡♥tr❛❧ ❞✉ ♣❧❛♥ ♠é❞✐❛♥ ❡st ♣rés❡♥t✳ ▲❛ ♣rés❡♥❝❡ ❞❡ ❧✬❛♥♥❡❛✉ ♣❡✉t ❝♦♠♣❧✐q✉❡r
✉♥ ♣❡✉ ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡s rés✉❧t❛ts✱ ❝❛r ✐❧ ✐♥tr♦❞✉✐t ❞❡s ♠♦✉✈❡♠❡♥ts ❤②stér❡t✐q✉❡s
❞❛♥s ❧✬❤②❞r♦❞②♥❛♠✐q✉❡✳ ❈❡s ❝♦♠♣♦rt❡♠❡♥ts s♦♥t ❧✐és à ❞❡s ❞é❝r♦❝❤❛❣❡s r❛♣✐❞❡s ❡t
❜r✉sq✉❡s ❞❡ ❧❛ ❝♦✉❝❤❡ ❞❡ ♠é❧❛♥❣❡ ❞✉ ♣❧❛♥ ♠é❞✐❛♥✳ ❊♥ ♣rés❡♥❝❡ ❞✬✉♥ ❝♦♠♣♦rt❡✲
♠❡♥t ❤②❞r♦❞②♥❛♠✐q✉❡ ♣❧✉s ❝♦♠♣❧❡①❡✱ ✐❧ ❡st ❞♦♥❝ ✐♥tér❡ss❛♥t ❞❡ s❡ ❞❡♠❛♥❞❡r s✐ ✉♥❡
❞❡s❝r✐♣t✐♦♥ ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥✱ q✉✐ ♥❡ ❢❛✐t ❛♣♣❡❧ q✉✬à ❧✬✐♥t❡r❛❝t✐♦♥ ❞❡ ❞❡✉① ♠♦❞❡s
♠❛❣♥ét✐q✉❡s✱ r❡st❡ ✈❛❧❛❜❧❡✳

❖♥ ét✉❞✐❡ ❧❡s ré❣✐♠❡s ♣r♦❞✉✐ts ♣♦✉r ❞❡s ❞é❝❛❧❛❣❡s ✐♠♣♦rt❛♥ts ❡♥tr❡ ❧❡s ❞❡✉①
❢réq✉❡♥❝❡s✱ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ F1 = 28Hz ❡t F2 = 8Hz ✳ P♦✉r ❝❡s ♣❛r❛♠ètr❡s✱ ♦♥
♦❜s❡r✈❡ ✉♥❡ ♦s❝✐❧❧❛t✐♦♥ q✉❛s✐✲♣ér✐♦❞✐q✉❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❖♥ ré❛❧✐s❡ ❧❛ ❞é✲
❝♦♠♣♦s✐t✐♦♥ ❞✐♣♦❧❡✴q✉❛❞r✉♣♦❧❡ s❡❧♦♥ ❧❛ ❞✐r❡❝t✐♦♥ z ✳ ▲❛ ✜❣✉r❡ ✷✳✹✶ ♠♦♥tr❡ ❧❡ ❝②❝❧❡
♦❜t❡♥✉✳ ▲à ❡♥❝♦r❡✱ ✉♥ tr❛♥s❢❡rt ♣ér✐♦❞✐q✉❡ ❡♥tr❡ ❞✐♣♦❧❡ ❡t q✉❛❞r✉♣♦❧❡ ❡st ♦❜s❡r✈é✳
❖♥ ✈♦✐t ❝❧❛✐r❡♠❡♥t ❧❡ ❝②❝❧❡ r❛❧❡♥t✐r ♣rès ❞❡ ❞❡✉① s♦❧✉t✐♦♥s ♦♣♣♦sés✳ ❙✉r ❧❛ ✜❣✉r❡ ✷✳✹✶✱

❋✐❣✳ ✷✳✹✶✿ ❘é❣✐♠❡ F1 = 28Hz ✱ F2 = 8.Hz ❊♥ ❤❛✉t ✿ ➱✈♦❧✉t✐♦♥ ❞❡s ❝♦♠♣♦s❛♥t❡s ❞✉ ❝❤❛♠♣
♠❡s✉ré❡s ♣rès ❞✉ ❞✐sq✉❡ 1✳ ❊♥ ❜❛s✱ à ❣❛✉❝❤❡ ✿ é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡s ♠♦❞❡s
❞✐♣♦❧❛✐r❡ ❡t q✉❛❞r✉♣♦❧❛✐r❡ ❝❛❧❝✉❧és à ♣❛rt✐r ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ❛①✐❛❧❡ ❞✉ ❝❤❛♠♣✳
❊♥ ❜❛s✱ à ❞r♦✐t❡ ✿ ♦♥ r❡♣rés❡♥t❡ ❧❛ tr❛❥❡❝t♦✐r❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s (D,Q)✳



✻✻ ❆♣♣r♦❝❤❡ ❊①♣ér✐♠❡♥t❛❧❡ ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦

❡♥ ❤❛✉t✱ ❧❡ s✐❣♥❛❧ ❞✐r❡❝t s❡♠❜❧❡ ♠♦♥tr❡r ✉♥❡ é✈♦❧✉t✐♦♥ ♣ér✐♦❞✐q✉❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥é✲
t✐q✉❡ ❛ss❡③ ❞✐✛ér❡♥t❡ ❞❡s ❝♦♠♣♦rt❡♠❡♥ts ❞é❝r✐ts ♣♦✉r ❧❛ ❝❛♠♣❛❣♥❡✳ P❛r ❡①❡♠♣❧❡✱
❧❡s ❝♦♠♣♦s❛♥t❡s Br ❡t Bz s❡♠❜❧❡♥t ❡♥ ♣❤❛s❡✱ ❧❡ s✐❣♥❛❧ ♥❡ ♣rés❡♥t❡ ♣❛s ❞✬✐♠♣♦rt❛♥ts
r❡❜♦♥❞s✱ ❡t ❧✬❛s②♠étr✐❡ ❡♥tr❡ ❧❛ ❝r♦✐ss❛♥❝❡ ❡t ❧❛ ❞é❝r♦✐ss❛♥❝❡ ❞✉ ❝❤❛♠♣ ❡st ♠♦✐♥s
♥❡tt❡✳ ❚♦✉t❡❢♦✐s✱ ❧❡ ❝❛❧❝✉❧ ❞❡s ❝♦♠♣♦s❛♥t❡s ❞✐♣♦❧❛✐r❡ ❡t q✉❛❞r✉♣♦❧❛✐r❡ ♣❡r♠❡t ❞❡
♠❡ttr❡ ❡♥ é✈✐❞❡♥❝❡ ✉♥ ❝②❝❧❡ ♣rés❡♥t❛♥t ❧❡s ♠ê♠❡ ❝❛r❛❝tér✐st✐q✉❡s q✉❡ ♣ré❝é❞❡♠♠❡♥t✳
❖♥ ✈♦✐t q✉❡ ❝❡tt❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❢❛✐t ❞♦♥❝ ❛♣♣❛r❛îtr❡ ✉♥❡ s✐♠✐❧❛r✐té ❞❡s rés✉❧t❛ts✱
q✉✐ ♥✬❡st ♣❛s é✈✐❞❡♥t❡ s✉r ❧❡ s✐❣♥❛❧ ♠♦♥tr❛♥t ❧❡s ❝♦♠♣♦s❛♥t❡s ❝❧❛ss✐q✉❡s✳ ❆✐♥s✐✱ ✉♥❡
♠♦❞✐✜❝❛t✐♦♥ ❞❡s ❞ét❛✐❧s ❞❡ ❧✬❤②❞r♦❞②♥❛♠✐q✉❡ ✭❛❥♦✉t ❞❡ ❧✬❛♥♥❡❛✉✮ ♥❡ ❝❤❛♥❣❡ ♣❛s ❧❛
❞②♥❛♠✐q✉❡ ❞✉ ❝❤❛♠♣✱ q✉✐ r❡st❡ ❞♦♠✐♥é❡ ♣❛r ✉♥❡ ✐♥tér❛❝t✐♦♥ ❡♥tr❡ ✉♥ ❞✐♣♦❧❡ ❛①✐❛❧
❡t ✉♥❡ str✉❝t✉r❡ q✉❛❞r✉♣♦❧❛✐r❡✳

❱❑❙✷■ ✿ r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s ♣♦✉r 22Hz , 16.5Hz

❉❛♥s ✉♥❡ ❛✉tr❡ ③♦♥❡ r❡str❡✐♥t❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s✱ ❛ss❡③ ♣r♦❝❤❡ ❞❡ ❧❛
❝♦♥tr❛✲r♦t❛t✐♦♥ ❡①❛❝t❡✱ ♦♥ ♦❜s❡r✈❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s ❞✉ ❝❤❛♠♣ ♠❛❣♥é✲
t✐q✉❡✳ ▲❛ ✜❣✉r❡ ✷✳✹✷ ♠♦♥tr❡ ✉♥❡ é✈♦❧✉t✐♦♥ t②♣✐q✉❡ ♣♦✉r F1 = 22Hz ❡t F2 = 16.5Hz ✳
❆ ♣r❡♠✐èr❡ ✈✉❡✱ ❧❡ ré❣✐♠❡ s❡♠❜❧❡ ✐❞❡♥t✐q✉❡ ❛✉① ♣ré❝é❞❡♥ts ✿ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❞✐✲
♣♦❧❡✴q✉❛❞r✉♣♦❧❡ ❢❛✐t ❛♣♣❛r❛îtr❡ ❝❡rt❛✐♥❡s ❝❛r❛❝tér✐st✐q✉❡s ❝♦♠♠✉♥❡s✱ ❝♦♠♠❡ ❧❡ r❡✲
❜♦♥❞ ❞✉ ❞✐♣♦❧❡ ❛①✐❛❧ ❛♣rès ❝❤❛q✉❡ r❡♥✈❡rs❡♠❡♥t✱ ❡t ✉♥ ❜r❡❢ tr❛♥s❢❡rt ✈❡rs ❧❡ q✉❛✲
❞r✉♣♦❧❡✳ ❊♥ r❡✈❛♥❝❤❡✱ ❧❛ tr❛❥❡❝t♦✐r❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s s✉❣❣èr❡ ❧✬✐♥t❡r❛❝t✐♦♥
❛✈❡❝ ❞❡✉① ❛✉tr❡s ♣♦✐♥ts ✜①❡s✱ s✐t✉és ❛ss❡③ ❧♦✐♥ ❞❡s s♦❧✉t✐♦♥s st❛❜❧❡s✳ ■❧ ❡st t♦✉❥♦✉rs
♣♦ss✐❜❧❡ ❞❡ ❝♦♠♣r❡♥❞r❡ ❝❡tt❡ ❞②♥❛♠✐q✉❡ ♣❧✉s ❝♦♠♣❧❡①❡ ❞❛♥s ❧❡ ❝❛❞r❡ ❞✉ ♠♦❞è❧❡ ❞❡
❜❛ss❡ ❞✐♠❡♥s✐♦♥✱ ♠❛✐s ❝❡❧❛ ♥é❝❡ss✐t❡ ❞❡ r❡❝♦✉r✐r à ❞❡s t❡r♠❡s ❞✬♦r❞r❡ s✉♣ér✐❡✉r ❞❛♥s
❧✬éq✉❛t✐♦♥ ❞✬❛♠♣❧✐t✉❞❡✳ P♦✉r ✉♥ ré❣✐♠❡ ❞❡ ♣❛r❛♠ètr❡s ✐❞❡♥t✐q✉❡s✱ ♠❛✐s ❞❛♥s ✉♥❡
❝♦♥✜❣✉r❛t✐♦♥ ✐♥❝❧✉❛♥t ❧✬❛♥♥❡❛✉ ❝❡♥tr❛❧✱ ❧❡s r❡♥✈❡rs❡♠❡♥ts ❞✉ ❝❤❛♠♣ ♥✬✐♠♣❧✐q✉❡♥t
♣❛s ❝❡s ♣♦✐♥ts ✜①❡s s✉♣♣❧é♠❡♥t❛✐r❡s✱ ❡t ✐❧ ♥✬❡st ♣❛s ♥é❝❡ss❛✐r❡ ❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡
❧❡s t❡r♠❡s ♥♦♥✲❧✐♥é❛✐r❡s ❞✬♦r❞r❡ ❝✉❜✐q✉❡✳ ❆ ❝❛✉s❡ ❞❡ ❧❛ ❧✐♥é❛r✐té ❞❡ ❧✬éq✉❛t✐♦♥ ❞✬✐♥✲
❞✉❝t✐♦♥✱ ♦♥ s❛✐t q✉❡ ❧❡s t❡r♠❡s ❝✉❜✐q✉❡s ❞❛♥s ❧✬éq✉❛t✐♦♥ ❞✬❛♠♣❧✐t✉❞❡ ♣r♦✈✐❡♥♥❡♥t ❞❡
❧✬✐♥tér❛❝t✐♦♥ ❛✈❡❝ ❧❡ ❝❤❛♠♣s ❞❡ ✈✐t❡ss❡✳ ❚♦✉t❡❢♦✐s✱ ét❛♥t ❞♦♥♥é ❧❛ ✈❛❧❡✉r ❞❡ Pm ✭❡t
❞♦♥❝ ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ❧❡s é❝❤❡❧❧❡s ❞❡ t❡♠♣s ♠❛❣♥ét✐q✉❡ ❡t ❝✐♥ét✐q✉❡✮✱ ❧❡s ♠♦❞❡s ❞❡
✈✐t❡ss❡s s✬é❧✐♠✐♥❡♥t ❛❞✐❛❜❛t✐q✉❡♠❡♥t✱ ❞❡ s♦rt❡ q✉❡ ❧❡✉r ❡✛❡t ♥✬✐♥t❡r✈✐❡♥t q✉✬✐♠♣❧✐❝✐✲
t❡♠❡♥t à tr❛✈❡rs ❧❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡✳ ❊♥ s✉♣♣r✐♠❛♥t ❧❛ ❝♦♥tr❛✐♥t❡ ❞❡ ❧✬❛♥♥❡❛✉
❝❡♥tr❛❧✱ ♦♥ ❛✉t♦r✐s❡ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❣r❛♥❞❡ é❝❤❡❧❧❡ ❞✉ ✢✉✐❞❡✱ ❡t ❧✬❡✛❡t ❞❡ ❧✬é❝♦✉✲
❧❡♠❡♥t s✉r ❧❛ ❞②♥❛♠✐q✉❡ ❞❡✈✐❡♥t ♣❧✉s ✐♠♣♦rt❛♥t✳ ❈❡❝✐ ❡st ♣r✐s ❡♥ ❝♦♠♣t❡ ❞❛♥s ❧❡
♠♦❞è❧❡ à tr❛✈❡rs ❧❡s t❡r♠❡s ❞✬♦r❞r❡s s✉♣ér✐❡✉rs✳ ◆♦✉s ✈❡rr♦♥s ❛✉ ❝❤❛♣✐tr❡ 5 ❞❡ ❝❡tt❡
t❤ès❡ q✉✬✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬♦❜t❡♥✐r ✉♥❡ ❞②♥❛♠✐q✉❡ ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥ q✉✐ ♣r❡♥❞ ❡♥
❝♦♠♣t❡ ❡①♣❧✐❝✐t❡♠❡♥t ✉♥ ♠♦❞❡ ❞❡ ✈✐t❡ss❡✳



✷✳✹ ❈♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❡t ❞②♥❛♠✐q✉❡ ❞✉ ❝❤❛♠♣ ✻✼

❋✐❣✳ ✷✳✹✷✿ ❘é❣✐♠❡ F1 = 22Hz ✱ F2 = 16.5Hz ❊♥ ❤❛✉t ✿ ➱✈♦❧✉t✐♦♥ ❞❡s ❝♦♠♣♦s❛♥t❡s ❞✉
❝❤❛♠♣ ♠❡s✉ré❡s ♣rès ❞✉ ❞✐sq✉❡ 1✳ ❊♥ ❜❛s✱ à ❣❛✉❝❤❡ ✿ é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡s
♠♦❞❡s ❞✐♣♦❧❛✐r❡ ❡t q✉❛❞r✉♣♦❧❛✐r❡ ❝❛❧❝✉❧és à ♣❛rt✐r ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ❛①✐❛❧❡ ❞✉
❝❤❛♠♣✳ ❊♥ ❜❛s✱ à ❞r♦✐t❡ ✿ ♦♥ r❡♣rés❡♥t❡ ❧❛ tr❛❥❡❝t♦✐r❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s
(D,Q)✳





❈❤❛♣✐tr❡ ✸

❆♣♣r♦❝❤❡ ❝✐♥é♠❛t✐q✉❡

❈♦♥t❡♥ts
✸✳✶ ❖✉t✐❧s ♥✉♠ér✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵

✸✳✶✳✶ ❆♣♣r♦❝❤❡ ❞❡ ✈♦❧✉♠❡ ✜♥✐ ❡t tr❛♥s♣♦rt ❝♦♥tr❛✐♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵
✸✳✶✳✷ ❙✐♥❣✉❧❛r✐té ❞❡s ❝♦♦r❞♦♥♥é❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸
✸✳✶✳✸ ❈♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✸✳✷ ➱t✉❞❡ ❝✐♥é♠❛t✐q✉❡ ❞✬✉♥❡ ❞②♥❛♠♦ ❞❡ ✈♦♥ ❑ár♠á♥ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼
✸✳✷✳✶ ➱❝♦✉❧❡♠❡♥t ♠♦②❡♥ ❞❡ ✈♦♥ ❑ár♠á♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼
✸✳✷✳✷ ❊✛❡t ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s s✉r ❧✬✐♥st❛❜✐❧✐té ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶
✸✳✷✳✸ ❘ô❧❡ ❞❡s ✢✉❝t✉❛t✐♦♥s ♥♦♥✲❛①✐s②♠étr✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺

▲❡ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t ❛ ♠♦♥tré q✉❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ r❡♣rés❡♥t❡ ✉♥❡ ❛✈❛♥❝é❡
❞❛♥s ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡ ❧❛ t❤é♦r✐❡ ❞❡ ❧❛ ❞②♥❛♠♦ ✢✉✐❞❡ ❡t ❞❡s ❝❤❛♠♣s ♠❛❣♥ét✐q✉❡s
♥❛t✉r❡❧s✳ ❈❡❧❛ ♠♦♥tr❡ q✉❡ ❞❛♥s ✉♥ é❝♦✉❧❡♠❡♥t t✉r❜✉❧❡♥t ♥♦♥✲❝♦♥tr❛✐♥t✱ ✐❧ ❡st ♣♦s✲
s✐❜❧❡ ❞✬♦❜t❡♥✐r ✉♥❡ ❞②♥❛♠♦ q✉✐ ♥❡ s♦✐t ♣❛s ❡♥❣❡♥❞ré❡ ♣❛r ❧✬é❝♦✉❧❡♠❡♥t ♠♦②❡♥✱ ♠❛✐s
♣❛r ❧❡s ✢✉❝t✉❛t✐♦♥s✳ ▲❡s rés✉❧t❛ts s♦♥t ♥♦♠❜r❡✉①✱ ❡t ❛ss❡③ ❞✐✛ér❡♥ts ❞❡ ❝❡✉① ❞❡s ❡①✲
♣ér✐❡♥❝❡s ♣ré❝é❞❡♥t❡s ✿ ❧❛ ❣é♥ér❛t✐♦♥ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♠♦②❡♥ ♣r✐♥❝✐♣❛❧❡♠❡♥t
❛①✐s②♠étr✐q✉❡✱ ✉♥❡ ❞②♥❛♠✐q✉❡ très r✐❝❤❡ ❝♦♥✜♥é❡ ❞❛♥s ✉♥❡ ♣❡t✐t❡ ré❣✐♦♥ ❞❡ ❧✬❡s♣❛❝❡
❞❡s ♣❛r❛♠ètr❡s✱ ❞❡s ré❣✐♠❡s ♣rés❡♥t❛♥t ✉♥❡ ❞②♥❛♠✐q✉❡ ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥❛❧✐té✳ ❆✉
❝♦✉rs ❞✉ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t✱ ♥♦✉s ❛✈♦♥s ❡sq✉✐ssé ❞❡s ❞é❜✉ts ❞✬❡①♣❧✐❝❛t✐♦♥s✱ ❝♦♠♠❡
❧✬❡✛❡t α−ω ♣♦✉r ❝♦♠♣r❡♥❞r❡ ❧❛ ❣é♥ér❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♦✉ ✉♥ ♠é❝❛♥✐s♠❡ ❜❛sé s✉r ✉♥❡
❜✐❢✉r❝❛t✐♦♥ ♥♦❡✉❞✲❝♦❧ ♣♦✉r ❞é❝r✐r❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts✳ ◆♦tr❡ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡ ❝❡s
♣❤é♥♦♠è♥❡s✱ ❜✐❡♥ q✉✬❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s ♠❡s✉r❡s ❡①♣ér✐♠❡♥t❛❧❡s✱ ❞❡♠❡✉r❡ ❞✐✣❝✐❧❡
à ❥✉st✐✜❡r✳ ❈✬❡st ❞❛♥s ❝❡ ❝♦♥t❡①t❡ q✉✬é♠❡r❣❡ ❧❡ ❜❡s♦✐♥ ❞✬✉♥❡ ét✉❞❡ ♥✉♠ér✐q✉❡✱ ❡♥
✐♥t❡r❛❝t✐♦♥ étr♦✐t❡ ❛✈❡❝ ❝❡tt❡ ❛♣♣r♦❝❤❡ ❡①♣ér✐♠❡♥t❛❧❡✳ ❆ ♠✐✲❝❤❡♠✐♥ ❡♥tr❡ ❧❛ ❝♦♠✲
♣❧❡①✐té ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❡t ❧❛ s✐♠♣❧✐❝✐té ❞❡s ♠♦❞è❧❡s t❤é♦r✐q✉❡s✱ ❧✬ét✉❞❡ ♥✉♠ér✐q✉❡ ✈❛
♥♦✉s ♣❡r♠❡ttr❡ ❞❡ ♠✐❡✉① ❝❡r♥❡r ❧❡s ♠é❝❛♥✐s♠❡s ❞❡ ❧❛ ❞②♥❛♠♦✳ ▲✬✐♥✈❡rs❡ ❡st é❣❛❧❡✲
♠❡♥t ✈r❛✐ ✿ ♦♥ ♣❡✉t s❛✐s✐r ✐❝✐ ❧✬♦♣♣♦rt✉♥✐té ❞❡ t❡st❡r ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞✬✉♥
♣r♦❜❧è♠❡ ❞②♥❛♠♦ ♣❛r s❛ ré❛❧✐s❛t✐♦♥ ❡①♣ér✐♠❡♥t❛❧❡✱ ♥♦✉s ♣❡r♠❡tt❛♥t ❞❡ ✈❛❧✐❞❡r ❧❛
♣❡rt✐♥❡♥❝❡ ❞❡s ♠♦❞è❧❡s ♥✉♠ér✐q✉❡s ✉t✐❧✐sés✳



✼✵ ❆♣♣r♦❝❤❡ ❝✐♥é♠❛t✐q✉❡

✸✳✶ ❖✉t✐❧s ♥✉♠ér✐q✉❡s

✸✳✶✳✶ ❆♣♣r♦❝❤❡ ❞❡ ✈♦❧✉♠❡ ✜♥✐ ❡t tr❛♥s♣♦rt ❝♦♥tr❛✐♥t

◆♦✉s ♣rés❡♥t♦♥s ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ❧✬✉♥ ❞❡s ❞❡✉① ♦✉t✐❧s ❢♦♥❞❛♠❡♥t❛✉① ✉t✐❧✐sés
❞✉r❛♥t ❝❡tt❡ ét✉❞❡✳ ■❧ s✬❛❣✐t ❞✬✉♥ ❝♦❞❡ ✐♥✐t✐❛❧❡♠❡♥t ❞é✈❡❧♦♣♣é ♣❛r ❊♠♠❛♥✉❡❧ ❉♦r♠②✱
❘♦♠❛✐♥ ❚❡②ss✐❡r ❡t ❙é❜❛st✐❡♥ ❋r♦♠❛♥❣ ❬✽✸❪✳ ▲✬❛♣♣r♦❝❤❡ ❡st ❝✐♥é♠❛t✐q✉❡✱ ♥✬✐♥❝❧✉❛♥t
q✉❡ ❧❛ rés♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❞✬✐♥❞✉❝t✐♦♥✱ ❡t ❧✬é❝♦✉❧❡♠❡♥t ② ❡st t♦t❛❧❡♠❡♥t ♣r❡s❝r✐t✳
❖♥ ♥❡ rés♦✉t ❞♦♥❝ ♣❛s ❧✬éq✉❛t✐♦♥ ❞❡ ◆❛✈✐❡r✲❙t♦❦❡s✱ ❡t ✐❧ ♥✬② ❛ ♣❛s ❞❡ s❛t✉r❛t✐♦♥
❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❍✐st♦r✐q✉❡♠❡♥t✱ ❝❡ ❝♦❞❡ ❛ été ❞❡✈❡❧♦♣♣é ♣♦✉r ❞❡s ét✉❞❡s
❛str♦♣❤②s✐q✉❡s✱ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❧❛ ❞②♥❛♠♦ ❣❛❧❛❝t✐q✉❡ tr❛✐té ❞❛♥s
❧✬❛♥♥❡①❡ ❈✳ ❉❛♥s ✉♥❡ t❡❧❧❡ s✐t✉❛t✐♦♥✱ ❧❛ ♣❛rt✐❡ ❞✐✛✉s✐✈❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞✬✐♥❞✉❝t✐♦♥ ❡st
s♦✉✈❡♥t ♥é❣❧✐❣❡❛❜❧❡✱ ❝❡ q✉✐ ♣❡r♠❡t ❞✬❡♥✈✐s❛❣❡r ❧❡ ♣r♦❜❧è♠❡ ❡♥ ❝♦♥s✐❞ér❛♥t s❡✉❧❡♠❡♥t
❧❛ ♣❛rt✐❡ ❛❞✈❡❝t✐✈❡✱ ♣✉✐s ❞❡ r❛❥♦✉t❡r ❞❡s ❝♦rr❡❝t✐♦♥s ❛ss♦❝✐é❡s à ❧❛ ❞✐✛✉s✐♦♥ s✐ ❜❡s♦✐♥✳
▲❡ ♣rés❡♥t ❝♦❞❡ ❛ été é❝r✐t ♣♦✉r ❞é❝r✐r❡ ❞❡ ❢❛ç♦♥ ♦♣t✐♠❛❧❡ ❞❡ t❡❧s ♣r♦❜❧è♠❡s à ❤❛✉t
Rm✳ ❉❛♥s ❝❡tt❡ t❤ès❡✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss❡r♦♥s s✉rt♦✉t à ❞❡s ❞②♥❛♠♦s à ❢❛✐❜❧❡ Rm✱
♠❛✐s ❧❡ ❝♦❞❡ ♥✉♠ér✐q✉❡ r❡st❡ ❜✐❡♥ é✈✐❞❡♠♠❡♥t ❝♦♠♣❧èt❡♠❡♥t ✈❛❧✐❞❡✳ ■❧ ♥❡ s✬❛❣✐t
♣❛s ❞❡ ❧❛ ❞❡s❝r✐♣t✐♦♥ ♥✉♠ér✐q✉❡ ❧❛ ♣❧✉s ❛❞❛♣té❡ ❛✉ ♣r♦❜❧è♠❡ ❡♥ t❡r♠❡ ❞❡ ✈✐t❡ss❡
❞❡ ❝❛❧❝✉❧✱ ♠❛✐s ❞❡ ❧é❣èr❡s ♠♦❞✐✜❝❛t✐♦♥s ❞❡ ❝❡ ❝♦❞❡ ♥♦✉s ♦♥t ♣❡r♠✐s ❞❡ ♣♦✉✈♦✐r
♣❛r❢❛✐t❡♠❡♥t ❡①♣❧♦r❡r ❧❡s s✐t✉❛t✐♦♥s q✉✐ ♥♦✉s ✐♥tér❡ss❛✐❡♥t✳

▲❡ ♣♦✐♥t ❞❡ ❞é♣❛rt ♣♦✉r ❧❡ ❝❤♦✐① ❞❡ ❧❛ ♠ét❤♦❞❡ ♥✉♠ér✐q✉❡ ✈✐❡♥t ❞✉ ❢❛✐t q✉❡
❧✬éq✉❛t✐♦♥ ❞✬✐♥❞✉❝t✐♦♥ ♣❡✉t t♦✉❥♦✉rs êtr❡ ré✲é❝r✐t❡ s♦✉s ❧❛ ❢♦r♠❡ ❝♦♥s❡r✈❛t✐✈❡

∂B

∂t
= −∇× E , ✭✸✳✶✮

❛✈❡❝ ❧❡ ❝❤❛♠♣ é❧é❝tr✐q✉❡ ~E ❞é✜♥✐ ♣❛r

E = −v × B + η∇× B . ✭✸✳✷✮

▲♦rsq✉❡ ❧❛ ❞✐✛✉s✐✈✐té é❧❡❝tr✐q✉❡ ❡st ♥✉❧❧❡✱ ✐❧ ② ❛ ❞♦♥❝ ❝♦♥s❡r✈❛t✐♦♥ ❞✉ ✢✉① ♠❛✲
❣♥ét✐q✉❡✳ ❉❡ ♣❧✉s✱ ♦♥ ❞♦✐t t♦✉❥♦✉rs s❛t✐s❢❛✐r❡ ❧❛ ❝♦♥tr❛✐♥t❡ ❞❡ ❞✐✈❡r❣❡♥❝❡ ♥✉❧❧❡ ❞✉
❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❯♥❡ ♠❛♥✐èr❡ s✐♠♣❧❡ ❡t ❡✣❝❛❝❡ ❞❡ ❞é❝r✐r❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡s éq✉❛✲
t✐♦♥s ❝♦♥s❡r✈❛t✐✈❡s ❡st ❞✬✉t✐❧✐s❡r ❧❡s s❝❤é♠❛s ❝♦♥s❡r✈❛t✐❢s ❞✐ts ❞❡ ✬❱♦❧✉♠❡s ❋✐♥✐s✬✳
❉❛♥s ❞❡ t❡❧❧❡s ❛♣♣r♦①✐♠❛t✐♦♥s ♥✉♠ér✐q✉❡s✱ ❧❡s ✈❛r✐❛❜❧❡s ❞✉ ♣r♦❜❧è♠❡ s♦♥t ❝♦♥s✐❞é✲
ré❡s ❝♦♥st❛♥t❡s ♣❛r ♠♦r❝❡❛✉①✱ ❞é❝♦✉♣❛♥t ❧❡ ❞♦♠❛✐♥❡ q✉❡ ❧✬♦♥ ❝♦♥s✐❞èr❡ ❡♥ ♣❡t✐t❡s
❝❡❧❧✉❧❡s ❞❡ t❛✐❧❧❡ ∆x ✭❞❡ ✈♦❧✉♠❡ ∆x3 ❞❛♥s ❧❡ ❝❛s ✸❉✮✳ P✉✐s ♦♥ ✐♥tè❣r❡ t❡♠♣♦r❡❧❧❡✲
♠❡♥t ❧✬é✈♦❧✉t✐♦♥ ❞❡s ❝❤❛♠♣s ❛✉ s❡✐♥ ❞❡ ❝❡s ❝❡❧❧✉❧❡s✳ ❆ ❝❡ st❛❞❡✱ ♣✉✐sq✉✬♦♥ ❡✛❡❝t✉❡ ✉♥
♠♦②❡♥♥❛❣❡ s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡ ❧❛ ❝❡❧❧✉❧❡ ❞❡ t❛✐❧❧❡ ∆x ✱ ❧✬❡rr❡✉r ❝♦♠♠✐s❡ ❡st ❞❡ ❧✬♦r❞r❡
❞❡ ∆x ✿ ❝✬❡st ♣♦✉rq✉♦✐ ♦♥ ♣❛r❧❡ ❛❧♦rs ❞❡ s❝❤é♠❛ ♥✉♠ér✐q✉❡ ❞✬♦r❞r❡ ✶ ❡♥ ❡s♣❛❝❡✳
❈✬❡st ❝❡tt❡ ❛♣♣r♦❝❤❡ ✬❱♦❧✉♠❡ ✜♥✐✬ q✉✐ ❛ été ❝❤♦✐s✐❡ ♣♦✉r ❧❡ ❝♦❞❡ q✉❡ ♥♦✉s ✉t✐❧✐s❡r♦♥s
t♦✉t ❛✉ ❧♦♥❣ ❞❡ ❝❡ ❝❤❛♣✐tr❡✳

P❧✉s✐❡✉rs ♠ét❤♦❞❡s ♣♦ss✐❜❧❡s ❡①✐st❡♥t ♣♦✉r ❛❞❛♣t❡r ❧❡s s❝❤é♠❛s ❞❡ ✈♦❧✉♠❡s ✜♥✐s
❛✉① ♣r♦❜❧è♠❡s ❞❡ ▼❍❉✳ ▲❛ ♣❧✉s ♥❛t✉r❡❧❧❡ ❡st ♣❛r ❡①❡♠♣❧❡ ❞❡ ❞é✜♥✐r à ❧❛ ❢♦✐s ❧❡



✸✳✶ ❖✉t✐❧s ♥✉♠ér✐q✉❡s ✼✶

❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡t ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❛✉ ❝❡♥tr❡ ❞❡ ❝❤❛q✉❡ ❝❡❧❧✉❧❡ ♥✉♠ér✐q✉❡✳
❉❛♥s ❝❡ ❝❛s✱ ❧❛ ❝♦♥tr❛✐♥t❡ ❞❡ ❞✐✈❡r❣❡♥❝❡ ♥✉❧❧❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞♦✐t êtr❡ ❛ss✉✲
ré❡ ♣❛r ❞✐✛ér❡♥t❡s t❡❝❤♥✐q✉❡s✱ ❝♦♠♠❡ ❧✬✉t✐❧✐s❛t✐♦♥ ❞✬✉♥❡ ét❛♣❡ ♦ù ❧✬♦♥ ❢♦r❝❡ ∇B = 0
à ❝❤❛q✉❡ ♣❛s ❞❡ t❡♠♣s ✭✬❞✐✈❡r❣❡♥❝❡ ❝❧❡❛♥✐♥❣✬✮✱ ♦✉ ❡♥ r❛❥♦✉t❛♥t ❛rt✐✜❝✐❡❧❧❡♠❡♥t ❞❡s
♦♥❞❡s ❛ss✉r❛♥t ❧❛ ❞✐✈❡r❣❡♥❝❡ ✭✬❞✐✈❡r❣❡♥❝❡ ✇❛✈❡s✬✮✳ ▲✬❛♣♣r♦❝❤❡ ❛❧t❡r♥❛t✐✈❡ ✉t✐❧✐sé❡
♣♦✉r ❝❡ ❝♦❞❡ ❡st ❞❡ ❝♦♠❜✐♥❡r ❧❛ ♠ét❤♦❞❡ ❞❡ ❱♦❧✉♠❡ ✜♥✐ ❛✈❡❝ ✉♥ ❛❧❣♦r✐t❤♠❡ ❞✐t
❞❡ ✬tr❛♥s♣♦rt ❝♦♥tr❛✐♥t✬✳ ❖♥ ❞é✜♥✐t ❧❛ ✈✐t❡ss❡ ❛✉ ❝❡♥tr❡ ❞❡ ❝❤❛q✉❡ ❝❡❧❧✉❧❡✱ ♠❛✐s ❧❡s
✈❛r✐❛❜❧❡s ♠❛❣♥ét✐q✉❡s s♦♥t ❞é❝r✐t❡s s✉r ❧❡s ❢❛❝❡s ❞❡ ❝❡s ❝❡❧❧✉❧❡s✳ ❖♥ ✉t✐❧✐s❡ ♣❛r ❝♦♥sé✲
q✉❡♥t ✉♥❡ ❣r✐❧❧❡ ❞✐t❡ ❛❧t❡r♥é❡✱ é❣❛❧❡♠❡♥t ❛♣♣❡❧é❡ ✬❣r✐❧❧❡ ❞❡ ❨❡❡✬✳ ❈❡❝✐ ♣❡r♠❡t ❞❡ t✐r❡r
❛✈❛♥t❛❣❡ ❞❡ ❧❛ ❢♦r♠❡ ❝♦♥s❡r✈❛t✐✈❡ ❞❡ ❧✬éq✉❛t✐♦♥ ✸✳✶ ♣✉✐sq✉❡ ❧✬♦♥ tr❛✐t❡ ❞✐r❡❝t❡♠❡♥t
❧❡ r♦t❛t✐♦♥♥❡❧ ❞✉ ❝❤❛♠♣ é❧❡❝tr✐q✉❡ ❡♥ ❝❛❧❝✉❧❛♥t ❧❡s ❝✐r❝✉❧❛t✐♦♥s ❛ss♦❝✐é❡s✳ ❆✐♥s✐✱ s✐ ❧❡
❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ✐♥✐t✐❛❧ ❡st à ❞✐✈❡r❣❡♥❝❡ ♥✉❧❧❡✱ ❧❡ s❝❤é♠❛ ♥✉♠ér✐q✉❡ ❛ss✉r❡∇B = 0
♣♦✉r t♦✉t t❡♠♣s✳ ▲❛ ♠ét❤♦❞❡ ❢♦✉r♥✐t ✉♥❡ ❞❡s❝r✐♣t✐♦♥ ❡✣❝❛❝❡ ❞❡s éq✉❛t✐♦♥s ♣✉✐s✲
q✉✬❡❧❧❡ r❡♣♦s❡ s✉r ❧❛ ❝♦♥tr❛✐♥t❡ ❞❡ ❞✐✈❡r❣❡♥❝❡ ♥✉❧❧❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ❛✉ ❧✐❡✉
❞❡ ❧✬✐♠♣♦s❡r ❛ ♣♦st❡r✐♦r✐✳

P❛r s✐♠♣❧✐❝✐té✱ ♦♥ ❞é❝r✐t ✐❝✐ ❧❡ s❝❤é♠❛ ♥✉♠ér✐q✉❡ ✉t✐❧✐sé à ❧✬❛✐❞❡ ❞❡ ✈❛r✐❛❜❧❡s
❝❛rtés✐❡♥♥❡s✳ ▲✬✐♠♣❧é♠❡♥t❛t✐♦♥ ❞✉ ❝♦❞❡ ❝②❧✐♥❞r✐q✉❡ ♥❡ ❞✐✛èr❡ q✉❡ ♣❛r ❧✬✐♥tr♦❞✉❝t✐♦♥
❞❡s t❡r♠❡s ❞❡ ❝♦✉r❜✉r❡✳ ❉❛♥s ✉♥ r❡♣èr❡ ❝❛rtés✐❡♥ (x , y , z) ❧❡s tr♦✐s ❝♦♠♣♦s❛♥t❡s ❞✉
❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ à ❧✬✐♥st❛♥t t = n∆t s♦♥t ❞✐s❝rét✐sé❡s s✉r ✉♥❡ ❣r✐❧❧❡ ❝❛rtés✐❡♥♥❡
(i , j , k) ❝♦♠♠❡ s✉✐t

< Bx >
n
i+ 1

2
,j ,k

= 1/(∆y∆z)

∫ yi+1/2

yi−1/2

∫ zi+1/2

zi−1/2

Bx(xi+1/2, y , z , tn)dydz , ✭✸✳✸✮

< By >
n
i ,j+ 1

2
,k
= 1/(∆x∆z)

∫ xi+1/2

xi−1/2

∫ zi+1/2

zi−1/2

By(x , yi+1/2, z , tn)dxdz , ✭✸✳✹✮

< Bz >
n
i ,j ,k+ 1

2
= 1/(∆x∆y)

∫ xi+1/2

xi−1/2

∫ yi+1/2

yi−1/2

Bz(x , y , zi+1/2, t
n)dxdy . ✭✸✳✺✮

❈❡s tr♦✐s ✈❛r✐❛❜❧❡s ❞♦✐✈❡♥t s❛t✐s❢❛✐r❡ ❧❛ ❝♦♥❞✐t✐♦♥ ❞❡ ❞✐✈❡r❣❡♥❝❡ ♥✉❧❧❡✱ q✉✐ s♦✉s ❢♦r♠❡
✐♥té❣r❛❧❡ ❞❡✈✐❡♥t

< Bx >
n
i+1/2,j ,k − < Bx >

n
i−1/2,j ,k

∆x
+

< By >
n
i ,j+1/2,k − < By >

n
i ,j−1/2,k

∆y
+

< Bz >
n
i ,j ,k+1/2 − < Bz >

n
i ,j ,k−1/2

∆z
= 0 . ✭✸✳✻✮

❊♥ ♣r❛t✐q✉❡✱ ♦♥ ❝❤♦✐s✐t ❞❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s s❛t✐s❢❛✐s❛♥t ❝❡tt❡ ❝♦♥tr❛✐♥t❡✳ ▲❡ ❢❛✐t
q✉❡ ❧❛ ❞✐✈❡r❣❡♥❝❡ r❡st❡ ♥✉❧❧❡ ❛✉ ❝♦✉rs ❞✉ t❡♠♣s ❡st ❛❧♦rs ♥❛t✉r❡❧❧❡♠❡♥t ❛ss✉ré❡ ♣❛r
❧❡ ❝❛r❛❝tèr❡ ❝♦♥s❡r✈❛t✐❢ ❞✉ s❝❤é♠❛ ❞✬✐♥té❣r❛t✐♦♥ ♥✉♠ér✐q✉❡ ✉t✐❧✐sé✳ ▲✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛
❝♦♠♣♦s❛♥t❡ < Bx > ♣❛r ❡①❡♠♣❧❡✱ ❡st ❞ét❡r♠✐♥é❡ ♣❛r

< Bx >
n+1
i+1/2,j ,k=< Bx >

n
i+1/2,j ,k +

∆t

∆y

(

< Ez >
n+1/2
i+1/2,j+1/2,k − < Ez >

n+1/2
i+1/2,j−1/2,k

)

−

∆t

∆z

(

< Ey >
n+1/2
i+1/2,j ,k+1/2 − < Ey >

n+1/2
i+1/2,j ,k−1/2

)

. ✭✸✳✼✮



✼✷ ❆♣♣r♦❝❤❡ ❝✐♥é♠❛t✐q✉❡

❉❡s ❡①♣r❡ss✐♦♥s s✐♠✐❧❛✐r❡s ♣❡✉✈❡♥t êtr❡ ❞ér✐✈é❡s ♣♦✉r ❧❡s ❛✉tr❡s ❝♦♠♣♦s❛♥t❡s ❞✉
❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❆ ❝❡ st❛❞❡✱ ✐❧ ♥❡ r❡st❡ ❛❧♦rs ♣❧✉s q✉✬à ❞ét❡r♠✐♥❡r ✉♥❡ ❡①♣r❡ss✐♦♥
♣♦✉r ❧❡ ❝❤❛♠♣ é❧é❝tr✐q✉❡ ♠♦②❡♥♥é ❞❛♥s ❧❡ t❡♠♣s ❡t ❞é✜♥✐ s✉r ❧❡s ❛rêt❡s ❞❡ ❝❤❛q✉❡
❝❡❧❧✉❧❡✳ P❛r ❡①❡♠♣❧❡ ❧❛ s♦❧✉t✐♦♥ ♣♦✉r Ex ❡st ❞♦♥♥é❡ ♣❛r ✿

< Ex >
n+1/2
i ,j+1/2,k+1/2=

v

2

(

< Bz >
n+1/2,R
i ,j+1/2,k+1/2 + < Bz >

n+1/2,L
i ,j+1/2,k+1/2

)

−
w

2

(

< By >
n+1/2,T
i ,j+1/2,k+1/2 + < By >

n+1/2,B
i ,j+1/2,k+1/2

)

. ✭✸✳✽✮

❉❛♥s ❝❡tt❡ ❡①♣r❡ss✐♦♥✱ ❧❡s s②♠❜♦❧❡s R , L, B , T r❡♣rés❡♥t❡♥t ✉♥ ❞❡s ✹ ✈♦✐s✐♥s ❞❡ ❧✬❛rêt❡
❝♦♥s✐❞éré❡ ✭t♦♣✱ ❜♦tt♦♠✱ r✐❣❤t ♦✉ ❧❡❢t✮✱ ❡t s❡ ré❢èr❡♥t ❛✉① ét❛ts ♣ré❞✐ts✱ ❝❡♥trés ❞❛♥s
❧❡ t❡♠♣s ❡t ✐♥t❡r♣♦❧és ❛✉① ❛rrêt❡s ❞❡s ❝❡❧❧✉❧❡s✳ ❉❛♥s ❧❛ ✈❡rs✐♦♥ ♦r✐❣✐♥❛❧❡ ❞✉ ❝♦❞❡✱ ❧✬❡①✲
♣r❡ss✐♦♥ ❝✐✲❞❡ss✉s ♥é❝❡ss✐t❡ ♥♦r♠❛❧❡♠❡♥t ❧❡ r❡❝♦✉rs à ❞❡✉① t❡r♠❡s s✉♣♣❧é♠❡♥t❛✐r❡s✱
❝❡♥sés r❡♣rés❡♥t❡r ❧✬✉♣✇✐♥❞ ❞❡ ❧❛ s♦❧✉t✐♦♥ ✭❛ss♦❝✐é ❛✉ s♦❧✈❡✉r ▼❯❙❈▲ ♦r✐❣✐♥❛❧✮ ❡t
❛❣✐ss❛♥t ❝♦♠♠❡ ✉♥❡ ❞✐✛✉s✐♦♥ ♥✉♠ér✐q✉❡ ❡✛❡❝t✐✈❡✱ ✐♥❞✐s♣❡♥s❛❜❧❡ à ❧❛ ❝♦♥✈❡r❣❡♥❝❡
♥✉♠ér✐q✉❡ ❞✉ ❝♦❞❡✳ ◆♦✉s ❛✈♦♥s ✐❝✐ ♣ré❢éré ❝❡tt❡ ❛♣♣r♦❝❤❡ ❞❡ s❝❤é♠❛ ❝❡♥tré ❞✉ s❡✲
❝♦♥❞ ♦r❞r❡ s❛♥s ✬✉♣✇✐♥❞✬✳ ◆♦✉s ✈❡rr♦♥s ❞❛♥s ❧❛ s✉✐t❡ q✉❡ ♥♦✉s ❞é❝r✐✈♦♥s ❞❡s s✐t✉❛✲
t✐♦♥s ❞❛♥s ❧❛q✉❡❧❧❡ ❧❛ rés✐st✐✈✐té ♠❛❣♥ét✐q✉❡ ♣❤②s✐q✉❡ ❡st r❡❧❛t✐✈❡♠❡♥t ✐♠♣♦rt❛♥t❡
❡t ❞♦♠✐♥❡ ❧❛r❣❡♠❡♥t ❧❛ rés✐st✐✈✐té ♥✉♠ér✐q✉❡ q✉✬✐♥tr♦❞✉✐r❛✐t ❝❡ t❡r♠❡ ❞✬✉♣✇✐♥❞✳ ■❧
♥✬❡st ❞♦♥❝ ♣❛s ♥é❝❡ss❛✐r❡ ❞❡ ♣r❡♥❞r❡ ❝❡ t❡r♠❡ ❡♥ ❝♦♠♣t❡ ♣♦✉r ❛ss✉r❡r ❧❛ st❛❜✐❧✐té
♥✉♠ér✐q✉❡ ❞❡ ❧✬❡♥s❡♠❜❧❡✳

▲✬❛♣♣r♦❝❤❡ tr❛❞✐t✐♦♥❡❧❧❡ ❡st ❞❡ ❝❛❧❝✉❧❡r ❧❛ s♦❧✉t✐♦♥ ❛♣♣r♦①✐♠❛t✐✈❡ ❡♥ ✉t✐❧✐s❛♥t ✉♥
s❝❤é♠❛ t❡♠♣♦r❡❧ ✬♣r❡❞✐❝t❡✉r✲❝♦rr❡❝t❡✉r✬✳ ▲✬✐❞é❡ ❞✬✉♥❡ t❡❧❧❡ ♠ét❤♦❞❡ ❡st ❞❡ ❝❛❧❝✉❧❡r
✉♥ ét❛t ♣ré❞✐t ❛✉ t❡♠♣s tn+1/2 ❡t ❞✬✉t✐❧✐s❡r ❝❡t ét❛t ✐♥t❡r♠é❞✐❛✐r❡ ❝♦♠♠❡ ét❛t ✐♥✐t✐❛❧
❞❡s s♦❧✈❡✉rs ✜♥❛✉①✳ ❆ ❝❛✉s❡ ❞❡ ❝❡tt❡ ❞✐s❝rét✐s❛t✐♦♥ ❡♥ t❡♠♣s ❡t ❞❡ ❧✬❛♣♣r♦❝❤❡ ✈♦❧✉♠❡
✜♥✐ ✉t✐❧✐sé❡✱ ❧❡ ❝❛❧❝✉❧ ❞❡s ✢✉① ❝♦rr❡♣♦♥❞❛♥ts ❡st ❞♦♥❝ ❧✐♠✐té à ✉♥❡ ❝❡rt❛✐♥❡ ❝♦♥❞✐t✐♦♥
❞❡ st❛❜✐❧✐té✱ ❛♣♣❡❧é ❝r✐tèr❡ ❞❡ ❈♦✉r❛♥t ✭♦✉ ❝r✐tèr❡ ❈❋▲✮ ✿ ❧❛ t❛✐❧❧❡ ❞✉ ♣❛s ❞❡ t❡♠♣s
✉t✐❧✐sé ♣♦✉r ❧✬✐♥té❣r❛t✐♦♥ t❡♠♣♦r❡❧❧❡ ❡st ❧✐♠✐té❡ ♣❛r ❧❛ t❛✐❧❧❡ ❞❡s ❝❡❧❧✉❧❡s ❡t ❧❛ ✈✐t❡ss❡
❝♦♥s✐❞éré❡✳ ❉❛♥s ♥♦tr❡ ❝❛s✱ ❝❡ ❝r✐tèr❡ ❡st ❛ss❡③ r❡str✐❝t✐❢ ❡t ✐❧ ❡st ❞♦♥♥é ♣❛r

(

u

∆x
+

v

∆y
+

w

∆z

)

∆t ≤ 1 , ✭✸✳✾✮

♦ù u✱ v ❡t w s♦♥t ❧❡s ✈✐t❡ss❡s ♠❛①✐♠❛❧❡s ❞❛♥s ❝❤❛❝✉♥❡ ❞❡s ❞✐r❡❝t✐♦♥s✳

❊♥✜♥✱ ♣✉✐sq✉❡ ♥♦tr❡ ✐♥térêt s❡ ♣♦rt❡ s✉r ❞❡s s②stè♠❡s ♣rès ❞✉ s❡✉✐❧ ❞✬✐♥st❛❜✐✲
❧✐té ❞②♥❛♠♦ ✱ ✐❧ ❡st ✐♠♣♦rt❛♥t ❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧✬❡✛❡t ❞❡ ❧❛ rés✐st✐✈✐té✳ ❈❡tt❡
rés✐st✐✈✐té ❡st ✐♥tr♦❞✉✐t❡ ❞❛♥s ❧❡ s❝❤é♠❛ ❛✉ ♠♦②❡♥ ❞✬✉♥❡ t❡❝❤♥✐q✉❡ ❞❡ sé♣❛r❛t✐♦♥
❞✬♦♣ér❛t❡✉r ✭✬♦♣❡r❛t♦r s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡✬✮✳ ❆♣rès q✉❡ ❧✬éq✉❛t✐♦♥ ❞✬✐♥❞✉❝t✐♦♥ ❛✐t
été ❛✈❛♥❝é ❞✬✉♥ ♣❛s ❞❡ t❡♠♣s ❛✈❡❝ ❧❛ s♦❧✉t✐♦♥ B∗✱ ♦♥ rés♦✉t ❧❡ ♣r♦❜❧è♠❡ ♣♦✉r ❧❡
t❡r♠❡ ❞✐✛✉s✐❢✱ ❡♥ ✉t✐❧✐s❛♥t ❧✬éq✉❛t✐♦♥

Bn+1 − B∗

∆t
= η∇× (∇× Bn+1) . ✭✸✳✶✵✮

◆♦t♦♥s q✉❡ ❝❡tt❡ ❡①♣r❡ss✐♦♥ ❡st é✈❛❧✉é❡ s✉r ❧❡s ❛rrêt❡s ❞❡s ❝❡❧❧✉❧❡s✳ ❙✐ ❧✬♦♥ ❝♦♥s✐❞èr❡
❧❡ ❝♦✉r❛♥t jn = ∇ × Bn ❝♦♠♠❡ ❧✬❛♥❛❧♦❣✉❡ ❞✉ ❝❤❛♠♣ é❧é❝tr✐q✉❡ ❝♦♥s✐❞éré❡ ♣ré❝é✲
❞❡♠♠❡♥t✱ t♦✉s ❧❡s ❝❛❧❝✉❧s ♣ré❝é❞❡♥ts s✬② ❛♣♣❧✐q✉❡♥t ♣❛r❢❛✐t❡♠❡♥t✳ ▲❛ ❝♦♥❞✐t✐♦♥ ❞❡



✸✳✶ ❖✉t✐❧s ♥✉♠ér✐q✉❡s ✼✸

st❛❜✐❧✐té ♥✉♠ér✐q✉❡ s✉r ❧❡ ♣❛s ❞❡ t❡♠♣s ♥✬❡st ❝❛❧❝✉❧é❡ q✉❡ ♣❛r r❛♣♣♦rt à ❧❛ ♣❛rt✐❡
❛❞✈❡❝t✐✈❡✳ ❖♥ ✐♥tr♦❞✉✐t ❞♦♥❝ ✉♥❡ ♠ét❤♦❞❡ ❞❡ rés♦❧✉t✐♦♥ ✐tér❛t✐✈❡ ♣♦✉r ❧❛ ♣❛rt✐❡
❞✐✛✉s✐✈❡ ❞✉ ❝♦❞❡ ♥✉♠ér✐q✉❡✳

✸✳✶✳✷ ❙✐♥❣✉❧❛r✐té ❞❡s ❝♦♦r❞♦♥♥é❡s

▲❡ ❝♦❞❡ ❡st✱ ❞❛♥s s❛ ✈❡rs✐♦♥ ♦r✐❣✐♥❛❧❡✱ r❡str❡✐♥t à ✉♥ ❞♦♠❛✐♥❡ ♥✬✐♥❝❧✉❛♥t ♣❛s
❧❡ ❝❡♥tr❡ ❞✉ ❝②❧✐♥❞r❡✳ ❉❛♥s ✉♥❡ ♣❡rs♣❡❝t✐✈❡ ❞❡ ❞②♥❛♠♦ ❣❛❧❛❝t✐q✉❡✱ ❝❡❝✐ ♥✬❡st ♣❛s
✉♥ ♣r♦❜❧è♠❡ ♣✉✐sq✉❡ ❧❡ ❝❡♥tr❡ ❞❡ ❧❛ ❣❛❧❛①✐❡ ❝♦♥t✐❡♥t ✉♥ tr♦✉ ♥♦✐r ♣❡✉ ❞❡s❝r✐♣t✐❜❧❡
♣❛r ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧❛ ▼❍❉ ❝❧❛ss✐q✉❡✳ ❆✜♥ ❞❡ ❞é❝r✐r❡ ✉♥❡ ❡①♣ér✐❡♥❝❡ t❡❧❧❡ q✉❡
❱❑❙✱ ❞❛♥s ✉♥ ❝②❧✐♥❞r❡ ♣❧❡✐♥✱ ✐❧ ❡st ♥é❝❡ss❛✐r❡ ❞❡ ♠♦❞✐✜❡r ❧❡ ❝♦❞❡ ❝②❧✐♥❞r✐q✉❡ ♣♦✉r
s✉♣♣r✐♠❡r ❝❡ tr♦✉✳ ❈♦♥❝❡♣t✉❡❧❧❡♠❡♥t✱ ❧❛ ♠ét❤♦❞❡ ♥✉♠ér✐q✉❡ ✉t✐❧✐sé❡ ✐❝✐ s✬❛♣♣❧✐q✉❡
♣❛r❢❛✐t❡♠❡♥t à ✉♥❡ ❣é♦♠étr✐❡ ♣❧❡✐♥❡✳ ▲❡ r❛②♦♥ ❞✉ ❝②❧✐♥❞r❡ ✐♥tér✐❡✉r ❡st ✉♥ ♣❛r❛♠ètr❡
❧✐❜r❡ ❞✉ ♣r♦❜❧è♠❡ ❡t ✐❧ ❡st t♦✉t à ❢❛✐t ♣♦ss✐❜❧❡ ❞❡ ré❞✉✐r❡ ❝❡tt❡ t❛✐❧❧❡ à ③ér♦✱ ❛✜♥
❞✬♦❜t❡♥✐r ✉♥ ♠❛✐❧❧❛❣❡ s✬ét❡♥❞❛♥t ❥✉sq✉✬❡♥ r = 0✳ ❚♦✉t❡❢♦✐s✱ ❝❡❧❛ ♣♦s❡ ❡♥ ♣r❛t✐q✉❡ ✉♥
♣r♦❜❧è♠❡ t❡❝❤♥✐q✉❡ ✿ ❝♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉ ❞❛♥s ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✱ ❧❛ ♠ét❤♦❞❡
❞❡ ✈♦❧✉♠❡ ✜♥✐ ✐♥tr♦❞✉✐t ✐♥é✈✐t❛❜❧❡♠❡♥t ✉♥ ❝r✐tèr❡ ❞❡ st❛❜✐❧✐té ❈❋▲✱ ❝✬❡st✲à✲❞✐r❡ ✉♥❡
❜♦r♥❡ s✉♣ér✐❡✉r❡ s✉r ❧❛ ✈❛❧❡✉r ❞✉ ♣❛s ❞❡ t❡♠♣s✱ ❞é♣❡♥❞❛♥t ❞❡ ❧❛ ❞✐st❛♥❝❡ ♠✐♥✐♠❛❧❡
q✉✐ ❡①✐st❡ ❡♥tr❡ ❞❡✉① ❛rrêt❡s ❞❡ ❝❡❧❧✉❧❡s✳ ▲♦rsq✉❡ ❧✬♦♥ ét❡♥❞ ❧❡ ♠❛✐❧❧❛❣❡ ❛✉ ❝❡♥tr❡✱ ❧❛
s✐♥❣✉❧❛r✐té ✐♥tr✐♥sèq✉❡ ❞❡s ❝♦♦r❞♦♥♥é❡s ❝②❧✐♥❞r✐q✉❡s ♣r♦❞✉✐t ❞❡s ❝❡❧❧✉❧❡s ❞❡ ♣❧✉s ❡♥
♣❧✉s ♣❡t✐t❡s✱ ❝♦♥❞✉✐s❛♥t à ❞❡s ♣❛s ❞❡ t❡♠♣s ❞❡ ♣❧✉s ❡♥ ♣❧✉s ❝♦✉rts✳ ▲❡ ♣r♦❜❧è♠❡ ❡st
❞❡ ♣♦✉✈♦✐r ❝♦♥t♦✉r♥❡r ❧❛ r❡str✐❝t✐♦♥ ❞✉ ❝r✐tèr❡ ❈❋▲✳ P♦✉r ❝❡❧❛✱ ♦♥ ✉t✐❧✐s❡ ✉♥ ✜❧tr❡
❤❛✉t❡ ❢réq✉❡♥❝❡ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ❛③✐♠✉t❛❧❡ ❝❛♣❛❜❧❡ ❞✬❛♠♦rt✐r ♥✉♠ér✐q✉❡♠❡♥t ❧❡s
♦♥❞❡s ❞❡ très ❤❛✉t❡s ❢réq✉❡♥❝❡s✳ ■❧ ❡st ❛✐♥s✐ ♣♦ss✐❜❧❡ ❞❡ ♣r❡♥❞r❡ ✉♥ ♣❛s ❞❡ t❡♠♣s ♣❧✉s
❧♦♥❣✱ ❜❛sé s✉r ✉♥ ❝❡rt❛✐♥ r❛②♦♥ ❝r✐t✐q✉❡ Rc ✳ ▲❡ ❝r✐tèr❡ ❈❋▲ ❡st ❜r✐sé ❞❛♥s ❧❡ ❞♦♠❛✐♥❡
♦ù r < Rc ✱ ❡t ❞❡s ✐♥st❛❜✐❧✐tés ♥✉♠ér✐q✉❡s ❛♣♣❛r❛✐ss❡♥t ❡t s♦♥t ✜❧tré❡s ♣❛r ❧❡ s❝❤é♠❛✳
P♦✉r ❝❡❧❛✱ ♦♥ ❛♣♣❧✐q✉❡ ✉♥❡ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r r❛♣✐❞❡ ❛✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣♦✉r
✉♥ r❛②♦♥ ❞♦♥♥é✱ s❡❧♦♥ ❧❛ ❞✐r❡❝t✐♦♥ φ✳ ▲❡s ❝♦♠♣♦s❛♥t❡s ❞❡ ❋♦✉r✐❡r ❞❡ ❢❛✐❜❧❡ ❧♦♥❣✉❡✉r
❞✬♦♥❞❡✱ ❝♦rr❡♣♦♥❞❛♥t ❛✉① ✐♥st❛❜✐❧✐tés ♥✉♠ér✐q✉❡s ❝ré❡❡s✱ s♦♥t ❛❧♦rs ❛tté♥✉é❡s ♣❛r
❧❡ ✜❧tr❡ ❡t r❡♥✈♦②é❡s ❞❛♥s ❧✬❡s♣❛❝❡ ♣❤②s✐q✉❡ ✈✐❛ ✉♥❡ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r r❛♣✐❞❡
✐♥✈❡rs❡✳ ▲❡ ♥♦♠❜r❡ ❛③✐♠✉t❛❧ mc ❞❡ ❝♦✉♣✉r❡ ❞❡ ❝❡ ✜❧tr❡ ❞é♣❡♥❞ ❞❡ r s❡❧♦♥ ✉♥❡ ❢♦r♠✉❧❡
❝❤♦✐s✐❡ ❡♠♣✐r✐q✉❡♠❡♥t

mc = Nφ

( r

Rc

)nf

, ✭✸✳✶✶✮

♦ù nf ❡st ✉♥ ♣❛r❛♠ètr❡ ♦♣t✐♦♥♥❡❧ ♣❡r♠❡tt❛♥t ❞✬❛❝❝r♦îtr❡ ❧❛ ❢♦r❝❡ ❞✉ ✜❧tr❡✳ ❊♥ ♣r❛✲
t✐q✉❡✱ ♦♥ ♣r❡♥❞ ❧❛ ♣❛rt✐❡ ❡♥t✐èr❡ ❞❡ mc ♣♦✉r ❡✛❡❝t✉❡r ❧❡ ✜❧tr❡✳

✸✳✶✳✸ ❈♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s

❈♦♠♠❡ ♥♦✉s ❛❧❧♦♥s ❧❡ ✈♦✐r✱ ✉♥❡ ♣❛rt✐❡ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ❡st ❝♦♥s❛❝ré❡ à ❧✬❡✛❡t ❞❡
❞✐✛ér❡♥t❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ♠❛❣♥ét✐q✉❡s s✉r ❧❛ ❣é♥ér❛t✐♦♥ ❞❡ ❧❛ ❞②♥❛♠♦ ❞❡
✈♦♥ ❑ár♠á♥✳ ▲❡ ❜✉t ❡st ❞❡ ♠✐❡✉① ❝♦♠♣r❡♥❞r❡ ❧❡ rô❧❡ ❞✉ s♦❞✐✉♠ ❛✉ r❡♣♦s ♦✉ ❞❡ ❧❛



✼✹ ❆♣♣r♦❝❤❡ ❝✐♥é♠❛t✐q✉❡

♥❛t✉r❡ ❢❡rr♦♠❛❣♥ét✐q✉❡ ❞❡s ❞✐sq✉❡s ♣❛r ❡①❡♠♣❧❡✳ ❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ✈♦✉❧♦♥s
❞é❝r✐r❡ ❞❡ ♠❛♥✐èr❡ s✐♠♣❧❡ ❧✬✐♠♣❧é♠❡♥t❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞❡ ❝❡s ❞✐✛ér❡♥t❡s ❝♦♥❞✐t✐♦♥s
❛✉① ❧✐♠✐t❡s✱ s❛♥s r❡♥tr❡r ❞❛♥s ❧❡s ❞ét❛✐❧s ❝♦♥❝❡r♥❛♥t ❧❡s ♠♦t✐✈❛t✐♦♥s ♣♦✉r ❞❡ t❡❧❧❡s
❝♦♥✜❣✉r❛t✐♦♥s✳ ▲❡s r❛✐s♦♥s ♣❤②s✐q✉❡s ❡①❛❝t❡s ♣♦✉r ❞❡ t❡❧❧❡s ❝♦♥❞✐t✐♦♥s ❛♣♣❛r❛îtr♦♥t
❝❧❛✐r❡s ❞❛♥s ❧❛ ♣r♦❝❤❛✐♥❡ s❡❝t✐♦♥✱ ❛✉ ♠♦♠❡♥t ❞❡ ❧❡✉r ✉t✐❧✐s❛t✐♦♥✳

▲❛ ❝♦♥❞✐t✐♦♥ ❛✉① ❧✐♠✐t❡s ♣♦✉r ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❧❛ ♣❧✉s ré♣❛♥❞✉❡ ❡st ❝❡❧❧❡
❝♦rr❡s♣♦♥❞❛♥t à ✉♥ ❞♦♠❛✐♥❡ ❡①tér✐❡✉r é❧❡❝tr✐q✉❡♠❡♥t ✐s♦❧❛♥t✳ ■❧ s✬❛❣✐t ❞❡ ❧❛ s✐t✉❛✲
t✐♦♥ r❡♥❝♦♥tré❡ ❞❛♥s ❧❡s ❞②♥❛♠♦s ♥❛t✉r❡❧❧❡s ❝♦♠♠❡ ❧❡ ♠❛♥t❡❛✉ ❡♥t♦✉r❛♥t ❧❡ ♥♦②❛✉
t❡rr❡str❡✳ ❉❛♥s ❝❡ ❝❛s✱ ✐❧ ♥✬② ❛ ♣❛s ❞❡ ❝♦✉r❛♥ts ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❡①tér✐❡✉r ❡t ❧❡ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ s❛t✐s❢❛✐t ❧✬éq✉❛t✐♦♥

∇× B = 0 . ✭✸✳✶✷✮

❉❛♥s ❝❡ ❝❛s✱ ❧❡ ❝❤❛♠♣ s❛t✐s❢❛✐t é❣❛❧❡♠❡♥t ❧❛ ❝♦♥tr❛✐♥t❡ ❞❡ s♦❧é♥♦ï❞❛❧✐té✳ ❉❛♥s ❧❡
❞♦♠❛✐♥❡ ✐s♦❧❛♥t ❛ ♣r✐♦r✐ ✐♥✜♥✐✱ ❧❡ s②stè♠❡ ♦❜❡✐t ❛✉① éq✉❛t✐♦♥s

B = −∇Φ ,

∆Φ = 0 . ✭✸✳✶✸✮

❉❛♥s ✉♥❡ t❡❧❧❡ s✐t✉❛t✐♦♥✱ ❛✜♥ ❞❡ ❝❛❧❝✉❧❡r ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡♥ ✉♥ ♣♦✐♥t ❞♦♥♥é
❞❡ ❧❛ s✉r❢❛❝❡ ❧✐♠✐t❡✱ ✐❧ ❡st ♥é❝❡ss❛✐r❡ ❞❡ ❝♦♥♥❛îtr❡ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❣❧♦❜❛❧ ❞✉ ❝❤❛♠♣
s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡ ❧❛ s✉r❢❛❝❡✳ ❖♥ ♣❛r❧❡ ❛❧♦rs ❞❡ ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❣❧♦❜❛❧❡s✱ ♦✉ ♥♦♥✲
❧♦❝❛❧❡s✳ ■❧ ❡①✐st❡ ♣❧✉s✐❡✉rs ♠ét❤♦❞❡s ♣♦✉r ✐♠♣❧é♠❡♥t❡r ❧❡s ❝♦♥❞✐t✐♦♥s ♠❛❣♥ét✐q✉❡s
❛✉① ❜♦r❞s ❞✬✉♥❡ ré❣✐♦♥ ✐s♦❧❛♥t❡✳ ■❧ ❡st ♣❛r ❡①❡♠♣❧❡ ♣♦ss✐❜❧❡ ❞❡ rés♦✉❞r❡ ♥✉♠ér✐q✉❡✲
♠❡♥t ❧❡s éq✉❛t✐♦♥s ✸✳✶✸ à ❧✬❛✐❞❡ ❞✬✉♥❡ ♠ét❤♦❞❡ ❞❡ ❣r✐❧❧❡ q✉❡❧❝♦♥q✉❡✳ ❈❡tt❡ ❛♣♣r♦❝❤❡
♥é❝❡ss✐t❡ t♦✉t❡❢♦✐s ❞❡ ❞é✜♥✐r ✉♥ ❞♦♠❛✐♥❡ ❛❞❞✐t✐♦♥❡❧ ❞❛♥s ❧❡q✉❡❧ ♦♥ rés♦✉❞ ❧✬éq✉❛t✐♦♥
❞❡ ▲❛♣❧❛❝❡✱ ❝❡ q✉✐ ❝♦rr❡♣♦♥❞ à ✐♥tr♦❞✉✐r❡ ✉♥ ❞♦♠❛✐♥❡ ✐s♦❧❛♥t ❞❡ t❛✐❧❧❡ ✜♥✐❡✳ ❈❡tt❡
❛♣♣r♦❝❤❡ ✉t✐❧✐s❡ ❞♦♥❝ ❞❡s ❛♣♣r♦①✐♠❛t✐♦♥s ♥✉♠ér✐q✉❡s s✉♣♣❧é♠❡♥t❛✐r❡s✳ ▲❛ str❛té❣✐❡
✐❝✐ ❡st ♣❧✉tôt ❞✬✉t✐❧✐s❡r ✉♥❡ ❢♦r♠✉❧❛t✐♦♥ ✐♥té❣r❛❧❡ ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ♣♦✉r
rés♦✉❞r❡ ❧❡ ❥❡✉ ❞✬éq✉❛t✐♦♥ ✸✳✶✸✳ ■❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ❞é❝r✐r❡ ❧❡ ❝❤❛♠♣ ♣♦t❡♥t✐❡❧ Φ ❡♥
❢♦♥❝t✐♦♥ ❞❡ ❧❛ ✈❛❧❡✉r ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ♥♦r♠❛❧❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ s✉r ❧✬❡♥s❡♠❜❧❡
❞❡ ❧❛ s✉r❢❛❝❡ ❧✐♠✐t❡✳ ▲❛ ❞❡t❡r♠✐♥❛t✐♦♥ ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ t❛♥❣❡♥t✐❡❧❧❡ ❞✉ ❝❤❛♠♣ ♠❛✲
❣♥ét✐q✉❡ s❡ ❢❛✐t ❛❧♦rs ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ♥♦r♠❛❧❡ ❡t ❞✬✉♥❡ ♠❛tr✐❝❡ ❞✬✐♥té✲
r❛❝t✐♦♥ q✉✐ ♥❡ ❞é♣❡♥❞ q✉❡ ❞❡ ❧❛ ❣é♦♠étr✐❡ ❞✉ ❞♦♠❛✐♥❡✳ ▲❛ ❣r✐❧❧❡ ♥✉♠ér✐q✉❡ ♥✬ét❛♥t
❡♥ ❣é♥ér❛❧ ♣❛s ♠♦❞✐✜é❡ ❛✉ ❝♦✉rs ❞❡ ❧❛ s✐♠✉❧❛t✐♦♥✱ ❧❛ ♠❛tr✐❝❡ ♥✬❡st ❝❛❧❝✉❧é❡ q✉✬✉♥❡
❢♦✐s✱ ❛✉ ❞é❜✉t ❞✉ ❝❛❧❝✉❧✳ ❖♥ ❣❛❣♥❡ ❛✐♥s✐ ✉♥ t❡♠♣s ♣ré❝✐❡✉① ❝❛r ❧✬✐♠♣❧é♠❡♥t❛t✐♦♥ ❞❡s
❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s s❡ ré❞✉✐t à ✉♥❡ s✐♠♣❧❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♠❛tr✐❝✐❡❧❧❡ à ❝❤❛q✉❡ ♣❛s
❞❡ t❡♠♣s✳ P♦✉r ✉♥❡ ❞❡s❝r✐♣t✐♦♥ ♣❧✉s ❞ét❛✐❧❧é❡ ❞❡ ❝❡tt❡ ♠ét❤♦❞❡✱ ♦♥ r❡♥✈♦✐❡ ❧❡ ❧❡❝t❡✉r
❛✉① ❛rt✐❝❧❡s ❞✬■s❦❛❦♦✈ ❡t ❛❧ ❬✸✹❪✱❬✸✸❪✳

❊♥ ♣❧✉s ❞❡ ❝❡tt❡ ❝♦♥❞✐t✐♦♥ ❝♦rr❡s♣♦♥❞❛♥t à ✉♥ s❛✉t ✐♥✜♥✐ ❞❡ ❝♦♥❞✉❝t✐✈✐té✱ ♦♥
❝♦♥s✐❞èr❡ é❣❛❧❡♠❡♥t ❞❡s s✐t✉❛t✐♦♥s ♦ù ✐❧ ❡①✐st❡ ✉♥ s❛✉t ❞❡ ♣❡r♠é❛❜✐❧✐té ♠❛❣♥ét✐q✉❡
❛✈❡❝ ❧❡ ❞♦♠❛✐♥❡ ❡①tér✐❡✉r✳ ▲❡s ❝♦♥❞✐t✐♦♥s ❞❡ ♣❛ss❛❣❡ ♣♦✉r ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡
❡♥tr❡ ❞❡✉① ♠✐❧✐❡✉① ❞❡ ♣❡r♠é❛❜✐❧✐tés ♠❛❣♥ét✐q✉❡s ❞✐✛ér❡♥t❡s s♦♥t ❜✐❡♥ ❝♦♥♥✉❡s ❡♥
♣❤②s✐q✉❡✳ P♦✉r ❞❡✉① ♠✐❧✐❡✉① q✉❡ ❧✬♦♥ ❞é♥♦t❡ ♣❛r ❧❡s ✐♥❞✐❝❡s 1 ❡t 2✱ ♦♥ ❛

B · n|2 = B · n|1 , ✭✸✳✶✹✮



✸✳✶ ❖✉t✐❧s ♥✉♠ér✐q✉❡s ✼✺

B × n|2 =
µ2

µ1

B × n|1 , ✭✸✳✶✺✮

♦ù n ❡st ✉♥ ✈❡❝t❡✉r ✉♥✐t❛✐r❡ ❞é✜♥✐ ❝♦♠♠❡ ét❛♥t ♥♦r♠❛❧ à ❧✬✐♥t❡r❢❛❝❡ ❡♥tr❡ ❧❡s ❞❡✉①
ré❣✐♦♥s✱ ❡t ❧❡s µi r❡♣rés❡♥t❡♥t ❧❡s ♣❡r♠é❛❜✐❧✐tés ♠❛❣♥ét✐q✉❡s ❝♦rr❡s♣♦♥❞❛♥t❡s✳ ▲❛
❝♦♠♣♦s❛♥t❡ ♥♦r♠❛❧❡ à ❧✬✐♥t❡r❢❛❝❡ ❡st ❝♦♥t✐♥✉❡✱ t❛♥❞✐s q✉❡ ❧❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ♣❡r♠é❛✲
❜✐❧✐té ✐♥tr♦❞✉✐t ✉♥ s❛✉t ❞❛♥s ❧❛ ❝♦♠♣♦s❛♥t❡ t❛♥❣❡♥t✐❡❧❧❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ♣❧✉s
❢♦rt❡ ❞❛♥s ❧❡ ♠✐❧✐❡✉ ❞❡ ❤❛✉t❡ ♣❡r♠é❛❜✐❧✐té✳ ◆♦✉s ♣♦✉rr✐♦♥s t❡♥t❡r ❞❡ ❞é❝r✐r❡ ❞❛♥s
❧❡ ❝♦❞❡ ✉♥ s❛✉t ❞❡ ♣❡r♠é❛❜✐❧✐té ✜♥✐ ❜❛sé s✉r ❧❡s éq✉❛t✐♦♥s ✸✳✶✹✱✸✳✶✺✳ ❚♦✉t❡❢♦✐s ❝❡❧❛
♥✬❡st ♣❛s ❛✐sé ♥✉♠ér✐q✉❡♠❡♥t ❡t ♥✬❡st ♣❛s très ♣❡rt✐♥❡♥t ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ét✉❞✐é✳ ▲❡s
❞✐sq✉❡s ✉t✐❧✐sés ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡✱ à ❧✬♦r✐❣✐♥❡ ❞✉ s❛✉t ❞❡ ♣❡r♠é❛❜✐❧✐té q✉❡ ❧✬♦♥ t❡♥t❡
❞❡ ♠♦❞é❧✐s❡r✱ s♦♥t ❝♦♥st✐t✉és ❞❡ ❢❡r ❞♦✉①✱ ♠❛tér✐❡❧ ❢❡rr♦♠❛❣♥ét✐q✉❡ ❝♦rr❡s♣♦♥❞❛♥t
à ✉♥❡ ♣❡r♠é❛❜✐❧✐té ♠❛❣♥ét✐q✉❡ ❝❡♥t à ♠✐❧❧❡ ❢♦✐s s✉♣ér✐❡✉r❡ à ❝❡❧❧❡ ❞✉ s♦❞✐✉♠✳ ❈❡
❢❛❝t❡✉r ❥✉st✐✜❡ ❧❛ ❝♦♥s✐❞ér❛t✐♦♥ ❞❡s éq✉❛t✐♦♥s ✸✳✶✹✲✸✳✶✺ ❞❛♥s ❧❛ ❧✐♠✐t❡ ❞✬✉♥ s❛✉t ❞❡
♣❡r♠é❛❜✐❧✐té ♠❛❣♥ét✐q✉❡ ✐♥✜♥✐✳ ❉❛♥s ❝❡tt❡ ❧✐♠✐t❡✱ s✐ ♦♥ é❧✐♠✐♥❡ ❧❛ ♣♦ss✐❜✐❧✐té ❞✬✉♥
❝❤❛♠♣ t❛♥❣❡♥t✐❡❧ ✐♥✜♥✐ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❢❡rr♦♠❛❣♥ét✐q✉❡✱ ♦♥ ♣❡✉t r❛✐s♦♥♥❛❜❧❡♠❡♥t
s✉♣♣♦s❡r q✉❡ ❧❛ ❝♦♥❞✐t✐♦♥ s✉✐✈❛♥t❡ s✬❛♣♣❧✐q✉❡ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ♥♦♥✲❢❡rr♦♠❛❣♥ét✐q✉❡✱
❞✉ ❝♦té ✢✉✐❞❡

B × n = 0 . ✭✸✳✶✻✮

▲❡s ❧✐❣♥❡s ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ✢✉✐❞❡ ♦♥t t❡♥❞❛♥❝❡ à s❡ ❝♦♥♥❡❝t❡r
♣❡r♣❡♥❞✐❝✉❧❛✐r❡♠❡♥t ❛✉ ❞♦♠❛✐♥❡ ❢❡rr♦♠❛❣♥ét✐q✉❡✳ ❖♥ ♦❜t✐❡♥t ✉♥ ❥❡✉ ❞❡ ❝♦♥❞✐t✐♦♥s
❛✉① ❧✐♠✐t❡s s✉✣s❛♥t ♣♦✉r ❢❡r♠❡r ❧❡ s②stè♠❡ ❞✬éq✉❛t✐♦♥s✳ ❊♥ ❢❛✐t✱ ❝❡s ❝♦♥❞✐t✐♦♥s s♦♥t
♣❛r❢♦✐s ✉t✐❧✐sé❡s ❝♦♠♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡s ❝♦♥❞✐t✐♦♥s ✐s♦❧❛♥t❡s✱ ❡t ❛♣♣❡❧é❡s ✬♣s❡✉❞♦✲
✈✐❞❡✬✳ ❙✉r ❧❡s ❝♦✉✈❡r❝❧❡s s✉♣ér✐❡✉r ❡t ✐♥❢ér✐❡✉r ❞✉ ❝②❧✐♥❞r❡✱ ❝❡❧❛ r❡✈✐❡♥t à ✐♠♣♦s❡r ✉♥
❝❤❛♠♣ ♣✉r❡♠❡♥t s❡❧♦♥ z ✱ ❞❡ s♦rt❡ q✉✬♦♥ ❛

B × ez = 0 , ✭✸✳✶✼✮

■❧ ❡st é❣❛❧❡♠❡♥t ♣♦ss✐❜❧❡ ❞✬✐♠♣♦s❡r ✉♥ ❛✉tr❡ t②♣❡ ❞❡ ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s s✉r ❧❡s
❝♦✉✈❡r❝❧❡s✳ P♦✉r ❞❡s r❛✐s♦♥s ❧✐é❡s à ❧❛ ♥❛t✉r❡ ❢❡rr♦♠❛❣♥ét✐q✉❡ ❞❡s ❞✐sq✉❡s✱ ❞✐s❝✉té❡s
❡♥ ❞ét❛✐❧s ❞❛♥s ❧❛ s✉✐t❡✱ ✐❧ ♣❡✉t êtr❡ ✐♥tér❡ss❛♥t ❞❡ ❢♦rç❡r ❧❡s ❧✐❣♥❡s ❞❡ ❝❤❛♠♣ ♠❛✲
❣♥ét✐q✉❡ à s❡ r❛❝❝♦r❞❡r à ❧❛ s✉r❢❛❝❡ ❡♥ ét❛♥t ♣✉r❡♠❡♥t ❛③✐♠✉t❛❧❡s✳ ❖♥ ♦❜t✐❡♥t ❞❛♥s
❝❡ ❝❛s

B × eφ = 0 . ✭✸✳✶✽✮

❈♦♥tr❛✐r❡♠❡♥t ❛✉① ❛✉tr❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s✱ ❝❡ ❥❡✉ ❞❡ ❝♦♥❞✐t✐♦♥s ♠❛❣♥ét✐q✉❡s
❡st r❡❧❛t✐✈❡♠❡♥t ♣❡✉ ❝♦✉r❛♥t✱ ❡t ❝❡❧❛ ♠ér✐t❡ q✉❡ ❧✬♦♥ s✬❛tt❛r❞❡ ❛✉① ❞ét❛✐❧s ❞✬✉♥❡ t❡❧❧❡
✐♠♣❧é♠❡♥t❛t✐♦♥✱ ♥♦t❛♠♠❡♥t ❡♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❡s ❝♦♥tr❛✐♥t❡s r❡q✉✐s❡s s✉r ❧❡ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡✳ ▲❛ ♥❛t✉r❡ s♦❧é♥♦ï❞❛❧❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ (∇ · B = 0) ❡t ❧❡ ❢❛✐t q✉❡
Br ❡st ✐❞❡♥t✐q✉❡♠❡♥t ♥✉❧ s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡ ❧✬✐♥t❡r❢❛❝❡ ❧✐♠✐t❡✱ ✐♠♣❧✐q✉❡

∂Bφ

∂φ
= −r

∂Bz

∂z
. ✭✸✳✶✾✮

❈❡tt❡ éq✉❛t✐♦♥ ♥♦✉s ❢♦✉r♥✐t ❛❧♦rs ❧❛ ❝♦♥❞✐t✐♦♥ ❞❡ s♦❧✈❛❜✐❧✐té s✉✐✈❛♥t❡

∮ 2π

0

∂Bz

∂z
dφ = 0 . ✭✸✳✷✵✮



✼✻ ❆♣♣r♦❝❤❡ ❝✐♥é♠❛t✐q✉❡

▲✬é❝♦✉❧❡♠❡♥t ❝♦♥s✐❞éré ❧♦rs ❞❡ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❝❡tt❡ ❝♦♥❞✐t✐♦♥ ❛✉① ❧✐♠✐t❡s ❡st
❝♦♠♣❧èt❡♠❡♥t ❛①✐s②♠étr✐q✉❡✱ ❡t ❧❡s ♠♦❞❡s ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ φ s❡ ❞é❝♦✉♣❧❡♥t ❝♦♠✲
♣❧èt❡♠❡♥t✳ ❖♥ s❛✐t ❞❡ ♣❧✉s q✉❡ ❧❡ t❤é♦rè♠❡ ❞❡ ❈♦✇❧✐♥❣ ✐♠♣❧✐q✉❡ q✉✬✉♥ ♠♦❞❡ ♣r♦♣r❡
♠❛❣♥ét✐q✉❡ ❛①✐s②♠étr✐q✉❡ ♥❡ ♣❡✉t ❡①✐st❡r✳ ▲❛ ❝♦♥❞✐t✐♦♥ ❞❡ s♦❧✈❛❜✐❧✐té ❡st ❛✐♥s✐ ♦❜❧✐✲
❣❛t♦✐r❡♠❡♥t s❛t✐s❢❛✐t❡✱ ❝❡ q✉✐ ♥❡ s❡r❛✐t ♣❛s ❧❡ ❝❛s ♣♦✉r ✉♥❡ s✐♠✉❧❛t✐♦♥ ♥♦♥✲❧✐♥é❛✐r❡✳
P♦✉r ❧❡s ♠♦❞❡s ♥♦♥✲❛①✐s②♠étr✐q✉❡s✱ ♦♥ ♣❡✉t ❛❧♦rs é❝r✐r❡

∮ 2π

0

Bφdφ = 0 , ✭✸✳✷✶✮

❝❡ q✉✐✱ ❛✈❡❝ ✸✳✶✾ ❞ét❡r♠✐♥❡ ❝♦♠♣❧èt❡♠❡♥t ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ Bφ✳ ❊♥ ♣r❛t✐q✉❡✱
❧✬✐♠♣❧é♠❡♥t❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞❡ ❝❡tt❡ ❝♦♥❞✐t✐♦♥ ❛✉① ❧✐♠✐t❡s s❡ ré❛❧✐s❡ ❡♥ ❞❡✉① ét❛♣❡s
s✉❝❝❡ss✐✈❡s✳ ❖♥ ❝❛❧❝✉❧❡ ❞✬❛❜♦r❞

B ′

φ(φ) = −s

∮ φ

0

∂Bz

∂z
dφ . ✭✸✳✷✷✮

❈❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡st ❛❧♦rs ❞é✜♥✐ à ✉♥❡ ❝♦♥st❛♥t❡ ❛r❜✐tr❛✐r❡ ♣rès✳ ■❧ ❢❛✉t ❡♥✲
s✉✐t❡ ❝♦rr✐❣❡r ❧✬❡rr❡✉r ❝♦♠♠✐s❡ ❡♥ ❛ss✉r❛♥t q✉❡ ❧❛ ❝♦♥st❛♥t❡ s❛t✐s❢❛ss❡ ✸✳✷✶✳ ▲✬✐♠♣❧é✲
♠❡♥t❛t✐♦♥ ❞é❝r✐t❡ ✐❝✐ ❡st ♠❛t❤é♠❛t✐q✉❡♠❡♥t ❝♦♥s✐st❛♥t❡ ❡t ♠❛✐♥t✐❡♥t ❧❡ ❝❛r❛❝tèr❡
s♦❧é♥♦ï❞❛❧ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳



✸✳✷ ➱t✉❞❡ ❝✐♥é♠❛t✐q✉❡ ❞✬✉♥❡ ❞②♥❛♠♦ ❞❡ ✈♦♥ ❑ár♠á♥ ✼✼

✸✳✷ ➱t✉❞❡ ❝✐♥é♠❛t✐q✉❡ ❞✬✉♥❡ ❞②♥❛♠♦ ❞❡ ✈♦♥ ❑ár♠á♥

❉✉r❛♥t ❝❡tt❡ t❤ès❡✱ ♥♦✉s ❛✈♦♥s ❝❤♦✐s✐s ❞❡ sé♣❛r❡r ♥♦tr❡ ét✉❞❡ ❡♥ ❞❡✉① ♣❛rt✐❡s
❞✐st✐♥❝t❡s q✉❛♥t à ❧✬❛♣♣r♦❝❤❡✱ ♠❛✐s ❝♦♠♣❧é♠❡♥t❛✐r❡s ❡♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❡s rés✉❧t❛ts✳
❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s à ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ❡♥
❣é♦♠étr✐❡ ❝②❧✐♥❞r✐q✉❡✱ à ❧✬❛✐❞❡ ❞✉ ❝♦❞❡ q✉✐ ✈✐❡♥t ❞✬étr❡ ❞é❝r✐t✳ ▲✬❛♣♣r♦❝❤❡✱ très
s✐♠♣❧❡✱ ❝♦♥s✐st❡ à rés♦✉❞r❡ ❧❡ ♣r♦❜❧è♠❡ ❝✐♥é♠❛t✐q✉❡ ✉♥✐q✉❡♠❡♥t✱ ❡t ❡♥ ✉t✐❧✐s❛♥t
❞❡s é❝♦✉❧❡♠❡♥ts ♠♦❞è❧❡s ♣❧✉tôt q✉❡ ❞❡s s♦❧✉t✐♦♥s ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ◆❛✈✐❡r✲❙t♦❦❡s✳
❈❡❝✐ ♥♦✉s ♣❡r♠❡t ❞❡ ♠✐❡✉① ❝♦♠♣r❡♥❞r❡ ❧❡s ♣❤é♥♦♠è♥❡s ♠✐s ❡♥ ❥❡✉✱ ♣✉✐sq✉❡ ❧✬♦♥
s❛✐t ❡①❛❝t❡♠❡♥t ❧❡ t②♣❡ ❞❡ ✈✐t❡ss❡ q✉❡ ❧✬♦♥ ✐♥tr♦❞✉✐t ❞❛♥s ❧❛ s✐♠✉❧❛t✐♦♥✳ ❉❡ ♣❧✉s✱
❧❡s ♠é❝❛♥✐s♠❡s ét✉❞✐és ✐❝✐ s♦♥t ♣✉r❡♠❡♥t ❧✐♥é❛✐r❡s✱ ❝❡ q✉✐ ❢❛❝✐❧✐t❡ ❧✬✐♥t❡r♣rét❛t✐♦♥
❞❡s rés✉❧t❛ts✳ ❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♣❧✉s✐❡✉rs q✉❡st✐♦♥s s♦♥t ❛❜♦r❞é❡s ✿ ◗✉❡❧ ❡st ❧❡
rô❧❡ ❞❡s ❞✐sq✉❡s ❢❡rr♦♠❛❣♥ét✐q✉❡s ❄ ◗✉❡❧ ❡st ❧❡ ♠é❝❛♥✐s♠❡ q✉✐ ❡♥❣❡♥❞r❡ ❧❛ ❞②♥❛♠♦ ❄
❈♦♠♠❡♥t ❝♦♠♣r❡♥❞r❡ ❧❡ rô❧❡ ❞❡s ✢✉❝t✉❛t✐♦♥s t✉r❜✉❧❡♥t❡s ♣❛r r❛♣♣♦rt à ❧✬é❝♦✉❧❡♠❡♥t
♠♦②❡♥ ❄ ❊t ❡♥✜♥✱ ❝♦♠♠❡♥t ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ❧❡s ré❣✐♠❡s ❞②♥❛♠✐q✉❡s s❡ ♣r♦❞✉✐t✲❡❧❧❡ ❄
❆✉ ❝❤❛♣✐tr❡ s✉✐✈❛♥t✱ ♥♦✉s ét✉❞✐❡r♦♥s ✉♥❡ ❣é♦♠étr✐❡ s♣❤ér✐q✉❡✱ ♠❛✐s ❞❛♥s ❧❛q✉❡❧❧❡
❧❡ ♣r♦❜❧è♠❡ ▼❍❉ ❞②♥❛♠✐q✉❡ ❡st rés♦❧✉✱ ❛♣♣♦rt❛♥t ❞❡s ré♣♦♥s❡s ♣❧✉s ❝♦♠♣❧èt❡s à
❝❡rt❛✐♥❡s ❞❡ ❝❡s q✉❡st✐♦♥s✳

✸✳✷✳✶ ➱❝♦✉❧❡♠❡♥t ♠♦②❡♥ ❞❡ ✈♦♥ ❑ár♠á♥

❈♦♠♠❡ ❝❡❧❛ ❛ été ♠❡♥t✐♦♥♥é ♣❧✉s tôt✱ ét✉❞✐❡r ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t ❧✬❡✛❡t ❞②♥❛♠♦
♦✛r❡✱ ❡♥tr❡ ❛✉tr❡s ❝❤♦s❡s✱ ❧✬♦♣♣♦rt✉♥✐té ❞❡ ♠✐❡✉① ❝♦♠♣r❡♥❞r❡ ✉♥❡ ✐♥st❛❜✐❧✐té ❡♥
♣rés❡♥❝❡ ❞❡ ❜r✉✐t✳ ❯♥ ❛s♣❡❝t ❢♦♥❞❛♠❡♥t❛❧ ❞❡ ❝❡ ♣r♦❜❧è♠❡ ❝♦♥❝❡r♥❡ ❧✬❡✛❡t ❞❡s ✢✉❝✲
t✉❛t✐♦♥s s✉r ❧✬✐♥st❛❜✐❧✐té✳ ❖♥ ♣❡✉t ♣❛r ❡①❡♠♣❧❡ s❡ ❞❡♠❛♥❞❡r s✐ ❧❡s ✢✉❝t✉❛t✐♦♥s ♥✬♦♥t
q✉✬✉♥ rô❧❡ ♣❛r❛s✐t❡ s✉r ❧✬✐♥st❛❜✐❧✐té✱ ❡♥ ❝❤❛♥❣❡❛♥t ✉♥✐q✉❡♠❡♥t ❧❛ ✈❛❧❡✉r ❞✉ s❡✉✐❧✳ ❖✉
❛✉ ❝♦♥tr❛✐r❡ ❝❡s ♣❡rt✉r❜❛t✐♦♥s ❥♦✉❡♥t✲❡❧❧❡ ✉♥ rô❧❡ ♣❧✉s ❛❝t✐❢✱ ❡♥ ♠♦❞✐✜❛♥t ❧❛ str✉❝t✉r❡
❡t ❧❛ ✈❛❧❡✉r ❞❡ s❛t✉r❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❄

▲✬❡①♣ér✐❡♥❝❡ ❱❑❙ ❡st ✉♥ ❜♦♥ ❡①❡♠♣❧❡ ❞❡ ❧❛ ❞✐✣❝✉❧té ❞❡s ♠é❝❛♥✐s♠❡s ❡♥ ❥❡✉✳
❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉ ❛✉ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t✱ ❧❛ str✉❝t✉r❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡
♦❜s❡r✈é ❡st ♣r✐♥❝✐♣❛❧❡♠❡♥t ✉♥ ❞✐♣♦❧❡ ❛①✐❛❧✱ q✉✐ s✉❣❣èr❡ ❧✬✐♠♣❧✐❝❛t✐♦♥ ❞❡s ❝♦♠♣♦✲
s❛♥t❡s ♥♦♥✲❛①✐s②♠étr✐q✉❡s ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ❞❛♥s ❧❛ ❣é♥ér❛t✐♦♥ ❞❡ ❧❛ ❞②♥❛♠♦✳ ▲❛
♣❧✉♣❛rt ❞❡s ♣❧❛♥èt❡s ❞❡ ♥♦tr❡ s②stè♠❡ s♦❧❛✐r❡ ♣rés❡♥t❡♥t ✉♥❡ ❞é✈✐❛t✐♦♥ ❛ss❡③ ❝❧❛✐r❡
à ❧✬❛①✐s②♠étr✐❡✳ ▲❡ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ❡st s♦✉✈❡♥t ✐♠♣♦rt❛♥t✳ ❉❛♥s ❝❡ ❝❛s✱ ✐❧ s✬❛❣✐t
❞✬✉♥❡ ❝♦♠♣♦s❛♥t❡ str✉❝t✉ré❡ à ❣r❛♥❞❡ é❝❤❡❧❧❡✱ ❝❧❛✐r❡♠❡♥t ✐❞❡♥t✐✜❛❜❧❡✳ ❉❛♥s ❧✬❡①✲
♣ér✐❡♥❝❡ ❱❑❙✱ ❧❡s ❞♦♥♥é❡s ❡①♣ér✐♠❡♥t❛❧❡s s❡♠❜❧❡♥t ✐♥❞✐q✉❡r q✉❡ ❧❡s ❝♦♠♣♦s❛♥t❡s
♥♦♥✲❛①✐s②♠étr✐q✉❡s s♦♥t ❛✉ ❝♦♥tr❛✐r❡ ❞❡ ♣❡t✐t❡ é❝❤❡❧❧❡ ❡t ✢✉❝t✉❛♥t❡s ❞❛♥s ❧❡ t❡♠♣s✳
■❧ s❡♠❜❧❡ ❞✐✣❝✐❧❡ ❞✬❛ttr✐❜✉❡r ❝❡tt❡ str✉❝t✉r❡ ♠❛❣♥ét✐q✉❡ à ❧✬❡✛❡t ❞✬✉♥❡ ✈✐t❡ss❡ ♣✉r❡✲
♠❡♥t ❛①✐s②♠étr✐q✉❡ ❡t ❞❡ ❣r❛♥❞❡ é❝❤❡❧❧❡ ❝♦♠♠❡ ❧✬é❝♦✉❧❡♠❡♥t ♠♦②❡♥ ❞❡ ✈♦♥ ❑ár♠á♥✳
❈❡ ♥✬❡st ♣❛s t♦✉❥♦✉rs ❧❡ ❝❛s✳ P❛r ❡①❡♠♣❧❡✱ ❞❛♥s ❧❡s ❞②♥❛♠♦s ❡①♣ér✐♠❡♥t❛❧❡s ❞❡ ❑❛r❧✲
r✉❤❡ ♦✉ ❘✐❣❛✱ ❧❡s ♣ré❞✐❝t✐♦♥s ♥✉♠ér✐q✉❡s ré❛❧✐sé❡s ❡♥ ✉t✐❧✐s❛♥t ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡
♠♦②❡♥♥é ❡♥ t❡♠♣s s♦♥t ❛ss❡③ ♣r♦❝❤❡s ❞❡ ❝❡ q✉✐ ❡st ♦❜s❡r✈é ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t✳ ▲❡s



✼✽ ❆♣♣r♦❝❤❡ ❝✐♥é♠❛t✐q✉❡

✢✉❝t✉❛t✐♦♥s t✉r❜✉❧❡♥t❡s ✐♥✢✉❡♥t ❡ss❡♥t✐❡❧❧❡♠❡♥t s✉r ❧❛ ✈❛❧❡✉r ❞❡ s❛t✉r❛t✐♦♥ ❞❡ ❧✬✐♥✲
st❛❜✐❧✐té✱ s❛♥s ♣❛rt✐❝✐♣❡r ❛❝t✐✈❡♠❡♥t à ❧❛ str✉❝t✉r❛t✐♦♥ ❞✉ ♠♦❞❡✳ ❚♦✉t❡❢♦✐s✱ ❞❛♥s ❝❡s
❡①♣ér✐❡♥❝❡s✱ ❧✬é❝♦✉❧❡♠❡♥t✱ ♠ê♠❡ s✐ ✐❧ s❡ tr♦✉✈❡ ❞❛♥s ✉♥ ré❣✐♠❡ r❡❧❛t✐✈❡♠❡♥t t✉r❜✉✲
❧❡♥t✱ ❡st ❢♦rt❡♠❡♥t ❝♦♥tr❛✐♥t ❣é♦♠étr✐q✉❡♠❡♥t✱ ♣✉✐sq✉❡ ❢♦r❝é à s❡ ❞é♣❧❛❝❡r ❧❡ ❧♦♥❣
❞✬✉♥ rés❡❛✉ ❞❡ t✉②❛✉t❡r✐❡✳

❉❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✱ ❧❛ ❣é♥ér❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ✈❛ êtr❡ ❛ ♣r✐♦r✐ ❧✐é❡ à
❧❛ ♣❛rt✐❡ ♥♦♥✲❛①✐s②♠étr✐q✉❡ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t✱ ♠❛✐s ♥✬❡st ♣r♦❜❛❜❧❡♠❡♥t ♣❛s ❝♦♠♣❧èt❡✲
♠❡♥t ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ ❧❛ ♣❛rt✐❡ ❛①✐s②♠étr✐q✉❡✳ ▲✬é❝♦✉❧❡♠❡♥t ♠♦②❡♥✱ ✐♥❞é♣❡♥❞❛♥t ❞✉
t❡♠♣s✱ r❡st❡ ✉♥❡ ❝❛r❛❝tér✐st✐q✉❡ ✐♠♣♦rt❛♥t❡ ❞✉ s②stè♠❡ ❡t s♦♥ ét✉❞❡ ♣❡✉t ♣❡r♠❡ttr❡
❞❡ ♠✐❡✉① ❝♦♠♣r❡♥❞r❡ ❝❡rt❛✐♥s ❛s♣❡❝ts ❞❡ ❧✬❡①♣ér✐❡♥❝❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❝❡ ❝❤❛♠♣ ❞❡
✈✐t❡ss❡✱ s✐♠♣❧❡ à ♠♦❞é❧✐s❡r✱ s✬❛✈èr❡ ✉t✐❧❡ ♣♦✉r ❛❜♦r❞❡r ❧❡ ♣r♦❜❧è♠❡ ❧✐é à ❧✬❡✛❡t ❞❡s
❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ♠❛❣♥ét✐q✉❡s s✉r ❧❡ s❡✉✐❧ ❞❡ ❧✬✐♥st❛❜✐❧✐té✳

❍✐st♦r✐q✉❡♠❡♥t✱ ❧❡s ♣r❡♠✐èr❡s ét✉❞❡s ♥✉♠ér✐q✉❡s ❧✐é❡s à ❱❑❙ s❡ s♦♥t t♦✉t❡s ❢♦✲
❝❛❧✐sé❡s s✉r ❧✬é❝♦✉❧❡♠❡♥t ♠♦②❡♥✳ ❈❡tt❡ ✈✐t❡ss❡ ❡st ❡✛❡❝t✐✈❡♠❡♥t ❢❛❝✐❧❡ à ✐♠♣❧é♠❡♥t❡r
♥✉♠ér✐q✉❡♠❡♥t ❡t ❜✐❡♥ ét✉❞✐é❡ ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t✳ ■❧ ❡①✐st❡ ♣❧✉s✐❡✉rs ❢❛ç♦♥s ❞❡ ♠♦✲
❞é❧✐s❡r ♥✉♠ér✐q✉❡♠❡♥t ❧✬❡✛❡t ❞✉ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ♠♦②❡♥✳ P❛r ❡①❡♠♣❧❡✱ ❞✉r❛♥t s❛
t❤ès❡✱ ▲♦✉✐s ▼❛r✐é ❛ ✐♠♣❧é♠❡♥té ♥✉♠ér✐q✉❡♠❡♥t ❞❡s ❝❛rt❡s ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ✐ss✉❡s
❞❡ ♠❡s✉r❡s ❞❡ ✈✐t❡ss❡ ♠♦②❡♥♥❡ à ♣❛rt✐r ❞❡s ❡①♣ér✐❡♥❝❡s ❡♥ ❡❛✉ ré❛❧✐sé❡s ❛✉ ❈❊❆ à
❙❛❝❧❛② ❬✺✵❪✱❬✺✷❪✳ ■❧ s✬❛❣✐t ❞✬✉♥❡ ❛♣♣r♦❝❤❡ é❣❛❧❡♠❡♥t ✉t✐❧✐sé❡ ♣❧✉s t❛r❞ ♣❛r ❘❛✈❡❧❡t ❡t
❛❧ ❬✼✸❪✱ ♣✉✐s ♣❛r ❙t❡❢❛♥✐ ❡t ❛❧ ❬✽✶❪✳ ❖♥ ♣ré❢èr❡ ✐❝✐ ✉♥❡ ♠❛♥✐èr❡ ♣❧✉s s✐♠♣❧❡ ❝♦♥s✐st❛♥t
à ✉t✐❧✐s❡r ✉♥❡ ❡①♣r❡ss✐♦♥ ❛♥❛❧②t✐q✉❡ ❞❡ ✈✐t❡ss❡ ❝♦♥♥✉❡ ♣♦✉r r❡♣rés❡♥t❡r r❡❧❛t✐✈❡♠❡♥t
❜✐❡♥ ❧✬é❝♦✉❧❡♠❡♥t ♠♦②❡♥ ❞❡ ✈♦♥ ❑ár♠á♥✳ ❈❡tt❡ ❛♣♣r♦❝❤❡✱ ✐♥tr♦❞✉✐t❡ ♣❛r ▼❛r✐é✱
◆♦r♠❛♥❞ ❡t ❉❛✈✐❛✉❞ ❬✺✶❪✱ ♣✉✐s r❡♣r✐s❡ ♣❛r ❧❛ s✉✐t❡ ❞❛♥s ♣❧✉s✐❡✉rs ét✉❞❡s ♥✉♠é✲
r✐q✉❡s ❬✹✶❪✱❬✽✶❪✱❬✼✸❪ ♣❡r♠❡t ❞❡ ♣♦✉✈♦✐r ♠♦❞✐✜❡r ❝♦♥t✐♥û♠❡♥t ❡t ❞❡ ♠❛♥✐èr❡ ❝♦♥trô❧é❡
❝❡rt❛✐♥s ♣❛r❛♠ètr❡s ❞❡ ❧✬é❝♦✉❧❡♠❡♥t✱ ❝♦♠♠❡ ❧❡ r❛♣♣♦rt ❡♥tr❡ ✈✐t❡ss❡ t♦r♦ï❞❛❧❡ ❡t
✈✐t❡ss❡ ♣♦❧♦ï❞❛❧❡ ♣❛r ❡①❡♠♣❧❡✳ ❉❛♥s t♦✉t ❝❡ q✉✐ s✉✐t✱ ❧❡ ❞♦♠❛✐♥❡ ❝♦♥t❡♥❛♥t ❧❡ ✢✉✐❞❡
❡st ❞é✜♥✐✱ ❡♥ ❝♦♦r❞♦♥♥é❡s ❝②❧✐♥❞r✐q✉❡s✱ ♣❛r 0 < r < 1 ❡t −1 < z < 1✳ ▲✬❡①♣r❡ss✐♦♥
❛♥❛❧②t✐q✉❡ s✉✐✈❛♥t❡ ✸✳✷✹✱ ❛♣♣❡❧❧é ♣❛r❢♦✐s é❝♦✉❧❡♠❡♥t ▼◆❉ ✭♣♦✉r ▼❛r✐é✱ ◆♦r♠❛♥❞✱
❉❛✈✐❛✉❞✮ ❡st ✉♥ ❡①❡♠♣❧❡ ❞❡ ✈✐t❡ss❡ r❡♣r♦❞✉✐s❛♥t ❧✬❡♥s❡♠❜❧❡ ❞❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡
❧✬é❝♦✉❧❡♠❡♥t ré❡❧

ur = −π
2
r(1 − r)2 (1 + 2r) cos(πz) ,

uθ = 4ǫr (1 − r) sin(
π

2
z) , ✭✸✳✷✸✮

uz = (1 − r)
(

1 + r − 5r 2
)

sin(πz) .

■❝✐✱ ǫ ❡st ✉♥ ♣❛r❛♠ètr❡ q✉✐ r❡♣rés❡♥t❡ ❧❡ r❛♣♣♦rt ❡♥tr❡ ❧❛ ♣❛rt✐❡ ♣♦❧♦ï❞❛❧❡ ❡t ❧❛ ♣❛rt✐❡
t♦r♦ï❞❛❧❡ ❞❡ ❧❛ ✈✐t❡ss❡✳ ❉❡s ét✉❞❡s ❛♥tér✐❡✉r❡s ♦♥t ♠♦♥tré q✉❡ ❧❛ ✈❛❧❡✉r ♦♣t✐♠❛❧❡ ❞❡
❝❡ ♣❛r❛♠ètr❡ ❡st ǫ = 0.7259✱ q✉✐ ❝♦♥❞✉✐t ❛✉ s❡✉✐❧ ❞②♥❛♠♦ ❧❡ ♣❧✉s ❜❛s✳ ▲❡s ❞✐sq✉❡s
✉t✐❧✐sés ❞❛♥s ❱❑❙ s♦♥t ♠✉♥✐s ❞❡ ❤✉✐t ♣❛❧❡s ❝♦✉r❜❡s ✉s✐♥é❡s ❛✜♥ ❞❡ s✬❛♣♣r♦❝❤❡r ❞❡
❝❡ r❛♣♣♦rt ♣♦❧♦ï❞❛❧✴t♦r♦ï❞❛❧✳

❈❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ s②♥t❤ét✐q✉❡ r❡♣r♦❞✉✐t ❧❛ ❢♦rt❡ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❝♦♥❞✉✐✲
s❛♥t à ✉♥ ❝✐s❛✐❧❧❡♠❡♥t ♠❛①✐♠✉♠ ❞❛♥s ❧❡ ♣❧❛♥ ♠é❞✐❛♥ ❞✉ ❝②❧✐♥❞r❡✱ ❡♥tr❡ ❧❡s ❞❡✉①
❞✐sq✉❡s✳ ❉❡ ♣❧✉s✱ ❝✬❡st ✉♥ é❝♦✉❧❡♠❡♥t q✉✐ ❝♦♥t✐❡♥t ✉♥❡ ✐♠♣♦rt❛♥t❡ ❤é❧✐❝✐té ❝✐♥ét✐q✉❡✳



✸✳✷ ➱t✉❞❡ ❝✐♥é♠❛t✐q✉❡ ❞✬✉♥❡ ❞②♥❛♠♦ ❞❡ ✈♦♥ ❑ár♠á♥ ✼✾

❋✐❣✳ ✸✳✶✿ ❈♦✉♣❡ ❞❛♥s ❧❡ ♣❧❛♥ r , z ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ❞❡ ✈♦♥ ❑ár♠á♥ s②♥t❤ét✐q✉❡ ❞♦♥♥é ♣❛r
❧✬❡①♣r❡ss✐♦♥ ✸✳✷✹✳

▲❛ ✜❣✉r❡ ✸✳✶ ♠♦♥tr❡ ❧✬é❝♦✉❧❡♠❡♥t ✸✳✷✹ à ♣❛rt✐r ❞✬✉♥❡ s✐♠✉❧❛t✐♦♥ ♥✉♠ér✐q✉❡ t②♣✐q✉❡✳
▲❡ ❝♦❞❡ ❞❡ ❝♦✉❧❡✉r ✐♥❞✐q✉❡ ❧❛ ♣❛rt✐❡ t♦r♦ï❞❛❧❡ ❞❡ ❧❛ ✈✐t❡ss❡ t❛♥❞✐s q✉❡ ❧❡s ❧✐❣♥❡s s♦♥t
❧❡s ✐s♦✈❛❧❡✉rs ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❝♦✉r❛♥t ❞❡ ❧❛ ✈✐t❡ss❡ ♣♦❧♦ï❞❛❧❡✳

❖♥ rés♦✉❞ ♥✉♠ér✐q✉❡♠❡♥t ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞✬✐♥❞✉❝t✐♦♥ ❛✉ s❡✐♥ ❞✬✉♥
❝②❧✐♥❞r❡✱ ♦ù ❧❛ ✈✐t❡ss❡ ❡st ✐♠♣♦sé❡ ❡①♣❧✐❝✐t❡♠❡♥t ♣❛r ❧✬❡①♣r❡ss✐♦♥ ❛♥❛❧②t✐q✉❡ ✸✳✷✹✳
❊♥ ❝♦♥❞✐t✐♦♥ ✐♥✐t✐❛❧❡✱ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ s❡ ♣r♦❥❡tt❡ s✉r ❧❡s ♠♦❞❡s ❛③✐♠✉t❛✉①
❛❧❧❛♥t ❞❡ m = 0 à m = 16✱ ❡t ❝❤❛❝✉♥ ❞❡ ❝❡s ♠♦❞❡s ❝♦♠♣♦rt❡ ✉♥❡ ♣❛rt✐❡ s②♠étr✐q✉❡
❡t ✉♥❡ ♣❛rt✐❡ ❛♥t✐s②♠étr✐q✉❡ ♣❛r r❛♣♣♦rt à ❧✬éq✉❛t❡✉r✳ ▼❛❧❣ré ❧❛ r❡❧❛t✐✈❡ s✐♠♣❧✐❝✐té ❞❡
❝❡t é❝♦✉❧❡♠❡♥t✱ ♦♥ ♦❜s❡r✈❡ ❧❛ ❣é♥ér❛t✐♦♥ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣❛r ❡✛❡t ❞②♥❛♠♦
♣♦✉r ✉♥ s❡✉✐❧ ❛ss❡③ ❜❛s✳ ▲✬é❝♦✉❧❡♠❡♥t ❞❡ ✈♦♥ ❑ár♠á♥ s②♥t❤ét✐q✉❡ ✉t✐❧✐sé ✐❝✐ ❡st
❝♦♠♣❧èt❡♠❡♥t ❛①✐s②♠étr✐q✉❡✳ ❖♥ s✬❛tt❡♥❞ ❧♦❣✐q✉❡♠❡♥t à ❝❡ q✉❡ ❧❡ ❝❤❛♠♣ ♣r♦❞✉✐t ♣❛r
✉♥❡ s✐♠✉❧❛t✐♦♥ ❝✐♥é♠❛t✐q✉❡ ❜❛sé❡ s✉r ❝❡t é❝♦✉❧❡♠❡♥t ❜r✐s❡ ❢♦rt❡♠❡♥t ❧✬❛①✐s②♠étr✐❡✱
s❡❧♦♥ ❧❡ t❤é♦rè♠❡ ❞❡ ❈♦✇❧✐♥❣✳ ▲❛ ✜❣✉r❡ ✸✳✷ ♠♦♥tr❡ ❧❛ t♦♣♦❧♦❣✐❡ ❞✉ ♠♦❞❡ ✐♥st❛❜❧❡✳
■❧ s✬❛❣✐t ❞✬✉♥ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ m = 1✱ s✐♠✐❧❛✐r❡ à ❝❡❧✉✐ ♦❜s❡r✈é ❞❛♥s ❧❡s tr❛✈❛✉①
♥✉♠ér✐q✉❡s ❛♥tér✐❡✉rs ♣ré❝é❞❡♠♠❡♥t ❝✐tés✳

❉❛♥s t♦✉s ❧❡s ❝❛s ét✉❞✐és ❞✉r❛♥t ❝❡tt❡ s❡❝t✐♦♥✱ ❧❡ ♠♦❞❡ ❝ré❡ ♣❛r ❧✬é❝♦✉❧❡♠❡♥t ❡st
t♦✉❥♦✉rs st❛t✐♦♥♥❛✐r❡✳ ▲✬♦❜s❡r✈❛t✐♦♥ ❞✬✉♥ ♠♦❞❡ m = 1 ♠❛❣♥ét✐q✉❡ ♥✬❡st ♣❛s ✈r❛✐✲
♠❡♥t s✉r♣r❡♥❛♥t✱ ♠❛✐s ♠ér✐t❡ ré✢❡①✐♦♥✳ ■❧ s✬❛❣✐t ❞✬✉♥❡ str✉❝t✉r❡ ♠❛❣♥ét✐q✉❡ très



✽✵ ❆♣♣r♦❝❤❡ ❝✐♥é♠❛t✐q✉❡

❋✐❣✳ ✸✳✷✿ ❙tr✉❝t✉r❡ ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ❡♥❣❡♥❞ré ♣❛r ❧✬é❝♦✉❧❡♠❡♥t ♠♦②❡♥ ❞❡ ✈♦♥
❑ár♠á♥✳ ❆ ❣❛✉❝❤❡ ✿ ❧✐❣♥❡s ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞✉ ♠♦❞❡✳ ❆ ❞r♦✐t❡ ✿ ✐s♦✈❛❧❡✉r
❞❡ ✷✺ ✪ ❞✉ ♠❛①✐♠✉♠ ❞❡ ❧✬é♥❡r❣✐❡ ♠❛❣♥ét✐q✉❡✳ ■❧ s✬❛❣✐t ❞✬✉♥ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧✱
❞♦♥t ❧❛ t♦t❛❧✐té ❞❡ ❧✬é♥❡r❣✐❡ s❡ s✐t✉❡ s✉r ❧❡ ♥♦♠❜r❡ ❛③✐♠✉t❛❧ m = 1

s♦✉✈❡♥t ♦❜s❡r✈é❡✱ ♣♦✉r ❞❡ ♥♦♠❜r❡✉① s②stè♠❡s ❞✐✛ér❡♥ts✳ ◆♦✉s ❛✈♦♥s ❞é❥à ♠❡♥t✐♦♥♥é
♣❧✉s ❤❛✉t ❧❡ ❢❛✐t q✉❡ ❞❡ ♥♦♠❜r❡✉① ♦❜❥❡ts ♥❛t✉r❡❧s ♣rés❡♥t❡♥t ✉♥❡ ❝♦♠♣♦s❛♥t❡ m = 1
❞❛♥s ❧❡✉r ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ② ❝♦♠♣r✐s ❧❛ ❚❡rr❡✳ ▲❡s ❞❡✉① ❡①♣ér✐❡♥❝❡s ❞❡ ❞②♥❛♠♦s
✢✉✐❞❡s ré❛❧✐sé❡s✱ ❑❛r❧sr✉❤❡ ❡t ❘✐❣❛✱ ♦♥t ♠♦♥tré t♦✉t❡s ❧❡s ❞❡✉① ✉♥❡ ❞é♣❡♥❞❛♥❝❡ ❛③✐✲
♠✉t❛❧❡ m = 1✳ ❯♥❡ ❞❡s ♣r❡♠✐èr❡s ét✉❞❡s ♥✉♠ér✐q✉❡s s✉r ❧❡s ❞②♥❛♠♦s ❝✐♥é♠❛t✐q✉❡s✱
ré❛❧✐sé❡ ♣❛r ❉✉❞❧❡② ❡t ❏❛♠❡s s✉r ❞✐✛ér❡♥ts t②♣❡s ❞✬é❝♦✉❧❡♠❡♥ts ♠♦❞è❧❡s ❛①✐s②♠é✲
tr✐q✉❡s✱ ❛ ♣ré❞✐t ❧❛ ❣é♥ér❛t✐♦♥ ❞❡ t❡❧❧❡s str✉❝t✉r❡s éq✉❛t♦r✐❛❧❡s✳ ❈❡❧❛ ♣❡✉t✱ ✉♥❡ ❢♦✐s
❞❡ ♣❧✉s✱ êtr❡ r❡❧✐é ❛✉ t❤é♦rè♠❡ ❞❡ ❈♦✇❧✐♥❣✳ ❊♥ ❧✬❛❜s❡♥❝❡ ❞❡ ✈✐t❡ss❡✱ ❧❡s ❞✐✛✉s✐♦♥ ❞❡s
♠♦❞❡s m = 1 ❡t m = 0 s♦♥t ❧❡s ♣❧✉s ❧❡♥t❡s✱ ❡♥ r❛✐s♦♥ ❞❡s ❢❛✐❜❧❡s ❣r❛❞✐❡♥ts ❛ss♦❝✐és
à ❝❡s str✉❝t✉r❡s✳ ▲❡ ♠♦❞❡ ❛①✐s②♠étr✐q✉❡ ét❛♥t ✐♥t❡r❞✐t ♣❛r ❧❡ t❤é♦rè♠❡ ❞❡ ❈♦✇❧✐♥❣✱
♦♥ s✬❛tt❡♥❞ ❞♦♥❝ à ❝❡ q✉❡ ❧❡ ♠♦❞❡ m = 1 s♦✐t ❧❛ str✉❝t✉r❡ ❧❛ ♣❧✉s ❢❛❝✐❧❡ à ❡①❝✐t❡r✳
❉❛♥s ❞❡s s②stè♠❡s ✐♠♣❧✐q✉❛♥t ❞❡s ❝❤❛♠♣s ❞❡ ✈✐t❡ss❡ ❛①✐s②♠étr✐q✉❡✱ ✐❧ s❡♠❜❧❡ ♥❛t✉✲
r❡❧ q✉❡ ❧❡ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ s♦✐t ❧❡ ♠♦❞❡ ♦❜s❡r✈é✳ ❉❛♥s ❝❡tt❡ ♣❡rs♣❡❝t✐✈❡✱ ❝✬❡st ♣❧✉tôt
❧❛ t❡♥❞❛♥❝❡ ❞❡ ❧❛ ♣❧✉♣❛rt ❞❡s ♦❜❥❡ts ♥❛t✉r❡❧s à tr♦✉✈❡r ✉♥ ♠♦②❡♥ ❞✬❡♥❣❡♥❞r❡r ✉♥❡
❝♦♠♣♦s❛♥t❡ ❛①✐s②♠étr✐q✉❡ q✉✐ ♣❡✉t s❡♠❜❧❡r s✉r♣r❡♥❛♥t❡✳ ◆♦✉s r❡✈✐❡♥❞r♦♥s ❛✉ ♣r♦✲
❝❤❛✐♥ ❝❤❛♣✐tr❡ s✉r ❧❡s ♠♦②❡♥s q✉❡ ♣♦ssè❞❡ ✉♥ s②stè♠❡ ♣♦✉r ❝♦♥t♦✉r♥❡r ❧❛ ❝♦♥tr❛✐♥t❡
❞✉ t❤é♦rè♠❡ ❞❡ ❈♦✇❧✐♥❣✱ ♥♦t❛♠♠❡♥t ❧♦rsq✉❡ ❧❛ ❢♦r❝❡ ❞❡ ▲❛♣❧❛❝❡ ❡st ♣r✐s❡ ❡♥ ❝♦♠♣t❡✳

■❧ ❡st ❞✐✣❝✐❧❡ ❞✬❛✈❛♥❝❡r ✉♥❡ ❡①♣❧✐❝❛t✐♦♥ ♣❧✉s ♣ré❝✐s❡ ♣♦✉r ❧❛ ❣é♥ér❛t✐♦♥ ❞✉ ❞✐♣♦❧❡
éq✉❛t♦r✐❛❧ ✭✈♦✐r ♥é❛♥♠♦✐♥s ❬✻✷❪ ❡t ❬✾❪ ♣♦✉r ✉♥❡ ❛♥❛❧②s❡ ❞✉ ♠♦❞❡ ♠❛❣♥ét✐q✉❡ m = 1✮✳
❖♥ ♣❡✉t ♥♦t❡r q✉❡ ❧✬é♥❡r❣✐❡ ♠❛❣♥ét✐q✉❡ s❡ ❝♦♥❝❡♥tr❡ ♣r✐♥❝✐♣❛❧❡♠❡♥t ❞❛♥s ❧❡ ♣❧❛♥
♠é❞✐❛♥✳ ❈❡❝✐ ❝♦rr❡s♣♦♥❞ à ❧✬❡♥❞r♦✐t ♦ù ❧❡ ❝✐s❛✐❧❧❡♠❡♥t ❡st ❧❡ ♣❧✉s ✐♠♣♦rt❛♥t✱ s✉❣❣é✲
r❛♥t ❧❡ rô❧❡ ❢♦♥❞❛♠❡♥t❛❧ q✉❡ ❥♦✉❡ ❧✬❡✛❡t ω ❞❛♥s ❧❛ ❣é♥ér❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳
■❧ ❡st t♦✉t ❞❡ ♠ê♠❡ ❛ss❡③ ❞✐✣❝✐❧❡ ❞❡ ❝♦♠♣r❡♥❞r❡ ❝❧❛✐r❡♠❡♥t ❧❡s ♠é❝❛♥✐s♠❡s ❡♥ ❥❡✉
✐❝✐ ❞❛♥s ❧❛ ❝ré❛t✐♦♥ ❞❡ ❧❛ ❞②♥❛♠♦✳ ▲❡ r❛♣♣♦rt t♦r♦ï❞❛❧✴♣♦❧♦ï❞❛❧ ❞✉ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡



✸✳✷ ➱t✉❞❡ ❝✐♥é♠❛t✐q✉❡ ❞✬✉♥❡ ❞②♥❛♠♦ ❞❡ ✈♦♥ ❑ár♠á♥ ✽✶

❝♦♥trô❧❡ ❢♦rt❡♠❡♥t ❧❛ ✈❛❧❡✉r ❞✉ s❡✉✐❧ ❞②♥❛♠♦✱ ❡t ♦♥ ♣❡✉t ♣❡♥s❡r q✉❡ ❧✬❤é❧✐❝✐té ❝✐♥é✲
t✐q✉❡ ❡st é❣❛❧❡♠❡♥t ✐♠♣❧✐q✉é❡ ❞❛♥s ❧❡ ♠é❝❛♥✐s♠❡ ❞②♥❛♠♦✳ ❉❛♥s ❬✾❪✱ ❧❛ ❣é♥ér❛t✐♦♥
❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ❡st ❛ss♦❝✐é ❛✈❡❝ ✉♥ ♠é❝❛♥✐s♠❡ ❞❡ t②♣❡ α−ω✱ ♠❛✐s ❞✐✛ér❡♥t ❞❡
❝❡❧✉✐ ♣rés❡♥té ❛✉ ❝❤❛♣✐tr❡ 2 ♣♦✉r ❡①♣❧✐q✉❡r ❧❡ ♠♦❞❡ ❛①✐s②♠étr✐q✉❡ ♦❜s❡r✈é✳

✸✳✷✳✷ ❊✛❡t ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s s✉r ❧✬✐♥st❛❜✐❧✐té

▲✬✐♠♣♦rt❛♥❝❡ ❞❡s ❞✐sq✉❡s ❢❡rr♦♠❛❣♥ét✐q✉❡s ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ❛ ❞é❥à été
♠❡♥t✐♦♥♥é à ♣❧✉s✐❡✉rs r❡♣r✐s❡s✳ ❈✬❡st ❝❡tt❡ ♠♦❞✐✜❝❛t✐♦♥ q✉✐ ❛ ❝♦♥❞✉✐t à ❧✬♦❜s❡r✈❛t✐♦♥
❞✬✉♥ ❡✛❡t ❞②♥❛♠♦✳ ❆ ❝❡ ❥♦✉r✱ ❧❛ ❣é♥ér❛t✐♦♥ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡
❱❑❙ ♥✬❛ été ♦❜s❡r✈é❡ q✉✬❡♥ ♣rés❡♥❝❡ ❞✬❛✉ ♠♦✐♥s ✉♥ ❞✐sq✉❡ ❢❡rr♦♠❛❣♥ét✐q✉❡✱ ❡t ✐❧
❡st ❞♦♥❝ ♣r✐♠♦r❞✐❛❧ ❞❡ ❜✐❡♥ ❝♦♠♣r❡♥❞r❡ ❧✬♦r✐❣✐♥❡ ❞✬✉♥ t❡❧ ❡✛❡t✳

❉❛♥s ❞❡ ♥♦♠❜r❡✉① ❝❛s ❞✬✐♥st❛❜✐❧✐té✱ ✐❧ ❡st ❝♦♥♥✉ q✉❡ ❧❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❞✉
s②stè♠❡ ♣❡✉✈❡♥t ✐♥✢✉❡♥❝❡r ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❧✬✐♥st❛❜✐❧✐té✳ ❉❛♥s ❝❡rt❛✐♥s ❝❛s✱ ❝❡❧❛
♣❡✉t ♠♦❞✐✜❡r ❧❛ ✈❛❧❡✉r ❞✉ s❡✉✐❧ ❞❡ ❧✬✐♥st❛❜✐❧✐té✳ ❉❛♥s ❞✬❛✉tr❡s ❝❛s✱ ♦♥ ♦❜s❡r✈❡ ✉♥❡
✐♥✢✉❡♥❝❡ s✉r ❧❛ ❞②♥❛♠✐q✉❡ ❡t ❧❛ str✉❝t✉r❡ ❞✉ ♠♦❞❡ ✐♥st❛❜❧❡✳ P❛r ❡①❡♠♣❧❡✱ ❞❛♥s ❧❡ ❝❛s
❞❡ ❧✬✐♥st❛❜✐❧✐té ❞❡ ❘❛②❧❡✐❣❤✲❇❡♥❛r❞✱ ♦ù ✉♥❡ ❝♦✉❝❤❡ ❞❡ ✢✉✐❞❡ ✐♥✐t✐❛❧❧❡♠❡♥t ❛✉ r❡♣♦s ❡st
❝❤❛✉✛é❡ ♣❛r ❧❡ ❜❛s✱ ♦♥ s❛✐t q✉❡ ❧❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s s✉r ❧❛ ✈✐t❡ss❡ ❛✉① ❞❡✉① ❜♦r❞s
❞✉ ❞♦♠❛✐♥❡ ❝❤❛♥❣❡♥t ❧❛ str✉❝t✉r❡ ❡t ❧❡ s❡✉✐❧ ❞✬❛♣♣❛r✐t✐♦♥ ❞❡s r♦✉❧❡❛✉① ❞❡ ❝♦♥✈❡❝t✐♦♥✳
▲♦rsq✉❡ ❧✬♦♥ ✉t✐❧✐s❡ ✉♥❡ s✉r❢❛❝❡ ❧✐❜r❡ ❡♥ ❤❛✉t ♣❧✉tôt q✉✬✉♥❡ ❝♦♥❞✐t✐♦♥ r✐❣✐❞❡✱ ❧❡ s❡✉✐❧ ❡t
❧❡ ♥♦♠❜r❡ ❞✬♦♥❞❡ ❞❡ ❧✬✐♥st❛❜✐❧✐té s♦♥t ♣❧✉s ♣❡t✐ts✳ ❯♥ ❝❤❛♥❣❡♠❡♥t s✉r ❧❡s ❝♦♥❞✐t✐♦♥s
❛✉① ❧✐♠✐t❡s t❤ér♠✐q✉❡s ❛ ✉♥ ❡✛❡t ❡♥❝♦r❡ ♣❧✉s ✐♠♣♦rt❛♥t✳ ▲❡ ♠ê♠❡ ♣❤é♥♦♠è♥❡ ❡st ❛
♣r✐♦r✐ ♣♦ss✐❜❧❡ ❡♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧✬❡✛❡t ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ♠❛❣♥ét✐q✉❡s s✉r
✉♥❡ ✐♥st❛❜✐❧✐té ❞②♥❛♠♦✱ ❡t ❛ été ét✉❞✐é ❞❡♣✉✐s ❛ss❡③ ❧♦♥❣t❡♠♣s ✭✈♦✐r ♣❛r ❡①❡♠♣❧❡
❬✶✹❪✮✳ ❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉ ❛✉ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t✱ ✐❧ ❡st t❡❝❤♥✐q✉❡♠❡♥t ❞✐✣❝✐❧❡
❞✬❛tt❡✐♥❞r❡ ❧❡ s❡✉✐❧ ❞❡ ❧❛ ❞②♥❛♠♦✳ ▼♦❞✐✜❡r ❧❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ♠❛❣♥ét✐q✉❡s ❡st
✉♥❡ ♠♦❞✐✜❝❛t✐♦♥ r❡❧❛t✐✈❡♠❡♥t s✐♠♣❧❡ ❡t ♣❡✉ ♦♥ér❡✉s❡ q✉✐ ♣❡✉t ♣❡r♠❡ttr❡ ❞✬❛❜❛✐ss❡r
❧❡ s❡✉✐❧ ❞❡ ❧✬✐♥st❛❜✐❧✐té✳ P❛r ❛✐❧❧❡✉rs✱ ❧✬❡✛❡t ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ♠❛❣♥ét✐q✉❡s
s✉r ✉♥❡ ❞②♥❛♠♦ ❡①♣ér✐♠❡♥t❛❧❡ r❡st❡ ✉♥ ♣r♦❜❧è♠❡ ❣é♥ér❛❧ ❡t ♦✉✈❡rt✳

❉❛♥s ❧❛ ♣rés❡♥t❡ s❡❝t✐♦♥✱ ♣❧✉s✐❡✉rs ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ♣♦✉r ❧❡ ❝❤❛♠♣ ♠❛❣♥é✲
t✐q✉❡ s♦♥t ét✉❞✐é❡s ❡t ❝♦♠♣❛ré❡s ❡♥tr❡ ❡❧❧❡s✳ ▲✬❛♣♣r♦❝❤❡ ❧❛ ♣❧✉s ❝❧❛ss✐q✉❡ ❞❛♥s ❧❡ ❝❛s
❞❡ s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❡st ❞❡ ❝♦♥s✐❞ér❡r ❧❡ ❞♦♠❛✐♥❡ ❡①tér✐❡✉r ❝♦♠♠❡ ét❛♥t é❧❡❝✲
tr✐q✉❡♠❡♥t ✐s♦❧❛♥t✳ ❈❡❝✐ ❡st ❛ss✉ré ❡♥ r❛❝❝♦r❞❛♥t ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞✉ ❞♦♠❛✐♥❡
❞❡ ❝❛❧❝✉❧ à ✉♥ ❝❤❛♠♣ ❞ér✐✈❛♥t ❞✬✉♥ ♣♦t❡♥t✐❡❧✱ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ▲❛♣❧❛❝❡ ❞❛♥s
❧❡ ✈✐❞❡✳ ❯♥ ❛✉tr❡ t②♣❡ ❞❡ ❝♦♥❞✐t✐♦♥s ❡st ♦❜t❡♥✉ ❧♦rsq✉❡ ❧❛ ♣❛r♦✐ ❡①tér✐❡✉r❡ ❡st ✉♥
♠✐❧✐❡✉ ❢❡rr♦♠❛❣♥ét✐q✉❡✱ ❝♦rr❡s♣♦♥❞❛♥t à ✉♥ ♠✐❧✐❡✉ ♣♦ssé❞❛♥t ✉♥❡ très ❤❛✉t❡ ♣❡r✲
♠é❛❜✐❧✐té ♠❛❣♥ét✐q✉❡✳ ◆♦t♦♥s é❣❛❧❡♠❡♥t q✉❡ q✉❡❧q✉❡ s♦✐t ❧❛ ❝♦♥❞✐t✐♦♥ ❛✉① ❧✐♠✐t❡s
❝❤♦✐s✐❡✱ ✐❧ ❡st t♦✉❥♦✉rs ♣♦ss✐❜❧❡ ❞❡ r❛❥♦✉t❡r ✉♥❡ ❝♦✉❝❤❡ ❞❡ ✢✉✐❞❡ ❛✉ r❡♣♦s ❡♥tr❡ ❧❡
❞♦♠❛✐♥❡ ❛❝t✐❢ ❡t ❧❡ ❞♦♠❛✐♥❡ ❡①tér✐❡✉r✳ ▲❛ ❝♦♥❞✐t✐♦♥ ❛✉① ❧✐♠✐t❡s ❢❡rr♦♠❛❣♥ét✐q✉❡ ❡st
é✈✐❞❡♠♠❡♥t ❧❛ ♣❧✉s ✐♥tér❡ss❛♥t❡✱ à ❝❛✉s❡ ❞✉ rô❧❡ ❞❡s ❞✐sq✉❡s ❢❡rr♦♠❛❣♥ét✐q✉❡s✳

▲✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❞✐sq✉❡s ❡♥ ❢❡r ❞♦✉① ♣❡r♠❡tt❛♥t ❞✬❛❜❛✐ss❡r ❧❡ s❡✉✐❧ ❞✬✐♥st❛❜✐❧✐té



✽✷ ❆♣♣r♦❝❤❡ ❝✐♥é♠❛t✐q✉❡

❞②♥❛♠♦ tr♦✉✈❡ ❞✐✛ér❡♥t❡s ❥✉st✐✜❝❛t✐♦♥s✳ ❉❛♥s ❧✬❡①♣ér✐❡♥❝❡✱ ✐❧ ❡①✐st❡ ✉♥ ❡s♣❛❝❡ ❡♥tr❡
❧❡s ❞✐sq✉❡s ❡t ❧❡s ❜♦r❞s ❡①tér✐❡✉rs ❞✉ ❝②❧✐♥❞r❡✳ ❉❛♥s ❝❡t ❡s♣❛❝❡✱ ❧❡ s♦❞✐✉♠ ❧✐q✉✐❞❡ ❡st
❧✐❜r❡ ❞❡ ❝✐r❝✉❧❡r ❡t ✐❧ s❡ ♣r♦❞✉✐t ♣r♦❜❛❜❧❡♠❡♥t ✉♥❡ r❡❝✐r❝✉❧❛t✐♦♥ ❞✉ ✢✉✐❞❡✳ ❉❡s ét✉❞❡s
♥✉♠ér✐q✉❡s ♣ré❝é❞❡♥t❡s ❞❡ ❙t❡❢❛♥✐ ❡t ❛❧ ❬✽✶❪✱ ❜❛sé❡s s✉r ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ♠♦②❡♥✱
♦♥t s✉❣❣éré q✉❡ ❧❛ ♣rés❡♥❝❡ ❞❡ ❝❡t é❝♦✉❧❡♠❡♥t s❡❝♦♥❞❛✐r❡ ♣♦✉rr❛✐t êtr❡ ❢♦rt❡♠❡♥t
❞é❢❛✈♦r❛❜❧❡ à ❧❛ ❝r♦✐ss❛♥❝❡ ❞❡ ❧❛ ❞②♥❛♠♦✳ ◆♦✉s ♠♦♥tr♦♥s ✐❝✐ ❝♦♠♠❡♥t ❝❡t é❝♦✉❧❡♠❡♥t
♣❡✉t ❛✛❡❝t❡r ❧❡ s❡✉✐❧ ❞❡ ❧✬✐♥st❛❜✐❧✐té✳ ❖♥ ❡✛❡❝t✉❡ ♣❧✉s✐❡✉rs s✐♠✉❧❛t✐♦♥s ♣♦✉r ❞❡✉①
t②♣❡s ❞✐✛ér❡♥ts ❞❡ ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ♣rès ❞❡s ❞✐sq✉❡s✳ ❖♥ ♣❡✉t r❛❝❝♦r❞❡r ❧❡
❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❛✉ ❞♦♠❛✐♥❡ ✐s♦❧❛♥t s♦✐t ❞✐r❡❝t❡♠❡♥t ❛✉ ♥✐✈❡❛✉ ❞❡s ❞✐sq✉❡s✱ s♦✐t
❛♣rès ❛✈♦✐r r❛❥♦✉té ✉♥❡ ♣❡t✐t❡ ❝♦✉❝❤❡ ❞❡ s♦❞✐✉♠✱ ❛✉ r❡♣♦s ♦✉ ❡♥ ♠♦✉✈❡♠❡♥t✳ ❈❡s
❞❡✉① ❝♦✉✈❡r❝❧❡s ❞❡ s♦❞✐✉♠ ❞❡rr✐èr❡ ❧❡s ❞✐sq✉❡s s❡ s✐t✉❡♥t ❡♥ 1 < |z | < 1.25✱ ét❡♥❞❛♥t
❛✐♥s✐ ❧é❣èr❡♠❡♥t ❧❡ ❞♦♠❛✐♥❡ ✢✉✐❞❡ ❞✉ ❝♦❞❡✳ ▲♦rsq✉✬✉♥❡ ❝♦✉❝❤❡ ❞❡ s♦❞✐✉♠ ❛✉ r❡♣♦s
❡st ❛❥♦✉té❡ ❡♥tr❡ ❝❤❛q✉❡ ❞✐sq✉❡ ❡t ❧❡ r❛❝❝♦r❞❡♠❡♥t ❛✉ ✈✐❞❡ ❡①tér✐❡✉r✱ ❧❡ s❡✉✐❧ ❡st
Rm = 72✳ ❆ ❝❛✉s❡ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞✉ ❞✐sq✉❡✱ ♦♥ s✬❛tt❡♥❞ à ❝❡ q✉❡ ❝❡ ✢✉✐❞❡ ❞❡rr✐èr❡ ❧❡s
❞✐sq✉❡s s♦✐t ❡♥ ♠♦✉✈❡♠❡♥t✳ ❉❛♥s ❝❡ ❝❛s✱ ♦♥ ❝♦♥s✐❞èr❡ ✉♥❡ ✈✐t❡ss❡ ♣✉r❡♠❡♥t ❛③✐♠✉t❛❧❡
très s✐♠♣❧❡ ✭♦♥ ✉t✐❧✐s❡ ✉♥ ♣r♦✜❧ ❧✐♥é❛✐r❡ q✉✐ s✬❛♥♥✉❧❡ ❛✉ ❜♦r❞ ❡①tér✐❡✉r ❞✉ ❝②❧✐♥❞r❡✱
❡♥ z = 1.25✮ ✿ ❧❡ s❡✉✐❧ ❡st ❧é❣èr❡♠❡♥t ❛✉❣♠❡♥té✱ ♣❛ss❛♥t à Rm = 80✳ ❈❡tt❡ s✐t✉❛t✐♦♥
❝♦rr❡s♣♦♥❞ à ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ❛✈❛♥t ❧❛ ♠✐s❡ ❡♥ ♣❧❛❝❡ ❞❡ ❞✐sq✉❡s
❢❡rr♦♠❛❣♥ét✐q✉❡s✱ ❡t ♥✬❛ ❥❛♠❛✐s ♠♦♥tré ❞✬❛✉t♦✲❡①❝✐t❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ■❧
❛ été s✉❣❣éré q✉❡ ❧❛ ♣rés❡♥❝❡ ❞❡ ❝❡ ✢✉✐❞❡ ❞❡rr✐èr❡ ❧❡s ❞✐sq✉❡s ♣♦✉rr❛✐t ❛✈♦✐r ✉♥
rô❧❡ ♥é❢❛st❡ s✉r ❧❡ s❡✉✐❧ ❞❡ ❧✬✐♥st❛❜✐❧✐té✳ ■❧ ❡st ❛✐sé ❞❡ ✈ér✐✜❡r ❝❡❝✐ ♥✉♠ér✐q✉❡♠❡♥t✱
♣✉✐sq✉✬✐❧ s✉✣t ❞❡ s✉♣♣r✐♠❡r ❝❡s ♣❡t✐t❡s ❝♦✉❝❤❡s ❞❡ s♦❞✐✉♠ ❡t ❞✬✐♠♣♦s❡r ❧❛ ❝♦♥❞✐t✐♦♥
❞❡ r❛❝❝♦r❞❡♠❡♥t à ✉♥ ✐s♦❧❛♥t ❞✐r❡❝t❡♠❡♥t ❡♥ z = 1✳ ▲✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❝♦♥❞✐t✐♦♥s
✐s♦❧❛♥t❡s ❥✉st❡ ❛♣rès ❧❡s ❞✐sq✉❡s ❝♦♥❞✉✐t ❛❧♦rs à ✉♥ s❡✉✐❧ ❝r✐t✐q✉❡ ❞❡ ❧✬✐♥st❛❜✐❧✐té à
Rm = 63✱ s✐❣♥✐✜❝❛t✐✈❡♠❡♥t ♣❧✉s ❜❛s✳ ❈❡tt❡ ✈❛❧❡✉r ❡st ❡♥ r❡❧❛t✐✈❡♠❡♥t ❜♦♥ ❛❝❝♦r❞
❛✈❡❝ ❧✬ét✉❞❡ ❞❡ ❙t❡❢❛♥✐ ❡t ❛❧✱ ❡t ❛✈❡❝ ❧❡s rés✉❧❛ts ❞❡ t❤ès❡ ❞❡ ❘❛♣❤❛ë❧ ▲❛❣✉❡rr❡ ❬✹✵❪✳
❉❛♥s s❛ t❤ès❡✱ ❘❛♣❤❛ë❧ ▲❛❣✉❡rr❡ ét✉❞✐❡ é❣❛❧❡♠❡♥t ❧✬❡✛❡t s✉r ❧❡ s❡✉✐❧ ❞②♥❛♠♦ ❞❡ s❛✉ts
✜♥✐s ❞❡ ❝♦♥❞✉❝t✐✈✐té ❛✉ ♥✐✈❡❛✉ ❞❡ ❧❛ ♣❛r♦✐ ❡①tér✐❡✉r❡✳ ▲❛ ✜❣✉r❡ ✸✳✸ ♠♦♥tr❡ ❧✬é✈♦❧✉t✐♦♥
❞✉ t❛✉① ❞❡ ❝r♦✐ss❛♥❝❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣♦✉r ❧❡s ❞✐✛ér❡♥t❡s ❝♦♥❞✐t✐♦♥s ❛✉①
❧✐♠✐t❡s✳

▲✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❞✐sq✉❡s ❡♥ ❢❡r ❞♦✉① ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ♣r♦❞✉✐t ✉♥ é❝r❛♥t❛❣❡ t♦t❛❧
❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡♥tr❡ ❧✬✐♥tér✐❡✉r ❞❡ ❧❛ ré❣✐♦♥ ❞②♥❛♠♦ ❡t ❝❡ q✉✬✐❧ s❡ ♣❛ss❡ ❞❡r✲
r✐èr❡ ❧❡s ❞✐sq✉❡s✱ ❧❛✐ss❛♥t ❡s♣ér❡r ✉♥❡ ❞✐♠✐♥✉t✐♦♥ ❞✉ s❡✉✐❧✳ ▼❛❧❣ré ❝❡❧❛✱ ❧✬✉t✐❧✐s❛t✐♦♥
❞✬✉♥ s❛✉t ✐♠♣♦rt❛♥t ❞❡ ♣❡r♠é❛❜✐❧✐té ♠❛❣♥ét✐q✉❡ ♣❡✉t ❛✈♦✐r ❞✬❛✉tr❡s ❝♦♥séq✉❡♥❝❡s✳
❉❛♥s ❝❡ ❝❛s✱ ❧❡ ❝❤❛♠♣ ❡st ❢♦r❝é à ♣é♥étr❡r ♣❡r♣❡♥❞✐❝✉❧❛✐r❡♠❡♥t à ❧❛ s✉r❢❛❝❡ ❢❡rr♦✲
♠❛❣♥ét✐q✉❡✱ ❝❡ q✉✐ ✐♠♣❧✐q✉❡ ✉♥❡ ❢♦rt❡ ❝♦♥tr❛✐♥t❡ t♦♣♦❧♦❣✐q✉❡ s✉r ❧❛ str✉❝t✉r❡ ❞✉
❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣rès ❞❡s ❜♦r❞s✳ ❉❡ ♣❧✉s✱ ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❢❡rr♦♠❛❣♥é✲
t✐q✉❡s ❝♦♥❝❡♥tr❡♥t ❧✬é♥❡r❣✐❡ ♠❛❣♥ét✐q✉❡ à ❧✬✐♥tér✐❡✉r ❞✉ ❝②❧✐♥❞r❡✳ ▲♦rsq✉❡ ❧❡s ❧✐❣♥❡s
❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ s♦♥t ❢♦rçé❡s à s❡ r❛❝❝♦r❞❡r ♣❡r♣❡♥❞✐❝✉❧❛✐r❡♠❡♥t ❛✉① ❞✐sq✉❡s✱
♦♥ ♥♦t❡ s✉r ❧❛ ✜❣✉r❡ ✸✳✸ q✉❡ ❧❡ s❡✉✐❧ ❞❡ ❧✬✐♥st❛❜✐❧✐té ❞é❝r♦ît ❥✉sq✉✬à Rmc = 60.5✳
❉❛♥s ❝❡ ❝❛s✱ ♦♥ ❝♦♥s❡r✈❡ ✉♥❡ ❝♦♥❞✐t✐♦♥ é❧❡❝tr✐q✉❡♠❡♥t ✐s♦❧❛♥t❡ s✉r ❧❛ ♣❛r♦✐ ❧❛tér❛❧❡
❞✉ ❝②❧✐♥❞r❡✳ ▲❛ ♠♦❞✐✜❝❛t✐♦♥ t♦♣♦❧♦❣✐q✉❡ ❞✉ ❝❤❛♠♣ ♥✬❛❣✐t q✉❡ très ♣rès ❞❡s ❞✐sq✉❡s✱
❡t ♦♥ ♥✬♦❜s❡r✈❡ ♣❛s ❞❡ ♠♦❞✐✜❝❛t✐♦♥ ❣❧♦❜❛❧❡ ❞❡ ❧❛ str✉❝t✉r❡ ♠❛❣♥ét✐q✉❡ m = 1 ❞❛♥s
❧❡ r❡st❡ ❞✉ ❞♦♠❛✐♥❡✳
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B normal à tout le domaine
B azimutal près des disques, conditions isolantes sur le coté

B normal aux disques, conditions isolantes sur le coté

Conditions isolantes sur tout le domaine
Sodium au repos derrière les disques, conditions isolantes.

❋✐❣✳ ✸✳✸✿ ❚❛✉① ❞❡ ❝r♦✐ss❛♥❝❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ Rm✱ ♣♦✉r ❞✐✛ér❡♥t❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s✳

❉❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✱ ❝❤❛q✉❡ ❞✐sq✉❡ ❡st ♠✉♥✐ ❞❡ ❤✉✐t ♣❛❧❡s ❛ss✉r❛♥t ✉♥ ❢♦r✲
ç❛❣❡ ✐♥❡rt✐❡❧ ❞✉ ✢✉✐❞❡✳ ❈❡s ♣❛❧❡s s♦♥t é❣❛❧❡♠❡♥t ❢❡rr♦♠❛❣♥ét✐q✉❡s✱ ❡t ♦♥ ♣♦✉rr❛✐t
✐♠❛❣✐♥❡r q✉❡ ❧❡ ❝❤❛♠♣ ❞❡✈✐❡♥♥❡♥t ♥♦r♠❛❧❡ ❛✉① ♣❛❧❡s à ♣r♦①✐♠✐té ❞❡s ❞✐sq✉❡s✱ ♣❧✉tôt
q✉✬à ❧❛ ♣❛rt✐❡ ♣❧❛♥❡ ❞❡s ❞✐sq✉❡s✳ ❙✐ ♦♥ ♥é❣❧✐❣❡ ❧✬❡✛❡t ❞❡ ❝♦✉r❜✉r❡ ❞❡s ♣❛❧❡s✱ ❧✬❡✛❡t
❝♦❧❧❡❝t✐❢ ❞❡s ❤✉✐t ♣❛❧❡s ❝♦rr❡s♣♦♥❞✱ ❡♥ ♣r❡♠✐èr❡ ❛♣♣r♦①✐♠❛t✐♦♥✱ à ❢♦r❝❡r ❧❡ ❝❤❛♠♣ à
❞❡✈❡♥✐r ❛③✐♠✉t❛❧ ♣rès ❞❡s ❞✐sq✉❡s✳ ▲❡s ❞ét❛✐❧s s✉r ❧✬✐♠♣❧é♠❡♥t❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞✬✉♥❡
t❡❧❧❡ ❝♦♥❞✐t✐♦♥ ♦♥t été ♣rés❡♥tés à ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✳ ❈❡tt❡ ❝♦♥❞✐t✐♦♥ ❛✉① ❧✐♠✐t❡s
♣♦✉r ❧❡s ❝♦✉✈❡r❝❧❡s ❞✉ ❞♦♠❛✐♥❡ ❝♦♥❞✉✐t ❛✉ s❡✉✐❧ Rmc = 58✳ ◗✉❡❧q✉❡ s♦✐t ❧❡ t②♣❡
❞❡ r❛❝❝♦r❞❡♠❡♥t ❢❡rr♦♠❛❣♥ét✐q✉❡ ✉t✐❧✐sé✱ ♦♥ ✈♦✐t q✉❡ ❧❡ s❡✉✐❧ ❞②♥❛♠♦ ❡st ♥❡tt❡♠❡♥t
♣❧✉s ❜❛s q✉❡ ❝❡❧✉✐ ✐♠♣❧✐q✉❛♥t ✉♥ r❛❝❝♦r❞❡♠❡♥t ❛✉ ✈✐❞❡ ✭✈♦✐r ✜❣✉r❡ ✸✳✸✮✳ ■❧ ❡st ❞❡
♣❧✉s ✐♥tér❡ss❛♥t ❞❡ ♥♦t❡r q✉❡ ❧❡s ❞❡✉① ❝♦♥❞✐t✐♦♥s ❢❡rr♦♠❛❣♥ét✐q✉❡s✱ q✉♦✐q✉❡ t♦♣♦✲
❧♦❣✐q✉❡♠❡♥t très ❞✐✛ér❡♥t❡s✱ ♣rés❡♥t❡♥t ❞❡s s❡✉✐❧s r❡❧❛t✐✈❡♠❡♥t ♣r♦❝❤❡s✳ ❆✐♥s✐✱ ♦♥
♦❜s❡r✈❡ q✉❡ ❧❡s ❝♦♥❞✐t✐♦♥s ❞❡ ❤❛✉t❡ ♣❡r♠é❛❜✐❧✐té s✉r ❧❡s ❞✐sq✉❡s ♥❡ s❡ ❧✐♠✐t❡♥t ♣❛s à
✉♥ s✐♠♣❧❡ é❝r❛♥t❛❣❡ ❞❡ ❧❛ r❡❝✐r❝✉❧❛t✐♦♥ ❞❡rr✐èr❡ ❧❡s ❞✐sq✉❡s✳ ■❧ s❡♠❜❧❡ q✉❡ ❝❡ ❝❤❛♥❣❡✲
♠❡♥t ❞❡ t♦♣♦❧♦❣✐❡ ❞❛♥s ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❛✐t ✉♥❡ ✐♥✢✉❡♥❝❡ ♣❧✉s ✐♠♣♦rt❛♥t❡ s✉r
❧❡ s❡✉✐❧ ❞❡ ❧✬✐♥st❛❜✐❧✐té✳

❉❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✱ ❝❡rt❛✐♥❡s ❝♦♥✜❣✉r❛t✐♦♥s ✐♥❝❧✉❡♥t é❣❛❧❡♠❡♥t ✉♥❡ ❝♦✉❝❤❡
❞❡ s♦❞✐✉♠ ❛✉ r❡♣♦s t♦✉t ❛✉t♦✉r ❞❡ ❧❛ ♣❛r♦✐ ❧❛tér❛❧❡ ❞✉ ❝②❧✐♥❞r❡✳ ▲✬❡✛❡t ❞✬✉♥❡ ❝♦✉❝❤❡
❧❛tér❛❧❡ ❞❡ ✢✉✐❞❡ ❞❡ ♠ê♠❡ ❝♦♥❞✉❝t✐✈✐té s✉r ❞❡s ❞②♥❛♠♦s ❡♥ ❣é♦♠étr✐❡ ❝②❧✐♥❞r✐q✉❡ ❛
été ét✉❞✐é ❡♥ ✶✾✾✾ ♣❛r ❑❛✐s❡r ❡t ❚✐❧❣♥❡r ❬✸✼❪✳ ❈❡❧❛ ♣❡✉t ❢❛❝✐❧❡♠❡♥t êtr❡ ✐♠♣❧é♠❡♥té
❞❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s✱ ♣✉✐sq✉✬✐❧ ♥✬② ❛ ♣❛s ❞❡ s❛✉t ❞❡ ❝♦♥❞✉❝t✐✈✐té ♦✉ ❞❡



✽✹ ❆♣♣r♦❝❤❡ ❝✐♥é♠❛t✐q✉❡

P
P

P
P

P
P

P
P

P
❞✐sq✉❡s

❝♦té
Na & Bn Bn Na & −∇Φ −∇Φ

Bφ ✸✾ ✹✶ ✹✺ ✺✽
Bn ✹✵ ✹✶✳✺ ✹✺✳✺ ✻✵✳✺
−∇Φ ✹✹ ✹✸✳✺ ✹✽✳✺ ✻✸
Na & Bφ ✹✻ ✹✼ ✺✸ ✼✶
Na & Bn ✹✼ ✹✼✳✺ ✺✸✳✽ ✼✶✳✺
Na & −∇Φ ✹✼✳✺ ✹✽ ✺✹✳✼ ✼✷

❚❛❜✳ ✸✳✶✿ ❙❡✉✐❧s ❞②♥❛♠♦ ♣♦✉r ❞✐✛ér❡♥ts t②♣❡s ❞❡ ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s s✉r ❧❡s ❞✐sq✉❡s ❡t
s✉r ❧❛ ♣❛r♦✐ ❧❛tér❛❧❡ ❞✉ ❝②❧✐♥❞r❡✳ Bn ❡t Bφ ✐♥❞✐q✉❡ ❞❡s ❝♦♥❞✐t✐♦♥s ❢❡rr♦♠❛❣♥é✲
t✐q✉❡s ✭r❡s♣❡❝t✐✈❡♠❡♥t ♥♦r♠❛❧ ❛✉① ❞✐sq✉❡s ♦✉ ♥♦r♠❛❧ ❛✉① ♣❛❧❡s✮✳ −∇Φ ✐♥❞✐q✉❡
✉♥❡ ❝♦♥❞✐t✐♦♥ ✐s♦❧❛♥t❡ ❡t ♦♥ ❛❥♦✉t❡ Na ❧♦rsq✉✬✉♥❡ ❝♦✉❝❤❡ ❞❡ s♦❞✐✉♠ ❡st ♣rés❡♥t❡
❡♥tr❡ ❧✬é❝♦✉❧❡♠❡♥t ❡t ❧❡ ❞♦♠❛✐♥❡ ❡①tér✐❡✉r✳

♣❡r♠é❛❜✐❧✐té ✐♠♣❧✐q✉❛♥t ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s s✉♣♣❧é♠❡♥t❛✐r❡s✳ ❖♥ ❝♦♥s✐❞ér❡
s✐♠♣❧❡♠❡♥t q✉❡ ❧❡ ✢✉✐❞❡ ❝♦♥❞✉❝t❡✉r ♣♦ssè❞❡ ✉♥❡ ✈✐t❡ss❡ ✐❞❡♥t✐q✉❡♠❡♥t ♥✉❧❧❡ ❛✉✲❞❡❧à
❞✬✉♥ ❝❡rt❛✐♥ r❛②♦♥ ❝②❧✐♥❞r✐q✉❡ ✭❡♥ ♣r❛t✐q✉❡ ♣♦✉r 1 < r < 1.4 ✮✱ ♣✉✐s ♦♥ ❛♣♣❧✐q✉❡
❧❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ✈♦✉❧✉❡s ❛✉ ❜♦r❞s ❞✉ ❞♦♠❛✐♥❡✳ ❖♥ ♣❡✉t ❛❧♦rs t❡st❡r ❞✐✛é✲
r❡♥t❡s ❝♦♥✜❣✉r❛t✐♦♥s ✐♠♣❧✐q✉❛♥t t♦✉t❡s ❧❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❞é❝r✐t❡s ❞❛♥s ❝❡tt❡
s❡❝t✐♦♥✳ ▲❡s ❞✐✛ér❡♥ts rés✉❧t❛ts s♦♥t r❡♣rés❡♥tés s✉r ❧❛ t❛❜❧❡ ✸✳✶✳ ■❧ ❡st ❝❧❛✐r q✉❡ ❧❡
s♦❞✐✉♠ ❛✉ r❡♣♦s ✐♠♣❧✐q✉❡ ✉♥❡ ❢♦rt❡ ❞✐♠✐♥✉t✐♦♥ ❞✉ s❡✉✐❧ ❞②♥❛♠♦ ❧♦rsq✉✬✐❧ ❡st s✐t✉é
s✉r ❧❛ ♣❛r♦✐ ❧❛tér❛❧❡✱ ❡♥ ♦♣♣♦s✐t✐♦♥ ❛✈❡❝ s♦♥ rô❧❡ ♥é❢❛st❡ ❧♦rsq✉✬✐❧ ❡st s✐t✉é ❞❡rr✐èr❡
❧❡s ❞✐sq✉❡s✳

▲✬❡✛❡t ❞❡ ré❞✉❝t✐♦♥ ❞✉ s❡✉✐❧ ❧♦rsq✉❡ ❞❡s ❞✐sq✉❡s ❢❡rr♦♠❛❣♥ét✐q✉❡s s♦♥t ✉t✐❧✐sés
s✉❣❣èr❡ ❞✬ét❡♥❞r❡ ❝❡tt❡ ❝♦♥❞✐t✐♦♥ ❛✉① ❧✐♠✐t❡s à ❧✬❡♥s❡♠❜❧❡ ❞✉ ❞♦♠❛✐♥❡✳ ❊♥ ré❛❧✐s❛♥t
❞❡s s✐♠✉❧❛t✐♦♥s ♦ù ❧❡ ❝❤❛♠♣ ❡st ❢♦r❝é à s❡ r❛❝❝♦r❞❡r à ✉♥ ❞♦♠❛✐♥❡ ❢❡rr♦♠❛❣♥ét✐q✉❡
s✉r ❧✬❡♥s❡♠❜❧❡ ❞✉ ❝②❧✐♥❞r❡✱ ♦♥ ♦❜s❡r✈❡ ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ❧❛ ♣❧✉s ♦♣t✐♠❛❧❡ ❡♥ t❡r♠❡
❞❡ ré❞✉❝t✐♦♥ ❞✉ s❡✉✐❧ ❞❡ ❧✬✐♥st❛❜✐❧✐té ❞②♥❛♠♦✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❡ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s
♠❛❣♥ét✐q✉❡ ❝r✐t✐q✉❡ ❡st Rmc = 41.5✳ ❯♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ✐♥tér❡ss❛♥t❡ ❡st ❝❡❧❧❡ ♣r❡♥❛♥t
❡♥ ❝♦♠♣t❡ ❧❡ s♦❞✐✉♠ ❛✉ r❡♣♦s ❡♥tr❡ ❧❛ ré❣✐♦♥ ❛❝t✐✈❡ ❡t ❧❛ ♣❛r♦✐ ❢❡rr♦♠❛❣♥ét✐q✉❡✳
❖♥ ♦❜s❡r✈❡ q✉❡ ❧❛ ré❞✉❝t✐♦♥ ❞✉ s❡✉✐❧ r❡st❡ s✐❣♥✐✜❝❛t✐✈❡♠❡♥t ✐♠♣♦rt❛♥t❡✱ ❜✐❡♥ q✉❡
❧✬❡✛❡t t♦♣♦❧♦❣✐q✉❡ ❞❡ ❧❛ ❤❛✉t❡ ♣❡r♠é❛❜✐❧✐té s♦✐t ❞❛♥s ❝❡ ❝❛s r❡❧❛t✐✈❡♠❡♥t ❧♦✐♥ ❞❡ ❧❛
③♦♥❡ ❛❝t✐✈❡ ❞❡ ❧❛ ❞②♥❛♠♦✳ ❆✉❝✉♥❡ ♠♦❞✐✜❝❛t✐♦♥ ♥♦t❛❜❧❡ ❞❡ ❧❛ str✉❝t✉r❡ ♠❛❣♥ét✐q✉❡
❣é♥ér❛❧❡ ♥✬❡st ♦❜s❡r✈é❡ ❧♦rsq✉❡ ❝❡s ❞✐✛ér❡♥t❡s ❝♦♥❞✐t✐♦♥s ♠❛❣♥ét✐q✉❡s s♦♥t ✉t✐❧✐sé❡s✳

❈❡tt❡ ♣r❡♠✐èr❡ ♠♦❞é❧✐s❛t✐♦♥ ♥✉♠ér✐q✉❡ s✐♠♣❧❡ ♠♦♥tr❡ q✉❡✱ ♠ê♠❡ s✐ ❧❡s ❞✐✈❡rs❡s
❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ♠❛❣♥ét✐q✉❡s ♥❡ s❡♠❜❧❡♥t ♣❛s ♠♦❞✐✜❡r ❧❛ str✉❝t✉r❡ ♠❛❣♥é✲
t✐q✉❡ ❣é♥ér❛❧❡ ❞✉ ♠♦❞❡ ✐♥st❛❜❧❡✱ ❡❧❧❡s ♣❡✉✈❡♥t ♠♦❞✐✜❡r ❧❡ s❡✉✐❧ ❞❡ ❧✬✐♥st❛❜✐❧✐té✳ ❈❡
s❡✉✐❧ ét❛♥t ❞✐✣❝✐❧❡ à ❛tt❡✐♥❞r❡ ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t✱ ❧❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ♣❡✉✈❡♥t
❞♦♥❝ ❥♦✉❡r ✉♥ rô❧❡ très ✐♠♣♦rt❛♥t✳ ■❧ s❡♠❜❧❡ q✉❡ ❧❡s ♣❛r♦✐s ❢❡rr♦♠❛❣♥ét✐q✉❡s s♦✐❡♥t
très ❡✣❝❛❝❡ ♣♦✉r ❞✐♠✐♥✉❡r ❧❡ s❡✉✐❧ ❞✬❛♣♣❛r✐t✐♦♥ ❞❡ ❧✬✐♥st❛❜✐❧✐té ❞②♥❛♠♦✳ ❋r❛♥ç♦✐s
Pétré❧✐s ❛ ♠♦♥tré ❞✉r❛♥t s❛ t❤ès❡ ❛✈❡❝ ✉♥ ❝❛s ❛♥❛❧②t✐q✉❡ s✐♠♣❧❡ q✉❡ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡
♠❛tér✐❛✉① ❢❡rr♦♠❛❣♥ét✐q✉❡s ♣❡✉t ré❞✉✐r❡ ❧❡ s❡✉✐❧ ❞②♥❛♠♦ ❡♥ ❝❛♥❛❧✐s❛♥t ❧❡s ❧✐❣♥❡s ❞❡



✸✳✷ ➱t✉❞❡ ❝✐♥é♠❛t✐q✉❡ ❞✬✉♥❡ ❞②♥❛♠♦ ❞❡ ✈♦♥ ❑ár♠á♥ ✽✺

❝❤❛♠♣s ❬✼✷❪✳ ▲❡ ♠ê♠❡ ❡✛❡t ❛ été ♦❜s❡r✈é ❡♥ ✶✾✾✺ ♣♦✉r ❧❛ ❞②♥❛♠♦ ❞❡ P♦♥♦♠❛r❡♥❦♦
❬✺✸❪✳ ◆✉♠ér✐q✉❡♠❡♥t✱ ❆✈❛❧♦s✲❩✉♥✐❣❛ ❡t ❛❧ ❬✸❪ ♦♥t ♠✐s ❡♥ é✈✐❞❡♥❝❡ ✉♥❡ ré❞✉❝t✐♦♥ ❞✉
s❡✉✐❧ ❞②♥❛♠♦ ♣♦✉r ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❢❡rr♦♠❛❣♥ét✐q✉❡s ❞❛♥s ✉♥❡ ❣é♦♠étr✐❡
❝②❧✐♥❞r✐q✉❡✳ ❱✐♥❝❡♥t ▼♦r✐♥ ❛ ♠♦♥tré ❞✉r❛♥t s❛ t❤ès❡ q✉❡ ❞❡s ❝❛❧❝✉❧s ❞❡ ❝♦♥✈❡❝t✐♦♥
❡♥ r♦t❛t✐♦♥ ❝♦♥❞✉✐s❡♥t à ❞❡s s❡✉✐❧ ❞②♥❛♠♦ ♣❧✉s ❢❛✐❜❧❡s ❧♦rsq✉❡ ❧❛ s♣❤èr❡ ❡①t❡r♥❡
❡st ❢❡rr♦♠❛❣♥ét✐q✉❡ ❬✺✼❪✳ ❈❡ ❝♦♠♣♦rt❡♠❡♥t s❡♠❜❧❡ êtr❡ ❣é♥ér❛❧ ❡t ♣♦✉rr❛✐t rés✉❧t❡r
❞✬✉♥ ♣r✐♥❝✐♣❡ ♣❧✉s ❢♦♥❞❛♠❡♥t❛❧ q✉❡ s✐♠♣❧❡♠❡♥t ♠♦❞✐✜❡r ❧❛ str✉❝t✉r❡ ♠❛❣♥ét✐q✉❡
♣rés ❞❡s ♣❛r♦✐s✳ P❛r ❡①❡♠♣❧❡✱ ♦♥ ♣❡✉t r❡♠❛rq✉❡r q✉❡ ❧❡ ✢✉① ❞✉ ✈❡❝t❡✉r ❞❡ P♦②♥t✐♥❣
à tr❛✈❡rs ✉♥❡ ♣❛r♦✐ ❢❡rr♦♠❛❣♥ét✐q✉❡ s✬❛♥♥✉❧❡✱ ❝♦♥❞✉✐s❛♥t ❛❧♦rs à ✉♥ é❝❤❛♥❣❡ ❞✬é♥❡r✲
❣✐❡ ❜❡❛✉❝♦✉♣ ♣❧✉s ❢❛✐❜❧❡ ❛✈❡❝ ❧✬❡①tér✐❡✉r✳ ❈❡ ❝♦♠♣♦rt❡♠❡♥t r❡♥❞ ❧❡ s②stè♠❡ ♣❧✉s
❡①❝✐t❛❜❧❡✱ ❝❡ q✉✐ ♣❡✉t ❡①♣❧✐q✉❡r ❧❛ ❞✐♠✐♥✉t✐♦♥ ❞✉ s❡✉✐❧ ❞❡ ❧✬✐♥st❛❜✐❧✐té ❞②♥❛♠♦✳ ❉❡
♣❧✉s✱ ❞✉ ♣♦✐♥t ❞❡ ✈✉❡ ❡①♣ér✐♠❡♥t❛❧✱ ❝❡tt❡ ét✉❞❡ ♥✉♠ér✐q✉❡ ♦✉✈r❡ ❧❛ ✈♦✐❡ à ♣❧✉s✐❡✉rs
♣✐st❡s ❞❡ ré✢❡①✐♦♥✳ ■❧ s❡r❛✐t ♣❛r ❡①❡♠♣❧❡ ✐♥tér❡ss❛♥t ❞✬✉t✐❧✐s❡r ❞❡s ❞✐sq✉❡s ♦ù s❡✉❧❡s
❧❡s ♣❛❧❡s s♦♥t ❢❡rr♦♠❛❣♥ét✐q✉❡s✱ ♦✉ ❛✉ ❝♦♥tr❛✐r❡ ❞❡s ❞✐sq✉❡s ❢❡rr♦♠❛❣♥ét✐q✉❡s ♠✉♥✐s
❞❡ ♣❛❧❡s ❡♥ ✐♥♦①✳ ❈❡❧❛ ❝♦rr❡s♣♦♥❞r❛✐t ❛✉① ❞✐✛ér❡♥t❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ✉t✐❧✐sé❡s
✐❝✐ ❡t ✐❧ s❡r❛✐t ✐♥tér❡ss❛♥t ❞❡ ✈♦✐r ❝❡ q✉❡ ❞❡✈✐❡♥♥❡♥t ❧❡ s❡✉✐❧ ❡t ❧❛ str✉❝t✉r❡ ❞✉ ♠♦❞❡
♠❛❣♥ét✐q✉❡✳ ❉❡ ♣❧✉s✱ ♦♥ ♣♦✉rr❛✐t ✐♠❛❣✐♥❡r ✐♠♣♦s❡r ❞❡s ❝♦♥❞✐t✐♦♥s ❢❡rr♦♠❛❣♥ét✐q✉❡s
s✉r ❞❡s ♣✐è❝❡s ❡♥ ❢❡r q✉✐ ♥❡ t♦✉r♥❡♥t ♣❛s ❛✈❡❝ ❧❡s ❞✐sq✉❡s✱ ❛✜♥ ❞✬é❧✐♠✐♥❡r ✉♥ ♣♦ss✐❜❧❡
♠é❝❛♥✐s♠❡ ❞✬❛♠♣❧✐✜❝❛t✐♦♥ ❧✐é à ❧❛ r♦t❛t✐♦♥ ❞✬✉♥ ❞✐sq✉❡ ❢❡rr♦♠❛❣♥ét✐q✉❡✳ ❊♥✜♥✱ ❧❡s
s✐♠✉❧❛t✐♦♥s ♣rés❡♥t❛♥t ✉♥ r❛❝❝♦r❞❡♠❡♥t à ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❢❡rr♦♠❛❣♥é✲
t✐q✉❡s s✉❣❣èr❡♥t ✉♥❡ ♠♦❞✐✜❝❛t✐♦♥ ♣♦✉r ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✱ ♠❛✐s é❣❛❧❡♠❡♥t ♣♦✉r ❧❡s
❞✐✛ér❡♥t❡s ❞②♥❛♠♦s ❡①♣ér✐♠❡♥t❛❧❡s ❛❝t✉❡❧❧❡♠❡♥t ❡♥ ❝♦✉rs✳ ▲✬✉t✐❧✐s❛t✐♦♥ ❞✬✉♥❡ ❝✉✈❡
❡①tér✐❡✉r❡ ❡♥t✐èr❡♠❡♥t ❢❡rr♦♠❛❣♥ét✐q✉❡ ♣♦✉rr❛✐t ❝♦♥❞✉✐r❡ à ❞❡s s❡✉✐❧s très ❜❛s ♣♦✉r
❧❛ ❞②♥❛♠♦✱ ❡t ♣❡r♠❡ttr❡ ❞✬❛tt❡✐♥❞r❡ ❞❡s ✈✐t❡ss❡s s✉✣s❛♥t❡s à ❧✬♦❜s❡r✈❛t✐♦♥ ❞✬✉♥ ❡✛❡t
❞②♥❛♠♦ ❡♥ ❧❛❜♦r❛t♦✐r❡ ❞❡ ♣❧✉s ♣❡t✐t❡ é❝❤❡❧❧❡✳

✸✳✷✳✸ ❘ô❧❡ ❞❡s ✢✉❝t✉❛t✐♦♥s ♥♦♥✲❛①✐s②♠étr✐q✉❡s

❉❛♥s ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✱ ♥♦✉s ❛✈♦♥s ét✉❞✐é ❡♥ ❞ét❛✐❧s ❧❛ str✉❝t✉r❡ ❞✉ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ ❡♥❣❡♥❞ré ♣❛r ❧✬é❝♦✉❧❡♠❡♥t ♠♦②❡♥ ❞❡ ✈♦♥ ❑ár♠á♥ ✳ ■❧ ❡st é✈✐❞❡♠♠❡♥t
✐♠♣♦ss✐❜❧❡ ❞✬❛ttr✐❜✉❡r à ❝❡t é❝♦✉❧❡♠❡♥t ♠♦②❡♥ s❡✉❧ ❧✬♦r✐❣✐♥❡ ❞✉ ❞✐♣♦❧❡ ❛①✐❛❧ ♦❜s❡r✈é
❡①♣ér✐♠❡♥t❛❧❡♠❡♥t✱ ❡♥ r❛✐s♦♥ ❞✉ t❤é♦rè♠❡ ❞❡ ❈♦✇❧✐♥❣✳ ❈♦♥tr❛✐r❡♠❡♥t ❛✉① ❞②♥❛♠♦s
❞❡ ❑❛r❧sr✉❤❡ ❡t ❘✐❣❛✱ ❧❡s ✢✉❝t✉❛t✐♦♥s ❥♦✉❡♥t ✐❝✐ ✉♥ rô❧❡ ♠❛❥❡✉r ❞❛♥s ❧❛ ❣é♥ér❛t✐♦♥ ❞✉
❝❤❛♠♣ ❞②♥❛♠♦✳ ■❧ s✬❛❣✐t ❞❡ ❝♦♠♣r❡♥❞r❡ ♣❛r q✉❡❧ ♠é❝❛♥✐s♠❡✱ ❡t ❞❛♥s q✉❡❧❧❡ ♠❡s✉r❡
❧❡ ❝❤❛♠♣ ♠♦②❡♥ ✐♥t❡r✈✐❡♥t ❞❛♥s ❧❡ ♣r♦❝❡ss✉s ❞②♥❛♠♦✳ P♦✉r ❝❡❧❛✱ ✉♥ ♠♦❞è❧❡ ❛ été
♣r♦♣♦sé ♣❛r Pétré❧✐s✱ ▼♦r❞❛♥t ❡t ❋❛✉✈❡ ❡t r❡♣♦s❡ s✉r ✉♥❡ ❞②♥❛♠♦ α − ω✱ ❞é❝r✐t❡
❛✉ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t✳ ❆❧♦rs q✉✬✐❧ ♥✬② ❛ ❛✉❝✉♥ ❞♦✉t❡ s✉r ❧❛ ❝❛♣❛❝✐té ❞❡ ❧❛ r♦t❛t✐♦♥
❞✐✛ér❡♥t✐❡❧❧❡ à ❡♥❣❡♥❞r❡r ✉♥ ❡✛❡t ω✱ ✐❧ ❡st ♣❧✉s ❞✐✣❝✐❧❡ ❞❡ ❞ét❡r♠✐♥❡r ❡①❛❝t❡♠❡♥t ✉♥❡
s♦✉r❝❡ ❞✬❡✛❡t α✳ ❯♥❡ ♠❛♥✐èr❡ s✐♠♣❧❡ ❡st ❞✬✐♥✈♦q✉❡r ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❧✬é❝♦✉❧❡♠❡♥t
q✉✐ s♦♥t ❛ss♦❝✐é❡s à ❧❛ t✉r❜✉❧❡♥❝❡✳ ❉❛♥s ❧❡ ♠♦❞è❧❡ ❞❡ Pétr❡❧✐s✲▼♦r❞❛♥t✲❋❛✉✈❡✱ ✐❧
❡st ♣r♦♣♦sé q✉❡ ❧✬é❥❡❝t✐♦♥ t♦✉r❜✐❧❧♦♥❛✐r❡ ♥♦♥✲❛①✐s②♠étr✐q✉❡ ♣rès ❞❡s ❞✐sq✉❡s s♦✐t
s✉✣s❛♥t❡ ♣♦✉r ❝♦♠♣❧ét❡r ❧✬❡✛❡t ❞✉ ❝✐s❛✐❧❧❡♠❡♥t ❡t ❝♦♥✈❡rt✐r ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡
t♦r♦ï❞❛❧ ❡♥ ❝❤❛♠♣ ♣♦❧♦ï❞❛❧✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ ✉t✐❧✐s❛♥t ✉♥❡ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ✈✐t❡ss❡
♣❧✉s str✉❝t✉ré❡ ❞✉❡ ❛✉① ♣❛❧❡s ❞❡s ❞✐sq✉❡s ♦✛r❡ ❧❛ ♣♦ss✐❜✐❧✐té ❞✬✉♥❡ ♠♦❞é❧✐s❛t✐♦♥



✽✻ ❆♣♣r♦❝❤❡ ❝✐♥é♠❛t✐q✉❡

❝✐♥é♠❛t✐q✉❡ s✐♠♣❧❡✳

➱❝♦✉❧❡♠❡♥t ♥♦♥✲❛①✐s②♠étr✐q✉❡

❊①♣ér✐♠❡♥t❛❧❡♠❡♥t✱ ✐❧ ❡st ♣♦✉r ❧✬✐♥st❛♥t ✐♠♣♦ss✐❜❧❡ ❞✬❛✈♦✐r ❛❝❝ès à ❝❡t é❝♦✉❧❡✲
♠❡♥t ❝ré❡ ♣❛r ❧❡s 8 ♣❛❧❡s ❞❡ ❝❤❛q✉❡ ❞✐sq✉❡✳ ▲❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ ❝❡ ♠♦❞❡ ❞❡ ✈✐t❡ss❡
r❡♥❞ ❞✐✣❝✐❧❡ ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡ s❛ t♦♣♦❧♦❣✐❡ ❡①❛❝t❡ ♦✉ ❡♥❝♦r❡ ❞❡ s♦♥ ✐♥t❡♥s✐té✳
❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ♥♦✉s ❜♦r♥❡r♦♥s à ✉t✐❧✐s❡r ✉♥❡ r❡♣rés❡♥t❛t✐♦♥ s②♥t❤ét✐q✉❡
❞❡ ❧❛ ✈✐t❡ss❡✳ ❖♥ ✈❡✉t ✉♥ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ q✉✐ ♣r❡♥♥❡ ❡♥ ❝♦♠♣t❡ ❝❡s ✢✉❝t✉❛t✐♦♥s✱
♠❛✐s q✉✐ t❡♥❞❡ ✈❡rs ❧✬é❝♦✉❧❡♠❡♥t ❝❧❛ss✐q✉❡ ❞✉ ❝❤❛♠♣ ♠♦②❡♥ ❧♦rsq✉❡ ❧✬♦♥ ❡✛❡❝t✉❡
✉♥❡ ♠♦②❡♥♥❡ ❞❛♥s ❧❡ t❡♠♣s ♦✉ s❡❧♦♥ ❧❛ ❞✐r❡❝t✐♦♥ φ✱ ♣✉✐sq✉❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❡st
♥♦♥✲❛①✐s②♠étr✐q✉❡ ❡t ❞é♣❡♥❞❛♥t❡ ❞✉ t❡♠♣s✳ ❯♥❡ ♠❛♥✐èr❡ s✐♠♣❧❡ ❞❡ r❡♣rés❡♥t❡r ❝❡
❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❡st ❞✬é❝r✐r❡

u = U + ∇× (κG) , ✭✸✳✷✹✮

♦ù U ❡st ✉♥❡ r❡♣rés❡♥t❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠♦②❡♥ ❧é❣èr❡♠❡♥t ❞✐✛ér❡♥t❡ ♠❛✐s éq✉✐✈❛❧❡♥t❡
à ❝❡❧❧❡ ✉t✐❧✐sé❡ à ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✳ ❊♥ ❝♦♦r❞♦♥♥é❡s ❝②❧✐♥❞r✐q✉❡s (r ,φ, z)✱ ❝❡tt❡
✈✐t❡ss❡ ❡st ❞♦♥♥é❡ ♣❛r

Ur = −π
2
r(1 − r)2 (1 + 2r) cos (πz) , ✭✸✳✷✺✮

Uφ = r
8

π
(1 − r) arcsin (z) , ✭✸✳✷✻✮

Uz = (1 − r)
(

1 + r − 5r 2
)

sin (πz) . ✭✸✳✷✼✮

❖♥ ♥♦t❡ q✉❡ ❝❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❡st ❛①✐s②♠étr✐q✉❡✱ t♦✉t ❝♦♠♠❡ ❧❡ ❝❤❛♠♣ ♠♦②❡♥ ❞❡
❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✳ ▲❡ ♣♦t❡♥t✐❡❧ ✈❡❝t❡✉r G r❡♣rés❡♥t❡ ❧❡s ✢✉❝t✉❛t✐♦♥s ♥♦♥✲❛①✐s②♠étr✐q✉❡s
❞✉❡s ❛✉① ♣❛❧❡s✳ ▲✬✐♥tr♦❞✉❝t✐♦♥ ❞✬✉♥ ♣♦t❡♥t✐❡❧ ✈❡❝t❡✉r ♣♦✉r ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ✈✐✲
t❡ss❡ ♣❡r♠❡t ❞❡ ❣❛r❛♥t✐r ❧✬✐♥❝♦♠♣r❡ss✐❜✐❧✐té ❞✉ ✢✉✐❞❡✳ ❉❡ ♣❧✉s✱ ✐❧ s✐♠♣❧✐✜❡ ❧✬é❝r✐t✉r❡✳
■❧ ❡①✐st❡ ❞❡ ♥♦♠❜r❡✉s❡s ♠❛♥✐èr❡s ❞❡ r❡♣rés❡♥t❡r ❧❡s ✢✉❝t✉❛t✐♦♥s ❞✉❡s ❛✉① ♣❛❧❡s✱ ❡t
❧✬♦♥ ❝❤♦✐s✐t ✐❝✐

Gr = (1 + cos (mφ− ω1t)) r sin(πr)e−ζ(z−1)2 (z − 1)

+ (1 + cos (mφ+ ω2t)) r sin(πr)e−ζ(z+1)2 (z + 1) . ✭✸✳✷✽✮

Gφ = −1

2
r(1 − r)2 (1 + 2r) z2 sin (πz) (1 + cos(mφ± ωi t)) . ✭✸✳✷✾✮

❈❡tt❡ ❡①♣r❡ss✐♦♥ ♣❡✉t ♣❛r❛îtr❡ ❝♦♠♣❧✐q✉é❡✱ ♠❛✐s ✐❧ s✬❛❣✐t ❡♥ ❢❛✐t ❞✬✉♥❡ ❞❡s ♠❛♥✐èr❡s
❧❡s ♣❧✉s s✐♠♣❧❡s ❞✬✐♥tr♦❞✉✐r❡ ❧❡s ♣r✐♥❝✐♣❛❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡ ❧✬é❝♦✉❧❡♠❡♥t✳ ❉❛♥s
❝❡tt❡ ❡①♣r❡ss✐♦♥✱ Gr ❡♥❣❡♥❞r❡ ✉♥ é❝♦✉❧❡♠❡♥t ❞❛♥s ❧❡ ♣❧❛♥ ✭z ,φ✮ ❡t ♠♦❞é❧✐s❡ ❧❡s
❤✉✐t t♦✉r❜✐❧❧♦♥s ❝ré❡s ♣❛r ❧❡s ♣❛❧❡s ❞❡ ❝❤❛q✉❡ ❞✐sq✉❡✳ ❖♥ ♥❡ t✐❡♥t é✈✐❞❡♠♠❡♥t ♣❛s
❝♦♠♣t❡ ✐❝✐ ❞❡ ❧✬é✈❡♥t✉❡❧❧❡ ❝♦✉r❜✉r❡ ❞❡s ♣❛❧❡s✳ ▲❛ ✜❣✉r❡ ✸✳✹ ♠♦♥tr❡ ❧❛ ❢♦r♠❡ ❞✬✉♥❡
t❡❧❧❡ ♣❡rt✉r❜❛t✐♦♥✳ ❙✉r ❝❡tt❡ ✜❣✉r❡✱ ♦♥ r❡♣rés❡♥t❡ ❧❡s ❧✐❣♥❡s ❞❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡
❛ss♦❝✐é❡s à ❝❡tt❡ é❥❡❝t✐♦♥ ❤é❧✐❝✐t❛✐r❡✳



✸✳✷ ➱t✉❞❡ ❝✐♥é♠❛t✐q✉❡ ❞✬✉♥❡ ❞②♥❛♠♦ ❞❡ ✈♦♥ ❑ár♠á♥ ✽✼

❋✐❣✳ ✸✳✹✿ ❈❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❝ré❡ ♣❛r ❧❡ ✈❡❝t❡✉r ♣♦t❡♥t✐❡❧ G ❞❡ ✈✐t❡ss❡✳ ■❧ s✬❛❣✐t ✐❝✐ ❞❡s ❧✐❣♥❡s
❞❡ ❝❤❛♠♣ ❞❡ ❝❡t é❝♦✉❧❡♠❡♥t t♦✉t s❡✉❧✳ ❖♥ ✈♦✐t ♥❡tt❡♠❡♥t ❧❡s ❤✉✐t str✉❝t✉r❡s
❤é❧✐❝✐t❛✐r❡s ♣rès ❞❡ ❝❤❛q✉❡ ❞✐sq✉❡✳

▲❛ ❞é♣❡♥❞❛♥❝❡ r❛❞✐❛❧❡ ❝❤♦✐s✐❡ ❡st ✉♥❡ ❢♦r♠❡ s✐♠♣❧❡ s❛t✐s❢❛✐s❛♥t ❧❡s ❝♦♥❞✐t✐♦♥s
❛✉① ❧✐♠✐t❡s✳ ▲❛ ❞é♣❡♥❞❛♥❝❡ ❛♥❣✉❧❛✐r❡ ❡st ❧❛ ♣❧✉s ♥❛t✉r❡❧❧❡ q✉❡ ❧✬♦♥ ♣✉✐ss❡ ✐♠❛❣✐✲
♥❡r ♣♦✉r ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❞❡ ❝❡s ❤✉✐t ✈♦rt❡① ♥♦♥✲❛①✐s②♠étr✐q✉❡s ❡t ❞é♣❡♥❞❛♥t ❞✉
t❡♠♣s✳ ■❧ ❡①✐st❡ ✉♥❡ ♣❧✉s ❣r❛♥❞❡ ❧✐❜❡rté q✉❛♥t ❛✉ ❝❤♦✐① ❞❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ ❛①✐❛❧❡ ❞❡
❝❡tt❡ ❡①♣r❡ss✐♦♥✳ ❉❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✱ ♦♥ s✬❛tt❡♥❞ r❛✐s♦♥♥❛❜❧❡♠❡♥t à ❝❡ q✉❡ ❧❡s
t♦✉r❜✐❧❧♦♥s r❡st❡♥t ❝♦♥✜♥és ❞❛♥s ✉♥❡ ré❣✐♦♥ ❛ss❡③ ♣r♦❝❤❡ ❞❡s ❞✐sq✉❡s✳ ◆♦✉s ❛✈♦♥s
❞♦♥❝ ❝❤♦✐s✐ ✐❝✐ ✉♥❡ ❞é♣❡♥❞❛♥❝❡ ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t ❞é❝r♦✐ss❛♥t❡ à ♣❛rt✐r ❞❡s ❞✐sq✉❡s✱
❝❤❛❝✉♥❡ ❞❡s ❞❡✉① str✉❝t✉r❡s t♦✉r♥❛♥t ❡♥ s❡♥s ♦♣♣♦sé✳ ▲✬❡①t❡♥s✐♦♥ ❞❡ ❝❡s t♦✉r❜✐❧❧♦♥s
❡st ❝♦♥trô❧é❡ ♣❛r ❧❡ ♣❛r❛♠ètr❡ ❧✐❜r❡ ζ✳ ❈❡❧❛ ✈❛ ♥♦✉s ♣❡r♠❡ttr❡ ❞✬ét✉❞✐❡r ❧✬✐♠♣❛❝t ❞❡
❝❡tt❡ ❡①t❡♥s✐♦♥ s✉r ❧❛ ❣é♥ér❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ Gφ ✐♥tr♦❞✉✐t ✉♥❡ ♠♦❞✉❧❛✲
t✐♦♥ s❡❧♦♥ ❧❛ ❞✐r❡❝t✐♦♥ φ ❞❡ ❧❛ r❡❝✐r❝✉❧❛t✐♦♥ ♣♦❧♦ï❞❛❧❡ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t✳ ❊♥ ❡✛❡t✱ ❧❛
♣rés❡♥❝❡ ❞❡s ♣❛❧❡s ♠♦❞✉❧❡ ❧❛ ❢♦r❝❡ ❞✬é❥❡❝t✐♦♥ ❞✉ ✢✉✐❞❡ ♣rès ❞❡s ❞✐sq✉❡s✳ ❊♥✜♥✱ ❧❡ ❧❡❝✲
t❡✉r ♥♦t❡r❛ q✉✬✉♥❡ ❞é♣❡♥❞❛♥❝❡ t❡♠♣♦r❡❧❧❡ ❡st ✐♥tr♦❞✉✐t❡ ❛✜♥ ❞❡ ❞é❝r✐r❡ ❧❛ r♦t❛t✐♦♥
❞❡ ❝❡s t♦✉r❜✐❧❧♦♥s ❛✈❡❝ ❧❡s ❞✐sq✉❡s✳

■❧ ❢❛✉t é❣❛❧❡♠❡♥t ♥♦t❡r q✉❡ ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ré❡❧❧❡✱ à ❝❤❛q✉❡ ✐♥st❛♥t✱ ❧✬é❝♦✉❧❡✲
♠❡♥t t✉r❜✉❧❡♥t ❜r✐s❡ ❡♥ ❢❛✐t ❧❛ s②♠étr✐❡ Rπ✳ ▼❛✐s ❝❡tt❡ ❜r✐s✉r❡ ❞❡ s②♠étr✐❡ ♥✬✐♥✲
t❡r✈✐❡♥t q✉❡ s✉r ❞❡s é❝❤❡❧❧❡s ❞❡ t❡♠♣s r❡❧❛t✐✈❡♠❡♥t ❝♦✉rt❡✱ ♠♦✐♥s ❞✬✉♥ t❡♠♣s ❝❛✲
r❛❝tér✐st✐q✉❡ ❞✬❛❞✈❡❝t✐♦♥✳ ❉❛♥s ❧❛ s✉✐t❡ ♥♦✉s ❝❤❡r❝❤❡r♦♥s à ❞é❝r✐r❡ ✉♥❡ s✐t✉❛t✐♦♥ ♦ù
✉♥ ❞✐sq✉❡ t♦✉r♥❡ ♣❧✉s r❛♣✐❞❡♠❡♥t q✉❡ ❧✬❛✉tr❡✱ ❝✬❡st✲à✲❞✐r❡ ❧♦rsq✉❡ ❧❛ s②♠étr✐❡ Rπ

❞❡ ❧✬é❝♦✉❧❡♠❡♥t ♠♦②❡♥ ❡st ❜r✐sé❡✳ ❖♥ r❡tr♦✉✈❡ ✐❝✐ ✉♥ ♣r♦❜❧è♠❡ t②♣✐q✉❡ ❞❡ r❡❧❛t✐♦♥
❡♥tr❡ ❧❡s ❜r✐s✉r❡s ❞❡ s②♠étr✐❡s ❡t ❧❡s é❝❤❡❧❧❡s ❞❡ t❡♠♣s s✉r ❧❡sq✉❡❧❧❡s ❡❧❧❡s ✐♥t❡r✲
✈✐❡♥♥❡♥t✳ ◆♦✉s ✈❡rr♦♥s ❛✉ ❝❤❛♣✐tr❡ 4 q✉❡ ❝❡ ♣r♦❜❧è♠❡ ♣❡✉t êtr❡ r❡❧✐é à ❧❛ ✈❛❧❡✉r
❞✉ ♥♦♠❜r❡ ❞❡ Pr❛♥❞t❧ ♠❛❣♥ét✐q✉❡✳ ❆✜♥ ❞❡ ❞é❝r✐r❡ ❧❛ s✐t✉❛t✐♦♥ ❞✐s②♠étr✐q✉❡ ♦ù ✉♥
❞✐sq✉❡ t♦✉r♥❡ ♣❧✉s ✈✐t❡✱ ✐❧ s❡r❛ ♥é❝❡ss❛✐r❡ ❞❡ ♠♦❞✐✜❡r ❧✬❡①♣r❡ss✐♦♥ ❛♥❛❧②t✐q✉❡ ❞❡ ❝❡
❝❤❛♠♣ ❞❡ ✈✐t❡ss❡✳



✽✽ ❆♣♣r♦❝❤❡ ❝✐♥é♠❛t✐q✉❡

▲❛ ✈✐t❡ss❡ ❝❤♦✐s✐❡ ✐❝✐ ❡st ❝♦♠♣❧èt❡♠❡♥t ❛r❜✐tr❛✐r❡✱ ❡t ✐❧ ② ❛✉r❛✐t ❞❡ ♥♦♠❜r❡✉s❡s
♠❛♥✐èr❡s ❞✐✛ér❡♥t❡s ❞❡ ❞é❝r✐r❡ ♣r♦❜❛❜❧❡♠❡♥t ♣❧✉s ❡✣❝❛❝❡♠❡♥t✱ ♦✉ ♣❧✉s ✜❞è❧❡♠❡♥t✱
❧✬é❝♦✉❧❡♠❡♥t ❞❡ ✈♦♥ ❑ár♠á♥ ♥♦♥✲❛①✐s②♠étr✐q✉❡✳ ❚♦✉t❡❢♦✐s✱ ❧✬♦❜❥❡❝t✐❢ ❞❡ ❝❡ tr❛✈❛✐❧
❡st ❞❡ ♠♦♥tr❡r q✉❡ ❧❛ ❞②♥❛♠✐q✉❡ ♦✉ ❧❛ str✉❝t✉r❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣❡✉t êtr❡ r❡✲
♣r♦❞✉✐t❡ ❛✈❡❝ ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞✬é❝♦✉❧❡♠❡♥ts ❞✐✛ér❡♥ts✱ ♣♦✉r✈✉ q✉❡ ❧❡s ✐♥❣ré❞✐❡♥ts
♠✐♥✐♠❛✉① s♦✐t ♣rés❡♥ts✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ ♠❡t ❡♥ ❛✈❛♥t ❧❡ ❝❛r❛❝tèr❡ ❢♦♥❞❛♠❡♥t❛❧ ❞❡
❝❡s ✐♥❣ré❞✐❡♥ts✱ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ❧❛ ❜r✐s✉r❡ ❞❡ ❝❡rt❛✐♥❡s s②♠étr✐❡s ❞❛♥s ❧✬é❝♦✉❧❡✲
♠❡♥t ♦✉ ❧❛ ♣rés❡♥❝❡ ❞✬❤é❧✐❝✐té✳ ■❧ ❡st ♣r♦❜❛❜❧❡ q✉❡ ❧❡s ❝♦♠♣♦rt❡♠❡♥ts ❞é❝r✐ts ❞❛♥s ❝❡
❝❤❛♣✐tr❡ ♣❡rs✐st❡r❛✐❡♥t ❡♥ ✉t✐❧✐s❛♥t ✉♥❡ ❛✉tr❡ ❡①♣r❡ss✐♦♥ ❛♥❛❧②t✐q✉❡ ♣♦✉r ❧❡s ♣❡rt✉r✲
❜❛t✐♦♥s✱ à ❝♦♥❞✐t✐♦♥ q✉❡ ❝❡tt❡ ✈✐t❡ss❡ ♣rés❡♥t❡ ❧❡s ♠ê♠❡s ❝❛r❛❝tér✐st✐q✉❡s✳ ▲✬ét✉❞❡
♥✉♠ér✐q✉❡ ❞✉ ❝❤❛♣✐tr❡ s✉✐✈❛♥t ✐❧❧✉str❡ ❞✬❛✐❧❧❡✉rs ❝❡t ❛r❣✉♠❡♥t✱ ♣✉✐sq✉❡ ❞❡s rés✉❧t❛ts
❝♦♠♣❛r❛❜❧❡s s♦♥t ♦❜s❡r✈és✱ ♠❛❧❣ré ❧❡ ❢❛✐t q✉❡ ❧❛ ❞❡s❝r✐♣t✐♦♥ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ✈✐✲
t❡ss❡ s♦✐t ❞✐✛ér❡♥t❡✱ ❡t s✬❛♣♣✉✐❡ s✉r ✉♥❡ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❡♥❣❡♥❞ré❡
♣❛r ❧✬éq✉❛t✐♦♥ ❞❡ ◆❛✈✐❡r✲❙t♦❦❡s ✳

➱❝♦✉❧❡♠❡♥t Rπ s②♠étr✐q✉❡

❉❛♥s ❧❡s ❝❛❧❝✉❧s s✉✐✈❛♥ts✱ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❧✬✐♠♣❧é♠❡♥t❛t✐♦♥ ♥✉♠ér✐q✉❡ ❛ été
✈ér✐✜é❡ ❡♥ ❝♦♠♣❛r❛♥t ❞❡s rés✉❧t❛ts ♣♦✉r ❞✐✛ér❡♥t❡s rés♦❧✉t✐♦♥s✳ ❈❡tt❡ ♣❛rt✐❡ ♥é❝❡ss✐t❡
✉♥❡ rés♦❧✉t✐♦♥ ♣❧✉s ✐♠♣♦rt❛♥t❡ q✉❡ ♣♦✉r ❧❛ ♣❛rt✐❡ ♣ré❝é❞❡♥t❡✱ ♣✉✐sq✉❡ ❧❛ ✈✐t❡ss❡
✉t✐❧✐sé❡ ❡st ❞❡ ♣❧✉s ♣❡t✐t❡ é❝❤❡❧❧❡ ❡t ❞é♣❡♥❞ ♠❛✐♥t❡♥❛♥t ❞✉ t❡♠♣s✳ ❖♥ r❛♣♣♦rt❡ ✐❝✐
❞❡s rés✉❧t❛ts ♦❜t❡♥✉s ❛✈❡❝ ✉♥ rés♦❧✉t✐♦♥ ❞❡ 150 × 150 × 128✳ ❯♥ ❝❛s t❡st ré❛❧✐sé
♣♦✉r ✉♥❡ rés♦❧✉t✐♦♥ ❞❡ 200x200x256 ♥✬❛ ♠♦♥tré ❛✉❝✉♥❡ ❞✐✛ér❡♥❝❡ s✐❣♥✐✜❝❛t✐✈❡ s✉r
❧❡s rés✉❧t❛ts✱ ❝❡ q✉✐ ♣r♦✉✈❡ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ♥✉♠ér✐q✉❡ ❞❡ ❝❡s tr❛✈❛✉①✳ ❖♥ s✬✐♥tér❡ss❡
t♦✉t ❞✬❛❜♦r❞ à ❧❛ s✐t✉❛t✐♦♥ ❝♦rr❡s♣♦♥❞❛♥t ❛✉ ❝❛s ❞❡ ❧❛ ❝♦♥tr❛✲r♦t❛t✐♦♥ ❡①❛❝t❡✳ ■❧
♥♦✉s ❢❛✉t é❣❛❧❡♠❡♥t ❝❤♦✐s✐r ❞❡s ✈❛❧❡✉rs ♣♦✉r ❧❡s ❞❡✉① ❛✉tr❡s ♣❛r❛♠ètr❡s ❧✐❜r❡s ❞❡
❧✬é❝♦✉❧❡♠❡♥t ✿ ♦♥ ♣r❡♥❞ ✐❝✐ κ = 1 ❡t ζ = 20✱ ❝❡ q✉✐ ❝♦rr❡s♣♦♥❞ à ✉♥❡ t❛✐❧❧❡ t②♣✐q✉❡
♣♦✉r ❧❡s t♦✉r❜✐❧❧♦♥s ❞✬✉♥ ❝✐♥q✉✐è♠❡ ❞❡ ❧❛ t❛✐❧❧❡ t♦t❛❧❡ ❞✉ ❝②❧✐♥❞r❡✱ ❡t ✉♥❡ ❛♠♣❧✐t✉❞❡
❞✉ ♠ê♠❡ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r q✉❡ ❧❡ ❝❤❛♠♣ ♠♦②❡♥✳ ❈❡s ♣❛r❛♠ètr❡s s♦♥t ❛ss❡③ ♣r♦❝❤❡s
❞❡ ❝❡ q✉✐ ❡st ❛tt❡♥❞✉ ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡✱ ❜✐❡♥ q✉✬✐❧ ♥✬② ❛✐t ♣❛s ❞❡ ♠❡s✉r❡s ❡①❛❝t❡s ❞❡
❝❡s ♣❛r❛♠ètr❡s✳

▲❛ ✜❣✉r❡ ✸✳✺ ♠♦♥tr❡ ❧❡ t❛✉① ❞❡ ❝r♦✐ss❛♥❝❡ ❞❡s ❞✐✛ér❡♥ts ♠♦❞❡s ♠❛❣♥ét✐q✉❡s ❡♥
❢♦♥❝t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s ♠❛❣♥ét✐q✉❡✳ ❖♥ ♣❡✉t ② ✈♦✐r q✉❡ ❧❡ ♣r❡♠✐❡r ♠♦❞❡
à ❞❡✈❡♥✐r ✐♥st❛❜❧❡ ❡st ❧❡ ❞✐♣♦❧❡ ❛①✐❛❧ ✭✸✳✻✮✳

❈❡ ♠♦❞❡ ❛①✐s②♠étr✐q✉❡ ❜✐❢✉rq✉❡ ♣♦✉r ✉♥❡ ✈❛❧❡✉r ❞❡ Rm = 35 ♣♦✉r ❧❡s ✈❛❧❡✉rs
❞❡s ♣❛r❛♠ètr❡s ❝❤♦✐s✐❡s✳ ❈❡tt❡ str✉❝t✉r❡ ♠❛❣♥ét✐q✉❡ ❡st ❡♥❣❡♥❞ré❡ ♣❛r ❧❛ ♣rés❡♥❝❡
❞❡s t♦✉r❜✐❧❧♦♥s ❞❡ ✈✐t❡ss❡✱ ❜❛sés s✉r ❧❡ ♥♦♠❜r❡ ❛③✐♠✉t❛❧ m = 8✳ ❊♥ ❛❝❝♦r❞ ❛✈❡❝
❧❡ t❤é♦rè♠❡ ❞❡ ❈♦✇❧✐♥❣✱ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♥✬❡st ❞♦♥❝ ♣❛s t♦t❛❧❡♠❡♥t ❛①✐s②♠é✲
tr✐q✉❡ ♠❛✐s ♣♦ssè❞❡ é❣❛❧❡♠❡♥t ❞❡ ❧✬é♥❡r❣✐❡ s✉r ❧❡ ♠♦❞❡ m = 8✱ à ❝❛✉s❡ ❞❡ ❧✬❛❞✈❡❝t✐♦♥
❞✉ ❝❤❛♠♣ ♣❛r ❧❡s t♦✉r❜✐❧❧♦♥s✳ ❈❡tt❡ str✉❝t✉r❡ ❡st ♦s❝✐❧❧❛♥t❡ ❛✉ ❝♦✉rs ❞✉ t❡♠♣s✱ ❡t
❞✐s♣❛r❛ît s✉r ✉♥ ♠♦②❡♥♥❛❣❡ ❞❡ q✉❡❧q✉❡s t❡♠♣s ❛❞✈❡❝t✐❢s✳ ❈❡❧❛ s✐❣♥✐✜❡ q✉✬✉♥❡ t❡❧❧❡
str✉❝t✉r❡✱ s✐ ❡❧❧❡ ❡①✐st❡ ❛✉ s❡✐♥ ❞❡ ❧✬❡①♣ér✐❡♥❝❡✱ ❡st très ✐♥st❛t✐♦♥♥❛✐r❡✱ ❡t ❧❛ ♣ré❝✐✲
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Dipole axial, C.L. fer.

Dipole équatorial, C.L. fer.

Quadrupole axial, C.L. fer.

Quadrupole axial, C.L. isol.

Dipole équatorial, C.L. isol.

Dipole axial, C.L. isol.

❋✐❣✳ ✸✳✺✿ ➱✈♦❧✉t✐♦♥ ❞✉ t❛✉① ❞❡ ❝r♦✐ss❛♥❝❡ ❧✐♥é❛✐r❡ ❞❡s ♠♦❞❡s ♠❛❣♥ét✐q✉❡s ❧♦rsq✉❡ ❧✬♦♥
❛✉❣♠❡♥t❡ Rm✱ ❡♥ ❝♦♥tr❛✲r♦t❛t✐♦♥ ❡①❛❝t❡✳ ❆✈❡❝ ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❢❡rr♦✲
♠❛❣♥ét✐q✉❡s✱ ♦♥ ♠♦♥tr❡ ❧❡ ❞✐♣♦❧❡ ❛①✐❛❧ ✭❝❡r❝❧❡s✮✳ ❚r✐❛♥❣❧❡s ✿ q✉❛❞r✉♣♦❧❡ ❛①✐❛❧✳
❈❛rrés ✿ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧✳ ▲❡s tr❛✐ts ❡♥ ♣♦✐♥t✐❧❧és ✐♥❞✐q✉❡♥t ❧❡s ❝❛❧❝✉❧s ❞❛♥s ❧❡
❝❛s ❞❡ ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ✐s♦❧❛♥t❡s✳

s✐♦♥ ❞❡s ♠❡s✉r❡s ♥❡ ♣❡r♠❡t ♣❛s ❛❝t✉❡❧❧❡♠❡♥t ❞❡ ❧❛ ♠❡s✉r❡r✳ ▲❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡s
✢✉❝t✉❛t✐♦♥s ❞❡ ✈✐t❡ss❡ ❛ é❣❛❧❡♠❡♥t ✉♥ ❞❡✉①✐è♠❡ ❡✛❡t ❢r❛♣♣❛♥t✳ ❙✉r ❧❛ ✜❣✉r❡ ✸✳✺✱
♦♥ ✈♦✐t q✉❡ ❧❡ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ❛ ✉♥ t❛✉① ❞❡ ❝r♦✐s❛♥❝❡ ♥é❣❛t✐❢ ❞❛♥s ❧✬é✈❡♥t❛✐❧ ❞❡ Rm

❡①♣❧♦ré ✐❝✐✳ ❈❡tt❡ s✐t✉❛t✐♦♥ tr❛♥❝❤❡ ♥❡tt❡♠❡♥t ❛✈❡❝ ❧❡s rés✉❧t❛ts ❞❡ ❧❛ s❡❝t✐♦♥ ♣ré❝é✲
❞❡♥t❡✳ ❖♥ ❡st ❡♥ ♣rés❡♥❝❡ ❞✬✉♥ ❝❛s ♦ù ❧❡s ✢✉❝t✉❛t✐♦♥s ❛✉t♦✉r ❞✬✉♥ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡
♠♦②❡♥ s♦♥t ❝❛♣❛❜❧❡s ❞✬❡♥❣❡♥❞r❡r ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❝♦♠♣❧èt❡♠❡♥t ❞✐✛ér❡♥t ❞❡
❝❡❧✉✐ ❡♥❣❡♥❞ré ♣❛r ❧✬é❝♦✉❧❡♠❡♥t ♠♦②❡♥✳ ❉❡ ♣❧✉s✱ ❝❡s ✢✉❝t✉❛t✐♦♥s s✬♦♣♣♦s❡♥t à ❧✬❡✛❡t
❞✉ ❝❤❛♠♣ ♠♦②❡♥✱ ♣✉✐sq✉❡ ❧❡ s❡✉✐❧ ❞✬✐♥st❛❜✐❧✐té ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ❡st r❡♣♦✉ssé
❛ss❡③ ❧♦✐♥✳ ❊♥ ❧✬❛❜s❡♥❝❡ ❞❡ ✢✉❝t✉❛t✐♦♥s ✭♣♦✉r κ = 0✮ ❝❡ ♠♦❞❡ ❜✐❢✉rq✉❡ ❛✉ ❝♦♥tr❛✐r❡
♣♦✉r Rmc = 45✳ ❯♥❡ ❛✉tr❡ ✐♥❢♦r♠❛t✐♦♥ ❡st é❣❛❧❡♠❡♥t ♣rés❡♥t❡ s✉r ❝❡tt❡ ❝♦✉r❜❡✳
❖♥ ✈♦✐t q✉❡ ❧❡ ♠♦❞❡ q✉❛❞r✉♣♦❧❛✐r❡ ❞❡✈✐❡♥t ❧✐♥é❛✐r❡♠❡♥t ✐♥st❛❜❧❡ ♣♦✉r ❞❡s Rm r❡✲
❧❛t✐✈❡♠❡♥ts ❢❛✐❜❧❡s✱ ❧❡s s❡✉✐❧s ❞❡s ❞❡✉① ♠♦❞❡s ❛①✐❛✉① ✭❞✐♣♦❧❡ ❡t q✉❛❞r✉♣♦❧❡✮ ét❛♥t
❛ss❡③ ♣r♦❝❤❡s✳ ▲❡ q✉❛❞r✉♣♦❧❡ ♣rés❡♥t❡ ✐❝✐ ✉♥ s❡✉✐❧ ♣❧✉s ❤❛✉t q✉❡ ❧❡ ❞✐♣♦❧❡✱ ❡t ♥✬❡st
♣❛s ♣rés❡♥t ❧♦rsq✉❡ ❧✬♦♥ ❡st ♣rès ❞✉ s❡✉✐❧ ❞❡ ❧✬✐♥st❛❜✐❧✐té ❞②♥❛♠♦✳ ❉❛♥s ❧✬❡①♣ér✐❡♥❝❡
❱❑❙✱ ❡♥ ❝♦♥tr❛✲r♦t❛t✐♦♥ ❡①❛❝t❡✱ ❧❡ q✉❛❞r✉♣♦❧❡ ♥✬❛ ❥❛♠❛✐s été ♦❜s❡r✈é✱ t♦✉t ❝♦♠♠❡
❧❡ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧✳ ❊♥ r❡✈❛♥❝❤❡✱ ❧♦rsq✉❡ ❧❡s ❞✐sq✉❡s t♦✉r♥❡♥t à ❞❡s ✈✐t❡ss❡s ❞✐✛é✲
r❡♥t❡s✱ ❧❛ str✉❝t✉r❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ s❡ ♠♦❞✐✜❡ ❡t ♣❡✉t êtr❡ ✐♥t❡r♣rété❡ ❝♦♠♠❡
✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞✉ ❞✐♣♦❧❡ ❡♥ ✉♥ ♠♦❞❡ ♠✐①t❡ ✐♠♣❧✐q✉❛♥t ❧❡ q✉❛❞r✉♣♦❧❡✳ ❖♥ ✈♦✐t
é❣❛❧❡♠❡♥t q✉❡ ❧♦rsq✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s ♠❛❣♥ét✐q✉❡ ❡st s✉✣s❛♠❡♥t ❣r❛♥❞✱ ❧❡
t❛✉① ❞❡ ❝r♦✐ss❛♥❝❡ ❞✉ q✉❛❞r✉♣♦❧❡ ❡st s✉♣ér✐❡✉r ❛✉ t❛✉① ❞❡ ❝r♦✐ss❛♥❝❡ ❞✉ ❞✐♣♦❧❡✳ ▲❛
✜❣✉r❡ ✸✳✼ ♠♦♥tr❡ ✉♥ ✐♥st❛♥t❛♥é ❞❡s ❧✐❣♥❡s ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞✉ ♠♦❞❡ ✐♥st❛❜❧❡
♣♦✉r ✉♥❡ s✐♠✉❧❛t✐♦♥ à Rm = 75✱ ❧♦rsq✉❡ ❧❡ q✉❛❞r✉♣♦❧❡ ❡st ❧❡ ♠♦❞❡ ❞♦♠✐♥❛♥t✳



✾✵ ❆♣♣r♦❝❤❡ ❝✐♥é♠❛t✐q✉❡

❋✐❣✳ ✸✳✻✿ ▲✐❣♥❡s ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣♦✉r Rm = 35✳ ▲❡ ❝❤❛♠♣ ❡st ♣r✐♥❝✐♣❛❧❡♠❡♥t ✉♥
❞✐♣♦❧❡ ❛①✐❛❧✳ ❊♥ ♣❧✉s ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ❛①✐s②♠étr✐q✉❡✱ ♦♥ r❡❝♦♥♥❛ît ❧❛ ♣rés❡♥❝❡
❞✉ ♠♦❞❡ m = 8 ♣rès ❞❡s ❞✐sq✉❡s✳

❈❡s ❞✐✛ér❡♥ts rés✉❧t❛ts ✭✐♥❤✐❜✐t✐♦♥ ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧✱ ❣é♥ér❛t✐♦♥ ❞✬✉♥ ❞✐♣♦❧❡
❛①✐❛❧ à Rm ∼ 30✮ ♣rés❡♥t❡♥t ❞✬✐♥tér❡ss❛♥t❡s s✐♠✐❧✐t✉❞❡s ❛✈❡❝ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✳ ▲❛
✜❣✉r❡ ✸✳✽ ♣❡r♠❡t ❞❡ ❝♦♠♣❛r❡r ❧❛ str✉❝t✉r❡ ❞✉ ❞✐♣♦❧❡ ❛①✐❛❧ ❞❡ ❝❡s s✐♠✉❧❛t✐♦♥s ❛✈❡❝ ❧❡
❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♦❜s❡r✈é ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡✳ ❖♥ ② ❝♦♠♣❛r❡ ❧❡s ♣r♦✜❧s r❛❞✐❛✉① ❞❡s
tr♦✐s ❝♦♠♣♦s❛♥t❡s ❞✉ ❝❤❛♠♣ ♣♦✉r Rm = 37✱ à ✉♥ z ❞♦♥♥é✱ ♣r♦❝❤❡ ❞❡s ❞✐sq✉❡s✳ ■❧
❛♣♣❛r❛ît ❝❧❛✐r❡♠❡♥t ✉♥❡ s✐♠✐❧✐t✉❞❡ ❡♥tr❡ ❧❡s ✈❛❧❡✉rs r❡❧❛t✐✈❡s ❞❡s tr♦✐s ❝♦♠♣♦s❛♥t❡s
❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❞✐st❛♥❝❡ à ❧✬❛①❡✳ ❉❛♥s ❧❡s ❞❡✉① ❝❛s✱ ♦♥ ♥♦t❡ ❧❛ ♣ré❞♦♠✐♥❛♥❝❡
❞✉ ❝❤❛♠♣ t♦r♦ï❞❛❧ ❞❛♥s ✉♥❡ ❣r❛♥❞❡ ♣❛rt✐❡ ❞✉ ❞♦♠❛✐♥❡✳ ■❧ ♥❡ s✬❛❣✐t ♣❛s ❞❡ ❞♦♥♥é❡s
❜r✉t❡s ✿ ❞❛♥s ❧❡ ❝❛s ❞❡ ❧❛ s✐♠✉❧❛t✐♦♥ ♥✉♠ér✐q✉❡✱ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❛ été ♠♦②❡♥♥é❡
s❡❧♦♥ ❧❛ ❞✐r❡❝t✐♦♥ φ✱ é❧✐♠✐♥❛♥t ❛✐♥s✐ ❧❛ ❝♦♠♣♦s❛♥t❡ m = 8 ✳ ❉❛♥s ❧❡ ❝❛s ❞❡s ❞♦♥♥é❡s
❡①♣ér✐♠❡♥t❛❧❡s✱ ✐❧ s✬❛❣✐t ❞❡ ❞♦♥♥é❡s ♠♦②❡♥♥é❡s ❞❛♥s ❧❡ t❡♠♣s s✉r ♣❧✉s✐❡✉rs t❡♠♣s
rés✐st✐❢s✱ ❡♥ r❛✐s♦♥ ❞✉ ❝❛r❛❝tèr❡ très ✢✉❝t✉❛♥t ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❯♥ ♠♦②❡♥♥❛❣❡
t❡♠♣♦r❡❧ ♣❧✉tôt q✉❡ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ φ ❞❡s ❞♦♥♥é❡s ♥✉♠ér✐q✉❡s ❝♦♥❞✉✐t ❛✉ ♠ê♠❡
rés✉❧t❛t✱ ♣✉✐sq✉❡ ❧❡s ♣❡rt✉r❜❛t✐♦♥s ♠❛❣♥ét✐q✉❡s m = 8 s♦♥t ✐♥st❛t✐♦♥♥❛✐r❡s✳ ■❧ ❡①✐st❡
é❣❛❧❡♠❡♥t ❝❡rt❛✐♥❡s ❞✐✛ér❡♥❝❡s ❛✈❡❝ ❧❡ ❝❤❛♠♣ ❡①♣ér✐♠❡♥t❛❧✳ P❛r ❡①❡♠♣❧❡✱ ❧❛ ❝♦✉♣❡
❞❡ ❧❛ ✜❣✉r❡ ✸✳✾ ♠♦♥tr❡ q✉❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ t♦r♦ï❞❛❧ ❡st très ❢❛✐❜❧❡ ❞❛♥s ❧❡ ♣❧❛♥
♠é❞✐❛♥ ❞✉ ❝②❧✐♥❞r❡✱ ❝❡ q✉✐ ♥✬❡st ♣❛s ❧❡ ❝❛s ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ré❡❧❧❡✳

❈❡s ❞✐✛ér❡♥ts rés✉❧t❛ts✱ ❡t ❧❛ s✐♠✐❧✐t✉❞❡ ❛✈❡❝ ❧✬❡①♣ér✐❡♥❝❡✱ ❛♣♣♦rt❡♥t ✉♥❡ ❝♦♥✜r✲



✸✳✷ ➱t✉❞❡ ❝✐♥é♠❛t✐q✉❡ ❞✬✉♥❡ ❞②♥❛♠♦ ❞❡ ✈♦♥ ❑ár♠á♥ ✾✶

❋✐❣✳ ✸✳✼✿ ▲✐❣♥❡s ❞❡ ❢♦r❝❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣♦✉r Rm = 75✳ ▲❡ ❝❤❛♠♣ ❡st ♣r✐♥❝✐✲
♣❛❧❡♠❡♥t ✉♥ q✉❛❞r✉♣♦❧❡ ❛①✐❛❧✳ ❊♥ ♣❧✉s ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ❛①✐s②♠étr✐q✉❡✱ ♦♥
r❡❝♦♥♥❛ît ❧❛ ♣rés❡♥❝❡ ❞✉ ♠♦❞❡ m = 8 ♣rès ❞❡s ❞✐sq✉❡s✳

♠❛t✐♦♥ ❞✉ ♠é❝❛♥✐s♠❡ ♣r♦♣♦sé ♣❛r Pétré❧✐s ❡t ❛❧✱ q✉✐ s✉❣❣èr❡ q✉❡ ❧❡s ♣❡rt✉r❜❛t✐♦♥s
♥♦♥✲❛①✐s②♠étr✐q✉❡s ♣rès ❞❡s ❞✐sq✉❡s s♦♥t r❡s♣♦♥s❛❜❧❡s ❞❡ ❧❛ ❣é♥ér❛t✐♦♥ ❞✉ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✱ ✈✐❛ ✉♥ ♣r♦❝❡ss✉s α−ω✳ ❈❡s rés✉❧t❛ts ♥✉♠ér✐q✉❡s
✐❧❧✉str❡♥t é❣❛❧❡♠❡♥t ❧❛ ❝♦♠♣ét✐t✐♦♥ q✉✐ ♣❡✉t ❡①✐st❡r ❡♥tr❡ ❧✬é❝♦✉❧❡♠❡♥t ♠♦②❡♥ ❡t ❧❡s
✢✉❝t✉❛t✐♦♥s ❛✉t♦✉r ❞❡ ❝❡t é❝♦✉❧❡♠❡♥t ✿ ❧❡s ♣❡rt✉r❜❛t✐♦♥s s♦♥t ❝❛♣❛❜❧❡s ❞✬✐♥❤✐❜❡r ❧❡
❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ❞✉❡ ❛✉ ❝❤❛♠♣ ♠♦②❡♥ ❡t ♣r♦❞✉✐s❡♥t ✉♥❡ str✉❝t✉r❡ ❞✐✛ér❡♥t❡✳ ❊♥
❢❛✐t ❧❛ r❡❧❛t✐♦♥ ❡♥tr❡ ✢✉❝t✉❛t✐♦♥s ❡t é❝♦✉❧❡♠❡♥t ♠♦②❡♥ ❡st ♣r♦❜❛❜❧❡♠❡♥t ♣❧✉s s✉❜t✐❧
q✉✬✉♥❡ s✐♠♣❧❡ ❝♦♠♣ét✐t✐♦♥ ❡♥tr❡ ❞❡✉① ♠é❝❛♥✐s♠❡s ❞✬✐♥st❛❜✐❧✐té✳ P❛r ❡①❡♠♣❧❡✱ s✐ ♦♥
❛♥♥✉❧❡ ❝♦♠♣❧èt❡♠❡♥t ❧❡ ❝❤❛♠♣ ♠♦②❡♥✱ ❡♥ ✐♠♣♦s❛♥t U = 0 ❞❛♥s ❧✬❡①♣r❡ss✐♦♥ ✸✳✷✹✱
❧❡s ♣❡rt✉r❜❛t✐♦♥s s❡✉❧❡s ♥❡ s♦♥t ♣❛s ❝❛♣❛❜❧❡s ❞✬❡♥❣❡♥❞r❡r ✉♥❡ ❞②♥❛♠♦✳ ▲❡ ❝❤❛♠♣
♠♦②❡♥ ❝♦♥tr✐❜✉❡ ♥♦t❛♠♠❡♥t à ❧✬❡✛❡t ❞②♥❛♠♦ à tr❛✈❡rs ❧❛ ❢♦rt❡ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡
♥é❝❡ss❛✐r❡ à ❧✬❡✛❡t ω✳ ▲❛ ❝✐r❝✉❧❛t✐♦♥ ♠ér✐❞✐♦♥❛❧❡ ♣❡✉t é❣❛❧❡♠❡♥t ❥♦✉❡r ✉♥ rô❧❡ ❞❛♥s
❧❡s ❞②♥❛♠♦s α− ω st❛t✐♦♥♥❛✐r❡✳

❉❛♥s ✉♥❡ ét✉❞❡ ❞❡ ▲❛❣✉❡rr❡ ❡t ❛❧ ❬✹✸❪ ✭✈♦✐r é❣❛❧❡♠❡♥t ❧✬❡rr❛t✉♠ ❬✹✷❪✮✱ ❛✐♥s✐ q✉❡
❞❛♥s ✉♥ tr❛✈❛✐❧ ✉❧tér✐❡✉r ❞❡ ●✐❡s❡❝❦❡ ❡t ❛❧ ❬✷✹❪✱ ✉♥ rés✉❧t❛t ❝♦♠♣❧ét❡♠❡♥t ❞✐✛ér❡♥t
❛ été tr♦✉✈é✳ ▲❡s ❛✉t❡✉rs ✉t✐❧✐s❡♥t ✉♥❡ ♣❛r❛♠étr✐s❛t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❞✬✐♥❞✉❝t✐♦♥
à ❧✬❛✐❞❡ ❞✬✉♥ t❡r♠❡ α r❡♣rés❡♥t❛♥t ❧✬❡✛❡t ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ❞û ❛✉① ♣❛❧❡s✳ ❉❛♥s ❝❡
❝❛s✱ ❧❡ t❡r♠❡ α ♥é❝éss❛✐r❡ ♣♦✉r ♦❜t❡♥✐r ✉♥ ❡✛❡t ❞②♥❛♠♦ à ✉♥ s❡✉✐❧ r❛✐s♦♥♥❛❜❧❡
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









































































❋✐❣✳ ✸✳✽✿ ❈♦♠♣❛r❛✐s♦♥ ❞❡ ❧❛ str✉❝t✉r❡ ❞❡s ♠♦❞❡s ♦❜t❡♥✉s ❞❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s ♥✉♠é✲
r✐q✉❡s ❡t ❧✬❡①♣ér✐❡♥❝❡✳ ❖♥ ♠♦♥tr❡ ❧❡s ♣r♦✜❧s r❛❞✐❛✉① ❞❡s tr♦✐s ❝♦♠♣♦s❛♥t❡s✱
♣♦✉r z = 0.8✳ ❊♥ ❤❛✉t ✿ ♣r♦✜❧ ♥✉♠ér✐q✉❡✳ ❊♥ ❜❛s ✿ ♣r♦✜❧ ❡①♣ér✐♠❡♥t❛❧✳ ❖♥ ♥♦t❡
❧❛ s✐♠✐❧✐t✉❞❡ ❡♥tr❡ ❧❡s ❞❡✉① ♠♦❞❡s ♠❛❣♥ét✐q✉❡s✳

❡st s✉♣ér✐❡✉r ❞❡ ♣❧✉s✐❡✉rs ♦r❞r❡s ❞❡ ❣r❛♥❞❡✉rs à t♦✉t❡ ✈❛❧❡✉r ré❛❧✐st❡ ❜❛sé❡ s✉r
❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✳ ❉❛♥s ✉♥❡ ét✉❞❡ ♣❧✉s ré❝❡♥t❡✱ ●✐❡s❡❝❦❡ ❡t ❛❧ ❬✷✺❪ ♦♥t ❝♦♠♣❧été
❝❡s rés✉❧❛ts ❡♥ ♠♦♥tr❛♥t q✉✬✉♥❡ ♠♦❞✉❧❛t✐♦♥ s♣❛t✐♦✲t❡♠♣♦r❡❧❧❡ ❞❡ ❧❛ ♣❡r♠é❛❜✐❧✐té
♠❛❣♥ét✐q✉❡ ♣rès ❞❡s ❞✐sq✉❡s ❞✐♠✐♥✉❡ ❧❛ ✈❛❧❡✉r ❞✉ t❡r♠❡ α ♥é❝❡ss❛✐r❡ à ❧❛ ❣é♥ér❛t✐♦♥
❞❡ ❧❛ ❞②♥❛♠♦✳ ▲❡s rés✉❧t❛ts ♣rés❡♥tés ❞❛♥s ❝❡tt❡ t❤ès❡ s✉❣❣èr❡♥t ❛✉ ❝♦♥tr❛✐r❡ q✉❡ ❧❛
♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞✬✉♥❡ ✈✐t❡ss❡ ❡①♣❧✐❝✐t❡ s✉✣t à ♦❜t❡♥✐r ❧❡ ❜♦♥ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r ♣♦✉r
❧❡ s❡✉✐❧ ❞❡ ❧✬✐♥st❛❜✐❧✐té✳ ▲❛ ❞✐✛ér❡♥❝❡ ❞❡s ❝♦♥❝❧✉s✐♦♥s ❡♥tr❡ ❧❡s ❞❡✉① ❛♣♣r♦❝❤❡s ♥✬❡st
❝❡♣❡♥❞❛♥t ♣❛s ✈r❛✐♠❡♥t s✉r♣r❡♥❛♥t❡ ♣✉✐sq✉✬✐❧ ♥✬❡①✐st❡ ❛✉❝✉♥❡ r❡❧❛t✐♦♥ ❝❧❛✐r❡ ❡♥tr❡
✉♥ é❝♦✉❧❡♠❡♥t ❤é❧✐❝✐t❛✐r❡ ✸❉ ✭❝♦♠♠❡ ❝❡❧✉✐ ❞♦♥♥é ♣❛r ❧❡s ❡①♣r❡ss✐♦♥s ✸✳✷✽✱ ✸✳✷✾ ♣❛r
❡①❡♠♣❧❡✮✱ ❡t ❧✬❛♠♣❧✐t✉❞❡ ❞✉ t❡r♠❡ α ❞✬✉♥❡ ❛♣♣r♦❝❤❡ ❞❡ ❝❤❛♠♣ ♠♦②❡♥✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱
❞❛♥s ❝❡s ét✉❞❡s ❞❡ ❝❤❛♠♣ ♠♦②❡♥✱ s❡✉❧❡ ❧❛ ❝♦♠♣♦s❛♥t❡ αφφ ❞✉ t❡♥s❡✉r ❡st ♥♦♥ ♥✉❧❧❡✱
❝❡ q✉✐ ❡st ❞✐✣❝✐❧❡♠❡♥t ❥✉st✐✜❛❜❧❡✳ ◆♦✉s ❞✐s❝✉t♦♥s ❛✉ ♣r♦❝❤❛✐♥ ♣❛r❛❣r❛♣❤❡ ❧❡ rô❧❡
♣❧✉s s✐♠♣❧❡ q✉❡ ♣❡✉✈❡♥t ❥♦✉❡r ❧❡s ❝♦♥❞✐t✐♦♥s ❢❡rr♦♠❛❣♥ét✐q✉❡s s✉r ❧❛ ❞✐♠✐♥✉t✐♦♥ ❞✉
s❡✉✐❧ ❞②♥❛♠♦✳
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❋✐❣✳ ✸✳✾✿ ❈♦✉♣❡ ❞❛♥s ✉♥ ♣❧❛♥ ✭r , z✮ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣♦✉r Rm = 35 ❡t C = 0✳ ■❧
s✬❛❣✐t ❞❡ ❧❛ ♣❛rt✐❡ ❛①✐s②♠étr✐q✉❡ ❞✉ ❝❤❛♠♣ ✉♥✐q✉❡♠❡♥t✳ ▲❡s ❧✐❣♥❡s ❞❡ ❝❤❛♠♣
❢♦♥t ❝❧❛✐r❡♠❡♥t ❛♣♣❛r❛îtr❡ ✉♥ Bz ❞♦♠✐♥❛♥t ♣rès ❞❡ ❧✬❛①❡✱ t❛♥❞✐s q✉❡ ❧❡ ❝♦❞❡ ❞❡
❝♦✉❧❡✉r ✐♥❞✐q✉❡ Bφ✳ ▲❛ str✉t✉r❡ ❡st ❝❧❛✐r❡♠❡♥t ❞✐♣♦❧❛✐r❡✳

❊✛❡ts ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❢❡rr♦♠❛❣♥ét✐q✉❡s

◆♦✉s ❛✈♦♥s é❣❛❧❡♠❡♥t ❝❤❡r❝❤é à ❞é❝r✐r❡ ❞❛♥s ❝❡tt❡ ét✉❞❡ ❧✬❡✛❡t ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉①
❧✐♠✐t❡s ♠❛❣♥ét✐q✉❡s s✉r ❧✬✐♥st❛❜✐❧✐té ❞②♥❛♠♦✳ ■❧ ❡st ❡♥ ♣❛rt✐❝✉❧✐❡r ✐♠♣♦rt❛♥t ❞✬ét✉✲
❞✐❡r ❧❡ rô❧❡ ❞❡s ❝♦♥❞✐t✐♦♥s ❢❡rr♦♠❛❣♥ét✐q✉❡s ❞❛♥s ✉♥❡ s✐t✉❛t✐♦♥ ♦ù ❧❡ ❞✐♣♦❧❡ ❛①✐❛❧ ❡st
✐♥st❛❜❧❡✳ ❙✉r ❧❛ ✜❣✉r❡ ✸✳✺✱ ❧❡s ❝♦✉r❜❡s ❡♥ ♣♦✐♥t✐❧❧é ✐♥❞✐q✉❡♥t ❧✬é✈♦❧✉t✐♦♥ ❞✉ t❛✉① ❞❡
❝r♦✐ss❛♥❝❡ ❞❡s ♠♦❞❡s ❞❛♥s ❧❡ ❝❛s ♦ù ❧❡ r❛❝❝♦r❞❡♠❡♥t à ✉♥ ❝❤❛♠♣ ♣♦t❡♥t✐❡❧ ❡st ✉t✐❧✐sé
❝♦♠♠❡ ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s✱ t❛♥❞✐s q✉❡ ❧❡s ❝♦✉r❜❡s ♣ré❝❡❞❡♠♠❡♥t ❞✐s❝✉té❡s ❞❛♥s
❝❡tt❡ s❡❝t✐♦♥✱ ❡♥ tr❛✐ts ❝♦♥t✐♥✉s✱ ❝♦rr❡s♣♦♥❞❡♥t ❛✉ ❝❛s ❢❡rr♦♠❛❣♥ét✐q✉❡✳ P♦✉r s✐♠♣❧✐✲
✜❡r ❧❛ ❞✐s❝✉ss✐♦♥✱ ♦♥ ♥❡ ♠♦♥tr❡ q✉❡ ❞❡s ❝❛s ♦ù ❧❡s ❝♦♥❞✐t✐♦♥s s♦♥t ✐❞❡♥t✐q✉❡s s✉r ❧❡s
❝♦✉✈❡r❝❧❡s ❡t s✉r ❧❡ ❝♦té ❞✉ ❝②❧✐♥❞r❡✳ ❖♥ ✈♦✐t q✉❡ s❛♥s ❧✬✉t✐❧✐s❛t✐♦♥ ❞✬✉♥ ♠❛tér✐❛✉ ❢❡r✲
r♦♠❛❣♥ét✐q✉❡✱ ❧❡s s❡✉✐❧s ❞②♥❛♠♦ s♦♥t ❜❡❛✉❝♦✉♣ ♣❧✉s ✐♠♣♦rt❛♥ts✱ ❡t s✐t✉és ❞❛♥s ✉♥❡
③♦♥❡ ❞❡ Rm q✉✬✐❧ ♥✬❡st ♣❛s ♣♦ss✐❜❧❡ ❞✬❛tt❡✐♥❞r❡ ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t✳ ❖♥ ♥♦t❡r❛ q✉❡
❞❛♥s ❧❡ ❝❛s ❞❡ ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ✐s♦❧❛♥t❡s✱ ❧❡ q✉❛❞r✉♣♦❧❡ ❞❡✈✐❡♥t ❧❡ ♠♦❞❡ ❧❡ ♣❧✉s
✐♥st❛❜❧❡✱ ❛✈❡❝ ✉♥ s❡✉✐❧ Rm ∼ 58✱ t❛♥❞✐s q✉❡ ❧❡ t❛✉① ❞❡ ❝r♦✐ss❛♥❝❡ ❞✉ ♠♦❞❡ ❞✐♣♦❧❛✐r❡
❡st ♣♦s✐t✐❢ ♣♦✉r Rm > 77✳ ▲❛ ✜❣✉r❡ ✸✳✶✵ ♠♦♥tr❡ ❞❡s ❝♦✉♣❡s ♠ér✐❞✐♦♥❛❧❡s ❞❡s ♠♦❞❡s



✾✹ ❆♣♣r♦❝❤❡ ❝✐♥é♠❛t✐q✉❡

♠❛❣♥ét✐q✉❡s ♦❜s❡r✈és✳ ❈❡tt❡ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧✬❡✛❡t ❞✬✉♥ ❞♦♠❛✐♥❡ ❢❡rr♦♠❛❣♥ét✐q✉❡
♥❡ r❡♣♦s❡ q✉❡ s✉r ✉♥ ❝❤❛♥❣❡♠❡♥t ❣é♦♠étr✐q✉❡ ❞❡s ❧✐❣♥❡s ❞❡ ❝❤❛♠♣ ♣rès ❞❡s ♣❛r♦✐s✱
❝♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉ à ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♦♥ ♥❡ ❞é❝r✐t ♣❛s ❧✬❡✛❡t
❞✬✉♥❡ ♣♦ss✐❜❧❡ ré♠❛♥❡♥❝❡ ♦✉ ❛✐♠❛♥t❛t✐♦♥ ❞❡s ❞✐sq✉❡s✳ ❉❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡✱ ❛✉❝✉♥❡
♠♦❞✉❧❛t✐♦♥ s♣❛t✐❛❧❡ ❞❡ ❧❛ ♣ér♠é❛❜✐❧✐té ♠❛❣♥ét✐q✉❡ ♥✬❡st ✐♥tr♦❞✉✐t❡✱ ❝♦♥tr❛✐r❡♠❡♥t à
❧✬ét✉❞❡ ❞❡ ●✐❡s❡❝❦❡ ❡t ❛❧ ❬✷✺❪✳ ❖♥ ♦❜t✐❡♥t ❛✐♥s✐ ✉♥❡ ❡①♣❧✐❝❛t✐♦♥ s✐♠♣❧❡ s✉r ❧❡ rô❧❡ ❞❡s
❞✐sq✉❡s ❢❡rr♦♠❛❣♥ét✐q✉❡s ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ❡t ❞❡ ❧❛ ♠❛♥✐èr❡ s♦♥t ✐❧s ❝♦♥❞✉✐s❡♥t
à ❧❛ ❣é♥ér❛t✐♦♥ ❞✬✉♥ ❡✛❡t ❞②♥❛♠♦✳

❋✐❣✳ ✸✳✶✵✿ ❈♦✉♣❡ ❞❛♥s ✉♥ ♣❧❛♥ ✭r , z✮ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣♦✉r Rm = 100 ❡t C = 0✱
❛✈❡❝ ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ✐s♦❧❛♥t❡s✳ ■❧ s✬❛❣✐t ❞❡ ❧❛ ♣❛rt✐❡ ❛①✐s②♠étr✐q✉❡ ❞✉
❝❤❛♠♣ ✉♥✐q✉❡♠❡♥t✳ ❆ ❣❛✉❝❤❡ ✿ ❝♦♠♣♦s❛♥t❡ ❞✐♣♦❧❛✐r❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳
❆ ❞r♦✐t❡ ✿ ❝♦♠♣♦s❛♥t❡ q✉❛❞r✉♣♦❧❛✐r❡ ✭♠♦❞❡ ❧❡ ♣❧✉s ✐♥st❛❜❧❡✮✳ ❖♥ ♥♦t❡r❛ ❧❛
❞✐✛ér❡♥❝❡ ❛✈❡❝ ❧❛ str✉❝t✉r❡ ♦❜s❡r✈é ❞❛♥s ❧❡ ❝❛s ❞❡ ❝♦♥❞✐t✐♦♥s ❢❡rr♦♠❛❣♥ét✐q✉❡s
✭✈♦✐r ❧❛ ✜❣✉r❡ ✸✳✾✮✳

❘é❣✐♠❡ ♦s❝✐❧❧❛♥t

❉❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✱ ♥♦✉s ❛✈♦♥s ❞é❥à ♠❡♥t✐♦♥♥é q✉❡ ❞✐✛ér❡♥ts ❝♦♠♣♦rt❡✲
♠❡♥ts ❞②♥❛♠✐q✉❡s s♦♥t ♦❜s❡r✈és ❧♦rsq✉❡ ❧❡s ❢réq✉❡♥❝❡s ❞❡ r♦t❛t✐♦♥ ❞❡s ❞❡✉① ❞✐sq✉❡s
s♦♥t ❞✐✛ér❡♥t❡s ✿ ♦s❝✐❧❧❛t✐♦♥s✱ ❜♦✉✛é❡s ✐♥t❡r♠✐tt❡♥t❡s ♦✉ r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s
❞✉ ❝❤❛♠♣ ❞✐♣♦❧❛✐r❡✳ ❈❡tt❡ r✐❝❤❡ss❡ ❞❡ ❝♦♠♣♦rt❡♠❡♥t ❡st ✐♥tér❡ss❛♥t❡ à ♣❧✉s✐❡✉rs
♣♦✐♥ts ❞❡ ✈✉❡✳ Pr❡♠✐èr❡♠❡♥t✱ ♣❡✉ ❞✬✐♥st❛❜✐❧✐tés ♣rés❡♥t❡♥t ❛✉t❛♥t ❞❡ ré❣✐♠❡s ❞②♥❛✲
♠✐q✉❡s ❞❛♥s ✉♥ ❡s♣❛❝❡ s✐ r❡str❡✐♥t ❞❡s ♣❛r❛♠ètr❡s✱ ❡t ❝❡❧❛ ♣❡✉t ♣❡r♠❡ttr❡ ❞❡ ♠✐❡✉①
❝♦♠♣r❡♥❞r❡ ❧❡s ♣❤é♥♦♠è♥❡s ❞✬✐♥st❛❜✐❧✐té ❡♥ ❣é♥ér❛❧✳ ❉❡ ♣❧✉s✱ ❝❡s ❞✐✛ér❡♥ts ré❣✐♠❡s
❝♦✉✈r❡♥t ✉♥ é✈❡♥t❛✐❧ ❞❡ ❝♦♠♣♦rt❡♠❡♥ts ♦❜s❡r✈és ❞❛♥s ❞✐✛ér❡♥ts ♦❜❥❡ts ♥❛t✉r❡❧s✱
❝♦♠♠❡ ❧❡ ❙♦❧❡✐❧ ♦✉ ❧❛ ❚❡rr❡✳ ■❧ ❡st ❞♦♥❝ ❝❛♣✐t❛❧ ❞❡ ❜✐❡♥ ❝♦♠♣r❡♥❞r❡ ❝♦♠♠❡♥t ❝❡s
ré❣✐♠❡s s♦♥t ❝r❡és✳ ❆✉ ✈♦✐s✐♥❛❣❡ ❞❡ ❝❡s ré❣✐♠❡s ❞é♣❡♥❞❛♥ts ❞✉ t❡♠♣s✱ ❧❡s ♠❡s✉r❡s
❡①♣ér✐♠❡♥t❛❧❡s s✉❣❣èr❡♥t q✉❡ ❧❡ ♠♦❞❡ st❛t✐♦♥♥❛✐r❡ ❡st✱ à ❣r❛♥❞❡ é❝❤❡❧❧❡✱ tr❛♥s❢♦r♠é
❞✬✉♥ ❞✐♣♦❧❡ ♣✉r ✈❡rs ✉♥❡ str✉❝t✉r❡ q✉❛❞r✉♣♦❧❛✐r❡✳ ❈❡s rés✉❧t❛ts ♦♥t ré❝❡♠♠❡♥t été



✸✳✷ ➱t✉❞❡ ❝✐♥é♠❛t✐q✉❡ ❞✬✉♥❡ ❞②♥❛♠♦ ❞❡ ✈♦♥ ❑ár♠á♥ ✾✺

❝♦♠♣r✐s ❞❛♥s ❧❛ ♣❡rs♣❡❝t✐✈❡ ❞✉ ♠♦❞è❧❡ s✐♠♣❧❡ ♣rés❡♥té ❛✉ ❝❤❛♣✐tr❡ ✷✱ ❡t ❧❡s s✐♠✉❧❛✲
t✐♦♥s s✬✐♠♣♦s❡♥t ❝♦♠♠❡ ✉♥ ♦✉t✐❧ ♥❛t✉r❡❧ ♣♦✉r t❡st❡r ❝❡ ♠♦❞è❧❡✳ ❉❛♥s ❧✬❡①♣ér✐❡♥❝❡
❱❑❙✱ ❧❡s ré❣✐♠❡s ❞❡ r❡♥✈❡rs❡♠❡♥t ❞✉ ❝❤❛♠♣ s❡ ♣r♦❞✉✐s❡♥t ❧♦rsq✉✬✉♥ ❞✐sq✉❡ t♦✉r♥❡
♣❧✉s ✈✐t❡ q✉❡ ❧✬❛✉tr❡✱ ❜r✐s❛♥t ❛✐♥s✐ ❧❛ s②♠étr✐❡ Rπ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ❞❡ ✈♦♥ ❑ár♠á♥✳
❈♦♠♠❡ ♣♦✉r ❧❛ ❞❡s❝r✐♣t✐♦♥ ❞❡s t♦✉r❜✐❧❧♦♥s✱ ✐❧ ❡①✐st❡ ♣❧✉s✐❡✉rs ♠❛♥✐èr❡s ❞✬✐♠♣❧é♠❡♥✲
t❡r ❝❡tt❡ s✐t✉❛t✐♦♥ ❞❛♥s ♥♦tr❡ é❝♦✉❧❡♠❡♥t ❛♥❛❧②t✐q✉❡✳ ❯♥❡ ❢♦✐s ❡♥❝♦r❡✱ ♥♦✉s ❝❤❡r❝❤❡✲
r♦♥s ✉♥❡ ❞❡s❝r✐♣t✐♦♥ s✐♠♣❧❡✳ ❖♥ ❛❥♦✉t❡ ❞♦♥❝ ✉♥ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ s✉♣♣❧é♠❡♥t❛✐r❡✱
❝✬❡st✲à✲❞✐r❡ q✉❡ ❧✬♦♥ ✐♠♣❧é♠❡♥t❡ ❧❛ ✈✐t❡ss❡ ✿ U′ = U + CW✱ ❞é✜♥✐ ♣❛r

Wr =
π

4
r(1 − r)2 (1 + 2r) sin (πz/2) , ✭✸✳✸✵✮

Wφ = 6r (1 − r) , ✭✸✳✸✶✮

Wz = (1 − r)
(

1 + r − 5r 2
)

cos (πz/2) . ✭✸✳✸✷✮

■❧ s✬❛❣✐t ❞✬✉♥❡ r❡♣rés❡♥t❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠♦②❡♥ ❝♦rr❡s♣♦♥❞❛♥t ❛✉ ❞✐sq✉❡ s✐t✉é ❡♥
z = +1 t♦✉r♥❛♥t t♦✉t s❡✉❧✳ ▲❡ ♣❛r❛♠ètr❡ C ❝♦♥trô❧❡ ❧❛ ❞é✈✐❛t✐♦♥ à ❧❛ ❝♦♥tr❛✲r♦t❛t✐♦♥
✭C = 0✮✱ ❡t r❡♣rés❡♥t❡ ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ❧❡s ❢réq✉❡♥❝❡s ❞❡ r♦t❛t✐♦♥ ❞❡s ❞❡✉① ❞✐sq✉❡s✳
❊♥✜♥✱ ✐❧ ♣❛r❛✐t ❛ss❡③ ♥❛t✉r❡❧ q✉❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ♥♦♥✲❛①✐s②♠étr✐q✉❡ ❞✉ ❝❤❛♠♣ s♦✐t
é❣❛❧❡♠❡♥t ❛✛❡❝té❡ ♣❛r ❧❛ ❜r✐s✉r❡ ❞❡ s②♠étr✐❡✳ ❖♥ ✉t✐❧✐s❡ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ s✉✐✈❛♥t❡ ✿
ω1 = ω1(1 + C ) ❡t κ = κ(1 + C ) ❧♦rsq✉❡ z > 0✳ ▲❛ ✜❣✉r❡ ✸✳✶✶ ♠♦♥tr❡ ✉♥❡ ❝♦✉♣❡
❞❛♥s ❧❡ ♣❧❛♥ ✭r , z✮ ❞✉ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ W✳

❋✐❣✳ ✸✳✶✶✿ ❈❤❛♠♣ ❞❡ ✈✐t❡ss❡ W ✐❧❧✉stré ♣❛r ✉♥❡ ❝♦✉♣❡ ❞❛♥s ❧❡ ♣❧❛♥ ✭r , z✮✳ ▲❡s ❧✐❣♥❡s
✐♥❞✐q✉❡♥t ❧❛ ❝✐r❝✉❧❛t✐♦♥ ♣♦❧♦ï❞❛❧❡ t❛♥❞✐s q✉❡ ❧❡ ❝♦❞❡ ❞❡ ❝♦✉❧❡✉r r❡♣rés❡♥t❡
❧✬✐♥t❡♥s✐té ❞❡ ❧❛ ✈✐t❡ss❡ s❡❧♦♥ ❧❛ ❞✐r❡❝t✐♦♥ φ

▲❛ s②♠étr✐❡ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ❡st ❡ss❡♥t✐❡❧❧❡ ♣✉✐sq✉❡ ❞✐♣♦❧❡ ❡t q✉❛❞r✉♣♦❧❡✱ q✉✐ s❡
tr❛♥s❢♦r♠❡ ❞✐✛ér❡♠♠❡♥t s♦✉s Rπ✱ s❡ ❞é❝♦✉♣❧❡♥t ❧✐♥é❛✐r❡♠❡♥t t❛♥t q✉❡ ❧❡ s②stè♠❡
r❡s♣❡❝t❡ ❝❡tt❡ s②♠étr✐❡✳ ❈✬❡st ♣♦✉rq✉♦✐ ♦♥ ♦❜s❡r✈❡ s✉r ❧❛ ✜❣✉r❡ ✸✳✺ q✉❡ ❧❡s ♠♦❞❡s
❞✐♣ô❧❛✐r❡ ❡t q✉❛❞r✉♣♦❧❛✐r❡ ♣rés❡♥t❡♥t ❞❡s t❛✉① ❞❡ ❝r♦✐ss❛♥❝❡s ♣r♦❝❤❡s ♠❛✐s ❞✐st✐♥❝ts✱
❧❡ ♠♦❞❡ ♥❡✉tr❡ ét❛♥t ✉♥ ❝❤❛♠♣ ❞✐♣♦❧❛✐r❡✳ ❆✉ ❝♦♥tr❛✐r❡✱ ❧♦rsq✉❡ ❧✬é❝♦✉❧❡♠❡♥t ❜r✐s❡



✾✻ ❆♣♣r♦❝❤❡ ❝✐♥é♠❛t✐q✉❡

❝❡tt❡ s②♠étr✐❡✱ ❞✐♣♦❧❡ ❡t q✉❛❞r✉♣♦❧❡ s♦♥t ❧✐♥é❛✐r❡♠❡♥t ❝♦✉♣❧és✱ ❧❡ r❛♣♣♦rt ❡♥tr❡ ❧❡s
❞❡✉① ❝♦♠♣♦s❛♥t❡s ét❛♥t ✜①é ♣❛r ❧✬✐♥t❡♥s✐té ❞❡ ❧❛ ❜r✐s✉r❡ ❞❡ s②♠étr✐❡✳ ▲❛ ✜❣✉r❡ ✸✳✶✷
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Taux de croissance du mode axial
Pulsation du mode axial

❋✐❣✳ ✸✳✶✷✿ ➱✈♦❧✉t✐♦♥ ❞✉ t❛✉① ❞❡ ❝r♦✐ss❛♥❝❡ ❡t ❞❡ ❧❛ ♣✉❧s❛t✐♦♥ ❞✉ ♠♦❞❡ ♠❛❣♥ét✐q✉❡ ✐♥✲
st❛❜❧❡ ❧♦rsq✉❡ ❧❛ s②♠étr✐❡ Rπ ❡st ❜r✐sé❡✳ ❊♥ ♥♦✐r ✿ ♣❛rt✐❡ ré❡❧❧❡ ❞✉ t❛✉① ❞❡
❝r♦✐ss❛♥❝❡ ❞✉ ♠♦❞❡✳ ❊♥ r♦✉❣❡ ✿ ♣❛rt✐❡ ✐♠❛❣✐♥❛✐r❡✳ ❖♥ ✈♦✐t ♥❡tt❡♠❡♥t ❧❛ ❜✐❢✉r✲
❝❛t✐♦♥ ♥♦❡✉❞✲❝♦❧ s❡ ♣r♦❞✉✐s❛♥t à C = 0.4

♠♦♥tr❡ ❧✬é✈♦❧✉t✐♦♥ ❞✉ t❛✉① ❞❡ ❝r♦✐ss❛♥❝❡ ❞✉ ♠♦❞❡ ❛①✐❛❧ ❧♦rsq✉❡ ❧✬♦♥ ❛✉❣♠❡♥t❡ ❧❡
♣❛r❛♠ètr❡ C r❡♣rés❡♥t❛♥t ❧❛ ❜r✐s✉r❡ ❞❡ ❧❛ s②♠étr✐❡ ❡t ❧✬é❝❛rt à ❧❛ ❝♦♥tr❛✲r♦t❛t✐♦♥
❡①❛❝t❡✳ ❖♥ ❞é♠❛rr❡ ❞❡♣✉✐s Rm = 35 ❡t C = 0✱ ♣✉✐s ♦♥ ❡✛❡❝t✉❡ ♣❧✉s✐❡✉rs s✐♠✉❧❛t✐♦♥s
❡♥ ❛✉❣♠❡♥t❛♥t ♣r♦❣r❡ss✐✈❡♠❡♥t C ❥✉sq✉✬à C = 1✳ P♦✉r C = 0✱ ❧❡ ♠♦❞❡ ✐♥st❛❜❧❡ ❡st
♣✉r❡♠❡♥t ❞✐♣♦❧❛✐r❡ ♣✉✐sq✉❡ ❧❡s ❞❡✉① ❢❛♠✐❧❧❡s s❡ ❞é❝♦✉♣❧❡♥t✳ ▲♦rsq✉❡ C 6= 0✱ ❧❡ ♠♦❞❡
✐♥st❛❜❧❡ ❡st ✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❞❡ ❞✐♣♦❧❡ ❡t ❞❡ q✉❛❞r✉♣♦❧❡ ❡t ♦♥ ✈♦✐t q✉❡ ❧❡ t❛✉① ❞❡
❝r♦✐ss❛♥❝❡ ❞✉ ♠♦❞❡ s✬❡♥ tr♦✉✈❡ ❛✛❡❝té✳ ■❧ ❡st ✐♠♣♦rt❛♥t ❞❡ s♦✉❧✐❣♥❡r q✉❡ ♥♦✉s ♥❡
♣♦✉✈♦♥s ❞é❝r✐r❡ ♣❛r ✐♥té❣r❛t✐♦♥ t❡♠♣♦r❡❧❧❡ q✉❡ ❧❡ ♠♦❞❡ ❧❡ ♣❧✉s ✐♥st❛❜❧❡ s❛♥s ✉t✐❧✐✲
s❡r ✉♥❡ t❡❝❤♥✐q✉❡ ❛♣♣r♦♣r✐é❡✳ ▲❛ ❜r✐s✉r❡ ❞❡ s②♠étr✐❡ ❛✛❡❝t❡ é❣❛❧❡♠❡♥t ❧✬é✈♦❧✉t✐♦♥
❞✉ ♠♦❞❡ ✐♥✐t✐❛❧❡♠❡♥t q✉❛❞r✉♣♦❧❛✐r❡✱ ❞❡✈❡♥❛♥t é❣❛❧❡♠❡♥t ✉♥ ♠♦❞❡ ♠✐①t❡ ❞✐♣♦❧❡✲
q✉❛❞r✉♣♦❧❡✳ ❚♦✉t❡❢♦✐s✱ ❧❡ ❝♦✉♣❧❛❣❡ ❞❡s ❞❡✉① ❢❛♠✐❧❧❡s ❞❡ ❝❤❛♠♣ r❡♥❞ ✐♠♣♦ss✐❜❧❡ ❞❡
s✉✐✈r❡ ♥✉♠ér✐q✉❡♠❡♥t ❧✬é✈♦❧✉t✐♦♥ ❞✉ ♠♦❞❡ ❧❡ ♣❧✉s st❛❜❧❡✳ ■❧ ❡①✐st❡ ✉♥❡ ✈❛❧❡✉r ❝r✐t✐q✉❡
C = 0.4 ♣♦✉r ❧❛q✉❡❧❧❡ ❧❡ s②stè♠❡ ❜✐❢✉rq✉❡ ✈❡rs ✉♥ ré❣✐♠❡ ♦s❝✐❧❧❛♥t✳ ❈❡❝✐ ❝♦rr❡s♣♦♥❞
à ✉♥ ❝❤❛♥❣❡♠❡♥t ❞❛♥s ❧❛ ♥❛t✉r❡ ❞❡s t❛✉① ❞❡ ❝r♦✐ss❛♥❝❡ ❧✐♥é❛✐r❡ ❞✉ ♣r♦❜❧è♠❡✱ ♦ù ❧❡s
❞❡✉① ✈❛❧❡✉rs ♣r♦♣r❡s ré❡❧❧❡s ✭❝♦rr❡s♣♦♥❞❛♥t ❛✉① ❞❡✉① s♦❧✉t✐♦♥s st❛❜❧❡s ❡t ✐♥st❛❜❧❡s✮
s❡ tr❛♥s❢♦r♠❡♥t ❡♥ ✈❛❧❡✉rs ♣r♦♣r❡s ❝♦♠♣❧❡①❡s ❝♦♥❥✉❣✉é❡s✳ ❈❡s rés✉❧t❛ts ✐❧❧✉str❡♥t ❧❡
♠♦❞è❧❡ ❞❡ r❡♥✈❡rs❡♠❡♥t ❞é❝r✐t à ❧❛ ✜♥ ❞✉ ❝❤❛♣✐tr❡ ✷✱ ♦ù ❧✬é✈♦❧✉t✐♦♥ ❞❡s ♠♦❞❡s ♣rès
❞✉ s❡✉✐❧ ❞✬✐♥st❛❜✐❧✐té✱ ❞❛♥s ❧❡ ré❣✐♠❡ ❧✐♥é❛✐r❡ ♣❡✉t êtr❡ ❞é❝r✐t❡ ♣❛r ❬✻✻❪

Ḋ = α(C )D + β(C )Q , ✭✸✳✸✸✮

Q̇ = γ(C )D + δ(C )Q . ✭✸✳✸✹✮

✭✸✳✸✺✮
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♦ù ❧❡s ♣♦✐♥ts r❡♣rés❡♥t❡♥t ❧❛ ❞ér✐✈é❡ t❡♠♣♦r❡❧❧❡✳ ▲❡s ✈❛❧❡✉rs ♣r♦♣r❡s λi ❞✬✉♥ t❡❧ s②s✲
tè♠❡ s♦♥t ❞♦♥♥é❡s ♣❛r 2λi = α + δ ±

√

(α− δ)2 + 4βγ✳ ▲♦rsq✉❡ ❧❡s ❞❡✉① ❞✐sq✉❡s
t♦✉r♥❡♥t à ❧❛ ♠ê♠❡ ❢réq✉❡♥❝❡✱ β ❡t γ ❞♦✐✈❡♥t s✬❛♥♥✉❧❡r ❡♥ r❛✐s♦♥ ❞❡s ❛r❣✉♠❡♥ts
❞❡ s②♠étr✐❡ ❞é❥à é✈♦q✉és✳ ❖♥ ♦❜t✐❡♥t ❛❧♦rs ❞❡✉① ♠♦❞❡s ❞é❝♦✉♣❧és ❝♦rr❡s♣♦♥❞❛♥t à
❞❡✉① ✈❛❧❡✉rs ♣r♦♣r❡s ré❡❧❧❡s ❞✐st✐♥❝t❡s λ1 = α ❡t λ2 = δ✳ P♦✉r C 6= 0✱ ❧♦rsq✉❡ ❧❡
♣r♦❞✉✐t βγ ❡st ♥é❣❛t✐❢ ❡t s✉✣s❛♠♠❡♥t ✐♠♣♦rt❛♥t✱ λ1 ❡t λ2 ❞❡✈✐❡♥♥❡♥t ❝♦♠♣❧❡①❡s
❝♦♥❥✉❣✉é❡s ❡t ❧❡ s②stè♠❡ ❜✐❢✉rq✉❡ ✈❡rs ✉♥ ré❣✐♠❡ ♦s❝✐❧❧❛♥t✳ ▲❡ s❝é♥❛r✐♦ s✐♠♣❧❡ ❞é❝r✐t
✐❝✐ ❡st ❡①❛❝t❡♠❡♥t ❝❡ q✉✐ ❡st ♦❜s❡r✈é ❞❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ♣rés❡♥té❡s ❞❛♥s
❝❡tt❡ s❡❝t✐♦♥✳ ▲❛ ♣✉❧s❛t✐♦♥ ❞✉ ♠♦❞❡ ♦s❝✐❧❧❛♥t ❡st ✐♥❞✐q✉é❡ ❡♥ r♦✉❣❡ s✉r ❧❛ ✜❣✉r❡ ✸✳✶✷✳
❖♥ ♣❡✉t ② ✈♦✐r q✉✬❛✉ ♣♦✐♥t ❞❡ ❜✐❢✉r❝❛t✐♦♥ ❝❡tt❡ ♣✉❧s❛t✐♦♥ ❡st ♥✉❧❧❡✱ ✐♥❞✐q✉❛♥t ✉♥❡
❞✐✈❡r❣❡♥❝❡ ❞❡ ❧❛ ♣ér✐♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❛✉ s❡✉✐❧ ❞❡ ❧❛ ❜✐❢✉r❝❛t✐♦♥✳ ❯♥ ❝♦♠♣♦rt❡♠❡♥t
✐♥tér❡ss❛♥t ♣❡✉t êtr❡ ♥♦té ❝♦♥❝❡r♥❛♥t ❝❡ ré❣✐♠❡ ♦s❝✐❧❧❛♥t ✿ ♦♥ ✈♦✐t q✉❡ ❝❡s r❡♥✈❡r✲
s❡♠❡♥t ♣ér✐♦❞✐q✉❡s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♥❡ s❡ ♣r♦❞✉✐s❡♥t q✉❡ ❞❛♥s ✉♥❡ ré❣✐♦♥
r❡str❡✐♥t❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s✱ ❝✬❡st✲à✲❞✐r❡ ♣♦✉r 0.4 < C < 0.75✳ ❈❡❧❛ ♠♦♥tr❡
q✉❡ ❧❛ r❡❧❛t✐♦♥ ❡♥tr❡ ♥♦tr❡ ♣❛r❛♠ètr❡ ❞❡ ❝♦♥trô❧❡ C ❡t ❧❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡
♣❡✉✈❡♥t êtr❡ ❛ss❡③ ❝♦♠♣❧✐q✉és✳ ❈❡ ❝♦♠♣♦rt❡♠❡♥t s❡ ♣r♦❞✉✐t é❣❛❧❡♠❡♥t ❞❛♥s ❧❡ ❝❛s
❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✱ ♦ù ❧✬❡♥s❡♠❜❧❡ ❞❡s ré❣✐♠❡s ❞②♥❛♠✐q✉❡s ❞é♣❡♥❞❛♥ts ❞✉ t❡♠♣s
✭♦s❝✐❧❧❛t✐♦♥s ♣ér✐♦❞✐q✉❡s✱ r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s✱ ❜♦✉✛é❡s ✐♥t❡r♠✐tt❡♥t❡s✱✳✳✳✮ ♥✬❛♣✲
♣❛r❛✐ss❡♥t q✉❡ ❞❛♥s ❞❡ ♣❡t✐t❡s ✬♣♦❝❤❡s✬ ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s✳

▲❛ ✜❣✉r❡ ✸✳✶✸ ♠♦♥tr❡ ✉♥❡ é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ t②♣✐q✉❡ ❞✬✉♥❡ s✐♠✉❧❛t✐♦♥ ❞❛♥s
❧❡ ré❣✐♠❡ ♦s❝✐❧❧❛♥t✳ P✉✐sq✉✬✐❧ s✬❛❣✐t ✐❝✐ ❞✬✉♥❡ s✐♠✉❧❛t✐♦♥ ❝✐♥é♠❛t✐q✉❡✱ ❧❡ ❝❤❛♠♣ ♥❡
s❛t✉r❡ ♣❛s ❡t ❧❛ ❝r♦✐ss❛♥❝❡ ❡①♣♦♥❡♥t✐❡❧❧❡ r❡♥❞ ❞✐✣❝✐❧❡ ❧✬♦❜s❡r✈❛t✐♦♥ ❞❡s ♦s❝✐❧❧❛t✐♦♥s✳
❖♥ ♠♦♥tr❡ ✉♥❡ s✐♠✉❧❛t✐♦♥ ❡✛❡❝t✉é❡ très ♣r♦❝❤❡ ❞❡ ❧❛ ❝r✐t✐❝❛❧✐té ✭Rm = 30✱C = 1.6✮✱
❛✜♥ q✉❡ ❧❛ ❝r♦✐ss❛♥❝❡ ❡①♣♦♥❡♥t✐❡❧❧❡ r❡st❡ très ❢❛✐❜❧❡✳ ❈❡s ♦s❝✐❧❧❛t✐♦♥s ✐❧❧✉str❡♥t ❜✐❡♥
❧❛ ❝♦♠♣ét✐t✐♦♥ ❡♥tr❡ ❞✐♣♦❧❡ ❡t q✉❛❞r✉♣♦❧❡✳ ❖♥ ✈♦✐t ❡♥ ♣❛rt✐❝✉❧✐❡r q✉❡ ❧❡s ❞❡✉① ❝♦♠✲
♣♦s❛♥t❡s s♦♥t ❡♥ q✉❛❞r❛t✉r❡ ❞❡ ♣❤❛s❡✱ ❝♦♠♠❡ ♣ré✈✉ ♣❛r ❧❡ ♠♦❞è❧❡ ❞✬éq✉❛t✐♦♥ ✸✳✸✺✳
❯♥❡ ❝♦♥séq✉❡♥❝❡ ✐♠♣♦rt❛♥t❡ ❞❡ ❝❡ rés✉❧t❛t ❡st q✉❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡①tér✐❡✉r
❛ t❡♥❞❛♥❝❡ à ❝❤❛♥❣❡r ❞❡ ❢♦r♠❡ ❞✉r❛♥t ✉♥ r❡♥✈❡rs❡♠❡♥t✱ ♣❧✉tôt q✉❡ ❞❡ s✐♠♣❧❡♠❡♥t
s✬❛♥♥✉❧❡r✳
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❋✐❣✳ ✸✳✶✸✿ ➱✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞✉ s②stè♠❡ ❞❛♥s ❧❡ ré❣✐♠❡ ♦s❝✐❧❧❛♥t✱ ♣♦✉r Rm = 30 ❡t
C = 1.6✳ ▲❡ s②stè♠❡ ❡st ♣r♦❝❤❡ ❞❡ ❧❛ st❛❜✐❧✐té ♠❛r❣✐♥❛❧✱ ❧❛ ❝r♦✐ss❛♥❝❡ ❡①♣♦✲
♥❡♥t✐❡❧❧❡ ♥✬❡st ❞♦♥❝ ♣❛s ✈✐s✐❜❧❡✳
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▼♦❞é❧✐s❛t✐♦♥ ❞②♥❛♠✐q✉❡
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✹✳✶ ■♥tr♦❞✉❝t✐♦♥

▲❡ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t ❛ ♠✐s ❡♥ é✈✐❞❡♥❝❡ ✉♥❡ ❝❡rt❛✐♥❡ ❝♦♠♣ét✐t✐♦♥ ❡♥tr❡ ♣❧✉s✐❡✉rs
♠♦❞❡s ♠❛❣♥ét✐q✉❡s✳ ❉✬✉♥❡ ♣❛rt ✉♥ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ❡st ❡♥❣❡♥❞ré ♣❛r ❧❡ ❝❤❛♠♣ ❞❡
✈✐t❡ss❡ ♠♦②❡♥ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t✳ ❉✬❛✉tr❡ ♣❛rt✱ ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡
✈✐t❡ss❡s ♥♦♥✲❛①✐s②♠étr✐q✉❡s ❡t ❞é♣❡♥❞❛♥t❡s ❞✉ t❡♠♣s ❝♦♥❞✉✐t à ✉♥ ♠♦❞❡ ❛①✐❛❧ st❛✲
t✐♦♥♥❛✐r❡✱ ❛✈❡❝ ✉♥❡ ❝♦♠♣♦s❛♥t❡ ❞♦♠✐♥❛♥t❡ ❛①✐s②♠étr✐q✉❡✳ ◆♦✉s ❛✈♦♥s é❣❛❧❡♠❡♥t ♣✉
✈♦✐r q✉❡ ❜r✐s❡r ✉♥❡ s②♠étr✐❡ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ♣❡✉t ❝♦♥❞✉✐r❡ à ❞❡s ❝♦♠♣♦rt❡♠❡♥ts ❞②✲
♥❛♠✐q✉❡s ♣❧✉s r✐❝❤❡s✱ ❝♦♠♠❡ ✉♥ ré❣✐♠❡ ♦s❝✐❧❧❛♥t ✐♠♣❧✐q✉❛♥t ✉♥❡ ✐♥t❡r❛❝t✐♦♥ ❛✈❡❝ ✉♥
♠♦❞❡ q✉❛❞r✉♣♦❧❛✐r❡✳ ❈❡s ❞❡r♥✐❡rs rés✉❧t❛ts s♦♥t ❡♥ ❜♦♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s ♦❜s❡r✈❛t✐♦♥s
❡①♣ér✐♠❡♥t❛❧❡s✱ ❡t ❧❛ s✐♠♣❧✐❝✐té ❞❡ ❧✬❛♣♣r♦❝❤❡ ♣❡r♠❡t ✉♥❡ ✐♥t❡r♣rét❛t✐♦♥ ❝❧❛✐r❡✳ ◆♦✉s
❛✈♦♥s ❛✐♥s✐ ♣✉ ❡sq✉✐ss❡r ❧❡s ♣r✐♥❝✐♣❛✉① ♠é❝❛♥✐s♠❡s à ❧✬♦❡✉✈r❡ ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✳



✶✵✵ ▼♦❞é❧✐s❛t✐♦♥ ❞②♥❛♠✐q✉❡

❈❡tt❡ s✐♠♣❧✐❝✐té ❞❡ ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ♥♦✉s ❛ ❝♦♥❞✉✐t à ♥é❣❧✐❣❡r ❞❡ ♥♦♠❜r❡✉① ❛s✲
♣❡❝ts ♣❤②s✐q✉❡s ❞✉ ♣r♦❜❧è♠❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❡ ❝♦❞❡ ♥✉♠ér✐q✉❡ ✉t✐❧✐sé ❛✉ ❝❤❛♣✐tr❡
♣ré❝é❞❡♥t ♥❡ ♣❡r♠❡t ♣❛s ❞✬ét✉❞✐❡r ✉♥ ré❣✐♠❡ ❞②♥❛♠✐q✉❡✳ ■❧ ❡st ♥é❝❡ss❛✐r❡ ❞✬❛✈♦✐r
✉♥❡ s✐t✉❛t✐♦♥ ♣❧✉s ré❛❧✐st❡✱ ♦ù ❧❛ ✈✐t❡ss❡ ❡st ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ◆❛✈✐❡r✲
❙t♦❦❡s✱ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❛ rétr♦❛❝t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ s✉r ❧✬é❝♦✉❧❡♠❡♥t
✈✐❛ ❧❛ ❢♦r❝❡ ❞❡ ▲❛♣❧❛❝❡✳ ❈❡❧❛ ❝♦♥❞✉✐t à ✉♥❡ s❛t✉r❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ❡t
❧❡ ♣r♦❜❧è♠❡ ❞❡✈✐❡♥t ♥♦♥✲❧✐♥é❛✐r❡✳ ❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ✉t✐❧✐s❡r♦♥s ❞♦♥❝ ✉♥ ❝♦❞❡
♥✉♠ér✐q✉❡ ♣❧✉s ❝♦♠♣❧❡t✱ q✉✐ rés♦✉t ❧❡s éq✉❛t✐♦♥s ❝♦♠♣❧èt❡s ❞❡ ❧❛ ♠❛❣♥ét♦❤②❞r♦❞②✲
♥❛♠✐q✉❡✳ ◆♦✉s ét✉❞✐❡r♦♥s ❛✐♥s✐ ❧✬❡✛❡t ❞❡s ✢✉❝t✉❛t✐♦♥s t✉r❜✉❧❡♥t❡s s✉r ❧✬✐♥st❛❜✐❧✐té
❞②♥❛♠♦✱ ❧❡s ✐♥t❡r❛❝t✐♦♥s q✉✐ ♣❡✉✈❡♥t ❡①✐st❡r ❡♥tr❡ ❧❡s ❞✐✛ér❡♥ts ♠♦❞❡s ♠❛❣♥ét✐q✉❡s
❡t ❧❛ ❞②♥❛♠✐q✉❡ ♥♦♥✲❧✐♥é❛✐r❡ q✉✐ ❡♥ rés✉❧t❡✳ ❈❡ ❝❤❛♣✐tr❡ s❡r❛ é❣❛❧❡♠❡♥t ❧✬♦❝❝❛s✐♦♥ ❞❡
❝♦♠♣r❡♥❞r❡ ❧❡s ♠é❝❛♥✐s♠❡s ✐♠♣❧✐q✉és ❞❛♥s ❧❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s ❞✉ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡✳

▲❡ ❝♦❞❡ ♥✉♠ér✐q✉❡ ✉t✐❧✐sé ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ r❡♣♦s❡ s✉r ✉♥❡ ❣é♦♠étr✐❡ s♣❤ér✐q✉❡✳
❈❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ❣é♦♠étr✐❡ ♣❡✉t ♣❛r❛îtr❡ ✐♥❛❞❛♣té à ✉♥❡ ét✉❞❡ ❡♥ r❡❧❛t✐♦♥ ❛✈❡❝
❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✳ ◆♦tr❡ ♠♦❞é❧✐s❛t✐♦♥ ❡st ❞❡ ❝❡ ❢❛✐t ♣❧✉s ♣r♦❝❤❡ ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❞❡
▼❛❞✐s♦♥ ♣❛r ❡①❡♠♣❧❡✳ ❙✐ ❧❛ str✉❝t✉r❡ ❞ét❛✐❧❧é❡ ❞❡s ♠♦❞❡s ♠❛❣♥ét✐q✉❡s ❞é♣❡♥❞ ❞❡ ❧❛
❣é♦♠étr✐❡ ❞✉ ❞♦♠❛✐♥❡ ❝♦♥❞✉❝t❡✉r✱ ♥♦✉s ✈❡rr♦♥s q✉❡ ❧❡✉r ❞②♥❛♠✐q✉❡ ❞é♣❡♥❞ ❞❡ ❝❛✲
r❛❝tér✐st✐q✉❡s t❡❧❧❡s q✉❡ ❧❛ s②♠étr✐❡ ❞✉ ❢♦rç❛❣❡✱ ♠❛✐s s❡♠❜❧❡ ❧❛r❣❡♠❡♥t ✐♥❞é♣❡♥❞❛♥t
❞❡ ❧❛ ❣é♦♠étr✐❡ ❝♦♥s✐❞éré❡✳



✹✳✷ ▼ét❤♦❞❡ ♥✉♠ér✐q✉❡ ✶✵✶

✹✳✷ ▼ét❤♦❞❡ ♥✉♠ér✐q✉❡

✹✳✷✳✶ Prés❡♥t❛t✐♦♥ ❞✉ ❝♦❞❡ PaRoDy

❆✜♥ ❞✬ét✉❞✐❡r ❧❡s éq✉❛t✐♦♥s ❞❡ ❧❛ ♠❛❣♥ét♦❤②❞r♦❞②♥❛♠✐q✉❡ ❞❛♥s ❧❡✉r ✐♥té❣r❛✲
❧✐té✱ ❥✬❛✐ ❡✉ à ♠❛ ❞✐s♣♦s✐t✐♦♥ ❧❡ ❝♦❞❡ ♥✉♠ér✐q✉❡ PaRoDy ✱ ✐♥✐t✐❛❧❧❡♠❡♥t ❞é✈❡❧♦♣♣é
♣❛r ❊♠♠❛♥✉❡❧ ❉♦r♠②✱ ♣✉✐s ♣❛r❛❧❧é❧✐sé ❡♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❱✳ ▼♦r✐♥ ❡t ❏✳ ❆✉✲
❜❡rt ❬✶✽❪✳ ❈❡ ❝♦❞❡ ❡st r❡❧❛t✐✈❡♠❡♥t ♣✉✐ss❛♥t✱ ♠❛✐s ❛ été ❞é✈❡❧♦♣♣é ❞❛♥s ❧❡ ❝♦♥t❡①t❡
❞❡ ❧❛ ❞②♥❛♠♦ t❡rr❡str❡✳ ❉❛♥s s❛ ✈❡rs✐♦♥ ✐♥✐t✐❛❧❡✱ ❧❡ ❝♦❞❡ ✐♥tè❣r❡ ❧❛ r♦t❛t✐♦♥ ❞❡ ❧❛
s♣❤èr❡ ❡①t❡r♥❡✱ ❧✬éq✉❛t✐♦♥ ❞❡ t❡♠♣ér❛t✉r❡✱ ♦✉ ❡♥❝♦r❡ ❧❛ ♣rés❡♥❝❡ ❞✬✉♥❡ ❣r❛✐♥❡ ✐♥✲
t❡r♥❡✳ P❛r ❝♦♥séq✉❡♥t✱ ❝❡rt❛✐♥❡s ♠♦❞✐✜❝❛t✐♦♥s ♦♥t ❞✉ êtr❡ ❛♣♣♦rté❡s ❛✉ ❝♦❞❡ ❛✜♥
❞❡ ♣♦✉✈♦✐r ❧✬❛♣♣❧✐q✉❡r ❛✉ ♣r♦❜❧è♠❡ ❞❡s ❞②♥❛♠♦s ❡①♣ér✐♠❡♥t❛❧❡s✳ P✉✐sq✉❡ PaRoDy

❡st ✉♥ ❝♦❞❡ r❡♣♦s❛♥t s✉r ✉♥ ❞♦♠❛✐♥❡ ❞✬✐♥té❣r❛t✐♦♥ s♣❤ér✐q✉❡✱ ✉♥❡ ❞✐✛ér❡♥❝❡ s✉♣✲
♣❧é♠❡♥t❛✐r❡ ✈✐❡♥t ❞❡ ❧❛ ❣é♦♠étr✐❡ ❡❧❧❡✲♠ê♠❡✱ q✉✐ ♥❡ ♣❡✉t êtr❡ ♠♦❞✐✜é❡ s❛♥s r❡é❝r✐r❡
❧✬✐♥té❣r❛❧✐té ❞✉ s❝❤é♠❛ ♥✉♠ér✐q✉❡✳ ▲✬✉t✐❧✐s❛t✐♦♥ ❞✬✉♥❡ ❣é♦♠étr✐❡ s♣❤ér✐q✉❡ ♣❡r♠❡t
❡♥ ♦✉tr❡ ❞❡ ❢❛✐r❡ ❞❡s ❝♦♠♣❛r❛✐s♦♥s ❞✐r❡❝t❡s ❛✈❡❝ ❧❛ ❣é♦♠étr✐❡ ❝②❧✐♥❞r✐q✉❡✱ ♠❛✐s é❣❛✲
❧❡♠❡♥t ❞✬ét✉❞✐❡r ❞✬❛✉tr❡s ❝♦♥✜❣✉r❛t✐♦♥s ❡①♣ér✐♠❡♥t❛❧❡s✱ ❝♦♠♠❡ ❧✬❡①♣ér✐❡♥❝❡ ❞❡ ▼❛✲
❞✐s♦♥✳

PaRoDy ♣❡r♠❡t ❞❡ rés♦✉❞r❡ ❧❡ ♣r♦❜❧è♠❡ ♠❛❣♥ét♦❤②❞r♦❞②♥❛♠✐q✉❡ ❝♦♠♣❧❡t✱ ❝✬❡st✲
à✲❞✐r❡ à ❧❛ ❢♦✐s ❧✬éq✉❛t✐♦♥ ❞✬✐♥❞✉❝t✐♦♥ ♠❛✐s é❣❛❧❡♠❡♥t ❧✬éq✉❛t✐♦♥ ❞❡ ◆❛✈✐❡r✲❙t♦❦❡s✱
❝❡tt❡ ❞❡r♥✐èr❡ éq✉❛t✐♦♥ ét❛♥t ❝♦✉♣❧é❡ à ❧❛ ♣r❡♠✐èr❡ ♣❛r ❧❛ ❢♦r❝❡ ❞❡ ▲❛♣❧❛❝❡✳ ❉❛♥s ❧❛
✈❡rs✐♦♥ ♠♦❞✐✜é❡ ❞✉ ❝♦❞❡ q✉❡ ❥✬❛✐ ❞é✈❡❧♦♣♣é ❞✉r❛♥t ❝❡tt❡ t❤ès❡✱ ❧❡ ✢✉✐❞❡ ❝♦♥❞✉❝t❡✉r
✐♥❝♦♠♣r❡ss✐❜❧❡ ❡st ❡♥tr❛î♥é ♣❛r ✉♥ ❢♦rç❛❣❡ ✈♦❧✉♠✐q✉❡ ❞❛♥s ✉♥❡ s♣❤èr❡ ♣❧❡✐♥❡ s❛♥s
r♦t❛t✐♦♥✳ ❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ♥❡ ❞é❝r✐✈♦♥s q✉❡ très ❜r✐è✈❡♠❡♥t ❧❡ ❝♦❞❡ ♥✉♠é✲
r✐q✉❡ ❡t ❧❡ ❧❡❝t❡✉r ❡st ✐♥✈✐té à ❧✐r❡ ❧❛ t❤ès❡ ❞✬❊♠♠❛♥✉❡❧ ❉♦r♠② ♣♦✉r ✉♥❡ ❞❡s❝r✐♣t✐♦♥
♣❧✉s ❝♦♠♣❧èt❡ ❬✶✼❪ ❞❡ P❛r♦❞②✳

✹✳✷✳✷ ❉é❝♦♠♣♦s✐t✐♦♥ ♣♦❧♦ï❞❛❧❡✲t♦r♦ï❞❛❧❡

❧❛ ❣é♦♠étr✐❡ s♣❤ér✐q✉❡ ❞❡ P❛r♦❞② ♥♦✉s ❝♦♥❞✉✐t à ❞é❝♦♠♣♦s❡r ❧❡s éq✉❛t✐♦♥s ✈❡❝✲
t♦r✐❡❧❧❡s s✉r ✉♥❡ ❜❛s❡ ❞❡ ❞❡✉① ♣♦t❡♥t✐❡❧s s❝❛❧❛✐r❡s✳ ❈❡tt❡ ❞é❝♦♠♣♦s✐t✐♦♥ ♣❡r♠❡t ❞❡
♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❡ ❝❛r❛❝tèr❡ s♦❧é♥♦ï❞❛❧ ❞❡s ❝❤❛♠♣s ❞❡ ❢❛ç♦♥ ✐♠♣❧✐❝✐t❡✱ ♠❛✐s é❣❛❧❡✲
♠❡♥t ❞✬é❧✐♠✐♥❡r ❧❡ ❣r❛❞✐❡♥t ❞❡ ♣r❡ss✐♦♥ ❞✉ s②stè♠❡✳ ▲❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❡st ❧❛ s✉✐✈❛♥t❡

B = ∇∧ (rBT ) + ∇∧∇ ∧ (rBP) , ✭✹✳✶✮

V = ∇∧ (rVT ) + ∇∧∇ ∧ (rVP) , ✭✹✳✷✮

❧✬✐♥❞✐❝❡ P ✐♥❞✐q✉❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ♣♦❧♦ï❞❛❧❡ t❛♥❞✐s q✉❡ ❧✬✐♥❞✐❝❡ ❚ ✐♥❞✐q✉❡ ❧❛ ❝♦♠✲
♣♦s❛♥t❡ t♦r♦ï❞❛❧❡✳ ❈❡tt❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ♣♦❧♦ï❞❛❧✴t♦r♦ï❞❛❧✱ é❣❛❧❡♠❡♥t ❛♣❡❧❧é❡ ❞é✲
❝♦♠♣♦s✐t✐♦♥ ❞❡ ▼✐❡✱ ❛ ❞é❥à été ♠❡♥t✐♦♥♥é❡ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ❞✬✐♥tr♦❞✉❝t✐♦♥✳ ❈❡tt❡
❞é❝♦♠♣♦s✐t✐♦♥ s✬❛✈èr❡ ✉t✐❧❡ ❝❛r ❝❤❛❝✉♥ ❞❡s ❞❡✉① s❝❛❧❛✐r❡s ✈❛ ♣♦✉✈♦✐r êtr❡ ❡①♣r✐♠é à



✶✵✷ ▼♦❞é❧✐s❛t✐♦♥ ❞②♥❛♠✐q✉❡

❧✬❛✐❞❡ ❞✬✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❢♦♥❝t✐♦♥s ❝♦♠♣❧❡①❡s Y m
l (θ,φ)✱ ❧❡s ❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s✱

❞é✜♥✐❡s ♣❛r
Y m

l (θ,φ) = Cm
l Pm

l (cos(θ))e imφ , ✭✹✳✸✮

♦ù Cm
l ❡st ✉♥❡ ❝♦♥st❛♥t❡ ❞❡ ♥♦r♠❛❧✐s❛t✐♦♥ ❡t Pm

l ❡st ❧❡ ♣♦❧②♥ô♠❡ ❞❡ ▲❡❣❡♥❞r❡ ❛ss♦❝✐é
❞❡ ❞❡❣ré l ❡t ❞✬♦r❞r❡ m✳ ❈❡s ❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s s♦♥t ♦rt❤♦❣♦♥❛❧❡s ❞❡✉① à ❞❡✉①
❡t ♦✛r❡♥t ✉♥❡ ❜❛s❡ ♥❛t✉r❡❧❧❡ ♣♦✉r ❞é❝r✐r❡ ❧❡s ❝♦♠♣♦s❛♥t❡s ♣♦❧♦ï❞❛❧❡s ❡t t♦r♦ï❞❛❧❡s
❞❡s ❝❤❛♠♣s ✈❡❝t♦r✐❡❧s✳ ❈❡❝✐ ❡st ❞û ❛✉ ❢❛✐t q✉❡ ❝❡s ❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s s♦♥t ❧❡s
❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❞❡ ❧✬♦♣ér❛t❡✉r L2✱ ✈ér✐✜❛♥t

L2Y
m
l = − 1

sin(θ)

∂

∂θ

(

sin(θ)
∂Y m

l

∂θ

)

− 1

sin2(θ)

∂2Y m
l

∂φ2
= l(l + 1)Y m

l . ✭✹✳✹✮

❈❡❝✐ s✬❛✈èr❡ très ✐♥tér❡ss❛♥t ♣♦✉r ❡①♣r✐♠❡r ❧❡ ❧❛♣❧❛❝✐❡♥ ❞✬✉♥❡ ❢♦♥❝t✐♦♥ f ♠✐s❡ s♦✉s
❧❛ ❢♦r♠❡ f (r) = F (r)Y m

l (θ,φ) ♣✉✐sq✉❡

∆(F (r)Y m
l (θ,φ)) = Y m

l (θ,φ)
1

r 2

[

d

dr

(

r 2 d

dr
F (r)

)

− l(l + 1)F (r)

]

. ✭✹✳✺✮

▲✬éq✉❛t✐♦♥ ❞❡ ◆❛✈✐❡r✲❙t♦❦❡s ❛✐♥s✐ q✉❡ ❧✬éq✉❛t✐♦♥ ❞✬✐♥❞✉❝t✐♦♥ ❝♦♠♣♦rt❡♥t ❞❡s ♣❛r✲
t✐❡s tr❛✐t❛♥t ❧❛ ❞✐✛✉s✐♦♥ ❞❡s ❝❤❛♠♣s✳ ❈❡ tr❛✐t❡♠❡♥t ❡♥ ❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s ❜❛sé
s✉r ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ ▼✐❡ ❢❛❝✐❧✐t❡ ❣r❛♥❞❡♠❡♥t ❧❛ rés♦❧✉t✐♦♥ ❞❡s t❡r♠❡s ❧✐♥é❛✐r❡s✳
◆♦t♦♥s q✉❡ ❧✬♦♥ ♣❡✉t t♦✉❥♦✉rs s❡ r❛♠❡♥❡r à ❧✬❡s♣❛❝❡ ♣❤②s✐q✉❡ ❝❧❛ss✐q✉❡ ♣❛r ❧❛ tr❛♥s✲
❢♦r♠❛t✐♦♥ s✉✐✈❛♥t❡

Vr =
1

r
L2(Vp) , ✭✹✳✻✮

Vθ =
∂Vs

∂θ
+

1

sin θ

∂Vt

∂φ
, ✭✹✳✼✮

Vφ =
1

sin θ

∂Vs

∂φ
− ∂Vt

∂θ
. ✭✹✳✽✮

❊♥ ♣r♦❥❡t❛♥t ❧❡s éq✉❛t✐♦♥s s✉r ❧❛ ❜❛s❡ ❞❡s ❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s✱ ♦♥ ♦❜t✐❡♥t ✉♥❡
❡①♣r❡ss✐♦♥ ♠❛tr✐❝✐❡❧❧❡ s✐♠♣❧❡ ♣♦✉r t♦✉s ❧❡s t❡r♠❡s ❧✐♥é❛✐r❡s✱ ❡t ❧✬♦♥ ♣❡✉t ❞♦♥❝ ❧❡s
tr❛✐t❡r ✐♠♣❧✐❝✐t❡♠❡♥t ❡♥ t❡♠♣s✳

▲❡ ❧❡❝t❡✉r ❛tt❡♥t✐❢ ❛✉r❛ ♥♦té q✉❡ ❝❡tt❡ ❞é❝♦♠♣♦s✐t✐♦♥ s✬❡✛❡❝t✉❡ s✉r ❧❡s ❛♥❣❧❡s ♣♦✉r
✉♥❡ s♣❤èr❡ à ✉♥ r❛②♦♥ ❞♦♥♥é✳ ❆ ❝❛✉s❡ ❞❡ ❝❡❧❛✱ ✐❧ r❡st❡ à ❝❛❧❝✉❧❡r ❧❛ ♣❛rt✐❡ ❞✉ ▲❛♣❧❛❝✐❡♥
q✉✐ ❞é♣❡♥❞ ❞❡ r ✳ P♦✉r ❝❡❧❛✱ ❧❡ ❝♦❞❡ ❡st ❞✐s❝rét✐sé s♦✉s ❢♦r♠❡ ❞❡ s♣❤èr❡s ❝♦♥❝❡♥tr✐q✉❡s✱
q✉✬✐❧ ✈❛ ❢❛❧❧♦✐r r❡❧✐❡r ❡♥tr❡ ❡❧❧❡s ♣❛r ✉♥ s❝❤é♠❛ ♥✉♠ér✐q✉❡✳ ❉❛♥s P❛r♦❞②✱ ❝❡ ❝❛❧❝✉❧
❡st ❡✛❡❝t✉é ♣❛r ✉♥ s❝❤é♠❛ ❛✉① ❞✐✛ér❡♥❝❡s ✜♥✐❡s✳

✹✳✷✳✸ ■♠♣❧é♠❡♥t❛t✐♦♥ ♥✉♠ér✐q✉❡

❉❛♥s ❝❡rt❛✐♥s ❝♦❞❡s ❞❡ ❞②♥❛♠♦s s♣❤ér✐q✉❡s✱ ✉♥❡ ♠ét❤♦❞❡ s♣❡❝tr❛❧❡ ✉t✐❧✐s❛♥t
❝♦♠♠❡ ❜❛s❡ ❧❡s ♣♦❧②♥ô♠❡s ❞❡ ❈❤❡❜②s❤❡✈ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ r❛❞✐❛❧❡ ❡st ✉t✐❧✐sé❡✳ P♦✉r
❧❡ ❝♦❞❡ P❛r♦❞②✱ ✐❧ ❛ été ♣ré❢éré ✉♥ s❝❤é♠❛ ❛✉① ❞✐✛ér❡♥❝❡s ✜♥✐❡s ❛✜♥ ❞❡ ♣♦✉✈♦✐r



✹✳✷ ▼ét❤♦❞❡ ♥✉♠ér✐q✉❡ ✶✵✸

♣❛r❛❧❧é❧✐s❡r ❡✣❝❛❝❡♠❡♥t ❧❡s ❝❛❧❝✉❧s✳ ❖♥ ✉t✐❧✐s❡ ❞♦♥❝ ✉♥ s❝❤é♠❛ ❛✉① ❞✐✛ér❡♥❝❡s ✜♥✐❡s
❝❡♥tré❡s✱ é❝r✐t ❞✐r❡❝t❡♠❡♥t s✉r ✉♥❡ ❣r✐❧❧❡ ré❣✉❧✐èr❡ ❡t r❡♣♦s❛♥t s✐♠♣❧❡♠❡♥t s✉r ✉♥
❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❚❛②❧♦r ❝❧❛ss✐q✉❡✳

❉❡ ♥♦s ❥♦✉rs✱ ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡s ♦✉t✐❧s ✐♥❢♦r♠❛t✐q✉❡s ♣❡r♠❡t q✉❡ ❞❡s ❝❛❧❝✉❧s
❝♦♠♣❧❡①❡s ♣✉✐ss❡♥t êtr❡ ❡✛❡❝t✉és ♣❛r ♣❧✉s✐❡✉rs ♣r♦❝❡ss❡✉rs ❡♥ ♠ê♠❡ t❡♠♣s✱ q✉✐ ❝♦✲
♦♣èr❡♥t ❛✜♥ ❞❡ ré❞✉✐r❡ ❧❡ t❡♠♣s ❞❡ ❝❛❧❝✉❧✳ ▲❡ s❝❤é♠❛ ❛✉① ❞✐✛ér❡♥❝❡s ✜♥✐❡s ♦✛r❡ ✉♥❡
t❡❧❧❡ ♦♣♣♦rt✉♥✐té✱ ♣✉✐sq✉❡ ❝❤❛q✉❡ ❝♦q✉✐❧❧❡ s♣❤ér✐q✉❡ ❡st ❞é❝♦♠♣♦sé❡ ❡♥ ❤❛r♠♦♥✐q✉❡s
s♣❤ér✐q✉❡s ❛✈❡❝ ❞❡s ❝♦❡✣❝✐❡♥ts ✐♥❞é♣❡♥❞❛♥ts✳ ❈❤❛q✉❡ ♣r♦❝❡ss❡✉r ♣❡✉t ❛✐♥s✐ ❝❛❧❝✉❧❡r
❧❛ ✈❛❧❡✉r ❞❡s ❝❤❛♠♣s s✉r ✉♥❡ ❝♦q✉✐❧❧❡ à ❝❤❛q✉❡ ♣❛s ❞❡ t❡♠♣s✱ ♣✉✐s ❝♦♠♠✉♥✐q✉❡r
❜r✐è✈❡♠❡♥t ❛✈❡❝ ❧❡s ♣r♦❝❡ss❡✉rs ❞❡s ❝♦q✉✐❧❧❡s ✈♦✐s✐♥❡s✳ ❙✐ ❧❛ rés♦❧✉t✐♦♥ ❡st ✐♠♣♦r✲
t❛♥t❡✱ ❡t s✐ ❧❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❡♥tr❡ ♣r♦❝❡ss❡✉rs ❡st s✉✣s❛♠♠❡♥t r❛♣✐❞❡✱ ❧❡ ❝❛❧❝✉❧
❡st ❡✛❡❝t✉é ❡♥ ✉♥ t❡♠♣s ♣❧✉s r❛♣✐❞❡ q✉❡ s✬✐❧ ét❛✐t ❡✛❡❝t✉é ♣❛r ✉♥ s❡✉❧ ♣r♦❝❡ss❡✉r✳
➱✈✐❞❡♠♠❡♥t✱ s✐ ❧❡ ♥♦♠❜r❡ ❞❡ ♣r♦❝❡ss❡✉rs ❡st tr♦♣ ❣r❛♥❞ ♣❛r r❛♣♣♦rt à ❧❛ rés♦❧✉t✐♦♥✱
❧❡ s②stè♠❡ ♣❛ss❡ ♣❧✉s ❞❡ t❡♠♣s ❞❛♥s ❧❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❡♥tr❡ ♣r♦❝❡ss❡✉rs ♣❧✉tôt q✉✬à
❡✛❡❝t✉❡r ❧❡ ❝❛❧❝✉❧✳ ■❧ ② ❛ ❞♦♥❝✱ ♣♦✉r ❝❤❛q✉❡ ❝♦❞❡ ♣❛r❛❧❧è❧❡✱ ✉♥❡ ❧♦✐ ❞✬é❝❤❡❧❧❡ ❞♦♥♥❛♥t
❧✬❡✣❝❛❝✐té ❞❡ ❧❛ ♣❛r❛❧❧é❧✐s❛t✐♦♥ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ rés♦❧✉t✐♦♥ ✉t✐❧✐sé❡✳ ▲❛ t♦t❛❧✐té ❞❡s
❝❛❧❝✉❧s ♥✉♠ér✐q✉❡s ♣rés❡♥tés ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ s♦♥t ❞❡s ❝❛❧❝✉❧s ♣❛r❛❧❧è❧❡s ré❛❧✐sés s✉r
❧❡ s✉♣❡r❝❛❧❝✉❧❛t❡✉r ❈❊▼❆● ❞✉ ▲❛❜♦r❛t♦✐r❡ ❞❡ ❘❛❞✐♦❆str♦♥♦♠✐❡✱ ❛✉ ❝❡♥tr❡ ❞❡ ❝❛❧✲
❝✉❧ ❞❡ ❧✬■❉❘■❙✱ ♦✉ ❛✉ ❝❡♥tr❡ ❞❡ ❝❛❧❝✉❧ ❞✉ ❈❊❆✳ ▲❡ ♥♦♠❜r❡ ❞❡ ♣r♦❝❡ss❡✉rs ✉t✐❧✐sés
❡♥ ♣❛r❛❧❧è❧❡ ♣♦✉r ✉♥ ❝❛❧❝✉❧ ❞♦♥♥é ✈❛r✐❡ ❡♥tr❡ 4 ❡t 64✳

❯♥❡ ❢♦✐s ❧❡ ❝❛❧❝✉❧ ❞❡s t❡r♠❡s ❧✐♥é❛✐r❡s ❡✛❡❝t✉é✱ ✐❧ r❡st❡ à ❝❛❧❝✉❧❡r ❧❡s t❡r♠❡s
♥♦♥✲❧✐♥é❛✐r❡s✳ ❈❡s t❡r♠❡s s♦♥t ❝❛❧❝✉❧és ❞❛♥s ❧✬❡s♣❛❝❡ ♣❤②s✐q✉❡✱ ♣✉✐s tr❛♥s❢érés ❞❛♥s
❧✬❡s♣❛❝❡ s♣❡❝tr❛❧✳ ■❧ ❢❛✉t ♥♦t❡r q✉❡ ❧♦rsq✉❡ ❧❡ ♥♦♠❜r❡ ❞✬❤❛r♠♦♥✐q✉❡s ❞❡✈✐❡♥t s✉❢✲
✜s❛♠♠❡♥t ✐♠♣♦rt❛♥t✱ ❝❡tt❡ ♣❛rt✐❡ ❞❡ ❧❛ rés♦❧✉t✐♦♥ ♥✉♠ér✐q✉❡ ❞✉ ❝♦❞❡ ♦❝❝✉♣❡ ❧❛
q✉❛s✐✲t♦t❛❧✐té ❞✉ t❡♠♣s ❞❡ ❝❛❧❝✉❧✳ ❈❡❝✐ s✬❡①♣❧✐q✉❡ ❡♥ ♣❛rt✐❡ ♣❛r ❧❡ ❢❛✐t q✉❡ ❞❡s tr❛♥s✲
❢♦r♠é❡s ❞❡ ▲❡❣❡♥❞r❡ s♦♥t ✉t✐❧✐sé❡s à ❝❤❛q✉❡ tr❛♥s✐t✐♦♥ ❡♥tr❡ ❡s♣❛❝❡ ♣❤②s✐q✉❡ ❡t
❡s♣❛❝❡ s♣❡❝tr❛❧❡✳ ◆♦✉s ✈❡♥♦♥s ❞❡ ❞é❝r✐r❡ ❧❡s ❞✐✛ér❡♥t❡s ét❛♣❡s ♠❡♥❛♥t à ❧❛ rés♦❧✉✲
t✐♦♥ ❞❡s éq✉❛t✐♦♥s ❞❡ ❧❛ ▼❍❉ ❞❛♥s ❧✬❡s♣❛❝❡✳ ■❧ ❢❛✉t ❡♥s✉✐t❡ ✐♥té❣r❡r ❝❡s éq✉❛t✐♦♥s
❞❛♥s ❧❡ t❡♠♣s✱ ❛✜♥ ❞❡ s✐♠✉❧❡r ❧✬é✈♦❧✉t✐♦♥ ❞❡s ❝❤❛♠♣s ❝✐♥ét✐q✉❡ ❡t ♠❛❣♥ét✐q✉❡✳ ❈❡s
éq✉❛t✐♦♥s s♦♥t ✐♥té❣ré❡s ♣❛r ✉♥ s❝❤é♠❛ ❛✉① ❞✐✛ér❡♥❝❡s ✜♥✐❡s ❞❡ t②♣❡ s❡♠✐✲✐♠♣❧✐❝✐t❡
❈r❛♥❦✲◆✐❝❤♦❧s♦♥ ♣♦✉r ❧❛ ❞✐✛✉s✐♦♥✱ ❡t ❆❞❛♠s✲❇❛s❤❢♦rt❤ ❞✉ s❡❝♦♥❞ ♦r❞r❡ ♣♦✉r ❧❡s
t❡r♠❡s ♥♦♥✲❧✐♥é❛✐r❡s✳ ▲❛ ♣❛rt✐❡ ❞✐✛✉s✐✈❡ ♣rés❡♥t❡ ❧✬❛✈❛♥t❛❣❡ ❞✬✉t✐❧✐s❡r ✉♥ ❛❧❣♦r✐t❤♠❡
✐♥❝♦♥❞✐t✐♦♥♥❡❧❧❡♠❡♥t st❛❜❧❡✱ t❛♥❞✐s q✉❡ ❧❡ s❝❤é♠❛ ❞✬❆❞❛♠s✲❇❛s❤❢♦rt❤ ❡st ❝♦♥❞✐t✐♦♥✲
♥❡❧❧❡♠❡♥t st❛❜❧❡✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❛ st❛❜✐❧✐té ❡st ❞ét❡r♠✐♥é❡ ❞❡ ❢❛ç♦♥ ❡♠♣✐r✐q✉❡ ♣♦✉r
✉♥❡ s✐♠✉❧❛t✐♦♥ ❞♦♥♥é❡✱ ❞é♣❡♥❞❛♥t ❞✉ ♣r♦❜❧è♠❡ ❡t ❞❡ ❧✬❛❞✐♠❡♥s✐♦♥♥❡♠❡♥t ✉t✐❧✐sé✳

❊♥✜♥✱ ❧❛ ❞❡r♥✐èr❡ ét❛♣❡ ♥é❝❡ss❛✐r❡ ❛✉ ❜♦♥ ❢♦♥❝t✐♦♥♥❡♠❡♥t ❞❡ ❝❡ ❝♦❞❡ ❡st ❧✬✐♠✲
♣❧é♠❡♥t❛t✐♦♥ ❞❡ ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s✱ à ❧❛ ❢♦✐s ♣♦✉r ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❡t ♣♦✉r ❧❡
❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❘❡❣❛r❞♦♥s t♦✉t ❞✬❛❜♦r❞ ❧❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s s✉r ❧❛ s♣❤èr❡
❡①t❡r♥❡✳ ❊♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❛ ✈✐t❡ss❡✱ ❡t ét❛♥t ❞♦♥♥é ❧❡ ♣r♦❜❧è♠❡ ét✉❞✐é ❞✉r❛♥t
❝❡tt❡ t❤ès❡✱ ✐❧ ❡st ❝❧❛✐r q✉❡ ♥♦✉s ❛❧❧♦♥s ✉t✐❧✐s❡r ❧❡ ❝❛s ❞❡ ❞é♣❧❛❝❡♠❡♥t ♥✉❧ ✭✬♥♦ s❧✐♣✬✮



✶✵✹ ▼♦❞é❧✐s❛t✐♦♥ ❞②♥❛♠✐q✉❡

❞✉ ✢✉✐❞❡ s✉r ❧❛ ♣❛r♦✐✳ ❈❡tt❡ ❝♦♥❞✐t✐♦♥ s❡ tr❛❞✉✐t ❞❛♥s ❧✬❡s♣❛❝❡ s♣❡❝tr❛❧ ♣❛r

Vp = 0 , ✭✹✳✾✮
∂Vp

∂r
= 0 , ✭✹✳✶✵✮

Vt = 0 . ✭✹✳✶✶✮

P♦✉r ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ❞❡✉① t②♣❡s ❞❡ ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ♣❡✉✈❡♥t êtr❡ ❡♥✲
✈✐s❛❣és✳ ▲❛ ❝♦♥❞✐t✐♦♥ ❧❛ ♣❧✉s s✐♠♣❧❡ ❡st ❝❡❧❧❡ q✉✐ ❝♦♥s✐st❡ à ❝♦♥s✐❞ér❡r ✉♥ ✐s♦❧❛♥t
à ❧✬❡①tér✐❡✉r ❞❡ ❧❛ s♣❤èr❡✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ s❛t✐s❢❛✐t ❧✬éq✉❛t✐♦♥
✭♣♦✉r r > R✮

B = −∇Φ , ✭✹✳✶✷✮

∆Φ = 0 . ✭✹✳✶✸✮

✭✹✳✶✹✮

❉❛♥s ❝❡ ❝❛s✱ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡t ❧❛ ❝♦♠♣♦s❛♥t❡ r❛❞✐❛❧❡ ❞❡ ∇×B s♦♥t ❝♦♥t✐♥✉s à
❧❛ ❢r♦♥t✐èr❡ ❛✈❡❝ ❧✬❡①tér✐❡✉r✳ P❛r ❝♦♥t✐♥✉✐té✱ ♦♥ ✐♠♣♦s❡ q✉❡ ❧❛ ❝♦♠♣♦s❛♥t❡ t♦r♦ï❞❛❧❡
❞✉ ❝❤❛♠♣ ❡st ♥✉❧❧❡✱ ❡t q✉❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ♣♦❧♦ï❞❛❧❡ ❡t s❛ ❞ér✐✈é❡ s♦♥t ❝♦♥t✐♥✉❡s✳ ❈❡❧❛
♥♦✉s ❢♦✉r♥✐t ❞❡s ❝♦♥❞✐t✐♦♥s s✉✣s❛♥t❡s ♣♦✉r ❝♦♥❝❧✉r❡✳ P♦✉r ❝❡❧❛✱ ✐❧ ❢❛✉t r❡♠❛rq✉❡r
q✉❡ ❧❛ ❞ér✐✈❛❜✐❧✐té ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♥♦✉s ♣❡r♠❡t ❞✬é❝r✐r❡ (Bp)

m
l ∼ 1

r (l+1) ✳ ❉❛♥s
❧❛ ❧✐♠✐t❡ ❞✬✉♥ ♠✐❧✐❡✉ ❡①tér✐❡✉r ✐s♦❧❛♥t✱ ❧❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ♠❛❣♥ét✐q✉❡s s♦♥t
❞♦♥❝

∂

∂r
(Bp)

m
l +

(l + 1)

r
(Bp)

m
l = 0 , ✭✹✳✶✺✮

(Bt)
m
l = 0 . ✭✹✳✶✻✮

❖♥ ♥♦t❡r❛ q✉❡ ❧✬✉s❛❣❡ ❝♦♠❜✐♥é ❞✉ ❢♦r♠❛❧✐s♠❡ ❞❡s ❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s ❛✐♥s✐
q✉❡ ❞✬✉♥ s❝❤é♠❛ ❛✉① ❞✐✛ér❡♥❝❡s ✜♥✐❡s ♣♦✉r ❧❛ ❞✐r❡❝t✐♦♥ r❛❞✐❛❧❡ ♣❡r♠❡t ✉♥❡ ❡①♣r❡s✲
s✐♦♥ s✐♠♣❧❡ ♣♦✉r ❝❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s✱ ♥♦✉s é✈✐t❛♥t ❡♥tr❡ ❛✉tr❡s ❞❡ rés♦✉❞r❡
❧✬éq✉❛t✐♦♥ ❞❡ ▲❛♣❧❛❝❡ ❞❛♥s ❧❡ ♠✐❧✐❡✉ ❡①tér✐❡✉r ✐s♦❧❛♥t✳

❯♥ ❛✉tr❡ t②♣❡ ❞❡ ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s✱ ❞♦♥t ♥♦✉s ❛✈♦♥s ❞é❥à s♦✉❧✐❣♥é ❧✬✐♠✲
♣♦rt❛♥❝❡ ❛✉ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t✱ ❡st ❞❡ ❝♦♥s✐❞ér❡r q✉❡ ❧❛ s♣❤èr❡ ❡①tér✐❡✉r❡ ❡st ✉♥
♠✐❧✐❡✉ ❢❡rr♦♠❛❣♥ét✐q✉❡✱ ❞❡ ♣❡r♠é❛❜✐❧✐té ♠❛❣♥ét✐q✉❡ ❛ ♣r✐♦r✐ ✐♥✜♥✐❡✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❡s
❧✐❣♥❡s ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ t❡♥❞❡♥t à s❡ r❛❝❝♦r❞❡r ♣❡r♣❡♥❞✐❝✉❧❛✐r❡♠❡♥t à ❧❛ s✉r❢❛❝❡✱
s✐❣♥✐✜❛♥t q✉❡ ❧✬♦♥ ❛♥♥✉❧❡ ❧❡s ❝♦♠♣♦s❛♥t❡s s❡❧♦♥ θ ❡t φ✳ ▲à ❡♥❝♦r❡✱ ❝❡s ❝♦♥❞✐t✐♦♥s
❛✉① ❧✐♠✐t❡s✱ ✉♥❡ ❢♦✐s tr❛♥s♣♦sé❡s ❞❛♥s ❧✬❡s♣❛❝❡ s♣❡❝tr❛❧ s✬❡①♣r✐♠❡♥t ❞❡ ♠❛♥✐èr❡ très
s✐♠♣❧❡

∂

∂r
(Bp)

m
l +

1

r
(Bp)

m
l = 0 , ✭✹✳✶✼✮

(Bt)
m
l = 0 . ✭✹✳✶✽✮

❆✜♥ ❞❡ ré❛❧✐s❡r ✉♥❡ ét✉❞❡ ❞❛♥s ✉♥❡ s♣❤èr❡ ♣❧❡✐♥❡✱ ré❞✉✐r❡ ♥✉♠ér✐q✉❡♠❡♥t ❧❛ t❛✐❧❧❡
❡✛❡❝t✐✈❡ ❞❡ ❧❛ ❣r❛✐♥❡ à ③ér♦ ♥❡ s✉✣t ♣❛s✳ ■❧ ❢❛✉t ❛✉ ❝♦♥tr❛✐r❡ s✉♣♣r✐♠❡r t♦t❛❧❡♠❡♥t



✹✳✷ ▼ét❤♦❞❡ ♥✉♠ér✐q✉❡ ✶✵✺

❝❡tt❡ ❣r❛✐♥❡ ❞✉ ❝♦❞❡ ♥✉♠ér✐q✉❡ ❡t tr♦✉✈❡r ❞❡ ♥♦✉✈❡❧❧❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❛✉
❝❡♥tr❡✱ ❛✜♥ ❞❡ tr❛✐t❡r ❝♦rr❡❝t❡♠❡♥t ❧❛ s✐♥❣✉❧❛r✐té ❝❡♥tr❛❧❡ ✐♥tr♦❞✉✐t❡ ♣❛r ❝❡ s②stè♠❡
❞❡ ❝♦♦r❞♦♥♥é❡s✱ ♠❛✐s q✉✐ ♥✬❡①✐st❡ ♣❛s ♣❤②s✐q✉❡♠❡♥t✳ ❈❡s ❝♦♥❞✐t✐♦♥s ❞♦✐✈❡♥t êtr❡
❝❤♦✐s✐❡s ❛✈❡❝ s♦✐♥ ❛✜♥ ❞✬❛ss✉r❡r ❧❛ ré❣✉❧❛r✐té ❞❡ ❧❛ s♦❧✉t✐♦♥ ❛✉ ❝❡♥tr❡✳ ❆ ❝❛✉s❡ ❞❡ ❧❛
♣rés❡♥❝❡ ❞✬✉♥ ♦♣ér❛t❡✉r ❜✐✲❤❛r♠♦♥✐q✉❡ ❞❛♥s ❧✬éq✉❛t✐♦♥ ❞✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡
♣♦❧♦ï❞❛❧❡ ❞✉ ✢✉✐❞❡✱ ❧❡ ♣❧✉s ❤❛✉t ❞❡❣ré ♣♦✉r ❧❛ ❞ér✐✈é❡ r❛❞✐❛❧❡ ❡st ❞✬♦r❞r❡ ✹✳ ❊♥
♣❧✉s ❞❡s ❞❡✉① ❝♦♥❞✐t✐♦♥s ✐♠♣♦sé❡s s✉r ❧❛ s♣❤èr❡ ❡①t❡r♥❡✱ ✐❧ ♥♦✉s ❢❛✉t ❞♦♥❝ ❡♥❝♦r❡
❞❡✉① ❝♦♥❞✐t✐♦♥s s✉r VP ❛✉ ❝❡♥tr❡ ✭✉♥❡ s❡✉❧❡ s✉✣s❛♥t ♣♦✉r VT ✮✳ ▲♦rsq✉❡ r → 0✱ ❧❛
ré❣✉❧❛r✐té ❞❡ V ❡t ∇× V ✐♠♣♦s❡♥t VP = 0 ❡t VT = 0✳ ❆ ♣❛rt✐r ❞✉ ❞é✈❡❧♦♣♣❡♠❡♥t
❧✐♠✐té VP ∼ rα ❡♥ r = 0✱ ♦♥ ♣❡✉t r❡♠❛rq✉❡r q✉❡ ❧❛ ré❣✉❧❛r✐té ❞❡ ∇×∇×V ❝♦♥❞✉✐t
à s❛t✐s❢❛✐r❡

α (α+ 1) rα−2 − l (l + 1) rα−2 → 0 ✭✹✳✶✾✮

❧♦rsq✉❡ r → 0✳ ❈❡tt❡ ❞❡r♥✐èr❡ ❝♦♥❞✐t✐♦♥ ❡st s❛t✐s❢❛✐t❡ ♣♦✉r α = l ♦✉ α > 2 ✭α =
−(l + 1) ✐♠♣❧✐q✉❛♥t ✉♥❡ ❞✐✈❡r❣❡♥❝❡ ❛✉ ❝❡♥tr❡✮✳ ❊♥ ❝♦♥t✐♥✉❛♥t ❝❡ r❛✐s♦♥♥❡♠❡♥t ❛✉①
♦r❞r❡s s✉♣ér✐❡✉rs ✭❝♦♥❞✐t✐♦♥ ❞❡ ré❣✉❧❛r✐té ❛♥❛❧②t✐q✉❡✮✱ ♦♥ ♥♦t❡ q✉❡ ❧❛ ❝♦♥❞✐t✐♦♥ α > 2
❡st r❡♣♦✉ssé❡ à α > 4✱ ♣✉✐s α > 6✱ ❡t❝✳ ❆✐♥s✐✱ ❧❡s s❝❛❧❛✐r❡s ♣♦❧♦ï❞❛❧ ❡t t♦r♦ï❞❛❧ ❞♦✐✈❡♥t
s❡ ❝♦♠♣♦rt❡r ♣rès ❞❡ ❧✬♦r✐❣✐♥❡ ❝♦♠♠❡

(VP(r))m
l ∼ r l , ✭✹✳✷✵✮

♦ù l ❡st ❧✬✐♥❞✐❝❡ ❞❡ ❧✬❤❛r♠♦♥✐q✉❡ s♣❤ér✐q✉❡ ❝♦♥s✐❞éré❡✳ ◆✉♠ér✐q✉❡♠❡♥t✱ ♦♥ ✈♦✐t q✉❡
❧❛ ❢❛ç♦♥ ❞✬✐♠♣♦s❡r ❝❡ q✉✐ ♣ré❝è❞❡ ✈❛ ❞✐✛ér❡r s❡❧♦♥ ❧❛ ✈❛❧❡✉r ❞✉ ❞❡❣ré l ✳ ❆✐♥s✐ ❧❡s
❝♦♥❞✐t✐♦♥s ❞❡ ré❣✉❧❛r✐té ❡♥ r = 0 ♣♦✉r ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ s✬❡①♣r✐♠❡♥t ❞❡ ❧❛ ♠❛♥✐èr❡
s✉✐✈❛♥t❡

VP(r = 0) = 0, VT (r = 0) = 0,
∂VP(r = 0)

∂r
= 0 pour l > 1 ✭✹✳✷✶✮

VP(r = 0) = 0, VT (r = 0) = 0,
∂2VP(r = 0)

∂r 2
= 0 pour l = 1 ✭✹✳✷✷✮

❈❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ♥♦✉s ♦♥t ♣❡r♠✐s ❞❡ ❞é❝r✐r❡ t♦✉t é❝♦✉❧❡♠❡♥t ❣é♥ér❛❧ ♣❛s✲
s❛♥t à tr❛✈❡rs ❧❡ ❝❡♥tr❡ ❞❡ ❧❛ s♣❤èr❡✳ ▲✬éq✉❛t✐♦♥ ❞✬✐♥❞✉❝t✐♦♥✱ ♣❧✉s s✐♠♣❧❡✱ ♥✬✐♠♣❧✐q✉❡
q✉✬✉♥❡ ❞ér✐✈é❡ ❞✬♦r❞r❡ ✷ ❛✉ ♣❧✉s ❤❛✉t ❞❡❣ré✳ ❉❡✉① ❝♦♥❞✐t✐♦♥s s❡✉❧❡♠❡♥t s♦♥t ❞♦♥❝
♥é❝❡ss❛✐r❡s ♣♦✉r ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣♦✉r ❝❤❛q✉❡ ❝♦♠♣♦s❛♥t❡ ✭♣♦❧♦ï❞❛❧❡ ❡t t♦r♦ï✲
❞❛❧❡✮✳ ▲❡s ❝♦♥❞✐t✐♦♥s ❞❡ ré❣✉❧❛r✐té ❛✉ ❝❡♥tr❡ s✬é❝r✐✈❡♥t

(BP)m
l (r = 0) = 0 , ✭✹✳✷✸✮

(BT )m
l (r = 0) = 0 . ✭✹✳✷✹✮

P❛r ❛✐❧❧❡✉rs✱ ❧❡ ❝♦❞❡ PaRoDy ét❛✐t é❝r✐t à ❧✬♦r✐❣✐♥❡ ♣♦✉r ét✉❞✐❡r ❞❡s ♠♦✉✈❡♠❡♥ts
❝♦♥✈❡❝t✐❢s ✭éq✉❛t✐♦♥ t❤❡r♠✐q✉❡✮ ❡♥ r♦t❛t✐♦♥ ✭❢♦r❝❡ ❞❡ ❈♦r✐♦❧✐s✮✳ ❈❡s t❡r♠❡s ♦♥t été
s✉♣♣r✐♠és ❞❛♥s ♥♦tr❡ ét✉❞❡✳ ❈❡tt❡ ♣rés❡♥t❛t✐♦♥ s✐♠♣❧✐✜é❡ ❞✉ ❝♦❞❡ PaRoDy ♣❡r♠❡t✲
tr❛ ❞♦♥❝ ❛✉ ❧❡❝t❡✉r ❞✬❛✈♦✐r ✉♥❡ ✐❞é❡ ❣é♥ér❛❧❡ ❞✉ t②♣❡ ❞❡ ❝❛❧❝✉❧s ❡✛❡❝t✉és ✐❝✐✱ ❛✐♥s✐
q✉❡ ❞❡s ♠♦❞✐✜❝❛t✐♦♥s ♦r✐❣✐♥❛❧❡s ❛♣♣♦rté❡s ❛✉ ❝♦❞❡ ❞✉r❛♥t ❝❡ tr❛✈❛✐❧ ❞❡ t❤ès❡✳



✶✵✻ ▼♦❞é❧✐s❛t✐♦♥ ❞②♥❛♠✐q✉❡

✹✳✸ ❙✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❡♥ ré❣✐♠❡ ❧❛♠✐♥❛✐r❡

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♦♥ s✬✐♥tér❡ss❡ à ❧✬ét✉❞❡ ♥✉♠ér✐q✉❡ ❞❡ ❧❛ ❣é♥ér❛t✐♦♥ ❞✬✉♥
❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣❛r ✉♥ é❝♦✉❧❡♠❡♥t ❞❡ t②♣❡ ✈♦♥ ❑ár♠á♥ ❛✉ s❡✐♥ ❞✬✉♥❡ ❣é♦♠é✲
tr✐❡ s♣❤ér✐q✉❡✳ ▲❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❞✉ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t ❡t ❧❡s ♦❜s❡r✈❛t✐♦♥s
❡①♣ér✐♠❡♥t❛❧❡s ❞❡ ❱❑❙ ♠♦♥tr❡♥t q✉❡ ❧❡s ✢✉❝t✉❛t✐♦♥s t✉r❜✉❧❡♥t❡s ❥♦✉❡♥t ✉♥ rô❧❡
❝❛♣✐t❛❧ ❞❛♥s ❝❡tt❡ ✐♥st❛❜✐❧✐té ❞②♥❛♠♦✳ ▲❡ ♥✐✈❡❛✉ ❞❡ t✉r❜✉❧❡♥❝❡ ❡st ❝♦♥trô❧é ♣❛r ❧❡
♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s✱ ❡t ♦♥ ♣❡✉t ❞✐st✐♥❣✉❡r ❞❡✉① ré❣✐♠❡s ❞✐✛ér❡♥ts s❡❧♦♥ ❧❡ ❞❡❣ré
❞❡ t✉r❜✉❧❡♥❝❡ ❞❡ ❧❛ s✐♠✉❧❛t✐♦♥ ✿ ✉♥ ré❣✐♠❡ ✬❧❛♠✐♥❛✐r❡✬✱ ♦ù ❧✬é✈♦❧✉t✐♦♥ ❞❡s ❝❤❛♠♣s
♠❛❣♥ét✐q✉❡ ❡t ❝✐♥ét✐q✉❡ ♥✬❡st q✉❛s✐♠❡♥t ♣❛s ❜r✉✐té❡✱ ❡t ✉♥ ré❣✐♠❡ ❞✐t ✬t✉r❜✉❧❡♥t✬✱ ♦ù
❧❡s ♥♦♥✲❧✐♥é❛r✐tés ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ◆❛✈✐❡r✲❙t♦❦❡s ❢♦♥t ❛♣♣❛r❛îtr❡ ✉♥ ❝♦♠♣♦rt❡♠❡♥t
❝❤❛♦t✐q✉❡ ❞❛♥s ❧❡ s②stè♠❡✱ ❝❡ q✉✐ ♣rés❡♥t❡ ❧✬❛✈❛♥t❛❣❡ ❞✬êtr❡ ♣❧✉s ♣r♦❝❤❡ ❞❡s s②stè♠❡s
ré❡❧s✳

❉❛♥s ❧❡s ❞②♥❛♠♦s ♥❛t✉r❡❧❧❡s ❡♥ ❣é♦♠étr✐❡ s♣❤ér✐q✉❡✱ ❝♦♠♠❡ ❧❡s ♣❧❛♥èt❡s ♦✉ ❧❡s
ét♦✐❧❡s✱ ❧❡ s②stè♠❡ ❡st très s♦✉✈❡♥t ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡✳ ❈❡tt❡ ❝❛r❛❝tér✐st✐q✉❡ ✐♠♣❧✐q✉❡
❛ss❡③ ♥❛t✉r❡❧❧❡♠❡♥t ❞❡ ❝♦♥s✐❞ér❡r ❞❡s s②stè♠❡s ❛①✐s②♠étr✐q✉❡s ❧♦rs ❞❡ ❧✬é❧❛❜♦r❛t✐♦♥
❞❡ ♠♦❞è❧❡s s✐♠♣❧❡s✳ ❈✬❡st ❛✐♥s✐ q✉❡ ❧❡s ♣r❡♠✐❡rs ♠♦❞è❧❡s s✐♠♣❧✐✜és ❞❡ ❞②♥❛♠♦ ♣r♦♣♦✲
sés ❢✉r❡♥t ❞❡s ♠♦❞è❧❡s ✉t✐❧✐s❛♥t ❞❡s é❝♦✉❧❡♠❡♥ts ❛①✐s②♠étr✐q✉❡s✱ ❝♦♠♠❡ ❧❡s ❞②♥❛♠♦s
❞❡ ❉✉❞❧❡② ❡t ❏❛♠❡s✳ ❆ ❝❛✉s❡ ❞✉ t❤é♦rè♠❡ ❞❡ ❈♦✇❧✐♥❣✱ ♦♥ ♥❡ ♣❡✉t ❡s♣ér❡r ✉♥❡ t❡❧❧❡
s✐♠♣❧✐✜❝❛t✐♦♥ ♣♦✉r ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ✿ ❧❡ t❤é♦rè♠❡ ❞❡ ❈♦✇❧✐♥❣ ✐♥❞✐q✉❡ ❡♥ ❡❢✲
❢❡t q✉✬✉♥ ❝❤❛♠♣ ♣✉r❡♠❡♥t ❛①✐s②♠étr✐q✉❡ ♥❡ ♣❡✉t êtr❡ ♠❛✐♥t❡♥✉ ♣❛r ❡✛❡t ❞②♥❛♠♦✳
❚♦✉t❡❢♦✐s✱ ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❛✈❡❝ ✉♥❡ ♣❛rt✐❡ ❛①✐s②♠étr✐q✉❡ ❞♦♠✐♥❛♥t❡ ♣❡✉t êtr❡
❡♥❣❡♥❞ré ❧♦rsq✉❡ ❞❡s ✢✉❝t✉❛t✐♦♥s ♥♦♥✲❛①✐s②♠étr✐q✉❡s s♦♥t s✉♣❡r♣♦sé❡s à ✉♥ ❝❤❛♠♣
❞❡ ✈✐t❡ss❡ ❡♥ ♠♦②❡♥♥❡ ❛①✐s②♠étr✐q✉❡✳ ▲✬❡①♣ér✐❡♥❝❡ ❱❑❙ ❡st ✉♥ ❡①❡♠♣❧❡ ❞❡ s②stè♠❡
♦ù ❝❡ ❣❡♥r❡ ❞❡ ♠é❝❛♥✐s♠❡ s❡♠❜❧❡ êtr❡ ❛ ❧✬♦❡✉✈r❡✳ ▲❡s ❞❡✉① ❞✐sq✉❡s ❝♦❛①✐❛✉① ❞❡
❧✬❡①♣ér✐❡♥❝❡ ❡♥❣❡♥❞r❡♥t ❡♥ ❝♦♥tr❛✲r♦t❛t✐♦♥ ✉♥ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❞❡ ✈♦♥ ❑ár♠á♥ ❡①✲
trê♠❡♠❡♥t t✉r❜✉❧❡♥t✳ ▼❛❧❣ré ❝❡t ❛s♣❡❝t t✉r❜✉❧❡♥t✱ ❝❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡✱ ❧♦rsq✉✬✐❧
❡st ♠♦②❡♥♥é ❞❛♥s ❧❡ t❡♠♣s✱ ❡st ❛①✐s②♠étr✐q✉❡✳ ▲❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡♥❣❡♥❞ré ❡st
❞♦♠✐♥é ♣❛r ✉♥ ❞✐♣♦❧❡ ❛①✐❛❧ m = 0✳ ❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉ ❛✉ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t✱
❝❡❝✐ ♣❡✉t êtr❡ ❡①♣❧✐q✉é ❡♥ ✐♥✈♦q✉❛♥t ❧❡s ✢✉❝t✉❛t✐♦♥s t✉r❜✉❧❡♥t❡s ❝ré❛♥t ✉♥ ❡✛❡t α
❞û à ❧❛ ♥❛t✉r❡ ❤é❧✐❝✐t❛✐r❡ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t é❥❡❝té ♣rès ❞❡s ♣❛❧❡s✳ ❉❛♥s ❧❛ ♣r❡♠✐èr❡
♣❛rt✐❡ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ♥♦✉s ♠❡ttr♦♥s ❡♥ é✈✐❞❡♥❝❡ ✉♥ ♠é❝❛♥✐s♠❡ s✐♠♣❧❡ q✉✐ ♣❡r♠❡t
❞❡ ❝ré❡r ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣r✐♥❝✐♣❛❧❡♠❡♥t ❛①✐s②♠étr✐q✉❡ à ♣❛rt✐r ❞✬✉♥ ❢♦rç❛❣❡
❛①✐s②♠étr✐q✉❡✳

◆♦✉s ❛✈♦♥s ❞é❥à ♣rés❡♥té ❡♥ ✐♥tr♦❞✉❝t✐♦♥ ❧❡s éq✉❛t✐♦♥s ❞❡ ❧❛ ♠❛❣♥ét♦❤②❞r♦❞②✲
♥❛♠✐q✉❡✱ s♦✉s ❢♦r♠❡ ❞✐♠❡♥s✐♦♥é❡✳ ■❧ ❡st ❣é♥ér❛❧❡♠❡♥t ♣❧✉s ❝♦♠♠♦❞❡ ❞✬✉t✐❧✐s❡r ❞❡s
✈❛r✐❛❜❧❡s ❛❞✐♠❡♥s✐♦♥♥é❡s✱ ❡♥ ❢❛✐s❛♥t ❛♣♣❛r❛îtr❡ ❧❡s t❡♠♣s ❡t ❧❡s é❝❤❡❧❧❡s ❝❛r❛❝té✲
r✐st✐q✉❡s ❞✉ ♣r♦❜❧è♠❡✳ ▲❡s éq✉❛t✐♦♥s s❛♥s ❞✐♠❡♥s✐♦♥s q✉❡ ♥♦✉s ❛✈♦♥s ✉t✐❧✐sé s♦♥t



✹✳✸ ❙✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❡♥ ré❣✐♠❡ ❧❛♠✐♥❛✐r❡ ✶✵✼

❞♦♥❝

∂v

∂t
+ (v · ∇)v = −∇P + Pm∆v + Rm2

0F + Rm2
0(J × B), , ✭✹✳✷✺✮

∂B

∂t
= ∇× (v × B) + ∆B. . ✭✹✳✷✻✮

❉❛♥s ❧❡ ❝♦❞❡✱ t♦✉t❡ ❧♦♥❣✉❡✉r ❡st ♥♦r♠❛❧✐sé❡ ♣❛r ❧❡ r❛②♦♥ a ❞❡ ❧❛ s♣❤èr❡✳ ❉❡ ❧❛
♠ê♠❡ ♠❛♥✐èr❡✱ ❧❡ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡ ❡st ✉♥ t❡♠♣s ❞❡ ❞✐✛✉s✐♦♥ ♠❛❣♥ét✐q✉❡ t❡❧ q✉❡
τ = µ0σa2✳ ❉❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ♦✉ ❧✬❡①♣ér✐❡♥❝❡ ❞❡ ▼❛❞✐s♦♥✱ ❧❡ s♦❞✐✉♠ ❧✐q✉✐❞❡ ❡st
♠✐s ❡♥ ♠♦✉✈❡♠❡♥t à ❧✬❛✐❞❡ ❞❡ ❞✐sq✉❡s ♦✉ ❞✬❤é❧✐❝❡s ❝♦♠♠✉♥✐q✉❛♥t ✉♥ ♣✐❝ ❞❡ ✈✐t❡ss❡
Vd à ❧✬é❝♦✉❧❡♠❡♥t✱ r❡❧❛t✐❢ à ❧❛ ✈✐t❡ss❡ ❞✉ ✢✉✐❞❡ ❡♥ ❜♦r❞ ❞❡ ❞✐sq✉❡✳ ❖♥ ✉t✐❧✐s❡ ❝❡tt❡
✈✐t❡ss❡ ♣♦✉r ❛❞✐♠❡♥s✐♦♥♥❡r ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣❛r B0 =

√
µ0ρVd ❡t ❧❡ t❡r♠❡

❞❡ ❢♦r❝❡ ✈♦❧✉♠✐q✉❡ ♣❛r F0 = ρV 2
d /a✳ ◆♦✉s ❛✈♦♥s ❝❤♦✐s✐s ❞✬✐♠♣❧é♠❡♥t❡r ✉♥ t❡r♠❡ ❞❡

❢♦rç❛❣❡ ✈♦❧✉♠✐q✉❡ ❞❛♥s ❧✬éq✉❛t✐♦♥ ❞❡ ◆❛✈✐❡r✲❙t♦❦❡s ♣♦✉r r❡♣r♦❞✉✐r❡ ♥✉♠ér✐q✉❡♠❡♥t
❧✬❡✛❡t ❞❡s ❞✐sq✉❡s✳ ❈❡ ❢♦rç❛❣❡ ❛①✐s②♠étr✐q✉❡ ❡st ❝❡♥sé ❝ré❡r ✉♥ é❝♦✉❧❡♠❡♥t ❞❡ ✈♦♥
❑ár♠á♥✱ t♦✉t ❛✉ ♠♦✐♥s ❡♥ ré❣✐♠❡ ❧❛♠✐♥❛✐r❡✳ ■❧ s✬❛❣✐t ❞✬✉♥ ❢♦rç❛❣❡ ✐♥tr♦❞✉✐t ❞❛♥s ✉♥
❛rt✐❝❧❡ ❞❡ ❇❛②❧✐ss ❡t ❛❧ ❬✻❪ ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞✬✉♥❡ ét✉❞❡ ♥✉♠ér✐q✉❡ ❞❡ ❧✬❡①♣ér✐❡♥❝❡
❞②♥❛♠♦ ❞❡ ▼❛❞✐s♦♥✳ ■❧ ❡st ❞❡ ❧❛ ❢♦r♠❡

Fφ = s2 sin(π s b) , ✭✹✳✷✼✮

Fz = ε sin(π s c) , ✭✹✳✷✽✮

❡♥ ✉t✐❧✐s❛♥t ❧❡s ❝♦♦r❞♦♥♥é❡s ♣♦❧❛✐r❡s (s,φ, z)✳ ▲❡ s✐❣♥❡ ❞❡ ❝❡ ❢♦rç❛❣❡✱ ✐❝✐ ♣♦✉r ❧❡s
z ♣♦s✐t✐❢s✱ ❡st ❜✐❡♥ ❡♥t❡♥❞✉ ❞❡ s✐❣♥❡ ♦♣♣♦sé ♣♦✉r ❧❡s z ♥é❣❛t✐❢s ❛✜♥ ❞❡ r❡❝ré❡r ❧❛
s✐t✉❛t✐♦♥ ❞❡ ❝♦♥tr❛✲r♦t❛t✐♦♥ ❞❡ ❧✬❡①♣ér✐❡♥❝❡✳ Fφ ❡♥❣❡♥❞r❡ ❧❡s ❝❡❧❧✉❧❡s ❞✬é❝♦✉❧❡♠❡♥t
t♦r♦ï❞❛❧ ❡♥ ❝♦♥tr❛✲r♦t❛t✐♦♥ t❛♥❞✐s q✉❡ Fz ❛ss✉r❡ ✉♥❡ r❡❝✐r❝✉❧❛t✐♦♥ ♣♦❧♦ï❞❛❧❡✳ ▲✬é❝♦✉✲
❧❡♠❡♥t ❧❛♠✐♥❛✐r❡ ❡♥❣❡♥❞ré ❡st ❛①✐s②♠étr✐q✉❡✳ ▲❡ ❢♦rç❛❣❡ ♥✬❡st ❛♣♣❧✐q✉é q✉❡ ❞❛♥s
✉♥❡ ré❣✐♦♥ r❡str❡✐♥t❡ ❞✉ ❞♦♠❛✐♥❡✱ ♣♦✉r 0.25a <| z |< 0.65a✱ s < s0✳ ❉❛♥s ❧❡s s✐♠✉✲
❧❛t✐♦♥s ❝♦♥s✐❞éré❡s ✐❝✐✱ s0 = 0.4✱ b−1 = 2s0 ❡t c−1 = s0✳ ▲✬❛✉t♦✲❡①❝✐t❛t✐♦♥ ❞✉ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ ❡st ❝♦♥trô❧é❡ ♣❛r ❧❡ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s ♠❛❣♥ét✐q✉❡ Rm0 = µ0σaVd ✱
t❛♥❞✐s q✉❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❤②❞r♦❞②♥❛♠✐q✉❡ ❡st ❝♦♥trô❧é❡ ♣❛r ❧❡ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s
Re0 = aVd/ν✳ ❖♥ ✐♥tr♦❞✉✐t é❣❛❧❡♠❡♥t ❧❡ ♥♦♠❜r❡ ❞❡ Pr❛♥❞t❧ ♠❛❣♥ét✐q✉❡✱ Pm = ν/η✱
r❡♣rés❡♥t❛♥t ❧❡ r❛♣♣♦rt ❡♥tr❡ ❧❡s ❞✐✛✉s✐✈✐tés ❝✐♥ét✐q✉❡ ❡t ♠❛❣♥ét✐q✉❡✳ ❆✈❡❝ ❝❡tt❡
❛❞✐♠❡♥s✐♦♥♥❡♠❡♥t✱ ❧❛ ✈✐t❡ss❡ ❞❛♥s ❧❡ ❝♦❞❡ ♥✉♠ér✐q✉❡ ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ Rm0✱ ❡t ♦♥
❡✛❡❝t✉❡ ❧❛ r❡♥♦r♠❛❧✐s❛t✐♦♥ v = v/Rm0✳ ❖♥ ♣❡✉t ❛❧♦rs ❞é✜♥✐r✱ ❝♦♠♠❡ ❞❛♥s ❬✻❪✱ ❞❡s
♥♦♠❜r❡s ❞❡ ❘❡②♥♦❧❞s ♠❡s✉rés t❡❧s q✉❡ Rm = Rm0max(v) ❡t Re = Re0max(v)✳ ❉❛♥s
❧❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ♣rés❡♥té❡ ❞❛♥s ❝❡tt❡ t❤ès❡✱ ❝♦♠♠❡ ❞❛♥s ❧❛ ♣❧✉♣❛rt ❞❡s
s✐♠✉❧❛t✐♦♥s ▼❍❉ ❡♥ ❣é♥ér❛❧✱ Rm ❡st ❧❡ s❡✉❧ ♣❛r❛♠ètr❡ ❞♦♥t ❧❛ ✈❛❧❡✉r s♦✐t ❞✉ ♠ê♠❡
♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r q✉❡ ❞❛♥s ❧❛ ré❛❧✐té✳ ■❧ ❡st ❛✉ ❝♦♥tr❛✐r❡ ✐♠♣♦ss✐❜❧❡ ❞✬❛tt❡✐♥❞r❡ ❧❡s
♥✐✈❡❛✉① ❞❡ t✉r❜✉❧❡♥❝❡ ❝♦rr❡s♣♦♥❞❛♥t ❛✉① Re très é❧❡✈és ❞❡s ❡①♣ér✐❡♥❝❡s ❞②♥❛♠♦s✱
♥✐ ❞✬✐♥tr♦❞✉✐r❡ ❧❡s sé♣❛r❛t✐♦♥s ❞✬é❝❤❡❧❧❡s ❝réé❡s ♣❛r ❧❡s ❢❛✐❜❧❡s ✈❛❧❡✉r ❞❡ Pm ❞❛♥s ❧❡s
♠ét❛✉① ❧✐q✉✐❞❡s✳

❈❡ ❢♦rç❛❣❡ ❛ été ✐♥tr♦❞✉✐t ♣ré❝é❞❡♠♠❡♥t ♣♦✉r ❞é❝r✐r❡ ❧❡ ❢♦rç❛❣❡ ♠é❝❛♥✐q✉❡ ❞✉❡
❛✉① ❤é❧✐❝❡s ❝♦♥tr❛✲r♦t❛t✐✈❡s ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❞❡ ▼❛❞✐s♦♥✳ ▲✬é❝♦✉❧❡♠❡♥t ❞❡ ✈♦♥



✶✵✽ ▼♦❞é❧✐s❛t✐♦♥ ❞②♥❛♠✐q✉❡

❋✐❣✳ ✹✳✶✿ ➱❝♦✉❧❡♠❡♥t ❝réé ♣❛r ❧❡ ❢♦rç❛❣❡ ✈♦❧✉♠✐q✉❡ ✹✳✷✽✳ ▲❡s ❝♦♥t♦✉rs s♦♥t ❧❡s ❧✐❣♥❡s
❞❡ ❝❤❛♠♣ ❞❡ ❧❛ ✈✐t❡ss❡ ♣♦❧♦ï❞❛❧❡ t❛♥❞✐s q✉❡ ❧❡ ❝♦❞❡ ❞❡ ❝♦✉❧❡✉r r❡♣rés❡♥t❡ ❧❛
❝♦♠♣♦s❛♥t❡ t♦r♦ï❞❛❧❡✳ ▲❡ ❝❤❛♠♣ ét❛♥t ❛①✐s②♠étr✐q✉❡✱ ♦♥ ♠♦♥tr❡ ✉♥❡ ❝♦✉♣❡
❡♥ θ = 0✳ ❈❡tt❡ ✐♠❛❣❡ ❡st ✐ss✉❡ ❞✬✉♥❡ s✐♠✉❧❛t✐♦♥ ❤②❞r♦❞②♥❛♠✐q✉❡ ❡✛❡❝t✉é❡ à
Re = 70✳

❑ár♠á♥ ❝ré❡ ❞❛♥s ❧❛ s♣❤èr❡ ❡st ♣r♦❝❤❡ ❞❡ ❝❡❧✉✐ ré❛❧✐sé ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❞✉ ❲✐s❝♦♥✲
s✐♥✳ ■❧ ❡st é❣❛❧❡♠❡♥t r❡❧❛t✐✈❡♠❡♥t s✐♠✐❧❛✐r❡ à ❝❡❧✉✐ ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✱ s✐ ♦♥ ♦✉❜❧✐❡
❧❡s ❡✛❡ts ❞❡ ❜♦r❞s✳ ❊♥ ❢❛✐t✱ ❧✬é❝♦✉❧❡♠❡♥t ❧❛♠✐♥❛✐r❡ ❝ré❡ ♣❛r ✉♥ t❡❧ ❢♦rç❛❣❡ ❡st ❛ss❡③
❣é♥ér❛❧✱ ❡t ❡st ❞❡♣✉✐s ❧♦♥❣t❡♠♣s ❝♦♥♥✉ ❝♦♠♠❡ ét❛♥t ✉♥ é❝♦✉❧❡♠❡♥t ❞②♥❛♠♦✳ ❉❛♥s
❧✬ét✉❞❡ ♥✉♠ér✐q✉❡ ❞❡ ❉✉❞❧❡② ❡t ❏❛♠❡s ❡♥ ✶✾✽✻✱ ✉♥ é❝♦✉❧❡♠❡♥t s0

2 + t0
2 s✐♠✐❧❛✐r❡ à

❝❡❧✉✐ ❝ré❡ ♣❛r ❧❡ ❢♦rç❛❣❡ ✹✳✷✽ ❡st ét✉❞✐é ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡ s✐♠✉❧❛t✐♦♥s ❝✐♥é♠❛t✐q✉❡s
❧❛♠✐♥❛✐r❡s✳ ▲❡s ❛✉t❡✉rs ♦❜s❡r✈❡♥t ❧❛ ❣é♥ér❛t✐♦♥ ❞✬✉♥ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ♣♦✉r ❞❡s Rm

r❡❧❛t✐✈❡♠❡♥t ❢❛✐❜❧❡s✳ ▲❛ ✜❣✉r❡ ✹✳✶ ♠♦♥tr❡ ✉♥ ❡①❡♠♣❧❡ t②♣✐q✉❡ ❞✬é❝♦✉❧❡♠❡♥t ❝ré❡ ♣❛r
❧❡ ❢♦rç❛❣❡ ✹✳✷✽✳ ❉❛♥s ❝❡t ❡①❡♠♣❧❡ ❧✬é❝♦✉❧❡♠❡♥t ❡st ❧❛♠✐♥❛✐r❡ ❡t ❛①✐s②♠étr✐q✉❡✳

❉❛♥s ❧✬❛rt✐❝❧❡ ❞❡ ❉✉❞❧❡② ❡t ❏❛♠❡s✱ ❧❡s ❛✉t❡✉rs ❞é✜♥✐ss❡♥t é❣❛❧❡♠❡♥t ❞❡s Rm

♥é❣❛t✐❢s✱ ❛✜♥ ❞❡ ❞é❝r✐r❡ ✉♥ t②♣❡ ♣❛rt✐❝✉❧✐❡r ❞✬é❝♦✉❧❡♠❡♥t✳ ■❧ s✬❛❣✐t ❞❡ ❧❛ s✐t✉❛t✐♦♥
♦ù ❧❡ s❡♥s ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ♣♦❧♦ï❞❛❧ ❡st ✐♥✈❡rsé ♣❛r r❛♣♣♦rt à ❝❡ q✉❡ ❧✬♦♥ ✈✐❡♥t ❞❡
❞é❝r✐r❡✳ ◆♦✉s ✉t✐❧✐s❡r♦♥s ✉♥❡ ❝♦♥✈❡♥t✐♦♥ s✐♠✐❧❛✐r❡ ❡♥ ✐♥tr♦❞✉✐s❛♥t ✉♥ ♥♦♠❜r❡ ❞❡
❘❡②♥♦❧❞s ♥é❣❛t✐❢✱ ❝♦rr❡s♣♦♥❞❛♥t à ✐♥✈❡rs❡r ❧❡ s✐❣♥❡ ❞❡ Fz ❞❛♥s ❧❡ ❢♦rç❛❣❡ ✹✳✷✽✳ ❈✬❡st
❧✬é❝♦✉❧❡♠❡♥t q✉✐ s❡r❛✐t ♣r♦❞✉✐t ❡♥ ✐♥✈❡rs❛♥t ❧❛ ❝♦✉r❜✉r❡ ❞❡s ♣❛❧❡s ❞❡s ❤é❧✐❝❡s ❞❛♥s
❧✬❡①♣ér✐❡♥❝❡ ❞❡ ▼❛❞✐s♦♥✱ ♦✉ ❡♥ r❛♣♣r♦❝❤❛♥t ❞❡✉① ❞✐sq✉❡s tr♦✉és ❞❡ s♦rt❡ q✉❡ ❝❡✉①✲
❝✐ s❡ tr♦✉✈❡ q✉❛s✐♠❡♥t ❞❛♥s ❧❡ ♣❧❛♥ ♠é❞✐❛♥ ❞❡ ❧✬❡①♣ér✐❡♥❝❡✳ ◆♦✉s ✈❡rr♦♥s q✉❡ ❝❡tt❡
❝♦♥✜❣✉r❛t✐♦♥ ♣rés❡♥t❡ ✉♥ ❝❡rt❛✐♥ ✐♥térêt✳



✹✳✸ ❙✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❡♥ ré❣✐♠❡ ❧❛♠✐♥❛✐r❡ ✶✵✾

✹✳✸✳✶ ❉②♥❛♠♦s ❧❛♠✐♥❛✐r❡s

▲✬ét✉❞❡ ❞❡ ❉✉❞❧❡② ❡t ❏❛♠❡s s✉r ❧❡s é❝♦✉❧❡♠❡♥ts ❧❛♠✐♥❛✐r❡s ❞❡ t②♣❡ s0
2 + t0

2 ♦♥t
♣ré❞✐t ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❡ s②♠étr✐❡ ❛③✐♠✉t❛❧❡ m = 1✳ ❈✬❡st é❣❛❧❡♠❡♥t ❝❡ q✉❡
♥♦✉s ❛✈♦♥s ♣✉ ♦❜s❡r✈❡r ❛✉ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t✱ ♦ù ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞✉ ❝❤❛♠♣
♠♦②❡♥ ❞❡ ✈♦♥ ❑ár♠á♥ ✉♥✐q✉❡♠❡♥t ❝♦♥❞✉✐t t♦✉❥♦✉rs à ❧❛ ❣é♥ér❛t✐♦♥ ❞✬✉♥ ❞✐♣♦❧❡
éq✉❛t♦r✐❛❧✳ ❉❛♥s ♥♦tr❡ ét✉❞❡✱ ♥♦✉s ❛❧❧♦♥s ✈♦✐r q✉❡ ❧❛ ❞②♥❛♠✐q✉❡ ♥♦♥✲❧✐♥é❛✐r❡ ❞✉
s②stè♠❡ ❝♦♠♣❧✐q✉❡ ❧❛ s✐t✉❛t✐♦♥✳

❖♥ ♦❜s❡r✈❡ q✉✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡st ❡♥❣❡♥❞ré ❧♦rsq✉❡ ❧❡ ❢♦rç❛❣❡✱ ❝♦♥trô❧é ♣❛r
❧❛ ✈❛❧❡✉r ❞❡ Rm✱ ❞❡✈✐❡♥t s✉✣s❛♠♠❡♥t ❢♦rt✳ ❉❛♥s ❧❛ ré❣✐♦♥ ❧❛♠✐♥❛✐r❡✱ ♦♥ ♦❜s❡r✈❡ ✉♥
♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s ♠❛❣♥ét✐q✉❡ ❝r✐t✐q✉❡ ❞❡ ❧✬♦r❞r❡ ❞❡ Rm ∼ 100✱ ✈❛❧❡✉r q✉✐ ❞é♣❡♥❞
❞✉ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s Re ❞❡ ❧❛ s✐♠✉❧❛t✐♦♥✳ ▲❛ ✜❣✉r❡ ✹✳✷ ♠♦♥tr❡ ❧✬é✈♦❧✉t✐♦♥ t②♣✐q✉❡
❞❡s ❞✐✛ér❡♥ts ♠♦❞❡s ♠❛❣♥ét✐q✉❡s ❡t ❝✐♥ét✐q✉❡s ❛✉ ❝♦✉rs ❞✉ t❡♠♣s ♣♦✉r Rm = 180✱
Re = 120✳ ❙✉r ❝❡tt❡ ✜❣✉r❡✱ ♦♥ r❡♣rés❡♥t❡ ❧✬é♥❡r❣✐❡ t♦t❛❧❡ ✭♣♦❧♦ï❞❛❧❡ ❡t t♦r♦ï❞❛❧❡✮
✐♥té❣ré❡ s✉r ❧❡ ✈♦❧✉♠❡ ❞❡ ❧❛ s♣❤èr❡ ❞❡ q✉❡❧q✉❡s ♠♦❞❡s ❝♦rr❡s♣♦♥❞❛♥t à ❞✐✛ér❡♥t❡s
s②♠étr✐❡s ❛③✐♠✉t❛❧❡s✳

0 1 2 3
Temps[unités résistives]

1e-05
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mode magnétique m=0
mode magnétique m=1
mode de vitesse m=0
mode de vitesse m=1
mode de vitesse m=2

❋✐❣✳ ✹✳✷✿ ➱✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ t②♣✐q✉❡ ❞✬✉♥❡ s✐♠✉❧❛t✐♦♥ ❡♥ ré❣✐♠❡ ❧❛♠✐♥❛✐r❡✱ ♣♦✉r Rm =
180 ❡t Re = 120✳ ❖♥ ♠♦♥tr❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ t♦t❛❧❡ ❛ss♦❝✐é❡ à ❞✐✛ér❡♥ts
♠♦❞❡s ❛③✐♠✉t❛✉①✳ ❊♥ r♦✉❣❡✱ ♦♥ ✈♦✐t ❧❛ ❝r♦✐ss❛♥❝❡ ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ t❛♥❞✐s
q✉❡ ❧❡ ❝❤❛♠♣ ♠♦②❡♥ ✐ss✉ ❞✉ ❢♦rç❛❣❡✱ ❡♥ ♦r❛♥❣❡✱ ❞✐♠✐♥✉❡ ❧é❣èr❡♠❡♥t ❧♦rs ❞❡
❧❛ s❛t✉r❛t✐♦♥✳ ❊♥ ♥♦✐r ✿ ❝♦♠♣♦s❛♥t❡ m = 0 ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❊♥ ❜❧❡✉ ✿
❝♦♠♣♦s❛♥t❡ m = 2 ❞❡ ❧✬é❝♦✉❧❡♠❡♥t q✉✐ ❛♣♣❛r❛ît ❧♦rsq✉❡ ❧❡ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧
s❛t✉r❡✳

❆✉ ❞é❜✉t ❞❡ ❧❛ s✐♠✉❧❛t✐♦♥✱ ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❡st ❝♦♠♣❧èt❡♠❡♥t ❞♦♠✐♥é ♣❛r



✶✶✵ ▼♦❞é❧✐s❛t✐♦♥ ❞②♥❛♠✐q✉❡

❧✬é❝♦✉❧❡♠❡♥t ❛①✐s②♠étr✐q✉❡✱ s❡♠❜❧❛❜❧❡ à ❝❡❧✉✐ ❞❡ ❧❛ ✜❣✉r❡ ✹✳✶✳ ❈❡t é❝♦✉❧❡♠❡♥t✱
❝♦♠♠❡ ♣ré❞✐t ♣❛r ❉✉❞❧❡② ❡t ❏❛♠❡s✱ ❡♥❣❡♥❞r❡ ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❢♦rt❡♠❡♥t
♥♦♥✲❛①✐s②♠étr✐q✉❡✱ ❞❡ ❞❡❣ré ❛③✐♠✉t❛❧ m = 1✳ ❈❡ ❝❤❛♠♣ ❝♦rr❡s♣♦♥❞ à ✉♥ ❞✐♣♦❧❡
éq✉❛t♦r✐❛❧✳ ❯♥❡ r❡♣rés❡♥t❛t✐♦♥ ❣r❛♣❤✐q✉❡ ❞❡ ❝❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡st ❞♦♥♥é ❞❛♥s
❧❛ ✜❣✉r❡ ✹✳✸✳

❋✐❣✳ ✹✳✸✿ ❙tr✉❝t✉r❡ ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ❡♥❣❡♥❞ré ♣❛r ❧✬é❝♦✉❧❡♠❡♥t ❧❛♠✐♥❛✐r❡✱ ♣♦✉r Rm =
180 ❡t Re = 120✳ ❊♥ ❤❛✉t✱ à ❣❛✉❝❤❡ ✿ ▲✐❣♥❡s ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❆ ❞r♦✐t❡ ✿
✐s♦✈❛❧❡✉r ❞❡ ❧✬é♥❡r❣✐❡ ♠❛❣♥ét✐q✉❡ ✭✷✺✪ ❞❡ ❧✬é♥❡r❣✐❡ ♠❛①✐♠❛❧❡✮✳ ❖♥ r❡❝♦♥♥❛ît
❧❛ ❢♦r♠❡ ✬❜❛♥❛♥❡✬ ❝❛r❛❝tér✐st✐q✉❡✱ r❡❧❛t✐✈❡♠❡♥t s✐♠✐❧❛✐r❡ ❛✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧
♦❜s❡r✈é ❞❛♥s ❧❡s ♠♦❞è❧❡s ❝②❧✐♥❞r✐q✉❡s✳ ❊♥ ❜❛s ✿ ❝♦✉♣❡ ❡♥ θ = π/2✱ ❞❛♥s ❧❡ ♣❧❛♥
éq✉❛t♦r✐❛❧✳ ▲❡s ❝♦♥t♦✉rs ✐♥❞✐q✉❡♥t ❧❡s ❧✐❣♥❡s ❞❡ ❝❤❛♠♣ ♣r♦❥❡té❡s ❞❛♥s ❧❡ ♣❧❛♥ ❡t
❧❛ ❝♦✉❧❡✉r ✐♥❞✐q✉❡ ❧✬✐♥t❡♥s✐té ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ r❛❞✐❛❧✳

❊♥ ❣é♥ér❛❧✱ ♦♥ ♦❜s❡r✈❡ q✉❡ ❧❡ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ♥✬❡st ♣❛s ✜①é ❞❛♥s ✉♥❡ ♣❤❛s❡
❛♥❣✉❧❛✐r❡ ❞♦♥♥é❡✳ ❙❡❧♦♥ ❧❛ ré❣✐♦♥ ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡✱ ❧❡ ❞✐♣♦❧❡ ♣❡✉t ❡①♣❧♦✲
r❡r ❛❧é❛t♦✐r❡♠❡♥t ❞✐✛ér❡♥t❡s ♣❤❛s❡s✱ ♦✉ t♦✉r♥❡r à ✈✐t❡ss❡ ❝♦♥st❛♥t❡ ❞❛♥s ❧❡ ♣❧❛♥
éq✉❛t♦r✐❛❧✳ ❆✉① ♥♦♠❜r❡s ❞❡ ❘❡②♥♦❧❞s très ❢❛✐❜❧❡s✱ ❝❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ m = 1 ❜✐✲
❢✉rq✉❡ t♦✉t❡❢♦✐s ❞❡ ♠❛♥✐èr❡ st❛t✐♦♥♥❛✐r❡✳ ❙✉r ❧❛ ✜❣✉r❡ ✹✳✷✱ ♦♥ ♣❡✉t é❣❛❧❡♠❡♥t ✈♦✐r
q✉❡ ❧♦rsq✉❡ ❝❡ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ s❛t✉r❡✱ ✐❧ ♠♦❞✐✜❡ ❧✬é❝♦✉❧❡♠❡♥t ✐♥✐t✐❛❧ ❡♥ ❝ré❛♥t ✉♥❡
❝♦♠♣♦s❛♥t❡ ❞❡ ✈✐t❡ss❡ m = 2✳ ❊♥✜♥✱ ♦♥ ♥♦t❡ q✉❡ ❧❡s ❛✉tr❡s ♠♦❞❡s ❞❛♥s ❧❛ s✐♠✉✲
❧❛t✐♦♥ r❡❧❛①❡♥t ✈❡rs ③ér♦✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❛ ❝♦♠♣♦s❛♥t❡ ❛①✐s②♠étr✐q✉❡ ❞✉ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ ♥✬❡st ♣❛s ❡①❝✐té❡✱ ❝♦♥tr❛✐r❡♠❡♥t ❛✉① ♠❡s✉r❡s ❡①♣ér✐♠❡♥t❛❧❡s✳



✹✳✸ ❙✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❡♥ ré❣✐♠❡ ❧❛♠✐♥❛✐r❡ ✶✶✶

❋✐❣✳ ✹✳✹✿ ❈♦♠♣❛r❛✐s♦♥ ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ♦❜t❡♥✉ ❞❛♥s ❧❛ s✐♠✉❧❛t✐♦♥ s♣❤ér✐q✉❡ ❡t ❞❛♥s
❧❛ s✐♠✉❧❛t✐♦♥ ❞✉ ❝♦❞❡ ❝②❧✐♥❞r✐q✉❡✳ ❉❛♥s ❧❡s ❞❡✉① ❝❛s✱ ❧✬✐s♦✈❛❧❡✉r ❞✉ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡✭25% ❞❡ ❧✬é♥❡r❣✐❡ ♠❛①✮ ❡st très s✐♠✐❧❛✐r❡✱ ❡t t②♣✐q✉❡ ❞✬✉♥❡ ❞②♥❛♠♦
❡♥❣❡♥❞ré ♣❛r ✉♥ é❝♦✉❧❡♠❡♥t s0

2 + t0
2 ✳

■❧ ❡st ❛ss❡③ s✉r♣r❡♥❛♥t q✉❡ ❧❡ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ t♦✉r♥❡ ❛✉ ❝♦✉rs ❞✬✉♥❡ s✐♠✉❧❛✲
t✐♦♥ ❞♦♥♥é❡✳ ❙✐ ❧✬♦♥ ❝♦♥s✐❞èr❡ ❧❡s s②♠étr✐❡s ❞✉ ♣r♦❜❧è♠❡✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❧✬✐♥✈❛r✐❛♥❝❡
♣❛r r♦t❛t✐♦♥ ❛✉t♦✉r ❞❡ ❧✬❛①❡ z ✱ ♦♥ s✬❛tt❡♥❞ ♣❧✉tôt à ❝❡ q✉❡ ❧✬❛♥❣❧❡ ❞✉ ❞✐♣♦❧❡ ✈❛r✐❡
❞✬✉♥❡ s✐♠✉❧❛t✐♦♥ à ✉♥❡ ❛✉tr❡✳ ▲♦rsq✉❡ ❧❡ ❞✐♣♦❧❡ t♦✉r♥❡ ❞❛♥s ✉♥ s❡♥s ♣❧✉tôt q✉❡ ❞❛♥s
❧✬❛✉tr❡✱ ❝❡❧❛ ❝♦rr❡s♣♦♥❞ à ✉♥❡ ❜r✐s✉r❡ ❞❡ ❧❛ s②♠étr✐❡ ❤♦r❛✐r❡✴❛♥t✐✲❤♦r❛✐r❡ ♣♦✉r ❧❡ s❡♥s
❞❡ r♦t❛t✐♦♥✳ ◆♦✉s ✈❡rr♦♥s ♣❛r ❧❛ s✉✐t❡ q✉❡ ❝❡❝✐ ♣❡✉t s✬❡①♣❧✐q✉❡r ❡♥ ✐♥✈♦q✉❛♥t ❧✬❡✛❡t
❞❡ ❧❛ ❢♦r❝❡ ❞❡ ▲❛♣❧❛❝❡✱ q✉✐ ❛❣✐t s✉r ❧❛ ♣❤❛s❡ ❞✉ ❞✐♣♦❧❡✳ ❉❛♥s ❝❡rt❛✐♥❡s s✐♠✉❧❛t✐♦♥s✱ ❧❡
❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ s✉❜✐t ❞❡s r❡♥✈❡rs❡♠❡♥ts ♣ér✐♦❞✐q✉❡s ❞❡ 180✝♣♦✉r ✉♥❡ ♣❤❛s❡ ✜①é❡
q✉✐ ✈❛r✐❡ s❡❧♦♥ ❧❡s s✐♠✉❧❛t✐♦♥s✳

◆♦t♦♥s é❣❛❧❡♠❡♥t q✉❡ ❝❡tt❡ str✉❝t✉r❡ éq✉❛t♦r✐❛❧❡ ❡st s✐♠✐❧❛✐r❡ ❛✉ ❝❤❛♠♣ ♠❛✲
❣♥ét✐q✉❡ ♦❜s❡r✈é ❛✉ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t✱ ❧♦rsq✉❡ s❡✉❧ ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ♠♦②❡♥ ❡st
❝♦♥s✐❞éré✳ ▲❛ ✜❣✉r❡ ✹✳✹ ♣❡r♠❡t ❞✬❛♣♣ré❝✐❡r ❧❛ s✐♠✐❧❛r✐té ❡♥tr❡ ❧❡s ❞❡✉① ❝❤❛♠♣s ♠❛✲
❣♥ét✐q✉❡s✳ ❈❡tt❡ s✐♠✐❧❛r✐té s✉❣❣èr❡ q✉❡ s✐ ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ❡st ♣r✐♠♦r✲
❞✐❛❧❡ ❡♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❛ ❞②♥❛♠♦✱ ❧❛ ❣é♦♠étr✐❡ ❞✉ ❞♦♠❛✐♥❡ ♣♦✉rr❛✐t ❛✉ ❝♦♥tr❛✐r❡
♥✬❛✈♦✐r q✉❡ ♣❡✉ ❞✬✐♥✢✉❡♥❝❡ s✉r ❧❛ str✉❝t✉r❡ ❡t ❧❛ ❞②♥❛♠✐q✉❡ ❣é♥ér❛❧❡ ❞✉ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡✳ ■❧ s✬❛❣✐t ❞✬✉♥❡ ♦❜s❡r✈❛t✐♦♥ ✐♠♣♦rt❛♥t❡ ♣♦✉r ❥✉st✐✜❡r ♥♦tr❡ ❝♦♠♣❛r❛✐✲
s♦♥ ❡♥tr❡ ❧❡s rés✉❧t❛ts ♥✉♠ér✐q✉❡s ❞❡ ❝❡ ❝❤❛♣✐tr❡ ❡t ❧❡s ♦❜s❡r✈❛t✐♦♥s ❡①♣ér✐♠❡♥t❛❧❡s
✐ss✉❡s ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✳

✹✳✸✳✷ ❉②♥❛♠✐q✉❡ ♥♦♥✲❧✐♥é❛✐r❡

❖♥ ✈♦✐t ❞♦♥❝ q✉❡ ❧✬é❝♦✉❧❡♠❡♥t ❞❡ ✈♦♥ ❑ár♠á♥ ❧❛♠✐♥❛✐r❡ ♥✬❡st ♣❛s ❝❛♣❛❜❧❡ ❞✬❡♥✲
❣❡♥❞r❡r ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❛✈❡❝ ✉♥❡ ❢♦rt❡ ❝♦♠♣♦s❛♥t❡ ❛①✐s②♠étr✐q✉❡✱ ❝♦♠♠❡
❝❡❧❛ s❡♠❜❧❡ êtr❡ ❧❡ ❝❛s ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✳ ❈❡tt❡ ❝♦♥❝❧✉s✐♦♥ ❛ ❞é❥à été ❢♦r♠✉❧é❡
❛✉ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t✱ ♠❛✐s ❧❛ s✐t✉❛t✐♦♥ ❡st ♣❧✉s ❝♦♠♣❧❡①❡ ✐❝✐✳ ❊♥ ❡✛❡t✱ ♦♥ ✉t✐❧✐s❡



✶✶✷ ▼♦❞é❧✐s❛t✐♦♥ ❞②♥❛♠✐q✉❡

✉♥❡ ❞❡s❝r✐♣t✐♦♥ ❝♦♠♣❧èt❡ ❞❡s éq✉❛t✐♦♥s ❞❡ ❧❛ ▼❍❉✱ ✐♥❝❧✉❛♥t ❧❛ ❢♦r❝❡ ❞❡ ▲❛♣❧❛❝❡✳
▲✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s ❡st é❣❛❧❡♠❡♥t ♣❧✉s ✈❛st❡ ♣✉✐sq✉❡ ❧✬♦♥ ♣❡✉t à ❧❛ ❢♦✐s ✈❛r✐❡r
Rm ❡t Re✳ ❖♥ ♣❡✉t ♣❛r ❡①❡♠♣❧❡ s❡ ❞❡♠❛♥❞❡r ❝♦♠♠❡♥t ✈❛r✐❡ ❧❡ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s
♠❛❣♥ét✐q✉❡ ❝r✐t✐q✉❡ Rmc ❞❡ ❧✬✐♥st❛❜✐❧✐té ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s Re✳
▲❛ ✜❣✉r❡ ✹✳✺ ♠♦♥tr❡ q✉❡ ♣❧✉s✐❡✉rs t②♣❡s ❞❡ str✉❝t✉r❡s ♠❛❣♥ét✐q✉❡s ♣❡✉✈❡♥t êtr❡
❡♥❣❡♥❞rés✱ s❡❧♦♥ ❧❛ ré❣✐♦♥ ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s✳
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❋✐❣✳ ✹✳✺✿ ❈♦✉r❜❡ ❞❡ st❛❜✐❧✐té Rmc ❡♥ ❢♦♥❝t✐♦♥ ❞❡ Re✳ ❊♥ r♦✉❣❡ ✿ ➱✈♦❧✉t✐♦♥ ❞✉ s❡✉✐❧ ❞✉
❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ m = 1✱ ❡♥❣❡♥❞ré ❡♥ ré❣✐♠❡ ❧❛♠✐♥❛✐r❡✳ ❊♥ ❜❧❡✉ ✿ s❡✉✐❧ ❞✬✐♥st❛✲
❜✐❧✐té ❞❡ ❧❛ str✉❝t✉r❡ ❝♦rr❡s♣♦♥❞❛♥t à ✉♥ ♠♦❞❡ ❞②♥❛♠♦ t✉r❜✉❧❡♥t✱ r❡❧❛t✐✈❡♠❡♥t
❛①✐s②♠étr✐q✉❡✳ ❊♥ ♥♦✐r ✿ ❙❡✉✐❧ ❞✉ ❞✐♣♦❧❡ ❛①✐❛❧ ❢♦rt❡♠❡♥t ❛①✐s②♠étr✐q✉❡ m = 0✳

P♦✉r ❧❡s ✈❛❧❡✉rs s✉✣s❛♠♠❡♥t ♣❡t✐t❡s ❞❡ Re ✭♣♦s✐t✐❢ ♦✉ ♥é❣❛t✐❢✮✱ ❧✬é❝♦✉❧❡♠❡♥t ❡st
❧❛♠✐♥❛✐r❡ ❡t ❛①✐s②♠étr✐q✉❡✱ ❝♦♠♠❡ ♦♥ ♣❡✉t ❧❡ ✈♦✐r s✉r ❧❛ ✜❣✉r❡ ✹✳✶✳ ❉❛♥s ❝❡ ❝❛s✱
✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❝♦♥st✐t✉é ❡ss❡♥t✐❡❧❧❡♠❡♥t ❞✬✉♥ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ❡st ❡♥❣❡♥❞ré
✭❝♦✉r❜❡ ❡♥ r♦✉❣❡✮✳ ❆✐♥s✐✱ ❧✬❡♥s❡♠❜❧❡ ❞✉ s②stè♠❡ ❜r✐s❡ ❜✐❡♥ ❧✬❛①✐s②♠étr✐❡✱ ❡♥ ❛❝❝♦r❞
❛✈❡❝ ❧❡ t❤é♦rè♠❡ ❞❡ ❈♦✇❧✐♥❣✳ ▲❛ ✈❛❧❡✉r ❞✉ s❡✉✐❧ ❞❡ ❝❡tt❡ ❞②♥❛♠♦ m = 1 ✈❛r✐❡ ❛✈❡❝
❧❡ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s✳ ❉❛♥s ❧❡ ❝❛s Re > 0✱ ❧❡ s❡✉✐❧ ❞✐♠✐♥✉❡ ❛✈❡❝ Re✳ ❉❛♥s ❧❡ ❝❛s
Re < 0✱ ❧❡ s❡✉✐❧ ❛ t❡♥❞❛♥❝❡ à ❛✉❣♠❡♥t❡r ❧♦rsq✉❡ ❧✬♦♥ ❛❝❝r♦ît |Re|✳ ❆✉ ❞❡❧à ❞✬✉♥❡
❝❡rt❛✐♥❡ ✈❛❧❡✉r✱ ♣♦✉r |Re| >∼ 250✱ ♦♥ ♦❜s❡r✈❡ q✉❡ ❧❡ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ❞✐s♣❛r❛ît ❛✉
♣r♦✜t ❞✬✉♥ ♠♦❞❡ t✉r❜✉❧❡♥t ❛①✐s②♠étr✐q✉❡ ✭❝♦✉r❜❡ ❜❧❡✉❡✮✳ ❈❡❝✐ ❡st r❡❧✐é à ✉♥❡ tr❛♥✲
s✐t✐♦♥ ❞❛♥s ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ✈❡rs ✉♥ ré❣✐♠❡ t✉r❜✉❧❡♥t✳ ▲✬ét✉❞❡ ❞❡ ❝❡ ré❣✐♠❡✱ q✉✐
s❡♠❜❧❡ ❛ ♣r✐♦r✐ ♣r♦❝❤❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s ❡①♣ér✐♠❡♥t❛❧❡s✱ ❢❡r❛ ❧✬♦❜❥❡t ❞❡ ❧❛ ♣r♦❝❤❛✐♥❡
s❡❝t✐♦♥ ❞❡ ❝❡ ❝❤❛♣✐tr❡✳ ❖♥ ♥♦t❡ ❡♥✜♥ s✉r ❧❛ ✜❣✉r❡ ✹✳✺✱ ❧❛ ❝♦✉r❜❡ ♥♦✐r❡ ❞é❝r✐✈❛♥t



✹✳✸ ❙✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❡♥ ré❣✐♠❡ ❧❛♠✐♥❛✐r❡ ✶✶✸

❧✬é✈♦❧✉t✐♦♥ ❞✉ s❡✉✐❧ ❞✬✉♥ ♠♦❞❡ ❛①✐s②♠étr✐q✉❡ m = 0✳ ❈❡ ♠♦❞❡ ❡st ❡♥❣❡♥❞ré ❛✉①
♠ê♠❡ ✈❛❧❡✉rs ❞❡ Re ♣♦✉r ❧❡sq✉❡❧❧❡s ❡st ♦❜t❡♥✉ ❧❡ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧✱ ♠❛✐s ♣♦✉r ❞❡s
♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s ♠❛❣♥ét✐q✉❡s ♣❧✉s ❣r❛♥❞s✳ ❉❛♥s ❧❡ ❝❛s Re > 0✱ ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡
❧❡s ❞❡✉① s❡✉✐❧s ❞②♥❛♠♦s m = 0 ❡t m = 1 ❡st ❛ss❡③ ✐♠♣♦rt❛♥t❡ ♠❛✐s ✈❛r✐❡ ❢♦rt❡♠❡♥t
❛✈❡❝ Re✳ P♦✉r Re < 0✱ ❧❡s ❞❡✉① s❡✉✐❧s s♦♥t ❡①trê♠❡♠❡♥t ♣r♦❝❤❡s✳

▲✬❛♣♣❛r✐t✐♦♥ ❞✬✉♥ ♠♦❞❡ ❛①✐s②♠étr✐q✉❡ m = 0 ❞❛♥s ❝❡s s✐♠✉❧❛t✐♦♥s ♣rés❡♥t❡ é✈✐✲
❞❡♠♠❡♥t ✉♥ ✐♥térêt ♣♦✉r ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡ ❧❛ ❞②♥❛♠♦ ❱❑❙✱ ♣✉✐sq✉✬✐❧ s✬❛❣✐t ❞✬✉♥❡
str✉❝t✉r❡ s✐♠✐❧❛✐r❡ ❛✉① ♦❜s❡r✈❛t✐♦♥s ❡①♣ér✐♠❡♥t❛❧❡s✳ ❯♥ ✐♥térêt s✉♣♣❧é♠❡♥t❛✐r❡ ✈✐❡♥t
t♦✉t❡❢♦✐s ❞✉ ❢❛✐t q✉❡ ❝❡ ♠♦❞❡ ❛①✐s②♠étr✐q✉❡ s❡♠❜❧❡ êtr❡ ❡♥❣❡♥❞ré ❞❛♥s ✉♥ ré❣✐♠❡
❛ ♣r✐♦r✐ ❧❛♠✐♥❛✐r❡✱ ♦ù ❧✬♦♥ s✬❛tt❡♥❞ à ❝❡ q✉❡ ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ s♦✐t ❛①✐s②♠étr✐q✉❡✳
❊✛❡❝t✐✈❡♠❡♥t✱ ♦♥ ♥❡ ♣❡✉t ✐❝✐ ✐♥✈♦q✉❡r ❧❡s ✢✉❝t✉❛t✐♦♥s t✉r❜✉❧❡♥t❡s ♣♦✉r ❡①♣❧✐q✉❡r ❧❛
❣é♥ér❛t✐♦♥ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ q✉✐ s❡♠❜❧❡ ❝♦♥tr❡❞✐r❡ ❧❡ t❤é♦rè♠❡ ❞❡ ❈♦✇❧✐♥❣✳
▲❡ ♠é❝❛♥✐s♠❡ ♣❛r ❧❡q✉❡❧ ❝❡ ♠♦❞❡ m = 0 ❡st ♣r♦❞✉✐t ♠ér✐t❡ ❞♦♥❝ ✉♥❡ ét✉❞❡ ❛♣♣r♦✲
❢♦♥❞✐❡✳ ◆♦✉s ❛❧❧♦♥s ✈♦✐r q✉✬✐❧ ♠❡t ❡♥ ❥❡✉ ✉♥ ♠é❝❛♥✐s♠❡ s✐♠♣❧❡ ♥❡ ❢❛✐s❛♥t ♣❛s ❛♣♣❡❧
à ✉♥❡ ❞❡s❝r✐♣t✐♦♥ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❞✉ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡✳

❈❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡st ❡♥ ❢❛✐t ❡♥❣❡♥❞ré à tr❛✈❡rs ✉♥❡ ❜✐❢✉r❝❛t✐♦♥ s❡❝♦♥❞❛✐r❡ à
♣❛rt✐r ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧✱ ❡t ♣❡✉t s❡ ♣r♦❞✉✐r❡ à ❞❡ très ❜❛s ♥♦♠❜r❡s ❞❡ ❘❡②♥♦❧❞s✳
▲❡ ❞✐❛❣r❛♠♠❡ ❞❡ ❜✐❢✉r❝❛t✐♦♥ ❞❡ ❧❛ ✜❣✉r❡ ✹✳✻ ♥♦✉s ❛✐❞❡ à ❝♦♠♣r❡♥❞r❡ ❧❡ ♠é❝❛♥✐s♠❡
❞❡ ❝❡tt❡ ❜✐❢✉r❝❛t✐♦♥✳ ❖♥ ♦❜s❡r✈❡ t♦✉t ❞✬❛❜♦r❞ ❧❛ ❜✐❢✉r❝❛t✐♦♥ s✉♣❡r❝r✐t✐q✉❡ ❞✉ ❞✐♣♦❧❡
éq✉❛t♦r✐❛❧✱ ♣♦✉r Rmc = 88✱ ❡♥ r♦✉❣❡ s✉r ❧❛ ✜❣✉r❡✳ P♦✉r ❝❡tt❡ ✈❛❧❡✉r ❞❡ Re = +122✱
❝❡tt❡ ❜✐❢✉r❝❛t✐♦♥ s❡ ♣r♦❞✉✐t à ♣❛rt✐r ❞✬✉♥ é❝♦✉❧❡♠❡♥t ❧❛♠✐♥❛✐r❡✱ ❞♦♠✐♥é ♣❛r ❧❡ ♠♦❞❡
❞❡ ✈✐t❡ss❡ m = 0 ✭❝♦✉r❜❡ ♦r❛♥❣❡✮✳ ▲❛ s❛t✉r❛t✐♦♥ ♥♦♥✲❧✐♥é❛✐r❡ ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧
❝ré❡ ❛❧♦rs ✉♥ ❡✛❡t ❡♥ r❡t♦✉r s✉r ❧❛ ✈✐t❡ss❡✱ ✈✐❛ ❧❛ ❢♦r❝❡ ❞❡ ▲❛♣❧❛❝❡✳ Pr❡♠✐èr❡♠❡♥t✱ ♦♥
♣❡✉t ✈♦✐r q✉❡ ❧❛ ❝r♦✐ss❛♥❝❡ ❞❡ ❝❡tt❡ ❞②♥❛♠♦ m = 1 ✐♥❤✐❜❡ ❢♦rt❡♠❡♥t ❧✬é❝♦✉❧❡♠❡♥t
♣r✐♠❛✐r❡ ✭❢♦rt❡ ❞é❝r♦✐ss❛♥❝❡ ❞✉ ♠♦❞❡ ❞❡ ✈✐t❡ss❡ m = 0✮✳ ▲❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡
♥♦♥✲❛①✐s②♠étr✐q✉❡ ✈❛ ❝ré❡r ✉♥❡ ❝♦♠♣♦s❛♥t❡ ♥♦♥✲❛①✐s②♠étr✐q✉❡ ❞❛♥s ❧❡ ❝❤❛♠♣ ❞❡
✈✐t❡ss❡✳ ❖♥ ✈♦✐t q✉✬à ♠❡s✉r❡ q✉❡ ❧❛ ✈❛❧❡✉r s❛t✉ré❡ ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ❝r♦✐t✱ ✉♥❡
❝♦♠♣♦s❛♥t❡ ♥♦♥✲❛①✐s②♠étr✐q✉❡ ❞❛♥s ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ✭❝♦✉r❜❡ ❜❧❡✉❡✮ ❡st ❡♥❣❡♥✲
❞ré❡✳ ❈❡tt❡ ❝♦♠♣♦s❛♥t❡ ❡st ✉♥ ♠♦❞❡ m = 2✳ ❈♦♠♠❡ ♥♦✉s ❧❡ ✈❡rr♦♥s ♣❛r ❧❛ s✉✐t❡✱
❝❡ ♠♦❞❡ ❛③✐♠✉t❛❧ ❡st ✐♠♣♦sé ♣❛r ❧✬❛s♣❡❝t q✉❛❞r❛t✐q✉❡ ❡♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❡ ❧❛
❢♦r❝❡ ❞❡ ▲❛♣❧❛❝❡✳ ❆ ♠❡s✉r❡ q✉❡ ❧✬♦♥ s✬é❧♦✐❣♥❡ ❞✉ s❡✉✐❧ ❞❡ ❧❛ ❞②♥❛♠♦ ♦♥ ✈♦✐t q✉❡
❧❛ s❛t✉r❛t✐♦♥ ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ❜r✐s❡ ❞❡ ♣❧✉s ❡♥ ♣❧✉s ❧✬❛①✐s②♠étr✐❡ ❞✉ ❝❤❛♠♣ ❞❡
✈✐t❡ss❡✳ ▲♦rsq✉❡ ❧❛ ❝♦♠♣♦s❛♥t❡ m = 2 ❡st s✉✣s❛♠♠❡♥t ✐♠♣♦rt❛♥t❡✱ ❝❡❧❛ ♣r♦✈♦q✉❡
❛❧♦rs ✉♥❡ ❜✐❢✉r❝❛t✐♦♥ s❡❝♦♥❞❛✐r❡ ✿ ♣♦✉r Rmc = 205✱ ❧✬é❝♦✉❧❡♠❡♥t ❞❡✈✐❡♥t s✉✣s❛♠✲
♠❡♥t ♥♦♥✲❛①✐s②♠étr✐q✉❡ ♣♦✉r ❡①❝✐t❡r ❧❡ ♠♦❞❡ ♠❛❣♥ét✐q✉❡ ❛①✐s②♠étr✐q✉❡ ✭❝♦✉r❜❡
♥♦✐r❡✮✳ ❖♥ ♦❜s❡r✈❡ q✉❡ ❝❡ ♠♦❞❡ ♠❛❣♥ét✐q✉❡ s✬❛♥♥✉❧❡ ❞❛♥s ✉♥❡ ❝❡rt❛✐♥❡ ❣❛♠♠❡ ❞✉
♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s ♠❛❣♥ét✐q✉❡ ✭370 < Rm < 435✮✳ ■❧ ❡st ✐♥tér❡ss❛♥t ❞❡ ♥♦t❡r q✉❡
❧♦rsq✉❡ ❧❡ ❞✐♣♦❧❡ ❛①✐❛❧ ❜✐❢✉rq✉❡✱ ✐❧ ❡♥tr❛î♥❡ ✉♥❡ ❢♦rt❡ ❞✐♠✐♥✉t✐♦♥ ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡
m = 2 ❞✉ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❡t ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧✳ ❈❡❧❛ ♠❡t ❡♥ é✈✐❞❡♥❝❡ ✉♥❡ ❢♦rt❡
❛♥t✐✲❝♦rré❧❛t✐♦♥ ❡♥tr❡ ❧❡s ❞❡✉① ♠♦❞❡s ♠❛❣♥ét✐q✉❡s✱ ♠♦♥tr❛♥t q✉❡ ❝❡s ❞❡✉① ❝❤❛♠♣s
s✬✐♥❤✐❜❡♥t ❧✬✉♥ ❧✬❛✉tr❡ à tr❛✈❡rs ❧❡s ❝♦✉♣❧❛❣❡s ♥♦♥✲❧✐♥é❛✐r❡s q✉✐ rés✉❧t❡♥t ❞❡ ❧❛ ❢♦r❝❡
❞❡ ▲❛♣❧❛❝❡✳ ▲❛ ✜❣✉r❡ ✹✳✼ ♠♦♥tr❡ ❧✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ t②♣✐q✉❡ ❞❡s ♠♦❞❡s ♠❛❣♥é✲
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❋✐❣✳ ✹✳✻✿ ❉✐❛❣r❛♠♠❡ ❞❡ ❜✐❢✉r❝❛t✐♦♥ ❞❡s ❞✐✛ér❡♥ts ♠♦❞❡s ♠❛❣♥ét✐q✉❡s ❧♦rsq✉❡ ❧✬♦♥ ✈❛r✐❡
Rm ♣♦✉r Re = 122✳ ▲❡s ❜❛rr❡s ❞✬❡rr❡✉rs ✐♥❞✐q✉❡♥t ❧✬❛♠♣❧✐t✉❞❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s✳
❚♦✉s ❧❡s ❛✉tr❡s ♠♦❞❡s ♠❛❣♥ét✐q✉❡s s♦♥t ❢❛✐❜❧❡s ❝♦♠♣❛rés à ❝❡✉①✲❧à✳

t✐q✉❡s ❡t ❝✐♥ét✐q✉❡s✱ ♣♦✉r Rm = 292 ❡t Re = 120✳ ▲❛ ❞✐✛ér❡♥❝❡ ❛✈❡❝ ❧❛ s✐♠✉❧❛t✐♦♥
❞❡ ❧❛ ✜❣✉r❡ ✹✳✷ ❡st ❛ss❡③ ❝❧❛✐r❡✳ ▲❡ ❞é❜✉t ❞❡ ❧❛ s✐♠✉❧❛t✐♦♥ ❡st ♠❛rq✉é ♣❛r ❧❛ ❝r♦✐s✲
s❛♥❝❡ ♠♦♥♦t♦♥❡ ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧✱ ❞♦♥t ❧❛ ♣❤❛s❡ ❡st ✜①é❡ à ✉♥ ❛♥❣❧❡ ❞♦♥♥é✳ ▲❛
rétr♦❛❝t✐♦♥ ❞✉ ❞✐♣♦❧❡ s✉r ❧✬é❝♦✉❧❡♠❡♥t ❝ré❡ ❧❡ ♠♦❞❡ ❞❡ ✈✐t❡ss❡ m = 2 ❡t ❧❛ ❝r♦✐ss❛♥❝❡
❞❡ ❝❡ ♠♦❞❡ ❞❡ ✈✐t❡ss❡ ❛ ✉♥❡ ❝♦♥séq✉❡♥❝❡ ❜✐❡♥ ✈✐s✐❜❧❡ s✉r ❧❛ ✜❣✉r❡ ✹✳✼✳ ❖♥ ♥♦t❡ q✉❡
❧✬❛♠♣❧✐t✉❞❡ ❞✉ ♠♦❞❡ ❞❡ ✈✐t❡ss❡ m = 2 ❡st s✉✣s❛♠♠❡♥t ❢♦rt❡ ♣♦✉r ❡①❝✐t❡r ❧❡ ♠♦❞❡
♠❛❣♥ét✐q✉❡ ❛①✐s②♠étr✐q✉❡ m = 0✳ ❈❡ ❞✐♣♦❧❡ ❛①✐❛❧ ❝r♦✐t ❛❧♦rs ❥✉sq✉✬à ✐♥❤✐❜❡r ❧é❣èr❡✲
♠❡♥t ❧❡ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ❡t ❧❡ s②stè♠❡ s❛t✉r❡ ❞❛♥s ✉♥ ét❛t ♦s❝✐❧❧❛♥t✱ ♣rés❡♥t❛♥t ✉♥❡
❝♦♠♣♦s❛♥t❡ ❛①✐s②♠étr✐q✉❡ ♥♦♥✲♥✉❧❧❡✳ ❖♥ ♠♦♥tr❡ s✉r ❧❛ ✜❣✉r❡ ✹✳✽ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛
♣ér✐♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❞❡ ❧❛ ♣❤❛s❡ ❞❡ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ Rm✳

P♦✉r Rm > 260✱ ❧❡s ♦s❝✐❧❧❛t✐♦♥s ❞❡✈✐❡♥♥❡♥t ❛♥❤❛r♠♦♥✐q✉❡s ❡t ✐❧ ❡st ❞✐✣❝✐❧❡ ❞❡
❞é✜♥✐r ♣ré❝✐sé♠❡♥t ❧❛ ♣ér✐♦❞❡✳ ❈❡tt❡ ♦❜s❡r✈❛t✐♦♥ ❛ ✉♥❡ ❝♦♥séq✉❡♥❝❡ ✐♥tér❡ss❛♥t❡ ❡♥
❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧✬❛♥❛❧♦❣✐❡ ❛✈❡❝ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✳ ❆❧♦rs q✉❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡
m = 1 t♦✉r♥❡ ❞❛♥s ❧❡ ♣❧❛♥ éq✉❛t♦r✐❛❧ ❡t s✬❛♥♥✉❧❡ ❞♦♥❝ ♣❛r ♠♦②❡♥♥❡ t❡♠♣♦r❡❧❧❡✱ ❧❡
❞✐♣♦❧❡ ❛①✐s②♠étr✐q✉❡ ❣❛r❞❡ ❡♥ ♠♦②❡♥♥❡ ✉♥❡ ✐♥t❡♥s✐té ♥♦♥✲♥✉❧❧❡ ❛✉ ❝♦✉rs ❞❡ ❧❛ s✐♠✉✲
❧❛t✐♦♥✳ ❙♦✉s ❧✬❡✛❡t ❞✬✉♥ ♠♦②❡♥♥❛❣❡ t❡♠♣♦r❡❧✱ ❝❡❧❛ s✐❣♥✐✜❡ q✉❡ ❧❡ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧
❞✐s♣❛r❛ît ❡t ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ r❡st❛♥t ❡st ✉♥ ❞✐♣♦❧❡ ♣✉r❡♠❡♥t ❛①✐s②♠étr✐q✉❡✳ ❙✉r
❧❛ ✜❣✉r❡ ✹✳✽✱ ♦♥ ✈♦✐t ❛✐♥s✐ q✉✬✐❧ s✉✣t ❞❡ ♠♦②❡♥♥❡r s✉r ✉♥ ❞✐①✐è♠❡ ❞❡ t❡♠♣s rés✐st✐❢s
♣♦✉r ♦❜t❡♥✐r ✉♥ ❞✐♣♦❧❡ ❛①✐s②♠étr✐q✉❡✱ s✐♠✐❧❛✐r❡ ❛✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♦❜t❡♥✉ ❞❛♥s
❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✳ ▲♦rsq✉❡ ❧✬♦♥ ❝♦♥t✐♥✉❡ à ❛✉❣♠❡♥t❡r Rm✱ ❧❡s ♦s❝✐❧❧❛t✐♦♥s ❞❡✈✐❡♥♥❡♥t
❛♥❤❛r♠♦♥✐q✉❡ ♣✉✐s ❞✐s♣❛r❛✐ss❡♥t✱ ❡t ❧❡ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ s❡ ❝♦♥t❡♥t❡ ❞✬❡①♣❧♦r❡r ❝❤❛♦✲
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❋✐❣✳ ✹✳✼✿ ➱✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡s ❞✐✛ér❡♥ts ♠♦❞❡s ✐♠♣❧✐q✉és ❞❛♥s ❧❛ s✐♠✉❧❛t✐♦♥✱ ♣♦✉r
Rm = 292 ❡t Re = 120✳
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❋✐❣✳ ✹✳✽✿ ➱✈♦❧✉t✐♦♥ ❞❡ ❧❛ ♣ér✐♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ Rm

♣♦✉r Re = 120✳ ❖♥ ♥♦t❡ ❧❛ ❞✐✈❡r❣❡♥❝❡ ❞❡ ❧❛ ♣ér✐♦❞❡ ♣rès ❞❡ ❧❛ ❜✐❢✉r❝❛t✐♦♥
❞②♥❛♠♦✳

t✐q✉❡♠❡♥t ❧❡s ❞✐✛ér❡♥t❡s ♣❤❛s❡s ♣♦ss✐❜❧❡s✳ ❆✐♥s✐✱ ♠ê♠❡ s✐ ❧✬é♥❡r❣✐❡ ♠❛❣♥ét✐q✉❡ ❡st
❢♦rt❡♠❡♥t ❞✐str✐❜✉é s✉r ❧❡ ♠♦❞❡ m = 1✱ ❧❛ str✉❝t✉r❡ ❛ss♦❝✐é❡ ❡st ♣r✐♥❝✐♣❛❧❡♠❡♥t ✉♥
❞✐♣♦❧❡ ❛①✐❛❧ ✢✉❝t✉❛♥t s♦✉s ❧✬❡✛❡t ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧✳
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▲❡ ❧❡❝t❡✉r ❛tt❡♥t✐❢ ❛✉r❛ ♥♦té s✉r ❧❛ ✜❣✉r❡ ✹✳✺ q✉❡ ❧❡s s❡✉✐❧s ❞❡s ♠♦❞❡s ♠❛❣♥ét✐q✉❡s
m = 0 ❡t m = 1 s♦♥t ♥❡tt❡♠❡♥t ♣❧✉s ♣r♦❝❤❡s ❡♥ Rm ❞❛♥s ❧❡ ❝❛s Re < 0✱ ❝✬❡st✲à✲❞✐r❡
♣♦✉r ❧❡s é❝♦✉❧❡♠❡♥ts ♦ù ❧❡ ✢✉✐❞❡ ❡st é❥❡❝té ♣❛r ❧❡s ❞✐sq✉❡s ♣rès ❞❡ ❧✬❛①❡ ❛✉ ❧✐❡✉ ❞✬②
êtr❡ ♣♦♠♣é✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❡ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ❡st ♣r♦❝❤❡ ❞❡ ❧❛ st❛❜✐❧✐té ♠❛r❣✐♥❛❧❡
❧♦rsq✉❡ ❧❛ ❜✐❢✉r❝❛t✐♦♥ s❡❝♦♥❞❛✐r❡ ❞✉ ♠♦❞❡ ❛①✐s②♠étr✐q✉❡ s❡ ♣r♦❞✉✐t✳ ▲❡s ✐♥t❡r❛❝t✐♦♥s
♥♦♥✲❧✐♥é❛✐r❡s ❞❡s ❞❡✉① ♠♦❞❡s ♠è♥❡♥t ❛✐♥s✐ à ✉♥❡ ❞②♥❛♠✐q✉❡ ❝♦♠♣❧❡①❡ ❛✉ ❝♦✉rs ❞✉
t❡♠♣s✱ ❞♦♥t ♦♥ ♠♦♥tr❡ ✉♥ ❡①❡♠♣❧❡ t②♣✐q✉❡ s✉r ❧❛ ✜❣✉r❡ ✹✳✾✳
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Dipole axial m=0

Dipole équatorial m=1

Mode de vitesse m=2

❋✐❣✳ ✹✳✾✿ ❊✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡s ♠♦❞❡s ♠❛❣♥ét✐q✉❡s ❡t ❝✐♥ét✐q✉❡s ✭é♥❡r❣✐❡ t♦t❛❧❡✮✱
♣♦✉r Re = −76 ❡t Rm = 170✳

❙✉r ❝❡tt❡ ✜❣✉r❡✱ ♦♥ ✈♦✐t q✉❡ ❧❡ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ✭❡♥ r♦✉❣❡✮ ❜✐❢✉rq✉❡ ❡♥ ♣r❡♠✐❡r
à ♣❛rt✐r ❞✬✉♥ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❛①✐s②♠étr✐q✉❡✳ ❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉ ❞❛♥s ❧❡ ❝❛s
Re > 0✱ ❧❛ s❛t✉r❛t✐♦♥ ❞❡ ❝❡ ♠♦❞❡ ♠❛❣♥ét✐q✉❡ m = 1 ❝ré❡ ✉♥❡ ❝♦♠♣♦s❛♥t❡ ♥♦♥✲
❛①✐s②♠étr✐q✉❡ ❞❛♥s ❧❛ ✈✐t❡ss❡ ✭❡♥ ❜❧❡✉✮✱ q✉✐ ❡♥❣❡♥❞r❡ ❛❧♦rs ❧❡ ❞✐♣♦❧❡ ❛①✐❛❧ ✭❡♥ ♥♦✐r✮✳
❈♦♠♠❡ ♣ré❝é❞❡♠♠❡♥t✱ ♦♥ ♦❜s❡r✈❡ ✉♥❡ ❝♦♠♣ét✐t✐♦♥ ❡♥tr❡ ❧❡s ❞❡✉① ❞✐♣♦❧❡s✳ ❚♦✉t❡✲
❢♦✐s✱ ❞❛♥s ❧❡ ❝❛s ♣rés❡♥t✱ ❧✬✐♥t❡r❛❝t✐♦♥ ♥♦♥✲❧✐♥é❛✐r❡ ❡st s✉✣s❛♠♠❡♥t ❢♦rt❡ ❡♥tr❡ ❧❡s
❞❡✉① ❞✐♣♦❧❡s ♣♦✉r ✐♥❤✐❜❡r ❝♦♠♣❧èt❡♠❡♥t ❧❡ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧✱ q✉✐ r❡t♦♠❜❡ à ③ér♦✳
P❛r ❝♦♥séq✉❡♥t✱ ❧❛ ❝♦♠♣♦s❛♥t❡ m = 2 ❞❡ ❧❛ ❢♦r❝❡ ❞❡ ▲❛♣❧❛❝❡ s✬❛♥♥✉❧❡ ❡t ❧✬é❝♦✉❧❡✲
♠❡♥t r❡❞❡✈✐❡♥t ♣❛r❢❛✐t❡♠❡♥t ❛①✐s②♠étr✐q✉❡✳ ■❧ s✬❡♥s✉✐t ❛❧♦rs ✉♥❡ ♣ér✐♦❞❡ ❞❡ t❡♠♣s
♣❡♥❞❛♥t ❧❛q✉❡❧❧❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❡ ❝❡tt❡ ❞②♥❛♠♦ ❡st ❝♦♠♣❧èt❡♠❡♥t ❛①✐s②✲
♠étr✐q✉❡✱ ♠❛✐s ❞é❝r♦ît ❧❡♥t❡♠❡♥t ❥✉sq✉✬à ③ér♦✳ ▲❡ ♣r♦❝❡ss✉s s❡ ré♣èt❡ ❛❧♦rs✱ q✉❛s✐✲
♣ér✐♦❞✐q✉❡♠❡♥t✱ ❝ré❛♥t ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞❡ r❡❧❛①❛t✐♦♥✳ ❖♥ r❡♠❛rq✉❡ q✉✬✐❧ ❡①✐st❡ ❞❛♥s
❝❡s s✐♠✉❧❛t✐♦♥s ✉♥❡ ♣❛rt✐❡ ❞✉ ❝②❝❧❡ ♣❡♥❞❛♥t ❧❛q✉❡❧❧❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡t ❧❛ ✈✐✲
t❡ss❡ s♦♥t ❝♦♠♣❧èt❡♠❡♥t ❛①✐s②♠étr✐q✉❡✱ ❝❡ q✉✐ ♣❡✉t s❡♠❜❧❡r ❡♥ ❛♣♣❛r❡♥❝❡ ❝♦♥tr❛✐r❡



✹✳✸ ❙✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❡♥ ré❣✐♠❡ ❧❛♠✐♥❛✐r❡ ✶✶✼

❛✉ t❤é♦rè♠❡ ❞❡ ❈♦✇❧✐♥❣✳ ❈❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡st ❝♦♠♣♦sé ❞✬✉♥❡ ❢♦rt❡ ❝♦♠♣♦s❛♥t❡
❛③✐♠✉t❛❧❡ ❛ss♦❝✐é❡ à ✉♥ ❝❤❛♠♣ ✈❡rt✐❝❛❧ ♣rès ❞❡ ❧✬❛①❡ ❞❡ r♦t❛t✐♦♥ ✭✈♦✐r ❧❛ ✜❣✉r❡ ✹✳✶✵✮✳

❋✐❣✳ ✹✳✶✵✿ ▲✐❣♥❡s ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞✉ ❞✐♣♦❧❡ ❛①✐❛❧ ♦❜s❡r✈é ❞❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s✱
♣♦✉r Re = −76 ❡t Rm = 170✱ ❛♣rès ✉♥❡ ✈✐♥❣t❛✐♥❡ ❞❡ t❡♠♣s rés✐st✐❢s✳ ❖♥
♥♦t❡r❛ ❧❛ ❢♦rt❡ ❛①✐s②♠étr✐❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳

❇✐❡♥ q✉✬✐❧ ② ❛✐t ♣❡✉ ❞❡ ❝❤❛♥❝❡s q✉❡ ❝❡tt❡ ❞②♥❛♠✐q✉❡ s♦✐t s❡❧❡❝t✐♦♥♥é❡ ❞❛♥s ❧✬❡①✲
♣ér✐❡♥❝❡✱ ❧❛ str✉❝t✉r❡ ♠❛❣♥ét✐q✉❡ ♣rés❡♥t❡ ✉♥❡ s✐♠✐❧❛r✐té ❢r❛♣♣❛♥t❡ ❛✈❡❝ ❧❡ ❝❤❛♠♣
♦❜s❡r✈é ❞❛♥s ❱❑❙✳ ▲❛ ❞②♥❛♠✐q✉❡ ❞é❝r✐t❡ ✐❝✐ ❡st ✉♥❡ ✐❧❧✉str❛t✐♦♥ ❞❡s ❧✐♠✐t❡s ❞✉ t❤é♦✲
rè♠❡ ❞❡ ❈♦✇❧✐♥❣ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ s②stè♠❡ ♥♦♥✲❧✐♥é❛✐r❡✳ ❊♥ ❡✛❡t✱ q✉❡❧q✉❡ s♦✐t ❧❛
❞✉ré❡ ❞❡ ❧❛ s✐♠✉❧❛t✐♦♥ ♥✉♠ér✐q✉❡✱ ❧❡ s②stè♠❡ ❡♥tr❡t✐❡♥t ❛✐♥s✐ ♣ér✐♦❞✐q✉❡♠❡♥t ✉♥
❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❝♦♠♣❧èt❡♠❡♥t ❛①✐s②♠étr✐q✉❡✳ ❈✬❡st é❣❛❧❡♠❡♥t ✉♥ ❡①❡♠♣❧❡ ✐♥té✲
r❡ss❛♥t ❞✬✐♥st❛❜✐❧✐té ❞❛♥s ❧❛q✉❡❧❧❡ ❧❡ ❝❤❛♠♣ ♠♦②❡♥ ❡t ❧❡s ✢✉❝t✉❛t✐♦♥s ❞é♣❡♥❞❛♥t❡s ❞✉
t❡♠♣s ♠è♥❡♥t à ✉♥❡ ❞②♥❛♠✐q✉❡ ❝♦♠♣❧❡①❡ ❜❛sé s✉r ❧✬✐♥t❡r❛❝t✐♦♥ ❞✬✉♥ ❢❛✐❜❧❡ ♥♦♠❜r❡
❞❡ ♠♦❞❡s✳
❈❡s ♦s❝✐❧❧❛t✐♦♥s ❞❡ r❡❧❛①❛t✐♦♥ s♦♥t ♣rés❡♥t❡s ✉♥✐q✉❡♠❡♥t ❞❛♥s ❧❡ ❝❛s Re < 0✱ ❡t
s❡ ♣r♦❞✉✐s❡♥t s❡✉❧❡♠❡♥t à ♣r♦①✐♠✐té ❞✉ s❡✉✐❧ ❞❡ ❧❛ ❜✐❢✉r❝❛t✐♦♥ s❡❝♦♥❞❛✐r❡ ❞✉ ♠♦❞❡
m = 0✳ ▲♦rsq✉❡ ❝❡ ❝②❝❧❡ ❛♣♣❛r❛ît ♦✉ ❞✐s♣❛r❛ît✱ ❧❡ s②stè♠❡ ❜✐❢✉rq✉❡ t♦✉❥♦✉rs ✈❡rs
✉♥ s②stè♠❡ st❛t✐♦♥♥❛✐r❡✳ ❯♥ ❞✐❛❣r❛♠♠❡ ❞❡ ❜✐❢✉r❝❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣♦✉r
Re = −76 ❡st ♣rés❡♥té à ❧❛ ✜❣✉r❡ ✹✳✶✶✳

❙✉r ❝❡tt❡ ✜❣✉r❡✱ ❧❡s tr❛✐ts ❡♥ ♣♦✐♥t✐❧❧és ✐♥❞✐q✉❡♥t ❧❛ ✈❛❧❡✉r ♠❛①✐♠❛❧❡ ❞❡s ❞✐✛é✲
r❡♥ts ♠♦❞❡s ❞❛♥s ❧❡ ré❣✐♠❡ ❞❡ r❡❧❛①❛t✐♦♥✱ t❛♥❞✐s q✉❡ ❧❡s tr❛✐ts ♣❧❡✐♥s r❡♣rés❡♥t❡♥t
❧❛ ✈❛❧❡✉r s❛t✉ré❡ ❞❡s ♠♦❞❡s st❛t✐♦♥♥❛✐r❡s✳ P♦✉r ❧❡s ❣r❛♥❞❡s ✈❛❧❡✉rs ❞❡ Rm✱ ♦♥ ♦❜✲
s❡r✈❡ ✉♥❡ ❜✐st❛❜✐❧✐té ❛✈❡❝ ❧❛ ❝♦❡①✐st❡♥❝❡ ❞❡ ❞❡✉① s♦❧✉t✐♦♥s ❞✐✛ér❡♥t❡s✱ q✉❡ ♥♦✉s ❛✈♦♥s
❞é♥♦té❡s M1 ❡t M2✳ ❙❡❧♦♥ ❧❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s✱ ❧❡ s②stè♠❡ r❡❧❛①❡ ✈❡rs ❧✬✉♥❡ ♦✉
❧✬❛✉tr❡ ❞❡ ❝❡s ❞❡✉① s♦❧✉t✐♦♥s✳ ▲❛ s♦❧✉t✐♦♥ M1 ❡st r❡♣éré❡ ♣❛r ❞❡s ❝❡r❝❧❡s s✉r ❧❛ ✜❣✉r❡
✹✳✶✶✱ ❡t ♦♥ ✈♦✐t q✉✬❡❧❧❡ ✐♠♣❧✐q✉❡ ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣r✐♥❝✐♣❛❧❡♠❡♥t éq✉❛t♦r✐❛❧✱
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solution M1: composante m=0

solution M1: composante m=1

solution M2: composante m=0

solution M2: composante m=1

❋✐❣✳ ✹✳✶✶✿ ❉✐❛❣r❛♠♠❡ ❞❡ ❜✐❢✉r❝❛t✐♦♥ ❞❡s ❞✐✛ér❡♥ts ♠♦❞❡s ♠❛❣♥ét✐q✉❡s ❧♦rsq✉❡ ❧✬♦♥ ✈❛r✐❡
Rm✱ ♣♦✉r ✉♥ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s ✜①❡ Re = −76✳ ▲❡s ❜❛rr❡s ❞✬❡rr❡✉rs ✐♥❞✐q✉❡♥t
❧✬❛♠♣❧✐t✉❞❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s✱ ❡t ❧❡s ❧✐❣♥❡s ❡♥ ♣♦✐♥t✐❧❧és ❧❛ ✈❛❧❡✉r ♠❛①✐♠❛❧❡ ❞❡s
♠♦❞❡s ❞✉r❛♥t ❧❡ ❝②❝❧❡ ❞❡ r❡❧❛①❛t✐♦♥✳ ❚♦✉s ❧❡s ❛✉tr❡s ♠♦❞❡s ♠❛❣♥ét✐q✉❡s s♦♥t
❢❛✐❜❧❡s ❝♦♠♣❛rés à ❝❡✉①✲❝✐✳

❛✈❡❝ ✉♥❡ ❢❛✐❜❧❡ ❝♦♠♣♦s❛♥t❡ m = 0✳ ▲❛ s♦❧✉t✐♦♥ M2 ❛✉ ❝♦♥tr❛✐r❡ ♣♦ssè❞❡ ✉♥❡ très
❢♦rt❡ ❝♦♠♣♦s❛♥t❡ ❛①✐s②♠étr✐q✉❡ ❡t ✉♥❡ ♣❡t✐t❡ ♣❛rt✐❡ éq✉❛t♦r✐❛❧❡ ✿ ❝❡tt❡ ❞❡✉①✐è♠❡
s♦❧✉t✐♦♥ ❝♦rr❡s♣♦♥❞ à ✉♥ ❞✐♣♦❧❡ ❛①✐❛❧ ✐♥❝❧✐♥é ❞✬✉♥ ❛♥❣❧❡ ❞✬❡♥✈✐r♦♥ 20✝✱ ❡t ❧❛ ♣❤❛s❡
❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ❡st ✜①❡✳ ❖♥ ♥♦t❡r❛ q✉❡ ♣♦✉r ❧❛ ♣r❡♠✐èr❡ s♦❧✉t✐♦♥✱ ❧❛ ♣❤❛s❡ ❞✉
♠♦❞❡ m = 1 t♦✉r♥❡ à ✈✐t❡ss❡ ❝♦♥st❛♥t❡ ❡t ❧à ❡♥❝♦r❡✱ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡st ✉♥
❞✐♣♦❧❡ ❛①✐❛❧ ❛♣rès ✉♥ ♠♦②❡♥♥❛❣❡ ❞❡ q✉❡❧q✉❡s ❞✐①✐è♠❡s ❞❡ t❡♠♣s rés✐st✐❢s✳ ▲♦rsq✉❡
❧✬♦♥ ❞✐♠✐♥✉❡ Rm✱ ♦♥ ✈♦✐t q✉✬✐❧ ❡①✐st❡ ✉♥ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s ♠❛❣♥ét✐q✉❡ ❝r✐t✐q✉❡
Rmc = 200 ♣♦✉r ❧❡q✉❡❧ ❧❡ s②stè♠❡ ❜✐❢✉rq✉❡ ✈❡rs ❧❡ ré❣✐♠❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞❡ r❡✲
❧❛①❛t✐♦♥ ❞❡ ❧❛ ✜❣✉r❡ ✹✳✾✳ ▲❡ ♣♦✐♥t ✐♥tér❡ss❛♥t ❡st q✉✬♦♥ ♣❡✉t r❡♠❛rq✉❡r q✉✬❛✉ ♣♦✐♥t
❞❡ tr❛♥s✐t✐♦♥✱ ❧✬❛♠♣❧✐t✉❞❡ ♠❛①✐♠❛❧❡ ❞❡ ❝❡s ♦s❝✐❧❧❛t✐♦♥s ❝♦ï♥❝✐❞❡ ♣❛r❢❛✐t❡♠❡♥t ❛✈❡❝
❧✬❛♠♣❧✐t✉❞❡ ❞❡s s♦❧✉t✐♦♥s st❛t✐♦♥♥❛✐r❡s✳ ❖♥ ✈♦✐t ❛ss❡③ ♥❡tt❡♠❡♥t s✉r ❧❛ ✜❣✉r❡ ✹✳✾ q✉❡
❧❡ s②stè♠❡ ♣❛ss❡ ❜❡❛✉❝♦✉♣ ❞❡ t❡♠♣s ♣rès ❞❡ ❧❛ s♦❧✉t✐♦♥ M1✱ ❧♦rsq✉❡ ❧❡ ♠♦❞❡ m = 0
❡st ♥✉❧✳ ❖♥ ♣❡✉t é❣❛❧❡♠❡♥t ✈♦✐r s✉r ❝❡tt❡ ✜❣✉r❡ q✉❡ ❧♦rsq✉❡ ❧❡ ❞✐♣♦❧❡ ❛①✐❛❧ ❡st à s♦♥
♠❛①✐♠✉♠✱ ❧❛ ❝r♦✐ss❛♥❝❡ ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ s❡♠❜❧❡ r❛❧❡♥t✐r ✈❡rs ✉♥❡ ✈❛❧❡✉r ✐♥t❡r✲
♠é❞✐❛✐r❡ ♣❧✉s ❢❛✐❜❧❡✱ ❝♦rr❡s♣♦♥❞❛♥t à ❧❛ s♦❧✉t✐♦♥ M2✳ ▲❡ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t ❛ ♠♦♥tré
q✉❡ t❛♥❞✐s q✉✬✉♥ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ❡st ❝ré❡ ♣❛r ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ♠♦②❡♥✱ ✉♥ ❞✐♣♦❧❡
❛①✐❛❧ ❡st ❝ré❡ ♣❛r ❧❡s ✢✉❝t✉❛t✐♦♥s✳ ❖♥ ✈♦✐t ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ q✉❡ ❝❡s ❞❡✉① ♠♦❞❡s
♠❛❣♥ét✐q✉❡s ♦♥t t❡♥❞❛♥❝❡ à ❡♥tr❡r ❡♥ ❝♦♠♣ét✐t✐♦♥ ✈✐❛ ❧❡s t❡r♠❡s ♥♦♥✲❧✐♥é❛✐r❡s✱ ❝❡
q✉✐ ❡♥tr❛î♥❡ ✉♥❡ ❞②♥❛♠✐q✉❡ ❝♦♠♣❧❡①❡✳



✹✳✸ ❙✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❡♥ ré❣✐♠❡ ❧❛♠✐♥❛✐r❡ ✶✶✾

❈❡s ❞✐✛ér❡♥t❡s ♦❜s❡r✈❛t✐♦♥s ♣❡r♠❡tt❡♥t ❞❡ ❜✐❡♥ ❝♦♠♣r❡♥❞r❡ ❧❡ ♠é❝❛♥✐s♠❡ q✉✐
♠è♥❡ ❛✉① ♦s❝✐❧❧❛t✐♦♥s ❞❡ r❡❧❛①❛t✐♦♥ ❞✉ s②stè♠❡ ✿ ✐❧ s✬❛❣✐t ❞✬✉♥❡ ❝♦♥♥❡①✐♦♥ ❡♥tr❡
❞❡✉① s♦❧✉t✐♦♥s st❛t✐♦♥♥❛✐r❡s✱ ❧✬✉♥❡ ❝♦♥st✐t✉é❡ ❞✬✉♥ ❞✐♣♦❧❡ ♣r✐♥❝✐♣❛❧❡♠❡♥t éq✉❛t♦r✐❛❧
❡t ❧✬❛✉tr❡ ❞✬✉♥ ❞✐♣♦❧❡ ❢♦rt❡♠❡♥t ❛①✐❛❧✱ ❝réé❡ ♣❛r ❧❛ ❢♦r❝❡ ❞❡ ▲❛♣❧❛❝❡✳ ❈❡tt❡ ❝♦♥♥❡①✐♦♥
s❡♠❜❧❡ s✬❡✛❡❝t✉❡r à tr❛✈❡rs ❧❡ ♣♦✐♥t ♦r✐❣✐♥❡ O✱ ♦ù ❧❡s ❞❡✉① ❝♦♠♣♦s❛♥t❡s s♦♥t ♥✉❧❧❡s✳
❖♥ ♣❡✉t ❞♦♥❝ ✐♥t❡r♣rét❡r ❝❡tt❡ ❞②♥❛♠✐q✉❡ ❝♦♠♠❡ ✉♥❡ ❝♦♥♥❡①✐♦♥ ❤étér♦❝❧✐♥❡ ❡♥tr❡
❧❡s tr♦✐s ♣♦✐♥ts ✜①❡s O✱ M1 ❡t M2✳ ❈❡tt❡ ✐♥t❡r♣rét❛t✐♦♥ ❡st r❡♥❢♦r❝é❡ ♣❛r ❧❛ ❞✐✈❡r❣❡♥❝❡
❞❡ ❧❛ ♣ér✐♦❞❡ ❞✉ ❝②❝❧❡ ❧♦rsq✉✬✐❧ ❛♣♣❛r❛ît ♦✉ ❞✐s♣❛r❛ît ✭✜❣✉r❡ ✹✳✶✷✱ à ❞r♦✐t❡✮✳ ❖♥
♠♦♥tr❡ é❣❛❧❡♠❡♥t s✉r ❝❡tt❡ ✜❣✉r❡ ❧❡ ❝②❝❧❡ ♥♦♥✲❧✐♥é❛✐r❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡ ✭❡♥
❜❛s✮✳
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❋✐❣✳ ✹✳✶✷✿ ❊♥ ❤❛✉t ✿ é✈♦❧✉t✐♦♥ ❞❡ ❧❛ ♣ér✐♦❞❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ♥♦♥✲❧✐♥é❛✐r❡s ❡♥ ❢♦♥❝t✐♦♥
❞❡ Rm ♣♦✉r Re = −76✳ ❖♥ ♥♦t❡ ❧❛ ❞✐✈❡r❣❡♥❝❡ ❝❧❛✐r❡ ❞❡ ❧❛ ♣ér✐♦❞❡ ♣rès ❞❡
❧❛ ❞✐s♣❛r✐t✐♦♥ ❞✉ ❝②❝❧❡ ✭❧✐❣♥❡ ❡♥ ♣♦✐♥t✐❧❧é✮✳ ❊♥ ❜❛s ✿ ❝②❝❧❡s ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s
♣❤❛s❡s ♣♦✉r Rm = 150 ❡t Re = −76✳

▲❡s rés✉❧t❛ts ♣rés❡♥tés ✐❝✐ s♦♥t ✐ss✉s ❞✬✉♥ ré❣✐♠❡ r❡❧❛t✐✈❡♠❡♥t ❧❛♠✐♥❛✐r❡✱ ❡t ❞♦♥❝
❛ss❡③ ❧♦✐♥ ❞❡ ❝♦♥✜❣✉r❛t✐♦♥s ❡①♣ér✐♠❡♥t❛❧❡s ❝♦♠♠❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ♦✉ ❧✬❡①♣ér✐❡♥❝❡
❞❡ ▼❛❞✐s♦♥✳ ❚♦✉t❡❢♦✐s✱ ♥♦✉s ❛✈♦♥s ✈✉ q✉❡ ❧❡ s②stè♠❡✱ ♠❛❧❣ré ❧❡s r❡str✐❝t✐♦♥s ✐♠♣♦✲



✶✷✵ ▼♦❞é❧✐s❛t✐♦♥ ❞②♥❛♠✐q✉❡

sé❡s ♣❛r ❧❡ t❤é♦rè♠❡ ❞❡ ❈♦✇❧✐♥❣✱ ❡♥❣❡♥❞r❡ ✉♥ ❞✐♣♦❧❡ ❛①✐❛❧ ❢♦rt❡♠❡♥t ❛①✐s②♠étr✐q✉❡✳
❈❡tt❡ str✉❝t✉r❡ ♠❛❣♥ét✐q✉❡ ❡st ❞♦♥❝ très ♣r♦❝❤❡ ❞❡ ❝❡❧❧❡ ♦❜s❡r✈é❡ ❡①♣ér✐♠❡♥t❛❧❡✲
♠❡♥t✱ ♠❛✐s ♣♦✉r ❧❛q✉❡❧❧❡ ✐❧ ♥✬❡①✐st❡ ♣❛s à ❝❡ ❥♦✉r ✉♥❡ ❡①♣❧✐❝❛t✐♦♥ ❝❧❛✐r❡ ❡t ♣ré❝✐s❡✳
■❧ ❡st ❞✐✣❝✐❧❡ ❞❡ ❢❛✐r❡ ❞❡s ❝♦♥❝❧✉s✐♦♥s s✉r ❧❡ ♠é❝❛♥✐s♠❡ ❞❡ ❣é♥ér❛t✐♦♥ ❞✉ ❝❤❛♠♣
❞❛♥s ❝❡s s✐♠✉❧❛t✐♦♥s✱ ♠❛✐s ♦♥ ♣❡✉t t♦✉t ❞❡ ♠ê♠❡ ❢❛✐r❡ q✉❡❧q✉❡s r❡♠❛rq✉❡s✳ ■❧ ❛
été ♣r♦♣♦sé ♣❛r Pétré❧✐s✱ ▼♦r❞❛♥t ❡t ❋❛✉✈❡✱ q✉❡ ❧❡ ❝❤❛♠♣ ❡①♣ér✐♠❡♥t❛❧ ♣♦✉rr❛✐t
êtr❡ ❞û à ✉♥❡ ❞②♥❛♠♦ α − ω ❝ré❡❡ ♣❛r ❧✬❡✛❡t ❝♦♥❥✉❣✉é ❞✉ ❝✐s❛✐❧❧❡♠❡♥t ❞❡ ❧❛ r♦✲
t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❡t ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ❤é❧✐❝✐t❛✐r❡ ♣rès ❞❡s ❞✐sq✉❡s✳ ❈❡ ♠é❝❛♥✐s♠❡
❛ été ✐❧❧✉stré ❛✉ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t ❞❡ ♠❛♥✐èr❡ ❛ss❡③ ❝❧❛✐r❡✳ ❉❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s
♥♦♥✲❧✐♥é❛✐r❡s✱ ♦♥ ✉t✐❧✐s❡ ✉♥ ❢♦rç❛❣❡ ❛①✐s②♠étr✐q✉❡✱ ❡t ❧✬❡✛❡t ❞❡s ♣❛❧❡s ♥✬❡st ♣❛s ♣r✐s
❡♥ ❝♦♠♣t❡✳ ❖♥ ♥✬✐♥tr♦❞✉✐t ❞♦♥❝ ♣❛s ❧✬❤é❧✐❝✐té ❝♦rr❡s♣♦♥❞❛♥t❡✱ ❝♦♠♠❡ ❞❛♥s ❧❡ ❝❛s
❞✉ ❝♦❞❡ ❝②❧✐♥❞r✐q✉❡✳ ❈❡❝✐ ét❛♥t ❞✐t✱ ♦♥ ♣❡✉t r❡♠❛rq✉❡r q✉❡ ❧✬é❝♦✉❧❡♠❡♥t ❞❡ ✈♦♥
❑ár♠á♥ t❡❧ q✉✬✐❧ ❡st ♣r♦❞✉✐t ✐❝✐✱ ❡♥ ré❣✐♠❡ ❧❛♠✐♥❛✐r❡✱ ♣♦ssè❞❡ é❣❛❧❡♠❡♥t ✉♥❡ ❤é❧✐❝✐té
♥♦♥✲♥✉❧❧❡✳ ❙✐ ❧✬é❝♦✉❧❡♠❡♥t ♣rès ❞❡s ❞✐sq✉❡s ❡st ♣❧✉tôt ❢❛✈♦r❛❜❧❡ à ✉♥❡ ❞②♥❛♠♦ α−ω✱
♦♥ ♣❡✉t r❡♠❛rq✉❡r q✉❡ ❧❛ ❝♦✉❝❤❡ ❞❡ ❝✐s❛✐❧❧❡♠❡♥t ❞✉ ♣❧❛♥ ♠é❞✐❛♥ ♣♦ssè❞❡ ❧✬❤é❧✐❝✐té
❞❡ s✐❣♥❡ ♦♣♣♦sé✱ ❡t ✈❛ ❞♦♥❝ êtr❡ ♣❧✉tôt ❞é❢❛✈♦r❛❜❧❡ à ❧❛ ❞②♥❛♠♦✳ ❘❡♥✈❡rs❡r ❧❡ s✐❣♥❡
❞✉ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s ♣❡r♠❡t ❛❧♦rs ❞✬✐♥✈❡rs❡r ❧❡ s✐❣♥❡ ❞❡ ❝❡tt❡ ❤é❧✐❝✐té✱ ❡t ❧❡ ❢♦rt
❝✐s❛✐❧❧❡♠❡♥t ❞✉ ♣❧❛♥ ♠é❞✐❛♥ ❞❡✈✐❡♥t ❛❧♦rs ✉♥❡ s♦✉r❝❡ ❞✬❡✛❡t α✳ ❈❡❧❛ ♣♦✉rr❛✐t ♣❡r✲
♠❡ttr❡ ❞✬❡①♣❧✐q✉❡r ♣♦✉rq✉♦✐ ❧❡ s❡✉✐❧ ❞✉ ♠♦❞❡ m = 0 ❡st ♥❡tt❡♠❡♥t ♣❧✉s ❜❛s ❞❛♥s ❝❡
❝❛s✳

✹✳✸✳✸ ▼♦❞é❧✐s❛t✐♦♥ ❞②♥❛♠✐q✉❡ ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥❛❧✐té

▼ê♠❡ s✐ ❧❡s s✐♠✉❧❛t✐♦♥s ♣rés❡♥té❡s à ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡ s♦♥t ré❛❧✐sé❡s ❞❛♥s ✉♥
ré❣✐♠❡ ❧❛♠✐♥❛✐r❡✱ ♦♥ ♣♦✉rr❛✐t s✬❛tt❡♥❞r❡ à ❝❡ q✉❡ ❧❛ ❞②♥❛♠✐q✉❡ ❛ss❡③ r✐❝❤❡ ♦❜s❡r✲
✈é❡ ✐♠♣❧✐q✉❡ ❞❡s ♠é❝❛♥✐s♠❡s ❝♦♠♣❧❡①❡s✱ ❞✐✣❝✐❧❡s à ❝♦♠♣r❡♥❞r❡✳ ❆✉ ❝♦♥tr❛✐r❡✱ ♥♦✉s
❛✈♦♥s ✈✉s q✉✬✐❧ ❡st très ❢❛❝✐❧❡ ❞❡ ❝♦♠♣r❡♥❞r❡ ❧❡s rés✉❧t❛ts ❡♥ ♥❡ ❝♦♥s✐❞ér❛♥t q✉❡
❞❡✉① ♠♦❞❡s ♠❛❣♥ét✐q✉❡s✱ ❡t ✉♥ ♠♦❞❡ ❞❡ ✈✐t❡ss❡ ❞û à ❧❛ ❢♦r❝❡ ❞❡ ▲❛♣❧❛❝❡✳ ▲❛ ❢♦rt❡
✐♥❤✐❜✐t✐♦♥ ❡♥tr❡ ❧❡s ❞❡✉① ♠♦❞❡s ♠❛❣♥ét✐q✉❡s ❢❛✐t é✈✐❞❡♠♠❡♥t ❛♣♣❡❧ à ❞❡s ✐♥t❡r❛❝✲
t✐♦♥s ♥♦♥✲❧✐♥é❛✐r❡s✱ ❡t ✐♠♣❧✐q✉❡ ♣r♦❜❛❜❧❡♠❡♥t ❞✬❛✉tr❡ ♠♦❞❡s ❞❡ ✈✐t❡ss❡s✱ ❝♦♠♠❡ ♣❛r
❡①❡♠♣❧❡ ❧❡ ♠♦❞❡ ❞❡ ✈✐t❡ss❡ m = 1✳

❈❡tt❡ ❞②♥❛♠✐q✉❡ ❞é❝r✐t ❞♦♥❝ très s✐♠♣❧❡♠❡♥t ❧❛ ❝♦♠♣ét✐t✐♦♥ ❡♥tr❡ ✉♥ ❞✐♣♦❧❡
❛①✐❛❧ ❡t ✉♥ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ❛✉ s❡✐♥ ❞✬✉♥ s②stè♠❡ ♣r♦❝❤❡ ❞❡ ❧✬❛①✐s②♠étr✐❡✳ ■❧ s✬❛❣✐t
❧à ❞✬✉♥❡ s✐t✉❛t✐♦♥ très ❝♦♠♠✉♥❡ ❡♥ ❛str♦♣❤②s✐q✉❡✳ ❊✛❡❝t✐✈❡♠❡♥t✱ ❧✬❡♥s❡♠❜❧❡ ❞❡s
♦❜❥❡ts ♥❛t✉r❡❧s ♣rés❡♥t❛♥t ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ✭♣❧❛♥èt❡s ❡t ét♦✐❧❡s✮ s❡ tr♦✉✈❡ ❡♥
r♦t❛t✐♦♥ r❛♣✐❞❡✳ ❈❡❝✐ ✐♠♣❧✐q✉❡ ❡♥ ♣r❡♠✐èr❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡s ❝❤❛♠♣s ❞❡ ✈✐t❡ss❡
♣r♦❝❤❡ ❞❡ ❧✬❛①✐s②♠étr✐❡ ❡t ❡①♣❧✐q✉❡ ❧✬✐♠♣♦rt❛♥❝❡ ❞✉ t❤é♦rè♠❡ ❞❡ ❈♦✇❧✐♥❣✳ ❉❡ ♣❧✉s✱
❧❛ ♣❧✉♣❛rt ❞❡s ♣❧❛♥èt❡s ❞✉ s②stè♠❡ s♦❧❛✐r❡ ♣rés❡♥t❡ ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣r✐♥✲
❝✐♣❛❧❡♠❡♥t ❝♦♥st✐t✉é ❞✬✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❡♥tr❡ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ❡t ❞✐♣♦❧❡ ❛①✐❛❧✱ ❧❡
r❛♣♣♦rt ❡♥tr❡ ❧❡s ❞❡✉① ♠♦❞❡s ✈❛r✐❛♥t s❡❧♦♥ ❧✬♦❜❥❡t✳ ❖♥ ✈♦✐t ✐❝✐ ❧✬✐♠♣♦rt❛♥❝❡ ❞✬❛✈♦✐r
✉♥❡ ❞❡s❝r✐♣t✐♦♥ s✐♠♣❧❡ ❞❡s ♠é❝❛♥✐s♠❡s ♣rés❡♥tés ❞❛♥s ❝❡ ❝❤❛♣✐tr❡✳ P♦✉r ❝❡❧❛✱ ♥♦✉s



✹✳✸ ❙✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❡♥ ré❣✐♠❡ ❧❛♠✐♥❛✐r❡ ✶✷✶

❛❧❧♦♥s ❝♦♥str✉✐r❡ ✉♥ ♠♦❞è❧❡ ❞✬éq✉❛t✐♦♥s ❞✬❛♠♣❧✐t✉❞❡s ♥♦✉s ♣❡r♠❡tt❛♥t ❞❡ ❞é❝r✐r❡
♥♦s s✐♠✉❧❛t✐♦♥s ❞✐r❡❝t❡s ❞❡ ♠❛♥✐èr❡ s✐♠♣❧❡ ❡t ✐❞é❛❧✐sé❡✳ P♦✉r ❝❡❧❛ ♦♥ é❝r✐t

B(r, t) = A(t)Deq(r) + c .c . + B(t)Dax(r) + · · · , ✭✹✳✷✾✮

♦ù Deq(r) ✭r❡s♣❡❝t✐✈❡♠❡♥t Dax(r)✮ ❡st ❧❡ ♠♦❞❡ ♣r♦♣r❡ ❛ss♦❝✐é ❛✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧
✭r❡s♣❡❝t✐✈❡♠❡♥t ❛①✐❛❧✮✳ A ❡st ✉♥❡ ❛♠♣❧✐t✉❞❡ ❝♦♠♣❧❡①❡✱ s❛ ♣❤❛s❡ ❞é❝r✐✈❛♥t ❧✬❛♥❣❧❡ q✉❡
❢❛✐t ❧❡ ❞✐♣♦❧❡ ❞❛♥s ❧❡ ♣❧❛♥ éq✉❛t♦r✐❛❧✱ t❛♥❞✐s q✉❡ c .c . ✐♥❞✐q✉❡ ❧❡ ❝♦♠♣❧❡①❡ ❝♦♥❥✉❣✉é
❞❡ ❧✬❡①♣r❡ss✐♦♥ q✉✐ ♣ré❝è❞❡✳ B ✱ q✉✐ ❞é❝r✐t ❧✬❛♠♣❧✐t✉❞❡ ❞✬✉♥ ♠♦❞❡ ❛①✐s②♠étr✐q✉❡✱ ❡st
✉♥❡ ❛♠♣❧✐t✉❞❡ ré❡❧❧❡✳ ❉❛♥s ❧❛ s✉✐t❡✱ ♦♥ s✬✐♥tér❡ss❡ à ❧✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ ❝❡s
♠♦❞❡s✱ ❡♥ ♦✉❜❧✐❛♥t ❧❡✉r é✈❡♥t✉❡❧❧❡ str✉❝t✉r❡ s♣❛t✐❛❧❡✳ ❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ❞é❝r✐t
♣ré❝é❞❡♠♠❡♥t✱ ♦♥ s❛✐t q✉❡ ❧❛ s❛t✉r❛t✐♦♥ ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ m = 1 ✈❛ ❡♥❣❡♥❞r❡r
✉♥ é❝♦✉❧❡♠❡♥t ♥♦♥✲❛①✐s②♠étr✐q✉❡ à tr❛✈❡rs ❧❛ ❢♦r❝❡ ❞❡ ▲❛♣❧❛❝❡✳ ❈❡tt❡ ❞❡r♥✐èr❡✱ ❞❡
❧❛ ❢♦r♠❡ FL = J × B = 1

µ0
(∇ × B) × B✱ ♣♦ssè❞❡ ✉♥❡ ❞é♣❡♥❞❛♥❝❡ q✉❛❞r❛t✐q✉❡ ❡♥

❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ■❧ ❡st ❞♦♥❝ ♥❛t✉r❡❧ ❞❡ ❝♦♥s✐❞ér❡r ✉♥❡ ❛♠♣❧✐t✉❞❡ ❝♦♠♣❧❡①❡ V (t)
❝♦rr❡s♣♦♥❞❛♥t à ✉♥ ♠♦❞❡ m = 2✳ ❖♥ ❝❤❡r❝❤❡ ❧❛ ❞❡s❝r✐♣t✐♦♥ ❧❛ ♣❧✉s s✐♠♣❧❡ ♣♦ss✐❜❧❡
❞❡s ♣❤é♥♦♠è♥❡s ♦❜s❡r✈és ❞❛♥s ❧❡s s✐♠✉❧❛t✐♦♥ ♥✉♠ér✐q✉❡s✳ ◆♦✉s ♥♦✉s r❡str❡✐❣♥♦♥s
❞♦♥❝ à é❝r✐r❡ ✉♥ s②stè♠❡ ❞❡ tr♦✐s éq✉❛t✐♦♥s ♣♦✉r ❧❡s tr♦✐s ❛♠♣❧✐t✉❞❡s A✱ B ❡t V ✳ ❊♥
t❤é♦r✐❡✱ ✐❧ s❡r❛✐t ♣♦ss✐❜❧❡ ❞✬♦❜t❡♥✐r ❧❡s ❞✐✛ér❡♥ts t❡r♠❡s ❞❡ ❝❡ s②stè♠❡ à ♣❛rt✐r ❞❡s
éq✉❛t✐♦♥s ❞❡ ❧❛ ▼❍❉✱ ♠❛✐s ✐❧ s✬❛❣✐t ❧à ❞✬✉♥❡ ❛♣♣r♦❝❤❡ très ❝♦♠♣❧❡①❡✳ ❖♥ ♣ré❢èr❡
✉t✐❧✐s❡r ❧❡s s②♠étr✐❡s ❞✉ ♣r♦❜❧è♠❡ ♣♦✉r r❡str❡✐♥❞r❡ ❧❡s t❡r♠❡s ♣♦ss✐❜❧❡s à ♣❛rt✐r ❞✬✉♥
❞é✈❡❧♦♣♣❡♠❡♥t ❡♥ sér✐❡✳ ▲❡ ♣r♦❜❧è♠❡ r❡♣♦s❡ s✉r ❞❡✉① s②♠étr✐❡s ❢♦♥❞❛♠❡♥t❛❧❡s ✿ ❧❛
s②♠étr✐❡ ❞✬✐♥✈❛r✐❛♥❝❡ ♣❛r r♦t❛t✐♦♥ ❛✉t♦✉r ❞❡ ❧✬❛①❡ z ✱ ❡t ❧✬✐♥✈❛r✐❛♥❝❡ ❞❡ ❧✬éq✉❛t✐♦♥
❞✬✐♥❞✉❝t✐♦♥ ♣❛r r❡♥✈❡rs❡♠❡♥t ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ▲❛ ♣r❡♠✐èr❡ s②♠étr✐❡ ✐♠♣♦s❡
❧✬✐♥✈❛r✐❛♥❝❡ ❞✉ s②stè♠❡ ❞✬éq✉❛t✐♦♥ s♦✉s ❧❡s tr❛♥s❢♦r♠❛t✐♦♥s A → Ae iχ, V → Ve2iχ✱
t❛♥❞✐s q✉❡ ❧❛ ❞❡✉①✐è♠❡ s②♠étr✐❡ ✐♠♣❧✐q✉❡ ❧✬✐♥✈❛r✐❛♥❝❡ s♦✉s B → −B✳ ❙✐ ❧✬♦♥ s❡
r❡str❡✐♥t ❛✉① t❡r♠❡s ❞✬♦r❞r❡ tr♦✐s ✭❝❡ q✉✐ s❡ ❥✉st✐✜❡ ♣❛r ❧❛ ♣r♦①✐♠✐té ❞✉ s❡✉✐❧✮✱ ❡t q✉❡
❧✬♦♥ ❞é❝r✐t ❧❡s ✐♥t❡r❛❝t✐♦♥s ♥♦♥✲❧✐♥é❛✐r❡s ❡♥tr❡ ♠♦❞❡s ♠❛❣♥ét✐q✉❡s ♣❛r ❞❡s t❡r♠❡s
❝✉❜✐q✉❡s✱ ♦♥ ♦❜t✐❡♥t ❧❡ s②stè♠❡

Ȧ = µA − VA − α1|A |2A − α2|V |2A − α3B
2A , ✭✹✳✸✵✮

V̇ = −νV + A2 − β1|A |2V − β2|V |2V − β3B
2V , ✭✹✳✸✶✮

Ḃ = −λB − γ1|A |2B + γ2|V |2B − γ3B
3 . ✭✹✳✸✷✮

♦ù µ ❡st ♣r♦♣♦rt✐♦♥♥❡❧ à ❧✬é❝❛rt ❛✉ s❡✉✐❧ ❞❡ ❧❛ ❞②♥❛♠♦✳ ▲✬❡✛❡t ❞✉ ❝❤❛♠♣ ♠♦②❡♥
❡st ♣r✐s ❡♥ ❝♦♠♣t❡ ❞❛♥s ❝❡ ♣❛r❛♠ètr❡✱ é✈✐❞❡♠♠❡♥t ♣♦s✐t✐❢ ♣✉✐sq✉❡ ❧✬♦♥ s❡ ♣❧❛❝❡ ❛✉✲
❞❡ss✉s ❞✉ s❡✉✐❧ ❞✬✐♥st❛❜✐❧✐té✳ ❆✉ ❝♦♥tr❛✐r❡✱ ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❡st ❛①✐s②♠étr✐q✉❡
❛✉✲❞❡ss♦✉s ❞✉ s❡✉✐❧ ❞②♥❛♠♦✱ ❝❡ q✉✐ ✐♠♣❧✐q✉❡ ν > 0 ❛✜♥ ❞✬♦❜t❡♥✐r ✉♥ ❛♠♦rt✐ss❡✲
♠❡♥t ❞✉ ♠♦❞❡ ❞❡ ✈✐t❡ss❡ m = 2 ❡♥ ❧✬❛❜s❡♥❝❡ ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ▲❡s ❝♦❡✣❝✐❡♥ts
❞❡s t❡r♠❡s q✉❛❞r❛t✐q✉❡s ♣❡✉✈❡♥t êtr❡ ♣r✐s é❣❛✉① à ❧✬✉♥✐té ♣❛r ✉♥ ❝❤♦✐① ❛♣♣r♦♣r✐é
❞✬é❝❤❡❧❧❡ ♣♦✉r ❧❡s tr♦✐s ❛♠♣❧✐t✉❞❡s✳ ❖♥ r❡❝♦♥♥❛ît ❞❛♥s ❧❡ t❡r♠❡ A2 ❧❡ ❢♦rç❛❣❡ ❞❡
✈✐t❡ss❡ ♥♦♥✲❛①✐s②♠étr✐q✉❡ ❞✉❡ à ❧❛ ❢♦r❝❡ ❞❡ ▲❛♣❧❛❝❡ ❝ré❡ ♣❛r ❧❡ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧✳
▲❡ t❡r♠❡ VA✱ ❝♦♥tr❛✐♥t ♣❛r ❧❡s s②♠étr✐❡s✱ ❡st très ✐♠♣♦rt❛♥t ♣✉✐sq✉✬✐❧ r❡♣rés❡♥t❡ ❧❛
❜r✐s✉r❡ ❞❡ ❧✬✐♥✈❛r✐❛♥❝❡ ♣❛r r♦t❛t✐♦♥ ♣♦✉r ❧❡ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ❞ès q✉✬✉♥ é❝♦✉❧❡♠❡♥t
♥♦♥✲❛①✐s②♠étr✐q✉❡ ❡st ❡①❝✐té✳



✶✷✷ ▼♦❞é❧✐s❛t✐♦♥ ❞②♥❛♠✐q✉❡

❈❡ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ♣♦✉r B = 0✱ ❧♦rsq✉❡ ❧✬♦♥ ♥❡ ❝♦♥s✐❞èr❡ q✉❡ ❧❡s ❛♠♣❧✐t✉❞❡s
A ❡t V ✱ ❡st ❧❛ ❢♦r♠❡ ♥♦r♠❛❧❡ ❞❡ ❧❛ rés♦♥❛♥❝❡ 1 : 2 ❡t ❛ été ét✉❞✐é ❡♥ ❞ét❛✐❧s ✿ Pr♦❝t♦r
❡t ❏♦♥❡s ♦♥t ét✉❞✐é ❧❛ ❞②♥❛♠✐q✉❡ s❡ ♣r♦❞✉✐s❛♥t ❞❛♥s ✉♥ ♣r♦❜❧è♠❡ ❞❡ ❝♦♥✈❡❝t✐♦♥
t❤❡r♠✐q✉❡ ❧♦rsq✉❡ ❞❡✉① ♠♦❞❡s ❞❡ r♦✉❧❡❛✉① ❤♦r✐③♦♥t❛✉① ❛✈❡❝ ❞❡s ♥♦♠❜r❡s ❞✬♦♥❞❡s
❞❛♥s ❧❡ r❛♣♣♦rt 1 : 2 s♦♥t sé❧❡❝t✐♦♥♥és ❬✼✶❪✳ P❧✉s✐❡✉rs ❝♦♠♣♦rt❡♠❡♥ts s♦♥t ♦❜s❡r✈és✱
❝♦♠♠❡ ❞❡s ♦♥❞❡s ♣r♦♣❛❣❛tr✐❝❡s ♦✉ st❛t✐♦♥♥❛✐r❡s✱ ♦✉ ❡♥❝♦r❡ ❞❡s ❝♦♥♥❡①✐♦♥s ❤été✲
r♦❝❧✐♥❡s ❡♥tr❡ ❞✐✛ér❡♥t❡s s♦❧✉t✐♦♥s✳ ❈❡ ♠♦❞è❧❡ ❛ ✐♥❞é♣❡♥❞❛♠♠❡♥t été ét✉❞✐é ♣❛r
❆r♠❜r✉st❡r ❡t ❛❧ ❬✷❪✳ ❉❡ ♣❧✉s✱ ❧❛ r❡s♦♥♥❛♥❝❡ 1 : 2 ❛ ❞é❥à été ♣r♦♣♦sé❡ ❡♥ ✷✵✵✸ ♣❛r
◆♦r❡ ❡t ❚✉❝❦❡r♠❛♥ ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ❞❡ ✈♦♥ ❑❛r♠❛♥ ❬✻✶❪✳ ❉❛♥s ❝❡tt❡
ét✉❞❡ t♦✉t❡❢♦✐s✱ ❧❡ ♠♦❞è❧❡ ❡st ❛♣♣❧✐q✉é ❛✉ ♣r♦❜❧è♠❡ ♣✉r❡♠❡♥t ❤②❞r♦❞②♥❛♠✐q✉❡✱ ❡t
❧✬✐♥t❡r♣rét❛t✐♦♥ ♣❤②s✐q✉❡ ② ❡st t♦t❛❧❡♠❡♥t ❞✐✛ér❡♥t❡✳ ❉❛♥s ♥♦tr❡ ❝❛s✱ ❧❡ ♠♦❞è❧❡ ré❞✉✐t
à ❞❡✉① ♠♦❞❡s ❡♥ ✐♥t❡r❛❝t✐♦♥ ❞é❝r✐t r❡❧❛t✐✈❡♠❡♥t ❜✐❡♥ ❧❛ ❞②♥❛♠✐q✉❡ ❞✉ ❞✐♣♦❧❡ éq✉❛✲
t♦r✐❛❧✱ t❛♥t q✉❡ ❧❡ ❝❤❛♠♣ ❛①✐❛❧ ♥✬❡st ♣❛s ❡♥❣❡♥❞ré✳ ■❧ ❡st ❛✐♥s✐ ♣♦ss✐❜❧❡ ❞❡ ❝♦♠♣r❡♥❞r❡
❧❛ ❜✐❢✉r❝❛t✐♦♥ s❡❝♦♥❞❛✐r❡ q✉✐ ♠è♥❡ à ❧❛ r♦t❛t✐♦♥ ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧✳ ❊♥ ❡✛❡t✱ ❞❛♥s
❝❡ ♠♦❞è❧❡✱ ♦♥ ✈♦✐t q✉❡ ❧❛ ✈✐t❡ss❡ ❞❡ ♣❤❛s❡ ❞❡ ❧✬❛♠♣❧✐t✉❞❡ A ♣❡✉t ❢❛❝✐❧❡♠❡♥t ❞❡✈❡♥✐r
♥♦♥✲♥✉❧❧❡ ❞ès q✉❡ ❧❡ ♠♦❞❡ V ❡st s✉✣s❛♠❡♥t ✐♠♣♦rt❛♥t✳ ❈❡❝✐ ❝♦rr❡s♣♦♥❞ ❛✉ ❞✐♣♦❧❡
éq✉❛t♦r✐❛❧ t♦✉r♥❛♥t à ✈✐t❡ss❡ ❝♦♥st❛♥t❡ ❞❛♥s ❧❡ ♣❧❛♥ éq✉❛t♦r✐❛❧✳ ❈❡tt❡ ❜✐❢✉r❝❛t✐♦♥
❡st é❣❛❧❡♠❡♥t ♦❜s❡r✈é ❞❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ♥♦♥✲❧✐♥é❛✐r❡s✳

❖♥ ❝♦♥s✐❞èr❡ ♠❛✐♥t❡♥❛♥t ❧❡ s②stè♠❡ ❧♦rsq✉❡ ❧✬❛♠♣❧✐t✉❞❡ ❞✉ ❞✐♣♦❧❡ ❛①✐❛❧ B ❡st
♥♦♥✲♥✉❧❧❡✳ ❖♥ ❝❤♦✐s✐t ❞❡ ♣r❡♥❞r❡ λ > 0 ❡t γ3 > 0✱ ❝❡ q✉✐ ♥♦✉s ❛ss✉r❡ q✉❡ ❝❡ ❞✐♣♦❧❡
❛①✐❛❧ ♥❡ ♣❡✉t êtr❡ ❡♥❣❡♥❞ré s❡✉❧✱ ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡ t❤é♦rè♠❡ ❞❡ ❈♦✇❧✐♥❣✳ ▲❡ t❡r♠❡
|V |2B r❡♣rés❡♥t❡ ❛❧♦rs ❧❛ ♣♦ss✐❜✐❧✐té ❞✬❛♠♣❧✐✜❡r ❝❡ ♠♦❞❡ ♠❛❣♥ét✐q✉❡ m = 0 ❞ès
q✉❡ ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❜r✐s❡ ❧✬❛①✐s②♠étr✐❡✱ à ❧✬❛✐❞❡ ❞✉ ♠♦❞❡ ❞❡ ✈✐t❡ss❡ m = 2✱ ❡t à
❝♦♥❞✐t✐♦♥ q✉❡ γ2 > 0✳ ❖♥ ♥♦t❡r❛ é❣❛❧❡♠❡♥t ❧❡s t❡r♠❡s |A |2B ❞❛♥s ❧✬éq✉❛t✐♦♥ ♣♦✉r B ✱
❡t B2A ❞❛♥s ❧✬éq✉❛t✐♦♥ ♣♦✉r A✱ q✉✐ r❡♣rés❡♥t❡♥t ❧✬✐♥❤✐❜✐t✐♦♥ ♠✉t✉❡❧❧❡ ❞❡s ❞❡✉① ♠♦❞❡s
♠❛❣♥ét✐q✉❡s✳ ◆♦t♦♥s ✐❝✐ q✉❡ ♣♦✉r êtr❡ t♦✉t ❛ ❢❛✐t r✐❣♦✉r❡✉①✱ ✐❧ ♥♦✉s ❢❛✉❞r❛✐t ❞é❝r✐r❡
❝❡s ✐♥t❡r❛❝t✐♦♥s à ❧✬❛✐❞❡ ❞❡s ♠♦❞❡s ❞❡ ✈✐t❡ss❡ ❛♣♣r♦♣r✐és✱ ❝♦♠♠❡ ❧❛ ✈✐t❡ss❡ m = 1 ❝ré❡
♣❛r ❧❛ ❢♦r❝❡ ❞❡ ▲❛♣❧❛❝❡ ❛ss♦❝✐é à ❧✬✐♥tér❛❝t✐♦♥ ❞✉ ❞✐♣♦❧❡ ❛①✐❛❧ ❡t ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧✳
❉❛♥s ❧❛ ♣❡rs♣❡❝t✐✈❡ ❞❡ ❝♦♥s❡r✈❡r ✉♥ ♠♦❞è❧❡ s✐♠♣❧❡✱ ♦♥ ♣ré❢èr❡ ♥❡ ❝♦♥s❡r✈❡r q✉❡ tr♦✐s
♠♦❞❡s✳ ◆♦✉s ✈❡rr♦♥s q✉❡ ❝❡❧❛ ❡st s✉✣s❛♥t ♣♦✉r ❞é❝r✐r❡ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ♦❜s❡r✈é
❞❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s✳ ❆✐♥s✐✱ ❜✐❡♥ q✉❡ ❧❡ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ❞✬❛♠♣❧✐t✉❞❡s
✭✹✳✸✵✲✹✳✸✶✲✹✳✸✷✮ ♥❡ s♦✐t q✉✬✉♥❡ r❡♣rés❡♥t❛t✐♦♥ très s✐♠♣❧✐✜é❡ ❞✉ ♠♦❞è❧❡ ♥✉♠ér✐q✉❡✱
✐❧ r❡♣r♦❞✉✐t r❡❧❛t✐✈❡♠❡♥t ❜✐❡♥ ❧❛ ♣❤é♥♦♠é♥♦❧♦❣✐❡ ♦❜s❡r✈é❡✱ ♣♦✉r ❧❡s ❞❡✉① s✐❣♥❡s
❞❡ Re ✿ ❧♦rsq✉❡ ❧✬♦♥ ❛✉❣♠❡♥t❡ µ✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬♦❜s❡r✈❡r s♦✐t ❧❡s ♦s❝✐❧❧❛t✐♦♥s ❞❡
r❡❧❛①❛t✐♦♥ ♦❜t❡♥✉❡s ♣♦✉r Re < 0✱ s♦✐t ❧❛ ❜✐❢✉r❝❛t✐♦♥ s❡❝♦♥❞❛✐r❡ ❞✬✉♥ ❞✐♣♦❧❡ ❛①✐❛❧
s❡ ♣r♦❞✉✐s❛♥t ♣♦✉r Re > 0✳ ■❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ♣❛ss❡r ❞✬✉♥ ❝❛s ❞❡ ✜❣✉r❡ à ❧✬❛✉tr❡ ❡♥
❝❤❛♥❣❡❛♥t ✉♥✐q✉❡♠❡♥t ❧❡ ♣❛r❛♠ètr❡ γ2✳ ❈❡❧❛ ✈❛ ❞❛♥s ❧❡ s❡♥s ❞❡ ❧❛ ❞✐s❝✉ss✐♦♥ ❞❡ ❧❛
✜♥ ❞❡ ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡ ✿ ✉♥ s✐❣♥❡ ♥é❣❛t✐❢ ❞❡ Re ❛❜❛✐ss❡ ❧❡ s❡✉✐❧ ❞✉ ❞✐♣♦❧❡ ❛①✐❛❧
✭♣❛r ❡①❡♠♣❧❡ ❡♥ ❢❛✈♦r✐s❛♥t ❧✬❡✛❡t α✮✱ ❝♦rr❡s♣♦♥❞❛♥t ❛✐♥s✐ à ✉♥❡ ❣r❛♥❞❡ ✈❛❧❡✉r ❞✉
♣❛r❛♠ètr❡ γ2✳

▲❡s ❞✐✛ér❡♥t❡s ❜✐❢✉r❝❛t✐♦♥s s❡ ♣r♦❞✉✐s❛♥t ❞❛♥s ❧❡ s②stè♠❡ s♦♥t ✐❧❧✉stré❡s s✉r ❧❛
✜❣✉r❡ ✹✳✶✸✱ ❡t ♥♦✉s ❛✐❞❡♥t à ♠✐❡✉① ❝♦♠♣r❡♥❞r❡ ❧❡s ❝❛r❛❝tér✐st✐q✉❡s q✉❛❧✐t❛t✐✈❡s ♦❜✲
s❡r✈é❡s ❞❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s✳ P♦✉r µ > 0✱ ❧✬♦r✐❣✐♥❡ ❞❡✈✐❡♥t ✐♥st❛❜❧❡ ❡t
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❋✐❣✳ ✹✳✶✸✿ ❉✐❛❣r❛♠♠❡ ❞❡ ❜✐❢✉r❝❛t✐♦♥ ❞✉ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ❞✬❛♠♣❧✐t✉❞❡ ✭✹✳✸✵✲✹✳✸✶✲
✹✳✸✷✮ ❧♦rsq✉❡ ❧✬♦♥ ✈❛r✐❡ µ✱ ❛✈❡❝ α1 = 0.15,α3 = 4, ν = 0.5,β2 = 0.4,λ =
1., γ2 = 2.5, γ3 = 0.5✱ t♦✉s ❧❡s ❛✉tr❡s ❝♦❡✣❝✐❡♥ts ✈❛❧❛♥t ③ér♦✳ ❖♥ ✐♥❞✐q✉❡ à ❧❛
❢♦✐s ❧❡s ✈❛❧❡✉rs ♠❛①✐♠❛❧❡s ❡t ♠✐♥✐♠❛❧❡s ❞❡s ♠♦❞❡s ❡♥ ré❣✐♠❡ s❛t✉ré✳ ❊♥ ❜❛s ✿
➱✈♦❧✉t✐♦♥ ❞❡ ❧❛ ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥ ❞❡ ❧❛ ♣❤❛s❡ ❞❡ A✳

♦♥ ♦❜s❡r✈❡ ✉♥❡ ❜✐❢✉r❝❛t✐♦♥ s✉♣❡r❝r✐t✐q✉❡ st❛t✐♦♥♥❛✐r❡ ❞✉ ♠♦❞❡ A✱ ✐♠♠é❞✐❛t❡♠❡♥t
❛ss♦❝✐é❡ à ✉♥ ♠♦❞❡ V ♥♦♥✲♥✉❧✳ ❖♥ ❞é♥♦t❡ ❝❡ ♠♦❞❡ ♣✉r ✭❛✉ s❡♥s ❞✬✉♥ ❝❤❛♠♣ ♠❛✲
❣♥ét✐q✉❡ ♣✉r❡♠❡♥t éq✉❛t♦r✐❛❧✮ ♣❛r MA = (A0, V0, B = 0)✳ ▲❛ ♣❤❛s❡ ❞✉ s②stè♠❡ ❡st
❛❧♦rs ❜❧♦q✉é❡✱ ❡t ❧✬♦r✐❡♥t❛t✐♦♥ ✈❛r✐❡ ❛❧é❛t♦✐r❡♠❡♥t s❡❧♦♥ ❧❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s ❝❤♦✐✲
s✐❡s✳ ❈❡❧❛ ❝♦rr❡s♣♦♥❞ à ✉♥ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ✜①❡✳ P♦✉r µ = 0.28✱ ✐❧ s❡ ♣r♦❞✉✐t ✉♥❡



✶✷✹ ▼♦❞é❧✐s❛t✐♦♥ ❞②♥❛♠✐q✉❡

❜✐❢✉r❝❛t✐♦♥ ♦ù ❧❡s ♣❤❛s❡s ❞❡ A ❡t V s❡ ♠❡tt❡♥t à t♦✉r♥❡r✳ ▲❡ ♠♦❞❡ A ❞❡✈✐❡♥t ❞♦♥❝
♦s❝✐❧❧❛♥t✱ ❝❡ q✉✐ ❝♦rr❡s♣♦♥❞ à ✉♥ ❞✐♣♦❧❡ tr❛♥s✈❡rs❡ t♦✉r♥❛♥t à ✈✐t❡ss❡ ❝♦♥st❛♥t❡ ❞❛♥s
❧❡ ♣❧❛♥ éq✉❛t♦r✐❛❧✳ ❖♥ ♣❡✉t ♥♦t❡r s✉r ❧❛ ✜❣✉r❡ ✹✳✶✸ ✭❡♥ ❜❛s✮ q✉❡ ❧❛ ♣ér✐♦❞❡ ❞❡ ❝❡tt❡
♦s❝✐❧❧❛t✐♦♥ ❞✐✈❡r❣❡ ❛✉ ♣♦✐♥t ❞❡ ❜✐❢✉r❝❛t✐♦♥✳ ❈❡tt❡ ❜✐❢✉r❝❛t✐♦♥ rés✉❧t❡ ❞❡ ❧❛ ❜r✐s✉r❡ ❞❡
❧❛ s②♠étr✐❡ ♣❛r r♦t❛t✐♦♥✱ ❞✉❡ ❛✉ t❡r♠❡ VA ❞✉ ♠♦❞è❧❡✳ ❙✐ ❧✬♦♥ ❝♦♥t✐♥✉❡ ❞✬❛✉❣♠❡♥t❡r
µ✱ ✉♥❡ ❜✐❢✉r❝❛t✐♦♥ ❢♦✉r❝❤❡ s❡❝♦♥❞❛✐r❡ ❛♣♣❛r❛ît✱ ❛ss♦❝✐é❡ ❛✈❡❝ ✉♥ ♠♦❞❡ B ♥♦♥✲♥✉❧✳
❈❡ ♠♦❞❡ ♠✐①t❡✱ ❞é♥♦té ♣❛r M = (A1, V1, B1)✱ ❝♦rr❡s♣♦♥❞ à ✉♥ ❞✐♣♦❧❡ ♣rés❡♥t❛♥t ✉♥❡
❝♦♠♣♦s❛♥t❡ ❛①✐s②♠étr✐q✉❡✳ ❈❡tt❡ ❜✐❢✉r❝❛t✐♦♥ ♣r♦✈♦q✉❡ ✉♥❡ s❛t✉r❛t✐♦♥ ❜r✉t❛❧❡ ❞❡ ❧❛
♣✉❧s❛t✐♦♥ ❞❡ A ❡t V ✱ ♠❛✐s é❣❛❧❡♠❡♥t ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❝❡s ♠♦❞❡s✳ ❙✐ ❧✬♦♥ s✬✐♥tér❡ss❡
❛✉① ♠♦❞✉❧❡s ❞❡s ♠♦❞❡s✱ ♦♥ ✈♦✐t q✉❡ M ❡st ✉♥❡ s♦❧✉t✐♦♥ st❛t✐♦♥♥❛✐r❡✱ ❧❡ ❞✐♣♦❧❡ ❛①✐❛❧
ét❛♥t ✜①❡✳ ❊♥✜♥✱ ♣♦✉r µ = 0.88✱ ✉♥❡ ♦r❜✐t❡ ♣ér✐♦❞✐q✉❡ ❛♣♣❛r❛ît ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s
♣❤❛s❡s✱ ❡t ❧❡ s②stè♠❡ t♦✉r♥❡ ❛✉t♦✉r ❞❡ M ✳ ❯♥ t❡❧ ❝♦♠♣♦rt❡♠❡♥t ❡st ♦❜s❡r✈é ❞❛♥s ❧❡s
s✐♠✉❧❛t✐♦♥s ❞✐r❡❝t❡s ré❛❧✐sé❡ ♣♦✉r Re > 0✱ ♣❛r ❡①❡♠♣❧❡ s✉r ❧❛ ✜❣✉r❡ ✹✳✼✳ ❖♥ ✐♥❞✐q✉❡
s✉r ❧❛ ✜❣✉r❡ ✹✳✶✸ ❧❡s ✈❛❧❡✉rs ♠✐♥✐♠❛❧❡s ❡t ♠❛①✐♠❛❧❡s ❛tt❡✐♥t❡ ❞✉r❛♥t ❝❡ ❝②❝❧❡✱ ❝❡ q✉✐
❡①♣❧✐q✉❡ ❧❛ ❢♦✉r❝❤❡ ♦❜s❡r✈é❡✳ ❖♥ ✈♦✐t ❛❧♦rs q✉✬❡♥ ❛✉❣♠❡♥t❛♥t µ✱ ❧❡s ✈❛❧❡✉rs ♠✐♥✐✲
♠❛❧❡s ❞✉ ❝②❝❧❡ t❡♥❞❡♥t ✈❡rs ③ér♦✳ ▲✬♦r❜✐t❡ ♣ér✐♦❞✐q✉❡ t❡♥❞ ❛❧♦rs ✈❡rs ❧❡ ❝②❝❧❡ ❧✐♠✐t❡
✐❧❧✉stré à ❧❛ ✜❣✉r❡ ✹✳✶✹✳ ❈❡ ❝♦♠♣♦rt❡♠❡♥t ❞❡ r❡❧❛①❛t✐♦♥ ✐♠♣❧✐q✉❡ ❛✐♥s✐ ❧✬♦r✐❣✐♥❡ ❞✉
s②stè♠❡✱ ❧❡ ♠♦❞❡ ♣✉r❡♠❡♥t éq✉❛t♦r✐❛❧ MA ❡t ✉♥❡ ré❣✐♦♥ ❞❛♥s ❧❛q✉❡❧❧❡ ❧❡ ❞✐♣♦❧❡ ❛①✐❛❧
m = 0 ❞♦♠✐♥❡ ❝♦♠♣❧èt❡♠❡♥t✳

❈❡ ❝♦♠♣♦rt❡♠❡♥t s❡♠❜❧❡ r❡❧❛t✐✈❡♠❡♥t r♦❜✉st❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s ❞✉
♠♦❞è❧❡✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❡♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❡s ✈❛❧❡✉rs ❞❡s ❝♦❡✣❝✐❡♥ts ❞❡s t❡r♠❡s ❧✐✲
♥é❛✐r❡s µ✱ ν ❡t λ✳ ❚♦✉t❡❢♦✐s✱ ✐❧ ❢❛✉t s❡ s♦✉✈❡♥✐r q✉✬✐❧ s✬❛❣✐t ✐❝✐ ❞✬✉♥❡ ❞❡s❝r✐♣t✐♦♥
s✐♠♣❧✐✜é❡✱ ❝❤❡r❝❤❛♥t ❛✈❛♥t t♦✉t à ✐❧❧✉str❡r ❧❡s ✐♥t❡r❛❝t✐♦♥s ♥♦♥✲❧✐♥é❛✐r❡s ❡♥tr❡ ✉♥ ❞✐✲
♣♦❧❡ éq✉❛t♦r✐❛❧ ❡t ✉♥ ❞✐♣♦❧❡ ❛①✐❛❧✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ✐❧ ♥✬❡st ♣❛s ♣♦ss✐❜❧❡ ❛✈❡❝ ❝❡ s✐♠♣❧❡
♠♦❞è❧❡ ❞❡ ❞é❝r✐r❡ ❧❛ ❜✐st❛❜✐❧✐té ❞❡s s♦❧✉t✐♦♥s M1 ❡t M2 ♦❜s❡r✈é❡ ❞❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s
♥✉♠ér✐q✉❡s ❝♦♠♣❧èt❡s✱ ❛✉① ❣r❛♥❞❡s ✈❛❧❡✉rs ❞❡ Rm✳ ❯♥❡ ❞❡s❝r✐♣t✐♦♥ ♣❧✉s ♣ré❝✐s❡ ❞❡
❜❛ss❡ ❞✐♠❡♥s✐♦♥❛❧✐té ♣♦✉rr❛✐t êtr❡ ♦❜t❡♥✉❡ ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧✬❡✛❡t ❞✬✉♥ ♠♦❞❡
❞❡ ✈✐t❡ss❡ m = 1 ❞❛♥s ❧❡ s②stè♠❡✱ ♠❛✐s ❛✉❣♠❡♥t❡r❛✐t ❝♦♥s✐❞ér❛❜❧❡♠❡♥t ❧❛ ❝♦♠♣❧❡①✐té
❞✉ ♠♦❞è❧❡ ❛✐♥s✐ q✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s ❧✐❜r❡s ❞✉ ♣r♦❜❧è♠❡✳

▲❡ ♠♦❞è❧❡ ♣rés❡♥té ✐❝✐ ❡st ❞♦♥❝ ✉♥❡ ❞❡s❝r✐♣t✐♦♥ ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥ ❞❡ ❧❛ ❝♦♠✲
♣ét✐t✐♦♥ ❡♥tr❡ ♠♦❞❡s ♠❛❣♥ét✐q✉❡s q✉✐ ♣❡✉t ❡①✐st❡r ❛✉ s❡✐♥ ❞❡ s②stè♠❡s ♣r♦❝❤❡s ❞❡
❧✬❛①✐s②♠étr✐❡✳ ▲❛ ♣❡rt✐♥❡♥❝❡ ❞❡ ♥♦tr❡ s②stè♠❡ ❞✬éq✉❛t✐♦♥s s❡ ❥✉st✐✜❡ ♣❛r ✉♥❡ ❝❛♣❛❝✐té
à r❡♣r♦❞✉✐r❡ q✉❛❧✐t❛t✐✈❡♠❡♥t ❧❡s ❝♦♠♣♦rt❡♠❡♥ts ❞✉ s②stè♠❡ ❝♦♠♣❧❡t✱ s✐♠✉❧é ❛✈❡❝
❧❡ ❝♦❞❡ P❆❘❖❉❨✳ ■❧ ❡st ❞♦♥❝ ✐♥tér❡ss❛♥t ❞❡ s❡ ❞❡♠❛♥❞❡r ❞❛♥s q✉❡❧❧❡ ♠❡s✉r❡ ❝❡
s②stè♠❡ ♣♦✉rr❛✐t ❞é❝r✐r❡ ❞❡s s✐t✉❛t✐♦♥s ♣❧✉s ❝♦♠♣❧❡①❡s ❡t ♥❛t✉r❡❧❧❡s✳ ▲❛ ♣❧✉♣❛rt ❞❡s
❝❤❛♠♣s ♠❛❣♥ét✐q✉❡s ♣❧❛♥ét❛✐r❡s ♣rés❡♥t❡♥t à ❧❛ ❢♦✐s ✉♥ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ❡t ✉♥ ❞✐✲
♣♦❧❡ ❛①✐❛❧✳ ◆♦tr❡ ♠♦❞è❧❡ ét❛♥t ❜❛sé s✉r ❞❡s ❛r❣✉♠❡♥ts s✐♠♣❧❡s ❡t ❣é♥ér❛✉①✱ ✐❧ s❡r❛✐t
✐♥tér❡ss❛♥t ❞❡ ❧❡ ❝♦♠♣❛r❡r à ❧❛ ❞②♥❛♠✐q✉❡ ♦❜s❡r✈é❡ ❞❛♥s ❧❡s ♦❜❥❡ts ♥❛t✉r❡❧s✱ ❝♦♠♠❡
♣❛r ❡①❡♠♣❧❡ ❧❛ ✈❛r✐❛t✐♦♥ sé❝✉❧❛✐r❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ t❡rr❡str❡✳ ❈❡ ♠♦❞è❧❡ ❛✐♥s✐
q✉❡ ❧❡s s✐♠✉❧❛t✐♦♥s ❞✐r❡❝t❡s ré❛❧✐sé❡s ♦♥t é❣❛❧❡♠❡♥t ✐❧❧✉stré ❧❡s ❧✐♠✐t❡s ❞✉ t❤é♦rè♠❡
❞❡ ❈♦✇❧✐♥❣✱ ❞ès q✉❡ ❧✬♦♥ ❝♦♥s✐❞èr❡ ✉♥ ♣r♦❜❧è♠❡ ♥♦♥✲❧✐♥é❛✐r❡✳



✹✳✸ ❙✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❡♥ ré❣✐♠❡ ❧❛♠✐♥❛✐r❡ ✶✷✺

❋✐❣✳ ✹✳✶✹✿ ■♥té❣r❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞✉ s②stè♠❡ ❞✬éq✉❛t✐♦♥ ❞✬❛♠♣❧✐t✉❞❡ ✭✹✳✸✵✲✹✳✸✶✲✹✳✸✷✮✳
❊♥ ❤❛✉t ✿ é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❞❡s tr♦✐s ♠♦❞❡s ❞❛♥s ❧❡ ❝②❝❧❡ ❞❡
r❡❧❛①❛t✐♦♥ ✭ µ = 1.4,α1 = 0.15,α3 = 4, ν = 0.5,β2 = 0.4,λ = 1., γ2 = 4., γ3 =
0.5✱ t♦✉s ❧❡s ❛✉tr❡s ❝♦❡✣❝✐❡♥ts ✈❛❧❛♥t ③ér♦✮✳ ❊♥ ❜❛s ✿ ❝②❝❧❡ ❞❡ r❡❧❛①❛t✐♦♥ ✈✉
❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s✳

❉✬✉♥❡ ♠❛♥✐èr❡ ❣é♥ér❛❧❡✱ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❝❛❧❝✉❧s ♣rés❡♥tés ❞❛♥s ❝❡tt❡ ♣❛rt✐❡ ♣❡r♠❡t
❞❡ ❝♦♠♣r❡♥❞r❡ ❞✬✉♥❡ ♠❛♥✐èr❡ s✐♠♣❧❡ ❧❡s ❞✐✛ér❡♥t❡s ✐♥t❡r❛❝t✐♦♥s ♥♦♥✲❧✐♥é❛✐r❡s q✉✐
❡①✐st❡♥t ❡♥tr❡ ❧❡s ♠♦❞❡s ♠❛❣♥ét✐q✉❡s✳ ▲❡s ré❣✐♠❡s ❡①♣❧♦rés s♦♥t ❧❛♠✐♥❛✐r❡s✱ ♠❛✐s
❧❡s rés✉❧t❛ts ♣rés❡♥t❡♥t ❞✬✐♥tér❡ss❛♥t❡s s✐♠✐❧✐t✉❞❡s ❛✈❡❝ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✳ ❖♥ ❡st
t♦✉t❡❢♦✐s très ❧♦✐♥ ❞✉ ré❣✐♠❡ t✉r❜✉❧❡♥t ♦❜s❡r✈é ❞❛♥s ❧❡s ❞②♥❛♠♦s ❡①♣ér✐♠❡♥t❛❧❡s ♦✉
♥❛t✉r❡❧❧❡s✱ ❡t ✐❧ ❡st ♣r✐♠♦r❞✐❛❧ ❞❡ ré❛❧✐s❡r ✉♥❡ ét✉❞❡ ♥✉♠ér✐q✉❡ ❞❛♥s ✉♥ ré❣✐♠❡ ♣❧✉s
t✉r❜✉❧❡♥t✳ ❈❡❝✐ ❡st ❧✬♦❜❥❡t ❞❡ ❧❛ s✉✐t❡ ❞❡ ❝❡ ❝❤❛♣✐tr❡✳



✶✷✻ ▼♦❞é❧✐s❛t✐♦♥ ❞②♥❛♠✐q✉❡

✹✳✹ ❉②♥❛♠♦s t✉r❜✉❧❡♥t❡s

❯♥ ❞❡s ❛s♣❡❝ts ❧❡s ♣❧✉s ✐♥tér❡ss❛♥t ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❡st s❛ ❝❛♣❛❝✐té à ❡♥❣❡♥❞r❡r
✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡♥ ♣rés❡♥❝❡ ❞✬✉♥ é❝♦✉❧❡♠❡♥t ❢♦rt❡♠❡♥t t✉r❜✉❧❡♥t✳ ❙✉r ❧❛ ✜✲
❣✉r❡ ✹✳✺ ❞❡ ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✱ ♦♥ ✈♦✐t q✉❡ ❧❛ ❞②♥❛♠✐q✉❡ ♥♦♥✲❧✐♥é❛✐r❡ ❡♥tr❡ ❞✐♣♦❧❡
éq✉❛t♦r✐❛❧ ❡t ❞✐♣♦❧❡ ❛①✐❛❧ s❡♠❜❧❡ ❞✐s♣❛r❛îtr❡ ❛✉ ♣r♦✜t ❞✬✉♥ ♥♦✉✈❡❛✉ ♠♦❞❡ ♠❛❣♥é✲
t✐q✉❡✳ ❈❡tt❡ tr❛♥s✐t✐♦♥ s❡ ♣r♦❞✉✐t ❧♦rsq✉❡ ❧✬é❝♦✉❧❡♠❡♥t ♣rés❡♥t❡ ✉♥ ♣❧✉s ❣r❛♥❞ ❞❡❣ré
❞❡ ✢✉❝t✉❛t✐♦♥s✱ ❡t ✐❧ ❡st ❞♦♥❝ ♣r✐♠♦r❞✐❛❧ ❞✬ét✉❞✐❡r ❝❡ ré❣✐♠❡ t✉r❜✉❧❡♥t✳

✹✳✹✳✶ ➱t✉❞❡ ❤②❞r♦❞②♥❛♠✐q✉❡

❆✜♥ ❞❡ ❝♦♠♣r❡♥❞r❡ ❧❡s ❞②♥❛♠♦s ♦❜t❡♥✉❡s à ♣❧✉s ❤❛✉ts ♥♦♠❜r❡s ❞❡ ❘❡②♥♦❧❞s✱
♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ❞✬❛❜♦r❞ ❛✉ ❝♦♠♣♦rt❡♠❡♥t ❤②❞r♦❞②♥❛♠✐q✉❡ ❞✉ s②stè♠❡ ❡♥
❧✬❛❜s❡♥❝❡ ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ▲❛ ❧✐♠✐t❛t✐♦♥ ❞❡s r❡ss♦✉r❝❡s ❞❡ ❝❛❧❝✉❧ r❡♥❞❡♥t ❛❝✲
t✉❡❧❧❡♠❡♥t ✐♠♣♦ss✐❜❧❡ ❧❛ ❣é♥ér❛t✐♦♥ ❞✬é❝♦✉❧❡♠❡♥ts ❛✉ss✐ t✉r❜✉❧❡♥ts q✉❡ ❧❡s é❝♦✉❧❡✲
♠❡♥ts ré❡❧s à ♣❛rt✐r ❞❡ s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ✸❉✳ ❊♥ ❡✛❡t✱ ❧❛ rés♦❧✉t✐♦♥ ♥✉♠ér✐q✉❡
r❡q✉✐s❡ ♣♦✉r ❞é❝r✐r❡ ❞❡ t❡❧s é❝♦✉❧❡♠❡♥ts ❛✉❣♠❡♥t❡ ❞r❛♠❛t✐q✉❡♠❡♥t ❛✈❡❝ ❧❡ ♥♦♠❜r❡
❞✬♦♥❞❡ ❞❡ ❧✬é❝❤❡❧❧❡ ❞✐ss✐♣❛t✐✈❡✳ ❊♥ ♣r❛t✐q✉❡✱ ❧❡s s✐♠✉❧❛t✐♦♥s ré❛❧✐sé❡s ❞✉r❛♥t ❝❡tt❡
t❤ès❡ s♦♥t ❧✐♠✐té❡s à Re < 4000 ♣❛r ❧❛ ♣✉✐ss❛♥❝❡ ❞❡ ❝❛❧❝✉❧ ❡t ❧✬❡s♣❛❝❡ ❞❡ st♦❝❦❛❣❡
♠é♠♦✐r❡ ❞✐s♣♦♥✐❜❧❡✳ ▼❛❧❣ré ❝❡tt❡ r❡str✐❝t✐♦♥ sé✈èr❡ ♣❛r r❛♣♣♦rt ❛✉① ❡①♣ér✐❡♥❝❡s✱ ❧❡s
♥♦♠❜r❡s ❞❡ ❘❡②♥♦❧❞s ❛tt❡✐♥ts ♣❡r♠❡tt❡♥t ❞✬♦❜s❡r✈❡r ✉♥❡ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ ré❣✐♠❡
t✉r❜✉❧❡♥t✳

▲❛ ✜❣✉r❡ ✹✳✶✺ ✐❧❧✉str❡ ❝❡tt❡ tr❛♥s✐t✐♦♥✳ ❖♥ ② ♠♦♥tr❡ ❧✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡
❧✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ t♦t❛❧❡ ❞❡ ❧❛ s✐♠✉❧❛t✐♦♥ ♣♦✉r ❞✐✛ér❡♥t❡s ✈❛❧❡✉rs ❞✉ ♥♦♠❜r❡ ❞❡
❘❡②♥♦❧❞s✳ P♦✉r Re = 100✱ ❧✬é❝♦✉❧❡♠❡♥t ❡st ❧❛♠✐♥❛✐r❡✳ P♦✉r Re = 250✱ ❝❡rt❛✐♥❡s
✢✉❝t✉❛t✐♦♥s s♦♥t ❝❧❛✐r❡♠❡♥t ✈✐s✐❜❧❡s ❛✉t♦✉r ❞❡ ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❡t ♣♦✉r Re = 1000✱
❧❡ ❝❤❛♠♣ ❡st ❢♦rt❡♠❡♥t ❝❤❛♦t✐q✉❡✳ ❖♥ ♦❜s❡r✈❡ ❛✐♥s✐ ✉♥❡ tr❛♥s✐t✐♦♥ ❞✬✉♥ é❝♦✉❧❡♠❡♥t
❧❛♠✐♥❛✐r❡ ✈❡rs ✉♥ é❝♦✉❧❡♠❡♥t ❞❡ ♣❧✉s ❡♥ ♣❧✉s ✢✉❝t✉❛♥t à ♠❡s✉r❡ q✉❡ ❧✬♦♥ ❛✉❣♠❡♥t❡
Re✳ ❈❡tt❡ tr❛♥s✐t✐♦♥ ♣❡✉t êtr❡ ✐❧❧✉stré❡ ❞❡ ♠❛♥✐èr❡ ♣❧✉s q✉❛♥t✐t❛t✐✈❡✳ ❙✉r ❧❛ ✜❣✉r❡
✹✳✶✻✱ ♦♥ ❝❛❧❝✉❧❡ ❧❛ ❞é✈✐❛t✐♦♥ st❛♥❞❛r❞ ❞✉ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s ♠❡s✉ré ❡♥ ❢♦♥❝t✐♦♥
❞❡ Re0✳

❖♥ ✈♦✐t q✉❡ ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❞❡✈✐❡♥t ❝❤❛♦t✐q✉❡ ♣♦✉r Re ∼ 200✳ ❆✉✲❞❡❧à ❞❡
❝❡tt❡ ✈❛❧❡✉r✱ ❞❡s ✐♥st❛❜✐❧✐tés ❤②❞r♦❞②♥❛♠✐q✉❡s s♦♥t ❡♥❣❡♥❞ré❡s ❡t ❧❡s ♥♦♥✲❧✐♥é❛r✐tés
❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ◆❛✈✐❡r✲❙t♦❦❡s ❢♦♥t très ✈✐t❡ ❛♣♣❛r❛îtr❡ ✉♥❡ é✈♦❧✉t✐♦♥ ❝❤❛♦t✐q✉❡✳
▼❛❧❣ré ❧❡ ❢❛✐❜❧❡ ♥✐✈❡❛✉ ❞❡ t✉r❜✉❧❡♥❝❡ ❛ss♦❝✐é✱ ♥♦✉s ✈❡rr♦♥s q✉❡ ❝❡t é❝♦✉❧❡♠❡♥t ❡st
s✉✣s❛♠♠❡♥t ✢✉❝t✉❛♥t ♣♦✉r ♠♦❞✐✜❡r ❧✬✐♥st❛❜✐❧✐té ❞②♥❛♠♦✳ ▲❛ ✜❣✉r❡ ✹✳✶✼ ♠♦♥tr❡
❧❛ ❞❡♥s✐té s♣❡❝tr❛❧❡ ❞✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ ❡♥ ❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s ✐ss✉❡ ❞✬✉♥❡ s✐✲
♠✉❧❛t✐♦♥ ❤②❞r♦❞②♥❛♠✐q✉❡ à Re = 330✱ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ❞❡❣ré l ❞❡s ♣♦❧②♥ô♠❡s ❞❡
▲❡❣❡♥❞r❡ ❡t ❞❡ ❧✬♦r❞r❡ ❛③✐♠✉t❛❧ m✳ ▲✬é❝♦✉❧❡♠❡♥t ♣rés❡♥t❡ ❞❡s ♣✐❝s ❛ss❡③ ♥❡ts s✉r ❧❡s
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❋✐❣✳ ✹✳✶✺✿ ➱✈♦❧✉t✐♦♥ ❞✉ ♥✐✈❡❛✉ ❞❡ t✉r❜✉❧❡♥❝❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s✳ ❖♥
♠♦♥tr❡ ❧✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ ❧✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ ♣♦✉r ❞❡s s✐♠✉❧❛t✐♦♥s à
Re = 100 ✭❝♦✉r❜❡ ❜❧❡✉❡✮✱ Re = 250 ✭r♦✉❣❡✮ ❡t Re = 1000 ✭♥♦✐r✮✱ ✐❧❧✉str❛♥t ❧❛
tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ ré❣✐♠❡ t✉r❜✉❧❡♥t✳
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❋✐❣✳ ✹✳✶✻✿ ❉é✈✐❛t✐♦♥ st❛♥❞❛r❞ ❞❡ Re ❡♥ ❢♦♥❝t✐♦♥ ❞❡ Re0✳ ❖♥ ♦❜s❡r✈❡ ✉♥❡ tr❛♥s✐t✐♦♥ ♣♦✉r
Re ∼ 180✱ ♦ù ❞❡s ✢✉❝t✉❛t✐♦♥s ❛♣♣❛r❛✐ss❡♥t ❞❛♥s ❧✬é❝♦✉❧❡♠❡♥t✳ ▲❛ ❝♦✉r❜❡ ❡♥
♣♦✐♥t✐❧❧é ❡st ✉♥ ❛❥✉st❡♠❡♥t ❡♥ (Re − Rec)

α✱ ❛✈❡❝ Rec = 177 ❡t α = 0.7✳

❝♦♠♣♦s❛♥t❡s l = 2 ❡t m = 0✳ ❈❡❧❛ tr❛❞✉✐t ❧❛ ♣ré❞♦♠✐♥❛♥❝❡ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ♠♦②❡♥
s0
2 + t0

2 ♠❛❧❣ré ❧❡s ✢✉❝t✉❛t✐♦♥s✳ ❆✈❡❝ ❞❡s ♥♦♠❜r❡s ❞❡ ❘❡②♥♦❧❞s s✐ ❜❛s✱ ❡t ❧❡ ♣❡✉ ❞✬❤❛r✲
♠♦♥✐q✉❡s s♣❤ér✐q✉❡s ❝♦rr❡s♣♦♥❞❛♥t❡s✱ ✐❧ ❡st ❞✐✣❝✐❧❡ ❞✬✐♥❞❡♥t✐✜❡r ✉♥❡ q✉❡❧❝♦♥q✉❡ ❧♦✐
❞✬é❝❤❡❧❧❡ ♣♦✉r ❧❛ ❝❛s❝❛❞❡ ❞✬é♥❡r❣✐❡✳
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❋✐❣✳ ✹✳✶✼✿ ❙♣❡❝tr❡ ❞❡s ❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s ❞✬✉♥❡ s✐♠✉❧❛t✐♦♥ à Re = 330✳ ❊♥ ♥♦✐r ✿
❞❡♥s✐té ❞✬é♥❡r❣✐❡ s♣❡❝tr❛❧❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ❞❡❣ré l ✳ ❊♥ r♦✉❣❡ ✿ s♣❡❝tr❡ ❡♥ ❢♦♥❝✲
t✐♦♥ ❞❡ ❧✬♦r❞r❡ m✳ ▲✬é♥❡r❣✐❡ ❡st ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❢♦rt❡ s✉r ❧❛ ❝♦♠♣♦s❛♥t❡ ❞✉
❝❤❛♠♣ ♠♦②❡♥✳

▲❡s ♥♦♠❜r❡s ❞❡ ❘❡②♥♦❧❞s ❛tt❡✐♥ts ♥✉♠ér✐q✉❡♠❡♥t ♣❡r♠❡tt❡♥t ❝❡♣❡♥❞❛♥t ❞✬♦❜✲
s❡r✈❡r ✉♥❡ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ ❝♦♠♣♦rt❡♠❡♥t ♣❧✉s ❝❤❛♦t✐q✉❡ ❞✉ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡✳ ❖♥
♣❡✉t ❞♦♥❝ ❡s♣ér❡r ❛✈♦✐r ✉♥❡ ❞❡s❝r✐♣t✐♦♥ ♣❧✉s ♣r♦❝❤❡ ❞❡ ❧❛ ré❛❧✐té q✉✬❛✈❡❝ ❧❡s é❝♦✉❧❡✲
♠❡♥ts ❧❛♠✐♥❛✐r❡s ❞❡ ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✱ ♦✉ ❧❡s é❝♦✉❧❡♠❡♥ts ♠♦❞è❧❡s ❞✉ ❝❤❛♣✐tr❡
3✳ ❚♦✉t❡❢♦✐s✱ ❝❡tt❡ ♠♦❞é❧✐s❛t✐♦♥ ❡st ❡♥❝♦r❡ très ❧♦✐♥ ❞❡s ♣❛r❛♠ètr❡s ❡①♣ér✐♠❡♥t❛✉①✱
♦ù ❧❡s ♥♦♠❜r❡s ❞❡ ❘❡②♥♦❧❞s s♦♥t s✉♣ér✐❡✉rs à 106✳ ■❧ ❡st ❞♦♥❝ ✐♠♣♦ss✐❜❧❡ ❞❡ ❞é❝r✐r❡
✉♥❡ t✉r❜✉❧❡♥❝❡ ♣❧❡✐♥❡♠❡♥t ❞é✈❡❧♦♣♣é❡ s✐♠✐❧❛✐r❡ à ❝❡❧❧❡ ❞❡s ❡①♣ér✐❡♥❝❡s ❞②♥❛♠♦s ♦✉
❞✉ ♥♦②❛✉ t❡rr❡str❡✳ ▲❡s s✐♠✉❧❛t✐♦♥s ré❛❧✐sé❡s ♣♦✉r Re = 2500 ✐❧❧✉str❡♥t ❜✐❡♥ ❝❡tt❡
s✐t✉❛t✐♦♥✳ ▲❛ ✜❣✉r❡ ✹✳✶✽ ♠♦♥tr❡ ❧✬é✈♦❧✉t✐♦♥ ❛✉ ❝♦✉rs ❞✉ t❡♠♣s ❞✉ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡✳
❆ ❣❛✉❝❤❡✱ ♦♥ ♠♦♥tr❡ ❧✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡s ♠♦❞❡s ❞❡ ✈✐t❡ss❡ m = 0 ✭♥♦✐r✮✱
m = 1 ✭r♦✉❣❡✮ ❡t m = 2 ✭❜❧❡✉✮✳ ▲❡s s✐❣♥❛✉① s♦♥t très ❝❤❛♦t✐q✉❡s✱ ♠❛✐s ❧❡ ♠♦❞❡
❛①✐s②♠étr✐q✉❡ ❞❡ ✈✐t❡ss❡ ❞♦♠✐♥❡ ❧❛r❣❡♠❡♥t✱ ❧❡s ♣✐❝s ❞❡s ♠♦❞❡s ♥♦♥✲❛①✐s②♠étr✐q✉❡s
r❡st❛♥t ❛✉✲❞❡ss♦✉s ❞❡ ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞✉ ♠♦❞❡ m = 0✳ ▲❡ ❝❛r❛❝tèr❡ ❝❤❛♦t✐q✉❡ ❞❡
❧✬é❝♦✉❧❡♠❡♥t ❡st é❣❛❧❡♠❡♥t ✈✐s✐❜❧❡ ❡♥ ♦❜s❡r✈❛♥t ❧❛ str✉❝t✉r❡ s♣❛t✐❛❧❡ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t✱
❝♦♠♠❡ à ❧❛ ✜❣✉r❡ ✹✳✶✾✳

❙✉r ❧❛ ✜❣✉r❡ ✹✳✶✾✱ ♦♥ r❡❝♦♥♥❛ît ❧❛ str✉❝t✉r❡ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ❧❛♠✐♥❛✐r❡✱ ❡t ❧❛ ❝♦♠✲
♣♦s❛♥t❡ ❛①✐s②♠étr✐q✉❡ ❞♦♠✐♥❡ ❡♥❝♦r❡ ❧✬é❝♦✉❧❡♠❡♥t✳ ❚♦✉t❡❢♦✐s✱ ❧✬é❝♦✉❧❡♠❡♥t ♠♦②❡♥
❡st ♥❡tt❡♠❡♥t ❜r✉✐té❡ ♣❛r ❞❡s str✉❝t✉r❡s ❞❡ ♣❧✉s ♣❡t✐t❡s é❝❤❡❧❧❡s✳ ❉❡ ♣❧✉s✱ ❝❡tt❡
str✉❝t✉r❡ ✢✉❝t✉❡ ❞✬✉♥ ✐♥st❛♥t à ❧✬❛✉tr❡ à ❝❛✉s❡ ❞❡s ❝♦♠♣♦s❛♥t❡s ♥♦♥✲❛①✐s②♠étr✐q✉❡s
q✉✐ ♣❡rt✉r❜❡♥t ❧✬é❝♦✉❧❡♠❡♥t ♠♦②❡♥✳ ▼❛❧❣ré ❧❡s ❢❛✐❜❧❡s ✈❛❧❡✉rs ❞❡s ♥♦♠❜r❡ ❞❡ ❘❡②✲
♥♦❧❞s✱ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞✬é♥❡r❣✐❡ ❞❛♥s ❧✬❡s♣❛❝❡ s♣❡❝tr❛❧ s✉❣❣èr❡ ✉♥❡ ❝❛s❝❛❞❡ ❞✬é♥❡r❣✐❡
❞❡ ❑♦❧♠♦❣♦r♦✈✳ ❙✉r ❧❛ ✜❣✉r❡ ✹✳✷✵✱ ♦♥ ✈♦✐t q✉✬✐❧ ❡①✐st❡ à ❧❛ ❢♦✐s ✉♥❡ ③♦♥❡ ✐♥❡rt✐❡❧❧❡ ❡♥
k−5/3 ❡t ✉♥❡ é❝❤❡❧❧❡ ❞❡ ❞✐ss✐♣❛t✐♦♥✱ s✐t✉é ❛♣♣r♦①✐♠❛t✐✈❡♠❡♥t ❡♥ Re3/4✳ ➱✈✐❞❡♠♠❡♥t✱
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❋✐❣✳ ✹✳✶✽✿ ❙✐♠✉❧❛t✐♦♥ ❤②❞r♦❞②♥❛♠✐q✉❡ ré❛❧✐sé❡ à Re = 2000✳ ❆ ❣❛✉❝❤❡ ✿ é✈♦❧✉t✐♦♥ ❞❡
❧✬❛♠♣❧✐t✉❞❡ ❞❡s ♠♦❞❡s ❛③✐♠✉t❛✉① ❞❡ ✈✐t❡ss❡ ♣rès ❞❡ ❧❛ s♣❤èr❡ ❡①t❡r♥❡✳ ❆
❞r♦✐t❡ ✿ ♠❡s✉r❡ ❞✉ Re ❡✛❡❝t✐❢ ✭❝♦✉r❜❡ ❝♦♥t✐♥✉❡✮ ❝♦♠♣❛ré ❛✉ Re0 ✐♠♣♦sé ❞❛♥s
❧❡s éq✉❛t✐♦♥s ✭❝♦✉r❜❡ ♣♦✐♥t✐❧❧é✮

❧❛ ❝❛s❝❛❞❡ ✐♥❡rt✐❡❧❧❡ ❡st r❡❧❛t✐✈❡♠❡♥t r❡str❡✐♥t❡ ét❛♥t ❞♦♥♥é ❧❡s ❧✐♠✐t❡s ♥✉♠ér✐q✉❡s✱
♠❛✐s s✬❛❝❝♦r❞❡ ❛ss❡③ ❜✐❡♥ ❛✈❡❝ ❧❛ ❧♦✐ t❤é♦r✐q✉❡ ❡♥ k−5/3✳

▲❡ ré❣✐♠❡ ❢❛✐❜❧❡♠❡♥t ✬t✉r❜✉❧❡♥t✬ q✉✬✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬❛tt❡✐♥❞r❡ ❞❛♥s ❝❡s s✐♠✉❧❛✲
t✐♦♥s ♣rés❡♥t❡ q✉❡❧q✉❡s ♣r♦♣r✐étés ✐♥tér❡ss❛♥t❡s✳ ▼❛❧❣ré ❧❛ ❧✐♠✐t❛t✐♦♥ ✐♠♣♦sé ♣❛r
❝❡tt❡ ❛♣♣r♦❝❤❡ ♥✉♠ér✐q✉❡✱ ♦♥ ♦❜t✐❡♥t ✉♥ ré❣✐♠❡ ♦ù ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ s✉❜✐t ❞✬✐♠✲
♣♦rt❛♥t❡s ✢✉❝t✉❛t✐♦♥s ♣❛r r❛♣♣♦rt à ❧✬ét❛t ♠♦②❡♥✳ ❈❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❝❤❛♦t✐q✉❡
♣rés❡♥t❡ é❣❛❧❡♠❡♥t ✉♥ s♣❡❝tr❡ ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❝❡ q✉❡ ♣ré❞✐t ❧❛ t❤é♦r✐❡ ❞❡ ❑♦❧♠♦✲
❣♦r♦✈✳ ❊♥ r❡✈❛♥❝❤❡✱ ❧✬é❝❤❡❧❧❡ ❞❡ ❞✐ss✐♣❛t✐♦♥ ♠❛①✐♠❛❧❡ ❛tt❡✐♥t❡ r❡st❡ r❡❧❛t✐✈❡♠❡♥t
♣r♦❝❤❡ ❞❡ ❧✬é❝❤❡❧❧❡ ❞✬✐♥❥❡❝t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❞✉ s②stè♠❡✳ ■❧ ❡st ❞♦♥❝ ❞✐✣❝✐❧❡ ❞✬♦❜t❡♥✐r
❞❡s t❡♠♣s ❞✬✐♥té❣r❛t✐♦♥ ❛ss❡③ ❧♦♥❣ ♣♦✉r ♦❜s❡r✈❡r ✉♥❡ ✈ér✐t❛❜❧❡ ③♦♥❡ ✐♥❡rt✐❡❧❧❡✳ ■❧
❡st ✐♠♣♦rt❛♥t ❞✬✐♥s✐st❡r s✉r ❧❡ ❢❛✐t q✉❡ ❝❡tt❡ ♠♦❞é❧✐s❛t✐♦♥ ❡st très ❧♦✐♥ ❞❡ ❧❛ ❝♦♥✜✲
❣✉r❛t✐♦♥ ❡①♣ér✐♠❡♥t❛❧❡ ❡t q✉✬✐❧ ♥✬❡st ♣❛s ♣♦ss✐❜❧❡ ❡♥ ❧✬ét❛t ❛❝t✉❡❧ ❞❡s s✐♠✉❧❛t✐♦♥s
❞❡ ❞é❝r✐r❡ ❧❡s str✉❝t✉r❡s ❞❡ ♣❡t✐t❡ é❝❤❡❧❧❡s ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ré❡❧✳ ◆♦✉s ❛❧❧♦♥s ✈♦✐r
q✉❡ ❧❡ ♥✐✈❡❛✉ ❞❡ ✢✉❝t✉❛t✐♦♥ ❡st ♥é❛♥♠♦✐♥s s✉✣s❛♥t ♣♦✉r ♠♦❞✐✜❡r ❧❛ str✉❝t✉r❡ ❞❡
❧✬✐♥st❛❜✐❧✐té ❞②♥❛♠♦✳

✹✳✹✳✷ ❙tr✉❝t✉r❡ ❞❡ ❧❛ ❞②♥❛♠♦ t✉r❜✉❧❡♥t❡

▲❛ tr❛♥s✐t✐♦♥ ✈❡rs ❧❛ t✉r❜✉❧❡♥❝❡ ❤②❞r♦❞②♥❛♠✐q✉❡✱ ♣♦✉r Re ∼ 200✱ s✬❛❝❝♦♠♣❛❣♥❡
❞✬✉♥ ❝❤❛♥❣❡♠❡♥t ❞❛♥s ❧❛ str✉❝t✉r❡ ❡t ❧❛ ❞②♥❛♠✐q✉❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❈♦♠♠❡
♥♦✉s ❧✬❛✈♦♥s ❞✐t à ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✱ ❧✬é❝♦✉❧❡♠❡♥t ❧❛♠✐♥❛✐r❡ ❣é♥èr❡ ❞❡✉① t②♣❡s
❞❡ str✉❝t✉r❡s à ❣r❛♥❞❡ é❝❤❡❧❧❡ ✿ ✉♥ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ❡t ✉♥ ❞✐♣♦❧❡ ❛①✐❛❧✳ ❉❛♥s ❝❡s
s✐♠✉❧❛t✐♦♥s✱ ❧❡ ❞✐♣♦❧❡ ❛①✐s②♠étr✐q✉❡ ♥❡ ❞♦♠✐♥❡ ❥❛♠❛✐s ✈r❛✐♠❡♥t t♦t❛❧❡♠❡♥t ❧❡ ❞✐♣♦❧❡
tr❛♥s✈❡rs❡✳ Pr♦❝❤❡ ❞✉ s❡✉✐❧ ❞②♥❛♠♦✱ ❝❡s ♠♦❞❡s s♦♥t ❞❡ ♣❧✉s très ♣❡✉ ✢✉❝t✉❛♥ts✳ ❉❡
❝❡ ♣♦✐♥t ❞❡ ✈✉❡✱ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ✐ss✉ ❞❡s s✐♠✉❧❛t✐♦♥s ❡st r❡❧❛t✐✈❡♠❡♥t ❞✐✛é✲
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❋✐❣✳ ✹✳✶✾✿ ❙tr✉❝t✉r❡ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ♣♦✉r Re = 2500✳ ❊♥ ❤❛✉t ✿ ❝♦✉♣❡ ❞❛♥s ✉♥ ♣❧❛♥
♠ér✐❞✐❡♥ ♠♦♥tr❛♥t ❧❡s tr♦✐s ❝♦♠♣♦s❛♥t❡s ❞❡ ✈✐t❡ss❡✳ ❊♥ ❜❛s ✿ ❧✐❣♥❡s ❞❡ ❝♦✉r❛♥ts
❞✉ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❞❛♥s ❧✬❡s♣❛❝❡✳

r❡♥t ❞✉ ❞✐♣♦❧❡ ♦❜s❡r✈é ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t✳ ❊♥ r❡✈❛♥❝❤❡✱ ❞❛♥s ❧❡ ré❣✐♠❡ t✉r❜✉❧❡♥t✱ ❧❡
❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ s❡♠❜❧❡ ♣❧✉s ♣r♦❝❤❡ ❞✉ ❝❤❛♠♣ ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✳ ▲❛ tr❛♥s✐t✐♦♥
❡♥tr❡ ❧❡s ❞❡✉① ré❣✐♠❡s ♠❛❣♥ét✐q✉❡s ♥✬❡st ♣❛s très ❝❧❛✐r❡✱ ❡t ✐❧ ❡st ❞✐✣❝✐❧❡ ❞❡ ❞ét❡r✲
♠✐♥❡r ❡①❛❝t❡♠❡♥t ♣♦✉r q✉❡❧s Re ❝❡❧❧❡✲❝✐ s❡ ♣r♦❞✉✐t✳ ▲❛ ✜❣✉r❡ ✹✳✷✶ ♠♦♥tr❡ q✉❡❧q✉❡s
s✐♠✉❧❛t✐♦♥s ré❛❧✐sé❡s ❛✉✲❞❡❧à ❞❡ Re = 300✳ ❖♥ ❞✐st✐♥❣✉❡ ❧❡s s✐♠✉❧❛t✐♦♥s ♠❡♥❛♥t à
✉♥❡ ❛♠♣❧✐✜❝❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♣❛r ❡✛❡t ❞②♥❛♠♦ ❞❡ ❝❡❧❧❡ ♦ù ❧✬é❝♦✉❧❡♠❡♥t ♥✬❡st ♣❛s ❝❛✲
♣❛❜❧❡ ❞✬ ❡♥❣❡♥❞r❡r ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❖♥ ✈♦✐t q✉❡ ❧✬❡✛❡t ❞❡s ✢✉❝t✉❛t✐♦♥s ❛ ✉♥
❡✛❡t ❝❧❛✐r s✉r ❧❡ s❡✉✐❧ ❞❡ ❧✬✐♥st❛❜✐❧✐té ❞②♥❛♠♦✳ ▲❡s ✢✉❝t✉❛t✐♦♥s t✉r❜✉❧❡♥t❡s s❡♠❜❧❡♥t
✐♥❤✐❜❡r ❧❛ ❣é♥ér❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ❝❡ q✉✐ s❡ tr❛❞✉✐t ♣❛r ✉♥❡ ❛✉❣♠❡♥t❛t✐♦♥
❞✉ s❡✉✐❧ ❝r✐t✐q✉❡ Rmc ❞❡ ❧❛ ❞②♥❛♠♦ ❛✈❡❝ Re✳ P♦✉r ❧✬✐♥t❡r✈❛❧❧❡ ❞❡ ♥♦♠❜r❡s ❞❡ ❘❡②✲
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❋✐❣✳ ✹✳✷✵✿ ❙♣❡❝tr❡ ❞✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ ♦❜t❡♥✉ à ♣❛rt✐r ❞✬✉♥❡ s✐♠✉❧❛t✐♦♥ ré❛❧✐sé❡ ♣♦✉r
Re = 2000✳ ▲❛ ❧✐❣♥❡ ❡♥ ♣♦✐♥t✐❧❧é r♦✉❣❡ ❡st ✉♥ ❛❥✉st❡♠❡♥t ❞❡ ❧❛ ③♦♥❡ ✐♥❡rt✐❡❧❧❡
❛✈❡❝ ❧❛ ❧♦✐ ❞❡ ♣✉✐ss❛♥❝❡ k−5/3✳

♥♦❧❞s ét✉❞✐és✱ ❝✬❡st✲à✲❞✐r❡ ♣♦✉r 300 < Re < 4000✱ ✐❧ ♥✬❛ ♣❛s été ♣♦ss✐❜❧❡ ❞✬♦❜s❡r✈❡r
✉♥❡ s❛t✉r❛t✐♦♥ ❞❡ ❝❡tt❡ ❛✉❣♠❡♥t❛t✐♦♥ ❞✉ s❡✉✐❧✳ P♦✉r Re > 400✱ ✐❧ s❡♠❜❧❡ ❡①✐st❡r ✉♥
♥♦♠❜r❡ ❞❡ Pr❛♥❞t❧ ♠❛❣♥ét✐q✉❡ ❝r✐t✐q✉❡ Pmc ∼ 0.5 ❛✉✲❞❡ss♦✉s ❞✉q✉❡❧ ✉♥ ❡✛❡t ❞②✲
♥❛♠♦ ♥✬❡st ♣❛s ♣♦ss✐❜❧❡✳ ❉❛♥s ❧❡s tr❛✈❛✉① ❞❡ ❙❝❤❡❝❦♦❝❤✐❤✐♥ ❡t ❛❧ ❬✼✼❪✱ ❬✸✺❪ ❡t P♦♥t②
❡t ❛❧ ❬✼✵❪✱ ❝❡tt❡ ❛✉❣♠❡♥t❛t✐♦♥ ❞✉ s❡✉✐❧ ♣♦✉r ❧❡s ❞②♥❛♠♦s t✉r❜✉❧❡♥t❡s ❡st é❣❛❧❡♠❡♥t
♦❜s❡r✈é❡✳ ❉❛♥s ❝❡s tr❛✈❛✉①✱ ❧❡s ❛✉t❡✉rs ♠♦♥tr❡♥t q✉✬ ✉♥❡ s❛t✉r❛t✐♦♥ ❞❡ ❧✬❡✛❡t à très
❤❛✉t Re s❡♠❜❧❡ s❡ ♣r♦❞✉✐r❡✱ é❧✐♠✐♥❛♥t ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ♥♦♠❜r❡ ❞❡ Pr❛♥❞t❧ ♠❛❣♥é✲
t✐q✉❡ ❝r✐t✐q✉❡ ♣♦✉r ❧✬❡✛❡t ❞②♥❛♠♦✳

P♦✉r Pm > Pmc ❡t Re > 200✱ ♦♥ ♦❜s❡r✈❡ ❧❛ ❣é♥ér❛t✐♦♥ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡
à ♣❛rt✐r ❞✬✉♥ é❝♦✉❧❡♠❡♥t t✉r❜✉❧❡♥t✳ ▲❛ str✉❝t✉r❡ ❡①❛❝t❡ ❞❡ ❝❡ ♠♦❞❡ ♠❛❣♥ét✐q✉❡
t✉r❜✉❧❡♥t ❝❤❛♥❣❡ ❧é❣èr❡♠❡♥t s❡❧♦♥ ❧❡ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s ❡t ❧❡ ♥♦♠❜r❡ ❞❡ Pr❛♥❞t❧
♠❛❣♥ét✐q✉❡✳ ❆ ❧❛ ❧✐♠✐t❡ ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ❧❛ t✉r❜✉❧❡♥❝❡✱ ❝❡rt❛✐♥s ♠♦❞❡s ❞❡ ✈✐✲
t❡ss❡s✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❧❡s ❝♦♠♣♦s❛♥t❡s m = 1 ❡t m = 2 ❞❡ ❧✬é❝♦✉❧❡♠❡♥t✱ ❞❡✈✐❡♥♥❡♥t
✐♥st❛❜❧❡s ❡♥ ❧✬❛❜s❡♥❝❡ ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ◆♦✉s ❛✈♦♥s ❞é❥à ♠✐s ❡♥ ❛✈❛♥t à ❧❛
s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡ ❧❡ rô❧❡ ✐♠♣♦rt❛♥t q✉❡ ❥♦✉❡ ❧❡ ♠♦❞❡ ❞❡ ✈✐t❡ss❡ m = 2 ❞❛♥s ❧❛
❣é♥ér❛t✐♦♥ ❞✉ ❞✐♣♦❧❡ ❛①✐❛❧✳ ❚♦✉t❡❢♦✐s✱ ❡♥ ré❣✐♠❡ ❧❛♠✐♥❛✐r❡✱ ❝❡ ♠♦❞❡ ❡st ✉♥✐q✉❡♠❡♥t
❡①❝✐té ❡♥ ♣rés❡♥❝❡ ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧✳

▲❛ ✜❣✉r❡ ✹✳✷✷ ♠♦♥tr❡ ✉♥❡ s✐♠✉❧❛t✐♦♥ ♣♦✉r ❧❛q✉❡❧❧❡ ❧❡ ♠♦❞❡ ❞❡ ✈✐t❡ss❡ m = 2
❡st ❡①❝✐té ❤②❞r♦❞②♥❛♠✐q✉❡♠❡♥t✳ ❙✉r ❝❡tt❡ ✜❣✉r❡✱ ❧❛ s✐♠✉❧❛t✐♦♥ ❡st ré❛❧✐sé❡ ♣♦✉r
Re = 210✱ très ♣rès ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ❧❛ t✉r❜✉❧❡♥❝❡✳ ❖♥ ✈♦✐t q✉❡ ❧❡ s②stè♠❡ ❣é✲
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❋✐❣✳ ✹✳✷✷✿ ➱✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡s ❝❤❛♠♣s ❝✐♥ét✐q✉❡ ❡t ♠❛❣♥ét✐q✉❡ ♣♦✉r Re = 210 ❡t
Pm = 1✳ ❆ ❣❛✉❝❤❡ ✿ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡✳ ❆ ❞r♦✐t❡ ✿ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❖♥ ♥♦t❡
❧❛ tr❛♥s✐t✐♦♥ ❜r✉t❛❧❡ s❡ ♣r♦❞✉✐s❛♥t ✈❡rs t ∼ 4 ♠❡♥❛♥t à ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡
❞é♣♦✉r✈✉ ❞❡ ❝♦♠♣♦s❛♥t❡ éq✉❛t♦r✐❛❧✳

♥èr❡ ❞❡s ❝❤❛♠♣s ❝✐♥ét✐q✉❡s ❡t ♠❛❣♥ét✐q✉❡s r❡❧❛t✐✈❡♠❡♥t ❝♦♠♣❧❡①❡s✱ ❛✈❡❝ ✉♥ ♥✐✈❡❛✉
❞❡ ✢✉❝t✉❛t✐♦♥ ♥♦♥✲♥✉❧✳ ▲❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡st très ♣❡✉ ❛①✐s②♠étr✐q✉❡ ❞✉ ❢❛✐t ❞❡
❧❛ ❝♦♥tr✐❜✉t✐♦♥ ❞❡ ♥♦♠❜r❡✉① ❛✉tr❡s ♠♦❞❡s✱ ♥♦t❛♠♠❡♥t ✉♥ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧✳ ▲✬é❝♦✉✲
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❧❡♠❡♥t✱ ❜✐❡♥ q✉❡ ❞♦♠✐♥é ♣❛r ❧❛ ❝♦♠♣♦s❛♥t❡ ❛①✐s②♠étr✐q✉❡✱ ♣rés❡♥t❡ é❣❛❧❡♠❡♥t ❞❡s
é❝❛rts à ❧✬❛①✐s②♠étr✐❡ ✈✐❛ ❧❡s ♠♦❞❡s ❞❡ ✈✐t❡ss❡s m = 1 ❡t m = 2✳ ❈❡♣❡♥❞❛♥t✱ ❛♣rès
❡♥✈✐r♦♥ 4 t❡♠♣s r❡s✐st✐❢s✱ ❧✬ét❛t ❞✉ s②stè♠❡ ❝❤❛♥❣❡ ❜r✉t❛❧❡♠❡♥t✳ ▲❛ ❝♦♠♣♦s❛♥t❡
m = 1 ❞❡ ❧❛ ✈✐t❡ss❡ ❡t ❧❛ ❝♦♠♣♦s❛♥t❡ éq✉❛t♦r✐❛❧ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ s✬❡✛♦♥❞r❡♥t✳
▲✬é❝♦✉❧❡♠❡♥t ♥✬❡st ❛❧♦rs ❞♦♠✐♥é q✉❡ ♣❛r ❧❡s ❝♦♠♣♦s❛♥t❡s m = 0 ❡t m = 2✱ ✐♥st❛❜❧❡s
❤②❞r♦❞②♥❛♠✐q✉❡♠❡♥t✳ ▲❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ rés✉❧t❛♥t ❡st ✉♥ ❞✐♣♦❧❡ ❛①✐❛❧✱ ❛ss♦❝✐é
à ✉♥❡ ❝♦♠♣♦s❛♥t❡ m = 2✳ ❉❛♥s ❝❡ ré❣✐♠❡ ❢❛✐❜❧❡♠❡♥t t✉r❜✉❧❡♥t✱ ❧❡ ♠♦❞❡ ❞❡ ✈✐t❡ss❡
m = 2 s❡♠❜❧❡ êtr❡ à ❧✬♦r✐❣✐♥❡ ❞✉ ❞✐♣♦❧❡ ❛①✐❛❧✳ P✉✐sq✉❡ ❝❡ ♠♦❞❡ ❡st ❧✐♥é❛✐r❡♠❡♥t
✐♥st❛❜❧❡✱ ♦♥ ✈♦✐t q✉❡ ❧❡ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ♥✬❡st ♣❧✉s r❡q✉✐s ❝♦♠♠❡ ❞❛♥s ❧❡ ré❣✐♠❡
❧❛♠✐♥❛✐r❡✳ ■❧ ❡♥ rés✉❧t❡ ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ✢✉❝t✉❛♥t ♠❛✐s très ❛①✐s②♠étr✐q✉❡✱ ♦ù
❧❛ ❝♦♥tr❛✐♥t❡ ❞✉ t❤é♦rè♠❡ ❞❡ ❈♦✇❧✐♥❣ ❡st ❛ss✉ré❡ ♣❛r ❧❛ ❝♦♠♣♦s❛♥t❡ m = 2✳ ❈❡
♠♦❞❡ ❞❡ ✈✐t❡ss❡ m = 2 ❥♦✉❡ ❧❡ ♠ê♠❡ rô❧❡ q✉❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ m = 8 ét✉❞✐é❡s ❛✉
❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t ❞❛♥s ❧❛ ❣é♥ér❛t✐♦♥ ❞✉ ❞✐♣♦❧❡ ❛①✐❛❧✳ ❖♥ ♥♦t❡r❛ t♦✉t❡❢♦✐s q✉❡ ❧❡s
♣❡rt✉r❜❛t✐♦♥s é♠❡r❣❡♥t ✐❝✐ ♥❛t✉r❡❧❧❡♠❡♥t à ♣❛rt✐r ❞❡s ❜✐❢✉r❝❛t✐♦♥s ❤②❞r♦❞②♥❛♠✐q✉❡s
♣❧✉tôt q✉❡ ❞✬êtr❡ ✐♠♣♦sé❡s ❛rt✐✜❝✐❡❧❧❡♠❡♥t✳

P♦✉r ❞❡s ♥♦♠❜r❡s ❞❡ ❘❡②♥♦❧❞s ♣❧✉s ✐♠♣♦rt❛♥t✱ ❧❡s ♠é❝❛♥✐s♠❡s ❞❡ ❧❛ ❣é♥ér❛t✐♦♥
❞✉ ❝❤❛♠♣ ❞❡✈✐❡♥♥❡♥t ♠♦✐♥s ❝❧❛✐rs✱ à ♠❡s✉r❡ q✉✬❛♣♣❛r❛✐ss❡♥t ❞❡s str✉❝t✉r❡s ❞✬é❝❤❡❧❧❡
♣❧✉s ré❞✉✐t❡✳ ▲❡ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ❡st ❡♥ ❣é♥ér❛❧ ❞❡ ✈❛❧❡✉r ♠♦②❡♥♥❡ ♥✉❧❧❡ ♠❛✐s ✢✉❝✲
t✉❡ é♥♦r♠é♠❡♥t✱ ❞❡ s♦rt❡ q✉✬✉♥❡ ♣❛rt✐❡ ✐♠♣♦rt❛♥t❡ ❞❡ ❧✬é♥❡r❣✐❡ s❡ tr♦✉✈❡ s✉r ❝❡
♠♦❞❡✳ ▲✬é❝♦✉❧❡♠❡♥t ♣rés❡♥t❡ é❣❛❧❡♠❡♥t ❞✬❛✉tr❡s ❝♦♠♣♦s❛♥t❡s ♥♦♥✲❛①✐s②♠étr✐q✉❡s
❡♥ ♣❧✉s ❞✉ ♠♦❞❡ ❞❡ ✈✐t❡ss❡ m = 2✱ ❡t ❧✬✐♥❞✉❝t✐♦♥ ❡①❝✐t❡ ❞❡ ♥♦♠❜r❡✉① ♠♦❞❡s ♥♦♥✲
❛①✐s②♠étr✐q✉❡s ❞❛♥s ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❉✬✉♥❡ ♠❛♥✐èr❡ ❣é♥ér❛❧❡✱ ❝❡s ♠♦❞❡s ♠❛✲
❣♥ét✐q✉❡s ♥♦♥✲❛①✐s②♠étr✐q✉❡s s❡ ❝♦♥t❡♥t❡♥t ❞❡ ✢✉❝t✉❡r ❛✉t♦✉r ❞❡ ③ér♦✳ ▲❡ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ ♦❜t❡♥✉ r❡st❡ ❞♦♥❝ ✉♥ ❞✐♣♦❧❡ ❛①✐❛❧✱ ♠❛✐s ♣rés❡♥t❛♥t ✉♥ ❞❡❣ré ✐♠♣♦rt❛♥t
❞❡ ✢✉❝t✉❛t✐♦♥s✳ ❯♥ ❡①❡♠♣❧❡ t②♣✐q✉❡ ❡st ❞♦♥♥é à ❧❛ ✜❣✉r❡ ✹✳✷✸✳
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❋✐❣✳ ✹✳✷✸✿ ➱✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❞❡s ❝❤❛♠♣s ❝✐♥ét✐q✉❡ ❡t ♠❛❣♥ét✐q✉❡ ♣♦✉r
Re = 300 ❡t Pm = 0.6✱ ❡♥ r = a/2 ✭♦♥ ♠♦♥tr❡ ❧✬❛♠♣❧✐t✉❞❡ ❛ss♦❝✐é❡ ❛✉①
❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s ❝♦rr❡s♣♦♥❞❛♥t❡s✮✳ ❆ ❣❛✉❝❤❡ ✿ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡✳ ❆
❞r♦✐t❡ ✿ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❖♥ ♥♦t❡ ❧❛ ❣é♥ér❛t✐♦♥ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡
très ✢✉❝t✉❛♥t✱ ❞♦♠✐♥é ♣❛r ✉♥ ❞✐♣♦❧❡ ❛①✐❛❧✳
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▲❛ ✜❣✉r❡ ✹✳✷✹ ♠♦♥tr❡ ❧❛ str✉❝t✉r❡ s♣❛t✐❛❧❡ ❝♦rr❡s♣♦♥❞❛♥t à ❧❛ s✐♠✉❧❛t✐♦♥ ♣♦✉r
Re = 300 ❡t Pm = 0.6✳ ▼❛❧❣ré ❧❡s ❝♦♠♣♦s❛♥t❡s ♥♦♥✲❛①✐s②♠étr✐q✉❡s ♣rés❡♥t❡s ❛✉
s❡✐♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ❧❡ ❝❤❛♠♣ ❡st ❞♦♠✐♥é ♣❛r ✉♥ ❞✐♣♦❧❡ ❛①✐❛❧✱ ❛❧✐❣♥é ❛✈❡❝
❧✬❛①❡ ❞❡ r♦t❛t✐♦♥ ❞❡s ❞✐sq✉❡s✳ ❖♥ ♥♦t❡ é❣❛❧❡♠❡♥t s✉r ❝❡tt❡ ✜❣✉r❡ ❧✬❛s♣❡❝t ✢✉❝t✉❛♥t
❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳

❋✐❣✳ ✹✳✷✹✿ ▲✐❣♥❡s ❞❡ ❝❤❛♠♣s ♠❛❣♥ét✐q✉❡s ❞❛♥s ✉♥❡ s✐♠✉❧❛t✐♦♥ t②♣✐q✉❡✱ ♣♦✉r Re = 300
❡t Pm = 0.6✳ ❖♥ ♥♦t❡ q✉❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡st ❛ss❡③ ✢✉❝t✉❛♥t ♠❛✐s
♣r✐♥❝✐♣❛❧❡♠❡♥t ❛①✐s②♠étr✐q✉❡✳ ▲❛ str✉❝t✉r❡ ❡st ✉♥ ❞✐♣♦❧❡ ❛①✐❛❧ ❛ss♦❝✐é ❛✈❡❝ ✉♥
❢♦rt ❝❤❛♠♣ t♦r♦ï❞❛❧✳

❉❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s ré❛❧✐sé❡s ♣♦✉r Re < 800✱ ❧❡ ❞✐♣♦❧❡ ❛①✐❛❧ ❡♥❣❡♥❞ré ❡st st❛✲
t✐♦♥♥❛✐r❡✳ ❆❧♦rs q✉❡ ❧❡ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ✢✉❝t✉❡ ❛✉t♦✉r ❞❡ ❧❛ ✈❛❧❡✉r ❞✬♦r✐❣✐♥❡✱ ❧❡
❞✐♣♦❧❡ ❛①✐❛❧ ♥❡ s✉❜✐t ♣❛s ❞❡ r❡♥✈❡rs❡♠❡♥ts✳ ❈❡tt❡ ♦❜s❡r✈❛t✐♦♥ ❡st ❡♥ ❛❝❝♦r❞ ❛✈❡❝
❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✳ ◆♦✉s ✈❡rr♦♥s ❞❛♥s ❧❛ ♣r♦❝❤❛✐♥❡ s❡❝t✐♦♥ q✉❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts
s❡ ♣r♦❞✉✐s❡♥t ♣♦✉r ❝❡s Re ✉♥✐q✉❡♠❡♥t ❧♦rsq✉❡ ❧✬♦♥ ❜r✐s❡ ❧❛ s②♠étr✐❡ Rπ ❞❡ ❧✬é❝♦✉✲
❧❡♠❡♥t✳ P♦✉r Re > 800✱ ❧❛ ❞②♥❛♠✐q✉❡ ❡t ❧❛ str✉❝t✉r❡ ♠❛❣♥ét✐q✉❡ s♦♥t ❧é❣èr❡♠❡♥t
❞✐✛ér❡♥t❡s✳ ❊♥ ❡✛❡t✱ ♦♥ ♦❜s❡r✈❡ ❞❡s t❛✉① ❞❡ ✢✉❝t✉❛t✐♦♥s très ✐♠♣♦rt❛♥t ❡t ❧❛ str✉❝✲
t✉r❡ ❛①✐❛❧❡ ❞✉ ❝❤❛♠♣ ❡st ♠♦✐♥s ❝❧❛✐r❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❡ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ♣rés❡♥t❡
✉♥❡ ❛♠♣❧✐t✉❞❡ ♣❧✉s ✐♠♣♦rt❛♥t❡✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❛ ♣♦❧❛r✐té ❞✉ ❞✐♣♦❧❡ ❛①✐❛❧ s❡ r❡♥✈❡rs❡
❛❧é❛t♦✐r❡♠❡♥t ❞✉r❛♥t ❧❛ s✐♠✉❧❛t✐♦♥✱ ♠ê♠❡ ❡♥ ❝♦♥tr❛✲r♦t❛t✐♦♥ ❡①❛❝t❡✳ ▲❛ ✜❣✉r❡ ✹✳✷✺
♠♦♥tr❡ ✉♥ s✐❣♥❛❧ t②♣✐q✉❡✱ ♣♦✉r Re = 1800 ❡t Pm = 1✳
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❋✐❣✳ ✹✳✷✺✿ ➱✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ q✉❡❧q✉❡s ♠♦❞❡s ♠❛❣♥ét✐q✉❡s ♣♦✉r ✉♥❡ s✐♠✉❧❛t✐♦♥
❛✈❡❝ Re = 1800 ❡t Pm = 1✳ ❖♥ ♥♦t❡ ❧✬❛s♣❡❝t très ✢✉❝t✉❛♥t ❞✉ ❝❤❛♠♣ ❡t ❧❡s
r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s ❞❡ ❧❛ ♣♦❧❛r✐té ❞✉ ❞✐♣♦❧❡ ❛①✐❛❧✳
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❋✐❣✳ ✹✳✷✻✿ ❈♦♠♣❛r❛✐s♦♥ ❞❡s s♣❡❝tr❡ ❞❡ ❧✬é♥❡r❣✐❡ ♠❛❣♥ét✐q✉❡ ✭❡♥ r♦✉❣❡✮ ❡t ❞❡ ❧✬é♥❡r❣✐❡
❝✐♥ét✐q✉❡✭❡♥ ♥♦✐r✮ ♣♦✉r ✉♥❡ s✐♠✉❧❛t✐♦♥ à Re = 1800✳ ▲❡s ❝♦✉r❜❡s ❡♥ ♣♦✐♥t✐❧❧és
✐♥❞✐q✉❡♥t ❞❡s ❛❥✉st❡♠❡♥ts ❡♥ k−5/3✳ ▲❛ s✐♠✉❧❛t✐♦♥ ❡st ré❛❧✐sé❡ ♣♦✉r Pm = 1✳
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❖♥ ✈♦✐t é❣❛❧❡♠❡♥t s✉r ❝❡tt❡ ✜❣✉r❡ q✉❡ ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞✉ ❞✐♣♦❧❡ ❛①✐❛❧ ❞✉✲
r❛♥t ✉♥❡ ♣♦❧❛r✐té ❞♦♥♥é❡ ❡st r❡❧❛t✐✈❡♠❡♥t ❢❛✐❜❧❡ ❡t ❞✉ ♠ê♠❡ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r q✉❡
❧❡s ✢✉❝t✉❛t✐♦♥s ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧✳ ❙✐ ❧✬♦♥ ❡✛❡❝t✉❡ ✉♥❡ ♠♦②❡♥♥❡ ❞❡ ❧✬♦r❞r❡ ❞✬✉♥
❞✐①✐è♠❡ ❞❡ t❡♠♣s rés✐st✐❢✱ ❝❡s ✢✉❝t✉❛t✐♦♥s ❞✐s♣❛r❛✐ss❡♥t ❡t ♦♥ r❡tr♦✉✈❡ ✉♥❡ str✉❝t✉r❡
❞✐♣♦❧❛✐r❡ ✐❞❡♥t✐q✉❡ à ❝❡❧❧❡ ❞❡ ❧❛ ✜❣✉r❡ ✹✳✷✹✳ ▲❡ ♥✐✈❡❛✉ ❞❡ ✢✉❝t✉❛t✐♦♥s ♠❛❣♥ét✐q✉❡s
❞✐♠✐♥✉❡ ❧é❣èr❡♠❡♥t ❛✈❡❝ ❧❡ ♥♦♠❜r❡ ❞❡ Pr❛♥❞t❧ ♠❛❣♥ét✐q✉❡✳ ❚♦✉t❡❢♦✐s✱ à ❝❛✉s❡ ❞❡
❧✬❛✉❣♠❡♥t❛t✐♦♥ ❞✉ s❡✉✐❧ ❞②♥❛♠♦ ❛✈❡❝ ❧❛ t✉r❜✉❧❡♥❝❡✱ ✐❧ ♥✬❡st ♣❛s ♣♦ss✐❜❧❡ ❞✬♦❜t❡♥✐r
❞❡s s✐♠✉❧❛t✐♦♥s à ❢❛✐❜❧❡ Pm✳ ▲❛ ✜❣✉r❡ ✹✳✷✻ ❝♦♠♣❛r❡ ❧❡s s♣❡❝tr❡s ♠❛❣♥ét✐q✉❡ ❡t ❝✐✲
♥ét✐q✉❡ ♣♦✉r ✉♥❡ s✐♠✉❧❛t✐♦♥ à Re = 1800 ❡t Pm = 1.✳ ❖♥ ✈♦✐t q✉✬✐❧ ❡st ❞✐✣❝✐❧❡ ❞❡
❝♦♥❝❧✉r❡ s✉r ✉♥❡ ❧♦✐ ❞✬é❝❤❡❧❧❡ ♣♦✉r ❧❛ ❝❛s❝❛❞❡ ❞✬é♥❡r❣✐❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳

❈❡s s✐♠✉❧❛t✐♦♥s ♠♦♥tr❡♥t q✉❡ ❧❡s ✢✉❝t✉❛t✐♦♥s t✉r❜✉❧❡♥t❡s ♠♦❞✐✜❡♥t ❧❡ ♣r♦❝❡ss✉s
❞②♥❛♠♦✳ ❖♥ ✈♦✐t ❧✬❛♣♣❛r✐t✐♦♥ ❞✬✉♥❡ ❞②♥❛♠✐q✉❡ ❡t ❞✬✉♥❡ str✉❝t✉r❡ très ❞✐✛ér❡♥t❡s
❧♦rsq✉❡ ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❜✐❢✉rq✉❡ ✈❡rs ✉♥ ét❛t t✉r❜✉❧❡♥t✳ ❉❡ ♣❧✉s✱ ❧❡ s❡✉✐❧ ❞❡ ❧✬✐♥✲
st❛❜✐❧✐té ❞②♥❛♠♦ ❡st ❢♦rt❡♠❡♥t ❛✛❡❝té ♣❛r ❧❡s ✢✉❝t✉❛t✐♦♥s✳ ❊♥ ❡✛❡t✱ ♥♦s s✐♠✉❧❛t✐♦♥s
s✉❣❣èr❡♥t ✉♥❡ ❛✉❣♠❡♥t❛t✐♦♥ ❞✉ s❡✉✐❧ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ Re t❡❧❧❡ q✉✬✐❧ ❛♣♣❛r❛ît ✉♥ ♥♦♠❜r❡
❞❡ Pr❛♥❞t❧ ♠❛❣♥ét✐q✉❡ ❝r✐t✐q✉❡ Pmc ♣♦✉r ❧❛ ❞②♥❛♠♦✳ ▲❡s ❞②♥❛♠♦s ❧❡s ♣❧✉s t✉r❜✉✲
❧❡♥t❡s ♦❜t❡♥✉❡s✱ ❛✈❡❝ Pm ∼ 1✱ s♦♥t ♣❛r ❝♦♥séq✉❡♥t ❛ss❡③ ❞✐✛ér❡♥t❡s ❞✉ ❝❤❛♠♣ ♠❛✲
❣♥ét✐q✉❡ ♦❜s❡r✈é ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✳ P♦✉r ❧❡s ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s ♣❧✉s ❢❛✐❜❧❡s✱
❧❡s ✢✉❝t✉❛t✐♦♥s ❛✛❡❝t❡♥t ♠♦✐♥s ❧❛ ❞②♥❛♠♦ ❡t ❧❡s ❛♣♣r♦❝❤❡s ♥✉♠ér✐q✉❡s ❡t ❡①♣ér✐✲
♠❡♥t❛❧❡s ♣rés❡♥t❡♥t ♣❧✉s ❞❡ s✐♠✐❧❛r✐tés✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♣♦✉r 200 < Re < 800✱ ✐❧ ❡st
♣♦ss✐❜❧❡ ❞✬♦❜t❡♥✐r ❞❡s ❞②♥❛♠♦s t✉r❜✉❧❡♥t❡s à ❞❡s Pm ✐♥❢ér✐❡✉rs à 1✱ ❝❡ q✉✐ ❡st ♣❧✉s
ré❛❧✐st❡ ♣♦✉r ❞é❝r✐r❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞✉ ❝❤❛♠♣✳ ❉❛♥s ❧❛ ♣r♦❝❤❛✐♥❡ s❡❝t✐♦♥✱ ♥♦✉s ét✉✲
❞✐♦♥s ❝❡ ré❣✐♠❡ ❛✜♥ ❞❡ ❝♦♠♣r❡♥❞r❡ ❧❡s ♠é❝❛♥✐s♠❡s ❝♦♥❞✉✐s❛♥t ❛✉① r❡♥✈❡rs❡♠❡♥ts
❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳

✹✳✹✳✸ ❉②♥❛♠✐q✉❡ ❞❡ r❡♥✈❡rs❡♠❡♥ts

❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉ ♣ré❝é❞❡♠♠❡♥t✱ ✉♥ ❞❡s ❛s♣❡❝ts ❧❡s ♣❧✉s ✐♥tér❡ss❛♥t ❝♦♥❝❡r✲
♥❛♥t ❧❡s ❞②♥❛♠♦s ♥❛t✉r❡❧❧❡s ❡st ❧❡✉r ❝❛♣❛❝✐té à ❡✛❡❝t✉❡r ❞❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦✲
t✐q✉❡s ♦✉ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ♣ér✐♦❞✐q✉❡s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ◆♦✉s ❛✈♦♥s ✈✉ ❡♥ ✐♥✲
tr♦❞✉❝t✐♦♥ q✉❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❡ ❧❛ ❚❡rr❡ ❡st ✉♥ ❞✐♣♦❧❡ ❛①✐❛❧ ❞♦♥t ❧❛ ♣♦❧❛r✐té
s✬❡st très ❢réq✉❡♠♠❡♥t r❡♥✈❡rsé❡ ❛✉ ❝♦✉rs ❞❡ s♦♥ ❤✐st♦✐r❡✳ ❉❡ ♣❧✉s✱ ❝❡s r❡♥✈❡rs❡♠❡♥ts
s❡♠❜❧❡♥t ❛♣♣❛r❛îtr❡ ❞❡ ♠❛♥✐èr❡ ❝♦♠♣❧èt❡♠❡♥t ❛❧é❛t♦✐r❡✱ ❡t ❞❡ ❝❡ ❢❛✐t ✐♠♣♦ss✐❜❧❡s à
♣ré❞✐r❡✳ ■❧ ❛ été ♠♦♥tré ❛✉ ❝❤❛♣✐tr❡ 2 q✉❡ ❝❡tt❡ ❝❛r❛❝tér✐st✐q✉❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡
s❡ r❡tr♦✉✈❡ ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✱ ❛✉ ♠♦✐♥s ♣♦✉r ❝❡rt❛✐♥s ré❣✐♠❡s ❞❡ ♣❛r❛♠ètr❡s✳
▲❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❡✛❡❝t✉é❡s ❛✉ ❝❤❛♣✐tr❡ 3 ♥♦✉s ♦♥t ♣❡r♠✐s ❞❡ ❝♦♠♣r❡♥❞r❡
❞❡ ♠❛♥✐èr❡ s✐♠♣❧❡ ❧✬❛♣♣❛r✐t✐♦♥ ❞❡ ❝❡s ré❣✐♠❡s ❞é♣❡♥❞❛♥ts ❞✉ t❡♠♣s à ♣❛rt✐r ❞❡
s♦❧✉t✐♦♥s st❛t✐♦♥♥❛✐r❡s✳ ❚♦✉t❡❢♦✐s✱ ❝❡tt❡ ❛♣♣r♦❝❤❡ très s✐♠♣❧✐✜é❡ ♣rés❡♥t❡ ♣❧✉s✐❡✉rs
❞é❢❛✉ts✳ ▲❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❡st ❝♦♠♣❧èt❡♠❡♥t ✐♠♣♦sé ❡t ♣r❡s❝r✐t✱ ❧❛ s❛t✉r❛t✐♦♥ ❞✉
❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♥✬❡st ♣❛s ♣r✐s❡ ❡♥ ❝♦♠♣t❡✱ ❡t ❧❛ ❧✐♥é❛r✐té ❞❡ ❧✬éq✉❛t✐♦♥ ❞✬✐♥❞✉❝✲
t✐♦♥ ♥✬❛✉t♦r✐s❡ q✉✬✉♥ ❝♦♠♣♦rt❡♠❡♥t ♣ér✐♦❞✐q✉❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ▲✬❛♣♣r♦❝❤❡
♥✉♠ér✐q✉❡ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ❡st ❜❡❛✉❝♦✉♣ ♣❧✉s ❝♦♠♣❧èt❡ ❡t ❧❛✐ss❡ ❡s♣ér❡r ✉♥❡ ❞❡s❝r✐♣✲



✹✳✹ ❉②♥❛♠♦s t✉r❜✉❧❡♥t❡s ✶✸✼

t✐♦♥ ♣❧✉s ♣r♦❝❤❡ ❞❡ ❧❛ ré❛❧✐té✱ ♥♦t❛♠♠❡♥t ❣râ❝❡ ❛✉① ♥♦♥✲❧✐♥é❛r✐tés ❡t à ❧❛ t✉r❜✉❧❡♥❝❡
❞✉ ✢✉✐❞❡✳

❉✬✉♥ ❛✉tr❡ ❝ôté✱ ❧❛ ❝♦♠♣❧❡①✐té ❞✬✉♥ é❝♦✉❧❡♠❡♥t t✉r❜✉❧❡♥t ♣❡✉t ♥♦✉s ❧❛✐ss❡r
❝r❛✐♥❞r❡ ✉♥❡ ❝♦♠♣❧✐❝❛t✐♦♥ ❞❡s ♠é❝❛♥✐s♠❡s à ❧✬♦r✐❣✐♥❡ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞✉ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡✳ ■❧ s✬❛❣✐t ❧à ❞✬✉♥❡ q✉❡st✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡✱ q✉✐ s❡ ❣é♥ér❛❧✐s❡ à ❧✬❡♥s❡♠❜❧❡
❞❡s ✐♥st❛❜✐❧✐tés ❡♥ ♣rés❡♥❝❡ ❞❡ ❜r✉✐t ✿ ❧❛ ❞②♥❛♠✐q✉❡ ❝♦♠♣❧❡①❡ ❞✬✉♥ s②stè♠❡ ❢♦rt❡✲
♠❡♥t ✢✉❝t✉❛♥t ✭❡♥ ♣rés❡♥❝❡ ❞✬✉♥ é❝♦✉❧❡♠❡♥t t✉r❜✉❧❡♥t ❞❛♥s ❧❡ ❝❛s ❞❡ ❧❛ ❞②♥❛♠♦✮
♣❡✉t✲✐❧ êtr❡ ❞é❝r✐t ♣❛r ❞❡s ♠é❝❛♥✐s♠❡s s✐♠♣❧❡s r❡♣♦s❛♥t s✉r ❧❡s ♦✉t✐❧s ❝❧❛ss✐q✉❡s ❞❡ ❧❛
t❤é♦r✐❡ ❞❡s ❜✐❢✉r❝❛t✐♦♥s ❄ ❊t s✐ ♦✉✐✱ ♣♦✉rq✉♦✐ ❡t ❞❛♥s q✉❡❧❧❡s ❧✐♠✐t❡s ❄ ▲❡ ♠♦❞è❧❡ ❞❡
❜❛ss❡ ❞✐♠❡♥s✐♦♥ ♣r♦♣♦sé ♣❛r Pétré❧✐s ❡t ❋❛✉✈❡✱ ❡sq✉✐ssé ❛✉ ❝❤❛♣✐tr❡ 2 ❡t q✉✐ s❡♠❜❧❡
s✬❛♣♣❧✐q✉❡r ❛✉① s✐♠✉❧❛t✐♦♥s ❞✉ ❝❤❛♣✐tr❡ 3✱ r❡♣♦s❡ ❥✉st❡♠❡♥t s✉r ❧✬❤②♣♦t❤ès❡ q✉❡ ❧❡s
❞ét❛✐❧s ❞❡ ❧✬é❝♦✉❧❡♠❡♥t t✉r❜✉❧❡♥t ❥♦✉❡♥t ♣❡✉ ❞❡ rô❧❡ ❞❛♥s ❧❡s r❡♥✈❡rs❡♠❡♥ts✳ ❈❡❝✐
♣❡r♠❡t ❞✬❡♥✈✐s❛❣❡r ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❝❡tt❡ ❞❡s❝r✐♣t✐♦♥ ♥♦♥ s❡✉❧❡♠❡♥t à ❧✬❡①♣ér✐❡♥❝❡
❱❑❙✱ ♠❛✐s é❣❛❧❡♠❡♥t ❞❛♥s ❧❡ ❝❛s ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❡ ❧❛ ❚❡rr❡✱
♠❛❧❣ré ❧❡s ❣r❛♥❞❡s ❞✐✛ér❡♥❝❡s ❡♥tr❡ ❝❡s ❞❡✉① s②stè♠❡s✳

◆♦✉s ❛✈♦♥s ❞♦♥❝ ❡✛❡❝t✉é ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❡♥ ❝❤❡r❝❤❛♥t à ♦❜t❡♥✐r ❞❡s
r❡♥✈❡rs❡♠❡♥ts ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❊①♣ér✐♠❡♥t❛❧❡♠❡♥t✱ ❧❡s ré❣✐♠❡s ❞é♣❡♥❞❛♥ts
❞✉ t❡♠♣s s♦♥t ♦❜t❡♥✉s ❧♦rsq✉❡ ❧❛ s②♠étr✐❡ Rπ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ❡st ❜r✐sé❡✱ ❝✬❡st✲à✲❞✐r❡
❧♦rsq✉❡ ✉♥❡ ❞✐✛ér❡♥❝❡ ❞❡ r♦t❛t✐♦♥ ❡st ✐♥tr♦❞✉✐t❡ ❡♥tr❡ ❧❡s ❞❡✉① ❞✐sq✉❡s✳ ◆✉♠ér✐q✉❡✲
♠❡♥t✱ ✐❧ s✉✣t ❞✬❛✉❣♠❡♥t❡r ❧❡ ❢♦rç❛❣❡ ✈♦❧✉♠✐q✉❡ ❛ss♦❝✐é à ✉♥ ❞✐sq✉❡✳ ❊♥ ♣r❛t✐q✉❡✱
♦♥ ✐♥tr♦❞✉✐t ❞♦♥❝ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ F → CF ❞❛♥s ❧✬❡①♣r❡ss✐♦♥ ✹✳✷✽✱ ❛✈❡❝ C > 1
✉♥✐q✉❡♠❡♥t ❞❛♥s ❧❡ ❝❛s z > 0✱ t❛♥❞✐s q✉❡ ❧❡ ❢♦rç❛❣❡ ❡st ♠❛✐♥t❡♥✉ ✐❞❡♥t✐q✉❡ ♣♦✉r
z < 0✳ ❖♥ ❞✐s♣♦s❡ ❛✐♥s✐ ❞✬✉♥ ♣❛r❛♠ètr❡ C ❝♦♥trô❧❛♥t ❧✬é❝❛rt à ❧❛ ❝♦♥tr❛✲r♦t❛t✐♦♥
❡①❛❝t❡✳

❘❡♥✈❡rs❡♠❡♥ts ♣♦✉r P♠❂✶

▲✬✐♥tr♦❞✉❝t✐♦♥ ❞✬✉♥❡ ❞✐ss②♠étr✐❡ ❞❛♥s ❧❡ ❢♦rç❛❣❡ ❡st très ❡✣❝❛❝❡ ♣♦✉r ❝ré❡r ❞❡s
r❡♥✈❡rs❡♠❡♥ts ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❖♥ ♠♦♥tr❡ ❧✬é✈♦❧✉t✐♦♥ t②♣✐q✉❡ ❞✉ ❝❤❛♠♣ ♠❛✲
❣♥ét✐q✉❡ à ❧❛ ✜❣✉r❡ ✹✳✷✼✳ P♦✉r ❝❡tt❡ s✐♠✉❧❛t✐♦♥✱ ♦♥ ❛ ❝❤♦✐s✐t ✉♥ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s
r❡❧❛t✐✈❡♠❡♥t ❢❛✐❜❧❡ Re = 220✱ ♠❛✐s ♣♦✉r ❧❡q✉❡❧ ❧✬é❝♦✉❧❡♠❡♥t ❡st ❞é❥à t✉r❜✉❧❡♥t✳ ▲❡
♥♦♠❜r❡ ❞❡ Pr❛♥❞t❧ ♠❛❣♥ét✐q✉❡ ❡st Pm = 1✱ ❡t ❧❛ ❞✐✛ér❡♥❝❡ ❞❡ r♦t❛t✐♦♥ ❡♥tr❡ ❧❡s
❞❡✉① ❞✐sq✉❡s ❡st C = 1.5✳ ❈❡tt❡ ♠♦❞✐✜❝❛t✐♦♥ ❞❛♥s ❧✬é❝♦✉❧❡♠❡♥t ❞❡ ✈♦♥ ❑❛r♠❛♥
s0
2 + t0

2 ❣é♥èr❡ ✉♥❡ ❢♦rt❡ ❝♦♠♣♦s❛♥t❡ s0
1 + t0

1 ✱ ❜r✐s❛♥t ❧❛ s②♠étr✐❡ Rπ✳

▲✬❛♠♣❧✐t✉❞❡ ❞✉ ❞✐♣♦❧❡ ❛①✐❛❧ ❞❛♥s ❝❡tt❡ s✐♠✉❧❛t✐♦♥ ❡st r❡♣rés❡♥té❡ ❡♥ ♥♦✐r✳ ❖♥
✈♦✐t q✉❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡st ❢♦rt❡♠❡♥t ✢✉❝t✉❛♥t✳ ▲✬✐♥tr♦❞✉❝t✐♦♥ ❞✬✉♥❡ ❞✐✛é✲
r❡♥❝❡ ❞❡ r♦t❛t✐♦♥ ❡♥tr❡ ❧❡s ❞❡✉① ❞✐sq✉❡s ❢❛✐t ❛♣♣❛r❛îtr❡ ✉♥ ré❣✐♠❡ ❞❡ r❡♥✈❡rs❡♠❡♥ts
❞✉ ❞✐♣♦❧❡ ❛①✐❛❧✳ ❙✉r ❧❛ ✜❣✉r❡ ✹✳✷✼✱ ❞❡ t❡❧s r❡♥✈❡rs❡♠❡♥ts s❡ ♣r♦❞✉✐s❡♥t ♣❛r ❡①❡♠♣❧❡
♣♦✉r t = 100.6, t = 107.8 ❡t t = 110.5✳ ❖♥ ♥♦t❡ ❧❡ ❝❛r❛❝tèr❡ ❝❤❛♦t✐q✉❡ ❞❡ ❝❡s r❡♥✈❡r✲
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❋✐❣✳ ✹✳✷✼✿ ➱✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡s ♠♦❞❡s ♠❛❣♥ét✐q✉❡s ♣♦✉r Rm = 220✱ Pm = 1 ❡t
C = 1.5✳ ❊♥ ♥♦✐r ✿ ❝♦♠♣♦s❛♥t❡ ❞✐♣♦❧❛✐r❡ m = 0✳ ❊♥ r♦✉❣❡ ✿ ♣❛rt✐❡ éq✉❛t♦r✐❛❧
❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ✭m = 1✮✳ ❊♥ ❜❧❡✉ ✿ q✉❛❞r✉♣♦❧❡ ❛①✐❛❧ m = 0✳

s❡♠❡♥ts✱ ❡t ❧❛ ❞✉ré❡ ❞✬✉♥ r❡♥✈❡rs❡♠❡♥t ❡st ❛♣♣❛r❡♠♠❡♥t très ❝♦✉rt❡ ❞❡✈❛♥t ❧❡ t❡♠♣s
❞✉r❛♥t ❧❡q✉❡❧ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❣❛r❞❡ ✉♥❡ ♣♦❧❛r✐té ❞♦♥♥é✳ ❚❛♥❞✐s q✉❡ ❧❡ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ s❡♠❜❧❡ ❝❛♣❛❜❧❡ ❞❡ ❣❛r❞❡r ✉♥❡ ♣♦❧❛r✐té ❞♦♥♥é❡ ♣❡♥❞❛♥t ✉♥❡ ❞✐③❛✐♥❡ ❞❡
t❡♠♣s rés✐st✐❢s✱ ❧❡ r❡♥✈❡rs❡♠❡♥t ❞✉ ❞✐♣♦❧❡ ♥❡ ❞✉r❡ ♣❛s ♣❧✉s ❞✬✉♥ t❡♠♣s rés✐st✐❢ ♠❛✲
❣♥ét✐q✉❡✳ ❖♥ ✈♦✐t très ♥❡tt❡♠❡♥t ❧✬❡✛❡t ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❤②❞r♦❞②♥❛♠✐q✉❡ ❞❛♥s ❝❡s
s✐♠✉❧❛t✐♦♥s✱ ♣r♦✈♦q✉❛♥t ✉♥ ❢♦rt t❛✉① ❞❡ ✢✉❝t✉❛t✐♦♥s ❧♦rsq✉❡ ❧❡ ❞✐♣♦❧❡ s❡ tr♦✉✈❡ ❞❛♥s
✉♥❡ ♣♦❧❛r✐té ❞♦♥♥é❡✳ ▲❡ s✐❣♥❛❧ ♠♦♥tr❡ é❣❛❧❡♠❡♥t q✉✬✉♥❡ ♣❛rt✐❡ ♥♦♥✲♥é❣❧✐❣❡❛❜❧❡ ❞❡
❧✬é♥❡r❣✐❡ ♠❛❣♥ét✐q✉❡ ❡st ♣♦rté❡ ♣❛r ❧❛ ❝♦♠♣♦s❛♥t❡ éq✉❛t♦r✐❛❧❡ m = 1✳ ❚♦✉t❡❢♦✐s✱
❛✉❝✉♥❡ str✉❝t✉r❡ ❝♦❤ér❡♥t❡ ♥❡ ♣❡✉t êtr❡ ❞✐st✐♥❣✉é❡✱ ❡t ❧✬❛♠♣❧✐t✉❞❡ ❞✉ ❞✐♣♦❧❡ éq✉❛✲
t♦r✐❛❧ s❡ ❝♦♥t❡♥t❡ ❞❡ ✢✉❝t✉❡r ❛✉t♦✉r ❞❡ ③ér♦✳ ▲❛ ♣❤❛s❡ ❞❡ ❝❡ ♠♦❞❡ ♥✬❡st ❞✬❛✐❧❧❡✉rs
❥❛♠❛✐s ✜①❡✱ ❡t ✢✉❝t✉❡ ❛❧é❛t♦✐r❡♠❡♥t✳ ❊♥✜♥✱ ♦♥ ♦❜s❡r✈❡ ❞✬✐♥tér❡ss❛♥ts r❡♥✈❡rs❡♠❡♥ts
❛✈♦rtés ❞✉ ❞✐♣♦❧❡ ❛①✐❛❧✱ ♣❛r ❡①❡♠♣❧❡ ♣♦✉r t = 102.5 ❡t t = 126✳ ❉✉r❛♥t ❝❡s é✈è✲
♥❡♠❡♥ts✱ ♣❛r❢♦✐s ❛♣♣❡❧és ❡①❝✉rs✐♦♥s✱ ❧✬✐♥t❡♥s✐té ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❝♦♠♠❡♥❝❡ à
❞é❝r♦îtr❡ très ♥❡tt❡♠❡♥t ❡t ❝❡❧✉✐✲❝✐ s❡♠❜❧❡ ✈♦✉❧♦✐r s❡ r❡♥✈❡rs❡r✱ ♠❛✐s ✜♥❛❧❡♠❡♥t ❝r♦✐t
à ♥♦✉✈❡❛✉ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ✐♥✐t✐❛❧❡ ❡t ❣❛r❞❡ ❧❛ ♠ê♠❡ ♣♦❧❛r✐té ✭✈♦✐r ❧❛ ✜❣✉r❡ ✹✳✷✽ ❡♥
t = 102.5✮✳

❖♥ r❡tr♦✉✈❡ ❞❛♥s ❝❡tt❡ s✐♠✉❧❛t✐♦♥ ❝❡rt❛✐♥❡s ❝❛r❛❝tér✐st✐q✉❡s é❣❛❧❡♠❡♥t ♦❜s❡r✲
✈é❡s ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ❡t ♣♦✉r ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ t❡rr❡str❡ ✿ ❞✐♣♦❧❡ ❛①✐❛❧✱
r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s✱ ❡①❝✉rs✐♦♥s✱ ❝❤❛♠♣ ❢♦rt❡♠❡♥t ✢✉❝t✉❛♥t s♦♥t ❛✉t❛♥t ❞✬❛❝✲
❝♦r❞s ❡♥tr❡ ❝❡tt❡ ♠♦❞é❧✐s❛t✐♦♥ ❡t ❧❡s ❞♦♥♥é❡s ♦❜s❡r✈❛t✐♦♥❡❧❧❡s ❡t ❡①♣ér✐♠❡♥t❛❧❡s✳



✹✳✹ ❉②♥❛♠♦s t✉r❜✉❧❡♥t❡s ✶✸✾

▲✬❡①♣ér✐❡♥❝❡ ❱❑❙✱ ♣♦✉r ❧❛q✉❡❧❧❡ ❞❡ ♥♦♠❜r❡✉s❡s ❞♦♥♥é❡s s♦♥t ❞✐s♣♦♥✐❜❧❡s✱ ♣❡r♠❡t
❞❡ ❝♦♥tr❛✐♥❞r❡ ❧❡s ❞✐✛ér❡♥ts ♠♦❞è❧❡s ♣♦ss✐❜❧❡s ❝♦♥❝❡r♥❛♥t ❧❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦✲
t✐q✉❡s ❞✉ ❝❤❛♠♣ ❡t ❞❡ ❞é❝✐❞❡r ❞❡ ❧❛ ♣❡rt✐♥❡♥❝❡ ❞❡s ♠é❝❛♥✐s♠❡s ❞❡ r❡♥✈❡rs❡♠❡♥t s❡
♣r♦❞✉✐s❛♥t ✐❝✐✳ ■❧ s✬❛❣✐t ❞✬✉♥❡ ✐♥t❡r❛❝t✐♦♥ très ✐♥tér❡ss❛♥t❡✱ ❜❡❛✉❝♦✉♣ ♠♦✐♥s é✈✐❞❡♥t❡
❧♦rsq✉✬✐❧ s✬❛❣✐t ❞❡ ❝♦♠♣❛r❡r ❞❡s s✐♠✉❧❛t✐♦♥s ❞❡ ❣é♦❞②♥❛♠♦ ❡t ❧❡s ❞♦♥♥é❡s ❞✬♦❜s❡r✈❛✲
t✐♦♥s ❣é♦♠❛❣♥ét✐q✉❡s✳ ❯♥❡ ❝♦♠♣❛r❛✐s♦♥ ❞✐r❡❝t❡ ❞❡ ♥♦s s✐♠✉❧❛t✐♦♥s ❛✈❡❝ ❧✬❡①♣ér✐❡♥❝❡
❢❛✐t ❛✐♥s✐ ❛♣♣❛r❛îtr❡ ❞❡s ❞✐✛ér❡♥❝❡s ♥❡tt❡s ❛✈❡❝ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♦❜s❡r✈é ❡①♣é✲
r✐♠❡♥t❛❧❡♠❡♥t✳
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❋✐❣✳ ✹✳✷✽✿ ❆❣r❛♥❞✐ss❡♠❡♥t ❞❡ ❧❛ ✜❣✉r❡ ✹✳✷✼ ❛✉t♦✉r ❞✬✉♥ r❡♥✈❡rs❡♠❡♥t ❞♦♥♥é✳ ❖♥ ♥♦t❡r❛
❧❡ ❝❛r❛❝tèr❡ très ✢✉❝t✉❛♥t ❞❡s ♠♦❞❡s ♠❛❣♥ét✐q✉❡s✳

▲❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ♣♦ssè❞❡ ✉♥❡ ❢♦rt❡ ❝♦♠♣♦s❛♥t❡ q✉❛✲
❞r✉♣♦❧❛✐r❡ ❧♦rsq✉❡ ❧❡s ❞✐sq✉❡s t♦✉r♥❡♥t à ❞❡s ✈✐t❡ss❡s ❞✐✛ér❡♥t❡s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱
♣❡♥❞❛♥t ✉♥ r❡♥✈❡rs❡♠❡♥t✱ ♦♥ ♦❜s❡r✈❡ ✉♥ tr❛♥s❢❡rt ✈❡rs ✉♥ q✉❛❞r✉♣♦❧❡ ❛①✐❛❧ ❧♦rsq✉❡
❧❡ ❞✐♣♦❧❡ s✬❛♥♥✉❧❡✳ ▲❛ ✜❣✉r❡ ✹✳✷✽ ♣❡r♠❡t ❞✬❛♣♣ré❝✐❡r ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ❧✬❡①♣ér✐❡♥❝❡
❡t ♥♦s s✐♠✉❧❛t✐♦♥s✳ ❆✉ ❝♦♥tr❛✐r❡ ❞❡ ❱❑❙✱ ❧❛ s✐♠✉❧❛t✐♦♥ ♣rés❡♥t❡ ❞✬✐♠♣♦rt❛♥t❡s ✢✉❝✲
t✉❛t✐♦♥s ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧✳ ❉❡ ♣❧✉s✱ ❞✉r❛♥t ✉♥ r❡♥✈❡rs❡♠❡♥t✱ ✐❧ ♥✬② ❛ ❛✉❝✉♥
tr❛♥s❢❡rt ❝❧❛✐r ✈❡rs ❧❛ ♣❛rt✐❡ q✉❛❞r✉♣♦❧❛✐r❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❖♥ s❡♠❜❧❡ ❛ss❡③
❧♦✐♥ ❞✉ ♠é❝❛♥✐s♠❡ ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥❛❧✐té ✐♠♣❧✐q✉❛♥t ✉♥❡ ❜✐❢✉r❝❛t✐♦♥ ♥♦❡✉❞✲❝♦❧
❡♥tr❡ ❞✐♣♦❧❡ ❡t q✉❛❞r✉♣♦❧❡✳



✶✹✵ ▼♦❞é❧✐s❛t✐♦♥ ❞②♥❛♠✐q✉❡

❘❡♥✈❡rs❡♠❡♥ts ♣♦✉r P♠ ❞✐✛ér❡♥t ❞❡ ✶

❉❛♥s ❝❡tt❡ ❛♣♣r♦❝❤❡✱ ♦♥ r❡♠❛rq✉❡ q✉❡ ❞❡ ♥♦♠❜r❡✉① ♣❛r❛♠ètr❡s s♦♥t ❧♦✐♥ ❞❡ ❧❛
ré❛❧✐té✳ ❙✐ ❧❡ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s ♠❛❣♥ét✐q✉❡ ✉t✐❧✐sé ✐❝✐ ❛ ✉♥❡ ✈❛❧❡✉r ❞✉ ♠ê♠❡ ♦r❞r❡
❞❡ ❣r❛♥❞❡✉r q✉❡ ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡✱ ❝❡ ♥✬❡st ♣❛s ❧❡ ❝❛s ❞✉ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s Re ♦✉
❞✉ ♥♦♠❜r❡ ❞✉ Pr❛♥t❧ ♠❛❣♥ét✐q✉❡ Pm✳ ❉❛♥s ❝❡s s✐♠✉❧❛t✐♦♥s✱ ♦♥ ✉t✐❧✐s❡ ❞❡s ♥♦♠❜r❡
❞❡ ❘❡②♥♦❧❞s t❡❧s q✉❡ ❧❡ s②stè♠❡ s❡ tr♦✉✈❡ ❛✉✲❞❡ss✉s ❞✉ s❡✉✐❧ ❤②❞r♦❞②♥❛♠✐q✉❡ ❞❡
t✉r❜✉❧❡♥❝❡✳ ▲❡s ✈❛❧❡✉rs s♦♥t ❡♥❝♦r❡ ♣❧✉s✐❡✉rs ♦r❞r❡s ❞❡ ❣r❛♥❞❡✉r ❛✉✲❞❡ss♦✉s ❞❡ ❧❛
ré❛❧✐té✱ ♠❛✐s ✐❧ ❡st ❛✉ ♠♦✐♥s ♣♦ss✐❜❧❡ ❞✬♦❜t❡♥✐r ✉♥ é❝♦✉❧❡♠❡♥t ✢✉❝t✉❛♥t ❡t ❝❤❛♦t✐q✉❡✱
à ❧✬✐♠❛❣❡ ❞❡ ❧❛ ✈✐t❡ss❡ ré❡❧❧❡✳ ❉❛♥s ❧❡ ❝❛s ❞✉ ♥♦♠❜r❡ ❞❡ Pr❛♥❞t❧ ♠❛❣♥ét✐q✉❡✱ ❧❛ s✐✲
t✉❛t✐♦♥ ❡st ✐❞❡♥t✐q✉❡✳ ❊✛❡❝t✐✈❡♠❡♥t✱ ❞❛♥s ❧❡s ♠ét❛✉① ❧✐q✉✐❞❡✱ ❧❡ ♥♦♠❜r❡ ❞❡ Pr❛♥❞t❧
♠❛❣♥ét✐q✉❡ ❡st très ♣❡t✐t✱ ❞❡ ❧✬♦r❞r❡ ❞❡ 10−6✳ ■❧ ❡①✐st❡ ❛✉ s❡✐♥ ❞✉ s②stè♠❡ ✉♥❡ ❢♦rt❡
sé♣❛r❛t✐♦♥ ❞❛♥s ❧❡s é❝❤❡❧❧❡s ❞❡ t❡♠♣s r❡❧❛t✐✈❡s ❛✉① ❝❤❛♠♣s ♠❛❣♥ét✐q✉❡s ❡t ❝✐♥é✲
t✐q✉❡s✳ P♦✉r Pm = 1✱ ❛✉❝✉♥ ❞é❝♦✉♣❧❛❣❡ ♥✬❡st ✐♥tr♦❞✉✐t✱ ❡t ✐❧ ❡st ❞♦♥❝ ♥é❝❡ss❛✐r❡
❞✬❛✈♦✐r ❞❡s s✐♠✉❧❛t✐♦♥s ❛✈❡❝ ❞❡s ✈❛❧❡✉rs ♣❧✉s ♣❡t✐t❡s✳ ■❧ ❡st ❡♥ ❣é♥ér❛❧ très ❞✐✣❝✐❧❡
♥✉♠ér✐q✉❡♠❡♥t ❞✬♦❜t❡♥✐r ❞❡s ✈❛❧❡✉rs ❞❡ Pm s✐❣♥✐✜❝❛t✐✈❡♠❡♥t ❞✐✛ér❡♥t❡s ❞❡ ❧✬✉♥✐té✱
✐♥tr♦❞✉✐s❛♥t ❞✐✛ér❡♥t❡s é❝❤❡❧❧❡s ❞❡ t❡♠♣s ❞❛♥s ❧❡ ♣r♦❜❧è♠❡✳ ❊✛❡❝t✐✈❡♠❡♥t✱ ❝❡❧❛ r❡✲
q✉✐❡rt ❞✬❛✈♦✐r ✉♥ dt s✉✣s❛♠♠❡♥t ♣❡t✐t ♣♦✉r ❞é❝r✐r❡ ❝♦♥✈❡♥❛❜❧❡♠❡♥t ❧❡s é❝❤❡❧❧❡s ❞❡
t❡♠♣s r❛♣✐❞❡s ❞✉ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡✱ ♠❛✐s ✐❧ ❢❛✉t ❛❧♦rs ❡✛❡❝t✉❡r ❧✬✐♥té❣r❛t✐♦♥ ♥✉♠é✲
r✐q✉❡ s✉r ❞❡ ❧♦♥❣✉❡s ♣ér✐♦❞❡s✱ ❛✜♥ ❞❡ s✉✐✈r❡ ❧❡s é❝❤❡❧❧❡s ❞❡ t❡♠♣s ❧❡♥t❡s ❞✉ ♣r♦❜❧è♠❡
♠❛❣♥ét✐q✉❡✳ ❉❡ ♣❧✉s✱ ♥♦✉s ❛✈♦♥s ♠✐s ❡♥ é✈✐❞❡♥❝❡ ✉♥❡ ❛✉❣♠❡♥t❛t✐♦♥ sé✈èr❡ ❞✉ s❡✉✐❧
❧♦rsq✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s ❡st ❛✉❣♠❡♥té✱ r❡♥❞❛♥t ✐♠♣♦ss✐❜❧❡ ❧✬♦❜s❡r✈❛t✐♦♥ ❞❡
❧❛ ❞②♥❛♠♦ à ❢❛✐❜❧❡ Pm ✭✈♦✐r ✜❣✉r❡ ✹✳✺✮✳ ▼❛❧❣ré ❝❡❧❛✱ ♥♦✉s ❛❧❧♦♥s ✈♦✐r q✉✬✉♥ é❝❛rt à
Pm = 1✱ ♠ê♠❡ ❢❛✐❜❧❡✱ s✉✣t à ❝❤❛♥❣❡r ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞✉ ❝❤❛♠♣ ❞✉r❛♥t ❧❡s ✐♥✈❡r✲
s✐♦♥s✳

❖♥ ❛ ré❛❧✐sé ❞❡s s✐♠✉❧❛t✐♦♥s ✐❞❡♥t✐q✉❡s à ❧❛ ♣ré❝é❞❡♥t❡✱ ♠❛✐s ♣♦✉r Pm = 0.5✱
✐♥tr♦❞✉✐s❛♥t ✉♥❡ ❢❛✐❜❧❡ ❞✐st✐♥❝t✐♦♥ ❡♥tr❡ ❧❡s é❝❤❡❧❧❡s ❞❡ t❡♠♣s ✈✐sq✉❡✉s❡s ❡t ♦❤♠✐q✉❡s✳
▲✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡s ♠♦❞❡s ♠❛❣♥ét✐q✉❡s ♣♦✉r Pm = 0.5✱ C = 1.5 ❡t Re = 330
❡st r❡♣rés❡♥té❡ s✉r ❧❛ ✜❣✉r❡ ✹✳✷✾✳

▲❡ s✐❣♥❛❧ t❡♠♣♦r❡❧ s❡♠❜❧❡ êtr❡ ❞✐✛ér❡♥t ❞❡ ❝❡❧✉✐ ♦❜s❡r✈é ♣ré❝é❞❡♠♠❡♥t✳ ❖♥ ♣❡✉t
♥♦t❡r t♦✉t ❞✬❛❜♦r❞ q✉❡ ❧❡ q✉❛❞r✉♣♦❧❡ ♣rés❡♥t❡ ✉♥ r❛♣♣♦rt ✢✉❝t✉❛t✐♦♥s s✉r ✈❛❧❡✉r
♠♦②❡♥♥❡ ♣❧✉s ♣❡t✐t ❞✉r❛♥t ❧❛ s✐♠✉❧❛t✐♦♥✱ ❡t s❡ r❡♥✈❡rs❡ ♥❡tt❡♠❡♥t ❛✈❡❝ ❧❡ ❞✐♣♦❧❡
❛①✐❛❧✳ ▲❡ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ s❡♠❜❧❡ t♦✉❥♦✉rs ✢✉❝t✉❡r ❛✉t♦✉r ❞❡ ③ér♦✱ ♠❛✐s ❛✈❡❝ ✉♥
♥✐✈❡❛✉ ❞❡ ✢✉❝t✉❛t✐♦♥s ♣❧✉s ❢❛✐❜❧❡✳ ▲❛ tr❛♥s✐t✐♦♥ ❡♥tr❡ ❧❡s ❞❡✉① ♣♦❧❛r✐tés ❞✉ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ ❡st é❣❛❧❡♠❡♥t ♣❧✉s ❜r✉t❛❧❡✱ ❡t ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡
❞❛♥s ✉♥❡ ♣♦❧❛r✐té ❞♦♥♥é❡ ❡st ❜✐❡♥ ❞é✜♥✐❡✱ ♠❛❧❣ré ❧❡ ❤❛✉t ♥✐✈❡❛✉ ❞❡ ✢✉❝t✉❛t✐♦♥s✳ ❖♥
♦❜s❡r✈❡ é❣❛❧❡♠❡♥t q✉❡❧q✉❡s ❡①❝✉rs✐♦♥s ❛ss❡③ ♥❡tt❡s✳

❈❡s s✐♠✉❧❛t✐♦♥s ♠❡tt❡♥t ✉♥❡ ❢♦✐s ❞❡ ♣❧✉s ❡♥ ❛✈❛♥t ❧✬❡✛❡t ❞❡s ✢✉❝t✉❛t✐♦♥s ❤②❞r♦✲
❞②♥❛♠✐q✉❡s ❞✉❡ à ❧❛ t✉r❜✉❧❡♥❝❡ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t✳ ■❧ ❡①✐st❡ ✉♥❡ ♠❛♥✐èr❡ s✐♠♣❧❡ ❞❡
r❡❧✐❡r ❧✬❛♣♣❛r✐t✐♦♥ ❞❡ r❡♥✈❡rs❡♠❡♥ts ❛✉① ✢✉❝t✉❛t✐♦♥s t✉r❜✉❧❡♥t❡s✳ ■❧ ❡st ♣❛r ❡①❡♠♣❧❡
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❋✐❣✳ ✹✳✷✾✿ ➱✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞✉ ❞✐♣♦❧❡ ❛①✐❛❧ ♠❛❣♥ét✐q✉❡ ✭♥♦✐r✮✱ ❞✉ q✉❛❞r✉♣♦❧❡ ❛①✐❛❧
✭❜❧❡✉✮ ❡t ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ✭r♦✉❣❡✮✳ ❙✐♠✉❧❛t✐♦♥ ❡✛❡❝t✉é❡s ♣♦✉r Re =
330✱Pm = 0.5 ❡t C = 1.5✳

t❡♥t❛♥t ❞✬✐♠❛❣✐♥❡r q✉❡ ❧♦rsq✉❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡st s♦✉♠✐s à ❞✬✐♠♣♦rt❛♥t❡s
✢✉❝t✉❛t✐♦♥s✱ ❝❡❧✉✐ ❝✐ ❡①♣❧♦r❡ s♣♦♥t❛♥é♠❡♥t ❧✬ét❛t ♦♣♣♦sé ✿ ✉♥ s②stè♠❡ s♦✉♠✐s à
✉♥ t❛✉① ❞❡ ✢✉❝t✉❛t✐♦♥s ❤②❞r♦❞②♥❛♠✐q✉❡s ♣❧✉s ✐♠♣♦rt❛♥t ♣r♦✈♦q✉❛♥t ❞❡s r❡♥✈❡r✲
s❡♠❡♥ts s♣♦♥t❛♥és ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣❧✉s ❢réq✉❡♥ts✳ ❊♥ ❢❛✐t✱ ✐❧ s❡♠❜❧❡ q✉❡ ❝❡
♥❡ s♦✐t ♣❛s ❧❡ ❝❛s ❞❛♥s ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ♥✉♠ér✐q✉❡ ♣rés❡♥té❡ ✐❝✐✳ ❖♥ ❛❝❝r♦ît ♣❛r
❡①❡♠♣❧❡ ❧❡ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s ❞❡ ❧❛ s✐♠✉❧❛t✐♦♥ ♣rés❡♥té❡ à ❧❛ ✜❣✉r❡ ✹✳✷✾✱ ♣❛ss❛♥t
❞❡ Re = 330 à Re = 360✳ ❉❛♥s ❧❡ ♠ê♠❡ t❡♠♣s✱ ♦♥ ❝❤♦✐s✐t é❣❛❧❡♠❡♥t ❞✬❛✉❣♠❡♥t❡r
❧❡ ♣❛r❛♠ètr❡ C ❞❡ C = 1.5 ✈❡rs C = 2✳ ▲❡ rés✉❧t❛t ❡st ♠♦♥tré à ❧❛ ✜❣✉r❡ ✹✳✸✵✳
❖♥ ✈♦✐t s✉r ❝❡tt❡ ✜❣✉r❡ q✉❡ ❧✬❛✉❣♠❡♥t❛t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s ♣r♦✈♦q✉❡ ✉♥
t❛✉① ❞❡ ✢✉❝t✉❛t✐♦♥s ♣❧✉s ✐♠♣♦rt❛♥t✱ ❞✉❡ à ❧✬❛❝❝r♦✐ss❡♠❡♥t ❞✉ ♥✐✈❡❛✉ ❞❡ t✉r❜✉❧❡♥❝❡
❤②❞r♦❞②♥❛♠✐q✉❡✳ P♦✉r ❛✉t❛♥t✱ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ s❡♠❜❧❡ très st❛❜❧❡ ❞❛♥s ✉♥❡
♣♦❧❛r✐té ❞♦♥♥é❡✱ ❡t ❧❡ t❛✉① ❞❡ r❡♥✈❡rs❡♠❡♥t ❞❛♥s ❝❡tt❡ s✐♠✉❧❛t✐♦♥ ❡st ♣❧✉s ❢❛✐❜❧❡✳ ❖♥
❛ ✐❝✐ ✉♥ ❡①❡♠♣❧❡ t②♣✐q✉❡ q✉✐ ♠♦♥tr❡ q✉❡ ❧❡ ♣❛r❛♠ètr❡ C ❝♦♥trô❧❛♥t ❧❛ ❜r✐s✉r❡ ❞❡ ❧❛
s②♠étr✐❡ éq✉❛t♦r✐❛❧❡ Rπ ❞✉ ♣r♦❜❧è♠❡ ❥♦✉❡ ✉♥ rô❧❡ ♣❧✉s ✐♠♣♦rt❛♥t q✉❡ ❧✬❛♠♣❧✐t✉❞❡
❞❡s ✢✉❝t✉❛t✐♦♥s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳

P♦✉r ❝❡tt❡ ✈❛❧❡✉r ❞❡ Pm = 0.5✱ ✐❧ ❡st ✐♥tér❡ss❛♥t ❞❡ ❝♦♠♣r❡♥❞r❡ ❞❛♥s q✉❡❧❧❡
ré❣✐♦♥ ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s ❧❡s r❡♥✈❡rs❡♠❡♥ts s❡ ♣r♦❞✉✐s❡♥t✳ ◆♦✉s ❛✈♦♥s ✈✉
q✉✬✉♥❡ ét♦♥♥❛♥t❡ ♣❛rt✐❝✉❧❛r✐té ❞❡s r❡♥✈❡rs❡♠❡♥ts ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ❡st q✉✬✐❧s
❛♣♣❛r❛✐ss❡♥t ❞❛♥s ❞❡ ♣❡t✐t❡s ♣♦❝❤❡s ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s✳ ❉❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s
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❋✐❣✳ ✹✳✸✵✿ ➱✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞✉ ❞✐♣♦❧❡ ❛①✐❛❧ ♠❛❣♥ét✐q✉❡ ✭♥♦✐r✮✱ ❞✉ q✉❛❞r✉♣♦❧❡ ❛①✐❛❧
✭❜❧❡✉✮ ❡t ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ✭r♦✉❣❡✮✳ ❙✐♠✉❧❛t✐♦♥ ❡✛❡❝t✉é❡s ❛ Re = 360✱Pm =
0.5 ❡t C = 2.

♥✉♠ér✐q✉❡s ré❛❧✐sé❡s ✐❝✐✱ ❧❡s r❡♥✈❡rs❡♠❡♥ts ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♥❡ s❡♠❜❧❡♥t s❡
♣r♦❞✉✐r❡ q✉❡ ♣♦✉r 1.2 < C < 2.5✳

❘ô❧❡ ❞✉ ♥♦♠❜r❡ ❞❡ Pr❛♥❞t❧ ♠❛❣♥ét✐q✉❡

◆♦✉s ✈❡♥♦♥s ❞❡ ✈♦✐r q✉✬✉♥ ❝❤❛♥❣❡♠❡♥t ❞❛♥s ❧❛ ✈❛❧❡✉r ❞✉ ♥♦♠❜r❡ ❞❡ Pr❛♥❞t❧
♠❛❣♥ét✐q✉❡✱ ♠ê♠❡ ❧é❣❡r✱ ✐♥❞✉✐t ✉♥❡ ♠♦❞✐✜❝❛t✐♦♥ ❝❧❛✐r❡ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞✉ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡✳ ❈❡t ❡✛❡t ❞✉ ♥♦♠❜r❡ ❞❡ Pr❛♥❞t❧ ♠❛❣♥ét✐q✉❡ ♣❡✉t s✬❛✈ér❡r ❝r✉❝✐❛❧ ♣♦✉r
❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ t❡rr❡str❡✳ ❊♥ ❡✛❡t✱ ❧❛
♣❧✉♣❛rt ❞❡s s✐♠✉❧❛t✐♦♥s ❡✛❡❝t✉é❡s ❡♥ ❣é♦❞②♥❛♠♦ ✉t✐❧✐s❡♥t ❞❡s ♥♦♠❜r❡s ❞❡ Pr❛♥❞t❧
♠❛❣♥ét✐q✉❡ ❞❡ ❧✬♦r❞r❡ ❞❡ ❧✬✉♥✐té✱ ♦✉ ❧é❣èr❡♠❡♥t ♣❧✉s ♣❡t✐ts✳ P♦✉rt❛♥t✱ ❞❛♥s ❧❛ ré❛✲
❧✐té✱ Pm ∼ 10−6✱ ❝❡ q✉✐ ❛ ❞✬✐♠♣♦rt❛♥t❡s ❝♦♥séq✉❡♥❝❡s ✿ ♦♥ ❡st ❡♥ ♣rés❡♥❝❡ ❞✬✉♥
s②stè♠❡ ♦ù ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡st ✉♥ ♠✐❧❧✐♦♥ ❞❡ ❢♦✐s ♣❧✉s ❞✐✛✉s✐❢ q✉❡ ❧❡ ❝❤❛♠♣ ❞❡
✈✐t❡ss❡✳ ❉✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ ❞②♥❛♠✐q✉❡✱ ♠ê♠❡ s✐ ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❡st à ❧✬♦r✐❣✐♥❡
❞❡ ❧❛ ❣é♥ér❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ✐❧ s❡♠❜❧❡ ❞♦♥❝ ❛ss❡③ ♥❛t✉r❡❧ q✉❡ ❧❡ ❞✐♣♦❧❡
❛①✐❛❧ ✐♥t❡r❛❣✐ss❡ ❛✈❡❝ ❞❡s ♠♦❞❡s ♠❛❣♥ét✐q✉❡s ♣❧✉tôt q✉✬❛✈❡❝ ❞❡s ♠♦❞❡s ❞❡ ✈✐t❡ss❡✱
✐♥✜♥✐♠❡♥t ♣❧✉s ✢✉❝t✉❛♥t ❡t r❛♣✐❞❡♠❡♥t ✈❛r✐❛❜❧❡s✳ ❉❡ ♣❧✉s✱ ❧❡ s②stè♠❡ s❡ tr♦✉✈❡ ❡♥
❣é♥ér❛❧ r❡❧❛t✐✈❡♠❡♥t ♣r♦❝❤❡ ❞✉ s❡✉✐❧ ❞✬✐♥st❛❜✐❧✐té ❞②♥❛♠♦✱ ❝❡ q✉✐ s✐❣♥✐✜❡ q✉✬✐❧ ② ❛
♣❡✉ ❞❡ ♠♦❞❡s ♠❛❣♥ét✐q✉❡s ❡①❝✐tés✳ ❉❛♥s ❝❡s ❝♦♥❞✐t✐♦♥s✱ ♦♥ s✬❛tt❡♥❞ à ❝❡ q✉❡ ❧❛



✹✳✹ ❉②♥❛♠♦s t✉r❜✉❧❡♥t❡s ✶✹✸

❞②♥❛♠✐q✉❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ s♦✐t ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥❛❧✐té✱ ♥✬✐♠♣❧✐q✉❛♥t q✉✬✉♥
♥♦♠❜r❡ ❧✐♠✐té ❞❡ ♠♦❞❡s ♠❛❣♥ét✐q✉❡s✳ ▲❛ ✜❣✉r❡ ✹✳✸✶ t❡♥t❡ ❞✬✐❧❧✉str❡r ❞❡ ♠❛♥✐èr❡ ♣❧✉s
q✉❛♥t✐t❛t✐✈❡ ❝❡ ♣❤é♥♦♠è♥❡✳ ❙✉r ❝❡tt❡ ✜❣✉r❡✱ ♦♥ ✉t✐❧✐s❡ ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s
❞❛♥s ❧❡sq✉❡❧❧❡s ♦♥ ♦❜s❡r✈❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ❞♦✲
♠✐♥é ♣❛r ❧❡ ❞✐♣♦❧❡ ❛①✐❛❧✳ ❖♥ ❝❛❧❝✉❧❡ ❛❧♦rs ❧❛ ❝♦rré❧❛t✐♦♥ t❡♠♣♦r❡❧❧❡ rxy ❞❡ ❝❡ ❞✐♣♦❧❡
❛✈❡❝ ❞✐✛ér❡♥ts ♠♦❞❡s ♠❛❣♥ét✐q✉❡s ❡t ❝✐♥ét✐q✉❡s✳ ❖♥ ✉t✐❧✐s❡ ♣♦✉r ❝❡❧❛ ❧❛ ❢♦r♠✉❧❡ ❞❡
❝♦rré❧❛t✐♦♥ s✉✐✈❛♥t❡ ♣♦✉r ❞❡✉① ♠♦❞❡s x ❡t y

rxy =
1

√
σxxσyy

σxy , ✭✹✳✸✸✮

♦ù σxy ❡st ❧❛ ❝♦✈❛r✐❛♥❝❡ ❞❡s ❞❡✉① ✈❛r✐❛❜❧❡s ❞é✜♥✐❡s ♣❛r

σxy = 〈(x − 〈x〉) (y − 〈y〉)〉 , ✭✹✳✸✹✮

❛✈❡❝ 〈x〉✱〈y〉✱ ❧❡s ✈❛❧❡✉rs ♠♦②❡♥♥❡s ✭♠♦②❡♥♥❡s t❡♠♣♦r❡❧❧❡s✮ ❞❡s ✈❛r✐❛❜❧❡s x ❡t y ✳
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correl. avec le Quadrupole (2°)

correl. avec B(2¹)

correl. avec B(2²)

correl. avec V(1°)

correl. avec V(1¹)

correl. avec V(2¹)

correl. avec V(2²)

❋✐❣✳ ✹✳✸✶✿ ❋❛❝t❡✉r ❞❡ ❝♦rré❧❛t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞✉ ❞✐♣♦❧❡ ❛①✐❛❧ ❛✈❡❝ ❞✐✛ér❡♥ts ♠♦❞❡s ❡♥
❢♦♥❝t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ Pr❛♥❞t❧ ♠❛❣♥ét✐q✉❡✳

▲❛ ✜❣✉r❡ ✹✳✸✶ ♠♦♥tr❡ ❞♦♥❝ ❧✬é✈♦❧✉t✐♦♥ ❞✉ ❢❛❝t❡✉r ❞❡ ❝♦rré❧❛t✐♦♥ ❡♥ ❢♦♥❝t✐♦♥ ❞✉
♥♦♠❜r❡ ❞❡ Pr❛♥❞t❧ ♠❛❣♥ét✐q✉❡✳ ❖♥ ✈♦✐t q✉❡ ♣♦✉r Pm = 1✱ t♦✉t❡s ❧❡s ❝♦rré❧❛t✐♦♥s ♦♥t
♣❧✉s ♦✉ ♠♦✐♥s ❧❛ ♠ê♠❡ ✈❛❧❡✉r ❡t ❧❡ ❞✐♣♦❧❡ ❛①✐❛❧ s❡♠❜❧❡ êtr❡ ❝♦rré❧é ❛✉ss✐ ❜✐❡♥ ❛✈❡❝
❧❡s ♠♦❞❡s ♠❛❣♥ét✐q✉❡s q✉✬❛✈❡❝ ❧❡s ♠♦❞❡s ❝✐♥ét✐q✉❡s✳ ❈❡❝✐ ✐❧❧✉str❡ ♣r♦❜❛❜❧❡♠❡♥t
❧❛ ♥❛t✉r❡ ❝♦♠♣❧❡①❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts ♦❜s❡r✈és ♣♦✉r Pm = 1✳ ❆ ♠❡s✉r❡ q✉❡ ❧✬♦♥
❞✐♠✐♥✉❡ Pm✱ ❧❛ ♣❧✉♣❛rt ❞❡ ❝❡s ❝♦rré❧❛t✐♦♥s ❞✐♠✐♥✉❡♥t ❧é❣èr❡♠❡♥t ♣✉✐s r❡st❡♥t à
♣❡✉ ♣rès ❝♦♥st❛♥t❡s✳ ❆✉ ❝♦♥tr❛✐r❡✱ ♦♥ ♦❜s❡r✈❡ ✉♥❡ ❛✉❣♠❡♥t❛t✐♦♥ ❝♦♥t✐♥✉❡ ❞❡ ❧❛
❝♦rré❧❛t✐♦♥ ❛✈❡❝ ❧❡ q✉❛❞r✉♣♦❧❡ ❛①✐❛❧✳ ❆✐♥s✐✱ ♣♦✉r ❧❡s s✐♠✉❧❛t✐♦♥s à ♣❧✉s ♣❡t✐ts Pm✱ ♦♥



✶✹✹ ▼♦❞é❧✐s❛t✐♦♥ ❞②♥❛♠✐q✉❡

♦❜s❡r✈❡ ✉♥❡ ❞②♥❛♠✐q✉❡ ❞♦♠✐♥é❡ ♣❛r ❧❛ ❝♦rré❧❛t✐♦♥ ❡♥tr❡ ❧❡ ❞✐♣♦❧❡ ❡t ❧❡ q✉❛❞r✉♣♦❧❡✱
❡t ❞❛♥s ❧❛q✉❡❧❧❡ ❧❡s ♠♦❞❡s ❞❡ ✈✐t❡ss❡ ❞❡ ♣❡t✐t❡s é❝❤❡❧❧❡s s❡♠❜❧❡♥t ♠♦✐♥s ✐♠♣❧✐q✉é❡s✳
❊♥ ❞✐♠✐♥✉❛♥t ❧❡ ♥♦♠❜r❡ ❞❡ Pr❛♥❞t❧ ♠❛❣♥ét✐q✉❡✱ ♦♥ ♦❜s❡r✈❡ ✉♥❡ tr❛♥s✐t✐♦♥ ❡♥tr❡
✉♥ ré❣✐♠❡ ❝♦♠♣❧❡①❡ à ❤❛✉t Pm ✈❡rs ✉♥❡ ❞②♥❛♠✐q✉❡ ❞❡ r❡♥✈❡rs❡♠❡♥ts ♥✬✐♠♣❧✐q✉❛♥t
q✉✬✉♥ ♥♦♠❜r❡ ❧✐♠✐té ❞❡ ♠♦❞❡s✳ ❈❡tt❡ ♦❜s❡r✈❛t✐♦♥ ❡st ✐♠♣♦rt❛♥t❡ ❝❛r ❡❧❧❡ s✉❣❣èr❡
✉♥❡ ❛♣♣r♦❝❤❡ s✐♠♣❧✐✜é❡ ❞❛♥s ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡s ❞②♥❛♠♦s t✉r❜✉❧❡♥t❡s ✿ ♠❛❧❣ré
❧❛ ❣r❛♥❞❡ ❝♦♠♣❧❡①✐té ❞❡s é❝♦✉❧❡♠❡♥ts très ❝❤❛♦t✐q✉❡s ❛✉ s❡✐♥ ❞✉ ♥♦②❛✉ t❡rr❡str❡
♦✉ ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✱ ❧❛ ❞②♥❛♠✐q✉❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ q✉✐ ❡♥ rés✉❧t❡ r❡st❡
s✐♠♣❧❡✱ ❝❛r ❧❛ ❢❛✐❜❧❡ ✈❛❧❡✉r ❞❡ Pm sé❧❡❝t✐♦♥♥❡ ✉♥❡ ❞②♥❛♠✐q✉❡ ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥❛❧✐té✳
❉❛♥s ❧❛ ❧✐♠✐t❡ Pm → 0✱ ✐❧ ❡st ❛❧♦rs t♦✉t ❛ ❢❛✐t ❥✉st✐✜é ❞❡ ❝♦♥s✐❞ér❡r ❞❡s ♠♦❞è❧❡s à
❞❡✉① ♠♦❞❡s ♠❛❣♥ét✐q✉❡s ❡♥ ♣rés❡♥❝❡ ❞❡ ❜r✉✐t✱ ❝♦♠♠❡ ❝❡❧✉✐ ♣r♦♣♦sé ♣❛r Pétré❧✐s ❡t
❋❛✉✈❡✳ ◆♦✉s ❛❧❧♦♥s ✈♦✐r q✉✬✐❧ ❡①✐st❡ ✉♥❡ ❛♣♣r♦❝❤❡ ✐♥t❡r♠é❞✐❛✐r❡✱ ♦ù ❧✬♦♥ ♣r❡♥❞ ❡♥
❝♦♠♣t❡ ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❞❛♥s ✉♥❡ ❞❡s❝r✐♣t✐♦♥ ré❞✉✐t❡✱ ❝❡ q✉✐ s❡ ❥✉st✐✜❡ é❣❛❧❡♠❡♥t
♣♦✉r ❞❡s Pm ✐♥❢ér✐❡✉rs à 1✳

▼é❝❛♥✐s♠❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts ♠❛❣♥ét✐q✉❡s

▲❛ ❞✐s❝✉ss✐♦♥ q✉✐ ♣ré❝è❞❡ ♠❡t ❡♥ ❛✈❛♥t ❧✬é♠❡r❣❡♥❝❡ ❞✬✉♥❡ ❞②♥❛♠✐q✉❡ ♣❧✉s s✐♠♣❧❡
♣♦✉r ❧❡s Pm ❧é❣èr❡♠❡♥t ♣❧✉s ♣❡t✐t q✉❡ 1✳ P♦✉r ❧❡s s✐♠✉❧❛t✐♦♥s ré❛❧✐sé❡ à Pm = 0.5✱
❧❛ str✉❝t✉r❡ ❡t ❧❛ ❢♦r♠❡ ❞❡ ❝❡s r❡♥✈❡rs❡♠❡♥ts s♦♥t ♣❛rt✐❝✉❧✐èr❡♠❡♥t r♦❜✉st❡s✳ ❙✉r
❧❛ ✜❣✉r❡ ✹✳✸✷✱ ♦♥ ❛❣r❛♥❞✐t ❧❡ s✐❣♥❛❧ ❛✉t♦✉r ❞✬✉♥ r❡♥✈❡rs❡♠❡♥t t②♣✐q✉❡✳ ▲♦rsq✉❡ ❧❡
❞✐♣♦❧❡ ❛①✐❛❧ s✬❛♥♥✉❧❡ ❧♦rs ❞✬✉♥ r❡♥✈❡rs❡♠❡♥t✱ ♦♥ ✈♦✐t q✉❡ ❝❡❧❛ ❝♦rr❡s♣♦♥❞ ♣r❡sq✉❡
t♦✉❥♦✉rs à ✉♥ tr❛♥s❢❡rt ✈❡rs ❧❡ q✉❛❞r✉♣♦❧❡✱ q✉✐ ♠♦♥tr❡ ✉♥ ♣✐❝ ❞✬❛❝t✐✈✐té✳ ▲❡s ❞❡✉①
♠♦❞❡s s❡ r❡♥✈❡rs❡♥t ❛❧♦rs✳ ❏✉st❡ ❛♣rès ❝❡ r❡♥✈❡rs❡♠❡♥t✱ ❧❡ ❞✐♣♦❧❡ ❛tt❡✐♥t ❡♥ ❣é♥ér❛❧
✉♥❡ ✈❛❧❡✉r ♣❧✉s ❤❛✉t❡ q✉❡ ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ s✉r ❧❛q✉❡❧❧❡ ✐❧ s❡ st❛❜✐❧✐s❡ ❧♦rs ❞✬✉♥❡
♣♦❧❛r✐té ❞♦♥♥é❡✱ ❡✛❡❝t✉❛♥t ✉♥ ❧é❣❡r r❡❜♦♥❞✳

❉❛♥s ❝❡ ré❣✐♠❡ ❞❡ ♣❛r❛♠ètr❡✱ ♦♥ ♥♦t❡ q✉❡ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞②♥❛♠✐q✉❡ ❞✉ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ ♣rés❡♥t❡ ❞✬✐♥tér❡ss❛♥t❡s s✐♠✐❧✐t✉❞❡s ❛✈❡❝ ❧❡s ❞♦♥♥é❡s ❡①♣ér✐♠❡♥t❛❧❡s✳ P❛r
❡①❡♠♣❧❡✱ ❧❡s r❡♥✈❡rs❡♠❡♥ts ❞❡ ❱❑❙ s♦♥t s②sté♠❛t✐q✉❡♠❡♥t s✉✐✈✐ ❞✬✉♥ ♣✐❝ ❞❡ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ ♣❧✉s ❢♦rt q✉❡ ❧❛ ♣♦s✐t✐♦♥ ♠♦②❡♥♥❡ q✉✐ s✉✐t✳ ❉❡ ♣❧✉s✱ ✐❧ ❛ été ♠✐s ❡♥
é✈✐❞❡♥❝❡ ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t ✉♥❡ ❝♦♠♣ét✐t✐♦♥ ❛✈❡❝ ❧❡ q✉❛❞r✉♣♦❧❡ ❧♦rs ❞✬✉♥ r❡♥✈❡rs❡✲
♠❡♥t ❞✉ ❝❤❛♠♣✳ ❈❡s rés✉❧t❛ts s♦♥t ❡①♣❧✐q✉és ♣❛r ❧❡ ♠♦❞è❧❡ ❞✬❡①✐❝✐t❛❜✐❧✐té ❛✉ ✈♦✐s✐✲
♥❛❣❡ ❞✬✉♥❡ ❜✐❢✉r❝❛t✐♦♥ ♥♦❡✉❞✲❝♦❧ ♣rés❡♥té ❛✉① ❝❤❛♣✐tr❡s 2 ❡t 3✳ ■❧ s✬❛❣✐t ❡♥ q✉❡❧q✉❡
s♦rt❡ ❞❡ ❧❛ ✈❡rs✐♦♥ ❞②♥❛♠✐q✉❡ ❞✉ ❝♦♠♣♦rt❡♠❡♥t q✉❡ ♥♦✉s ❛✈♦♥s ♣✉ ♦❜s❡r✈❡r ❞❛♥s
❧❡s s✐♠✉❧❛t✐♦♥s ❝✐♥é♠❛t✐q✉❡s ❞✉ ❝❤❛♣✐tr❡ 2 ✿ ❞❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ✉♥ tr❛♥s❢❡rt ♣ér✐♦✲
❞✐q✉❡ ❡♥tr❡ ❞✐♣♦❧❡ ❡t q✉❛❞r✉♣♦❧❡ ❡st ♦❜s❡r✈é ❧♦rsq✉❡ ❧❛ ❜r✐s✉r❡ ❞❡ ❧❛ s②♠étr✐❡ Rπ ❡st
t❡❧❧❡ q✉❡ ❧❡ s②stè♠❡ s❡ tr♦✉✈❡ ❛✉✲❞❡❧à ❞❡ ❧❛ ❜✐❢✉r❝❛t✐♦♥ ♥♦❡✉❞✲❝♦❧✳ ▲❡s s✐♠✉❧❛t✐♦♥s
♣rés❡♥té❡s ✐❝✐ ✐❧❧✉str❡♥t ❝♦♠♠❡♥t ❞❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s ♣❡✉✈❡♥t r❡♠♣❧❛❝❡r
❝❡tt❡ ♦s❝✐❧❧❛t✐♦♥ ♣ér✐♦❞✐q✉❡ ❞❛♥s ✉♥❡ s✐t✉❛t✐♦♥ ♣❧✉s ré❛❧✐st❡✳

▲♦rsq✉✬✉♥ ❞✐sq✉❡ t♦✉r♥❡ ♣❧✉s ✈✐t❡ q✉❡ ❧✬❛✉tr❡✱ ❧❡ ♠♦❞❡ ❞❡ ✈✐t❡ss❡ ❝❛r❛❝tér✐sé❡
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❋✐❣✳ ✹✳✸✷✿ ➱✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞✉ ♠♦❞❡ ❞✐♣♦❧❛✐r❡ ♠❛❣♥ét✐q✉❡✭❡♥ ♥♦✐r✮✱ ❞✉ ♠♦❞❡ q✉❛✲
❞r✉♣♦❧❛✐r❡ ✭❜❧❡✉✮ ❡t ❞✉ ♠♦❞❡ ❞❡ ✈✐t❡ss❡ ❜r✐s❛♥t ❧❛ s②♠étr✐❡ Rπ✳ ❙✐♠✉❧❛t✐♦♥
♣♦✉r Re = 330✱ Pm = 0.5 ❡t C = 1.5✳ ❖♥ ✈♦✐t ❝❧❛✐r❡♠❡♥t ❧❡ tr❛♥s❢❡rt ✈❡rs ❧❡
q✉❛❞r✉♣♦❧❡ ❞✉r❛♥t ❧❡ r❡♥✈❡rs❡♠❡♥t✳

♣❛r ❧❡s ❝♦❡✣❝❡♥ts ❞✬❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s l = 1, m = 0 ❡st ❢♦rt❡♠❡♥t ❡①❝✐té ❞❛♥s
❧❛ s✐♠✉❧❛t✐♦♥✱ ❜r✐s❛♥t ❧❛ s②♠étr✐❡ Rπ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t s0

2 + t0
2 ❞✉ ❛✉ ❢♦rç❛❣❡ ✹✳✷✽✳

❆✉ ❝❤❛♣✐tr❡ 2✱ ❧❡ ❝♦✉♣❧❛❣❡ ❡♥tr❡ ❞✐♣♦❧❡ ❡t q✉❛❞r✉♣♦❧❡ q✉✐ ❡♥ rés✉❧t❡ ♣❡✉t✱ s♦✉s
❝❡rt❛✐♥❡s ❝♦♥❞✐t✐♦♥s✱ ❡♥tr❛î♥❡r ✉♥❡ ❜✐❢✉r❝❛t✐♦♥ ✈❡rs ✉♥ ré❣✐♠❡ ♦s❝✐❧❧❛♥t✳ ❈❡❧❛ ♣❡✉t
♥♦✉s ♣❡r♠❡ttr❡ ❞❡ ♣r♦♣♦s❡r ✉♥❡ ❡①♣❧✐❝❛t✐♦♥ ♣♦✉r ❧❡ ❝♦♠♣♦rt❡♠❡♥t ♦❜s❡r✈é ❞❛♥s ❧❡s
s✐♠✉❧❛t✐♦♥s ♥♦♥✲❧✐♥é❛✐r❡s ✿ ✐❧ ❡st r❛✐s♦♥❛❜❧❡ ❞✬✐♠❛❣✐♥❡r q✉❡ ❧❡ s②stè♠❡ s❛t✉r❡ ♣r♦❜❛✲
❜❧❡♠❡♥t ❛✉ ✈♦✐s✐♥❛❣❡ ❞✉ ♣♦✐♥t ❝r✐t✐q✉❡ ❞❡ ❜✐❢✉r❝❛t✐♦♥✱ ♠❛✐s ❧é❣èr❡♠❡♥t ❛✉✲❞❡ss♦✉s✳
❆ ❝❛✉s❡ ❞✉ ❝❛r❛❝tèr❡ t✉r❜✉❧❡♥t ❞❡ ❧✬é❝♦✉❧❡♠❡♥t✱ ❧❡ s②stè♠❡ ✢✉❝t✉❡ ❛✉t♦✉r ❞❡ ❧❛ s♦✲
❧✉t✐♦♥ st❛❜❧❡✳ ❉❡ t❡♠♣s ❡♥ t❡♠♣s✱ ✉♥❡ ✢✉❝t✉❛t✐♦♥ ❛♠è♥❡ ❧❡ s②stè♠❡ ♣❧✉s ❧♦✐♥ ❞❡ ❧❛
s♦❧✉t✐♦♥ st❛❜❧❡ ❡t s❡ r❡tr♦✉✈❡ ❛❧♦rs ❞❛♥s ❧❡ ✈♦✐s✐♥❛❣❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ✐♥st❛❜❧❡✱ ❝❡ q✉✐
♣r♦✈♦q✉❡ ❧✬❛♣♣❛r✐t✐♦♥ ❝❤❛♦t✐q✉❡ ❞❡ r❡♥✈❡rs❡♠❡♥ts✳ P❡♥❞❛♥t ❞❡ t❡❧s r❡♥✈❡rs❡♠❡♥ts✱
❧❡ s②stè♠❡ ♥✬❛ ❞✬❛✉tr❡ ❝❤♦✐① q✉❡ ❞❡ s❡ ❞é♣❧❛❝❡r s✉r ❧✬♦r❜✐t❡ ❝♦♥♥❡❝t❛♥t ❧❡s ❞❡✉①
ét❛ts✳ ❈❡❝✐ ❡①♣❧✐q✉❡ ❛✐♥s✐ ❧❛ r♦❜✉st❡ss❡ ❞❡ ❧❛ ❢♦r♠❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❡t ❧❡ tr❛♥s✲
❢❡rt t②♣✐q✉❡ ❡♥tr❡ ❞✐♣♦❧❡ ❡t q✉❛❞r✉♣♦❧❡✱ s✉✐✈✐ ❞✬✉♥ r❡❜♦♥❞ ❞✉ ❞✐♣♦❧❡✳ ❖♥ r❡tr♦✉✈❡
❛✉ss✐ ✉♥❡ ❡①♣❧✐❝❛t✐♦♥ ♣♦✉r ❧✬❛♣♣❛r✐t✐♦♥ ❞❡ ❧❛ ♣♦❝❤❡ ❞❡ r❡♥✈❡rs❡♠❡♥t✳ ❈❡tt❡ ré❣✐♦♥
❝♦rr❡s♣♦♥❞ à ✉♥❡ ③♦♥❡ ♦ù ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ✈✐t❡ss❡ s♦♥t ❝♦♠♣❛r❛❜❧❡s à ❧❛ ❞✐st❛♥❝❡
à ❧❛ ❜✐❢✉r❝❛t✐♦♥ ♥♦❡✉❞✲❝♦❧✳ ◆♦t♦♥s q✉✬✐❧ ❡①✐st❡ é❣❛❧❡♠❡♥t ❞❡s r❡♥✈❡rs❡♠❡♥ts ❞❛♥s
❝❡s s✐♠✉❧❛t✐♦♥s ♣♦✉r ❧❡sq✉❡❧s ❧❡ ❝❤❛♠♣ ♥✬❡✛❡❝t✉❡ ♣❛s ❞❡ tr❛♥s❢❡rt ✈❡rs ✉♥❡ str✉❝t✉r❡
q✉❛❞r✉♣♦❧❛✐r❡✳ ❊t❛♥t ❞♦♥♥é ❧❛ ❣r❛♥❞❡ ✈❛❧❡✉r ❞❡ Pm ♣❛r r❛♣♣♦rt à ❧❛ ré❛❧✐té✱ ♦♥ ♥❡
s✬❛tt❡♥❞ ♣❛s à r❡♣r♦❞✉✐r❡ ♣❛r❢❛✐t❡♠❡♥t ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞❡ ❧✬❡①♣ér✐❡♥❝❡✳ ❊♥ ♣❛rt✐✲
❝✉❧✐❡r✱ ✐❧ ❡st ♣♦ss✐❜❧❡ q✉❡ ♣❧✉s✐❡✉rs ♠é❝❛♥✐s♠❡s ❞❡ r❡♥✈❡rs❡♠❡♥ts ❝♦❡①✐st❡♥t ❛✉ s❡✐♥
❞✬✉♥❡ ♠ê♠❡ s✐♠✉❧❛t✐♦♥✳



✶✹✻ ▼♦❞é❧✐s❛t✐♦♥ ❞②♥❛♠✐q✉❡

❙✉r ❧❛ ✜❣✉r❡ ✹✳✸✷✱ ♦♥ ♠♦♥tr❡ é❣❛❧❡♠❡♥t ❧✬é✈♦❧✉t✐♦♥ ❞✉ ♠♦❞❡ ❞❡ ✈✐t❡ss❡ 10✳ ■❧
❡st ❡✛❡❝t✐✈❡♠❡♥t ✐♥tér❡ss❛♥t ❞✬♦❜s❡r✈❡r ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❝❡ ♠♦❞❡ ♣✉✐sq✉✬✐❧ s✬❛❣✐t ❞❡
❧❛ ❝♦♠♣♦s❛♥t❡ ❞❡ ✈✐t❡ss❡ ❝♦✉♣❧❛♥t ❞✐♣♦❧❡ ❡t q✉❛❞r✉♣♦❧❡✱ ❡t ❞♦♥❝ à ❧✬♦r✐❣✐♥❡ ❞❡ ❧❛
❞②♥❛♠✐q✉❡ ❞❡ r❡♥✈❡rs❡♠❡♥t✳ ❉❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✱ ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ♥✬❛ ♣❛s
été ♠❡s✉ré✱ ❡t ❧❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ♣❡r♠❡tt❡♥t ❞✬♦❜t❡♥✐r q✉❡❧q✉❡s ✐♥❞✐❝❛t✐♦♥s
s✉r s♦♥ ❝♦♠♣♦rt❡♠❡♥t✳ ❖♥ ♥♦t❡ q✉❡ ❝❤❛q✉❡ r❡♥✈❡rs❡♠❡♥t ❞❛♥s ❧❛ s✐♠✉❧❛t✐♦♥ ❡st
s②sté♠❛t✐q✉❡♠❡♥t ❛ss♦❝✐é à ✉♥ ♣✐❝ ❞✬❛❝t✐✈✐té s✉r ❝❡ ♠♦❞❡ ❞❡ ✈✐t❡ss❡ 10✳ ➱✈✐❞❡♠♠❡♥t✱
❧✬é❝♦✉❧❡♠❡♥t ✉t✐❧✐sé ✐❝✐ ❡st t✉r❜✉❧❡♥t✱ ❝❡ q✉✐ s✐❣♥✐✜❡ q✉❡ ❞❡ ♥♦♠❜r❡✉① ♠♦❞❡s ❞❡
✈✐t❡ss❡s s♦♥ ✐♥st❛❜❧❡s✱ ❡t ♣❛rt✐❝✐♣❡♥t ♣r♦❜❛❜❧❡♠❡♥t ❛✉ss✐ ✉♥ ♣❡✉ à ❧❛ ❞②♥❛♠✐q✉❡
❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ P❛r ❡①❡♠♣❧❡✱ ♦♥ ♣❡✉t ♥♦t❡r q✉❡ ❧❡ ♠♦❞❡ ❞❡ ✈✐t❡ss❡ m = 1
♣rés❡♥t❡ é❣❛❧❡♠❡♥t ✉♥❡ ❢♦rt❡ ❛❝t✐✈✐té✱ ❡t ✐❧ ❡①✐st❡ ♣❛r❢♦✐s ❞❡s ♣✐❝s ✐♠♣♦rt❛♥ts ❧♦rs ❞❡s
r❡♥✈❡rs❡♠❡♥ts✳ ❚♦✉t❡❢♦✐s✱ ❧❡ ♠♦❞❡ 10 ❡st ❧❡ s❡✉❧ q✉✐ ♣rés❡♥t❡ ✉♥❡ ✈❛❧❡✉r ♠♦②❡♥♥❡ ♥♦♥✲
♥✉❧❧❡ ✐♠♣♦rt❛♥t❡✱ ❡t ❞♦♥t ❧❡ rô❧❡ ♣❡✉t êtr❡ ♣❛r❢❛✐t❡♠❡♥t ✐♥té❣ré ❞❛♥s ❧❛ ❞②♥❛♠✐q✉❡
❞✉ ❞✐♣♦❧❡ ❡t ❞✉ q✉❛❞r✉♣♦❧❡✳ ❉❡ ♣❧✉s✱ ❝✬❡st ❧❡ s❡✉❧ ❛✉tr❡ ♠♦❞❡ ❛✈❡❝ ❧❡ q✉❛❞r✉♣♦❧❡ q✉✐
♣rés❡♥t❡ ✉♥❡ ❝♦rré❧❛t✐♦♥ ✐♠♣♦rt❛♥t❡ ❛✈❡❝ ❧❡ ❞✐♣♦❧❡ ❧♦rsq✉❡ Pm ❡st ♣❡t✐t✳

❯♥❡ ♠♦❞é❧✐s❛t✐♦♥ s✐♠♣❧❡ à tr♦✐s ♠♦❞❡s✳

▲♦rsq✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ Pr❛♥❞t❧ ♠❛❣♥ét✐q✉❡ ❡st s✉✣s❛♠♠❡♥t ♣❡t✐t✱ ❧❡ ❝❤❛♠♣ ♠❛✲
❣♥ét✐q✉❡ ✜❧tr❡ ❡♥ q✉❡❧q✉❡ s♦rt❡s ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ✈✐t❡ss❡s ❞❡ t❡❧❧❡ ♠❛♥✐èr❡ q✉❡ ❧❛
❞②♥❛♠✐q✉❡ ❞✉ s②stè♠❡ s❡ ré❞✉✐t à ✉♥❡ ✐♥t❡r❛❝t✐♦♥ ❞❡ q✉❡❧q✉❡s ♠♦❞❡s ❞❡ ❣r❛♥❞❡
é❝❤❡❧❧❡✳ ❈❡tt❡ ré❞✉❝t✐♦♥ ❞❡ ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ♦✛r❡ ❧❛ ♣♦ss✐❜✐❧✐té ❞✬✉♥❡
❞❡s❝r✐♣t✐♦♥ s✐♠♣❧✐✜é❡ ❞✉ ♣r♦❜❧è♠❡✳ ❉❛♥s ❧❡ ♠♦❞è❧❡ ❞❡ Pétré❧✐s✲❋❛✉✈❡✱ ❧❛ ❞②♥❛♠✐q✉❡
❡st ❝♦♠♣r✐s❡ à ❧✬❛✐❞❡ ❞✬✉♥ s②stè♠❡ ♥✬✐♠♣❧✐q✉❛♥t q✉❡ ❞❡✉① ♠♦❞❡s ♠❛❣♥ét✐q✉❡s✳ ▲❛
❜r✐s✉r❡ ❞❡ s②♠étr✐❡ ② ❡st r❡♣rés❡♥té❡ ♣❛r ❧❡s ♣❛r❛♠ètr❡s ❧✐❜r❡s ❞✉ s②stè♠❡ ❡t ❧✬❡✛❡t
❞❡ ❧✬é❝♦✉❧❡♠❡♥t ❡st ♣r✐s ❡♥ ❝♦♠♣t❡ à tr❛✈❡rs ✉♥ ❜r✉✐t ❛r❜✐tr❛✐r❡ r❛❥♦✉té ❛✉① éq✉❛✲
t✐♦♥s✳ ▲❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❞❡ ❝❡ ❝❤❛♣✐tr❡ s✉❣❣èr❡♥t ❛✉ ❝♦♥tr❛✐r❡ q✉❡ ❧❡ ♠♦❞❡
❞❡ ✈✐t❡ss❡ ③♦♥❛❧❡ ❝♦✉♣❧❛♥t ❧❡s ❞❡✉① ♠♦❞❡s ♠❛❣♥ét✐q✉❡s ♣❛rt✐❝✐♣❡ ❛❝t✐✈❡♠❡♥t à ❧❛
❞②♥❛♠✐q✉❡✳ ❖♥ ♣r♦♣♦s❡ ❛✐♥s✐ ❞✬é❝r✐r❡ ❧❡ s②stè♠❡ ❞②♥❛♠✐q✉❡ ❧❡ ♣❧✉s s✐♠♣❧❡ ♣♦ss✐❜❧❡
✐♠♣❧✐q✉❛♥t ❧❡ ❞✐♣♦❧❡ D✱ ❧❡ q✉❛❞r✉♣♦❧❡ Q ❡t ❧❡ ♠♦❞❡ ❞❡ ✈✐t❡ss❡ ③♦♥❛❧❡ V q✉✐ ❜r✐s❡ ❧❛
s②♠étr✐❡ Rπ✳

❚♦✉t ❝♦♠♠❡ ❞❛♥s ❧❛ s❡❝t✐♦♥ 4.3.3 ❞❡ ❝❡ ❝❤❛♣✐tr❡✱ ♦♥ ✉t✐❧✐s❡ ❞❡s ❛r❣✉♠❡♥ts ❞❡
s②♠étr✐❡s ❛✜♥ ❞❡ ❝♦♥tr❛✐♥❞r❡ ❧❡s t❡r♠❡s ❞✉ ♠♦❞è❧❡✳ ❖♥ ✉t✐❧✐s❡ ❧✬✐♥✈❛r✐❛♥❝❡ ❞❡ s✐❣♥❡
❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ❡t ❧❛ s②♠étr✐❡ Rπ ✿ ❙♦✉s ❝❡tt❡ s②♠étr✐❡✱ ❧❡s ♠♦❞❡s s✉❜✐ss❡♥t
❧❡s tr❛♥s❢♦r♠❛t✐♦♥s D → −D✱ Q → +Q ❡t V → −V ✳ ❊♥ ♥❡ ❣❛r❞❛♥t q✉❡ ❧❡s t❡r♠❡s
à ❧✬♦r❞r❡ q✉❛❞r❛t✐q✉❡ ❛✉ ♠❛①✐♠✉♠✱ ♦♥ ♦❜t✐❡♥t ❛✐♥s✐

Ḋ = µD − VQ , ✭✹✳✸✺✮

Q̇ = −νQ + VD , ✭✹✳✸✻✮

V̇ = Γ − V + QD . ✭✹✳✸✼✮

▲❡ ♣❛r❛♠ètr❡ Γ ❡st r❡❧✐é ❛✉ ❢♦rç❛❣❡ ❞❡ ✈✐t❡ss❡ q✉✐ ❜r✐s❡ ❧❛ s②♠étr✐❡ Rπ✱ ❡t ❡st ❧✬éq✉✐✲
✈❛❧❡♥t ❞❡ C − 1 ❞❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s ❞✐r❡❝t❡s✳ ❈❡ ♠♦❞è❧❡ s✐♠♣❧❡ ❛ été ét✉❞✐é ❞❛♥s



✹✳✹ ❉②♥❛♠♦s t✉r❜✉❧❡♥t❡s ✶✹✼

❞✐✛ér❡♥ts ❝♦♥t❡①t❡s ❧♦rsq✉❡ Γ = 0 ♣❛r ❍✉❣❤❡s ❡t Pr♦❝t♦r ❡♥ ✶✾✾✵ ❬✸✶❪ ✭✈♦✐r ❧❡ ❝❤❛♣✐tr❡
s✉✐✈❛♥t ♣♦✉r ✉♥❡ ♣rés❡♥t❛t✐♦♥ ❞ét❛✐❧❧é❡✮✳ ▲❡s s✐❣♥❡s ❞❡s t❡r♠❡s r❡❧❛t✐❢s ❞❡s ❝♦❡✣❝✐❡♥ts
q✉❛❞r❛t✐q✉❡s ♦♥t été ❝❤♦✐s✐s ❞❡ s♦rt❡ q✉❡ ❧❡ s②stè♠❡ ♥❡ ❞✐✈❡r❣❡ ♣❛s ❧♦rsq✉❡ µ > 0 ❡t
ν < 0✳ P❛r ❛✐❧❧❡✉rs✱ ❧❡s ♣❛r❛♠ètr❡s ❞❡✈❛♥t ❝❡s t❡r♠❡s ♣❡✉✈❡♥t êtr❡ ♠✐s à 1 ♣❛r ✉♥❡
♠✐s❡ à ❧✬é❝❤❡❧❧❡ ❛♣♣r♦♣r✐é❡ ❞❡s ❛♠♣❧✐t✉❞❡s✳ ❯♥ ❥❡✉ ❞✬éq✉❛t✐♦♥ s✐♠✐❧❛✐r❡ ❢✉t ♦❜t❡♥✉
♣❛r ◆♦③✐èr❡s à ♣❛rt✐r ❞✬✉♥❡ tr♦♥❝❛t✐♦♥ ❞❡s éq✉❛t✐♦♥s ❞❡ ❧❛ ▼❍❉ ❞ès ✶✾✼✽ ❬✻✸❪✳ ❚♦✉✲
t❡❢♦✐s✱ ❞❛♥s ❝❡ ❝♦♥t❡①t❡✱ µ ❡t ν ét❛✐❡♥t ♥é❣❛t✐❢s ❡t ✐❧ ♥✬② ❛✈❛✐t ♣❛s ❞✬❛♠♦rt✐ss❡♠❡♥t
❞❡ ❧❛ ✈✐t❡ss❡✱ ❞♦♥♥❛♥t ✉♥❡ ❞②♥❛♠✐q✉❡ très ❞✐✛ér❡♥t❡✳

❖♥ r❡❝♦♥♥❛ît ✜♥❛❧❡♠❡♥t ❞❛♥s ❝❡ ♠♦❞è❧❡ ❞❡ ♥♦♠❜r❡✉s❡s s✐♠✐❧❛r✐tés ❛✈❡❝ ❧❡ ♠♦✲
❞è❧❡ ❞❡ Pétré❧✐s✲❋❛✉✈❡✱ ❧❡ s②stè♠❡ r❡♣♦s❛♥t é❣❛❧❡♠❡♥t s✉r ✉♥ ❝♦✉♣❧❛❣❡ ❡♥tr❡ ❞✐♣♦❧❡
❡t q✉❛❞r✉♣♦❧❡✳ ❚♦✉t❡❢♦✐s✱ ❞❛♥s ❧❡ ❝❛s ♣rés❡♥t✱ ❞✐♣♦❧❡ ❡t q✉❛❞r✉♣♦❧❡ s♦♥t ❝♦✉♣❧és ✈✐❛
✉♥❡ tr♦✐s✐è♠❡ ❛♠♣❧✐t✉❞❡ V ♣❧✉tôt q✉✬✉♥ ♣❛r❛♠ètr❡ ❧✐❜r❡✳ ❈✬❡st ✉♥❡ ❛♣♣r♦❝❤❡ ♥❛✲
t✉r❡❧❧❡ ♣✉✐sq✉✬✐❧ s✬❛❣✐t ❞❡ ❧❛ ✈✐t❡ss❡ ❜r✐s❛♥t ❧❛ s②♠étr✐❡ Rπ✳ ❉❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡✱
❧❡ t❡r♠❡ q✉❛❞r❛t✐q✉❡ ❞❛♥s ❧✬éq✉❛t✐♦♥ ♣♦✉r V ❡st ❛ss❡③ ❜✐❡♥ ❥✉st✐✜é ❡t s✬❛♣♣❛r❡♥t❡
à ❧✬❡✛❡t ❞❡ ❧❛ ❢♦r❝❡ ❞❡ ▲❛♣❧❛❝❡✳ ■❧ ❡①✐st❡ ❡♥ r❡✈❛♥❝❤❡ ✉♥❡ ❞✐✛ér❡♥❝❡ ❢♦♥❞❛♠❡♥t❛❧❡
❛✈❡❝ ❧✬❛♣♣r♦❝❤❡ à ❞❡✉① ♠♦❞❡s ✿ ❧♦rsq✉❡ s❡✉❧ ❧❡s ❞❡✉① ♠♦❞❡s ♠❛❣♥ét✐q✉❡s s♦♥t ♣r✐s
❡♥ ❝♦♠♣t❡✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ❞é❝r✐r❡ ✉♥✐q✉❡♠❡♥t ✉♥❡ tr❛♥s✐t✐♦♥ ✈❡rs ❞❡s ♦s❝✐❧❧❛t✐♦♥s
♣ér✐♦❞✐q✉❡s ❞✉ ❝❤❛♠♣✱ ❝♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉ ❛✉ ❝❤❛♣✐tr❡ ❞❡✉①✳ ❙✐ ❧✬♦♥ ✈❡✉t ❞é✲
❝r✐r❡ ❧❡ ❝❤❛♦s ♦❜s❡r✈é ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t ♦✉ ♥✉♠ér✐q✉❡♠❡♥t✱ ✐❧ ❡st ❛❧♦rs ♥é❝❡ss❛✐r❡
❞✬❛❥♦✉t❡r ✉♥ ❜r✉✐t ♥✉♠ér✐q✉❡ ❛✉① éq✉❛t✐♦♥s ♣♦✉r ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❡ ❝❤❛♠♣ ❞❡
✈✐t❡ss❡✱ ❡t ♥♦t❛♠♠❡♥t s♦♥ ❛s♣❡❝t ✢✉❝t✉❛♥t✳ ❉❛♥s ❝❡ ♠♦❞è❧❡ à 3 ♠♦❞❡s✱ ❧❛ ✈✐t❡ss❡
❛✐♥s✐ q✉❡ ❧❛ ❜r✐s✉r❡ ❞❡ ❧❛ s②♠étr✐❡ s♦♥t ❛✉ ❝♦♥tr❛✐r❡ t♦✉t❡ ❞❡✉① ❞é❝r✐t❡s ❡①♣❧✐❝✐t❡✲
♠❡♥t✳ ❉❡ ♣❧✉s✱ ❧❛ ♣rés❡♥❝❡ ❞❡ 3 ♠♦❞❡s ♣❡r♠❡t ❞✬♦❜t❡♥✐r ♥❛t✉r❡❧❧❡♠❡♥t ❞✉ ❝❤❛♦s✱
s❛♥s r❡❝♦✉r✐r à ✉♥ ❜r✉✐t ♥✉♠ér✐q✉❡ ❛r❜✐tr❛✐r❡✳

❈❡ s②stè♠❡ ♣♦ssè❞❡ ✉♥❡ ❞②♥❛♠✐q✉❡ très r✐❝❤❡ s❡❧♦♥ ❧❡s ♣❛r❛♠ètr❡s ✉t✐❧✐sés ❡t ✐❧
❢❡r❛ ❧✬♦❜❥❡t ❞✉ ❝❤❛♣✐tr❡ s✉✐✈❛♥t✳ ◆♦✉s ♥♦✉s ❜♦r♥❡r♦♥s ✐❝✐ à ♥❡ ♠♦♥tr❡r q✉❡ q✉❡❧q✉❡s
rés✉❧t❛ts r❡❧❛t✐❢s à ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s✳ P♦✉r µ = 0.119✱
ν = 0.1 ❡t Γ = 0.9✱ ❧✬✐♥té❣r❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞❡ ❝❡ ♠♦❞è❧❡ ❝♦♥❞✉✐t ♣❛r ❡①❡♠♣❧❡ à
✉♥❡ séq✉❡♥❝❡ ❞❡ r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s ❞❡s ❛♠♣❧✐t✉❞❡s D ❡t Q ✭✈♦✐r ✜❣✉r❡ ✹✳✸✸✮✳
❖♥ ✈♦✐t s✉r ❧❛ ✜❣✉r❡ ✹✳✸✸ q✉❡ ❝❡ ♠♦❞è❧❡ ❡st ❝❛♣❛❜❧❡ ❞❡ r❡♣r♦❞✉✐r❡ très s✐♠♣❧❡♠❡♥t
❝❡rt❛✐♥❡s ❞❡s ❝❛r❛❝tér✐st✐q✉❡s ✐♠♣♦rt❛♥t❡s ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s✳ ▲❡ ❝❤❛♠♣ s❡
r❡♥✈❡rs❡ ❞❡ ♠❛♥✐èr❡ ❝❤❛♦t✐q✉❡✱ ❡t ❧❡ t❡♠♣s ❞✬✉♥ r❡♥✈❡rs❡♠❡♥t ❡st ♥❡tt❡♠❡♥t ♣❧✉s
♣❡t✐t q✉❡ ❧❛ ❞✉ré❡ ❞❡ ✈✐❡ ♠♦②❡♥♥❡ ❞✬✉♥❡ ♣♦❧❛r✐té✳ ❉❡ ♣❧✉s✱ ❧♦rsq✉❡ ❧✬♦♥ s✬✐♥tér❡ss❡
à ✉♥ r❡♥✈❡rs❡♠❡♥t ❡♥ ♣❛rt✐❝✉❧✐❡r✱ ♦♥ ✈♦✐t q✉❡ ❝❡❧✉✐✲❝✐ ❝♦rr❡s♣♦♥❞ à ✉♥ tr❛♥s❢❡rt
❡♥tr❡ q✉❛❞r✉♣♦❧❡ ❡t ❞✐♣♦❧❡✳ ❖♥ ♦❜s❡r✈❡ é❣❛❧❡♠❡♥t ❧❡ r❡❜♦♥❞ ❝❛r❛❝tér✐st✐q✉❡ q✉✐ s✉✐t
❧❡ ❜❛s❝✉❧❡♠❡♥t ❞✉ ❝❤❛♠♣✳ ❈❡ ♠♦❞è❧❡✱ t❡❧ q✉✬✐❧ ❡st ♣r♦♣♦sé ✐❝✐✱ ♥✬❛ ♣❛s ✈♦❝❛t✐♦♥ à
r❡♣r♦❞✉✐r❡ ♣❛r❢❛✐t❡♠❡♥t ❧❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ♦❜s❡r✈é❡s✱ ♥✐ ❧❡s ❞♦♥♥é❡s ❡①✲
♣ér✐♠❡♥t❛❧❡s✳ ▲❡s s✐♠✉❧❛t✐♦♥s t✉r❜✉❧❡♥t❡s ✐♠♣❧✐q✉❡♥t ♣r♦❜❛❜❧❡♠❡♥t ❞✬❛✉tr❡s ♠♦❞❡s✱
♣❧✉s str✉❝t✉rés✱ q✉✐ ❝♦♠♣❧✐q✉❡♥t ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡✳ ❉❡ ♣❧✉s✱ ❧❡ ♠♦❞è❧❡
♣r♦♣♦sé ✐❝✐ ♥❡ t✐❡♥t ♣❛s ❝♦♠♣t❡ ❞✬é✈❡♥t✉❡❧❧❡s ♥♦♥✲❧✐♥é❛r✐tés ❝✉❜✐q✉❡s q✉✐ ♣♦✉rr❛✐❡♥t
❛♠é❧✐♦r❡r ❧❛ ❝♦♠♣❛r❛✐s♦♥✱ ❝❡ q✉❡ ♥♦✉s ét✉❞✐❡r✐♦♥s ❛✉ ♣r♦❝❤❛✐♥ ❝❤❛♣✐tr❡✳ ■❧ ❡st t♦✉t❡✲
❢♦✐s ✐♥tér❡ss❛♥t ❞❡ ♥♦t❡r q✉❡ ❝❡tt❡ ❢♦r♠❡ ❞✉ ♠♦❞è❧❡ ♥✬✐♠♣❧✐q✉❛♥t q✉❡ ❧❡s ✐♥❣ré❞✐❡♥ts



✶✹✽ ▼♦❞é❧✐s❛t✐♦♥ ❞②♥❛♠✐q✉❡

♠✐♥✐♠❛✉① r❡q✉✐s✱ ❡♥❣❡♥❞r❡ ✉♥❡ ❞②♥❛♠✐q✉❡ ❞❡ r❡♥✈❡rs❡♠❡♥t ❝❤❛♦t✐q✉❡s s✐♠✐❧❛✐r❡s à
❝❡❧❧❡ ♦❜s❡r✈é❡ ❞❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s✳

❈♦♥tr❛✐r❡♠❡♥t ❛✉ s②stè♠❡ ❞❡ ▲♦r❡♥③✱ q✉✐ ❛✈❡❝ s❡✉❧❡♠❡♥t tr♦✐s éq✉❛t✐♦♥s ❝♦✉♣❧é❡s
♥❡ ♣❡✉t r❡♣r♦❞✉✐r❡✱ ♠ê♠❡ ❣r♦ss✐èr❡♠❡♥t✱ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s s②stè♠❡s ré❡❧s✱ ❧❡ ♠♦❞è❧❡
ré❞✉✐t ♣rés❡♥té ✐❝✐ s❡♠❜❧❡ ❝❛♣t✉r❡r ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞❡s ❞②♥❛♠♦s t✉r❜✉❧❡♥t❡s ❡t ❧❡s
r❡♥✈❡rs❡♠❡♥ts ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❛ss♦❝✐és✳ ◆♦✉s ❛✈♦♥s ✈✉ q✉❡ ❝❡❧❛ ❡st ♣♦ss✐❜❧❡
❣râ❝❡ ❛✉① ❢❛✐❜❧❡s ✈❛❧❡✉rs ❞✉ ♥♦♠❜r❡ ❞❡ Pr❛♥❞t❧ ♠❛❣♥ét✐q✉❡ ✐♠♣❧✐q✉é❡s ❞❛♥s ❧❡s
s②stè♠❡s ❞②♥❛♠♦s✳ ❖♥ ♣❡✉t ❛❧♦rs s❡ ♣♦s❡r ❧❛ q✉❡st✐♦♥ ❞❡ ❧❛ ♣❡rt✐♥❡♥❝❡ ❞✬✉♥❡ t❡❧❧❡
❞❡s❝r✐♣t✐♦♥ ♣✉r ❞❡s ♦❜❥❡ts ♥❛t✉r❡❧s ❝♦♠♠❡ ❧❛ ❚❡rr❡✳ ❊st✲✐❧ ♣♦ss✐❜❧❡ ❞❡ ❝♦♠♣r❡♥❞r❡ ❧❡s
rés✉❧t❛ts ❞❡ ❧❛ ❣❡♦❞②♥❛♠♦ à ❧❛ ❧✉♠✐èr❡ ❞✬✉♥ ♠♦❞è❧❡ ❞❡ s✐ ❜❛ss❡ ❞✐♠❡♥s✐♦♥✱ ♦ù ❧❡ ❝❤❛♦s
❡st ❝♦♠♣❧èt❡♠❡♥t ❞ét❡r♠✐♥✐st❡✳ ❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ❞é❥à ♠❡♥t✐♦♥♥é✱ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡
s❡✉❧❡♠❡♥t ❞❡✉① ♠♦❞❡s ♠❛❣♥ét✐q✉❡s s❡ ❥✉st✐✜❡ ❛✐sé♠❡♥t ❞❛♥s ❧❡ ❝❛s ♦ù ❧❡ s②stè♠❡ ♥❡
s❡ tr♦✉✈❡ ♣❛s tr♦♣ ❧♦✐♥ ❞✉ s❡✉✐❧✳ ❉❡ ♣❧✉s✱ ♦♥ ♣❡✉t ❡♥✈✐s❛❣❡r ❞✬♦✉❜❧✐❡r ❡♥ ♣r❡♠✐èr❡
❛♣♣r♦①✐♠❛t✐♦♥ ❧✬❡✛❡t ♣ré❝✐s ❞✉ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❞❡ ♣❡t✐t❡ é❝❤❡❧❧❡ ❞❛♥s ❧❛ ❧✐♠✐t❡ ❞❡s
♣❡t✐ts Pm✳ ❆✉ ❝♦♥tr❛✐r❡✱ ❧❛ ♣rés❡♥❝❡ ❞✬✉♥ ♠♦❞❡ ❞❡ ❣r❛♥❞❡ é❝❤❡❧❧❡ t❡❧ q✉❡ V ❛❣✐ss❛♥t
s✉r ❞❡s é❝❤❡❧❧❡s ❞❡ t❡♠♣s ❝♦♠♣❛r❛❜❧❡s ❛✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ s❡♠❜❧❡ ♠♦✐♥s é✈✐❞❡♥t✳
▲❡ ♣r♦❝❤❛✐♥ ❝❤❛♣✐tr❡ ♣r♦♣♦s❡ ✉♥❡ ét✉❞❡ ❛♣♣r♦❢♦♥❞✐❡ ❞❡ ❝❡ ♠♦❞è❧❡ s✐♠♣❧❡ ❡t ♥♦✉s
✈❡rr♦♥s ❝♦♠♠❡♥t ❝❡❧✉✐✲❝✐ s❡ ❝♦♠♣❛r❡ ❛✉① r❡♥✈❡rs❡♠❡♥ts ❣é♦♠❛❣♥ét✐q✉❡s✳
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❋✐❣✳ ✹✳✸✸✿ ■♥té❣r❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞✉ ♠♦❞è❧❡ à tr♦✐s ♠♦❞❡s ♣♦✉r µ = 0.119✱ ν = 0.1
❡t Γ = 0.9✳ ❊♥ ❤❛✉t ✿ ➱✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ ❧✬❛♠♣❧✐t✉❞❡ Q✳ ❆✉ ♠✐❧✐❡✉ ✿
❛❣r❛♥❞✐ss❡♠❡♥t ❛✉t♦✉r ❞✬✉♥ r❡♥✈❡rs❡♠❡♥t ❞♦♥♥é✳ ❖♥ ♥♦t❡r❛ ❧❡ tr❛♥s❢❡rt ❡♥tr❡
❞✐♣♦❧❡ ❡t q✉❛❞r✉♣♦❧❡✳ ❊♥ ❜❛s ✿ tr❛❥❡❝t♦✐r❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s✳





❈❤❛♣✐tr❡ ✺

❯♥ ♠♦❞è❧❡ s✐♠♣❧❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts

❝❤❛♦t✐q✉❡s✳

❈♦♥t❡♥ts
✺✳✶ ■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✶
✺✳✷ P♦✐♥ts ✜①❡s ❡t st❛❜✐❧✐té ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✸
✺✳✸ ❚r❛♥s✐t✐♦♥ ✈❡rs ❧❡ ❝❤❛♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✺
✺✳✹ ❘❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✾

✺✳✹✳✶ P❤é♥♦♠è♥❡ ❞❡ ❝r✐s❡ ❡t ✐♥t❡r♠✐tt❡♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✾
✺✳✹✳✷ ❉✐✛ér❡♥ts ré❣✐♠❡s ❞②♥❛♠✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✺

✺✳✺ ❯♥❡ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❞❡ ❧❛ ❣é♦❞②♥❛♠♦✳ ✳ ✳ ✳ ✶✻✾
✺✳✺✳✶ ❈♦♠♣❛t✐❜✐❧✐té ❛✈❡❝ ✉♥❡ ❞②♥❛♠✐q✉❡ ❞ét❡r♠✐♥✐st❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✷
✺✳✺✳✷ ❈♦♠♣❛r❛✐s♦♥ ❞❡ ❧❛ ❣é♦❞②♥❛♠♦ ❛✈❡❝ ✉♥ ♠♦❞è❧❡ ❞❡ ❜❛ss❡ ❞✐✲

♠❡♥s✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✼

✺✳✶ ■♥tr♦❞✉❝t✐♦♥

▲❡s ♠♦❞è❧❡s s✐♠♣❧❡s q✉❡ ♥♦✉s ❛✈♦♥s ét✉❞✐és ♣ré❝é❞❡♠♠❡♥t ♥♦✉s ♦♥t ♣❡r♠✐s ❞❡
♠✐❡✉① ❝♦♠♣r❡♥❞r❡ ❧❡s ❝♦♠♣♦rt❡♠❡♥ts ❞②♥❛♠✐q✉❡s ♦❜s❡r✈és ❞❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s ♥✉✲
♠ér✐q✉❡s ❛✐♥s✐ q✉❡ ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡✳ ▲❛ ♠♦❞é❧✐s❛t✐♦♥ ❞✬✉♥ ♣❤é♥♦♠è♥❡ à ❧✬❛✐❞❡ ❞❡
q✉❡❧q✉❡s éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s ❝♦✉♣❧é❡s ❡st ✉♥❡ ♠ét❤♦❞❡ q✉✐ ❛ été ✉t✐❧✐sé❡ à ❞❡
♥♦♠❜r❡✉s❡s ♦❝❝❛s✐♦♥s ♣♦✉r ❞❡s ♣r♦❜❧è♠❡s ♣❤②s✐q✉❡s très ❞✐✛ér❡♥ts✳ ■❧ ❡①✐st❡ ❞❡✉①
❢❛ç♦♥s ❞❡ ♣r♦❝é❞❡r ♣♦✉r ♦❜t❡♥✐r ❝❡s éq✉❛t✐♦♥s✳ ❯♥❡ ♣r❡♠✐èr❡ ♠ét❤♦❞❡ ❝♦♥s✐st❡ à
tr♦♥q✉❡r ❧❡ s②stè♠❡ ❡♥ ♥❡ ❣❛r❞❛♥t q✉❡ q✉❡❧q✉❡s ♠♦❞❡s✳ ❯♥❡ ❛✉tr❡ ❢❛ç♦♥ ❞❡ ❢❛✐r❡ ❡st
❞❡ s❡ ♣❧❛❝❡r ❛✉ ✈♦✐s✐♥❛❣❡ ❞✬✉♥ ♣♦✐♥t ❞❡ ❜✐❢✉r❝❛t✐♦♥ ♦ù ♣❧✉s✐❡✉rs ♠♦❞❡s ❞❡✈✐❡♥♥❡♥t
s✐♠✉❧t❛♥é♠❡♥t ✐♥st❛❜❧❡s✳ ■❧ ❢❛✉t ❛❧♦rs ❞ét❡r♠✐♥❡r ❧❡s éq✉❛t✐♦♥s q✉✐ ❣♦✉✈❡r♥❡♥t ❧✬❛♠✲
♣❧✐t✉❞❡ ❞❡ ❝❡s ♠♦❞❡s✳ ▲✬❡①❡♠♣❧❡ ❧❡ ♣❧✉s ❝♦♥♥✉ ❞❡ ❧❛ ♣r❡♠✐èr❡ ♠ét❤♦❞❡ ❡st ❧❡ ♠♦❞è❧❡
❞❡ ▲♦r❡♥③✱ ♦❜t❡♥✉ à ♣❛rt✐r ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❧❛ ❝♦♥✈❡❝t✐♦♥ t❤❡r♠✐q✉❡✳ ❈❡ ♠♦❞è❧❡ ❡st



✶✺✷ ❯♥ ♠♦❞è❧❡ s✐♠♣❧❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s✳

é✈✐❞❡♠♠❡♥t ✈❛❧✐❞❡ ✉♥✐q✉❡♠❡♥t ❛✉ s❡✉✐❧ ❞❡ ❧❛ ❝♦♥✈❡❝t✐♦♥✱ ♦ù ❧❛ tr♦♥❝❛t✉r❡ ❣❛r❞❡ ✉♥
s❡♥s✳ ▲❡s ❝♦♠♣♦rt❡♠❡♥t ❞②♥❛♠✐q✉❡s ✐♥tér❡ss❛♥ts✱ ❝♦♠♠❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦✲
t✐q✉❡s✱ ♥❡ s♦♥t ♦❜s❡r✈és q✉✬❡♥ ❞❡❤♦rs ❞✉ ❞♦♠❛✐♥❡ ❞❡ ✈❛❧✐❞✐té ❞✉ s②stè♠❡ ❞②♥❛♠✐q✉❡✳
▲❛ s❡❝♦♥❞❡ ❛♣♣r♦❝❤❡ ❛ été ✉t✐❧✐sé❡ ❞❛♥s ❧❡ ❝❛s ❞❡ ♥♦♠❜r❡✉s❡s ✐♥st❛❜✐❧✐tés ❤②❞r♦❞②♥❛✲
♠✐q✉❡s✳ ❈❡tt❡ ♠ét❤♦❞❡ ❛ é❣❛❧❡♠❡♥t été ❛♣♣❧✐q✉é à ❞❡s ♣r♦❜❧è♠❡s ♣❧✉s ✈❛r✐és✱ ❝♦♠♠❡
♣❛r ❡①❡♠♣❧❡ ❧❡s rés❡❛✉① ❞❡ ♥❡✉r♦♥❡s ♦✉ ❥✉st❡♠❡♥t ❧✬❡✛❡t ❞②♥❛♠♦✳

➱✈✐❞❡♠♠❡♥t✱ ❧✬♦❜t❡♥t✐♦♥ ❞❡ t❡❧s ♠♦❞è❧❡s r❡♣♦s❡ s✉r ❞❡s tr♦♥❝❛t✉r❡ sé✈èr❡s ❞❡s
éq✉❛t✐♦♥s ♣r✐♠✐t✐✈❡s ❡t ✐❧ ❡st s♦✉✈❡♥t ❞✐✣❝✐❧❡ ❞❡ ❥✉st✐✜❡r ❝❡tt❡ ❛♣♣r♦❝❤❡✳ ❉❡ ♣❧✉s✱ ❞❡
t❡❧s s②stè♠❡s ♥❡ r❡♣r♦❞✉✐s❡♥t q✉❡ très ❣r♦ss✐èr❡♠❡♥t ❧❡s ❝♦♠♣♦rt❡♠❡♥ts ❞❡s s②stè♠❡s
ré❡❧s✳ ▲❡ ♣r♦❜❧è♠❡ ❞❡ ❧❛ ❞②♥❛♠♦ ❛✉ s❡✐♥ ❞✬✉♥ é❝♦✉❧❡♠❡♥t t✉r❜✉❧❡♥t ♣rés❡♥t❡ ❞❡ ❝❡
♣♦✐♥t ❞❡ ✈✉❡ ✉♥❡ ♣❛rt✐❝✉❧❛r✐té ✐♥tér❡ss❛♥t❡✳ ▲❛ ❢❛✐❜❧❡ ✈❛❧❡✉r ❞✉ ♥♦♠❜r❡ ❞❡ Pr❛♥❞t❧
♠❛❣♥ét✐q✉❡ ❡t ❧❛ ♣r♦①✐♠✐té ❞✉ s❡✉✐❧ ❞②♥❛♠♦ ré❞✉✐s❡♥t ❢♦rt❡♠❡♥t ❧❡s ❞❡❣rés ❞❡ ❧✐❜❡rté
❞✉ s②stè♠❡✱ ❡t ♣❡✉✈❡♥t ❝♦♥❞✉✐r❡ à ✉♥❡ ❞②♥❛♠✐q✉❡ ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥❛❧✐té✳ ◆♦✉s
❛✈♦♥s ❛✐♥s✐ ♣r♦♣♦sé ✉♥❡ ❞❡s❝r✐♣t✐♦♥ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ à ❧✬❛✐❞❡
❞✬✉♥ s②stè♠❡ ❞②♥❛♠✐q✉❡ ♥✬✐♠♣❧✐q✉❛♥t q✉❡ tr♦✐s ♠♦❞❡s ❡♥ ✐♥t❡r❛❝t✐♦♥s✳ ❈❡ ♠♦❞è❧❡
s❡ ❞✐st✐♥❣✉❡ ♣❛r ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❡①♣❧✐❝✐t❡ ❞✬✉♥ ♠♦❞❡ ❞❡ ✈✐t❡ss❡✱ ❡♥ ✐♥t❡r❛❝t✐♦♥
❛✈❡❝ ❧❡s ♠♦❞❡s ♠❛❣♥ét✐q✉❡s ❞✐♣♦❧❛✐r❡ ❡t q✉❛❞r✉♣♦❧❛✐r❡✳

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ét✉❞✐♦♥s ❡♥ ❞ét❛✐❧ ❝❡ ♠♦❞è❧❡ s✐♠♣❧❡✳ ▲❡s rés✉❧t❛ts ♣ré❧✐✲
♠✐♥❛✐r❡s ❞✉ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t ♦♥t ♠♦♥tré q✉❡ ❝❡ ♠♦❞è❧❡ ❡st ❝❛♣❛❜❧❡ ❞❡ r❡♣r♦❞✉✐r❡
q✉❛❧✐t❛t✐✈❡♠❡♥t ❧❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♦❜t❡♥✉s ❞❛♥s
❧❡s s✐♠✉❧❛t✐♦♥s✳ ■❧ ❡st ❞♦♥❝ ♣r✐♠♦r❞✐❛❧ ❞❡ ❜✐❡♥ ❝♦♠♣r❡♥❞r❡ ❧❡s ♠é❝❛♥✐s♠❡s à ❧✬♦❡✉✈r❡
❞❛♥s ❝❡ ♠♦❞è❧❡ s✐♠♣❧❡✱ ❝♦♠♠❡ ❧✬❛♣♣❛r✐t✐♦♥ ❞✉ ❝❤❛♦s✱ ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ❧❡s r❡♥✈❡r✲
s❡♠❡♥ts ❞❡s ♠♦❞❡s ♦✉ ❡♥❝♦r❡ ❧❡s ❝❛r❛❝tér✐st✐q✉❡s st❛t✐st✐q✉❡s ❞✉ s②stè♠❡✳

▲❡ ♠♦❞è❧❡✱ ❞❛♥s s❛ ❢♦r♠❡ ❧❛ ♣❧✉s s✐♠♣❧❡✱ s❡ ♣rés❡♥t❡ s♦✉s ❧❛ ❢♦r♠❡ ❞❡ tr♦✐s
éq✉❛t✐♦♥s ❝♦✉♣❧é❡s ❧✐♠✐té❡s ❛✉① ♥♦♥✲❧✐♥é❛r✐tés q✉❛❞r❛t✐q✉❡s ✿

Ḋ = µD − VQ ✭✺✳✶✮

Q̇ = −νQ + VD ✭✺✳✷✮

V̇ = Γ − V + QD ✭✺✳✸✮

♦ù ❧❡s ❛♠♣❧✐t✉❞❡s D ❡t Q ♣❡✉✈❡♥t êtr❡ ❛ss✐♠✐❧é❡s ❛✉① ❛♠♣❧✐t✉❞❡s ❞✉ ❞✐♣♦❧❡ ❡t ❞✉
q✉❛❞r✉♣♦❧❡ ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ V s✬✐♥t❡r♣rèt❡ ❛❧♦rs ❝♦♠♠❡ ❧✬❛♠♣❧✐t✉❞❡ ❞✬✉♥ ❝❡r✲
t❛✐♥ ♠♦❞❡ ❞❡ ✈✐t❡ss❡ ❝♦✉♣❧❛♥t ❧❡s ❞❡✉① ❝♦♠♣♦s❛♥t❡s ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❉❛♥s ❝❡
q✉✐ s✉✐t✱ ❧❡s rés✉❧t❛ts s♦♥t é✈✐❞❡♠♠❡♥t ✐♥❞é♣❡♥❞❛♥ts ❞✬✉♥❡ q✉❡❧❝♦♥q✉❡ ✐♥t❡r♣rét❛t✐♦♥
♣❤②s✐q✉❡ ❞❡s ❞✐✛ér❡♥ts t❡r♠❡s✳ ❆ ❧❛ s❡❝t✐♦♥ 5.5✱ ♥♦✉s r❡✈✐❡♥❞r♦♥s s✉r ❧✬✐♥t❡r♣rét❛t✐♦♥
♣❤②s✐q✉❡ ❞❡ ❝❡ ♠♦❞è❧❡ ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡ ❧❛ ❣é♦❞②♥❛♠♦✳ ❖♥ s❡ ❧✐♠✐t❡ ♣♦✉r ❧✬✐♥st❛♥t
❛✉① ♦r❞r❡s q✉❛❞r❛t✐q✉❡s ❡t ❧❡s ❞❡✉① ♣❛r❛♠ètr❡s µ ❡t ν ❞✉ s②stè♠❡ ❞✬éq✉❛t✐♦♥ s♦♥t
ré❡❧s ❡t ♣♦s✐t✐❢s✳ ▲❡s s✐❣♥❡s r❡❧❛t✐❢s ❞❡s ❝♦❡✣❝✐❡♥ts ❞❡s t❡r♠❡s ♥♦♥✲❧✐♥é❛✐r❡s s♦♥t t❡❧s
q✉❡ ❧❡s s♦❧✉t✐♦♥s ♥❡ ❞✐✈❡r❣❡♥t ♣❛s ♣♦✉r ❝❡ ❝❤♦✐① ❞❡s ♣❛r❛♠ètr❡s✳ ▲✬❛♠♦rt✐ss❡♠❡♥t
❞❡ ❧❛ ✈✐t❡ss❡ ❡st é❣❛❧❡♠❡♥t ✐♠♣♦rt❛♥t ❧♦rsq✉✬✉♥ s❡✉❧ ❞❡s ❞❡✉① ♠♦❞❡s ♠❛❣♥ét✐q✉❡s
❡st ❧✐♥é❛✐r❡♠❡♥t ❛♠♦rt✐✳ ❊♥ ❝❛❧❝✉❧❛♥t ❧❛ ❞✐✈❡r❣❡♥❝❡ ❞✉ ❝❤❛♠♣ ❞❡ ✈❡❝t❡✉rs✱ ♦♥ ✈♦✐t
q✉❡ ❧❡ s②stè♠❡ r❡st❡ ❞✐ss✐♣❛t✐❢ t❛♥t q✉❡ µ < 1 + ν ✿ ❧❡ ✢♦t ❡st ❝♦♥tr❛❝t❛♥t✳ ❈❡ s②s✲
tè♠❡ ❞✬éq✉❛t✐♦♥ ❞✬❛♠♣❧✐t✉❞❡ ♣rés❡♥t❡ ❝❡rt❛✐♥❡s s✐♠✐❧❛r✐tés ❛✈❡❝ ♣❧✉s✐❡✉rs s②stè♠❡s
❞②♥❛♠✐q✉❡s ❡①✐st❛♥t✳ ❉❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❞❡ ❧❛ ❣é♦❞②♥❛♠♦✱ ♥♦✉s



✺✳✷ P♦✐♥ts ✜①❡s ❡t st❛❜✐❧✐té ✶✺✸

❛✈♦♥s ❞é❥à ♠❡♥t✐♦♥♥é ❧❡ s②stè♠❡ ❞❡ ❘✐❦✐t❛❦❡✳ ■❧ s✬❛❣✐t ❞✉ ♣r❡♠✐❡r ♠♦❞è❧❡ ❞❡ ❜❛ss❡
❞✐♠❡♥s✐♦♥ ❝❤❡r❝❤❛♥t à r❡♣r♦❞✉✐r❡ ❧❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s ❞❡s ❞②♥❛♠♦s ✭✶✾✺✽✮✱
♠❛✐s é❣❛❧❡♠❡♥t ❞❡ ❧✬✉♥ ❞❡s ♣❧✉s ét✉❞✐és✳ ❉❛♥s s❛ ❢♦r♠❡ ❧❛ ♣❧✉s s✐♠♣❧❡✱ ❧❡s éq✉❛t✐♦♥s
❞❡ ❝❡ ♠♦❞è❧❡ s♦♥t ❛ss❡③ ♣r♦❝❤❡s ❞❡ ✭✺✳✶✲✺✳✷✲✺✳✸✮✱ à ❧✬❡①❝❡♣t✐♦♥ ❞✉ t❡r♠❡ ❞✬❛♠♦rt✐s✲
s❡♠❡♥t ❞❡ V q✉✐ ♥✬❡st ♣❛s ♣rés❡♥t✳ ❉❡ ♣❧✉s✱ ❧❡s ❞❡✉① ❛✉tr❡s ♠♦❞❡s s♦♥t ❧✐♥é❛✐r❡♠❡♥t
st❛❜❧❡s ❞❛♥s ❧❡ ♠♦❞è❧❡ ❞❡ ❘✐❦✐t❛❦❡✳ ◆♦③✐èr❡s✱ ❡♥ ✶✾✼✽✱ ❛ é❣❛❧❡♠❡♥t ♣r♦♣♦sé ✉♥ ♠♦✲
❞è❧❡ ❞❡ tr♦✐s éq✉❛t✐♦♥s ❝♦✉♣❧é❡s r❡♣rés❡♥t❛♥t ❧❛ ❣é♦❞②♥❛♠♦✳ ❈❡ ♠♦❞è❧❡ ✐♠♣❧✐q✉❡✱
❝♦♠♠❡ ❧❡ ♥ôtr❡✱ ❞❡✉① ♠♦❞❡s ♠❛❣♥ét✐q✉❡s ❡t ✉♥ ♠♦❞❡ ❞❡ ✈✐t❡ss❡✱ ♠❛✐s ❧✬✐♥t❡r♣rét❛✲
t✐♦♥ ♣❤②s✐q✉❡ ❞❡ ❝❡ ♠♦❞è❧❡ ❡st ❞✐✛ér❡♥t❡✳ ❊♥ ❡✛❡t✱ ◆♦③✐èr❡s ♦❜t✐❡♥t s♦♥ ♠♦❞è❧❡ à
♣❛rt✐r ❞✬✉♥❡ tr♦♥❝❛t✐♦♥ ❞❡s éq✉❛t✐♦♥s ❞❡ ❧❛ ▼❍❉✱ ❡t ❧❡s ❞❡✉① ♠♦❞❡s ♠❛❣♥ét✐q✉❡s
s♦♥t ❞♦♥❝ ❧✐♥é❛✐r❡♠❡♥t st❛❜❧❡s ✭❡♥ r❛✐s♦♥ ❞❡ ❧❛ ❞✐✛✉s✐♦♥ ♦❤♠✐q✉❡✮✳ ◆♦✉s ✈❡rr♦♥s
q✉❡ ❝❡tt❡ ❞✐✛ér❡♥❝❡ ❞❛♥s ❧❡s éq✉❛t✐♦♥s ❝♦♥❞✉✐t à ❞❡s ❝♦♠♣♦rt❡♠❡♥ts r❛❞✐❝❛❧❡♠❡♥t
❞✐✛ér❡♥ts✳ ❊♥✜♥✱ ❧❡ s②stè♠❡ ❞②♥❛♠✐q✉❡ ✭✺✳✶✲✺✳✷✲✺✳✸✮ ❛✈❡❝ Γ = 0 ❡st ♣❡rt✐♥❡♥t ♣♦✉r
❞✐✛ér❡♥ts s②stè♠❡ ❤②❞r♦❞②♥❛♠✐q✉❡s✱ ❡t ❛ été ét✉❞✐é ❡♥ ❞ét❛✐❧ ❞❛♥s ✉♥❡ sér✐❡ ❞✬❛r✲
t✐❝❧❡s ♣❛r Pr♦❝t♦r ❡t ❍✉❣❤❡s ❬✸✶❪✱❬✸✷❪✳ ■❝✐ ❡♥❝♦r❡✱ ❧❡ ♣❛r❛♠ètr❡ Γ ❥♦✉❡ ✉♥ rô❧❡ très
✐♠♣♦rt❛♥t ❡t ❝❤❛♥❣❡ ♣r♦❢♦♥❞é♠❡♥t ❧❛ ❞②♥❛♠✐q✉❡ ❞✉ s②stè♠❡✳

✺✳✷ P♦✐♥ts ✜①❡s ❡t st❛❜✐❧✐té

❖♥ s✬✐♥tér❡ss❡ t♦✉t ❞✬❛❜♦r❞ ❛✉① ♣♦✐♥ts ✜①❡s ❞✉ s②stè♠❡✳ ■❧ ❡①✐st❡ ✉♥ ♣r❡♠✐❡r
♣♦✐♥t ✜①❡ tr✐✈✐❛❧ q✉❡ ❧✬♦♥ ♥♦t❡ ❖ ♣♦✉r ❧❡q✉❡❧ ❧❡s ❛♠♣❧✐t✉❞❡s D ❡t Q s♦♥t ♥✉❧❧❡s

DO = 0 , QO = 0 , VO = Γ ✭✺✳✹✮

▲❛ ❧✐♥é❛r✐s❛t✐♦♥ ❞❡s éq✉❛t✐♦♥s ❛✉t♦✉r ❞❡ ❝❡ ♣♦✐♥t ✜①❡ ❞♦♥♥❡ ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s

λi =
µ− ν

2
± 1

2

√

(µ+ ν)2 − 4Γ2 , i = 1, 2 ✭✺✳✺✮

λ3 = −1 ✭✺✳✻✮

▲❛ ✜❣✉r❡ ✺✳✶ ✐❧❧✉str❡ ❧❡s ❞✐✛ér❡♥ts ❝♦♠♣♦rt❡♠❡♥t ❞✉ ♣♦✐♥t ✜①❡ ❖ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s
♣❛r❛♠ètr❡s✳ ❙✉r ❝❡tt❡ ✜❣✉r❡✱ ♦♥ r❡♣rés❡♥t❡ ❧❡s ❞✐✛ér❡♥t❡s ✈❛❧❡✉rs ♣r♦♣r❡s ♦❜t❡♥✉❡s
❞❛♥s ❧✬❡s♣❛❝❡ ✭µ, δ = µ + ν✮✱ ♣♦✉r Γ = 1 ✳ ▲❛ ✈❛❧❡✉r ♣r♦♣r❡ tr✐✈✐❛❧❡ λ3 ✐♥❞✐q✉❡ ✉♥❡
❞✐r❡❝t✐♦♥ st❛❜❧❡ q✉❡❧q✉❡ s♦✐t ❧❡s ✈❛❧❡✉rs ❞❡s ♣❛r❛♠ètr❡s✱ ❡t ✈✐❡♥t ❞❡ ❧✬❛♠♦rt✐ss❡♠❡♥t
❧✐♥é❛✐r❡ ❞❡ ❧✬❛♠♣❧✐t✉❞❡ V ✳ ▲♦rsq✉❡ µ+ν > 2Γ✱ ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s s♦♥t t♦✉t❡s ré❡❧❧❡s✳
▲♦rsq✉❡ µ+ν < 2Γ✱ ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s λ1 ❡t λ2 ❞❡✈✐❡♥♥❡♥t ❝♦♠♣❧❡①❡s ❝♦♥❥✉❣✉é❡s ❡t
♦♥ ♦❜s❡r✈❡ ✉♥❡ ❜✐❢✉r❝❛t✐♦♥ ❞❡ ❍♦♣❢ ♣♦✉r µ > ν✳ ❖♥ ✈♦✐t ❞♦♥❝ q✉✬✐❧ ❡①✐st❡ ✉♥ ♣♦✐♥t
❞❡ ❜✐❢✉r❝❛t✐♦♥ ❞❡ ❝♦❞✐♠❡♥s✐♦♥ ✷ ♣♦✉r µ = ν = Γ✳ ◆♦✉s ✈❡rr♦♥s ❞❛♥s ❧❛ s✉✐t❡ q✉❡
❧❛ st❛❜✐❧✐té ❞✉ ♣♦✐♥t ✜①❡ tr✐✈✐❛❧ ❖ ❥♦✉❡ ✉♥ rô❧❡ ♣r✐♠♦r❞✐❛❧ ❞❛♥s ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞✉
s②stè♠❡ ❞②♥❛♠✐q✉❡✳

■❧ ❡①✐st❡ é❣❛❧❡♠❡♥t 4 ❛✉tr❡s ♣♦✐♥ts ✜①❡s ♥♦♥✲tr✐✈✐❛✉① M± ❡t N±✳ ❉❡✉① ❞❡ ❝❡s



✶✺✹ ❯♥ ♠♦❞è❧❡ s✐♠♣❧❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s✳

❋✐❣✳ ✺✳✶✿ ❉✐❛❣r❛♠♠❡ ❞❡ st❛❜✐❧✐té ❞✉ ♣♦✐♥t tr✐✈✐❛❧ DO = QO = 0 ❡t VO = Γ✳ F ✐♥❞✐q✉❡ ❧❡
♣♦✐♥t ❞❡ ❜✐❢✉r❝❛t✐♦♥ ❞❡ ❝♦❞✐♠❡♥s✐♦♥ ✷✱ ❡t Γ = 1✳

♣♦✐♥ts ✜①❡s ♥✬❡①✐st❡ q✉❡ ♣♦✉r
√
µν − Γ > 0

DM± = ±
√

ν − Γ

√

ν

µ
✭✺✳✼✮

QM± = ±

√

µ− Γ

√

µ

ν
✭✺✳✽✮

VM± =
√
µν ✭✺✳✾✮

❖♥ tr♦✉✈❡ é❣❛❧❡♠❡♥t ❞❡✉① ❛✉tr❡s ♣♦✐♥ts ✜①❡s

DN± = ±
√

ν + Γ

√

ν

µ
✭✺✳✶✵✮

QN± = −±

√

µ+ Γ

√

µ

ν
✭✺✳✶✶✮



✺✳✸ ❚r❛♥s✐t✐♦♥ ✈❡rs ❧❡ ❝❤❛♦s ✶✺✺

VN± = −√
µν ✭✺✳✶✷✮

❖♥ ♥♦t❡ ❛✐♥s✐ q✉❡ ♠❛❧❣ré ❧❛ ♣rés❡♥❝❡ ❞✉ ❢♦rç❛❣❡ Γ ❞❛♥s ❧✬éq✉❛t✐♦♥ ♣♦✉r V ✱ ❧❛
❝♦♠♣♦s❛♥t❡ V ❞❡s 4 ♣♦✐♥ts ✜①❡s ♥♦♥✲tr✐✈✐❛✉① ❡st ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ Γ✳ ❆✉t♦✉r ❞❡s
♣♦✐♥ts ✜①❡s ♥♦♥✲tr✐✈✐❛✉① ♦♥ ❛ ❧❡s r❡❧❛t✐♦♥s ❞❡ ❞✐s♣❡rs✐♦♥ s✉✐✈❛♥t❡s ✿

P♦✉r ❧❡s ♣♦✐♥ts M±✱

λ3 + λ2 (1 + ν − µ) + λ

(

Γ
(ν − µ)√

µν

)

+ 4µν − 4Γ
√
µν = 0 . ✭✺✳✶✸✮

P♦✉r ❧❡s ♣♦✐♥ts N±✱

λ3 + λ2 (1 + ν − µ) − λ

(

Γ
(ν − µ)√

µν

)

+ 4µν + 4Γ
√
µν = 0 . ✭✺✳✶✹✮

P♦✉r Γ = 0.9✱ q✉✐ ❡st ❧❡ ❝❛s q✉❡ ❧✬♦♥ ét✉❞✐❡r❛ ❡♥ ❞ét❛✐❧ ♣❛r ❧❛ s✉✐t❡✱ ❧❛ ❧✐♥é❛r✐s❛t✐♦♥
❛✉t♦✉r ❞❡s ♣♦✐♥ts ✜①❡s ♥♦♥✲tr✐✈✐❛✉① ❞♦♥♥❡ ✉♥❡ ✈❛❧❡✉r ♣r♦♣r❡ ré❡❧❧❡ ❡t ❞❡✉① ✈❛❧❡✉rs
♣r♦♣r❡s ❝♦♠♣❧❡①❡ ❝♦♥❥✉❣✉é❡s✳ ▲❛ ✈❛❧❡✉r ♣r♦♣r❡ ré❡❧❧❡ ❡st t♦✉❥♦✉rs ♥é❣❛t✐✈❡ ❞❡ s♦rt❡
q✉❡ ❧❡s ♣♦✐♥ts ✜①❡s ♣♦ssè❞❡♥t ✉♥❡ ❞✐r❡❝t✐♦♥ st❛❜❧❡✳ ▲❡s ✈❛❧❡✉rs ❝♦♠♣❧❡①❡s ❝♦♥❥✉❣✉és
♦♥t ✉♥❡ ♣❛rt✐❡ ré❡❧❧❡ ♣♦s✐t✐✈❡ ♦✉ ♥é❣❛t✐✈❡ s❡❧♦♥ ❧❡s ♣❛r❛♠ètr❡s µ ❡t ν✳ P❛r ❡①❡♠♣❧❡✱
❧♦rs ❞❡s r❡♥✈❡rs❡♠❡♥ts ✈✉s à ❧❛ ✜♥ ❞✉ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t✱ ❝❡s ♣♦✐♥ts s♦♥t ✐♥st❛❜❧❡s
❡♥ ♦s❝✐❧❧❛♥t✳

✺✳✸ ❚r❛♥s✐t✐♦♥ ✈❡rs ❧❡ ❝❤❛♦s

■❧ ❡st ✐♥tér❡ss❛♥t ❞❡ ♥♦t❡r q✉❡ ♠ê♠❡ ❡♥ ❧✬❛❜s❡♥❝❡ ❞✬✉♥ ré❣✐♠❡ ❞❡ r❡♥✈❡rs❡♠❡♥ts✱
❧❡ s②stè♠❡ ♣rés❡♥t❡ ✉♥ ❝♦♠♣♦rt❡♠❡♥t ❝❤❛♦t✐q✉❡ t♦✉t ❡♥ r❡st❛♥t à ♣r♦①✐♠✐té ❞❡ ❧✬✉♥
❞❡s ♣♦✐♥ts ✜①❡s✳ ❉❛♥s ❝❡tt❡ s❡❝t✐♦♥ ♦♥ ét✉❞✐❡ ❞❡ q✉❡❧❧❡ ♠❛♥✐èr❡ ❧❡ s②stè♠❡ ❜✐❢✉rq✉❡
✈❡rs ✉♥ ét❛t ❝❤❛♦t✐q✉❡✳ ❖♥ ❝❤♦✐s✐t ❞❡ ✜①❡r ❧❡s ♣❛r❛♠ètr❡s Γ = 0.9✱ ν = 0.1 ❡t µ ❡st
✈❛r✐é ❡♥tr❡ 0.15 ❡t 0.1✱ ❝❡ q✉✐ ♣❡r♠❡t ❞✬ét✉❞✐❡r ❧❡s ♣r✐♥❝✐♣❛✉① ❝♦♠♣♦rt❡♠❡♥ts ❞✉
♠♦❞è❧❡✳

▲❛ ✜❣✉r❡ ✺✳✷ ♠♦♥tr❡ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞✉ ♠♦❞è❧❡ ♣♦✉r µ = 0.119✱ ν = 0.1 ❡t
Γ = 0.9✳ ■❧ s✬❛❣✐t ❞✉ ré❣✐♠❡ ❞❡ r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s ❞✉ ❝❤❛♠♣ ✈✉ à ❧❛ ✜♥
❞✉ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t✳ ❆✜♥ ❞❡ ♠✐❡✉① ❝♦♠♣r❡♥❞r❡ ❧❡s ♠é❝❛♥✐s♠❡s ♠❡♥❛♥t à ❝❡tt❡
❞②♥❛♠✐q✉❡✱ ✐❧ ❡st ♥é❝❡ss❛✐r❡ ❞❡ ré❞✉✐r❡ ❧❛ ❞✐♠❡♥s✐♦♥ ❞✉ ♣r♦❜❧è♠❡✳ ❈❡tt❡ ré❞✉❝t✐♦♥
❡st ♦❜t❡♥✉❡ ❡♥ ❞é✜♥✐ss❛♥t ✉♥❡ s❡❝t✐♦♥ ❞❡ P♦✐♥❝❛ré ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s✳ P♦✉r
❝❡❧❛✱ ♦♥ ❞é✜♥✐t ❧❡ ♣❧❛♥ ❝♦♥t❡♥❛♥t ❧❛ ❞r♦✐t❡ ♣❛ss❛♥t ♣❛r ❧❡s ❞❡✉① ♣♦✐♥ts ✜①❡s N+ ❡t
N− ❡t ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ ❛✈❡❝ ❧❡ ♣❧❛♥ V = 0✳ ▲✬✐♥t❡rs❡❝t✐♦♥ ❞❡ ❝❡ ♣❧❛♥ ❛✈❡❝ ❧❡ ♣❧❛♥
(D, Q) ♥♦✉s ❞♦♥♥❡ ✉♥❡ ❞r♦✐t❡ ❣r❛❞✉é❡ ❛✈❡❝ ❧✬♦r✐❣✐♥❡ ❛✉ ♣♦✐♥t ❖✳ ▲✬❛♣♣❧✐❝❛t✐♦♥ ❞✉



✶✺✻ ❯♥ ♠♦❞è❧❡ s✐♠♣❧❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s✳
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❋✐❣✳ ✺✳✷✿ ■♥té❣r❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞✉ ♠♦❞è❧❡ ♣♦✉r µ = 0.119✱ ν = 0.1 ❡t Γ = 0.9✳ ❖♥ ✈♦✐t
❡♥ r♦✉❣❡ ❧❛ s❡❝t✐♦♥ ❞❡ P♦✐♥❝❛ré ✉t✐❧✐sé ♣♦✉r ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞✉ ♣r❡♠✐❡r r❡t♦✉r✳

♣r❡♠✐❡r r❡t♦✉r ❡st ❞é✜♥✐❡ ♣❛r ❧✬✐♥t❡rs❡❝t✐♦♥ ❞❡ ❧❛ tr❛❥❡❝t♦✐r❡ ❞✉ s②stè♠❡ ❛✈❡❝ ❝❡tt❡
❞r♦✐t❡✱ xn+1✱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧✬✐♥t❡rs❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✱ xn✳ ▲❛ ✜❣✉r❡ ✺✳✸ ♠♦♥tr❡ ❧❡
❞✐❛❣r❛♠♠❡ ❞❡ ❜✐❢✉r❝❛t✐♦♥ ❞❡ xn ❡♥ ❢♦♥❝t✐♦♥ ❞❡ µ✳ ▲✬ét✉❞❡ s❡ ❧✐♠✐t❡ ♣♦✉r ❧✬✐♥st❛♥t
✉♥✐q✉❡♠❡♥t à ❧❛ ré❣✐♦♥ ❡♥t♦✉r❛♥t ❧❡ ♣♦✐♥t ✜①❡ N+✳ ❉❛♥s ❧✬é✈❡♥t❛✐❧ ❞❡s ♣❛r❛♠ètr❡s
❡①♣❧♦rés ✐❝✐✱ ❧❡ s②stè♠❡ s❡ tr♦✉✈❡ ❞❛♥s ❧❡ ❝❛s ♦ù ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s λ1 ❡t λ2 ❞✉
♣♦✐♥t ✜①❡ O s♦♥t ❝♦♠♣❧❡①❡s ❝♦♥❥✉❣✉é❡s ❡t ❛✈❡❝ ✉♥❡ ♣❛rt✐❡ ré❡❧❧❡ ♣♦s✐t✐✈❡✳ O ❡st
❞♦♥❝ ✐♥st❛❜❧❡ ❡t ♦s❝✐❧❧❛♥t✳ ▲♦rsq✉❡ µ > 0.2✱ ♦♥ ♦❜s❡r✈❡ ✉♥❡ s♦❧✉t✐♦♥ st❛t✐♦♥♥❛✐r❡
❝♦rr❡s♣♦♥❞❛♥t ❛✉ ♣♦✐♥t ✜①❡ N+✳ P♦✉r 0.138 < µ < 0.2✱ ✉♥❡ ♦r❜✐t❡ ♣ér✐♦❞✐q✉❡ st❛❜❧❡
❛♣♣❛r❛ît ❛✉t♦✉r ❞❡ ❧❛ s♦❧✉t✐♦♥ N+✳ P♦✉r ❝❡s ♣❛r❛♠ètr❡s✱ ❧❛ ❧✐♥é❛r✐s❛t✐♦♥ ✐♥❞✐q✉❡ ✉♥❡
✈❛❧❡✉r ♣r♦♣r❡ st❛❜❧❡ ❡t ❞❡✉① ✈❛❧❡✉rs ♣r♦♣r❡s ❝♦♠♣❧❡①❡s ❝♦♥❥✉❣✉é❡s à ✈❛❧❡✉rs ré❡❧❧❡s
♣♦s✐t✐✈❡s✳ ❖♥ ♥♦t❡r❛ q✉✬✉♥❡ t❡❧❧❡ ♦r❜✐t❡ ♣ér✐♦❞✐q✉❡ ❝♦rr❡s♣♦♥❞ à ✉♥ ♣♦✐♥t ✜①❡ ❞❛♥s
❧✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ P♦✐♥❝❛ré✳ ▲❛ ✜❣✉r❡ ✺✳✹ ♠♦♥tr❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞✉ ♣r❡♠✐❡r
r❡t♦✉r ❡♥ ❢♦♥❝t✐♦♥ ❞❡ µ ✭à ❣❛✉❝❤❡✮✳ ❖♥ ② ♠♦♥tr❡ é❣❛❧❡♠❡♥t ❧❡s tr❛❥❡❝t♦✐r❡s ❛ss♦❝✐é❡s
❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s D, Q ✭à ❞r♦✐t❡✮✳ ❆ ♣❛rt✐r ❞❡ µ = 0.138✱ ♦♥ ♦❜s❡r✈❡ ❞❛♥s
❧❡ ❞✐❛❣r❛♠♠❡ ❞❡ ❜✐❢✉r❝❛t✐♦♥ ✺✳✸ ✉♥❡ sér✐❡ ❞❡ ❜✐❢✉r❝❛t✐♦♥s ❢♦✉r❝❤❡s ❝♦rr❡s♣♦♥❞❛♥t



✺✳✸ ❚r❛♥s✐t✐♦♥ ✈❡rs ❧❡ ❝❤❛♦s ✶✺✼

❋✐❣✳ ✺✳✸✿ ❉✐❛❣r❛♠♠❡ ❞❡ ❜✐❢✉r❝❛t✐♦♥ ❞❡ xn ❡♥ ❢♦♥❝t✐♦♥ ❞❡ µ à ♣❛rt✐r ❞❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞✉
♣r❡♠✐❡r r❡t♦✉r✳ ▲♦rsq✉❡ µ ❞é❝r♦ît ❞❡ 0.15 ❥✉sq✉✬à 0.1✱ ♦♥ ♦❜s❡r✈❡ ✉♥❡ tr❛♥s✐t✐♦♥
✈❡rs ❧❡ ❝❤❛♦s ♣❛r ❞♦✉❜❧❡♠❡♥t ❞❡ ♣ér✐♦❞❡✳

à ❞❡s ❞♦✉❜❧❡♠❡♥ts ❞❡ ♣ér✐♦❞❡ s✉❝❝❡ss✐❢s ❞❡ ❧✬♦r❜✐t❡ ♣ér✐♦❞✐q✉❡ ❡♥t♦✉r❛♥t N+✳ ❈❡s
❞♦✉❜❧❡♠❡♥ts ❞❡ ♣ér✐♦❞❡ ❞❛♥s ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞✉ ♣r❡♠✐❡r r❡t♦✉r s♦♥t ✐❧❧✉strés s✉r ❧❛
✜❣✉r❡ ✺✳✹✳ ❙✉r ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞✉ ♣r❡♠✐❡r r❡t♦✉r✱ ♦♥ ② ✈♦✐t ❧❡ ♣♦✐♥t ✜①❡ ♦❜t❡♥✉ ♣♦✉r
µ = 0.14 ❞❡✈❡♥✐r ❧❡ ❝❡♥tr❡ ❞✬✉♥❡ ♦r❜✐t❡ ♣♦✉r µ = 0.135✱ ❉❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s
(D, Q)✱ ❝❡❧❛ ❝♦rr❡s♣♦♥❞ ❛✉ ❞é❞♦✉❜❧❡♠❡♥t ❞❡ ❧✬♦r❜✐t❡ ♣ér✐♦❞✐q✉❡ st❛❜❧❡ ❡♥t♦✉r❛♥t
M+✳ P♦✉r µ = 0.13✱ ❧❡ ❞♦✉❜❧❡♠❡♥t ❞❡ ♣ér✐♦❞❡ ❞❡ ❧✬♦r❜✐t❡ ❞❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞✉ ♣r❡♠✐❡r
r❡t♦✉r ♦❜t❡♥✉ ♣♦✉r µ = 0.135 ❡st ❝❧❛✐r❡♠❡♥t ✈✐s✐❜❧❡✳ ❉❛♥s ❧✬❡s♣❛❝❡ (D, Q)✱ ♦♥ ♦❜s❡r✈❡
❞♦♥❝ ❞❡s tr❛❥❡❝t♦✐r❡s ♣❧✉s ❝♦♠♣❧✐q✉é❡s✱ ❝♦♥st✐t✉é❡s ❞❡ q✉❛tr❡ ♦r❜✐t❡s ♣ér✐♦❞✐q✉❡s
❡♥❝❤❡✈êtré❡s✳

▲❛ ❞❡s❝r✐♣t✐♦♥ q✉❡ ❧✬♦♥ ❞♦♥♥❡ ✐❝✐ ❝♦rr❡s♣♦♥❞ ❡♥ ❢❛✐t ❛✉ s❝é♥❛r✐♦ ❝❧❛ss✐q✉❡ ❞❡
r♦✉t❡ ✈❡rs ❧❡ ❝❤❛♦s ❞✐t ✬♣❛r ❞♦✉❜❧❡♠❡♥ts ❞❡ ♣ér✐♦❞❡✬✳ ❈❡ t②♣❡ ❞❡ tr❛♥s✐t✐♦♥ s✬♦❜s❡r✈❡
❞❛♥s ❞❡ ♥♦♠❜r❡✉s❡s ❛♣♣❧✐❝❛t✐♦♥s ❞✐s❝rèt❡s✱ ❝♦♠♠❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❍é♥♦♥ ♦✉ ❡♥❝♦r❡
❧✬❛♣♣❧✐❝❛t✐♦♥ ❧♦❣✐st✐q✉❡✳ ❉❛♥s t♦✉s ❧❡s ❝❛s✱ ♦♥ ♦❜s❡r✈❡ ❧❛ tr❛♥s✐t✐♦♥ s✉✐✈❛♥t❡ ✿ à ♣❛rt✐r
❞✬✉♥ ♣♦✐♥t ✜①❡✱ ♦♥ ♦❜s❡r✈❡ q✉❡ ❝❡❧✉✐✲❝✐ s❡ ❞ést❛❜✐❧✐s❡ ❛✉ ♣r♦✜t ❞✬✉♥❡ ♦r❜✐t❡ ♣ér✐♦❞✐q✉❡
❧♦rsq✉✬✉♥ ❞❡s ♣❛r❛♠ètr❡s ❡st ♠♦❞✐✜é✳ ❈❡tt❡ ♦r❜✐t❡ ♣❡r❞ ❡♥s✉✐t❡ s❛ st❛❜✐❧✐té✱ ❡t ❞❡✉①
♥♦✉✈❡❧❧❡s ♦r❜✐t❡s ❛♣♣❛r❛✐ss❡♥t ❛✈❡❝ ✉♥❡ ♣ér✐♦❞❡ ❞❡✉① ❢♦✐s ♣❧✉s ❣r❛♥❞❡✳ ■❧ s✬❡♥ s✉✐t
✉♥❡ sér✐❡ ❞❡ ❜✐❢✉r❝❛t✐♦♥s s✐♠✐❧❛✐r❡s✱ ❛✈❡❝ à ❝❤❛q✉❡ ❢♦✐s ❧❛ ❝ré❛t✐♦♥ ❞❡ ❝②❝❧❡s ❞❡ ♣❧✉s
❡♥ ♣❧✉s ♥♦♠❜r❡✉① ❞❡ ♣ér✐♦❞❡s ♣❧✉s ❧♦♥❣✉❡s✳ ▲❡ s②stè♠❡ ❛tt❡✐♥t ❛✐♥s✐ r❛♣✐❞❡♠❡♥t ✉♥
ét❛t ✐♥st❛❜❧❡ ♦ù ✐❧ ♥✬❡st ♣❧✉s ♣♦ss✐❜❧❡ ❞❡ ❞✐st✐♥❣✉❡r ❧❡s ❞✐✛ér❡♥t❡s ♦r❜✐t❡s ✿ ❧❡ s②stè♠❡
♣rés❡♥t❡ ❛❧♦rs ✉♥ ❝♦♠♣♦rt❡♠❡♥t ❝❤❛♦t✐q✉❡✳ ▲❛ ✜❣✉r❡ ✺✳✺ ✐❧❧✉str❡ ❝❡tt❡ tr❛♥s✐t✐♦♥ ✈❡rs
❧❡ ❝❤❛♦s✳ ❖♥ ② ♠♦♥tr❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧✬❡①♣♦s❛♥t ❞❡ ▲②❛♣✉♥♦✈ λ ❞✉ s②stè♠❡ ❛✈❡❝ µ✳
❖♥ ♥♦t❡ ✉♥❡ tr❛♥s✐t✐♦♥ ♥❡tt❡ ✈❡rs µ ≈ 0.13✱ ♦ù λ t❡♥❞ r❛♣✐❞❡♠❡♥t ✈❡rs ✉♥❡ ✈❛❧❡✉r
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❋✐❣✳ ✺✳✹✿ ■♥té❣r❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞✉ ♠♦❞è❧❡ ♣♦✉r ❞✐✛ér❡♥t❡s ✈❛❧❡✉rs ❞❡ µ ✐❧❧✉str❛♥t ❧❛
tr❛♥s✐t✐♦♥ ✈❡rs ❧❡ ❝❤❛♦s ✭❞❡ ❤❛✉t ❡♥ ❜❛s ✿ µ = 0.14✱ µ = 0.135 ❡t µ = 0.13✳ ❆
❣❛✉❝❤❡ ✿ ❛♣♣❧✐❝❛t✐♦♥ ❞❡ ♣r❡♠✐❡r r❡t♦✉r ❞✉ s②stè♠❡✳ ❆ ❞r♦✐t❡ ✿ ❡s♣❛❝❡ ❞❡s ♣❤❛s❡
✭❉✱◗✮✳ ❖♥ ✈♦✐t ❝❧❛✐r❡♠❡♥t ❧❡ ❞♦✉❜❧❡♠❡♥t ❞❡ ♣ér✐♦❞❡ ❡♥tr❡ µ = 0.135 ❡t µ = 0.13

❞✬❡♥✈✐r♦♥ 0.1✱ ❝❛r❛❝tér✐s❛♥t ✉♥ ❝♦♠♣♦rt❡♠❡♥t ❝❤❛♦t✐q✉❡✳

▲❛ ✜❣✉r❡ ✺✳✻ ♠♦♥tr❡ ❧❡ s②stè♠❡ ♣♦✉r µ = 0.12✳ ❖♥ ♦❜s❡r✈❡ ✉♥ ❛ttr❛❝t❡✉r ❝❤❛♦✲
t✐q✉❡ ❝♦♥✜♥é ❞❛♥s ✉♥❡ ré❣✐♦♥ ❛✉t♦✉r ❞✉ ♣♦✐♥t ✜①❡ N+✳ ▲✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡s
✈❛r✐❛❜❧❡s ❞✉ s②stè♠❡ ❡st ❝♦♠♣❧❡①❡✱ ✐rré❣✉❧✐èr❡ ❡t très s❡♥s✐❜❧❡ ❛✉① ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s
✭✜❣✉r❡ ✺✳✻✱ ❡♥ ❜❛s à ❣❛✉❝❤❡✮✳ ❙✉r ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞✉ ♣r❡♠✐❡r r❡t♦✉r✱ ✐❧ ♥✬❡st ♣❧✉s ♣♦ss✐❜❧❡
❞❡ ❞✐st✐♥❣✉❡r ❧❡s ♦r❜✐t❡s ♣ér✐♦❞✐q✉❡s✳ ▲❡ s②stè♠❡ ❡①♣❧♦r❡ ❞❡ ❢❛ç♦♥ ❝❤❛♦t✐q✉❡ ❧✬✐♥t❡r✲
✈❛❧❧❡ 1.4 < xn < 2.3 ✭✜❣✉r❡ ✺✳✻✱ ❡♥ ❤❛✉t✮✳ ❈❡t ✐♥t❡r✈❛❧❧❡ ❞é✜♥✐t ✉♥ ❞♦♠❛✐♥❡ ❝r✐t✐q✉❡ à
❧✬✐♥tér✐❡✉r ❞✉q✉❡❧ ❧✬❛ttr❛❝t❡✉r ❝❤❛♦t✐q✉❡ ❡st ❜♦r♥é ❞❛♥s ❧✬❡s♣❛❝❡ D, Q, V ✭❝❧❛✐r❡♠❡♥t
✈✐s✐❜❧❡ s✉r ❧❛ ✜❣✉r❡ ✺✳✻✱ ❡♥ ❜❛s à ❞r♦✐t❡✮✳ ■❧ ❡st ✐♥tér❡ss❛♥t ❞❡ ♥♦t❡r q✉✬✉♥ ❛ttr❛❝t❡✉r
✐❞❡♥t✐q✉❡ ❡①✐st❡ ❛✉ ✈♦✐s✐♥❛❣❡ ❞✉ ♣♦✐♥t ✜①❡ ♦♣♣♦sé N−✳ ❚♦✉t❡❢♦✐s✱ ♦♥ ♦❜s❡r✈❡ q✉❡ ❝❡s
❞❡✉① ❛ttr❛❝t❡✉rs s②♠étr✐q✉❡s ♥❡ s♦♥t ♣❛s ❝♦♥♥❡❝tés ❡♥tr❡ ❡✉① à ❝❡ st❛❞❡✱ ❞❡ s♦rt❡
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❋✐❣✳ ✺✳✺✿ ➱✈♦❧✉t✐♦♥ ❞❡ ❧✬❡①♣♦s❛♥t ❞❡ ▲②❛♣✉♥♦✈ λ ❞✉ s②stè♠❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ µ✳ ❖♥ ✈♦✐t
q✉❡ ❧❛ sér✐❡ ❞❡ ❜✐❢✉r❝❛t✐♦♥s ♣❛r ❞♦✉❜❧❡♠❡♥ts ❞❡ ♣ér✐♦❞❡ ❝♦rr❡s♣♦♥❞ à ✉♥❡ ❛✉❣✲
♠❡♥t❛t✐♦♥ ❞❡ λ✱ tr❛❞✉✐s❛♥t ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ ét❛t ❝❤❛♦t✐q✉❡✳

q✉❡ ❧❡ ♠♦❞è❧❡ ❡♥❣❡♥❞r❡ ✉♥❡ ❞②♥❛♠✐q✉❡ ❝❤❛♦t✐q✉❡ s❛♥s r❡♥✈❡rs❡♠❡♥ts✳ ■❧ s✬❛❣✐t ❧à
❞✬✉♥❡ ❞✐✛ér❡♥❝❡ ✐♠♣♦rt❛♥t❡ ❛✈❡❝ ❞✬❛✉tr❡s ♠♦❞è❧❡s ❞❡ r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s✳ P❛r
❡①❡♠♣❧❡✱ ❞❛♥s ❧❡ s②stè♠❡ ❞❡ ▲♦r❡♥③✱ ✉♥❡ tr❛♥s✐t✐♦♥ ✈❡rs ❧❡ ❝❤❛♦s ♣❛r ❞♦✉❜❧❡♠❡♥t ❞❡
♣ér✐♦❞❡ ❡st é❣❛❧❡♠❡♥t ♦❜s❡r✈é❡✱ ♠❛✐s ✉♥✐q✉❡♠❡♥t ❞❛♥s ✉♥ ré❣✐♠❡ ❞❡ r❡♥✈❡rs❡♠❡♥t✳
❉❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡✱ ❞❛♥s ❧❡ ♠♦❞è❧❡ ❞❡ ❘✐❦✐t❛❦❡✱ ❡♥tr❡ ❧❡s r❡♥✈❡rs❡♠❡♥ts✱ ❧❡s ♠♦❞❡s
♦s❝✐❧❧❡♥t s✐♠♣❧❡♠❡♥t ❛✈❡❝ ✉♥❡ ❛♠♣❧✐t✉❞❡ ❝r♦✐ss❛♥t❡✳

✺✳✹ ❘❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s

✺✳✹✳✶ P❤é♥♦♠è♥❡ ❞❡ ❝r✐s❡ ❡t ✐♥t❡r♠✐tt❡♥❝❡

P♦✉r µ = 0.12✱ ♦♥ ♦❜t✐❡♥t ❞♦♥❝ ✉♥ ré❣✐♠❡ ❞❛♥s ❧❡q✉❡❧ ❧❡s ❛♠♣❧✐t✉❞❡s D ❡t
Q ✢✉❝t✉❡♥t ❞❡ ♠❛♥✐èr❡ ❝❤❛♦t✐q✉❡ s❛♥s s❡ r❡♥✈❡rs❡r✳ ❆ ♣❛rt✐r ❞❡ ❝❡t ét❛t✱ ✉♥❡ très
❧é❣èr❡ ❞✐♠✐♥✉t✐♦♥ ❞❡ µ ♣r♦✈♦q✉❡ ✉♥❡ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥❡ ❞②♥❛♠✐q✉❡ ❞❡ r❡♥✈❡rs❡♠❡♥ts
❝❤❛♦t✐q✉❡s ❞❡s ❛♠♣❧✐t✉❞❡s ❡♥tr❡ ❞❡✉① ét❛ts ♠♦②❡♥s ❜✐❡♥ ❞é✜♥✐s✳ ▲❛ ✜❣✉r❡ ✺✳✼ ♠♦♥tr❡
❧✬é✈♦❧✉t✐♦♥ ❞✉ ♠♦❞è❧❡ ♣♦✉r µ = 0.119✳ ❖♥ ♦❜s❡r✈❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s q✉❡
❧❡ ❝♦♠♣♦rt❡♠❡♥t ♣rès ❞✬✉♥ ❞❡s ♣♦✐♥ts ✜①❡s r❡st❡ ✐❞❡♥t✐q✉❡ à ❝❡❧✉✐ ❡♥❣❡♥❞ré ❥✉st❡
❛✈❛♥t ❧❡s r❡♥✈❡rs❡♠❡♥ts✳ ❚♦✉t❡❢♦✐s✱ ❧❡s ❞❡✉① ❛ttr❛❝t❡✉rs ❛✉t♦✉r ❞❡ ❝❤❛❝✉♥ ❞❡s ❞❡✉①
♣♦✐♥ts ✜①❡s s♦♥t ♠❛✐♥t❡♥❛♥t ❝♦♥♥❡❝tés ♣❡r♠❡tt❛♥t ❞❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s ❞✉
s②stè♠❡✳ ■❧ ❡st ✐♠♣♦rt❛♥t ❞❡ ❝♦♠♣r❡♥❞r❡ ❝♦♠♠❡♥t ❝❡s r❡♥✈❡rs❡♠❡♥ts s❡ ♣r♦❞✉✐s❡♥t✳

❊♥ ❝❤❛♥❣❡❛♥t ✉♥ ❞❡s ♣❛r❛♠ètr❡s ❞✉ s②stè♠❡ ✭✐❝✐ µ✮✱ ♦♥ ♦❜s❡r✈❡ ❛✐♥s✐ ✉♥ ❝❤❛♥✲
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❋✐❣✳ ✺✳✻✿ ■♥té❣r❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞✉ ♠♦❞è❧❡ ♣♦✉r µ = 0.12✱ ν = 0.1 ❡t Γ = 0.9✳ P♦✉r ❝❡
❥❡✉ ❞❡ ♣❛r❛♠ètr❡s✱ ♦♥ ♦❜s❡r✈❡ ✉♥❡ ❞②♥❛♠✐q✉❡ ❝❤❛♦t✐q✉❡✳ ❊♥ ❤❛✉t ✿ ❆♣♣❧✐❝❛t✐♦♥
❞✐s❝rèt❡✳ ❊♥ ❜❛s✱ à ❣❛✉❝❤❡ ✿ é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ ❧✬❛♠♣❧✐t✉❞❡ Q✳ ❊♥ ❜❛s✱ à
❞r♦✐t❡ ✿ é✈♦❧✉t✐♦♥ ❞✉ s②stè♠❡ ❞❛♥s ❧❡ ♣❧❛♥ ❞❡ ♣❤❛s❡ ✭❉✱◗✮✳ P♦✉r ❝❡tt❡ ❝♦♥❞✐t✐♦♥
✐♥✐t✐❛❧❡✱ ❧❡ s②stè♠❡ r❡st❡ ❛✉t♦✉r ❞✉ ♣♦✐♥t M+✳

❣❡♠❡♥t ❞✐s❝♦♥t✐♥✉ ❞❛♥s ❧❛ str✉❝t✉r❡ ❞❡ ❧✬❛ttr❛❝t❡✉r✳ ❈❡ t②♣❡ ❞❡ ♠❛♥✐❢❡st❛t✐♦♥ ❝❤❛♦✲
t✐q✉❡ ❞❡s s②stè♠❡s ❞✐ss✐♣❛t✐❢s ❡st ❝♦♥♥✉ ❝♦♠♠❡ ét❛♥t ✉♥ ♣❤é♥♦♠è♥❡ ❞✐t ✬❞❡ ❝r✐s❡✬✳
❈❡ ❣❡♥r❡ ❞❡ ❝♦♠♣♦rt❡♠❡♥t ❛ été ❞é❝♦✉✈❡rt ❡t ét✉❞✐é ❡♥ ❞ét❛✐❧ ♣❛r ●r❡❜♦❣✐✱ ❖tt ❡t
❨♦r❦ ❡♥ ✶✾✽✷ ❬✷✽❪✱ ❬✷✼❪✱ ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡s s②stè♠❡s à t❡♠♣s ❞✐s❝r❡ts✳ ❚②♣✐q✉❡✲
♠❡♥t✱ ❧❡s ❝❤❛♥❣❡♠❡♥ts ❛ss♦❝✐és à ✉♥❡ ❝r✐s❡ s♦♥t ❞❡ tr♦✐s t②♣❡s ✿ ❞❛♥s ❧❡ ♣r❡♠✐❡r ❝❛s✱
❧✬❛ttr❛❝t❡✉r ❝❤❛♦t✐q✉❡ ❡st s♦✉❞❛✐♥❡♠❡♥t ❞étr✉✐t ❛✉ ♣❛ss❛❣❡ ❞✉ ♣♦✐♥t ❝r✐t✐q✉❡ ❞❡ ❧❛
❝r✐s❡✳ ❉❛♥s ❧❡ ❞❡✉①✐è♠❡ ❝❛s✱ ❧❛ t❛✐❧❧❡ ❞❡ ❧✬❛ttr❛❝t❡✉r s✉❜✐t ✉♥❡ ❛✉❣♠❡♥t❛t✐♦♥ ❜r✉t❛❧❡✳
❊♥✜♥✱ ❞❛♥s ❧❡ ❞❡r♥✐❡r ❝❛s✱ ❞❡✉① ❛ttr❛❝t❡✉rs ♦✉ ♣❧✉s ❝♦❧❧✐s✐♦♥♥❡♥t ❛✜♥ ❞❡ ♥❡ ❢♦r♠❡r
q✉✬✉♥ s❡✉❧ ❛ttr❛❝t❡✉r✳ ❉❛♥s ❝❤❛❝✉♥ ❞❡ ❝❡s tr♦✐s ❝❛s✱ ❧❡ ❝❤❛♥❣❡♠❡♥t str✉❝t✉r❡❧ ❡st ❛s✲
s♦❝✐é à ✉♥❡ ❝♦❧❧✐s✐♦♥ ❛✈❡❝ ✉♥ ❛ttr❛❝t❡✉r ✐♥st❛❜❧❡ ✭❝❤❛♦t✐q✉❡ ♦✉ ♥♦♥✮✱ ❡t ✐❧ ❡st ♣♦ss✐❜❧❡
❞❡ ❝❛r❛❝tér✐s❡r ❧❡ ♣❤é♥♦♠è♥❡ à ❧✬❛✐❞❡ ❞✬✉♥ t❡♠♣s t②♣✐q✉❡✱ q✉❡ ❧✬♦♥ ❞é♥♦t❡r❛ τ ✳

▲✬é♠❡r❣❡♥❝❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s ❞❛♥s ♥♦tr❡ ♠♦❞è❧❡ s❡♠❜❧❡ ❛♣♣❛rt❡♥✐r
à ❧❛ tr♦✐s✐è♠❡ ❝❧❛ss❡✱ ❝✬❡st✲à✲❞✐r❡ à ❧❛ ré✉♥✐♦♥ ❞❡ ❞❡✉① ❛ttr❛❝t❡✉rs ❞✐st✐♥❝ts✳ ❆♣♣❡✲
❧♦♥s µc ❧❛ ✈❛❧❡✉r ❞❡ µ ❝r✐t✐q✉❡ ♣♦✉r ❧❛q✉❡❧❧❡ ✈♦♥t ❛♣♣❛r❛îtr❡ ❧❡s ♣r❡♠✐❡rs r❡♥✈❡rs❡✲
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❋✐❣✳ ✺✳✼✿ ❈♦♠♣♦rt❡♠❡♥t ❞✉ ♠♦❞è❧❡ ♣♦✉r µ = 0.119✱ ν = 0.1 ❡t Γ = 0.9✳ ▲✬❛♣♣❧✐❝❛t✐♦♥
❞✐s❝rèt❡ ✭❡♥ ❤❛✉t✮ ♠♦♥tr❡ ✉♥❡ s✐t✉❛t✐♦♥ très s✐♠✐❧❛✐r❡ à ❝❡❧❧❡ ✈✉❡ ♣♦✉r µ = 0.12✱
❞❡ s♦rt❡ q✉❡ ❧❡ ❝❤❛♦s ② ❡st ✐❞❡♥t✐q✉❡✳ ❖♥ ♥♦t❡ t♦✉t❡❢♦✐s ✉♥❡ ♣❡t✐t❡ ♦✉✈❡rt✉r❡
♣❡r♠❡tt❛♥t ❧❛ ❝♦♥♥❡①✐♦♥ ❛✈❡❝ ❧✬❛✉tr❡ ♣♦✐♥t ✜①❡ ♦♣♣♦sé✳

♠❡♥ts✳ ▲♦rsq✉❡ µ < µc ✱ ❧❡s ❞❡✉① ❛ttr❛❝t❡✉rs ♣rès ❞❡ ❝❤❛❝✉♥ ❞❡s ♣♦✐♥ts ✜①❡s ♦♣♣♦sés
♣♦ssè❞❡♥t ❧❡✉r ♣r♦♣r❡ ❜❛ss✐♥ ❞✬❛ttr❛❝t✐♦♥✱ sé♣❛rés ♣❛r ✉♥ ❜❛ss✐♥ ❧✐♠✐t❡✳ ❙❡❧♦♥ ❧❡s
❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s✱ ❧❡s tr❛❥❡❝t♦✐r❡s t❡♥❞❡♥t ✈❡rs ✉♥ ❞❡s ❞❡✉① ❛ttr❛❝t❡✉rs✱ ❡t ② r❡s✲
t❡♥t ❝♦♥✜♥é❡s✳ ❉❛♥s ❝❡rt❛✐♥s ❝❛s✱ ✉♥❡ ✈❛r✐❛t✐♦♥ ❞❡ µ ♣r♦✈♦q✉❡ ✉♥ ❛❝❝r♦✐ss❡♠❡♥t ❞❡
❧❛ t❛✐❧❧❡ ❞❡s ❛ttr❛❝t❡✉rs✳ ➱t❛♥t ❞♦♥♥é ❧❡s s②♠étr✐❡s ❞✉ s②stè♠❡✱ ❧♦rsq✉❡ µ = µc ✱ ❧❡s
❞❡✉① ❛ttr❛❝t❡✉rs t♦✉❝❤❡♥t s✐♠✉❧t❛♥é♠❡♥t ❧❡ ❜❛ss✐♥ ❧✐♠✐t❡ sé♣❛r❛♥t ❧❡s ❞❡✉① ré❣✐♦♥s
❝❤❛♦t✐q✉❡s✱ ❝❡ q✉✐ ♣❡r♠❡t ✉♥❡ ❝♦♥♥❡①✐♦♥ ❡♥tr❡ ❧❡s ❞❡✉① ❛ttr❛❝t❡✉rs✳ ❈❡tt❡ ✉♥✐♦♥ ❞❡s
❛ttr❛❝t❡✉rs ❝♦rr❡s♣♦♥❞ ❡♥ ❢❛✐t à ✉♥❡ ❝♦❧❧✐s✐♦♥ ♣♦✉r µ = µc ❛✈❡❝ ❞❡s ♦r❜✐t❡s ♣ér✐♦✲
❞✐q✉❡s ✐♥st❛❜❧❡s s✉r ❧❡ ❜❛ss✐♥ ❧✐♠✐t❡✱ q✉✐ r❡st❡♥t à ❞ét❡r♠✐♥❡r✳ P♦✉r µ > µc ✱ ♦♥ ✈♦✐t



✶✻✷ ❯♥ ♠♦❞è❧❡ s✐♠♣❧❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s✳

❞♦♥❝ q✉❡ ❧❡ s②stè♠❡ ♣❛ss❡ ✉♥❡ ❧♦♥❣✉❡ ♣ér✐♦❞❡ ❞❡ t❡♠♣s ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ ❧✬✉♥ ❞❡s ❛t✲
tr❛❝t❡✉rs✱ ♣✉✐s q✉✐tt❡ ❜r✉t❛❧❡♠❡♥t ❝❡tt❡ ré❣✐♦♥ ♣♦✉r ❡①♣❧♦r❡r ❧❡ ✈♦✐s✐♥❛❣❡ ❞❡ ❧✬❛✉tr❡
❛ttr❛❝t❡✉r✱ ❡t ❛✐♥s✐ ❞❡ s✉✐t❡✳ ❈❡s tr❛♥s✐t✐♦♥s ❝❤❛♦t✐q✉❡s ❡♥tr❡ ❧❡s ❞❡✉① ❛ttr❛❝t❡✉rs
✈♦♥t ❞♦♥❝ ♣♦✉✈♦✐r êtr❡ ❝❛r❛❝tér✐sé❡s ♣❛r τ ✱ q✉✐ ❡st ❞❛♥s ❝❡ ❝❛s ❧❡ t❡♠♣s ♠♦②❡♥ ❡♥tr❡
❞❡✉① r❡♥✈❡rs❡♠❡♥ts✳

▲❡ ❝♦♠♣♦rt❡♠❡♥t t❡♠♣♦r❡❧ ♦❜s❡r✈é ❞❛♥s ❝❡ t②♣❡ ❞❡ ❝r✐s❡ ❡st s♦✉✈❡♥t ❛♣♣❡❧é ✐♥✲
t❡r♠✐tt❡♥❝❡ ✐♥❞✉✐t❡ ♣❛r ❝r✐s❡ ✭✬❝r✐s✐s✲✐♥❞✉❝❡❞ ✐♥t❡r♠✐tt❡♥❝②✬✮✳ ❖♥ ♣❡✉t ❡✛❡❝t✐✈❡♠❡♥t
❞é❝r✐r❡ ❝❡ ❝♦♠♣♦rt❡♠❡♥t ❝♦♠♠❡ ❞❡s tr❛♥s✐t✐♦♥s é♣✐s♦❞✐q✉❡s ❡♥tr❡ ❞❡✉① ❛ttr❛❝t❡✉rs
❝❤❛♦t✐q✉❡s✳ ◆♦t♦♥s q✉❡ ❝❡ t②♣❡ ❞✬✐♥t❡r♠✐tt❡♥❝❡ ❡st t♦✉t❡❢♦✐s ❛ss❡③ ❞✐✛ér❡♥t ❞❡ ❝❡❧❧❡s
♦❜s❡r✈é❡s ❞❛♥s ❝❡rt❛✐♥s s②stè♠❡s ❞②♥❛♠✐q✉❡s✱ ❝♦♠♠❡ ❧✬✐♥t❡r♠✐tt❡♥❝❡ ❞❡ P♦♠❡❛✉✲
▼❛♥♥❡✈✐❧❧❡✳ ❉❛♥s ❝❡ ❝❛s✱ ❧✬✐♥t❡r♠✐tt❡♥❝❡ s❡ ♣r♦❞✉✐t ❡♥tr❡ ✉♥ ét❛t ❝❤❛♦t✐q✉❡ ❡t ✉♥
ét❛t q✉❛s✐✲♣ér✐♦❞✐q✉❡✱ ❡t ♥♦♥ ❡♥tr❡ ❞❡✉① ét❛ts ❝❤❛♦t✐q✉❡s✳ ❉❛♥s ❧❛ ♣❧✉♣❛rt ❞❡s ❝❛s
♣rés❡♥t❛♥t ❝❡ t②♣❡ ❞❡ ❝r✐s❡✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ♣ré❞✐r❡ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞✉ t❡♠♣s
t②♣✐q✉❡ τ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s✳ ❖♥ ♦❜s❡r✈❡ ❡♥ ❣é♥ér❛❧ ✉♥❡ ❞é♣❡♥❞❛♥❝❡ ❞✉
t②♣❡ ✿

τ ∼ (µ− µc)
−γ ✭✺✳✶✺✮

❊♥ ré❛❧✐s❛♥t ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❞✉ ♠♦❞è❧❡ ♣♦✉r ❞✐✛ér❡♥ts ♣❛r❛♠ètr❡s✱ ✐❧ ❡st
♣♦ss✐❜❧❡ ❞❡ ❞ét❡r♠✐♥❡r ❡♠♣✐r✐q✉❡♠❡♥t ❧❛ ❧♦✐ ❞✬é✈♦❧✉t✐♦♥ ❞❡ τ ❧♦rsq✉❡ ❧✬♦♥ ✈❛r✐❡ µ✳
▲❡s ♠♦②❡♥♥❡s ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡ τ s♦♥t ré❛❧✐sé❡s s✉r ✉♥ ♠✐❧❧✐❡r ❞❡ r❡♥✈❡rs❡♠❡♥ts✳ ▲❛
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(µ−µc)¯ 0.5

❋✐❣✳ ✺✳✽✿ ➱✈♦❧✉t✐♦♥ ❞✉ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡ ❞✬❛tt❡♥t❡ ❡♥tr❡ ❞❡✉① r❡♥✈❡rs❡♠❡♥ts à ❧✬❛♣✲
♣r♦❝❤❡ ❞✉ ♣♦✐♥t ❞❡ ❜✐❢✉r❝❛t✐♦♥ ❞❡ ❧❛ ❝r✐s❡✳ ❆ ❣❛✉❝❤❡ ✿ ➱✈♦❧✉t✐♦♥ ❡♥ ❢♦♥❝t✐♦♥
❞❡ µ✱ q✉✐ s✉❣❣èr❡ µc = 0.11928✳ ▲✬❡♥❝❛❞ré ♠♦♥tr❡ 1/τ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ µ✳ ❆
❞r♦✐t❡ ✿ ➱✈♦❧✉t✐♦♥ ❡♥ é❝❤❡❧❧❡ ❧♦❣❛r✐t❤♠✐q✉❡ ❞❡ τ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ µ − µc ✳ ❖♥
tr♦✉✈❡ ♥✉♠ér✐q✉❡♠❡♥t ✉♥ ❡①♣♦s❛♥t γ ∼ 1/2✳

✜❣✉r❡ ✺✳✽✱ à ❣❛✉❝❤❡✱ ♠♦♥tr❡ ❧❡ t❡♠♣s ❞✬❛tt❡♥t❡ ♠♦②❡♥ τ ❡♥tr❡ ❞❡✉① r❡♥✈❡rs❡♠❡♥ts ❡♥
❢♦♥❝t✐♦♥ ❞❡ µ✳ ❖♥ ✈♦✐t ✉♥❡ ❞✐✈❡r❣❡♥❝❡ ❛ss❡③ ♥❡tt❡ ♣♦✉r µc ∼ 0.11928✳ ❊♥ ♣r❛t✐q✉❡✱ ✐❧
♥✬❛ ♣❛s été ♣♦ss✐❜❧❡ ❞✬♦❜s❡r✈❡r ❞❡ r❡♥✈❡rs❡♠❡♥t ♣♦✉r ❝❡tt❡ ✈❛❧❡✉r ❛♣rès ♣❧✉s ❞❡ 1.105

t❡♠♣s ❞✬✐♥té❣r❛t✐♦♥✱ t❛♥❞✐s q✉✬♦♥ ♦❜s❡r✈❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts ♣♦✉r µ = 0.119275✳ ❖♥
♣❡✉t ❞♦♥❝ ❝❤♦✐s✐r ❝❡tt❡ ✈❛❧❡✉r ❝♦♠♠❡ ét❛♥t ✉♥❡ ❜♦♥♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞✉ ♣♦✐♥t
❝r✐t✐q✉❡ ❞❡ ❧❛ ❝r✐s❡✳



✺✳✹ ❘❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s ✶✻✸

▲❛ ✜❣✉r❡ ✺✳✽ ♠♦♥tr❡ ❝♦♠♠❡♥t é✈♦❧✉❡ ❡♥ é❝❤❡❧❧❡ ❧♦❣❛r✐t❤♠✐q✉❡ ❧❡ t❡♠♣s ❞✬❛tt❡♥t❡
❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❞✐st❛♥❝❡ à ❝❡ ♣♦✐♥t ❞❡ tr❛♥s✐t✐♦♥✳ ▲❡ s②stè♠❡ s❡♠❜❧❡ s❡ ❝♦♠♣♦r✲
t❡r s❡❧♦♥ ❧❛ ❧♦✐ ❞❡ ♣✉✐ss❛♥❝❡ ✭✺✳✶✺✮✱ ❡t ❧❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s s✉❣❣èr❡♥t ❛✐♥s✐
✉♥ ❡①♣♦s❛♥t ❝r✐t✐q✉❡ δ ≃ 1/2✳ ■❧ ❡st é✈✐❞❡♠♠❡♥t ❞✐✣❝✐❧❡ ❞❡ ❝♦♥❝❧✉r❡ s✉r ✉♥ ❡①♣♦✲
s❛♥t ♣ré❝✐s✳ ▲✬❡rr❡✉r ❝♦♠♠✐s❡ s✉r ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡ µc ♣❡✉t ♣❛r ❡①❡♠♣❧❡ ❝❤❛♥❣❡r
s✐❣♥✐✜❝❛t✐✈❡♠❡♥t ❧❛ ❧♦✐ ❞❡ ♣✉✐ss❛♥❝❡ ♦❜s❡r✈é❡✳

❉❛♥s ❝❡rt❛✐♥s ❝❛s✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬♦❜t❡♥✐r ❧✬❡①♣♦s❛♥t ❝r✐t✐q✉❡ γ ❞❡ ♠❛♥✐èr❡ t❤é♦✲
r✐q✉❡✱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡s ♦r❜✐t❡s ✐♥st❛❜❧❡s ✐♠♣❧✐q✉é❡s ❞❛♥s ❧❛ ❝r✐s❡✳
❉❛♥s ❧❡ ❝❛s ❞✬❛♣♣❧✐❝❛t✐♦♥s à t❡♠♣s ❞✐s❝r❡t✱ ●ré❜♦❣✐ ❡t ❛❧ ♦♥t ♣r♦♣♦sé ❧❛ r❡❧❛t✐♦♥
s✉✐✈❛♥t❡ ✿

γ =
1

2
+ (ln|α1|)/ ln |α2| ✭✺✳✶✻✮

♦ù α1 ❡t α2 s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡s ✈❛r✐étés ✐♥st❛❜❧❡s ❡t st❛❜❧❡s
❞❡s ❞❡✉① ♦r❜✐t❡s ♣ér✐♦❞✐q✉❡s ❝♦♥s✐❞éré❡s✳ ❈❡tt❡ r❡❧❛t✐♦♥ s✉♣♣♦s❡ ❡♥ ♣❛rt✐❝✉❧✐❡r q✉❡
❧❛ ❝r✐s❡ ét✉❞✐é❡ ❡st ❞❡ t②♣❡ ✬t❛♥❣❡♥❝❡ ❤étér♦❝❧✐♥❡✬✳ ❈❡❧❛ s✐❣♥✐✜❡ q✉❡ ❧❛ tr❛♥s✐t✐♦♥ ❡st
♣r♦❞✉✐t❡ ❧♦rsq✉❡ ❧❛ ✈❛r✐été ✐♥st❛❜❧❡ ❞✬✉♥❡ ♦r❜✐t❡ ♣ér✐♦❞✐q✉❡ ✐♥st❛❜❧❡ (A) ❞❡ ❧✬❛ttr❛❝✲
t❡✉r ❞❡✈✐❡♥t t❛♥❣❡♥t❡ à ❧❛ ✈❛r✐été st❛❜❧❡ ❞✬✉♥❡ s❡❝♦♥❞❡ ♦r❜✐t❡ ♣ér✐♦❞✐q✉❡ ✐♥st❛❜❧❡
(B) ✭s❡ tr♦✉✈❛♥t à ❧✬❡①tér✐❡✉r ❞✉ ❜❛ss✐♥ ❞✬❛ttr❛❝t✐♦♥ ♣♦✉r µ < µc✮✳

❉❛♥s ❧❡ s②stè♠❡ ❝♦♥s✐❞éré ✐❝✐✱ ❧❛ ♣❛rt✐❝✉❧❛r✐té ✈✐❡♥t ❞✉ ❢❛✐t q✉❡ ❧✬♦r❜✐t❡ (B) ❛♣✲
♣❛rt✐❡♥t ❡♥ ❢❛✐t ❛✉ ❜❛ss✐♥ ❞✬❛ttr❛❝t✐♦♥ ❞✉ s❡❝♦♥❞ ❛ttr❛❝t❡✉r✳ ❊♥ r❛✐s♦♥ ❞❡s s②♠étr✐❡s
❞✉ ♠♦❞è❧❡✱ ✉♥❡ ❝♦♥♥❡①✐♦♥ ✐❞❡♥t✐q✉❡ ❡st ré❛❧✐sé❡ ♣rès ❞✉ s❡❝♦♥❞ ❛ttr❛❝t❡✉r✳ ❆ ♣❛rt✐r
❞✉ ♣❧❛♥ ❞❡ P♦✐♥❝❛ré ✉t✐❧✐sé ♣♦✉r ♥♦tr❡ ✢♦t ✭✈♦✐r ✜❣✉r❡ ✺✳✷✮✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬♦❜t❡✲
♥✐r ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ❞✐s❝rèt❡ s✉r ❧❛q✉❡❧❧❡ ♣❡✉t êtr❡ ✈✐s✉❛❧✐sé❡ ❧❛ ❝♦❧❧✐s✐♦♥ ♠❡♥❛♥t à ❧❛
❝r✐s❡✳ ❚❡❧ q✉✬✐❧ ❡st ❞é✜♥✐ à ❧❛ ✜❣✉r❡ ✺✳✷✱ ❧❡ ♣❧❛♥ ❞❡ P♦✐♥❝❛ré ✉t✐❧✐sé ❛ ❝♦♠♠❡ ♦r❞♦♥♥é❡
Y = V ❡t ❝♦♠♠❡ ❛❜s❝✐ss❡ X ❧❛ ❞r♦✐t❡ ❥♦✐❣♥❛♥t ❧❡s ❞❡✉① ♣♦✐♥ts ✜①❡s ❛✈❡❝ ❧❡ ♣♦✐♥t O

✭D = Q = 0✮ ♣♦✉r ♦r✐❣✐♥❡✳ ▲❛ ✜❣✉r❡ ✺✳✾ ♠♦♥tr❡ ❧❡s ❜❛ss✐♥s ❞✬❛ttr❛❝t✐♦♥ ❞✉ s②stè♠❡✳
❈❡s ❜❛ss✐♥s s♦♥t ♦❜t❡♥✉s ♥✉♠ér✐q✉❡♠❡♥t ❡♥ ✉t✐❧✐s❛♥t ✉♥❡ ❣r✐❧❧❡ (X0, Y0) ❞❡ 500x500
❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s✳ ❊♥ ♣r❛t✐q✉❡✱ s❡❧♦♥ ❧✬❛ttr❛❝t❡✉r ✈❡rs ❧❡q✉❡❧ ❧❡ s②stè♠❡ t❡♥❞ ❛✉①
t❡♠♣s ❧♦♥❣s✱ ♦♥ ❝♦❧♦r❡ ❡♥ ❜❧❛♥❝ ♦✉ ❡♥ ♥♦✐r ❧❛ ❝♦♥❞✐t✐♦♥ ✐♥✐t✐❛❧❡ ❝♦rr❡s♣♦♥❞❛♥t❡✳ ▲❛
✜❣✉r❡ ✺✳✾✭❛✮ ♠♦♥tr❡ ❧❡ s②stè♠❡ ❛✈❛♥t ❧❛ ❝r✐s❡✱ ♣♦✉r µ = 0.1194 > µc ✳ ❖♥ ♦❜s❡r✈❡
❡♥ r♦✉❣❡ ❧❡s ♣♦✐♥ts ❝♦rr❡s♣♦♥❞❛♥ts ❛✉① ✐♥t❡rs❡❝t✐♦♥s ❞❡s tr❛❥❡❝t♦✐r❡s ❞❡s ❛ttr❛❝t❡✉rs
❛✈❡❝ ❧❡ ♣❧❛♥ ❞❡ P♦✐♥❝❛ré✳ ❖♥ ♥♦t❡ q✉❡ ❧❡s ❞❡✉① ❛ttr❛❝t❡✉rs s♦♥t ❜✐❡♥ ❞✐st✐♥❝ts✳ ▲❡s
❢♦♥❞s ❜❧❛♥❝s ❡t ♥♦✐rs ✐♥❞✐q✉❡♥t ❞❡s ❜❛ss✐♥s ❞✬❛ttr❛❝t✐♦♥ s②♠étr✐q✉❡s✱ ❡t t❡❧s q✉❡ ❧❡s
❞❡✉① ❛ttr❛❝t❡✉rs ♥❡ s♦♥t ♣❛s ❝♦♥♥❡❝tés✳ ▲❛ ✜❣✉r❡ ✺✳✾✭❜✮ ❝♦rr❡s♣♦♥❞ à ✉♥❡ ✈❛❧❡✉r
❧é❣èr❡♠❡♥t ♣❧✉s ♣❡t✐t❡✱ µ = 0.1193 > µc ✳ ■❧ ❡st ❝❧❛✐r q✉✬✉♥❡ ❞✐♠✐♥✉t✐♦♥ ❞❡ µ ❡♥✲
tr❛î♥❡ ✉♥❡ ❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧❛ t❛✐❧❧❡ ❞❡s ❜❛ss✐♥s ❞✬❛ttr❛❝t✐♦♥s✱ ♠❛✐s é❣❛❧❡♠❡♥t ✉♥❡
♠♦❞✐✜❝❛t✐♦♥ ❞❡ ❧❛ ❢♦r♠❡ ❞❡ ❝❡✉①✲❝✐✳ ❊♥✜♥✱ ♣♦✉r µ = 0.11928 ≈ µc ✱ ❧❡ ♣r❡♠✐❡r ❛t✲
tr❛❝t❡✉r ❝❤❛♦t✐q✉❡ ❡♥tr❡ ❡♥ ❝♦❧❧✐s✐♦♥ ❛✈❡❝ ❧❡ ❜♦r❞ ❧✐♠✐t❡ ❞✉ ❜❛ss✐♥ ❝♦rr❡s♣♦♥❞❛♥t ❛✉
s❡❝♦♥❞ ❛ttr❛❝t❡✉r✳ ❯♥ é✈è♥❡♠❡♥t s②♠étr✐q✉❡ s❡ ♣r♦❞✉✐t é✈✐❞❡♠♠❡♥t ❡♥tr❡ ❧❡ s❡❝♦♥❞
❛ttr❛❝t❡✉r ❡t ❧❡ ❜❛ss✐♥ ❞✉ ♣r❡♠✐❡r✳ ▲❛ ❝♦❧❧✐s✐♦♥ s❡ ♣r♦❞✉✐t à ❧❛ ❧✐♠✐t❡ ❞✉ ❜❛ss✐♥✱ ❡t ♦♥
♣❛r❧❡ ❞❛♥s ❝❡ ❝❛s ❞❡ ✬❜♦✉♥❞❛r② ❝r✐s✐s✬✳ ❯♥ ❡①❛♠❡♥ ❞❡s tr❛❥❡❝t♦✐r❡s ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s
♣❤❛s❡s ❧♦rs ❞❡s r❡♥✈❡rs❡♠❡♥ts ♠♦♥tr❡ q✉❡ ❧✬♦r❜✐t❡ ✐♠♣❧✐q✉é❡ ❞❛♥s ❧❛ ❝♦❧❧✐s✐♦♥ ❛✈❡❝
❧❡s ❛ttr❛❝t❡✉rs ❡st ✉♥❡ ♦r❜✐t❡ ♣ér✐♦❞✐q✉❡ ✐♥st❛❜❧❡ ❡♥t♦✉r❛♥t ❧❡ ♣♦✐♥t tr✐✈✐❛❧ O✳ ❈❡❝✐
❡①♣❧✐q✉❡ ♣♦✉rq✉♦✐ ❧❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s s♦♥t ✉♥✐q✉❡♠❡♥t ♦❜s❡r✈és ❧♦rsq✉❡ O
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❋✐❣✳ ✺✳✾✿ ❇❛ss✐♥ ❞✬❛ttr❛❝t✐♦♥ ❞❡s ❞❡✉① ❛ttr❛❝t❡✉rs ❝❤❛♦t✐q✉❡s ♣r♦❥❡tés ❞❛♥s ❧❡ ♣❧❛♥ ❞❡
P♦✐♥❝❛ré✳ ▲❡s ♣❛rt✐❡s ❜❧❛♥❝❤❡s ❡t ♥♦✐r❡s ❞✐st✐♥❣✉❡♥t ❧❡s ❞❡✉① ❜❛ss✐♥s✳ ❖♥ ♠♦♥tr❡
❡♥ r♦✉❣❡ ❧❡s ❛ttr❛❝t❡✉rs✳ ❊♥ ❤❛✉t ✿ ❧❡ s②stè♠❡ s❡ tr♦✉✈❡ ❛✈❛♥t ❧❛ ❝r✐s❡✱ ♣♦✉r
µ = 0.1194 ✭❣❛✉❝❤❡✮ ❡t µ = 0.1193 ✭à ❞r♦✐t❡✮✳ ❊♥ ❜❛s ✿ P♦✉r µ = 0.11928 ≈ µc ✱
♦♥ ♦❜s❡r✈❡ ✉♥❡ ❝♦❧❧✐s✐♦♥ ❡♥tr❡ ❧❡s ❛ttr❛❝t❡✉rs ❡t ❧❡ ❜♦r❞ ❧✐♠✐t❡ ❞❡s ❜❛ss✐♥s✳

s✉❜✐t ✉♥❡ ❜✐❢✉r❝❛t✐♦♥ ❞❡ ❍♦♣❢✳

❆✜♥ ❞❡ ❝❛r❛❝tér✐s❡r ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts ♦❜t❡♥✉s à ♣❛rt✐r ❞❡ ❝❡tt❡
❝r✐s❡✱ ✐❧ ❡st ✐♥tér❡ss❛♥t ❞❡ ❝❛❧❝✉❧❡r ❧✬❡①♣♦s❛♥t ❞❡ ▲②❛♣✉♥♦✈✳ ❈❡❧✉✐✲❝✐ ♥♦✉s r❡♥s❡✐❣♥❡



✺✳✹ ❘❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s ✶✻✺

s✉r ❧❡ ❞❡❣ré ❞❡ ❝❤❛♦s ❡①✐st❛♥t ❛✉ s❡✐♥ ❞✉ s②stè♠❡✳ ■❧ ❞é✜♥✐t ❧❛ ✈✐t❡ss❡ ❛✈❡❝ ❧❛q✉❡❧❧❡
❞❡✉① tr❛❥❡❝t♦✐r❡s ✐♥✐t✐❛❧❡♠❡♥t très ♣r♦❝❤❡s ♦♥t t❡♥❞❛♥❝❡ à s✬é❧♦✐❣♥❡r✳ ▲✬❡①trê♠❡ s❡♥✲
s✐❜✐❧✐té ❛✉① ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s ❞✬✉♥ s②stè♠❡ ❝❤❛♦t✐q✉❡ ♣r♦❞✉✐t ❡♥ ❣é♥ér❛❧ ✉♥❡ ❞✐✲
✈❡r❣❡♥❝❡ ❡①♣♦♥❡♥t✐❡❧❧❡ ❞❡ ❧❛ ❞✐st❛♥❝❡ d ❡♥tr❡ ❞❡✉① tr❛❥❡❝t♦✐r❡s

d = d0e
lt ✭✺✳✶✼✮

♦ù d0 ❡st ❧❛ ❞✐st❛♥❝❡ ✐♥✐t✐❛❧❡ sé♣❛r❛♥t ❧❡s ❞❡✉① tr❛❥❡❝t♦✐r❡s ❡t l ❞é✜♥✐t ♥♦tr❡ ❡①♣♦s❛♥t
❞❡ ▲②❛♣✉♥♦✈✳ ◆♦t♦♥s q✉✬✐❧ ❡①✐st❡ ❞❡s ❞é✜♥✐t✐♦♥s ♣❧✉s r✐❣♦✉r❡✉s❡s ❞❡ ❧✬❡①♣♦s❛♥t ❞❡
▲②❛♣✉♥♦✈✱ ♠❛✐s q✉❡ ❝❡❧❧❡✲❝✐ ✐❧❧✉str❡ ❧❛ ♠ét❤♦❞❡ ❡①♣ér✐♠❡♥t❛❧❡ ✉t✐❧✐sé❡ ✐❝✐✳ ❖♥ ❝❛❧❝✉❧❡
❞♦♥❝ ❧❡ ♣❧✉s ❣r❛♥❞ ❡①♣♦s❛♥t ❞❡ ▲②❛♣✉♥♦✈ ❞✉ s②stè♠❡✳ ❖♥ ♣r❡♥❞ ❡♥ ♣r❛t✐q✉❡ d0 =
10−15✳ ▲❛ ✜❣✉r❡ ✺✳✶✵ ♠♦♥tr❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡ δ ♣♦✉r ❞✐✛ér❡♥t❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s✳
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1e-12
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µ=0.119, ν=0.1, Γ=0.9
Exposant de Lyapunov λ=0.1

❋✐❣✳ ✺✳✶✵✿ ➱✈♦❧✉t✐♦♥ ❛✉ ❝♦✉rs ❞✉ t❡♠♣s ❞❡ ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ ❞❡✉① tr❛❥❡❝t♦✐r❡s ✐♥✐t✐❛❧❡♠❡♥t
❞✐st❛♥t❡s ❞❡ 10−15✳ ❧✬❡①♣♦s❛♥t ❞❡ ▲②❛♣✉♥♦✈ ❡st ❞✬❡♥✈✐r♦♥ 0.1✳

❖♥ ✈♦✐t ❛✐♥s✐ q✉❡ ❧✬❡①♣♦s❛♥t s❡♠❜❧❡ êtr❡ ✉♥❡ ❢♦♥❝t✐♦♥ ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ ❧✬❡s♣❛❝❡✱
❡t ❝❛r❛❝tér✐s❡ ❛✐♥s✐ ❧✬❛ttr❛❝t❡✉r ❝❤❛♦t✐q✉❡✳ ❖♥ ♦❜s❡r✈❡ é❣❛❧❡♠❡♥t q✉❡ ❝❡t ❡①♣♦s❛♥t
♥✬❡st ♣❛s ♠♦❞✐✜é ❧♦rs ❞❡ ❧✬❛♣♣❛r✐t✐♦♥ ❞❡s r❡♥✈❡rs❡♠❡♥ts✱ ♣✉✐sq✉❡ ❝❡tt❡ tr❛♥s✐t✐♦♥
❡st ❛ss♦❝✐é❡ à ❧❛ ❢✉s✐♦♥ ❞❡ ❞❡✉① ❛ttr❛❝t❡✉rs ✐❞❡♥t✐q✉❡s✳ ◗✉❡❧q✉❡ s♦✐t ❧❡s ❝♦♥❞✐t✐♦♥s
✐♥✐t✐❛❧❡s✱ ♦♥ ♦❜t✐❡♥t ❛✐♥s✐ ✉♥ ❡①♣♦s❛♥t ❞❡ ▲②❛♣✉♥♦✈ λ ≃ 0.1✳

✺✳✹✳✷ ❉✐✛ér❡♥ts ré❣✐♠❡s ❞②♥❛♠✐q✉❡s

P♦✉r ❧❡s ✈❛❧❡✉rs ❞❡s ♣❛r❛♠ètr❡s Γ = 0.9 ❡t ν = 0.1✱ ❞é❝r♦îtr❡ µ ♣❡r♠❡t ❛✉
s②stè♠❡ ❞✬❡①♣❧♦r❡r tr♦✐s t②♣❡s ❞❡ ❝♦♠♣♦rt❡♠❡♥t ❜✐❡♥ ❞✐✛ér❡♥ts ✿ ✉♥ ét❛t st❛t✐♦♥♥❛✐r❡



✶✻✻ ❯♥ ♠♦❞è❧❡ s✐♠♣❧❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s✳

♣✉✐s ✉♥ ét❛t ♦s❝✐❧❧❛♥t ❡t ❡♥✜♥ ✉♥ ré❣✐♠❡ ❝❤❛♦t✐q✉❡✳ P♦✉r µ < µc ✱ ❧✬❛ttr❛❝t❡✉r ❡st

! !
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❋✐❣✳ ✺✳✶✶✿ ❊♥ ❤❛✉t ✿ ❊s♣❛❝❡ ❞❡s ♣❤❛s❡s ♣♦✉r µ = 0.101✱ ν = 0.1 ❡t Γ = 0.9✳ ▲✬é✈♦❧✉t✐♦♥
♥✬❡st ♣❧✉s ❝❤❛♦t✐q✉❡ ♣♦✉r ❝❡s ✈❛❧❡✉rs✳ ❖♥ ♦❜s❡r✈❡ ✉♥❡ ❝♦♥♥❡①✐♦♥ ♣ér✐♦❞✐q✉❡
❡♥tr❡ ❧❡s ❞❡✉① ♣♦✐♥ts ✜①❡s✳ ❊♥ ❜❛s ✿ é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡s tr♦✐s ♠♦❞❡s✳

♠♦❞✐✜é ❡t ❧❡ s②stè♠❡ s✉❜✐t ❞❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s✳ ▲♦rsq✉❡ ❧✬♦♥ ❝♦♥t✐♥✉❡ ❞❡
❞✐♠✐♥✉❡r µ✱ ❧❛ ❞✉ré❡ ♠♦②❡♥♥❡ ❞❡s t❡♠♣s ❞✬❛tt❡♥t❡ ❞✐♠✐♥✉❡✳ ▲❡ s②stè♠❡ ❛tt❡✐♥t ❛❧♦rs
✉♥ ré❣✐♠❡ q✉❛s✐✲♣ér✐♦❞✐q✉❡ ❞❡ r❡♥✈❡rs❡♠❡♥ts ❡♥tr❡ ❧❡s ❞❡✉① ét❛ts✳ ▲❛ ✜❣✉r❡ ✺✳✶✶
♠♦♥tr❡ ❧✬é✈♦❧✉t✐♦♥ ❞✉ s②stè♠❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡ ❡t ❡♥ ❢♦♥❝t✐♦♥ ❞✉ t❡♠♣s ♣♦✉r
µ = 0.101✱ ν = 0.1 ❡t Γ = 0.9✳

P♦✉r ❧✬❡♥s❡♠❜❧❡ ❞❡s ré❣✐♠❡s ❞é❝r✐ts ❥✉sq✉✬à ♠❛✐♥t❡♥❛♥t✱ ❧❛ ❧✐♥é❛r✐s❛t✐♦♥ ❛✉t♦✉r
❞✉ ♣♦✐♥t ✜①❡ O✱ ❝♦rr❡s♣♦♥❞❛♥t à D = Q = 0 ❡t V =

√
µν✱ ❞♦♥♥❡ ✉♥❡ ✈❛❧❡✉r ♣r♦♣r❡

ré❡❧❧❡ ♥é❣❛t✐✈❡ λ1 ❡t ❞❡✉① ✈❛❧❡✉rs ❝♦♠♣❧❡①❡s ❝♦♥❥✉❣✉é❡s λ2 ❡t λ3 à ♣❛rt✐❡ ré❡❧❧❡
♣♦s✐t✐✈❡✱ ❞❡ s♦rt❡ q✉❡ ❧❡ s②stè♠❡ (D, Q) ❝r♦✐t ❡♥ ♦s❝✐❧❧❛♥t à ♣❛rt✐r ❞❡ O✳ ▲♦rsq✉❡
µ = ν✱ ♦♥ r❡♠❛rq✉❡ q✉❡ ❧❡ ♣♦✐♥t tr✐✈✐❛❧ O ❞❡✈✐❡♥t ❧✐♥é❛✐r❡♠❡♥t st❛❜❧❡ ♣✉✐sq✉❡
❧❛ ♣❛rt✐❡ ré❡❧❧❡ ❞❡ λ2 ❡t λ3 s✬❛♥♥✉❧❡✳ ❈❡tt❡ ❜✐❢✉r❝❛t✐♦♥ ❡st ❡♥ ❢❛✐t ❢♦rt❡♠❡♥t s♦✉s✲



✺✳✹ ❘❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s ✶✻✼

❝r✐t✐q✉❡ ✿ ♣♦✉r ❞❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s ❝❤♦✐s✐❡s ♣rès ❞❡ ❧✬✉♥ ❞❡s ♣♦✐♥ts ✜①❡s ♥♦♥✲
tr✐✈✐❛✉①✱ ❧❡ s②stè♠❡ ♥❡ s❡ st❛❜✐❧✐s❡ s✉r D = Q = 0 q✉✬à ♣❛rt✐r ❞❡ µ < 0.063✳
P♦✉r ❝❡tt❡ ✈❛❧❡✉r ❧✐♠✐t❡✱ ❧✬✐♥té❣r❛t✐♦♥ ♥✉♠ér✐q✉❡ ❢❛✐t ❛♣♣❛r❛îtr❡ ❧✬♦r❜✐t❡ ♣ér✐♦❞✐q✉❡
✐♥st❛❜❧❡ ✐♠♣❧✐q✉é❡ ❞❛♥s ❧❡s r❡♥✈❡rs❡♠❡♥ts✱ ❝♦♠♠❡ ❧❡ ♠♦♥tr❡ ❧❛ ✜❣✉r❡ ✺✳✶✷✳
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❋✐❣✳ ✺✳✶✷✿ ❊s♣❛❝❡ ❞❡s ♣❤❛s❡s ♣♦✉r µ = 0.06✱ ν = 0.1 ❡t Γ = 0.9✳ ▲❡ s②stè♠❡ t❡♥❞
✈❡rs ❧❛ s♦❧✉t✐♦♥ st❛❜❧❡ O✳ ▲❛ tr❛❥❡❝t♦✐r❡s ❢❛✐t ❛♣♣❛r❛îtr❡ ✉♥❡ ♦r❜✐t❡ ♣ér✐♦❞✐q✉❡
✐♥st❛❜❧❡✳

❉✉r❛♥t ❝❡ ré❣✐♠❡ ❞❡ ❜✐st❛❜✐❧✐té✱ ♦♥ ♦❜s❡r✈❡ ✉♥❡ sér✐❡ ❞❡ tr❛♥s✐t✐♦♥s ❞❛♥s ❧❡ ❝♦♠✲
♣♦rt❡♠❡♥t ❞✉ s②stè♠❡ à ♠❡s✉r❡ q✉❡ ❧✬♦♥ ❞✐♠✐♥✉❡ ❧❛ ✈❛❧❡✉r ❞❡ µ✳ ❈❤❛❝✉♥ ❞❡s ❞❡✉①
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µ=0.065

❋✐❣✳ ✺✳✶✸✿ ➱✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ ❧✬❛♠♣❧✐t✉❞❡ Q ♣♦✉r ❞✐✛ér❡♥t❡s ✈❛❧❡✉rs ❞❡ µ✳ ❉❡
❣❛✉❝❤❡ à ❞r♦✐t❡✱ ♦♥ ❛ µ = 0.09✱ µ = 0.08 ❡t µ = 0.065✳ ❖♥ ♥♦t❡ ❧❡ ❝❛r❛❝✲
tèr❡ ❛s②♠étr✐q✉❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts✳

❛ttr❛❝t❡✉rs ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡s ♣♦✐♥ts ✜①❡s s❡ ♠♦❞✐✜❡✳ ❖♥ ♦❜s❡r✈❡ q✉❡ ❧❡ s②stè♠❡ ♣❛ss❡
❛✐♥s✐ ✉♥ t❡♠♣s ❧♦♥❣ ♣rès ❞❡ ❧✬✉♥ ❞❡s ♣♦✐♥ts ✜①❡s✱ ♣✉✐s ❡①♣❧♦r❡ r❛♣✐❞❡♠❡♥t ❧✬ét❛t
♦♣♣♦sé✳ ❉✉r❛♥t ❧❛ ♣❤❛s❡ ♣rès ❞✉ ♣♦✐♥t ✜①❡✱ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ♣❡✉t êtr❡ ❧é❣èr❡♠❡♥t
❝❤❛♦t✐q✉❡✳ ❈❡s ré❣✐♠❡s ❝♦rr❡s♣♦♥❞❡♥t ❛✐♥s✐ à ✉♥❡ ✐♥t❡r♠✐tt❡♥❝❡ ♣❧✉s ❝❧❛ss✐q✉❡✱ ❡♥tr❡



✶✻✽ ❯♥ ♠♦❞è❧❡ s✐♠♣❧❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s✳

✉♥ ét❛t ❝❤❛♦t✐q✉❡ ❡t ✉♥❡ ♦r❜✐t❡ ♣ér✐♦❞✐q✉❡✳ ❖♥ ♥♦t❡r❛ q✉❡ ❝❡ t②♣❡ ❞❡ r❡♥✈❡rs❡♠❡♥t
♠♦❞é❧✐s❡✱ ♣♦✉r ❝❡rt❛✐♥❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s✱ ✉♥ ❝♦♠♣♦rt❡♠❡♥t très ❛s②♠étr✐q✉❡
❡♥tr❡ ❧❡s ❞❡✉① ét❛ts✱ ♠❛❧❣ré ❧❛ s②♠étr✐❡ ❞❡s éq✉❛t✐♦♥s✳

❈❡ s②stè♠❡ ❞②♥❛♠✐q✉❡ à tr♦✐s ♠♦❞❡s s❡ ❝❛r❛❝tér✐s❡ ♣❛r ✉♥❡ ❣r❛♥❞❡ r✐❝❤❡ss❡
❞❛♥s ❧❡s ❝♦♠♣♦rt❡♠❡♥ts s❡❧♦♥ ❧❡ ❥❡✉ ❞❡ ♣❛r❛♠ètr❡s ✉t✐❧✐sé✳ P❛r ❡①❡♠♣❧❡✱ ♥♦✉s ❛✈♦♥s
✈✉ ❛✉ ❞é❜✉t ❞❡ ❝❡ ❝❤❛♣✐tr❡ q✉❡ ♣♦✉r

√
µν − Γ > 0✱ ✐❧ ❡①✐st❡ q✉❛tr❡s ♣♦✐♥ts ✜①❡s

♥♦♥ tr✐✈✐❛✉①✳ ▲❡s ❞❡✉① s♦❧✉t✐♦♥s s✉♣♣❧é♠❡♥t❛✐r❡s ♣❡✉✈❡♥t ✐♥❞✉✐r❡ ✉♥❡ ❞②♥❛♠✐q✉❡
❞✐✛ér❡♥t❡ ❞❡ ❝❡❧❧❡ ♦❜s❡r✈é❡ ❥✉sq✉✬à ♣rés❡♥t✳ ▲❛ ✜❣✉r❡ ✺✳✶✹ ♠♦♥tr❡ ❧✬é✈♦❧✉t✐♦♥ ❛✉
❝♦✉rs ❞✉ t❡♠♣s ❡t ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s (D, Q) ❞✬✉♥ t❡❧ ré❣✐♠❡✱ ♣♦✉r µ = ν =
0.35 ❡t Γ = 0.1✳ ◆♦✉s ❛✈♦♥s ✈✉ à ❧❛ ✜♥ ❞✉ ❝❤❛♣✐tr❡ ❞❡✉① q✉❡ ❝❡rt❛✐♥s ré❣✐♠❡s ❞❡
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❋✐❣✳ ✺✳✶✹✿ ➱✈♦❧✉t✐♦♥ ❞✉ s②stè♠❡ ♣♦✉r µ = ν = 0.35✱ Γ = 0.1✱ ❧♦rsq✉❡ ❧❡s q✉❛tr❡ ♣♦✐♥ts
✜①❡s ♥♦♥✲tr✐✈✐❛✉① s♦♥t ♣rés❡♥ts✳ ❆ ❣❛✉❝❤❡ ✿ é✈♦❧✉t✐♦♥ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s
(D,Q)✳ ❆ ❞r♦✐t❡ ✿ é✈♦❧✉t✐♦♥ ❛✉ ❝♦✉rs ❞✉ t❡♠♣s ❞❡ ❧✬❛♠♣❧✐t✉❞❡ Q✳

❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ s❡♠❜❧❡♥t ✐♠♣❧✐q✉❡r q✉❛tr❡ ♣♦✐♥ts ✜①❡s✳ ■❧ ❡st ✐♥tér❡ss❛♥t ❞❡ ♥♦t❡r
q✉❡ ❝❡ ♠♦❞è❧❡ s✐♠♣❧❡ ❡st ❝❛♣❛❜❧❡ ❞❡ r❡♣r♦❞✉✐r❡ ❣r♦ss✐èr❡♠❡♥t ❝❡tt❡ ❞②♥❛♠✐q✉❡ ❞❡
r❡♥✈❡rs❡♠❡♥ts ✐♠♣❧✐q✉❛♥t q✉❛tr❡ s♦❧✉t✐♦♥s s②♠étr✐q✉❡s✳ ▲♦rsq✉❡ Γ ❡st ♣❧✉s ❣r❛♥❞✱
♦♥ ♦❜s❡r✈❡ é❣❛❧❡♠❡♥t ✉♥ ❛✉tr❡ t②♣❡ ❞❡ r❡♥✈❡rs❡♠❡♥t très ❞✐✛ér❡♥t✳ ▲❛ ✜❣✉r❡ ✺✳✶✺
♠♦♥tr❡ ❧✬é✈♦❧✉t✐♦♥ ❞✉ s②stè♠❡ ♣♦✉r µ = 0.3✱ ν = 0.2 ❡t Γ = 5✳ ❉❛♥s ❝❡ ré❣✐♠❡✱ ♦♥
♦❜s❡r✈❡ ✉♥❡ ✐♥t❡r♠✐tt❡♥❝❡ ❡♥tr❡ ❞❡✉① ré❣✐♠❡s ❞✐✛ér❡♥ts✳ P❡♥❞❛♥t ✉♥ ❝❡rt❛✐♥ t❡♠♣s✱
❧❡ s②stè♠❡ s✬é❝❤❛♣♣❡ ❧❡♥t❡♠❡♥t ❞✬✉♥❡ ♦r❜✐t❡ ♣ér✐♦❞✐q✉❡ ✐♥st❛❜❧❡ ❡♥t♦✉r❛♥t ❧✬♦r✐❣✐♥❡✳
▲♦rsq✉❡ ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❧✬♦s❝✐❧❧❛t✐♦♥ ❞❡✈✐❡♥t ❛ss❡③ ❣r❛♥❞❡✱ ✐❧ s❡ ♣r♦❞✉✐t ✉♥❡ ❝♦❧❧✐s✐♦♥
❛✈❡❝ ❧✬✉♥ ❞❡s ❞❡✉① ♣♦✐♥ts ✜①❡s ♥♦♥✲tr✐✈✐❛✉①✱ ❡t ❛♣rès ✉♥ tr❛♥s✐t♦✐r❡ ♣rès ❞✉ ♣♦✐♥t
✜①❡✱ ❧❡ s②stè♠❡ ❡st ré✐♥❥❡❝té ✈❡rs ❧✬♦r❜✐t❡ ♣ér✐♦❞✐q✉❡ ✐♥st❛❜❧❡ ✐♥✐t✐❛❧❡✳ ◆♦t♦♥s q✉✬✐❝✐✱
❧❡ ❝❤❛♦s s❡ ♠❛♥✐❢❡st❡ ♣❛r ✉♥ ❝❤♦✐① ❛♣♣❛r❡♠♠❡♥t ❛❧é❛t♦✐r❡ ❞✉ ♣♦✐♥t ✜①❡ à ❧❛ ✜♥ ❞❡
❝❤❛q✉❡ ♦s❝✐❧❧❛t✐♦♥✳

❉❛♥s ❧✬❡♥s❡♠❜❧❡ ❞❡s ❥❡✉① ❞❡ ♣❛r❛♠ètr❡s ❡①♣❧♦rés ♣♦✉r ❝❡tt❡ ❢♦r♠❡ s✐♠♣❧❡ ❞✉
♠♦❞è❧❡✱ t♦✉s ❧❡s t②♣❡s ❞❡ r❡♥✈❡rs❡♠❡♥t ♦❜s❡r✈és s❡♠❜❧❡♥t ❛♣♣❛rt❡♥✐r à ❧✬✉♥ ❞❡ ❝❡✉①
❞é❝r✐ts t♦✉t ❛✉ ❧♦♥❣ ❞❡ ❝❡tt❡ s❡❝t✐♦♥✳ ▲✬ét✉❞❡ ré❛❧✐sé❡ ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ❜✐❡♥ q✉❡
❧✐♠✐té❡ à ❝❡rt❛✐♥❡s ✈❛❧❡✉rs ❞❡s ♣❛r❛♠ètr❡s✱ ❢♦✉r♥✐t ❞♦♥❝ ✉♥❡ ❞❡s❝r✐♣t✐♦♥ s❛t✐s❢❛✐s❛♥t❡



✺✳✺ ❯♥❡ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❞❡ ❧❛ ❣é♦❞②♥❛♠♦✳ ✶✻✾
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❋✐❣✳ ✺✳✶✺✿ ➱✈♦❧✉t✐♦♥ ❞✉ s②stè♠❡ ♣♦✉r µ = 0.3✱ ν = 0.2 ❡t Γ = 5✳ ❆ ❣❛✉❝❤❡ ✿ é✈♦❧✉t✐♦♥
❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s (D,Q)✳ ❆ ❞r♦✐t❡ ✿ é✈♦❧✉t✐♦♥ ❛✉ ❝♦✉rs ❞✉ t❡♠♣s ❞❡
❧✬❛♠♣❧✐t✉❞❡ Q✳

❞❡s ♣r✐♥❝✐♣❛✉① ❝♦♠♣♦rt❡♠❡♥ts ❞✉ ♠♦❞è❧❡ ❞❛♥s ❝❡tt❡ ❢♦r♠❡ ♠✐♥✐♠❛❧❡✳ ■❧ s❡r❛✐t ♥é❛♥✲
♠♦✐♥s ✐♥tér❡ss❛♥t ❞❡ ❞ét❡r♠✐♥❡r ❞❛♥s q✉❡❧❧❡ ♠❡s✉r❡ ❝❡s ❞✐✛ér❡♥t❡s ❝❛r❛❝tér✐st✐q✉❡s
♦❜s❡r✈é❡s s♦♥t r♦❜✉st❡s✱ ♣❛r ❡①❡♠♣❧❡ s♦✉s ❧✬❡✛❡t ❞✬✉♥ ❜r✉✐t ♠✉❧t✐♣❧✐❝❛t✐❢ ♦✉ ❛❞❞✐t✐❢✱
♦✉ ❡♥❝♦r❡ ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❞❡s t❡r♠❡s ❞✬♦r❞r❡ s✉♣ér✐❡✉r ❞❛♥s ❧❡s éq✉❛t✐♦♥s
❞✬❛♠♣❧✐t✉❞❡✳

✺✳✺ ❯♥❡ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❞❡ ❧❛ ❣é♦✲
❞②♥❛♠♦✳

❆ ♣❛rt✐r ❞❡s ♠❡s✉r❡s ♣❛❧é♦♠❛❣♥ét✐q✉❡s✱ ♦♥ s❛✐t q✉❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ❞✐♣♦❧❛✐r❡ ❞✉
❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❡ ❧❛ ❚❡rr❡ ❛ s✉❜✐ ❞❡ ♥♦♠❜r❡✉① r❡♥✈❡rs❡♠❡♥ts ❞❡ s❛ ♣♦❧❛r✐té✳
❈❡s r❡♥✈❡rs❡♠❡♥ts s❡♠❜❧❡♥t s❡ ♣r♦❞✉✐r❡ ❞❡ ♠❛♥✐èr❡ ❝❤❛♦t✐q✉❡✱ ❡t ❧❡✉r ♦r✐❣✐♥❡ ❡st
❡♥❝♦r❡ ♠❛❧ ❝♦♠♣r✐s❡✳ ■❧ ❡①✐st❡ ❞❡ ♥♦♠❜r❡✉s❡s ét✉❞❡s ❜❛sé❡s s✉r ❧❡ ❞❡✈❡❧♦♣♣❡♠❡♥t
❞❡ s②stè♠❡s ❞②♥❛♠✐q✉❡s s✐♠♣❧❡s ❛✜♥ ❞❡ ♠♦❞é❧✐s❡r ❧❛ ❞②♥❛♠✐q✉❡ ❞❡ ❧❛ ❣é♦❞②♥❛♠♦✳
❉❛♥s ❞❡ t❡❧s ♠♦❞è❧❡s✱ ❧❡s r❡♥✈❡rs❡♠❡♥ts ❞❡ ♣♦❧❛r✐té s♦♥t ♣r♦❞✉✐ts ♣❛r ✉♥ ❝❤❛♦s ❞é✲
t❡r♠✐♥✐st❡ ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥✱ ❡t ♥❡ s♦♥t ❞♦♥❝ ♣❛s ❧❛ ❝♦♥séq✉❡♥❝❡ ❞✬✉♥ ♣r♦❝❡ss✉s
❛❧é❛t♦✐r❡✳ ▲❡ ♠♦❞è❧❡ ❞❡ ❘✐❦✐t❛❦❡ ❡st ❧✬✉♥ ❞❡s ♣r❡♠✐❡rs ♠♦❞è❧❡s à ❛✈♦✐r été ♣r♦♣♦sé✱
❡t q✉✐ ♣❡r♠❡t ❞✬❡①♣❧✐q✉❡r s✐♠♣❧❡♠❡♥t ❧❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s ❞✉ ❝❤❛♠♣ ❬✼✹❪✳
▲❡ ♠♦❞è❧❡ ❞❡ ▲♦r❡♥③ ♣❡r♠❡t é❣❛❧❡♠❡♥t ❞✬♦❜t❡♥✐r✱ à ♣❛rt✐r ❞❡ tr♦✐s éq✉❛t✐♦♥s ❞✐✛é✲
r❡♥t✐❡❧❧❡s ❝♦✉♣❧é❡s✱ ✉♥ ❝♦♠♣♦rt❡♠❡♥t ✐rré❣✉❧✐❡r ❞❡ r❡♥✈❡rs❡♠❡♥t ❬✹✻❪✳ ❚♦✉t❡❢♦✐s✱ ❞❛♥s
❧❡ ♠♦❞è❧❡ ❞❡ ❘✐❦✐t❛❦❡✱ t♦✉t ❝♦♠♠❡ ❞❛♥s ❧❡ ♠♦❞è❧❡ ❞❡ ▲♦r❡♥③✱ ✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡ sé✲
♣❛r❛t✐♦♥ ❞❡s é❝❤❡❧❧❡s ❞❡ t❡♠♣s ❡♥tr❡ ❧❡s ét❛ts q✉❛s✐✲st❛t✐♦♥♥❛✐r❡s ❞❡ ♣♦❧❛r✐té ❞♦♥♥é❡
❡t ❧❡s ✐♥✈❡rs✐♦♥s ❞✉ ❝❤❛♠♣✳ ❯♥❡ sé♣❛r❛t✐♦♥ ❞✬é❝❤❡❧❧❡ ♣❡✉t êtr❡ ♦❜t❡♥✉❡ s✐ ❧❡ s②stè♠❡
❞②♥❛♠✐q✉❡ ❝♦♠♣♦rt❡ ✉♥ ❝②❝❧❡ ❤étér♦❝❧✐♥❡ r❡❧✐❛♥t ❧❡s ét❛ts ❞❡ ♣♦❧❛r✐té ♦♣♣♦sé❡s✳ ❙✉✐✲
✈❛♥t ❝❡tt❡ ✐❞é❡✱ ▼❡❧❜♦✉r♥❡✱ Pr♦❝t♦r ❡t ❘✉❝❦❧✐❞❣❡✱ ♦♥t ♣r♦♣♦sé ❡♥ ✷✵✵✶ ✉♥ ♠♦❞è❧❡
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❋✐❣✳ ✺✳✶✻✿ ❈♦♠♣❛r❛✐s♦♥ ❞❡ ❧✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ t❡rr❡str❡ ❬✽✺❪ ✭❡♥
❤❛✉t✮ ❛✈❡❝ ❞❡s ♠♦❞è❧❡s ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥ ✭❛✉ ♠✐❧✐❡✉ à ❣❛✉❝❤❡ ✿ ❘✐❦✐t❛❦❡✳ ❆
❞r♦✐t❡ ✿ ▲♦r❡♥③✳ ❊♥ ❜❛s ✿ ❧❡ ♠♦❞è❧❡ ❞❡ ▼❡❧❜♦✉r♥❡ ❡t ❛❧✳✮

❞❡s r❡♥✈❡rs❡♠❡♥ts ❞❡ ❧❛ ❣é♦❞②♥❛♠♦✳ ❈❡❧✉✐✲❝✐ ✐♠♣❧✐q✉❡ tr♦✐s ♠♦❞❡s ♠❛❣♥ét✐q✉❡s✱ ❧❡
❞✐♣♦❧❡ ❛①✐❛❧✱ ❧❡ q✉❛❞r✉♣♦❧❡ ❡t ❧❡ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧✱ ❧❡s t❡r♠❡s ét❛♥t ♦❜t❡♥✉s ♣❛r ❞❡s
❛r❣✉♠❡♥ts ❞❡ s②♠étr✐❡s✳ ▲❡ ♠♦❞è❧❡ ❞❡ ◆♦③✐èr❡s ❝♦♠♣♦rt❡ ❞❡✉① ♠♦❞❡s ♠❛❣♥ét✐q✉❡s
❡t ✉♥ ♠♦❞❡ ❞❡ ✈✐t❡ss❡ ❡t r❡s✉❧t❡ ♣❧✉tôt ❞✬✉♥❡ tr♦♥❝❛t✉r❡ ❞❡s éq✉❛t✐♦♥s ❞❡ ❧❛ ▼❍❉
❬✻✸❪✳

❈❡s ❞✐✛ér❡♥ts ♠♦❞è❧❡s ❢♦✉r♥✐ss❡♥t ✉♥❡ ❞❡s❝r✐♣t✐♦♥ s❛t✐s❢❛✐s❛♥t❡ ❞✉ ❝❛r❛❝tèr❡
❝❤❛♦t✐q✉❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❡ ❧❛ ❚❡rr❡✳ ❊♥ r❡✈❛♥❝❤❡✱ ❧❛
❝♦♠♣❛r❛✐s♦♥ ❞✐r❡❝t❡ ❞❡ ❝❡s ♠♦❞è❧❡s ❛✈❡❝ ❧✬é✈♦❧✉t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ t❡rr❡str❡
❢❛✐t ❛♣♣❛r❛îtr❡ ❞✬✐♠♣♦rt❛♥t❡s ❞✐✛ér❡♥❝❡s✱ ❝♦♠♠❡ ♦♥ ♣❡✉t ❧❡ ✈♦✐r s✉r ❧❛ ✜❣✉r❡ ✺✳✶✻✳



✺✳✺ ❯♥❡ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❞❡ ❧❛ ❣é♦❞②♥❛♠♦✳ ✶✼✶

❙✉r ❝❡tt❡ ✜❣✉r❡✱ ♦♥ ♠♦♥tr❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧✬✐♥t❡♥s✐té ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ t❡r✲
r❡str❡ ❡①♣r✐♠é❡ ✈✐❛ ❧❡ ❱❆❉▼ ✭❱✐rt✉❛❧ ❆①✐❛❧ ❉✐♣♦❧❡ ▼♦♠❡♥t✮✱ ❛✉ ❝♦✉rs ❞❡s ❞❡✉①
❞❡r♥✐❡rs ♠✐❧❧✐♦♥s ❞✬❛♥♥é❡s✱ ♦❜t❡♥✉❡ à ♣❛rt✐r ❞❡s ❞♦♥♥é❡s SINT2000 ❬✽✺❪✳ ❖♥ ❧❛ ❝♦♠✲
♣❛r❡ ❛✈❡❝ ❞❡s sér✐❡s t❡♠♣♦r❡❧❧❡s ♦❜t❡♥✉❡s à ♣❛rt✐r ❞❡ s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❞❡
♣❧✉s✐❡✉rs ♠♦❞è❧❡s ❞❡ r❡♥✈❡rs❡♠❡♥t ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥✳ ❊♥ ❝♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❧❡s ♦s✲
❝✐❧❧❛t✐♦♥s ♥❡tt❡♠❡♥t ✈✐s✐❜❧❡s ❞✉ ♠♦❞è❧❡ ❞❡ ❘✐❦✐t❛❦❡ ♣❛r ❡①❡♠♣❧❡✱ ❧❡ ❝♦♠♣♦rt❡♠❡♥t
❞❡ ❧❛ ❞②♥❛♠♦ t❡rr❡str❡ s❡♠❜❧❡ ❜✐❡♥ ♣❧✉s ❝♦♠♣❧✐q✉é✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❞✉r❛♥t ✉♥❡ ♣❤❛s❡
❞❡ ♣♦❧❛r✐té ❞♦♥♥é❡✳ ❊♥ r❛✐s♦♥ ❞❡ ❝❡s ❞✐✛ér❡♥❝❡s ✐♠♣♦rt❛♥t❡s✱ ❧❡s ♠♦❞è❧❡s ❞❡ ❝❤❛♦s
❞ét❡r♠✐♥✐st❡ s♦♥t s♦✉✈❡♥t ❥✉❣és tr♦♣ s✐♠♣❧❡s ♣♦✉r ♣♦✉✈♦✐r r❡♣rés❡♥t❡r ❝♦rr❡❝t❡♠❡♥t
❧❡s r❡♥✈❡rs❡♠❡♥ts ❣é♦♠❛❣♥ét✐q✉❡s✳ ❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ✈❡rr♦♥s q✉❡ ❧❡ ♠♦❞è❧❡ à
tr♦✐s ♠♦❞❡s q✉❡ ♥♦✉s ✈❡♥♦♥s ❞❡ ❞é❝r✐r❡ ❡♥❣❡♥❞r❡ ✉♥ ❝♦♠♣♦rt❡♠❡♥t ♣❧✉s ❝♦♠♣❛t✐❜❧❡
❛✈❡❝ ❧❡s ❞♦♥♥é❡s ♣❛❧é♦♠❛❣♥ét✐q✉❡s✳

❆✜♥ ❞❡ ❞é❝r✐r❡ ❧❛ ❣é♦❞②♥❛♠♦ ❝♦♠♠❡ rés✉❧t❛♥t ❞✬✉♥❡ ❞②♥❛♠✐q✉❡ ❞❡ ❜❛ss❡ ❞✐♠❡♥✲
s✐♦♥✱ ♠❛✐s ❞❡ ♠❛♥✐èr❡ ♣❧✉s ✜❞è❧❡✱ ❞✬❛✉tr❡s ❛♣♣r♦❝❤❡s ♦♥t été s✉✐✈✐❡s✳ P❛r ❡①❡♠♣❧❡✱
♥♦✉s ❛✈♦♥s ❞✐s❝✉té à ♣❧✉s✐❡✉rs r❡♣r✐s❡s ❞✉r❛♥t ❝❡tt❡ t❤ès❡ ❧❡ ♠♦❞è❧❡ ♣r♦♣♦sé ♣❛r Pé✲
tré❧✐s ❡t ❋❛✉✈❡✱ r❡♣♦s❛♥t s✉r ✉♥❡ ✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ❞✐♣♦❧❡ ❡t q✉❛❞r✉♣♦❧❡✳ ❊♥ ❛❥♦✉t❛♥t
✉♥ ❜r✉✐t ♠✉❧t✐♣❧✐❝❛t✐❢ ❛✜♥ ❞❡ r❡♣rés❡♥t❡r ❧✬❡✛❡t ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬♦❜✲
t❡♥✐r ✉♥❡ ❡①♣❧✐❝❛t✐♦♥ s✐♠♣❧❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❞❡ ❧❛ ❣é♦❞②♥❛♠♦✱ t♦✉t ❡♥ ❣❛r❞❛♥t
✉♥❡ ❝❡rt❛✐♥❡ s✐♠✐❧❛r✐té ❛✈❡❝ ❧❡s ❞♦♥♥é❡s ♣❛❧é♦♠❛❣♥ét✐q✉❡s ❬✻✼❪✳ ❙✉✐✈❛♥t ❝❡tt❡ ✐❞é❡✱ ❧❡s
r❡♥✈❡rs❡♠❡♥ts ❣é♦♠❛❣♥ét✐q✉❡s s♦♥t ❝♦♠♣r✐s ❝♦♠♠❡ ✉♥ s②stè♠❡ ❞ét❡r♠✐♥✐st❡✱ ♠❛✐s
❝♦✉♣❧é à ❞❡s ♣r♦❝❡ss✉s st♦❝❤❛st✐q✉❡s✳ ❈❡tt❡ ✐♥t❡r♣rét❛t✐♦♥ ❡st à ❧❛ ❜❛s❡ ❞✬✉♥ ❛✉tr❡
t②♣❡ ❞❡ ♠♦❞è❧❡ s✐♠♣❧✐✜é✱ ♣r♦♣♦sé❡ ♣❛r ◆❛rt❡❛✉ ❡t ❛❧ ✭✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬✺✽❪ ♦✉ ❬✺✾❪✮✳
❉❛♥s ❝❡ ♠♦❞è❧❡✱ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡st ♣❧✉tôt ❞é❝♦♠♣♦sé ❡♥ ♣❛rt✐❡s ♣♦❧♦ï❞❛❧❡ ❡t
t♦r♦ï❞❛❧❡✱ ❡t ❝♦♥♥❡❝té à ✉♥ é❝♦✉❧❡♠❡♥t t✉r❜✉❧❡♥t ❛❜str❛✐t ❝♦♥st✐t✉é ❞❡ ❝②❝❧♦♥❡s ❞❡
❞✐✛ér❡♥t❡s t❛✐❧❧❡s✳ ❉✬❛✉tr❡s ♠♦❞è❧❡s✱ ❝♦♥t❡♥❛♥t ❝❡rt❛✐♥s ✐♥❣ré❞✐❡♥ts s✐♠✐❧❛✐r❡s✱ ♦♥t
été ♣r♦♣♦sé ♣❛r ❍♦②♥❣ ❡t ❛❧ ❬✸✵❪✳

❉❛♥s ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞✬✉♥❡ ❞②♥❛♠✐q✉❡ ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥ ❞❡s r❡♥✈❡rs❡♠❡♥ts
❣é♦♣❤②s✐q✉❡s✱ ♦♥ ✈♦✐t ❞♦♥❝ q✉✬✐❧ ❡①✐st❡ ❞❡✉① ♣♦ss✐❜✐❧✐tés ♣♦✉r ❡①♣❧✐q✉❡r ❧❡ ❝❛r❛❝tèr❡
st♦❝❤❛st✐q✉❡ ❞✉ ❝❤❛♠♣ ♦❜s❡r✈é ✿ ♦♥ ♣❡✉t ✐♥✈♦q✉❡r ✉♥❡ ♦r✐❣✐♥❡ ✐♥tr✐♥sèq✉❡✱ ❛ss♦❝✐é❡
à ✉♥ ❝❤❛♦s ❞ét❡r♠✐♥✐st❡✱ ♦✉ ✉♥❡ ♦r✐❣✐♥❡ ❡①t❡r♥❡✱ ❛ss♦❝✐é à ✉♥ ❜r✉✐t ✐♥❞é♣❡♥❞❛♥t ❞❡s
❛♠♣❧✐t✉❞❡s ❝♦♥s✐❞éré❡s✳ ◆♦t♦♥s q✉❡ ❝❡s ❞❡✉① ♠é❝❛♥✐s♠❡s ♥❡ s✬❡①❝❧✉❡♥t ♣❛s ♠✉t✉❡❧✲
❧❡♠❡♥t✳ ▲❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ❣é♦❞②♥❛♠♦ ♣❛r ✉♥ ♠♦❞è❧❡ ♣✉r❡♠❡♥t ❞ét❡r♠✐♥✐st❡✱
❝♦rr❡s♣♦♥❞❛♥t ❛✉ ♣r❡♠✐❡r ❝❛s✱ ❡st s♦✉✈❡♥t é❝❛rté❡ ❡♥ r❛✐s♦♥ ❞✉ ❝❛r❛❝tèr❡ st♦❝❤❛s✲
t✐q✉❡ ♦❜s❡r✈é ❡♥tr❡ ❧❡s r❡♥✈❡rs❡♠❡♥ts✳ P❛r ❡①❡♠♣❧❡✱ ✐❧ ♥❡ s❡♠❜❧❡ ♣❛s ✈r❛✐♠❡♥t ❡①✐st❡r
❞❡ ❝♦♠♣♦rt❡♠❡♥t ♣ér✐♦❞✐q✉❡ ❞❛♥s ✉♥❡ ♣♦❧❛r✐té ❞♦♥♥é✱ ❝♦♠♠❡ ❝✬❡st ❧❡ ❝❛s ♣♦✉r ❧❡
♠♦❞è❧❡ ❞❡ ❘✐❦✐t❛❦❡✳ ❉❡ ♣❧✉s✱ ❧❡s ♣ré❞✐❝t✐♦♥s st❛t✐st✐q✉❡s ♦❜t❡♥✉❡s à ❧✬❛✐❞❡ ❞❡ ❝❡s ♠♦✲
❞è❧❡s s✐♠♣❧❡s s♦♥t ❡♥ ❣é♥ér❛❧ ❡♥ ❞és❛❝❝♦r❞ ❛✈❡❝ ❧❡s ❞♦♥♥é❡s ♣❛❧é♦♠❛❣♥ét✐q✉❡s ✭✈♦✐r
♣❛r ❡①❡♠♣❧❡ ❬✸✾❪ ♣♦✉r ✉♥❡ ❝♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❞❡ ❘✐❦✐t❛❦❡✮✳ ◆♦✉s ❛❧❧♦♥s
✈♦✐r q✉❡ ❧❡ ♠♦❞è❧❡ ♣rés❡♥té ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ s❡ ❞✐st✐♥❣✉❡ ❝❧❛✐r❡♠❡♥t ❞❡s ♠♦❞è❧❡s
❞ét❡r♠✐♥✐st❡s ♣r♦♣♦sés ♣ré❝é❞❡♠♠❡♥t✱ ❡t ♣❡r♠❡t ✉♥ ❛❝❝♦r❞ ♣❧✉s s❛t✐s❢❛✐s❛♥t ❛✈❡❝
❧❡s ♦❜s❡r✈❛t✐♦♥s ❣é♦♠❛❣♥ét✐q✉❡s✳ ▲❡ ❜✉t ❞❡ ❝❡tt❡ s❡❝t✐♦♥ ♥✬❡st é✈✐❞❡♠♠❡♥t ♣❛s ❞❡
♣r♦♣♦s❡r ✉♥ ♥♦✉✈❡❛✉ ♠♦❞è❧❡ q✉✐ ❡①♣❧✐q✉❡ ❝♦♠♣❧ét❡♠❡♥t ❧❡s r❡♥✈❡rs❡♠❡♥ts ❣é♦♠❛✲
❣♥ét✐q✉❡s✳ ❖♥ ❝❤❡r❝❤❡ ♣❧✉tôt à ✐❧❧✉str❡r à tr❛✈❡rs ❝❡ ♠♦❞è❧❡ s✐♠♣❧❡ q✉✬✉♥❡ ❞❡s❝r✐♣t✐♦♥
❞❡s r❡♥✈❡rs❡♠❡♥ts ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ t❡rr❡str❡ à ❧✬❛✐❞❡ ❞✬✉♥ s②stè♠❡ ❞②♥❛♠✐q✉❡



✶✼✷ ❯♥ ♠♦❞è❧❡ s✐♠♣❧❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s✳

❞ét❡r♠✐♥✐st❡ r❡st❡ t♦✉t à ❢❛✐t ♣♦ss✐❜❧❡✳

✺✳✺✳✶ ❈♦♠♣❛t✐❜✐❧✐té ❛✈❡❝ ✉♥❡ ❞②♥❛♠✐q✉❡ ❞ét❡r♠✐♥✐st❡✳

❇✐❡♥ q✉❡ ❧✬é✈♦❧✉t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ t❡rr❡str❡ r❡s✉❧t❡ ❞✬éq✉❛t✐♦♥s ❞ét❡r✲
♠✐♥✐st❡s✱ ❝❡❧❛ ♥❡ ❣❛r❛♥t✐t ♣❛s q✉✬✐❧ s♦✐t ♣♦ss✐❜❧❡ ❞❡ ❞é❝r✐r❡ ❧❛ ❣é♦❞②♥❛♠♦ ❝♦♠♠❡
✉♥ s②stè♠❡ ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥ ❛ss♦❝✐é à ✉♥ ❝❤❛♦s ❞ét❡r♠✐♥✐st❡✳ ❊✛❡❝t✐✈❡♠❡♥t✱ ❧❡s
❞❡❣rés ❞❡ ❧✐❜❡rté s♦♥t ♥♦♠❜r❡✉① ❡t ❧❡s ♠é❝❛♥✐s♠❡s ❞❡ ❣é♥ér❛t✐♦♥ ❞✉ ❝❤❛♠♣ s♦♥t ♠✉❧✲
t✐♣❧❡s ❡t ❝♦♠♣❧❡①❡s✳ ▲✬é✈♦❧✉t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡st ❝♦✉♣❧é❡ ♥♦♥✲❧✐♥é❛✐r❡♠❡♥t
à ❞❡ ♥♦♠❜r❡✉① ♣r♦❝❡ss✉s✱ ❡t ♦♥ s✬❛tt❡♥❞ ❞♦♥❝ à ♦❜s❡r✈❡r ✉♥❡ ❞②♥❛♠✐q✉❡ st♦❝❤❛s✲
t✐q✉❡ ❞❡ ❧❛ ❞②♥❛♠♦✳ ◆é❛♥♠♦✐♥s✱ ♥♦✉s ❛✈♦♥s ✐♥s✐sté à ♣❧✉s✐❡✉rs r❡♣r✐s❡s s✉r ❧❡s ❛r❣✉✲
♠❡♥ts ❡♥ ❢❛✈❡✉r ❞✬✉♥❡ ré❞✉❝t✐♦♥ ❞❡ ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❛♥s ❧❡ ❝❛s ❞❡s
s②stè♠❡s ❞②♥❛♠♦✳ ▲❛ ♣r♦①✐♠✐té ❞✉ s❡✉✐❧ ❞❡ ❧✬✐♥st❛❜✐❧✐té ❞②♥❛♠♦✱ ♠❛✐s s✉rt♦✉t ❧❛
sé♣❛r❛t✐♦♥ ❞✬é❝❤❡❧❧❡ ❞❡ t❡♠♣s ❡♥tr❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❡t ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ rés✉❧✲
t❛♥t ❞❡s ❢❛✐❜❧❡s ✈❛❧❡✉rs ❞✉ ♥♦♠❜r❡ ❞❡ Pr❛♥❞t❧ ♠❛❣♥ét✐q✉❡✱ t❡♥❞❡♥t à s✐♠♣❧✐✜❡r ❧❛
❞②♥❛♠✐q✉❡ ♦❜s❡r✈é❡✳ ◆♦✉s ❛❧❧♦♥s ✈♦✐r q✉✬✐❧ ❡①✐st❡ ❞❛♥s ❝❡rt❛✐♥❡s ❞♦♥♥é❡s ♣❛❧é♦♠❛✲
❣♥ét✐q✉❡s ✉♥❡ ❝♦♠♣❛t✐❜✐❧✐té ❛✈❡❝ ✉♥ ❝♦♠♣♦rt❡♠❡♥t ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥ ❞✉ ❝❤❛♠♣
t❡rr❡str❡✳ P♦✉r ❝❡❧❛✱ ♦♥ ✉t✐❧✐s❡ ✉♥❡ sér✐❡ ❞✬♦❜s❡r✈❛t✐♦♥s ré❛❧✐sé❡s à ♣❛rt✐r ❞❡ ❞♦♥♥é❡s
♣❛❧é♦♠❛❣♥ét✐q✉❡s✱ ❝♦♥♥✉❡ s♦✉s ❧❡ ♥♦♠ ❞❡ ✬❙■◆❚✷✵✵✵✬✱ ❡t ♣✉❜❧✐é❡ ❡♥ ✷✵✵✺ ❬✽✺❪✳ ❈❡tt❡
sér✐❡ t❡♠♣♦r❡❧❧❡ ❢♦✉r♥✐t ✉♥❡ é✈♦❧✉t✐♦♥ ❞ét❛✐❧❧é❡ ❞✉ ❞✐♣♦❧❡ ♠❛❣♥ét✐q✉❡ ❛✉ ❝♦✉rs ❞❡s
❞❡✉① ❞❡r♥✐❡rs ♠✐❧❧✐♦♥s ❞✬❛♥♥é❡s✱ é❝❤❛♥t✐❧❧♦♥♥é❡ t♦✉s ❧❡s 1000 ❛♥s✱ ❡t q✉✐ ❝♦♠♣♦rt❡
❝✐♥q r❡♥✈❡rs❡♠❡♥ts ❞❡ ❧❛ ♣♦❧❛r✐té ❞✉ ❞✐♣♦❧❡ ❛①✐❛❧✳ ❈❡tt❡ sér✐❡ ❡st ❡♥ ❢❛✐t ✉♥❡ r❡❝♦♥s✲
tr✉❝t✐♦♥ ❞✉ ❝❤❛♠♣ à ♣❛rt✐r ❞✬✉♥❡ ❞✐③❛✐♥❡ ❞✬é❝❤❛♥t✐❧❧♦♥s ❞✐✛ér❡♥ts ♦❜t❡♥✉s à ♣❛rt✐r ❞❡
sé❞✐♠❡♥ts✳ P❛r ❝♦♥séq✉❡♥t✱ ✐❧ ❡①✐st❡ ✉♥❡ ✐♥❝❡rt✐t✉❞❡ ♥♦♥✲♥é❣❧✐❣❡❛❜❧❡ s✉r ❧❡s ♠❡s✉r❡s✱
q✉✐ ❞♦✐t ❝♦♥❞✉✐r❡ à ✉♥❡ ❝❡rt❛✐♥❡ ♣r✉❞❡♥❝❡ q✉❛♥t ❛✉① ❝♦♥❝❧✉s✐♦♥s s✉r ❧❡s ❛♥❛❧②s❡s
st❛t✐st✐q✉❡s ré❛❧✐sé❡s ❛✈❡❝ ❝❡s ❞♦♥♥é❡s✳

❊♥ ❣é♥ér❛❧✱ ❧✬ét✉❞❡ ❞✬✉♥ s②stè♠❡ ❞②♥❛♠✐q✉❡ ♥é❝❡ss✐t❡ ❞❡ ❝♦♥♥❛îtr❡ ❧✬é✈♦❧✉t✐♦♥
❞❡s ❞✐✛ér❡♥t❡s ✈❛r✐❛❜❧❡s ❞②♥❛♠✐q✉❡s ❝♦♥st✐t✉❛♥t ❧❡ ♠♦❞è❧❡✳ ❊♥ s✉♣♣♦s❛♥t q✉❡ ❧❡s
r❡♥✈❡rs❡♠❡♥ts ❣é♦♣❤②s✐q✉❡s rés✉❧t❡♥t ❞✬✉♥❡ ❞②♥❛♠✐q✉❡ ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥✱ ✉♥ ♣r♦✲
❜❧è♠❡ t❡❝❤♥✐q✉❡ s✉r❣✐t ✿ ❡♥ ❡✛❡t✱ ♥♦✉s ❞✐s♣♦s♦♥s ✉♥✐q✉❡♠❡♥t ❞✉ ♠♦❞❡ ❞✐♣♦❧❛✐r❡ ❞✉
❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ q✉✐ s✬❛♣♣❛r❡♥t❡ à ✉♥❡ s❡✉❧❡ ✈❛r✐❛❜❧❡ ❞✉ s②stè♠❡ ❞②♥❛♠✐q✉❡ q✉❡
❧✬♦♥ ❝❤❡r❝❤❡ à ét✉❞✐❡r✳ ❆✜♥ ❞❡ r❡❝♦♥str✉✐r❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞✉ s②stè♠❡✱ ✐❧ ❡st ♥é❝❡s✲
s❛✐r❡ ❞❡ ✬♣❧♦♥❣❡r✬ ❧✬❛ttr❛❝t❡✉r ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡ ❞✐♠❡♥s✐♦♥ ♣❧✉s ❣r❛♥❞❡✳ ❖♥ ✉t✐❧✐s❡
♣♦✉r ❝❡❧❛ ❧❛ ♠ét❤♦❞❡ ❞❡s ❞é❧❛✐s✱ ❝✬❡st✲à ❞✐r❡ q✉✬à ♣❛rt✐r ❞❡ ❧❛ s❡r✐❡ t❡♠♣♦r❡❧❧❡ B(t)✱
♦♥ ❝❛❧❝✉❧❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡ B(t + τ)✳ ❈❡tt❡ ♠ét❤♦❞❡ ♣❡r♠❡t ❛✐♥s✐ ❞❡ r❡❝♦♥str✉✐r❡ ✉♥❡
❞❡✉①✐è♠❡ ❝♦♠♣♦s❛♥t❡ ♣♦✉r ❧❡ s②stè♠❡✱ ❡t ♦♥ ♦❜t✐❡♥t ❛✐♥s✐ ✉♥ ❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ❞❡
❞✐♠❡♥s✐♦♥ ✷✳ ❇✐❡♥ q✉❡ ❝❡tt❡ r❡❝♦♥str✉❝t✐♦♥ ♥❡ ♣r❡s❡r✈❡ ♣❛s ❧❛ ❢♦r♠❡ ❣é♦♠étr✐q✉❡ ❞❡s
str✉❝t✉r❡s✱ ❡❧❧❡ ♣❡r♠❡t ❞❡ ❝♦♥s❡r✈❡r ❧❡s ♣r♦♣r✐étés st❛t✐st✐q✉❡s ❞❡ ❧✬❛ttr❛❝t❡✉r✳ ■❧ ❡st
é❣❛❧❡♠❡♥t ♣♦ss✐❜❧❡ ❞✬♦❜t❡♥✐r ✉♥ ❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ❞❡ ❞✐♠❡♥s✐♦♥ ♣❧✉s ❣r❛♥❞❡✱ ❞✐s♦♥s
de ✱ ❡♥ ét✉❞✐❛♥t ❧✬❡♥s❡♠❜❧❡ ❞❡s sér✐❡s (B(t), B(t + τ), B(t + 2τ), ..., B(t + (de − 1)τ))✱
♦ù de ❡st ❛♣♣❡❧❧é❡ ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡ ♣❧♦♥❣❡♠❡♥t ✭✬❡♠❜❡❞❞✐♥❣ ❞✐♠❡♥s✐♦♥✬ ❡♥ ❛♥❣❧❛✐s✮✱
❡t τ ❡st ✉♥ ❞é❧❛✐ ❝❤♦✐s✐t ❡♠♣✐r✐q✉❡♠❡♥t✳ ❊♥ ♣r❛t✐q✉❡✱ τ = 15000ans ❡st ✉♥❡ ✈❛❧❡✉r
r❛✐s♦♥♥❛❜❧❡✳ ❘②❛♥ ❡t ❙❛rs♦♥✱ ❡♥ ✷✵✵✽ ❬✼✻❪✱ ♦♥t ét✉❞✐é ❝❡ ♣r♦❜❧è♠❡ ❡t ❝♦♥❝❧✉❡♥t à
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❋✐❣✳ ✺✳✶✼✿ ➱✈♦❧✉t✐♦♥ ❞❡ ❧❛ sér✐❡ t❡♠♣♦r❡❧❧❡ ❞✉ ❞✐♣♦❧❡ ♠❛❣♥ét✐q✉❡ ❞❡ ❧❛ ❚❡rr❡ ♠♦②❡♥♥é❡
❡♥ t❡♠♣s s✉r ✉♥❡ ❢❡♥êtr❡ ❣❧✐ss❛♥t❡ ❞❡ ✺✵✵✵ ❛♥s✳ ❆ ❣❛✉❝❤❡ ✿ é✈♦❧✉t✐♦♥ ❛✉ ❝♦✉rs
❞✉ t❡♠♣s✳ ❆ ❞r♦✐t❡ ✿ é✈♦❧✉t✐♦♥ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ♦❜t❡♥✉ ♣❛r ❧❛ ♠ét❤♦❞❡
❞❡s ❞é❧❛✐s ✭❛✈❡❝ ✉♥ t❡♠♣s ❞❡ r❡t❛r❞ τ = 15000 ❛♥s✮✳

❧❛ ♣♦ss✐❜✐❧✐té ❞✬✉♥ ❝❤❛♦s ❞ét❡r♠✐♥✐st❡✳ ❆ ❧❛ ❞✐✛ér❡♥❝❡ ❞❡ ❘②❛♥ ❡t ❙❛rs♦♥✱ ❧❛ sér✐❡
❞❡ ❙■◆❚✷✵✵✵ ❛ été ❧é❣èr❡♠❡♥t ♠♦②❡♥♥é❡ ❡♥ t❡♠♣s ✭♠♦②❡♥♥❡ ❣❧✐ss❛♥t❡ ré❛❧✐sé❡ s✉r
✉♥❡ ❢❡♥êtr❡ ❞❡ ✺✵✵✵ ❛♥s✮✱ ❛✜♥ ❞✬é❧✐♠✐♥❡r ✉♥❡ ♣❛rt✐❡ ❞✉ ❜r✉✐t ❡①t❡r♥❡ ✐♥é✈✐t❛❜❧❡♠❡♥t
♣rés❡♥t ❞❛♥s ❧❡s ❡♥r❡❣✐str❡♠❡♥ts ✐♥❞✐r❡❝ts ❞✉ ♣❛❧é♦♠❛❣♥ét✐s♠❡ ✭✈♦✐r ❧❛ ✜❣✉r❡ ✺✳✶✼✮✳

❆✜♥ ❞✬ét✉❞✐❡r ❧❛ ❞②♥❛♠✐q✉❡ ❞❡ ❧❛ ❣é♦❞②♥❛♠♦✱ ✉♥❡ ♣r❡♠✐èr❡ ét❛♣❡ ❝♦♥s✐st❡ ❞♦♥❝
à ❡st✐♠❡r ❧❛ ❞✐♠❡♥s✐♦♥ de ❞❡ ❧✬❛ttr❛❝t❡✉r ♥é❝❡ss❛✐r❡ à s❛ r❡❝♦♥str✉❝t✐♦♥✳ ❖♥ s✉✐t
❧❛ ♠ét❤♦❞❡ ✉t✐❧✐sé❡ ♣❛r ❘②❛♥ ❡t ❙❛rs♦♥✱ é❣❛❧❡♠❡♥t ❡①♣♦sé❡ ❞❛♥s ❧✬♦✉✈r❛❣❡ ❞❡ P❛✉❧
▼❛♥♥❡✈✐❧❧❡ ✐♥t✐t✉❧é ✬❙tr✉❝t✉r❡s ❞✐ss✐♣❛t✐✈❡s✱ ❝❤❛♦s ❡t t✉r❜✉❧❡♥❝❡✬ ❬✹✾❪✳ ❈❡tt❡ ♠ét❤♦❞❡
❝♦♥s✐st❡✱ à ♣❛rt✐r ❞❡s ♣♦✐♥ts ❝♦♥st✐t✉❛♥t ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ❞❛♥s ✉♥❡ ❞✐♠❡♥s✐♦♥ m✱
à ❝❛❧❝✉❧❡r ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ ❝❤❛q✉❡ ♣❛✐r❡ ❞❡ ♣♦✐♥ts✳ ❖♥ ♣❛ss❡ ❡♥s✉✐t❡ ❡♥ ❞✐♠❡♥s✐♦♥
m + 1✱ ❡t ♦♥ ❝❛❧❝✉❧❡ ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ ❧❡s ♣❛✐r❡s ❞❡ ♣♦✐♥ts ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ❛❥♦✉té❡✳
❙✐ ❝❡tt❡ s❡❝♦♥❞❡ ❞✐st❛♥❝❡ ❡st tr♦♣ ❣r❛♥❞❡ ♣❛r r❛♣♣♦rt à ❧❛ ♣r❡♠✐èr❡✱ ❝❡❧❛ s✐❣♥✐✜❡
q✉❡ ❧❡s ❞❡✉① ♣♦✐♥ts ♥❡ s♦♥t ♣❛s ❞❡ ✈r❛✐s ✈♦✐s✐♥s✱ ♠❛✐s q✉❡ ❧❡✉r ♣r♦①✐♠✐té ❡st ❞✉❡
à ✉♥❡ ❞✐♠❡♥s✐♦♥ ❞❡ ♣❧♦♥❣❡♠❡♥t tr♦♣ ❢❛✐❜❧❡✳ ❆✉❣♠❡♥t❡r ❧❛ ❞✐♠❡♥s✐♦♥ ♣❡r♠❡t✱ ♣❛r
✉♥ ❝❤❛♥❣❡♠❡♥t ❞❡ ♣❡rs♣❡❝t✐✈❡✱ ❞❡ ❢❛✐r❡ ❛♣♣❛r❛✐tr❡ ❧❛ ❞✐st❛♥❝❡ ♠❛♥q✉❛♥t❡ ❡♥tr❡ ❧❡s
❢❛✉① ✈♦✐s✐♥s✳ ❈✬❡st ❛✐♥s✐ q✉✬✉♥ ❝②❝❧❡ ❧✐♠✐t❡ ♦❜s❡r✈é ❡♥ ❞❡✉① ❞✐♠❡♥s✐♦♥ ♣r♦❞✉✐t ❡♥
❣é♥ér❛❧ ❞❡s ✐♥t❡rs❡❝t✐♦♥s q✉✐ ❞✐s♣❛r❛✐ss❡♥t ❧♦rsq✉✬♦♥ ❧✬♦❜s❡r✈❡ ❡♥ tr♦✐s ❞✐♠❡♥s✐♦♥s✳
▲❡ ♥♦♠❜r❡ ❞❡ ❢❛✉① ✈♦✐s✐♥s ❞✐♠✐♥✉❡ ❛✈❡❝ ❧✬❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧❛ ❞✐♠❡♥s✐♦♥ ✉t✐❧✐sé❡
♣♦✉r ❞é❝r✐r❡ ❧✬❛ttr❛❝t❡✉r✳ ❯♥❡ ❝❤✉t❡ ❜r✉t❛❧❡ ❞❡ ❧❛ ♣r♦♣♦rt✐♦♥ ❞❡ ❢❛✉① ✈♦✐s✐♥s s✐❣♥✐✜❡
q✉❡ ❧✬♦♥ ❛ tr♦✉✈é ❧❛ ❜♦♥♥❡ ❞✐♠❡♥s✐♦♥ ❞❡ ♣❧♦♥❣❡♠❡♥t ❞❡ ❧✬❛ttr❛❝t❡✉r✳ ▲❛ ✜❣✉r❡ ✺✳✶✽
♠♦♥tr❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❝❡tt❡ ♣r♦♣♦rt✐♦♥ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❞✐♠❡♥s✐♦♥ ❝❛❧❝✉❧é❡ à ♣❛rt✐r
❞❡s ❞♦♥♥é❡s ❙■◆❚✷✵✵✵✳

❖♥ tr♦✉✈❡ ✐❝✐ ✉♥❡ ❞✐♠❡♥s✐♦♥ ❞❡ ♣❧♦♥❣❡♠❡♥t ❞❡ ❧✬♦r❞r❡ ❞❡ de = 8✱ ❝♦♠♣❛r❛❜❧❡
à ❧❛ ✈❛❧❡✉r ♦❜t❡♥✉❡ ♣❛r ❘②❛♥ ❡t ❙❛rs♦♥✳ ❊✈✐❞❡♠♠❡♥t✱ ❧❛ ♣rés❡♥❝❡ ❞❡ ❜r✉✐t ❡①t❡r♥❡
❛✉❣♠❡♥t❡ ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡ ❧✬❛ttr❛❝t❡✉r✳ ❉❡ ♣❧✉s✱ ♥♦t♦♥s q✉❡ ❧❡ t❤é♦rè♠❡ ❞❡ ❚❛❦❡♥s
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❋✐❣✳ ✺✳✶✽✿ ❆ ❣❛✉❝❤❡ ✿ ❊✈♦❧✉t✐♦♥ ♣♦✉r τ = 15000 ❛♥s ❞❡ ❧❛ ♣r♦♣♦rt✐♦♥ ❞❡ ❢❛✉① ✈♦✐s✐♥s ❡♥

❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❞✐♠❡♥s✐♦♥✳ ▲❛ ❝❤✉t❡ ❜r✉t❛❧❡ ❞❡ ❧❛ ❝♦✉r❜❡ s✉❣❣èr❡ ✉♥❡ ❞✐♠❡♥s✐♦♥
❞❡ ♣❧♦♥❣❡♠❡♥t de = 8✳ ❆ ❞r♦✐t❡ ✿ ❞✐♠❡♥s✐♦♥ ❞❡ ♣❧♦♥❣❡♠❡♥t de ❡♥ ❢♦♥❝t✐♦♥ ❞❡
τ ✳

st✐♣✉❧❡ q✉✬✉♥ ❛ttr❛❝t❡✉r ❞❡ ❞✐♠❡♥s✐♦♥ dA ❡st ❝♦♠♣❧èt❡♠❡♥t ❞é❝r✐t ❧♦rsq✉✬✐❧ ❡st r❡✲
❝♦♥str✉✐t ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡ ❞✐♠❡♥s✐♦♥ de > 2dA✳ ❈❡❧❛ s✉❣❣èr❡ ❞♦♥❝ ✉♥❡ ❞✐♠❡♥s✐♦♥
♣♦✉r ❧✬❛ttr❛❝t❡✉r ✈r❛✐s❡♠❜❧❛❜❧❡♠❡♥t ❡♥tr❡ ✸ ❡t ✹✳ ❉❡ ♣❧✉s✱ ❧❛ ✜❣✉r❡ ✺✳✶✽✱ à ❣❛✉❝❤❡✱
♣❡r♠❡t ❞❡ ✈♦✐r q✉✬❡♥ ✉t✐❧✐s❛♥t ✉♥❡ ❞✐♠❡♥s✐♦♥ ❞❡ ♣r♦❧♦♥❣❡♠❡♥t de = 3✱ ❧❛ ♣r♦♣♦rt✐♦♥
❞❡ ❢❛✉① ✈♦✐s✐♥s ❡st ❞é❥à très ❢❛✐❜❧❡✱ ❞❡ ❧✬♦r❞r❡ ❞❡ 0.1%✳ ▲❛ ✈❛❧❡✉r ♣r✐s❡ ♣♦✉r τ ❛ ✉♥❡
❝❡rt❛✐♥❡ ✐♥✢✉❡♥❝❡ s✉r ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡ ♣❧♦♥❣❡♠❡♥t ✭✈♦✐r ✜❣✉r❡ ✺✳✶✽✮✳
P❛r ❡①❡♠♣❧❡✱ ♣♦✉r ✉♥ ❞é❧❛✐ τ = 5000 ❛♥s✱ ♦♥ tr♦✉✈❡ de = 5✳ ■❧ ❡st ✐♠♣♦rt❛♥t ❞❡
s♦✉❧✐❣♥❡r ✐❝✐ q✉❡ ❧❡s ♠ét❤♦❞❡s ✉t✐❧✐sé❡s ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ♥❡ s♦♥t ✈❛❧✐❞❡s q✉❡ ❧♦rsq✉❡
❧✬❛ttr❛❝t❡✉r ❛ été ♣❧❡✐♥❡♠❡♥t ❡①♣❧♦ré ♣❛r ❧❡ s②stè♠❡✱ ❝✬❡st✲à✲❞✐r❡ ❧♦rsq✉❡ ❧✬♦♥ ❞✐s♣♦s❡
❞❡ s✉✣s❛♠❡♥t ❞❡ ♣♦✐♥ts✳ ▲❡ ♥♦♠❜r❡ ❞❡ ♣♦✐♥ts ❞✐s♣♦♥✐❜❧❡s ♣♦✉r ❧❛ sér✐❡ SINT2000
❡st ♣r♦❜❛❜❧❡♠❡♥t tr♦♣ ❢❛✐❜❧❡ ♣♦✉r ♣♦✉✈♦✐r ré❡❧❧❡♠❡♥t ❝♦♥❝❧✉r❡✳

▲✬♦❜s❡r✈❛t✐♦♥ ❞✬✉♥❡ ❞✐♠❡♥s✐♦♥ ❞❡ ♣❧♦♥❣❡♠❡♥t ✐♥❞✐q✉❡ q✉❡ ❧❡s ❞♦♥♥é❡s ♣❛❧é♦♠❛✲
❣♥ét✐q✉❡s s♦♥t ❝♦♠♣❛t✐❜❧❡ ❛✈❡❝ ✉♥ s②stè♠❡ ❞②♥❛♠✐q✉❡ ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥✱ ♥✬✐♠♣❧✐✲
q✉❛♥t ❛ ♣r✐♦r✐ q✉❡ q✉❡❧q✉❡s ♠♦❞❡s ❡♥ ✐♥t❡r❛❝t✐♦♥✳ ❉❛♥s ❧❛ s✉✐t❡✱ ✐❧ ❡st ❞♦♥❝ ✐♥tér❡s✲
s❛♥t ❞✬ét✉❞✐❡r ❧❡s ❞♦♥♥é❡s ❣é♦♣❤②s✐q✉❡s ❞✉ ♣♦✐♥t ❞❡ ✈✉❡ ❞✬✉♥ ❛ttr❛❝t❡✉r étr❛♥❣❡✱ ❡t
❞❡ ❝♦♠♣❛r❡r ❝❡t ❛ttr❛❝t❡✉r ❛✉① rés✉❧t❛ts ♦❜t❡♥✉s à ❧✬❛✐❞❡ ❞✉ ♠♦❞è❧❡ s✐♠♣❧❡ ❞✬éq✉❛✲
t✐♦♥s ❞✬❛♠♣❧✐t✉❞❡ (D, Q, V )✳ ❙✉r ❧❛ ✜❣✉r❡ ✺✳✶✾✱ ♦♥ s✬✐♥tér❡ss❡ à ✉♥❡ ❝❛r❛❝tér✐s❛t✐♦♥
♣❧✉s ♣ré❝✐s❡ ❞❡ ❧✬❛ttr❛❝t❡✉r✱ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ s❛ ❞✐♠❡♥s✐♦♥ ❢r❛❝t❛❧❡✳ P❧✉tôt q✉❡ ❞❡
t❡♥t❡r ✉♥❡ ❡st✐♠❛t✐♦♥ ❡①♣ér✐♠❡♥t❛❧❡ ❞❡ ❧❛ ❞✐♠❡♥s✐♦♥ ❢r❛❝t❛❧❡ dA ❞❡ ❧✬❛ttr❛❝t❡✉r ❜❛sé❡
s✉r ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ dA✱ ♦♥ ✐♥tr♦❞✉✐t ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡ ❝♦rr❡❧❛t✐♦♥ dc ✳ ❈❡❧❧❡✲❝✐ ❡st ❡♥
❡✛❡t ❜❡❛✉❝♦✉♣ ♣❧✉s ❢❛❝✐❧❡ à ❡st✐♠❡r ❡♥ ♣r❛t✐q✉❡✳ P♦✉r ❝❡❧❛✱ ♦♥ ❝♦♠♣t❡ s✐♠♣❧❡♠❡♥t ❧❡
♥♦♠❜r❡ ❞❡ ♣❛✐r❡s ❞❡ ♣♦✐♥ts C (R) sé♣❛rés ♣❛r ✉♥❡ ❞✐st❛♥❝❡ R ✳ ❊♥ ♥♦r♠❛❧✐s❛♥t C (R)
♣❛r N2✱ ♦ù N ❡st ❧❡ ♥♦♠❜r❡ ❞❡ ♣♦✐♥ts ✐♠♣❧✐q✉és✱ ♦♥ ♣❡✉t ❞é✜♥✐r ❢♦r♠❡❧❧❡♠❡♥t ❧❛
❞✐♠❡♥s✐♦♥ ❞❡ ❝♦rr❡❧❛t✐♦♥ ♣❛r

dc = lim(R→0)
log(C (R))

log(R)
✭✺✳✶✽✮
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modèle DQV

❋✐❣✳ ✺✳✶✾✿ ❊♥ ❤❛✉t ✿ é✈♦❧✉t✐♦♥ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ C (R) ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡
♣♦✐♥ts R✳ ❖♥ ❝♦♠♣❛r❡ ❧❡ ♠♦❞è❧❡ ✭à ❣❛✉❝❤❡✮ ❛✈❡❝ ❧❡s ❞♦♥♥é❡s ❣é♦♣❤②s✐q✉❡s
✭à ❞r♦✐t❡✮✳ ❊♥ ❜❛s ✿ é✈♦❧✉t✐♦♥ ❞❡ ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡ ❝♦rr❡❧❛t✐♦♥ ❡♥ ❢♦♥❝t✐♦♥ ❞❡
❧❛ ❞✐♠❡♥s✐♦♥ ❞❡ ♣❧♦♥❣❡♠❡♥t✳ P♦✉r ❧❡ ♠♦❞è❧❡✱ ♦♥ tr♦✉✈❡ ✉♥❡ ❞✐♠❡♥s✐♦♥ ❞❡
❝♦rré❧❛t✐♦♥ ❧é❣èr❡♠❡♥t s✉♣ér✐❡✉r❡ à ✷✱ t❛♥❞✐s q✉❡ ❧❛ ✈❛❧❡✉r ❡st ♣❧✉s ❤❛✉t❡ ❞❛♥s
❧❡ ❝❛s ❞❡ ❧❛ ❚❡rr❡✭dc ∼ 2.7✮

❝❛❧❝✉❧é❡ ♣♦✉r ✉♥❡ ❞✐♠❡♥s✐♦♥ ❞❡ ♣❧♦♥❣❡♠❡♥t s✉✣s❛♠♠❡♥t ❣r❛♥❞❡✳ ▲❛ ✜❣✉r❡ ✺✳✶✾
✐❧❧✉str❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡ C (R) ❡♥ ❢♦♥❝t✐♦♥ ❞❡ R ✱ ♠♦♥tr❛♥t ✉♥ ❝♦♠♣♦rt❡♠❡♥t ❡♥ ❧♦✐ ❞❡
♣✉✐ss❛♥❝❡✱ ❞♦♥t ❧✬❡①♣♦s❛♥t ν ❡st ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡ ❝♦rré❧❛t✐♦♥ ❛ss♦❝✐é❡ à ❧❛ ❞✐♠❡♥s✐♦♥
❞❡ ♣❧♦♥❣❡♠❡♥t de ✳ ❇✐❡♥ ❡♥t❡♥❞✉✱ ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡ ♣❧♦♥❣❡♠❡♥t ✉t✐❧✐sé❡ ✐♥✢✉❡♥❝❡ ❧✬❡s✲
t✐♠❛t✐♦♥ ❞❡ ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡ ❝♦rré❧❛t✐♦♥✳ ❖♥ ♠♦♥tr❡ à ❣❛✉❝❤❡ ❧❡ rés✉❧t❛t ♦❜t❡♥✉ ♣❛r
✐♥té❣r❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞✉ ♠♦❞è❧❡ à tr♦✐s ♠♦❞❡s✱ ❡t à ❞r♦✐t❡ ❧❡s ❞♦♥♥é❡s SINT2000✳
▲✬❛❧❧✉r❡ ❞❡s ❝♦✉r❜❡s ♣rés❡♥t❡ ❡♥ ❣é♥ér❛❧ ✉♥❡ s❛t✉r❛t✐♦♥✱ tr❛❞✉✐s❛♥t ❧❛ t❛✐❧❧❡ ✜♥✐❡ ❞❡
❧✬❛ttr❛❝t❡✉r✳ ❉❡ ♣❧✉s✱ ❧❡ ❞é❜✉t ❞❡ ❧❛ ❝♦✉r❜❡ ♣rés❡♥t❡ ❞❡s ❞é❢❛✉ts ❞✉s ❛✉ ♠❛♥q✉❡
❞❡ rés♦❧✉t✐♦♥✳ ❊♥ ré❛❧✐s❛♥t ✉♥ ❛❥✉st❡♠❡♥t ♥✉♠ér✐q✉❡ ❞❡s ❝♦✉r❜❡s✱ ♦♥ ❞é❞✉✐t ❧✬❡①♣♦✲
s❛♥t ν✱ q✉✐ ♣❡✉t êtr❡ tr❛❝é ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡ ♣❧♦♥❣❡♠❡♥t de ✳ ▲❛ ✜❣✉r❡
✺✳✶✾✱ ❡♥ ❜❛s✱ ♣❡r♠❡t ❞❡ ❞ét❡r♠✐♥❡r ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡ ❧✬❛ttr❛❝t❡✉r✳ ❉❛♥s ❧❡ ❝❛s ❞✉
♠♦❞è❧❡ ❝♦♠♠❡ ♣♦✉r ❧❡s ❞♦♥♥é❡s ♣❛❧é♦♠❛❣♥ét✐q✉❡s✱ ♦♥ ♦❜s❡r✈❡ q✉❡ ν s❛t✉r❡ r❛♣✐✲



✶✼✻ ❯♥ ♠♦❞è❧❡ s✐♠♣❧❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s✳

❞❡♠❡♥t ✈❡rs ✉♥❡ ✈❛❧❡✉r ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ de ✱ ✐♥❞✐q✉❛♥t ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡ ❝♦rré❧❛t✐♦♥
dc ❞❡ ❧✬❛ttr❛❝t❡✉r✳ ❖♥ tr♦✉✈❡ dc = 2.05 ♣♦✉r ❧❡ ♠♦❞è❧❡✱ t❛♥❞✐s q✉❡ ❧✬❛ttr❛❝t❡✉r ❞❡
❙■◆❚✷✵✵✵ s❡♠❜❧❡ ♣♦ssé❞❡r ✉♥❡ ❞✐♠❡♥s✐♦♥ ❢r❛❝t❛❧❡ ♣❧✉s ✐♠♣♦rt❛♥t❡ dc ≈ 2.7✳ ■❧ ❡st
♣❛rt✐❝✉❧✐èr❡♠❡♥t ✐♥tér❡ss❛♥t ❞❡ ♥♦t❡r q✉❡ ν s❛t✉r❡ ✈❡rs ✉♥❡ ✈❛❧❡✉r ❝♦♥st❛♥t❡ ❧♦rsq✉❡
❧✬♦♥ ❛✉❣♠❡♥t❡ ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡ ♣❧♦♥❣❡♠❡♥t✳ ❊♥ ❡✛❡t✱ s✐ ❧✬♦♥ ❝♦♥s✐❞èr❡ ✉♥ ❡♥s❡♠❜❧❡
❞❡ ♣♦✐♥ts ♣r♦❞✉✐ts ✉♥✐q✉❡♠❡♥t ♣❛r ✉♥ ❜r✉✐t ❜❧❛♥❝ ♣❛r ❡①❡♠♣❧❡✱ ♦♥ ♦❜t✐❡♥t ❧❛ ❝♦✉r❜❡
dA = dE ✭❞r♦✐t❡ ❡♥ ♣♦✐♥t✐❧❧é✮✳ ❯♥ s②stè♠❡ ❞②♥❛♠✐q✉❡ ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥ ❡♥ ♣ré✲
s❡♥❝❡ ❞✬✉♥ ❜r✉✐t ✐♠♣♦rt❛♥t ❛✉r❛ ❞♦♥❝ t❡♥❞❛♥❝❡ à ♥❡ ♣❛s s❛t✉r❡r✱ ❡♥ r❛✐s♦♥ ❞❡ ❧✬❡✛❡t
❞✉ ❜r✉✐t✳ ▲❛ s❛t✉r❛t✐♦♥ ♥❡tt❡ ❞❡ ❧❛ ❝♦✉r❜❡ ❝♦♥✜r♠❡ ❛✐♥s✐ ♥♦♥✲s❡✉❧❡♠❡♥t ❧❛ ❜❛ss❡ ❞✐✲
♠❡♥s✐♦♥❛❧✐té ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡
t❡rr❡str❡✱ ♠❛✐s s✉❣❣èr❡ é❣❛❧❡♠❡♥t ✉♥❡ ♦r✐❣✐♥❡ ❞ét❡r♠✐♥✐st❡ ❛✉ ❝❤❛♦s ♦❜s❡r✈é✳
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❋✐❣✳ ✺✳✷✵✿ ❊①♣♦s❛♥t ❞❡ ▲②❛♣✉♥♦✈ ❡st✐♠é ❡♥ ❞✐♠❡♥s✐♦♥ ❞❡ ♣❧♦♥❣❡♠❡♥t ✸✳

▲✬❛ttr❛❝t❡✉r ❝❤❛♦t✐q✉❡ ♦❜t❡♥✉ à ♣❛rt✐r ❞❡ SINT2000 ♣♦ssè❞❡ ❞♦♥❝ ❝♦♠♠❡ t♦✉t
s②stè♠❡ ❝❤❛♦t✐q✉❡✱ ✉♥❡ ❝❡rt❛✐♥❡ s❡♥s✐❜✐❧✐té ❛✉① ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s✳ ❈❡tt❡ ♣r♦♣r✐été
❡st é✈❛❧✉é❡ ❡♥ ❝❛❧❝✉❧❛♥t ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t ❧❡ ♣❧✉s ❣r❛♥❞ ❡①♣♦s❛♥t ❞❡ ▲②❛♣✉♥♦✈
❞✉ s②stè♠❡✳ ▲❛ ✜❣✉r❡ ✺✳✷✵ ✐❧❧✉str❡ ❝❡t ❡✛❡t✳ ❖♥ tr♦✉✈❡ λ ≃ 0.1Ma−1✳ ❈♦♠♠❡ ♥♦✉s
❧✬❛✈♦♥s ❢❛✐t r❡♠❛rq✉❡r ✉♥ ♣❡✉ ♣❧✉s ❤❛✉t✱ ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❡①♣ér✐♠❡♥t❛❧❡ ❞❡ ❧✬❡①♣♦✲
s❛♥t ❞❡ ▲②❛♣✉♥♦✈✱ t❡❧❧❡ q✉✬❡❧❧❡ ❡st ré❛❧✐sé❡ ✐❝✐✱ ♥❡ s✬❛♣♣❧✐q✉❡ ♣❛r❢❛✐t❡♠❡♥t q✉❡ ❧♦rs✲
q✉✬✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ♣♦✐♥ts ❡st ❞✐s♣♦♥✐❜❧❡✱ ❡t ❧❛ ✈❛❧❡✉r ❛✈❛♥❝é❡ ✐❝✐ ♥✬❡st q✉✬✉♥❡
❡st✐♠❛t✐♦♥ ❣r♦ss✐èr❡✳ P❛r ❝♦♥séq✉❡♥t✱ ❧❛ ♣rés❡♥t❡ ét✉❞❡ ♥❡ ❢❛✐t q✉❡ s✉❣❣ér❡r ✉♥ ❝❤❛♦s
❞ét❡r♠✐♥✐st❡ ♣♦✉r ❧❛ ❣é♦❞②♥❛♠♦✱ s❛♥s q✉✬✐❧ s♦✐t ♣♦ss✐❜❧❡ ❞❡ ❧✬❛✣r♠❡r ❞❡ ♠❛♥✐èr❡ ❞é✲
✜♥✐t✐✈❡✱ ♥✐ ❞❡ q✉❛♥t✐✜❡r ♣❛r❢❛✐t❡♠❡♥t ❧❡s ♣r♦♣r✐été ❞✬✉♥ t❡❧ ❛ttr❛❝t❡✉r✳



✺✳✺ ❯♥❡ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❞❡ ❧❛ ❣é♦❞②♥❛♠♦✳ ✶✼✼

✺✳✺✳✷ ❈♦♠♣❛r❛✐s♦♥ ❞❡ ❧❛ ❣é♦❞②♥❛♠♦ ❛✈❡❝ ✉♥ ♠♦❞è❧❡ ❞❡ ❜❛ss❡
❞✐♠❡♥s✐♦♥✳

▲❛ ♣❡rs♣❡❝t✐✈❡ ❞❡ ❞é❝r✐r❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❣é♦♠❛❣♥ét✐q✉❡s ❞❛♥s
❧❡ ❝❛❞r❡ ❞✬✉♥ s②stè♠❡ ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥❛❧✐té ❡st é✈✐❞❡♠♠❡♥t très ✐♥tér❡ss❛♥t❡✳ ❊♥
❡✛❡t✱ ❝❡❧❛ ❢♦✉r♥✐t à ❧❛ ❢♦✐s ✉♥❡ ✈✐s✐♦♥ s✐♠♣❧❡ ❞✉ ♣❤é♥♦♠è♥❡ ❡t ♣❡✉t ♣❡r♠❡ttr❡ ❞❡
❢❛✐r❡ ❞❡s ♣ré✈✐s✐♦♥s st❛t✐st✐q✉❡s s✉r ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞✉ ❝❤❛♠♣✳ P♦✉r ❝❡tt❡ r❛✐s♦♥✱
❝✬❡st ✉♥❡ ✈♦✐❡ q✉✐ ❛ été ❡♠♣r✉♥té❡ à ❞❡ ♥♦♠❜r❡✉s❡s r❡♣r✐s❡s✳ ❊♥ ❣é♥ér❛❧✱ ♠❛❧❣ré
❧❡✉r ❝♦♠♣♦rt❡♠❡♥t ❝❤❛♦t✐q✉❡✱ ❧❡s ♠♦❞è❧❡s ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥ t❡❧ q✉❡ ❧❡ ♠♦❞è❧❡ ❞❡
❘✐❦✐t❛❦❡ ♠è♥❡♥t à ❞❡s ❝♦♠♣♦rt❡♠❡♥ts tr♦♣ s✐♠♣❧❡s✱ ✐♥❝♦♠♣❛t✐❜❧❡s ❛✈❡❝ ❧❡s ❞♦♥♥é❡s
♦❜s❡r✈❛t✐♦♥❡❧❧❡s✳ ❑♦♥♦✱ ♣❛r ❡①❡♠♣❧❡✱ ❛ ♠♦♥tré ❡♥ ✶✾✽✼ q✉❡ ❧❡ ♠♦❞è❧❡ ❞❡ ❘✐❦✐t❛❦❡
❡st ✐♥❝❛♣❛❜❧❡ ❞❡ r❡♣r♦❞✉✐r❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❞❡♥s✐té ❞❡ ♣r♦❜❛❜✐❧✐té ❞❡s t❡♠♣s ❞✬❛tt❡♥t❡
❡♥tr❡ ❞❡✉① r❡♥✈❡rs❡♠❡♥ts ♦❜s❡r✈é❡ ♣♦✉r ❧❛ ❚❡rr❡ ❬✸✾❪✳ ▲❛ ✜❣✉r❡ ✺✳✷✶ ♠♦♥tr❡ ❧❡s ❞✐str✐✲
❜✉t✐♦♥s ❞❡ ❝❡s t❡♠♣s ❞✬❛tt❡♥t❡ ❣é♦♠❛❣♥ét✐q✉❡s ❛✐♥s✐ q✉❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ❧✬✐♥t❡♥s✐té
❞✉ ❞✐♣♦❧❡ ♠❛❣♥ét✐q✉❡ ❞❡ ❧❛ ❚❡rr❡✳ ❖♥ s✉♣♣♦s❡ ❡♥ ❣é♥ér❛❧ q✉❡ ❧❡s t❡♠♣s ❞✬❛tt❡♥t❡
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❋✐❣✳ ✺✳✷✶✿ ❆ ❣❛✉❝❤❡ ✿ ❉✐str✐❜✉t✐♦♥ ❞❡ ♣r♦❜❛❜✐❧✐té ❞❡s t❡♠♣s ❞✬❛tt❡♥t❡ ❡♥tr❡ ❞❡✉① r❡♥✲
✈❡rs❡♠❡♥ts ❣é♦♠❛❣♥ét✐q✉❡✳ ▲❛ ❧♦✐ ❡st r❡❧❛t✐✈❡♠❡♥t ♣♦✐ss♦♥✐❡♥♥❡✳ ❆ ❞r♦✐t❡ ✿
❞✐str✐❜✉t✐♦♥ ❞❡ ♣r♦❜❛❜✐❧✐té ❞❡ ❧✬✐♥t❡♥s✐té ❞✉ ❞✐♣♦❧❡ ❞✉ ❝❤❛♠♣ t❡rr❡str❡✳ ❖♥
♦❜s❡r✈❡ ✉♥❡ ❧♦✐ ❜✐✲♥♦r♠❛❧❡✳

❡♥tr❡ ❞❡✉① r❡♥✈❡rs❡♠❡♥t s❡♠❜❧❡♥t êtr❡ ❞✐str✐❜✉é s❡❧♦♥ ✉♥❡ ❧♦✐ ♣♦✐ss♦♥✐❡♥♥❡✳ ➱✈✐❞❡♠✲
♠❡♥t✱ ✐❧ ❡st ❞✐✣❝✐❧❡ ❞❡ ❝♦♥❝❧✉r❡ ❞❡ ♠❛♥✐èr❡ ❛❜s♦❧✉❡ ❡♥ r❛✐s♦♥ ❞✉ ♣❡✉ ❞✬é✈è♥❡♠❡♥ts
❞✐s♣♦♥✐❜❧❡s✳ P❛r ❡①❡♠♣❧❡✱ ✐❧ ❛ ♣❛r❢♦✐s été s✉❣❣éré q✉❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❡st ♣♦✐ss♦♥✐❡♥♥❡
✉♥✐q✉❡♠❡♥t ❧♦❝❛❧❡♠❡♥t✱ ♠❛✐s ❛✈❡❝ ✉♥ t❛✉① ❞❡ r❡♥✈❡rs❡♠❡♥ts q✉✐ ❞é♣❡♥❞ ❞✉ t❡♠♣s
❬✶✺❪✳ ▲❡ ♠♦❞è❧❡ ❞❡ ❘✐❦✐t❛❦❡ ♣rés❡♥t❡ ✉♥❡ ❞✐✛ér❡♥❝❡ ❝❧❛✐r❡ ❛✈❡❝ ❝❡tt❡ ❝♦✉r❜❡ ✿ à ♣❛rt✐r
❞✬✉♥❡ ❝❡rt❛✐♥ t❡♠♣s✱ ❧❡ ♠♦❞è❧❡ ♠♦♥tr❡ s♦✐t ✉♥❡ ❝♦✉♣✉r❡ ❝❧❛✐r❡✱ ✐♥t❡r❞✐s❛♥t ❧✬❛♣♣❛r✐✲
t✐♦♥ ❞❡ t❡♠♣s ❞✬❛tt❡♥t❡ tr♦♣ ❧♦♥❣s✱ s♦✐t ❛✉ ❝♦♥tr❛✐r❡ ❧✬❛♣♣❛r✐t✐♦♥ ❞✬é✈é♥❡♠❡♥ts ❧♦♥❣s
❡♥ tr♦♣ ❣r❛♥❞ ♥♦♠❜r❡✳ ❉❛♥s t♦✉s ❧❡s ❝❛s✱ ❧❡ s②stè♠❡ ♥❡ s❡ ❝♦♠♣♦rt❡ ♣❛s ❝♦♠♠❡
✉♥ ♣r♦❝❡ss✉s ♣♦✐ss♦♥✐❡♥✳ ❉❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡✱ ✐❧ ❡①✐st❡ ✉♥ ❞és❛❝❝♦r❞ ❛✈❡❝ ❧❛ ❞✐s✲
tr✐❜✉t✐♦♥ ❞❡ ❧✬✐♥t❡♥s✐té ❞✉ ❞✐♣♦❧❡✳ ❉❛♥s ❧❡ ❝❛s ❞❡ ❧❛ ❚❡rr❡✱ ✐❧ ❡①✐st❡ ❞❡✉① ♠❛①✐♠❛
s②♠étr✐q✉❡s ❛✉t♦✉r ❞✬✉♥ ♠✐♥✐♠✉♠ ❡♥ ③ér♦✱ ❛❧♦rs q✉❡ ❧❡ ♠♦❞è❧❡ ❞❡ ❘✐❦✐t❛❦❡ ♣❛ss❡
st❛t✐st✐q✉❡♠❡♥t tr♦♣ ❞❡ t❡♠♣s ♣rès ❞❡ ③ér♦✱ ❡t ❧❛ ❞✐str✐❜✉t✐♦♥ s✬é❝❛rt❡ ♥❡tt❡♠❡♥t
❞❡s ❞♦♥♥é❡s ♣❛❧é♦♠❛❣♥ét✐q✉❡s✳ ❈❡❝✐ tr❛❞✉✐t ✉♥❡ ❛❜s❡♥❝❡ ❞❡ sé♣❛r❛t✐♦♥ ❞✬é❝❤❡❧❧❡ ❞❡



✶✼✽ ❯♥ ♠♦❞è❧❡ s✐♠♣❧❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s✳

t❡♠♣s ❡♥tr❡ ❧❡s ♣♦❧❛r✐tés ✜①é❡s ❡t ❧❡s r❡♥✈❡rs❡♠❡♥ts✳
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❋✐❣✳ ✺✳✷✷✿ ❉✐str✐❜✉t✐♦♥ ❞❡s t❡♠♣s ❞✬❛tt❡♥t❡ ❡♥tr❡ ❞❡✉① r❡♥✈❡rs❡♠❡♥ts ♣♦✉r ❧❡ ♠♦❞è❧❡✳
❖♥ ♦❜s❡r✈❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❝♦rr❡s♣♦♥❞❛♥t à ❧❛ q✉❛♥t✐✜❝❛t✐♦♥ ❛✉① t❡♠♣s ❝♦✉rts
❡t ✉♥ ❝♦♠♣♦rt❡♠❡♥t ♣♦✐ss♦♥✐❡♥ ❛✉① t❡♠♣s ❧♦♥❣s✳

❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ♠♦♥tré ♣ré❝❡❞❡♠♠❡♥t✱ ❧❡s r❡♥✈❡rs❡♠❡♥ts ❞❡s ❛♠♣❧✐t✉❞❡s
❞❡ ♥♦tr❡ ♠♦❞è❧❡ à tr♦✐s ♠♦❞❡s s❡ ♣r♦❞✉✐s❡♥t à tr❛✈❡rs ✉♥ ♣❤é♥♦♠è♥❡ ❞✐t ❞✬✐♥t❡r✲
♠✐tt❡♥❝❡ ✐♥❞✉✐t❡ ♣❛r ❝r✐s❡✱ ❛ ♣r✐♦r✐ très ❞✐✛ér❡♥t ❞✉ ♠é❝❛♥✐s♠❡ ✈✉ ❞❛♥s ❧❡s ♠♦❞è❧❡s
❞❡ ❘✐❦✐t❛❦❡ ♦✉ ▲♦r❡♥③✳ ❈❡tt❡ ✐♥t❡r♣rét❛t✐♦♥ ♣❡r♠❡t ❞❡ ♣ré❞✐r❡ ❧✬é✈♦❧✉t✐♦♥ ❞✉ t❡♠♣s
❞✬❛tt❡♥t❡ ♠♦②❡♥ ❡♥tr❡ ❞❡✉① r❡♥✈❡rs❡♠❡♥ts ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ❞❡ ❝♦♥trô❧❡✳
P♦✉r ❞❡s ✈❛❧❡✉rs ❞❡s ♣❛r❛♠ètr❡s ✜①é❡s✱ ♦♥ ♣❡✉t é❣❛❧❡♠❡♥t s❡ ❞❡♠❛♥❞❡r ❝♦♠♠❡♥t
s❡ ❞✐str✐❜✉❡♥t ❝❡s t❡♠♣s ❞✬❛tt❡♥t❡s ❡♥ ♣rés❡♥❝❡ ❞❡ ❝❤❛♦s✳ ❖♥ ❝❛❧❝✉❧❡ ❛✐♥s✐ ❧❛ ❞✐s✲
tr✐❜✉t✐♦♥ ❞❡s t❡♠♣s ❞✬❛tt❡♥t❡s ❡♥tr❡ ❞❡✉① r❡♥✈❡rs❡♠❡♥ts✱ ♣♦✉r µ = 0.119✱ ν = 0.1
❡t Γ = 0.9✳ ■❧ s✬❛❣✐t ❞✬✉♥❡ ♦❜s❡r✈❛❜❧❡ q✉✐ ♣❡✉t ♣❡r♠❡ttr❡ ❞❡ ♠✐❡✉① ❝♦♠♣r❡♥❞r❡ ❧❡
t②♣❡ ❞❡ r❡♥✈❡rs❡♠❡♥t ♦❜s❡r✈és✱ ♠❛✐s é❣❛❧❡♠❡♥t ❞✬❛✈♦✐r ✉♥ é❧é♠❡♥t ❞❡ ❝♦♠♣❛r❛✐s♦♥
❛✈❡❝ ❞❡s s②stè♠❡s ré❡❧s✱ ❝♦♠♠❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ♦✉ ❧❡s r❡♥✈❡rs❡♠❡♥ts ❞✉ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ t❡rr❡str❡✳ ❊♥ ❝♦♥s✐❞ér❛♥t ❧❛ ✜❣✉r❡ ✺✳✷✷✱ ♦♥ ♦❜s❡r✈❡ q✉❡ ♣♦✉r ❧❡s t❡♠♣s
❞✬❛tt❡♥t❡ très ❝♦✉rts✱ ✐❧ ❛♣♣❛r❛ît ✉♥❡ q✉❛♥t✐✜❝❛t✐♦♥✳ ❈❡❝✐ ♣r♦✈✐❡♥t é✈✐❞❡♠♠❡♥t ❞❡ ❧❛
♣ér✐♦❞❡ ♠✐♥✐♠❛❧❡ ❞✬✉♥❡ ♦r❜✐t❡ ♣ér✐♦❞✐q✉❡ ❛✉t♦✉r ❞❡ ❝❤❛q✉❡ ♣♦✐♥t ✜①❡✳ ❈❡ ❝♦♠♣♦r✲
t❡♠❡♥t ❡st t②♣✐q✉❡ ❞❡s s②stè♠❡s ❡①❤✐❜❛♥t ✉♥❡ ❞②♥❛♠✐q✉❡ ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥❛❧✐té✳
❆✉① t❡♠♣s ♣❧✉s ❣r❛♥❞s✱ ♦♥ ♦❜t✐❡♥t ❜✐❡♥ ✉♥❡ ❧♦✐ ♣♦✐ss♦♥♥✐❡♥♥❡ ♣♦✉r ❧❛ ❞✐str✐❜✉t✐♦♥
❞❡ ❝❡s t❡♠♣s ✿

P(τ) =
1

< τ >
e−

τ
<τ> ✭✺✳✶✾✮

❖♥ r❡tr♦✉✈❡ ❞♦♥❝ ✉♥❡ é✈♦❧✉t✐♦♥ ♣♦✐ss♦♥♥✐❡♥♥❡ s✐♠✐❧❛✐r❡ à ❝❡❧❧❡ ♦❜s❡r✈é❡ ❞❛♥s ❧❡ ❝❛s
❞❡ ❧❛ ❚❡rr❡✱ ♠❛❧❣ré ❧❡ ❢❛✐❜❧❡ ♥♦♠❜r❡ ❞❡ ❞❡❣rés ❞❡ ❧✐❜❡rté ❞❡ ❝❡ ♠♦❞è❧❡✳ ▲❛ q✉❛♥t✐✲
✜❝❛t✐♦♥ ❛✉ t❡♠♣s ❝♦✉rts ♦❜s❡r✈é❡ ❞❛♥s ❧❡ ♠♦❞è❧❡ ❡st ✉♥❡ ❝❛r❛❝tér✐st✐q✉❡ ❢♦rt❡ ❞✉



✺✳✺ ❯♥❡ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❞❡ ❧❛ ❣é♦❞②♥❛♠♦✳ ✶✼✾

❝❤❛♦s ❞ét❡r♠✐♥✐st❡ s♦✉s✲❥❛❝❡♥t ❞❡ ❧❛ ❞②♥❛♠✐q✉❡✳ ■❧ s❡r❛✐t ✐♥tér❡ss❛♥t ❞❡ r❡❝❤❡r❝❤❡r
✉♥ t❡❧ ❝♦♠♣♦rt❡♠❡♥t ❞❛♥s ❧❡s ❞♦♥♥é❡s ❣é♦♣❤②s✐q✉❡s✳ ◆♦t♦♥s t♦✉t❡❢♦✐s q✉❡ ❝❡ t②♣❡
❞✬é✈é♥❡♠❡♥t ❞✐s♣❛r❛ît r❛♣✐❞❡♠❡♥t ❡♥ ♣rés❡♥❝❡ ❞✬✉♥ ❜r✉✐t✳ ❖♥ s✬✐♥tér❡ss❡ é❣❛❧❡♠❡♥t
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❋✐❣✳ ✺✳✷✸✿ ❉✐str✐❜✉t✐♦♥ ❞❡ ♣r♦❜❛❜✐❧✐té ❞❡s ❛♠♣❧✐t✉❞❡s ❉ ✭à ❣❛✉❝❤❡✮ ❡t ◗ ✭à ❞r♦✐t❡✮✳

à ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ❧❛ ✈❛❧❡✉r ❞❡ ❧✬❛♠♣❧✐t✉❞❡ Q ❞✉r❛♥t ❧❡s r❡♥✈❡rs❡♠❡♥ts✳ ❊❧❧❡ ❢❛✐t
❛♣♣❛r❛îtr❡ ✉♥❡ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❛✉t♦✉r ❞❡s ♣♦✐♥ts ✜①❡s t❛♥❞✐s q✉❡ ❧✬♦r✐❣✐♥❡ ♣rés❡♥t❡
✉♥❡ ♣r♦❜❛❜✐❧✐té très ❢❛✐❜❧❡ ✭✈♦✐r ✜❣✉r❡ ✺✳✷✸✮✱ ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡s ♦❜s❡r✈❛t✐♦♥s✳ ❈❡t
❛❝❝♦r❞ ♣r♦✈✐❡♥t ❞✉ t②♣❡ ❜✐❡♥ ♣❛rt✐❝✉❧✐❡r ❞❡ ❝❤❛♦s ❡♥❣❡♥❞ré ❞❛♥s ❝❡ ♠♦❞è❧❡✱ q✉✐ ❢❛✐t
❛♣♣❛r❛îtr❡ ✉♥❡ sé♣❛r❛t✐♦♥ ❞✬é❝❤❡❧❧❡ ❡♥tr❡ ❧❛ ❞✉ré❡ ❞✬✉♥ r❡♥✈❡rs❡♠❡♥t ❡t ❧❡ t❡♠♣s
♠♦②❡♥ ♣❛ssé ❞❛♥s ✉♥❡ ♣♦❧❛r✐té ❞♦♥♥é❡✳ ▼❛❧❣ré ❧❡ ❢❛✐❜❧❡ ♥♦♠❜r❡ ❞❡ ♣♦✐♥ts ❞❡ ♠❡✲
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❋✐❣✳ ✺✳✷✹✿ ❙♣❡❝tr❡s t❡♠♣♦r❡❧s ❞✉ ♠♦❞è❧❡ ❡t ❞❡ ❧❛ ❣é♦❞②♥❛♠♦✳ ▲❡s ❞♦♥♥é❡s ♣♦✉r ❧❛ ❚❡rr❡
✭à ❣❛✉❝❤❡✮ s✉❣❣èr❡ ✉♥ ❝♦♠♣♦rt❡♠❡♥t ❡♥ 1/f ❛✉① t❡♠♣s ❝♦✉rts✱ ❞✐✣❝✐❧❡♠❡♥t
r❡♣r♦❞✉❝t✐❜❧❡ à ❧✬❛✐❞❡ ❞✉ ♠♦❞è❧❡ ✭à ❞r♦✐t❡✮✳

s✉r❡s ❞✐s♣♦♥✐❜❧❡s ❞❛♥s ❧❛ sér✐❡ t❡♠♣♦r❡❧❧❡ SINT2000✱ ❧✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡ ♣❡r♠❡t ❞❡
ré❛❧✐s❡r ✉♥❡ ét✉❞❡ s♣❡❝tr❛❧❡ ❞✉ s✐❣♥❛❧✳ ❈❡❧❧❡✲❝✐ ❢❛✐t ❛♣♣❛r❛îtr❡ ✉♥ s♣❡❝tr❡ ♣♦ssé❞❛♥t
✉♥ ❝♦♠♣♦rt❡♠❡♥t ❝♦♠♣❛t✐❜❧❡ ❛✈❡❝ ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❡♥ 1/f ❛✉① t❡♠♣s ❝♦✉rts✱ ♣✉✐s
❡♥ f −2 ❛✉① t❡♠♣s ♣❧✉s ❧♦♥❣s✳ ▲❛ ✜❣✉r❡ ✺✳✷✹ ❝♦♠♣❛r❡ ❧❡ s♣❡❝tr❡ ♦❜t❡♥✉ à ♣❛rt✐r ❞❡s



✶✽✵ ❯♥ ♠♦❞è❧❡ s✐♠♣❧❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s✳

❞♦♥♥é❡s SINT2000 à ❝❡❧✉✐ ♦❜t❡♥✉ à ♣❛rt✐r ❞❡ ❧✬✐♥té❣r❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞✉ ♠♦❞è❧❡ ❞é✲
t❡r♠✐♥✐st❡✳ ❖♥ ♣❡✉t ✈♦✐r q✉❡ ❝❡ ❞❡r♥✐❡r ❛ ✉♥❡ ❛❧❧✉r❡ ♣rés❡♥t❛♥t q✉❡❧q✉❡s s✐♠✐❧❛r✐tés✱
♠❛✐s ♥✬❡st ♣❛s ❝❛♣❛❜❧❡ ❞❡ r❡♣r♦❞✉✐r❡ ❧❛ ♣❛rt✐❡ ❡♥ 1/f s✉❣❣éré❡ ♣❛r ❧❡s ❞♦♥♥é❡s ❣é♦✲
♠❛❣♥ét✐q✉❡s✳ ◆♦t♦♥s t♦✉t❡❢♦✐s q✉✬✉♥❡ ré❡❧❧❡ ❝♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❧❡ s♣❡❝tr❡ ❞✉ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ t❡rr❡str❡ ♥é❝❡ss✐t❡r❛✐t ✉♥ ❡①❛♠❡♥ ♣❧✉s ❛♣♣r♦❢♦♥❞✐ ❞❡s ❞♦♥♥é❡s ♣❛❧é♦♠❛✲
❣♥ét✐q✉❡s q✉✬✉♥❡ s✐♠♣❧❡ ét✉❞❡ ❞❡s ❞♦♥♥é❡s SINT2000✳
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❋✐❣✳ ✺✳✷✺✿ ❈♦♠♣❛r❛✐s♦♥ ❞❡s s✐❣♥❛✉① t❡♠♣♦r❡❧s ♦❜t❡♥✉s à ♣❛rt✐r ❞❡s ❞♦♥♥é❡s ♣❛❧é♦♠❛❣♥é✲
t✐q✉❡s ✭❡♥ ❜❛s✮ ❡t à ♣❛rt✐r ❞✉ ♠♦❞è❧❡ à tr♦✐s ♠♦❞❡s (D,Q,V )✱ ♣♦✉r µ = 0.119✱
ν = 0.1 ❡t Γ = 0.1 ✭❡♥ ❤❛✉t✮✳

❉✬✉♥❡ ♠❛♥✐èr❡ ❣é♥ér❛❧❡✱ ♦♥ ✈♦✐t q✉❡ ❝❡ ♥♦✉✈❡❛✉ ♠♦❞è❧❡ s✐♠♣❧❡ ♣❡r♠❡t ❞❡ r❡✲
♣r♦❞✉✐r❡ ✉♥❡ ♣❛rt✐❡ ❞❡s ❝❛r❛❝tér✐st✐q✉❡s ✐♠♣♦rt❛♥t❡s ❞❡ ❧❛ ❣é♦❞②♥❛♠♦✱ ❝♦♠♠❡ ❧❛
❞✐str✐❜✉t✐♦♥ ♣♦✐s♦♥♥✐❡♥♥❡ ❞❡s t❡♠♣s ❞✬❛tt❡♥t❡ ♦✉ ❡♥❝♦r❡ ❧❛ ❧♦✐ ❞❡ ❞✐str✐❜✉t✐♦♥ ❞❡



✺✳✺ ❯♥❡ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❞❡ ❧❛ ❣é♦❞②♥❛♠♦✳ ✶✽✶

❧✬✐♥t❡♥s✐té ❞✉ ❝❤❛♠♣✳ ❈♦♠♠❡ ❧❡ ♠♦♥tr❡ ❧❛ ✜❣✉r❡ ✺✳✷✺✱ ❝❡tt❡ s✐♠✐❧❛r✐té ❡♥tr❡ ❧❡s
❞❡✉① s②stè♠❡s s❡ r❡tr♦✉✈❡ ♣❛r ✉♥ s✐♠♣❧❡ ❡①❛♠❡♥ ❞❡s sér✐❡s t❡♠♣♦r❡❧❧❡s✳ ❉✉r❛♥t ✉♥❡
♣♦❧❛r✐té ❞♦♥♥é❡✱ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ t❡rr❡str❡ ❡✛❡❝t✉❡ ré❣✉❧✐èr❡♠❡♥t ❞❡ ♣❡t✐t❡s ❡①✲
❝✉rs✐♦♥s✱ q✉❡ ❧✬♦♥ r❡tr♦✉✈❡ ❞❛♥s ❧✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞✉ ♠♦❞è❧❡✳ ❉❡ ♣❧✉s✱ ❧❡ ♠♦❞è❧❡
r❡♣r♦❞✉✐t ❧❛ t❡♥❞❛♥❝❡ ❞✉ ❝❤❛♠♣ à ❡✛❡❝t✉❡r ✉♥ r❡❜♦♥❞ ❛♣rès ❝❤❛q✉❡ r❡♥✈❡rs❡♠❡♥t✱
❛✐♥s✐ q✉❡ ❧❛ sé♣❛r❛t✐♦♥ ❞✬é❝❤❡❧❧❡ ❞❡ t❡♠♣s ❡♥tr❡ ❧❡s r❡♥✈❡rs❡♠❡♥ts ❡t ❧❡s ét❛t ❞❡
♣♦❧❛r✐té ✜①é❡✳

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ❛✈♦♥s t❡♥té ❞❡ ❞♦♥♥❡r ✉♥❡ ❞❡s❝r✐♣t✐♦♥ ❣é♦♠étr✐q✉❡ ❞❡
❧✬❛ttr❛❝t❡✉r ❞✉ ♠♦❞è❧❡✱ ❛✜♥ ❞❡ ♠✐❡✉① ❝♦♠♣r❡♥❞r❡ ❧✬♦r✐❣✐♥❡ ❞❡ ❝❡s s✐♠✐❧❛r✐tés✳ ◆♦✉s
❛✈♦♥s ❛✐♥s✐ ♣✉ ♠❡ttr❡ ❡♥ é✈✐❞❡♥❝❡ ✉♥ s❝é♥❛r✐♦ ❜✐❡♥ ♣ré❝✐s ❞❡ tr❛♥s✐t✐♦♥ ✈❡rs ❧❡ ❝❤❛♦s✱
très ❞✐✛ér❡♥t ❞❡ ❝❡✉① ♦❜s❡r✈és ❞❛♥s ❞✬❛✉tr❡s ♠♦❞è❧❡s ❝❤❛♦t✐q✉❡s ♣❧✉s ❝♦♥♥✉s✱ ❝♦♠♠❡
❘✐❦✐t❛❦❡ ♦✉ ▲♦r❡♥③✳ ▲❛ ♣❛rt✐❝✉❧❛r✐té ❞❡ ♥♦tr❡ ♠♦❞è❧❡ ❡st s❛ ❝❛♣❛❝✐té à ❡♥❣❡♥❞r❡r ✉♥
❝♦♠♣♦rt❡♠❡♥t ❝❤❛♦t✐q✉❡ ✐♥❞é♣❡♥❞❛♠♠❡♥t ❞✉ ré❣✐♠❡ ❞❡ r❡♥✈❡rs❡♠❡♥ts✳ ▲❡s r❡♥✈❡r✲
s❡♠❡♥ts ❞✉ ❝❤❛♠♣ s♦♥t ❞♦♥❝ ❧❛ ❝♦♥séq✉❡♥❝❡ ❞✬✉♥❡ ❝♦♥♥❡①✐♦♥ ❡♥tr❡ ❞❡✉① ❛ttr❛❝t❡✉rs
❝❤❛♦t✐q✉❡s s②♠étr✐q✉❡s ♠❛✐s ✐♥❞é♣❡♥❞❛♥ts✳ ❈✬❡st ❝❡ ♠é❝❛♥✐s♠❡ q✉✐ ♣r♦❞✉✐t ❧❛ ❝♦♠✲
♣❧❡①✐té ❛♣♣❛r❡♥t❡ ❞✉ s✐❣♥❛❧ t❡♠♣♦r❡❧ ❞❛♥s ✉♥❡ ♣♦❧❛r✐té ❞♦♥♥é❡✱ t♦✉t ❡♥ ♣r♦❞✉✐s❛♥t
❞❡s r❡♥✈❡rs❡♠❡♥ts t♦✉❥♦✉rs ✐❞❡♥t✐q✉❡s✱ ❛✈❡❝ ✉♥❡ ❢♦r♠❡ r♦❜✉st❡✳ ❇✐❡♥ q✉❡ ❧❛ ❣é♦✲
❞②♥❛♠♦ s♦✐t ♣r♦❜❛❜❧❡♠❡♥t ❧❡ rés✉❧t❛t ❞❡ ♣r♦❝❡ss✉s ♣❧✉s ❝♦♠♣❧❡①❡s q✉❡ ❧❛ s✐♠♣❧❡
✐♥tér❛❝t✐♦♥ ❞❡ tr♦✐s ♠♦❞❡s✱ ✐❧ ❡st ✐♥tér❡ss❛♥t ❞✬♦❜t❡♥✐r ✉♥❡ ♠❛♥✐èr❡ s✐♠♣❧❡ ❞❡ ❞é❝r✐r❡
❝❡ ♣❤é♥♦♠è♥❡ ❝♦♠♣❧❡①❡✳

❊♥ r❛✐s♦♥ ❞❡ ❝❡t ❛❝❝♦r❞ ❡♥tr❡ ♥♦tr❡ ♠♦❞è❧❡ ❡t ❧❡s ♦❜s❡r✈❛t✐♦♥s✱ ✐❧ ❡st très t❡♥✲
t❛♥t ❞✬✐♥t❡r♣rét❡r ❧❡s r❡♥✈❡rs❡♠❡♥ts ❣é♦♠❛❣♥ét✐q✉❡s ❝♦♠♠❡ rés✉❧t❛♥t ❞❡ ❧✬✐♥t❡r❛❝✲
t✐♦♥ ❡♥tr❡ ❧❡ ❞✐♣♦❧❡ ❡t ❧❡ q✉❛❞r✉♣♦❧❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ t❡rr❡str❡✳ ❉❛♥s ❧❡ ❝❛❞r❡
❞✉ ❝❤❛♦s ❞ét❡r♠✐♥✐st❡ ❞é❝r✐t ♣❛r ♥♦tr❡ ♠♦❞è❧❡✱ ❝❡❧❛ ♥é❝❡ss✐t❡ ✉♥ ♠♦❞❡ ❞❡ ✈✐t❡ss❡
♣❛rt✐❝✉❧✐❡r ❞❛♥s ❧❡ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❛✉ s❡✐♥ ❞✉ ♥♦②❛✉ t❡rr❡str❡ ❥♦✉❛♥t ❧❡ rô❧❡ ❞❡
❧✬❛♠♣❧✐t✉❞❡ V ✱ ❡t ❝♦✉♣❧❛♥t ❧❡s ❞❡✉① ♠♦❞❡s ♠❛❣♥ét✐q✉❡s✳ ■❧ s❡r❛✐t ✐♥tér❡ss❛♥t ❞✬ét✉✲
❞✐❡r ❧❡s ❞✐✛ér❡♥t❡s ♣♦ss✐❜✐❧✐tés ♣♦✉r ✉♥ t❡❧ é❝♦✉❧❡♠❡♥t✱ ❝♦rr❡s♣♦♥❞❛♥t à ✉♥❡ ❜r✐s✉r❡
❞❡ ❣r❛♥❞❡ é❝❤❡❧❧❡ ❞❡ ❧❛ s②♠étr✐❡ ♠✐r♦✐r ❛✉ s❡✐♥ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ❞✉ ♥♦②❛✉ ❞❡ ❧❛ ❚❡rr❡✳
❊♥ r❛✐s♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥ r❛♣✐❞❡ ❞❡ ❧❡ ❚❡rr❡✱ ♦♥ s✉♣♣♦s❡ q✉❡ ❧✬é❝♦✉❧❡♠❡♥t ❛✉ s❡✐♥ ❞✉
♥♦②❛✉ t❡rr❡str❡ ❡st ❡♥ éq✉✐❧✐❜r❡ ❣é♦str♦♣❤✐q✉❡✱ ❡t ♦♥ s✬❛tt❡♥❞ ❞❡ ♣❧✉s à ✉♥❡ ✐♥✈❛✲
r✐❛♥❝❡ ❞❡ ❧❛ ✈✐t❡ss❡ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ❛①✐❛❧❡✳ ❈❡tt❡ ❝♦♥tr❛✐♥t❡ r❡♥❞ ❞✐✣❝✐❧❡ ❧❛ ❜r✐s✉r❡
s♣♦♥t❛♥é❡ ❞❡ ❧❛ s②♠étr✐❡ ♠✐r♦✐r✱ ❡t ❧❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s s✉❣❣èr❡♥t ✉♥ é❝♦✉✲
❧❡♠❡♥t s②♠étr✐q✉❡ ♣❛r r❛♣♣♦rt à ❧✬éq✉❛t❡✉r✳ ❚♦✉t❡❢♦✐s✱ ❜✐❡♥ q✉❡ ❝❡tt❡ ❝♦♥tr❛✐♥t❡ s❡
♣r♦❧♦♥❣❡ à ❧✬✐♥tér✐❡✉r ❞✉ ❝②❧✐♥❞r❡ t❛♥❣❡♥t ❡♥t♦✉r❛♥t ❧❡ ♥♦②❛✉ ✐♥t❡r♥❡✱ ❧❛ ♣rés❡♥❝❡
❞❡ ❧❛ ❣r❛✐♥❡ t❡♥❞ à ❞é❝♦✉♣❧❡r ❧❡s ❞❡✉① ❤é♠✐s♣❤èr❡s ❞❛♥s ❝❡tt❡ ré❣✐♦♥✱ r❡♥❞❛♥t ❛✐♥s✐
♣♦ss✐❜❧❡ ❧✬❡①✐st❡♥❝❡ ❞❡ ♠♦❞❡s ❞❡ ✈✐t❡ss❡ ❛♥t✐✲s②♠étr✐q✉❡s✳ ▲✬é❝♦✉❧❡♠❡♥t à ❧✬✐♥tér✐❡✉r
❞✉ ❝②❧✐♥❞r❡ t❛♥❣❡♥t ❡st ❞♦♥❝ ✉♥ ❜♦♥ ❝❛♥❞✐❞❛t ♣♦✉r ♣r♦✈♦q✉❡r ✉♥ ❝♦✉♣❧❛❣❡ ❧✐♥é❛✐r❡
❡♥tr❡ ❞✐♣♦❧❡ ❡t q✉❛❞r✉♣♦❧❡✳

■❧ ❡①✐st❡ ❞❡ ♥♦♠❜r❡✉① s②stè♠❡s✱ ❞✐✛ér❡♥ts ❞❡ ❧❛ ❞②♥❛♠♦✱ ♦ù ❧✬♦♥ ♦❜s❡r✈❡ ❞❡s r❡♥✲
✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s ❞✬✉♥❡ ♦❜s❡r✈❛❜❧❡ ❡♥tr❡ ❞❡✉① ét❛ts s②♠étr✐q✉❡s✳ ●é♥ér❛❧❡♠❡♥t✱
❧✬✐♥t❡r♣rét❛t✐♦♥ ❡♥ t❡r♠❡ ❞✬✐♥t❡r❛❝t✐♦♥ à tr♦✐s ♠♦❞❡s ❝ré❛♥t ✉♥ ❝❤❛♦s ❞ét❡r♠✐♥✐st❡
❡st ❢❛❝✐❧❡♠❡♥t ré❢✉t❛❜❧❡✳ ❊♥ ❡✛❡t✱ ❧❛ ♣❧✉♣❛rt ❞❡s ♠♦❞è❧❡s ❡①✐st❛♥t ♣ré❞✐s❡♥t ✉♥ ❝♦♠✲
♣♦rt❡♠❡♥t très s✐♠♣❧✐st❡ ❡♥tr❡ ❧❡s r❡♥✈❡rs❡♠❡♥ts✱ ❛✈❡❝ ✉♥❡ ♦s❝✐❧❧❛t✐♦♥ ♣ér✐♦❞✐q✉❡



✶✽✷ ❯♥ ♠♦❞è❧❡ s✐♠♣❧❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s✳

❞♦♥t ❧✬❛♠♣❧✐t✉❞❡ ❛✉❣♠❡♥t❡ ré❣✉❧✐èr❡♠❡♥t ❞✉r❛♥t ❧❛ ♣♦❧❛r✐té✳ ■❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ❢❛✐r❡
❞✐s♣❛r❛îtr❡ ❝❡t ❛s♣❡❝t ❡♥ ❝♦✉♣❧❛♥t ❧❡ s②stè♠❡ à ✉♥ ❜r✉✐t ❡①t❡r♥❡✱ ❡♥ r❛❥♦✉t❛♥t ❞❡s
t❡r♠❡s ❞✬♦r❞r❡ s✉♣ér✐❡✉rs ♦✉ ❡♥❝♦r❡ ❡♥ ❛✉❣♠❡♥t❛♥t ❧❛ ❞✐♠❡♥s✐♦♥ ❞✉ ♠♦❞è❧❡✳ ▲❡ ♠♦✲
❞è❧❡ ♣rés❡♥té ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ ♠♦♥tr❡ q✉✬✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬♦❜t❡♥✐r ✉♥ ❝♦♠♣♦rt❡♠❡♥t
❝♦♠♣❧❡①❡ ❡♥tr❡ ❧❡s r❡♥✈❡rs❡♠❡♥ts✱ ❛✈❡❝ s❡✉❧❡♠❡♥t tr♦✐s ♠♦❞❡s ❡♥ ✐♥t❡r❛❝t✐♦♥s ❧✐♠✐tés
❛✉① ♦r❞r❡s q✉❛❞r❛t✐q✉❡s✳ ❈❡tt❡ ♦❜s❡r✈❛t✐♦♥ ❡st ✐♠♣♦rt❛♥t❡ ♣✉✐sq✉✬❡❧❧❡ ♦✉✈r❡ ❧❛ ♣♦s✲
s✐❜✐❧✐té ❞❡ ❝♦♠♣r❡♥❞r❡ ❞❡s s②stè♠❡s ❝❤❛♦t✐q✉❡s ❝♦♠♣❧❡①❡s à ❧✬❛✐❞❡ ❞✬✉♥ ♠é❝❛♥✐s♠❡
s✐♠♣❧❡✱ r❡♣♦s❛♥t ❛✈❛♥t t♦✉t s✉r ❞❡s ❛r❣✉♠❡♥ts ❞❡ s②♠étr✐❡s✳



❈❤❛♣✐tr❡ ✻

❈♦♥❝❧✉s✐♦♥ ❣é♥ér❛❧❡

✻✳✶ ❇✐❧❛♥ ❣é♥ér❛❧

❈❡ tr❛✈❛✐❧ ❞❡ t❤ès❡ ❛ ♣❡r♠✐s ❞✬❛❜♦r❞❡r ❧✬❡✛❡t ❞②♥❛♠♦ à tr❛✈❡rs ♣❧✉s✐❡✉rs ❛♣✲
♣r♦❝❤❡s ❝♦♠♣❧é♠❡♥t❛✐r❡s✳ ▲✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ♠❡s✉r❡s ❡①♣ér✐♠❡♥t❛❧❡s ❡t ♠♦❞é❧✐s❛✲
t✐♦♥s ♥✉♠ér✐q✉❡s ❛ ❢❛✐t é♠❡r❣❡r ✉♥❡ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡s s②stè♠❡s ❞②♥❛♠♦s à ❧✬❛✐❞❡
❞❡ ♠♦❞è❧❡s s✐♠♣❧❡s✳

▲❛ ❞②♥❛♠♦ t✉r❜✉❧❡♥t❡ ❱❑❙ ❛ été ✉♥❡ ♦♣♣♦rt✉♥✐té ✉♥✐q✉❡ ❞✬ét✉❞✐❡r ❡①♣ér✐♠❡♥✲
t❛❧❡♠❡♥t ❧❡ ♣r♦❜❧è♠❡✳ ◆♦✉s ❛✈♦♥s ✈✉ ❛✉ ❝❤❛♣✐tr❡ 2 q✉❡ ❧✬é❝♦✉❧❡♠❡♥t ❡♥❣❡♥❞ré ❞❛♥s
❧✬❡①♣ér✐❡♥❝❡ ♣r♦❞✉✐t ❞❡ ♥♦♠❜r❡✉① ré❣✐♠❡s ❞②♥❛♠✐q✉❡s ❞✐✛ér❡♥ts ♣♦✉r ❧❡ ❝❤❛♠♣ ♠❛✲
❣♥ét✐q✉❡✱ ♠❛✐s q✉❡ ❝❡s ré❣✐♠❡s s❡♠❜❧❡♥t t♦✉s rés✉❧t❡r ❞✬✉♥❡ ❞②♥❛♠✐q✉❡ ❞❡ ❜❛ss❡
❞✐♠❡♥s✐♦♥✳ ▼❛❧❣ré ❧❡ ❝❛r❛❝tèr❡ très t✉r❜✉❧❡♥t ❞❡ ❧✬é❝♦✉❧❡♠❡♥t✱ ✐❧ ❡st ✐♥tér❡ss❛♥t ❞❡
r❡♠❛rq✉❡r q✉❡ ❧❛ ❞②♥❛♠✐q✉❡ r❡st❡ ♣r✐♥❝✐♣❛❧❡♠❡♥t ❝♦♥tr♦❧é❡ ♣❛r ✉♥❡ ❝♦♠♣ét✐t✐♦♥
❡♥tr❡ ❧❡s ♠♦❞❡s ❞✐♣♦❧❛✐r❡s ❡t q✉❛❞r✉♣♦❧❛✐r❡s ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❈❡tt❡ ❝♦♠♣ét✐✲
t✐♦♥ ❡st ❜✐❡♥ ❝♦♠♣r✐s❡ ❞❛♥s ❧❡ ❝❛❞r❡ ❞✉ ♠♦❞è❧❡ ❞✬❡①❝✐t❛❜✐❧✐té ♣rès ❞✬✉♥❡ ❜✐❢✉r❝❛t✐♦♥
♥♦❡✉❞✲❝♦❧✱ ♣r♦♣♦sé ♣❛r Pétré❧✐s ❡t ❋❛✉✈❡✳

▲❡ tr❛✈❛✐❧ ♥✉♠ér✐q✉❡ ré❛❧✐sé ❡♥ ✐♥t❡r❛❝t✐♦♥ ❛✈❡❝ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ s✬❡st ❞✐✈✐sé ❡♥
❞❡✉① ♣❛rt✐❡s✱ ❞✐st✐♥❝t❡s q✉❛♥t à ❧❛ ♠ét❤♦❞❡ ♥✉♠ér✐q✉❡✱ ♠❛✐s ❝♦♠♣❧é♠❡♥t❛✐r❡s ❞❛♥s
❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡s ♣❤é♥♦♠è♥❡s✳ ▲❛ ♠♦❞é❧✐s❛t✐♦♥ ❡✛❡❝t✉é❡ ❛✉ ❝❤❛♣✐tr❡ 3 ❛ ♣❡r♠✐s
❞❡ ❜✐❡♥ ❝❡r♥❡r ❧❡s ♠é❝❛♥✐s♠❡s ♣r✐♥❝✐♣❛✉① à ❧✬♦r✐❣✐♥❡ ❞✉ s✉❝❝ès ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✳
❖♥ ❛ ❛✐♥s✐ ♣✉ ♠♦♥tr❡r q✉✬✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ❝♦♠♣r❡♥❞r❡ ❧❛ ❣é♥ér❛t✐♦♥ ❞✉ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡ ❡♥ ✐♠♣❧✐q✉❛♥t ❧❡s ✢✉❝t✉❛t✐♦♥s ❤é❧✐❝✐t❛✐r❡s ♥♦♥✲❛①✐s②♠étr✐q✉❡s ❞❡ ❧✬é❝♦✉✲
❧❡♠❡♥t✳ ▲❡s s✐♠✉❧❛t✐♦♥s ré❛❧✐sé❡s ❛✉ ❝❤❛♣✐tr❡ 3 ♥♦✉s ♦♥t é❣❛❧❡♠❡♥t ❝♦♥❞✉✐t à ♠✐❡✉①
❝♦♠♣r❡♥❞r❡ ❧❡ rô❧❡ ❞❡s ❞✐sq✉❡s ❢❡rr♦♠❛❣♥ét✐q✉❡s ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡✱ q✉✐ ❡st ✉♥ ♣♦✐♥t
s✐ ❝r✉❝✐❛❧ ♣♦✉r ❧✬♦❜t❡♥t✐♦♥ ❞❡ ❝❡tt❡ ❞②♥❛♠♦ ❡①♣ér✐♠❡♥t❛❧❡✳ ❊♥✜♥✱ ❝❡s s✐♠✉❧❛t✐♦♥s
✐❧❧✉str❡♥t ❧❡ ♠é❝❛♥✐s♠❡ à ❧✬♦r✐❣✐♥❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❛♥s
❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✳ ❖♥ ❛ ✈✉ q✉✬✉♥❡ ❜r✐s✉r❡ ❞❡ s②♠étr✐❡ ❞❛♥s ❧✬é❝♦✉❧❡♠❡♥t ♣❡✉t✱ s♦✉s
❝❡rt❛✐♥❡s ❝♦♥❞✐t✐♦♥s✱ ❢❛✈♦r✐s❡r ❧✬❛♣♣❛r✐t✐♦♥ ❞❡ ré❣✐♠❡s ❞é♣❡♥❞❛♥t ❞✉ t❡♠♣s✳
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▲✬ét✉❞❡ ♥✉♠ér✐q✉❡ ❞✉ ❝❤❛♣✐tr❡ 4 ❛ été ❧✬♦❝❝❛s✐♦♥ ❞❡ ❞é❝r✐r❡ ❧❡s ❛s♣❡❝ts ♥♦♥✲
❧✐♥é❛✐r❡s ❞✉ ♣r♦❜❧è♠❡✳ ◆♦s s✐♠✉❧❛t✐♦♥s ♠♦♥tr❡♥t q✉❡ ❧❡s ✢✉❝t✉❛t✐♦♥s t✉r❜✉❧❡♥t❡s ❞❡
✈✐t❡ss❡ s♦♥t ❝❛♣❛❜❧❡s ❞✬❡♥❣❡♥❞r❡r ✉♥ ❞✐♣♦❧❡ ❛①✐❛❧✱ ❡♥ ♠♦②❡♥♥❡ ❛①✐s②♠étr✐q✉❡✳ ❆✐♥s✐✱
✉♥ rés✉❧t❛t ❣é♥ér❛❧ q✉✐ ❡♠❡r❣❡ ❞❡ ❝❡tt❡ t❤ès❡ ❡st ❧❛ ♣ré❢ér❡♥❝❡ ❞✉ s②stè♠❡ à ❡♥✲
❣❡♥❞r❡r ✉♥❡ ❞②♥❛♠♦ r❡❧❛t✐✈❡♠❡♥t ❛①✐s②♠étr✐q✉❡✱ ♠❛❧❣ré ❧❛ ❝♦♥tr❛✐♥t❡ ❞✉ t❤é♦rè♠❡
❞❡ ❈♦✇❧✐♥❣✳ ❈❡ ❝♦♠♣♦rt❡♠❡♥t s✬✐❧❧✉str❡ ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❜✐❡♥ ❞❛♥s ❧❡ ré❣✐♠❡ ❧❛♠✐✲
♥❛✐r❡✱ ♦ù ✉♥ t②♣❡ ♣❛rt✐❝✉❧✐❡r ❞❡ ❞②♥❛♠♦ ♥♦♥✲❧✐♥é❛✐r❡ ❛ été ♦❜t❡♥✉✱ ❧♦rsq✉❡ ❧❛ ❢♦r❝❡
❞❡ ▲❛♣❧❛❝❡ ♣r♦❞✉✐t ✉♥❡ ❝♦♠♣ét✐t✐♦♥ ❡♥tr❡ ❞✐♣♦❧❡ ❛①✐❛❧ ❡t ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧✳

❊♥✜♥✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❛ été ét✉❞✐é✳ ◆♦✉s
❛✈♦♥s ♠♦♥tré q✉✬✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬♦❜t❡♥✐r ♥✉♠ér✐q✉❡♠❡♥t ❞❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦✲
t✐q✉❡s s✐♠✐❧❛✐r❡s à ❝❡✉① ♦❜s❡r✈és ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡✱ ✐♠♣❧✐q✉❛♥t é❣❛❧❡♠❡♥t ✉♥❡ ❝♦♠✲
♣ét✐t✐♦♥ ❡♥tr❡ ❞✐♣♦❧❡ ❛①✐❛❧ ❡t q✉❛❞r✉♣♦❧❡✱ ❡t ❝♦♥✜r♠❛♥t ❛✐♥s✐ ❧❡ ♠♦❞è❧❡ ❞❡ Pétré❧✐s
❡t ❋❛✉✈❡✳ ❯♥❡ ❝♦♥❝❧✉s✐♦♥ ✐♠♣♦rt❛♥t❡ ❞❡ ❝❡ tr❛✈❛✐❧ ❝♦♥❝❡r♥❡ ❧❡ rô❧❡ ❞✉ ♥♦♠❜r❡ ❞❡
Pr❛♥❞t❧ ♠❛❣♥ét✐q✉❡ ✿ ✐❧ ❛ été ♠✐s ❡♥ é✈✐❞❡♥❝❡ q✉❡ Pm ❝♦♥trô❧❡ ❧❛ ♥❛t✉r❡ ❞❡s r❡♥✈❡rs❡✲
♠❡♥ts ♦❜s❡r✈és ❞❛♥s ♥♦tr❡ s②stè♠❡ ❞②♥❛♠♦ ✿ ✉♥❡ ❞✐♠✐♥✉t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ Pr❛♥❞t❧
♠❛❣♥ét✐q✉❡ s❡♠❜❧❡ ❝♦♥❞✉✐r❡ à ✉♥❡ ❞②♥❛♠✐q✉❡ ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥ ❞✉ ❝❤❛♠♣✳ ❈❡tt❡
♦❜s❡r✈❛t✐♦♥ ❡st ✐♠♣♦rt❛♥t❡ ❝❛r ❡❧❧❡ ♦✉✈r❡ ❧❛ ♣♦ss✐❜✐❧✐té ❞❡ ❝♦♠♣r❡♥❞r❡ ❧❡ ♣r♦❜❧è♠❡
❝♦♠♣❧❡①❡ ❞❡ ❧✬❡✛❡t ❞②♥❛♠♦ à ❧✬❛✐❞❡ ❞❡ s②stè♠❡s s✐♠♣❧❡s✱ ♠ê♠❡ ❡♥ ♣rés❡♥❝❡ ❞✬✉♥
é❝♦✉❧❡♠❡♥t ❢♦rt❡♠❡♥t t✉r❜✉❧❡♥t ❝♦♠♠❡ ❞❛♥s ❧❡ ❝❛s ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✳

❊♥ ❢❛✐t✱ ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡ ♥♦s rés✉❧t❛ts à ❧✬❛✐❞❡ ❞❡ ♠♦❞è❧❡s ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥
❛ ❣✉✐❞é ❧❡s ❞✐✛ér❡♥t❡s ét❛♣❡s ❞❡ ❝❡ tr❛✈❛✐❧ ❞❡ t❤ès❡✳ ❈❡tt❡ ❞é♠❛r❝❤❡✱ q✉✐ ❢♦✉r♥✐t
s♦✉✈❡♥t ✉♥❡ ✐♥t❡r♣rét❛t✐♦♥ ✐♥t✉✐t✐✈❡ ❡t s✐♠♣❧❡ ❞❡s ♣❤é♥♦♠è♥❡s ❡♥ ❥❡✉✱ s❡♠❜❧❡ ♣❛r✲
t✐❝✉❧✐èr❡♠❡♥t ❜✐❡♥ ❛❞❛♣té❡ ❛✉ ♣r♦❜❧è♠❡ ❞❡ ❧❛ ❞②♥❛♠♦✱ ♦ù ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ♠♦❞❡s
♠❛❣♥ét✐q✉❡s t❡♥❞ à s❡ ❞é❝♦✉♣❧❡r ❞✉ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ t✉r❜✉❧❡♥t✳ ▲❛ ✜♥ ❞❡ ❝❡tt❡
t❤ès❡ ❡st ❞✬❛✐❧❧❡✉rs ❝♦♥s❛❝ré❡ à ❧✬ét✉❞❡ ❞✬✉♥ ♥♦✉✈❡❛✉ s②stè♠❡ ❞②♥❛♠✐q✉❡✱ ♣r♦♣♦sé
❝♦♠♠❡ ♠♦❞è❧❡ ❞❡ r❡♥✈❡rs❡♠❡♥ts ❞❡s ❞②♥❛♠♦s t✉r❜✉❧❡♥t❡s✳ ◆♦✉s ❛✈♦♥s ✈✉ q✉❡ ❝❡
♠♦❞è❧❡ ❡♥❣❡♥❞r❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s r❡♣♦s❛♥t s✉r ✉♥ ♣r♦❝❡ss✉s ❞ét❡r♠✐✲
♥✐st❡✳ ❈♦♥tr❛✐r❡♠❡♥t à ❞✬❛✉tr❡s s②stè♠❡s ❞✉ ♠ê♠❡ t②♣❡✱ ❝❡ ♠♦❞è❧❡ ❞é❝r✐t ❞❡ ♠❛♥✐èr❡
s❛t✐s❢❛✐s❛♥t❡ ❞❡s s✐t✉❛t✐♦♥s ❝♦♠♣❧❡①❡s✱ ❝❡ q✉✐ ♥♦✉s ❛ ♣♦✉ssé à ❧❡ ❝♦♠♣❛r❡r ❞✐r❡❝t❡✲
♠❡♥t à ✉♥ s②stè♠❡ ré❡❧✱ ❝♦♠♠❡ ❧❡s r❡♥✈❡rs❡♠❡♥ts ❣é♦♠❛❣♥ét✐q✉❡s✳
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❆✉ t❡r♠❡ ❞❡ ❝❡tt❡ t❤ès❡✱ ❞❡ ♥♦♠❜r❡✉s❡s ✈♦✐❡s r❡st❡♥t ✐♥❡①♣❧♦ré❡s✳ ❖♥ ♣❡✉t ♣❛r
❡①❡♠♣❧❡ r❡❣r❡tt❡r ❧✬❛❜s❡♥❝❡ ❞✬✉♥❡ ét✉❞❡ ♥✉♠ér✐q✉❡ ❛♣♣r♦❢♦♥❞✐❡ ❞❛♥s ✉♥ ré❣✐♠❡ ♣❧✉s
t✉r❜✉❧❡♥t✳ ▼ê♠❡ s✬✐❧ ❡①✐st❡ ✉♥❡ ❧✐♠✐t❛t✐♦♥ ✐♠♣♦rt❛♥t❡ ❞✉❡ ❛✉① r❡ss♦✉r❝❡s ♥✉♠ér✐q✉❡s
❞✐s♣♦♥✐❜❧❡s✱ ✐❧ s❡r❛✐t ✐♥tér❡ss❛♥t ❞✬❛tt❡✐♥❞r❡ ❞❡s ♥♦♠❜r❡s ❞❡ ❘❡②♥♦❧❞s ♣❧✉s ❣r❛♥❞s✳
❈❡tt❡ q✉❡st✐♦♥ ❡st ❞✬❛✉t❛♥t ♣❧✉s ✐♥tér❡ss❛♥t❡ q✉✬✉♥ ❝♦♠♣♦rt❡♠❡♥t s✉r♣r❡♥❛♥t ❛♣✲
♣❛r❛ît ❞❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s ré❛❧✐sé❡s ❛✈❡❝ ❧❡ ❝♦❞❡ PaRoDy ✳ ❊♥ ❡✛❡t✱ ❛✉ ❝❤❛♣✐tr❡ 4✱
♥♦✉s ❛✈♦♥s ✈✉ q✉❡ ❧❡ s❡✉✐❧ Rmc ❞❡ ❧✬✐♥st❛❜✐❧✐té ❞②♥❛♠♦ s❡♠❜❧❡ ❛✉❣♠❡♥t❡r ❧✐♥é❛✐r❡✲
♠❡♥t ❛✈❡❝ ❧❡ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s Re✳ ❖♥ ♣❡✉t ❞♦♥❝ s❡ ❞❡♠❛♥❞❡r s✐ ❝❡tt❡ ❝♦✉r❜❡✱



✻✳✷ P❡rs♣❡❝t✐✈❡s ✶✽✺

q✉✐ s✉❣❣èr❡ ♣❧✉tôt ♣♦✉r ❧✬✐♥st❛♥t ✉♥ Pm ❝r✐t✐q✉❡✱ t❡♥❞ à s❛t✉r❡r ✈❡rs ✉♥ s❡✉✐❧ ✐♥❞é✲
♣❡♥❞❛♥t ❞❡ Re✳ ❈✬❡st ✉♥❡ q✉❡st✐♦♥ q✉✐ ❛ ❞é❥❛ été ❛❜♦r❞é❡✱ ♠❛✐s ❛✈❡❝ ❞❡s ❛♣♣r♦❝❤❡s
♥✉♠ér✐q✉❡s ❞✐✛ér❡♥t❡s ❬✼✵❪✱ ❬✸✺❪✳ P❛r ❛✐❧❧❡✉rs✱ ✉♥❡ ét✉❞❡ ♥✉♠ér✐q✉❡ ❞❡ ❧✬✐♥st❛❜✐❧✐té
❞②♥❛♠♦ ❡♥ ♣rés❡♥❝❡ ❞✬✐♠♣♦rt❛♥t❡s ✢✉❝t✉❛t✐♦♥s t✉r❜✉❧❡♥t❡s ♣rés❡♥t❡ ✉♥ ✐♥térêt ❡♥
s♦✐✳

◆♦✉s ❛✈♦♥s ❞é❥❛ ✐♥s✐sté ❞❛♥s ❝❡tt❡ ❝♦♥❝❧✉s✐♦♥ s✉r ❧❡ rô❧❡ ❢♦♥❞❛♠❡♥t❛❧ q✉❡ ❥♦✉❡
❧❡ ♥♦♠❜r❡ ❞❡ Pr❛♥❞t❧ ♠❛❣♥ét✐q✉❡ ❞❛♥s ♥♦s s✐♠✉❧❛t✐♦♥s✳ ▲✬❛✉❣♠❡♥t❛t✐♦♥ ❞✉ s❡✉✐❧ ❞❡
❧❛ ❞②♥❛♠♦ ❛✈❡❝ Re q✉❡ ♥♦✉s ✈❡♥♦♥s ❞❡ ❞✐s❝✉t❡r r❡♥❞ ✐♠♣♦ss✐❜❧❡ ❧✬ét✉❞❡ ❞❡s r❡♥✲
✈❡rs❡♠❡♥ts ♣♦✉r ❞❡s Pm très ♣❡t✐ts✳ ■❧ s❡r❛✐t ❞♦♥❝ ✐♥tér❡ss❛♥t ❞✬❛❜♦r❞❡r ❧❡ rô❧❡ ❞✉
♥♦♠❜r❡ ❞❡ Pr❛♥❞t❧ ♠❛❣♥ét✐q✉❡ ❞❛♥s ❞❡s s✐♠✉❧❛t✐♦♥s ❞❡ ❣é♦❞②♥❛♠♦ ♣❛r ❡①❡♠♣❧❡✱
♣♦✉r ❧❡sq✉❡❧❧❡s ✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬♦❜t❡♥✐r ❞❡s ❞②♥❛♠♦s à ♣❧✉s ❢❛✐❜❧❡ Pm✳ ❯♥❡ q✉❡st✐♦♥
❝r✉❝✐❛❧❡ s❡r❛✐t ♣❛r ❡①❡♠♣❧❡ ❞❡ s❛✈♦✐r s✐ ❧❡s ✈❛❧❡✉rs q✉✬✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬❛tt❡✐♥❞r❡ ♥✉✲
♠ér✐q✉❡♠❡♥t ♣❡r♠❡tt❡♥t ❞✬♦❜s❡r✈❡r ✉♥❡ ré❞✉❝t✐♦♥ ❞❡ ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡
❞✉ s②stè♠❡✳

❉❛♥s ❧❡ ❝❛s ♦ù ❧❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ♣rés❡♥t❡♥t ✉♥ ❝♦♠♣♦rt❡♠❡♥t ❞❡ ❜❛ss❡
❞✐♠❡♥s✐♦♥✱ ❝♦♠♠❡ ❝✬❡st ❧❡ ❝❛s ❞❛♥s ❝❡rt❛✐♥❡s ❞❡s s✐♠✉❧❛t✐♦♥s ♣rés❡♥té❡s ❞❛♥s ❝❡tt❡
t❤ès❡✱ ✐❧ ♥✬❡st ♣❛s t♦✉❥♦✉rs é✈✐❞❡♥t ❞❡ ❞ét❡r♠✐♥❡r ❧❡s ♠♦❞❡s ✐♠♣❧✐q✉és✳ ■❧ ❡st ♣❧✉s ❞✐❢✲
✜❝✐❧❡ ❡♥❝♦r❡ ❞❡ tr♦✉✈❡r ❧❡ s②stè♠❡ ❞②♥❛♠✐q✉❡ ❧❡ ♣❧✉s ♣❡rt✐♥❡♥t ♣♦✉r ✉♥❡ ❞❡s❝r✐♣t✐♦♥
s✐♠♣❧✐✜é❡ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ♦❜s❡r✈é❡✳ ❉❛♥s ❝❡tt❡ t❤ès❡✱ ♥♦✉s ❛✈♦♥s s②sté♠❛t✐q✉❡♠❡♥t
✉t✐❧✐sé ❞❡s ❛r❣✉♠❡♥ts ❞❡ s②♠étr✐❡s ❡♥ ♥♦✉s ❛♣♣✉②❛♥t s✉r ❧❛ s✐❣♥✐✜❝❛t✐♦♥ ♣❤②s✐q✉❡ ❞❡s
t❡r♠❡s ♣♦✉r ♦❜t❡♥✐r ❧❡s ♠♦❞è❧❡s ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥ ❝♦rr❡s♣♦♥❞❛♥t ❛✉① s✐♠✉❧❛t✐♦♥s
♥✉♠ér✐q✉❡s✳ ■❧ s❡r❛✐t ✐♥tér❡ss❛♥t ❞❡ ❞é✈❡❧♦♣♣❡r ❞❡ ♥♦✉✈❡❛✉① ♦✉t✐❧s ♣♦✉r ❝♦♠♣❛r❡r ❧❛
♣❡rt✐♥❡♥❝❡ ❞❡ ❞✐✛❡r❡♥ts s②stè♠❡s ❞②♥❛♠✐q✉❡s ❝❡♥sés r❡♣rés❡♥t❡r ✉♥❡ sér✐❡ t❡♠♣♦r❡❧❧❡
❞♦♥♥é❡ ✐ss✉❡ ❞✬✉♥❡ s✐♠✉❧❛t✐♦♥ ♥✉♠ér✐q✉❡✳ P❛r ❡①❡♠♣❧❡✱ ♥♦✉s ❛✈♦♥s ♣❛r❢♦✐s ✉t✐❧✐sé
❧❡s s✐♠✉❧❛t✐♦♥s ❞✐r❡❝t❡s ♣♦✉r tr♦✉✈❡r ❧❛ ✈❛❧❡✉r ❞❡s ♣❛r❛♠ètr❡s ❞❛♥s ❧❡s ♠♦❞è❧❡s✳ ❊♥
❡✛❡t✱ ✐❧ ❡st ♣♦ss✐❜❧❡✱ à ♣❛rt✐r ❞❡ ❧✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡s ♠♦❞❡s ✭♣❛r ❡①❡♠♣❧❡ ❧✬❤❛r✲
♠♦♥✐q✉❡ s♣❤ér✐q✉❡ ❝♦rr❡s♣♦♥❞❛♥t ❛✉ ❞✐♣♦❧❡ ❛①✐❛❧ D✮✱ ❞❡ ❝❛❧❝✉❧❡r ♥✉♠ér✐q✉❡♠❡♥t
❧✬é✈♦❧✉t✐♦♥ ❞❡ s❛ ❞ér✐✈é❡ t❡♠♣♦r❡❧❧❡ ✭❝✬❡st✲à✲❞✐r❡ Ḋ✮✳ ❊♥ ❢❛✐s❛♥t ❞❡ ♠ê♠❡ ♣♦✉r ❧❡s
❛✉tr❡s ♠♦❞❡s ❝♦♥❝❡r♥és✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ré❛❧✐s❡r ✉♥ ❛❥✉st❡♠❡♥t ♥✉♠ér✐q✉❡ ♣♦✉r
tr♦✉✈❡r ❧❡s ♣❛r❛♠ètr❡s r❡❧✐❛♥t ❞✐s♦♥s Ḋ ❛✉ ♠♦❞❡s D✱ Q ♦✉ V ✳ ❈❡❧❛ ♥♦✉s ❛ ♣❡r♠✐s
♣❛r❢♦✐s ❞❡ ❞✐s❝r✐♠✐♥❡r ❞✐✛ér❡♥ts s②stè♠❡s ❞②♥❛♠✐q✉❡s ♣♦ss✐❜❧❡s✳

❊t❛♥t ❞♦♥♥é ❧❡s ❧✐♠✐t❛t✐♦♥s ✐♥s✉r♠♦♥t❛❜❧❡s ✐♠♣♦sé❡s ♣❛r ❧❛ ♣✉✐ss❛♥❝❡ ❞❡s ♦r❞✐✲
♥❛t❡✉rs ❛❝t✉❡❧s✱ ✐❧ ❡st ✐♠♣♦ss✐❜❧❡✱ ♠ê♠❡ à ❧♦♥❣ t❡r♠❡✱ ❞❡ ❞é❝r✐r❡ ♥✉♠ér✐q✉❡♠❡♥t
❧❡s ♣r♦❜❧è♠❡s ❞②♥❛♠♦s ❛✉① ♥♦♠❜r❡s ❝❛r❛❝tér✐st✐q✉❡s ♣❡rt✐♥❡♥ts ♣♦✉r ❧❡s ❞②♥❛♠♦s
♥❛t✉r❡❧❧❡s✳ ❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ✐❧ s❡♠❜❧❡ ♣r♦♠❡tt❡✉r ❞❡ ❝♦♠❜✐♥❡r ❞❡s ❝❛❧❝✉❧s ♥✉♠é✲
r✐q✉❡s ✸❉ ❝♦♠♣❧❡①❡s ❛✈❡❝ ✉♥❡ ❛♣♣r♦❝❤❡ ❞❡ t②♣❡ s②stè♠❡ ❞②♥❛♠✐q✉❡✱ ♣❧✉s s✐♠♣❧❡✳ ▲❛
❝♦♠❜✐♥❛✐s♦♥ ❞❡ ❝❡s ❞❡✉① ♦✉t✐❧s ♣❡✉t ♥♦✉s ♣❡r♠❡ttr❡ ❞❡ ♠✐❡✉① ❝♦♠♣r❡♥❞r❡ ❝❡rt❛✐♥s
❛s♣❡❝ts ❧✐és à ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ❞②♥❛♠♦s ♥❛t✉r❡❧❧❡s✳





❇✐❜❧✐♦❣r❛♣❤✐❡

❬✶❪ ❍✳ ❆❧❢✈é♥✳ ❊①✐st❡♥❝❡ ♦❢ ❊❧❡❝tr♦♠❛❣♥❡t✐❝✲❍②❞r♦❞②♥❛♠✐❝ ❲❛✈❡s✳ ◆❛t✉r❡✱ ✶✺✵✱
✶✾✹✷✳ ✶✷

❬✷❪ ❉✳ ❆r♠❜r✉st❡r✱ ❏✳ ●✉❝❦❡♥❤❡✐♠❡r✱ ❛♥❞ P✳ ❍♦❧♠❡s✳ ❍❡t❡r♦❝❧✐♥✐❝ ❝②❝❧❡s ❛♥❞ ♠♦✲
❞✉❧❛t❡❞ tr❛✈❡❧❧✐♥❣ ✇❛✈❡s ✐♥ s②st❡♠s ✇✐t❤ ❖✭✷✮ s②♠♠❡tr②✳ P❤②s✐❝❛ ❉ ◆♦♥❧✐♥❡❛r
P❤❡♥♦♠❡♥❛✱ ✷✾✱ ✶✾✽✽✳ ✶✷✷

❬✸❪ ❘✳ ❆✈❛❧♦s✲❩✉♥✐❣❛✱ ❋✳ P❧✉♥✐❛♥✱ ❛♥❞ ❆✳ ●❛✐❧✐t✐s✳ ■♥✢✉❡♥❝❡ ♦❢ ❡❧❡❝tr♦♠❛❣♥❡t✐❝
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥t♦ t❤❡ ♦♥s❡t ♦❢ ❞②♥❛♠♦ ❛❝t✐♦♥ ✐♥ ❧❛❜♦r❛t♦r② ❡①♣❡r✐✲
♠❡♥ts✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs✱ ✻✽✱ ✷✵✵✸✳ ✽✺

❬✹❪ ●✳ ❇❛❝❦✉s✳ ❆ ❝❧❛ss ♦❢ s❡❧❢✲s✉st❛✐♥✐♥❣ ❞✐ss✐♣❛t✐✈❡ s♣❤❡r✐❝❛❧ ❞②♥❛♠♦s✳ ❆♥♥❛❧s ♦❢
P❤②s✐❝s✱ ✹✱ ✶✾✺✽✳ ✶✶

❬✺❪ ●✳ ❑✳ ❇❛t❝❤❡❧♦r✳ ◆♦t❡ ♦♥ ❛ ❝❧❛ss ♦❢ s♦❧✉t✐♦♥s ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s
r❡♣r❡s❡♥t✐♥❣ st❡❛❞② r♦t❛t✐♦♥❛❧❧②✲s②♠♠❡tr✐❝ ✢♦✇✳ ◗ ❏ ▼❡❝❤❛♥✐❝s ❆♣♣❧ ▼❛t❤✱ ✹✱
✶✾✺✶✳ ✷✹

❬✻❪ ❘✳ ❆✳ ❇❛②❧✐ss✱ ❈✳ ❇✳ ❋♦r❡st✱ ▼✳ ❉✳ ◆♦r♥❜❡r❣✱ ❊✳ ❏✳ ❙♣❡♥❝❡✱ ❛♥❞ P✳ ❲✳ ❚❡rr②✳
◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ ❝✉rr❡♥t ❣❡♥❡r❛t✐♦♥ ❛♥❞ ❞②♥❛♠♦ ❡①❝✐t❛t✐♦♥ ✐♥ ❛ ♠❡✲
❝❤❛♥✐❝❛❧❧② ❢♦r❝❡❞ t✉r❜✉❧❡♥t ✢♦✇✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❊✱ ✼✺✱ ✷✵✵✼✳ ✶✵✼

❬✼❪ ▼✳ ❇❡r❤❛♥✉✳ ▼❛❣♥ét♦❤②❞r♦❞②♥❛♠✐q✉❡ t✉r❜✉❧❡♥t❡ ❞❛♥s ❧❡s ♠ét❛✉① ❧✐q✉✐❞❡s✳ P❤❉
t❤❡s✐s✱ ❯♥✐✈❡rs✐té P✐❡rr❡ ❡t ▼❛r✐❡ ❈✉r✐❡✱ ❋r❛♥❝❡✱ ✷✵✵✽✳ ✸✻

❬✽❪ ▼✳ ❇❡r❤❛♥✉✱ ❘✳ ▼♦♥❝❤❛✉①✱ ❙✳ ❋❛✉✈❡✱ ◆✳ ▼♦r❞❛♥t✱ ❋✳ Pétré❧✐s✱ ❆✳ ❈❤✐✛❛✉❞❡❧✱
❋✳ ❉❛✈✐❛✉❞✱ ❇✳ ❉✉❜r✉❧❧❡✱ ▲✳ ▼❛r✐é✱ ❋✳ ❘❛✈❡❧❡t✱ ▼✳ ❇♦✉r❣♦✐♥✱ P✳ ❖❞✐❡r✱ ❏✳✲❋✳
P✐♥t♦♥✱ ❛♥❞ ❘✳ ❱♦❧❦✳ ▼❛❣♥❡t✐❝ ✜❡❧❞ r❡✈❡rs❛❧s ✐♥ ❛♥ ❡①♣❡r✐♠❡♥t❛❧ t✉r❜✉❧❡♥t
❞②♥❛♠♦✳ ❊✉r♦♣❤②s✐❝s ▲❡tt❡rs✱ ✼✼✱ ✷✵✵✼✳ ✸✻

❬✾❪ ▼✳ ❇♦✉r❣♦✐♥✱ P✳ ❖❞✐❡r✱ ❏✳✲❋✳ P✐♥t♦♥✱ ❛♥❞ ❨✳ ❘✐❝❛r❞✳ ❆♥ ✐t❡r❛t✐✈❡ st✉❞② ♦❢ t✐♠❡
✐♥❞❡♣❡♥❞❡♥t ✐♥❞✉❝t✐♦♥ ❡✛❡❝ts ✐♥ ♠❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝s✳ P❤②s✐❝s ♦❢ ❋❧✉✐❞s✱ ✶✻✱
✷✵✵✹✳ ✽✵✱ ✽✶

❬✶✵❪ ❙✳■✳ ❇r❛❣✐♥s❦✐✐✳ ❙❡❧❢✲❡①❝✐t❛t✐♦♥ ♦❢ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞✉r✐♥❣ t❤❡ ♠♦t✐♦♥ ♦❢ ❛ ❤✐❣❤❧②
❝♦♥❞✉❝t✐♥❣ ✢✉✐❞✳ ❩❤✳ ❊❦s♣❡r✐♠✳ ✐✳ ❚❡♦r✳ ❋✐③✳✱ ✹✼✱ ✶✾✻✹✳ ✶✹

❬✶✶❪ ❇❡r♥❛r❞ ❇r✉♥❤❡s✳ ❘❡❝❤❡r❝❤❡s s✉r ❧❛ ❞✐r❡❝t✐♦♥ ❞✬❛✐♠❛♥t❛t✐♦♥ ❞❡s r♦❝❤❡s ✈♦❧❝❛✲
♥✐q✉❡s✳ ❏✳ P❤②s✳ ❚❤❡♦r✳ ❆♣♣❧✳✱ ✺✱ ✶✾✵✻✳ ✹
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❬✶✷❪ ❊✳ ❇✉❧❧❛r❞✳ ❚❤❡ st❛❜✐❧✐t② ♦❢ ❛ ❤♦♠♦♣♦❧❛r ❞②♥❛♠♦✳ ▼❛t❤❡♠❛t✐❝❛❧ Pr♦❝❡❡❞✐♥❣s
♦❢ t❤❡ ❈❛♠❜r✐❞❣❡ P❤✐❧♦s♦♣❤✐❝❛❧ ❙♦❝✐❡t②✱ ✺✶✱ ✶✾✺✺✳ ✸

❬✶✸❪ ❊✳ ❇✉❧❧❛r❞ ❛♥❞ ❍✳ ●❡❧❧♠❛♥✳ ❍♦♠♦❣❡♥❡♦✉s ❉②♥❛♠♦s ❛♥❞ ❚❡rr❡str✐❛❧ ▼❛❣♥❡t✐s♠✳
❘♦②❛❧ ❙♦❝✐❡t② ♦❢ ▲♦♥❞♦♥ P❤✐❧♦s♦♣❤✐❝❛❧ ❚r❛♥s❛❝t✐♦♥s ❙❡r✐❡s ❆✱ ✷✹✼✱ ✶✾✺✹✳ ✶✸

❬✶✹❪ ❊✳ ❈✳ ❇✉❧❧❛r❞ ❛♥❞ ❉✳ ●✉❜❜✐♥s✳ ●❡♥❡r❛t✐♦♥ ♦❢ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❜② ✢✉✐❞ ♠♦t✐♦♥s
♦❢ ❣❧♦❜❛❧ s❝❛❧❡✳ ●❡♦♣❤②s✐❝❛❧ ❛♥❞ ❆str♦♣❤②s✐❝❛❧ ❋❧✉✐❞ ❉②♥❛♠✐❝s✱ ✽✱ ✶✾✼✼✳ ✽✶

❬✶✺❪ ❱✳ ❈❛r❜♦♥❡✱ ▲✳ ❙♦rr✐s♦✲❱❛❧✈♦✱ ❆✳ ❱❡❝❝❤✐♦✱ ❋✳ ▲❡♣r❡t✐✱ P✳ ❱❡❧tr✐✱ P✳ ❍❛r❛❜❛❣❧✐❛✱
❛♥❞ ■✳ ●✉❡rr❛✳ ❈❧✉st❡r✐♥❣ ♦❢ P♦❧❛r✐t② ❘❡✈❡rs❛❧s ♦❢ t❤❡ ●❡♦♠❛❣♥❡t✐❝ ❋✐❡❧❞✳
P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs✱ ✾✻✱ ✷✵✵✻✳ ✶✼✼

❬✶✻❪ ❚✳ ●✳ ❈♦✇❧✐♥❣✳ ❚❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ s✉♥s♣♦ts✳ ▼✳◆✳❘✳❆✳❙✳✱ ✾✹✱ ✶✾✸✸✳ ✶✸

❬✶✼❪ ❊✳ ❉♦r♠②✳ ▼♦❞é❧✐s❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞❡ ❧❛ ❞②♥❛♠♦ t❡rr❡str❡✳ P❤❉ t❤❡s✐s✱ ■♥st✐t✉t
❞❡ P❤②s✐q✉❡ ❞✉ ●❧♦❜❡ ❞❡ P❛r✐s✱ ❋r❛♥❝❡✱ ✶✾✾✼✳ ✶✵✶

❬✶✽❪ ❊✳ ❉♦r♠②✱ P✳ ❈❛r❞✐♥✱ ❛♥❞ ❉✳ ❏❛✉❧t✳ ▼❍❉ ✢♦✇ ✐♥ ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t✐❛❧❧② r♦t❛t✐♥❣
s♣❤❡r✐❝❛❧ s❤❡❧❧✱ ✇✐t❤ ❝♦♥❞✉❝t✐♥❣ ✐♥♥❡r ❝♦r❡✱ ✐♥ ❛ ❞✐♣♦❧❛r ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❊❛rt❤
❛♥❞ P❧❛♥❡t❛r② ❙❝✐❡♥❝❡ ▲❡tt❡rs✱ ✶✻✵✱ ✶✾✾✽✳ ✶✵✶

❬✶✾❪ ❊✳ ❉♦r♠② ❛♥❞ ❙♦✇❛r❞ ❆✳ ▼✳ ▼❛t❤❡♠❛t✐❝❛❧ ❛s♣❡❝ts ♦❢ ◆❛t✉r❛❧ ❉②♥❛♠♦s✳ ❈❘❈
♣r❡ss✱ ✷✵✵✼✳ ✷✱ ✹✱ ✶✹✱ ✷✷✶

❬✷✵❪ ▼✳ ▲✳ ❉✉❞❧❡② ❛♥❞ ❘✳ ❲✳ ❏❛♠❡s✳ ❚✐♠❡✲❞❡♣❡♥❞❡♥t ❦✐♥❡♠❛t✐❝ ❞②♥❛♠♦s ✇✐t❤
st❛t✐♦♥❛r② ✢♦✇s✳ ❘♦②❛❧ ❙♦❝✐❡t② ♦❢ ▲♦♥❞♦♥ Pr♦❝❡❡❞✐♥❣s ❙❡r✐❡s ❆✱ ✹✷✺✱ ✶✾✽✾✳ ✷✼

❬✷✶❪ ❙✳ ❋❛✉✈❡✱ ❈✳ ▲❛r♦❝❤❡✱ ❛♥❞ ❇✳ ❈❛st❛✐♥❣✳ Pr❡ss✉r❡ ✢✉❝t✉❛t✐♦♥s ✐♥ s✇✐r❧✐♥❣ t✉r✲
❜✉❧❡♥t ✢♦✇s✳ ❏♦✉r♥❛❧ ❞❡ P❤②s✐q✉❡ ■■✱ ✸✱ ✶✾✾✸✳ ✷✼

❬✷✷❪ ❆✳ ●❛✐❧✐t✐s✱ ❖✳ ▲✐❡❧❛✉s✐s✱ ❙✳ ❉❡♠❡♥t✬❡✈✱ ❊✳ P❧❛t❛❝✐s✱ ❆✳ ❈✐❢❡rs♦♥s✱ ●✳ ●❡r❜❡t❤✱
❚✳ ●✉♥❞r✉♠✱ ❋✳ ❙t❡❢❛♥✐✱ ▼✳ ❈❤r✐st❡♥✱ ❍✳ ❍ä♥❡❧✱ ❛♥❞ ●✳ ❲✐❧❧✳ ❉❡t❡❝t✐♦♥ ♦❢ ❛
❋❧♦✇ ■♥❞✉❝❡❞ ▼❛❣♥❡t✐❝ ❋✐❡❧❞ ❊✐❣❡♥♠♦❞❡ ✐♥ t❤❡ ❘✐❣❛ ❉②♥❛♠♦ ❋❛❝✐❧✐t②✳ P❤②s✐❝❛❧
❘❡✈✐❡✇ ▲❡tt❡rs✱ ✽✹✱ ✷✵✵✵✳ ✷✵

❬✷✸❪ ❇❛s✐❧❡ ●❛❧❧❡t ❛♥❞ ❋r❛♥ç♦✐s Pétré❧✐s✳ ❋r♦♠ r❡✈❡rs✐♥❣ t♦ ❤❡♠✐s♣❤❡r✐❝❛❧ ❞②♥❛♠♦s✳
P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❊✱ ✽✵✱ ✷✵✵✾✳ ✹✺

❬✷✹❪ ❆✳ ●✐❡s❡❝❦❡✱ ❈✳ ◆♦r❡✱ ❋✳ P❧✉♥✐❛♥✱ ❘✳ ▲❛❣✉❡rr❡✱ ❆✳ ❘✐❜❡✐r♦✱ ❋✳ ❙t❡❢❛♥✐✱ ●✳ ●❡r✲
❜❡t❤✱ ❏✳ ▲❡♦r❛t✱ ❛♥❞ ❏✳ ✳ ●✉❡r♠♦♥❞✳ ●❡♥❡r❛t✐♦♥ ♦❢ ❛①✐s②♠♠❡tr✐❝ ♠♦❞❡s ✐♥
❝②❧✐♥❞r✐❝❛❧ ❦✐♥❡♠❛t✐❝ ♠❡❛♥✲✜❡❧❞ ❞②♥❛♠♦s ♦❢ ❱❑❙ t②♣❡✳ ❆r❳✐✈ ❡✲♣r✐♥ts✱ ✷✵✵✾✳
✾✶

❬✷✺❪ ❆✳ ●✐❡s❡❝❦❡✱ ❋✳ ❙t❡❢❛♥✐✱ ❛♥❞ ●✳ ●❡r❜❡t❤✳ ❘♦❧❡ ♦❢ s♦❢t✲✐r♦♥ ✐♠♣❡❧❧❡rs ♦♥ t❤❡
♠♦❞❡ s❡❧❡❝t✐♦♥ ✐♥ t❤❡ ❱❑❙ ❞②♥❛♠♦ ❡①♣❡r✐♠❡♥t✳ ❆r❳✐✈ ❡✲♣r✐♥ts✱ ✷✵✵✾✳ ✾✷✱ ✾✹

❬✷✻❪ ●✳ ●❧❛t③♠❛✐❡r ❛♥❞ P✳ ❘♦❜❡rts✳ ❆ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥✈❡❝t✐✈❡ ❞②♥❛♠♦ s♦❧✉t✐♦♥
✇✐t❤ r♦t❛t✐♥❣ ❛♥❞ ✜♥✐t❡❧② ❝♦♥❞✉❝t✐♥❣ ✐♥♥❡r ❝♦r❡ ❛♥❞ ♠❛♥t❧❡✳ P❤②s✐❝s ♦❢ t❤❡
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❬✷✼❪ ❈✳ ●r❡❜♦❣✐✱ ❊✳ ❖tt✱ ❋✳ ❘♦♠❡✐r❛s✱ ❛♥❞ ❏✳ ❆✳ ❨♦r❦❡✳ ❈r✐t✐❝❛❧ ❡①♣♦♥❡♥ts ❢♦r ❝r✐s✐s✲
✐♥❞✉❝❡❞ ✐♥t❡r♠✐tt❡♥❝②✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❆✱ ✸✻✱ ✶✾✽✼✳ ✶✻✵

❬✷✽❪ ❈✳ ●r❡❜♦❣✐✱ ❊✳ ❖tt✱ ❛♥❞ ❏✳ ❆✳ ❨♦r❦❡✳ ❈❤❛♦t✐❝ ❆ttr❛❝t♦rs ✐♥ ❈r✐s✐s✳ P❤②s✐❝❛❧
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❞②♥❛♠♦ s✐♠✉❧❛t✐♦♥s✳ ●❡♦♣❤②s✐❝❛❧ ❛♥❞ ❆str♦♣❤②s✐❝❛❧ ❋❧✉✐❞ ❉②♥❛♠✐❝s✱ ✾✾✱ ✷✵✵✺✳
✼✹

❬✸✹❪ ❆✳ ❇✳ ■s❦❛❦♦✈✱ ❙✳ ❉❡s❝♦♠❜❡s✱ ❛♥❞ ❊✳ ❉♦r♠②✳ ❆♥ ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ❢♦r♠✉❧❛t✐♦♥
❢♦r ♠❛❣♥❡t✐❝ ✐♥❞✉❝t✐♦♥ ✐♥ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥s ✿ ❜♦✉♥❞❛r② ❡❧❡♠❡♥t✲✜♥✐t❡ ✈♦❧✉♠❡
♠❡t❤♦❞✳ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ P❤②s✐❝s✱ ✶✾✼✱ ✷✵✵✹✳ ✼✹

❬✸✺❪ ❆✳ ❇✳ ■s❦❛❦♦✈✱ ❆✳ ❆✳ ❙❝❤❡❦♦❝❤✐❤✐♥✱ ❙✳ ❈✳ ❈♦✇❧❡②✱ ❏✳ ❈✳ ▼❝❲✐❧❧✐❛♠s✱ ❛♥❞ ▼✳ ❘✳ ❊✳
Pr♦❝t♦r✳ ◆✉♠❡r✐❝❛❧ ❉❡♠♦♥str❛t✐♦♥ ♦❢ ❋❧✉❝t✉❛t✐♦♥ ❉②♥❛♠♦ ❛t ▲♦✇ ▼❛❣♥❡t✐❝
Pr❛♥❞t❧ ◆✉♠❜❡rs✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs✱ ✾✽✱ ✷✵✵✼✳ ✶✸✶✱ ✶✽✺

❬✸✻❪ ❍✳ ❏❡✛r❡②s✳ ❚❤❡ ❘✐❣✐❞✐t② ♦❢ t❤❡ ❊❛rt❤✬s ❈❡♥tr❛❧ ❈♦r❡✳ ●❡♦♣❤②s✐❝❛❧ ❏♦✉r♥❛❧
■♥t❡r♥❛t✐♦♥❛❧✱ ✶✱ ✶✾✷✻✳ ✷

❬✸✼❪ ❘✳ ❑❛✐s❡r ❛♥❞ ❆✳ ❚✐❧❣♥❡r✳ ❑✐♥❡♠❛t✐❝ ❞②♥❛♠♦s s✉rr♦✉♥❞❡❞ ❜② ❛ st❛t✐♦♥❛r②
❝♦♥❞✉❝t♦r✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❊✱ ✻✵✱ ✶✾✾✾✳ ✽✸

❬✸✽❪ ❚✳ ✈♦♥ ❑❛r♠❛♥✳ ❯❜❡r ❧❛♠✐♥❛r❡ ✉♥❞ t✉r❜✉❧❡♥t❡ ❘❡✐❜✉♥❣✳ ❩✳ ❆♥❣r❡✇✳ ▼❛t❤✳
▼❡❝❤✱ ✶✱ ✶✾✷✶✳ ✷✹

❬✸✾❪ ▼✳ ❑♦♥♦✳ ❘✐❦✐t❛❦❡ t✇♦✲❞✐s❦ ❞②♥❛♠♦ ❛♥❞ ♣❛❧❡♦♠❛❣♥❡t✐s♠✳ ●❡♦♣❤②s✐❝❛❧ ❘❡✲
s❡❛r❝❤ ▲❡tt❡rs✱ ✶✹✱ ✶✾✽✼✳ ✶✼✶✱ ✶✼✼

❬✹✵❪ ❘✳ ▲❛❣✉❡rr❡✳ ❆♣♣r♦①✐♠❛t✐♦♥ ❞❡s éq✉❛t✐♦♥s ❞❡ ❧❛ ♠❛❣♥ét♦❤②❞r♦❞②♥❛♠✐q✉❡ ♣❛r
✉♥❡ ♠ét❤♦❞❡ ❤②❜r✐❞❡ s♣❡❝tr❛❧❡✲é❧é♠❡♥ts ✜♥✐s ♥♦❞❛✉① ✿ ❛♣♣❧✐❝❛t✐♦♥ à ❧✬❡✛❡t ❞②✲
♥❛♠♦✳ P❤❉ t❤❡s✐s✱ ❯♥✐✈❡rs✐té ❉❡♥✐s ❉✐❞❡r♦t✱ P❛r✐s ✼✱ ❋r❛♥❝❡✱ ✷✵✵✻✳ ✽✷

❬✹✶❪ ❘✳ ▲❛❣✉❡rr❡✱ ❈✳ ◆♦r❡✱ ❏✳ ▲❡♦r❛t✱ ❛♥❞ ❏✳ ●✉❡r♠♦♥❞✳ ❊✛❡❝ts ♦❢ ❝♦♥❞✉❝t✐✈✐t②
❥✉♠♣s ✐♥ t❤❡ ❡♥✈❡❧♦♣❡ ♦❢ ❛ ❦✐♥❡♠❛t✐❝ ❞②♥❛♠♦ ✢♦✇✳ ❈♦♠♣t❡s ❘❡♥❞✉s ▼é❝❛♥✐q✉❡✱
✈♦❧✳ ✸✸✹✱ ✐ss✉❡ ✶✵✱ ♣♣✳ ✺✾✸✲✺✾✽✱ ✸✸✹✱ ✷✵✵✻✳ ✼✽
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❬✹✷❪ ❘✳ ▲❛❣✉❡rr❡✱ ❈✳ ◆♦r❡✱ ❆✳ ❘✐❜❡✐r♦✱ ❏✳ ▲é♦r❛t✱ ❏✳✲▲✳ ●✉❡r♠♦♥❞✱ ❛♥❞ ❋✳ P❧✉♥✐❛♥✳
❊rr❛t✉♠ ✿ ■♠♣❛❝t ♦❢ ■♠♣❡❧❧❡rs ♦♥ t❤❡ ❆①✐s②♠♠❡tr✐❝ ▼❛❣♥❡t✐❝ ▼♦❞❡ ✐♥ t❤❡
❱❑❙✷ ❉②♥❛♠♦ ❊①♣❡r✐♠❡♥t✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs✱ ✶✵✶✱ ✷✵✵✽✳ ✾✶

❬✹✸❪ ❘✳ ▲❛❣✉❡rr❡✱ ❈✳ ◆♦r❡✱ ❆✳ ❘✐❜❡✐r♦✱ ❏✳ ▲é♦r❛t✱ ❏✳✲▲✳ ●✉❡r♠♦♥❞✱ ❛♥❞ ❋✳ P❧✉♥✐❛♥✳
■♠♣❛❝t ♦❢ ■♠♣❡❧❧❡rs ♦♥ t❤❡ ❆①✐s②♠♠❡tr✐❝ ▼❛❣♥❡t✐❝ ▼♦❞❡ ✐♥ t❤❡ ❱❑❙✷ ❉②♥❛♠♦
❊①♣❡r✐♠❡♥t✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs✱ ✶✵✶✱ ✷✵✵✽✳ ✾✶

❬✹✹❪ ❏✳ ▲❛r♠♦r✳ ❍♦✇ ❝♦✉❧❞ ❛ r♦t❛t✐♥❣ ❜♦❞② s✉❝❤ ❛s t❤❡ s✉♥ ❜❡❝♦♠❡ ❛ ♠❛❣♥❡t✳ ❘❡♣✳
❇r✳ ❆ss♦❝✳ ❆❞✈✳ ❙❝✐✳✱ ✶✺✾✱ ✶✾✶✾✳ ✷

❬✹✺❪ ■✳ ▲❡❤♠❛♥♥✳ P✉❜❧✳ ❇✉r✳ ❈❡♥t✳ ❙é✐s♠✳ ■♥t❡r♥✳✱ sér✐❡ ❆✱ ❚r❛✈❛✉① ❙❝✐❡♥t✐✜q✉❡s✱
✶✹✱ ✶✾✸✻✳ ✷

❬✹✻❪ ❊✳ ◆✳ ▲♦r❡♥③✳ ❉❡t❡r♠✐♥✐st✐❝ ◆♦♥♣❡r✐♦❞✐❝ ❋❧♦✇✳ ❏♦✉r♥❛❧ ♦❢ ❆t♠♦s♣❤❡r✐❝
❙❝✐❡♥❝❡s✱ ✷✵✱ ✶✾✻✸✳ ✶✻✾

❬✹✼❪ ❋✳ ❏✳ ▲♦✇❡s ❛♥❞ ■✳ ❲✐❧❦✐♥s♦♥✳ ●❡♦♠❛❣♥❡t✐❝ ❉②♥❛♠♦ ✿ ❆ ▲❛❜♦r❛t♦r② ▼♦❞❡❧✳
◆❛t✉r❡✱ ✶✾✽✱ ✶✾✻✸✳ ✶✽

❬✹✽❪ ❋✳ ❏✳ ▲♦✇❡s ❛♥❞ ■✳ ❲✐❧❦✐♥s♦♥✳ ●❡♦♠❛❣♥❡t✐❝ ❉②♥❛♠♦ ✿ ❆♥ ■♠♣r♦✈❡❞ ▲❛❜♦r❛t♦r②
▼♦❞❡❧✳ ◆❛t✉r❡✱ ✷✶✾✱ ✶✾✻✽✳ ✶✾

❬✹✾❪ P✳ ▼❛♥♥❡✈✐❧❧❡✳ ❙tr✉❝t✉r❡s ❞✐ss✐♣❛t✐✈❡s✱ ❝❤❛♦s ❡t t✉r❜✉❧❡♥❝❡✳ ❈❡❛✱ ✶✾✾✺✳ ✶✼✸

❬✺✵❪ ▲✳ ▼❛r✐é✱ ❏✳ ❇✉r❣✉❡t❡✱ ❋✳ ❉❛✈✐❛✉❞✱ ❛♥❞ ❏✳ ▲é♦r❛t✳ ◆✉♠❡r✐❝❛❧ st✉❞② ♦❢ ❤♦✲
♠♦❣❡♥❡♦✉s ❞②♥❛♠♦ ❜❛s❡❞ ♦♥ ❡①♣❡r✐♠❡♥t❛❧ ✈♦♥ ❑ár♠á♥ t②♣❡ ✢♦✇s✳ ❊✉r♦♣❡❛♥
P❤②s✐❝❛❧ ❏♦✉r♥❛❧ ❇✱ ✸✸✱ ✷✵✵✸✳ ✼✽

❬✺✶❪ ▲✳ ▼❛r✐é✱ ❈✳ ◆♦r♠❛♥❞✱ ❛♥❞ ❋✳ ❉❛✈✐❛✉❞✳ ●❛❧❡r❦✐♥ ❛♥❛❧②s✐s ♦❢ ❦✐♥❡♠❛t✐❝ ❞②♥❛♠♦s
✐♥ t❤❡ ✈♦♥ ❑ár♠á♥ ❣❡♦♠❡tr②✳ P❤②s✐❝s ♦❢ ❋❧✉✐❞s✱ ✶✽✱ ✷✵✵✻✳ ✼✽

❬✺✷❪ ▲✳ ▼❛r✐é✳ ❚r❛♥s♣♦rt ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❡t ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣❛r ✉♥ é❝♦✉✲
❧❡♠❡♥t t♦✉r❜✐❧❧♦♥❛✐r❡ t✉r❜✉❧❡♥t ✿ ✐♥✢✉❡♥❝❡ ❞❡ ❧❛ r♦t❛t✐♦♥✳ P❤❉ t❤❡s✐s✱ ❯♥✐✈❡rs✐té
❉❡♥✐s ❉✐❞❡r♦t✱ P❛r✐s ✼✱ ❋r❛♥❝❡✱ ✷✵✵✸✳ ✼✽

❬✺✸❪ P✳ ▼❛rt②✱ ❆✳ ❆❥❛❦❤✱ ❛♥❞ ❆ ❚❤❡ss✳ ▼❛❣♥❡t✐❝ ✜❡❧❞ ✐♥ ❢❛st ❜r❡❡❞❡r r❡❛❝t♦rs ✿
♥❡✇ r❡s✉❧ts ♦♥ t❤❡r♠♦❧❡❝tr✐❝✐t② ❛♥❞ ❞②♥❛♠♦ ❡✛❡❝t✳ ▼❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝s✱
✸✵✱ ✶✾✾✺✳ ✽✺

❬✺✹❪ ❍✳ ❑✳ ▼♦✛❛tt✳ ▼❛❣♥❡t✐❝ ✜❡❧❞ ❣❡♥❡r❛t✐♦♥ ✐♥ ❡❧❡❝tr✐❝❛❧❧② ❝♦♥❞✉❝t✐♥❣ ✢✉✐❞s✳ ❈❛♠✲
❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✶✾✼✼✳ ✷✱ ✶✸

❬✺✺❪ ❘✳ ▼♦♥❝❤❛✉①✱ ▼✳ ❇❡r❤❛♥✉✱ ❙✳ ❆✉♠❛îtr❡✱ ❆✳ ❈❤✐✛❛✉❞❡❧✱ ❋✳ ❉❛✈✐❛✉❞✱ ❇✳ ❉✉✲
❜r✉❧❧❡✱ ❋✳ ❘❛✈❡❧❡t✱ ❙✳ ❋❛✉✈❡✱ ◆✳ ▼♦r❞❛♥t✱ ❋✳ Pétré❧✐s✱ ▼✳ ❇♦✉r❣♦✐♥✱ P✳ ❖❞✐❡r✱
❏✳✲❋✳ P✐♥t♦♥✱ ◆✳ P❧✐❤♦♥✱ ❛♥❞ ❘✳ ❱♦❧❦✳ ❚❤❡ ✈♦♥ ❑ár♠á♥ ❙♦❞✐✉♠ ❡①♣❡r✐♠❡♥t ✿
❚✉r❜✉❧❡♥t ❞②♥❛♠✐❝❛❧ ❞②♥❛♠♦s✳ P❤②s✐❝s ♦❢ ❋❧✉✐❞s✱ ✷✶✱ ✷✵✵✾✳ ✸✻✱ ✸✼✱ ✷✷✺
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❬✺✻❪ ❘✳ ▼♦♥❝❤❛✉①✱ ▼✳ ❇❡r❤❛♥✉✱ ▼✳ ❇♦✉r❣♦✐♥✱ ▼✳ ▼♦✉❧✐♥✱ P✳ ❖❞✐❡r✱ ❏✳✲❋✳ P✐♥t♦♥✱
❘✳ ❱♦❧❦✱ ❙✳ ❋❛✉✈❡✱ ◆✳ ▼♦r❞❛♥t✱ ❋✳ Pétré❧✐s✱ ❆✳ ❈❤✐✛❛✉❞❡❧✱ ❋✳ ❉❛✈✐❛✉❞✱ ❇✳ ❉✉✲
❜r✉❧❧❡✱ ❈✳ ●❛sq✉❡t✱ ▲✳ ▼❛r✐é✱ ❛♥❞ ❋✳ ❘❛✈❡❧❡t✳ ●❡♥❡r❛t✐♦♥ ♦❢ ❛ ▼❛❣♥❡t✐❝ ❋✐❡❧❞
❜② ❉②♥❛♠♦ ❆❝t✐♦♥ ✐♥ ❛ ❚✉r❜✉❧❡♥t ❋❧♦✇ ♦❢ ▲✐q✉✐❞ ❙♦❞✐✉♠✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇
▲❡tt❡rs✱ ✾✽✱ ✷✵✵✼✳ ✸✵

❬✺✼❪ ❱✳ ▼♦r✐♥✳ ■♥st❛❜✐❧✐tés ❡t ❜✐❢✉r❝❛t✐♦♥s ❛ss♦❝✐és à ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ❣é♦❞②♥❛♠♦✳
P❤❉ t❤❡s✐s✱ ❯♥✐✈❡rs✐té ❉❡♥✐s ❉✐❞❡r♦t✱ P❛r✐s ✼✱ ❋r❛♥❝❡✱ ✷✵✵✺✳ ✽✺

❬✺✽❪ ❈✳ ◆❛rt❡❛✉ ❛♥❞ ❏✳ ▲✳ ▲❡ ▼♦✉ë❧✳ ❚r❛♥s✐❡♥t ❡✈♦❧✉t✐♦♥ r❡❣✐♠❡s ✐♥ ❛ ♠✉❧t✐s❝❛❧❡
❞②♥❛♠♦ ♠♦❞❡❧ ✿ ❚✐♠❡s❝❛❧❡s ♦❢ t❤❡ r❡✈❡rs❛❧ ♠❡❝❤❛♥✐s♠✳ ❏♦✉r♥❛❧ ♦❢ ●❡♦♣❤②s✐❝❛❧
❘❡s❡❛r❝❤ ✭❙♦❧✐❞ ❊❛rt❤✮✱ ✶✶✵✱ ✷✵✵✺✳ ✶✼✶

❬✺✾❪ ❈✳ ◆❛rt❡❛✉✱ ❏✳✲▲✳ ▲❡ ▼♦✉ë❧✱ ❛♥❞ ❏✳✲P✳ ❱❛❧❡t✳ ❚❤❡ ♦s❝✐❧❧❛t♦r② ♥❛t✉r❡ ♦❢ t❤❡
❣❡♦♠❛❣♥❡t✐❝ ✜❡❧❞ ❞✉r✐♥❣ r❡✈❡rs❛❧s✳ ❊❛rt❤ ❛♥❞ P❧❛♥❡t❛r② ❙❝✐❡♥❝❡ ▲❡tt❡rs✱ ✷✻✷✱
✷✵✵✼✳ ✶✼✶

❬✻✵❪ ❍✳✲❈✳ ◆❛t❛❢✱ ❚✳ ❆❧❜♦✉ss✐èr❡✱ ❉✳ ❇r✐t♦✱ P✳ ❈❛r❞✐♥✱ ◆✳ ●❛❣♥✐èr❡✱ ❉✳ ❏❛✉❧t✱ ❏✳✲P✳
▼❛ss♦♥✱ ❛♥❞ ❉✳ ❙❝❤♠✐tt✳ ❊①♣❡r✐♠❡♥t❛❧ st✉❞② ♦❢ s✉♣❡r✲r♦t❛t✐♦♥ ✐♥ ❛ ♠❛❣♥❡t♦✲
str♦♣❤✐❝ s♣❤❡r✐❝❛❧ ❈♦✉❡tt❡ ✢♦✇✳ ●❡♦♣❤②s✐❝❛❧ ❛♥❞ ❆str♦♣❤②s✐❝❛❧ ❋❧✉✐❞ ❉②♥❛♠✐❝s✱
✶✵✵✱ ✷✵✵✻✳ ✷✷

❬✻✶❪ ❈✳ ◆♦r❡✱ ▲✳ ❙✳ ❚✉❝❦❡r♠❛♥✱ ❖✳ ❉❛✉❜❡✱ ❛♥❞ ❙✳ ❳✐♥✳ ❚❤❡ ✶ ✿✷ ♠♦❞❡ ✐♥t❡r❛❝t✐♦♥ ✐♥
❡①❛❝t❧② ❝♦✉♥t❡r✲r♦t❛t✐♥❣ ✈♦♥ ❑❛r♠á♥ s✇✐r❧✐♥❣ ✢♦✇✳ ❏♦✉r♥❛❧ ♦❢ ❋❧✉✐❞ ▼❡❝❤❛♥✐❝s✱
✹✼✼✱ ✷✵✵✸✳ ✶✷✷

❬✻✷❪ ▼✳ ❉✳ ◆♦r♥❜❡r❣✱ ❈✳ ❇✳ ❋♦r❡st✱ ❘✳ ❑❡♥❞r✐❝❦✱ ❘✳ ❖✬❈♦♥♥❡❧❧✱ ❛♥❞ ❊✳ ❏✳ ❙♣❡♥❝❡✳
▼❛❣♥❡t✐❝ ❊✐❣❡♥♠♦❞❡ ❆♥❛❧②s✐s ♦❢ t❤❡ ▼❛❞✐s♦♥ ❉②♥❛♠♦ ❊①♣❡r✐♠❡♥t✳ ❆P❙ ▼❡❡✲
t✐♥❣ ❆❜str❛❝ts✱ ✷✵✵✹✳ ✽✵

❬✻✸❪ P✳ ◆♦③✐ér❡s✳ ❘❡✈❡rs❛❧s ♦❢ t❤❡ ❡❛rt❤✬s ♠❛❣♥❡t✐❝ ✜❡❧❞ ✿ ❆♥ ❛tt❡♠♣t ❛t ❛ r❡❧❛①❛t✐♦♥
♠♦❞❡❧✳ P❤②s✐❝s ♦❢ t❤❡ ❊❛rt❤ ❛♥❞ P❧❛♥❡t❛r② ■♥t❡r✐♦rs✱ ✶✼✱ ✶✾✼✽✳ ✶✹✼✱ ✶✼✵

❬✻✹❪ ❊✳ ◆✳ P❛r❦❡r✳ ❈♦s♠✐❝❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✿ ❚❤❡✐r ♦r✐❣✐♥ ❛♥❞ t❤❡✐r ❛❝t✐✈✐t②✳ ❖①❢♦r❞
❯♥✐✈❡rs✐t② Pr❡ss✱ ✶✾✼✾✳ ✶✸

❬✻✺❪ ❋✳ Pétré❧✐s ❛♥❞ ❙✳ ❋❛✉✈❡✳ ❙❛t✉r❛t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛❜♦✈❡ t❤❡ ❞②♥❛♠♦
t❤r❡s❤♦❧❞✳ ❊✉r♦♣❡❛♥ P❤②s✐❝❛❧ ❏♦✉r♥❛❧ ❇✱ ✷✷✱ ✷✵✵✶✳ ✷✵

❬✻✻❪ ❋✳ Pétré❧✐s ❛♥❞ ❙✳ ❋❛✉✈❡✳ ❈❤❛♦t✐❝ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❣❡♥❡r❛t❡❞ ❜②
❞②♥❛♠♦ ❛❝t✐♦♥ ✐♥ ❛ t✉r❜✉❧❡♥t ✢♦✇✳ ❏♦✉r♥❛❧ ♦❢ P❤②s✐❝s ❈♦♥❞❡♥s❡❞ ▼❛tt❡r✱ ✷✵✱
✷✵✵✽✳ ✹✷✱ ✾✻

❬✻✼❪ ❋✳ Pétré❧✐s✱ ❙✳ ❋❛✉✈❡✱ ❊✳ ❉♦r♠②✱ ❛♥❞ ❏✳✲P✳ ❱❛❧❡t✳ ❙✐♠♣❧❡ ▼❡❝❤❛♥✐s♠ ❢♦r ❘❡✈❡r✲
s❛❧s ♦❢ ❊❛rt❤✬s ▼❛❣♥❡t✐❝ ❋✐❡❧❞✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs✱ ✶✵✷✱ ✷✵✵✾✳ ✹✺✱ ✶✼✶

❬✻✽❪ ❋✳ Pétré❧✐s✱ ◆✳ ▼♦r❞❛♥t✱ ❛♥❞ ❙✳ ❋❛✉✈❡✳ ❖♥ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❣❡♥❡r❛t❡❞ ❜②
❡①♣❡r✐♠❡♥t❛❧ ❞②♥❛♠♦s✳ ●❡♦♣❤②s✐❝❛❧ ❛♥❞ ❆str♦♣❤②s✐❝❛❧ ❋❧✉✐❞ ❉②♥❛♠✐❝s✱ ✶✵✶✱
✷✵✵✼✳ ✸✹✱ ✺✵
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❬✻✾❪ ❨✳ ❇✳ P♦♥♦♠❛r❡♥❦♦✳ ❚❤❡♦r② ♦❢ t❤❡ ❤②❞r♦♠❛❣♥❡t✐❝ ❣❡♥❡r❛t♦r✳ ❏♦✉r♥❛❧ ♦❢ ❆♣♣❧✐❡❞
▼❡❝❤❛♥✐❝s ❛♥❞ ❚❡❝❤♥✐❝❛❧ P❤②s✐❝s✱ ✶✹✱ ✶✾✼✸✳ ✷✵

❬✼✵❪ ❨✳ P♦♥t②✱ P✳ ❉✳ ▼✐♥✐♥♥✐✱ ❉✳ ❈✳ ▼♦♥t❣♦♠❡r②✱ ❏✳ ❋✳ P✐♥t♦♥✱ ❍✳ P♦❧✐t❛♥♦✱ ❛♥❞
❆✳ P♦✉q✉❡t✳ ◆✉♠❡r✐❝❛❧ st✉❞② ♦❢ ❞②♥❛♠♦ ❛❝t✐♦♥ ❛t ❧♦✇ ♠❛❣♥❡t✐❝ Pr❛♥❞t❧ ♥✉♠✲
❜❡rs✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs✱ ✾✹✱ ✷✵✵✺✳ ✶✸✶✱ ✶✽✺

❬✼✶❪ ▼✳ ❘✳ ❊✳ Pr♦❝t♦r ❛♥❞ ❈✳ ❆✳ ❏♦♥❡s✳ ❚❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ t✇♦ s♣❛t✐❛❧❧② r❡s♦♥❛♥t
♣❛tt❡r♥s ✐♥ t❤❡r♠❛❧ ❝♦♥✈❡❝t✐♦♥✳ P❛rt ✶✳ ❊①❛❝t ✶ ✿✷ r❡s♦♥❛♥❝❡✳ ❏♦✉r♥❛❧ ♦❢ ❋❧✉✐❞
▼❡❝❤❛♥✐❝s✱ ✶✽✽✱ ✶✾✽✽✳ ✶✷✷

❬✼✷❪ ❋✳ Pétré❧✐s✳ ❊✛❡t ❞②♥❛♠♦ ✿ ét✉❞❡s ❞❡s ♠é❝❛♥✐s♠❡s ❞✬✐♥st❛❜✐❧✐té ❡t ❞❡ s❛t✉r❛t✐♦♥
❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ P❤❉ t❤❡s✐s✱ ❯♥✐✈❡rs✐té P✐❡rr❡ ❡t ▼❛r✐❡ ❈✉r✐❡✱ P❛r✐s ✻✱
❋r❛♥❝❡✱ ✷✵✵✷✳ ✽✺

❬✼✸❪ ❋✳ ❘❛✈❡❧❡t✱ ❆✳ ❈❤✐✛❛✉❞❡❧✱ ❋✳ ❉❛✈✐❛✉❞✱ ❛♥❞ ❏✳ ▲é♦r❛t✳ ❚♦✇❛r❞ ❛♥ ❡①♣❡r✐♠❡♥t❛❧
✈♦♥ ❑ár♠á♥ ❞②♥❛♠♦ ✿ ◆✉♠❡r✐❝❛❧ st✉❞✐❡s ❢♦r ❛♥ ♦♣t✐♠✐③❡❞ ❞❡s✐❣♥✳ P❤②s✐❝s ♦❢
❋❧✉✐❞s✱ ✶✼✱ ✷✵✵✺✳ ✼✽

❬✼✹❪ ❚✳ ❘✐❦✐t❛❦❡ ❛♥❞ ❊✳ ❈✳ ❇✉❧❧❛r❞✳ ❖s❝✐❧❧❛t✐♦♥s ♦❢ ❛ s②st❡♠ ♦❢ ❞✐s❦ ❞②♥❛♠♦s✳
▼❛t❤❡♠❛t✐❝❛❧ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❈❛♠❜r✐❞❣❡ P❤✐❧♦s♦♣❤✐❝❛❧ ❙♦❝✐❡t②✱ ✺✹✱ ✶✾✺✽✳ ✹✱
✶✻✾

❬✼✺❪ ●✳ ❖✳ ❘♦❜❡rts✳ ❉②♥❛♠♦ ❆❝t✐♦♥ ♦❢ ❋❧✉✐❞ ▼♦t✐♦♥s ✇✐t❤ ❚✇♦✲❉✐♠❡♥s✐♦♥❛❧ P❡r✐♦✲
❞✐❝✐t②✳ ❘♦②❛❧ ❙♦❝✐❡t② ♦❢ ▲♦♥❞♦♥ P❤✐❧♦s♦♣❤✐❝❛❧ ❚r❛♥s❛❝t✐♦♥s ❙❡r✐❡s ❆✱ ✷✼✶✱ ✶✾✼✷✳
✷✵

❬✼✻❪ ❉✳ ❆✳ ❘②❛♥ ❛♥❞ ●✳ ❘✳ ❙❛rs♦♥✳ ❚❤❡ ❣❡♦❞②♥❛♠♦ ❛s ❛ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧ ❞❡t❡r♠✐✲
♥✐st✐❝ s②st❡♠ ❛t t❤❡ ❡❞❣❡ ♦❢ ❝❤❛♦s✳ ❊✉r♦♣❤②s✐❝s ▲❡tt❡rs✱ ✽✸✱ ✷✵✵✽✳ ✶✼✷

❬✼✼❪ ❆✳ ❆✳ ❙❝❤❡❦♦❝❤✐❤✐♥✱ ❙✳ ❈✳ ❈♦✇❧❡②✱ ❏✳ ▲✳ ▼❛r♦♥✱ ❛♥❞ ❏✳ ❈✳ ▼❝❲✐❧❧✐❛♠s✳ ❈r✐t✐❝❛❧
▼❛❣♥❡t✐❝ Pr❛♥❞t❧ ◆✉♠❜❡r ❢♦r ❙♠❛❧❧✲❙❝❛❧❡ ❉②♥❛♠♦✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs✱
✾✷✱ ✷✵✵✹✳ ✶✸✶

❬✼✽❪ ❉✳ ❙❝❤♠✐tt✱ ❚✳ ❆❧❜♦✉ss✐èr❡✱ ❉✳ ❇r✐t♦✱ P✳ ❈❛r❞✐♥✱ ◆✳ ●❛❣♥✐èr❡✱ ❉✳ ❏❛✉❧t✱ ❛♥❞
❍✳✲❈✳ ◆❛t❛❢✳ ❘♦t❛t✐♥❣ s♣❤❡r✐❝❛❧ ❈♦✉❡tt❡ ✢♦✇ ✐♥ ❛ ❞✐♣♦❧❛r ♠❛❣♥❡t✐❝ ✜❡❧❞ ✿
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ABSTRACT

We present kinematic simulations of a galactic dynamo model based on the large-scale dif-

ferential rotation and the small-scale helical fluctuations due to supernova explosions. We

report for the first time direct numerical simulations of the full galactic dynamo using an un-

parametrized global approach. We argue that the scale of helicity injection is large enough to

be directly resolved rather than parametrized. While the actual superbubble characteristics can

only be approached, we show that numerical simulations yield magnetic structures which are

close to both the observations and the previous parametrized mean field models. In particular,

the quadrupolar symmetry and the spiraling properties of the field are reproduced. Moreover,

our simulations show that the presence of a vertical inflow plays an essential role to increase

the magnetic growth rate. This observation could indicate an important role of the downward

flow (possibly linked with galactic fountains) in sustaining galactic magnetic fields.

Key words: magnetic field – MHD – ISM: bubbles – galaxies: ISM – galaxies: magnetic

fields.

1 IN T RO D U C T I O N

It is widely accepted that magnetic fields of planets, stars and galax-

ies are generated by dynamo action, i.e. by the magnetic field ampli-

fication due to electromagnetic induction associated with the motion

of an electrically conducting fluid (Moffatt 1978). The flow of gas in

the interstellar medium appears to convey the essential ingredients

for such dynamo action (Rosner & Deluca 1989; Wielebinski 1990).

A differential rotation in the galactic disc creates a strong shear

along the radial direction. This shear is very efficient at stretching

radial magnetic field lines in the azimuthal direction (this is known

as the ω-effect). In combination with this large-scale effect, the tur-

bulent motions at small scales provide a cyclonic flow generating

poloidal magnetic field (this is the so-called α-effect). Together, both

effects suggest the possibility of an α–ω type of dynamo that might

be responsible for generating the galactic magnetic field (Parker

1971; Vainshtein & Ruzmaikin 1971). Let us note that alternative

models for dynamo action in galaxies have been proposed through

the action of cosmic rays (Hanasz et al. 2004) or in a cosmological

context (Wang & Abel 2007), which will not be discussed here.

The apparent scale separation between the shear and the turbulent

motions has often been invoked to introduce a mean field approach

for the galactic dynamo (Beck et al. 1996; Ferriere 1998). In such

formalism, an equation only for the large-scale magnetic field is

⋆E-mail: christophe.gissinger@lps.ens.fr

solved, the effect of small scales being parametrized by an α term

(Krause & Raedler 1980). Relying on mean field equations has

proven to be a very efficient approach to the galactic dynamo prob-

lem (Ferriere 1992). It is, for example, an efficient way to achieve

moderate simulation time. However, the results of mean field simu-

lations are intrinsically limited by strong assumptions such as scale

separation or the statistical properties of turbulence. It is thus in-

teresting to study galactic dynamos with direct simulations of the

full problem by properly treating the small-scale flow associated

with the turbulence in the interstellar medium and thus solve for the

magnetic field at all scales.

It is often assumed that the most importance source of turbu-

lence in the interstellar medium comes from supernova explosions

(McCray & Snow 1979). The positions of these explosions are not

completely random in the disc but they often occur in cluster. This

produces giant expanding cavities of gas known as superbubbles.

These explosions occurring in a rotating galaxy, the expansion is

affected by a Coriolis force. This yields cyclonic motions and thus

a strong helicity in the gas flow (Ferriere 1998). In such a frame-

work, however, it is worth noting that the scale separation mentioned

above is not dramatic. Superbubbles have typical sizes of the order

of a few hundreds parsec (see Oey & Clarke 1997). This is smaller,

but not dramatically smaller than the typical vertical scale of the

galaxy (∼1 kpc). Given modern day computational resources, these

numbers suggest that direct numerical simulations (i.e. numerical

simulations that do not rely on an ad hoc parameterization of the

small scales, e.g., through the α-effect) are within reach. Indeed,
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Gressel et al. (2008) recently presented such simulations. To cope

with the large resolution still needed to address this problem, they

adopted a local approach based on the shearing box model. Their

results indicate a good agreement of the local approach with mean

field models. However, the local approach they used precludes any

global diagnostics, such as the global structure of the field, to be

established.

The purpose of this Letter is to present such global numerical

simulations, resolving the magnetic field at all relevant scales in the

galaxy (i.e. from 100 pc to 10 kpc). To reduce the computational

burden that would be associated with full magnetohydrodynamics

simulations, we work in the kinematic regime: we solve the induc-

tion equation using a prescribed and time-dependent gas flow. The

latter is set by using an analytical velocity field which intends to re-

produce the large-scale shear associated with rotation and the effect

of superbubble explosions on the interstellar medium.

2 N U M E R I C A L M O D E L

The direct numerical simulations presented in this Letter are fully

three-dimensional. We solve the induction equation governing the

evolution of the solenoidal magnetic field B in a cylindrical coordi-

nate system (r, φ, z):

∂B

∂t
= ∇ × (u × B) + Rm−1�B, (1)

written in a dimensionless form using the advective time-scale. The

magnetic Reynolds number Rm is defined as Rm = μ0σ r0U0, where

μ0 is the permeability of vacuum, the typical length scale r0 = 10

kpc is the radius of the galactic disc, the typical velocity scale U0

is the velocity of the large-scale flow (i.e. the differential rotation

of the galaxy) and σ is the conductivity of the plasma.1 In our

simulations, the vertical extent of the galactic disc is H = r0/10,

z, thus range from −0.05r0 to +0.05r0. We restrict our attention

here to the kinematic problem, ignoring the back reaction of the

magnetic field on the flow. The velocity field u used in equation (1)

is analytical and represents the differential rotation of the galaxy and

the supernova explosions. This approach also means that we do not

explicitly consider important effects such as density stratification in

the vertical direction or the induction effect which would be due to

interstellar turbulence (Ruzmaikin, Sokolov & Shukurov 1988).

Equation (1) is solved using a finite volume approach. The method

is described in details by Teyssier, Fromang & Dormy (2006): it uses

the MUSCL–Hancok upwind method. The solenoidal character of

the magnetic field B is maintained through the constrained trans-

port algorithm (Yee 1966; Evans & Hawley 1988). We rely here on

the so-called pseudo-vacuum boundary conditions for the magnetic

field. This corresponds to imposing B × n = 0 at all boundaries of

the computational domain. These boundary conditions are not fully

realistic, but they are often used in parametrized models of galac-

tic dynamos and simple to implement. These boundary conditions

are known to modify quantitative results (such as the threshold

value for dynamo action) but not the global qualitative solution

(Gissinger et al. 2008). We now turn to a detailed description of the

velocity field being used. It is the sum of two terms: rotation around

the vertical axis and modification of the flow by superbubbles. In

1 We could have adopted alternative definitions of the Reynolds number, for

example Rm′ = μ0σHVs/2, where Vs is the sound velocity, which is equal

to the terminal velocity of the superbubbles (see later in the text). With this

definition, Rm′ = Rm/200 and the maximum value achieved in this work

would be Rm′ = 500.

our simulations, we use the following prescription for the rotation:

U = U0 eφ , with a constant U0. This is a good approximation since

the angular velocity is observed to be roughly proportional to 1/r in

galaxies. The effect of supernova explosions is more subtle to im-

plement. We decided to consider the effect of superbubbles only and

ignore here isolated supernovae, as the energy input of the former is

largely dominant (Ferriere 1998). Considering superbubbles rather

than smaller isolated supernovae yields larger scales which directly

translate into resolutions affordable with modern days computing

resources. Let us consider first the explosion of one superbubble, in

a local spherical coordinate system (r′, θ ′, φ′). Following the work

of Ferriere (1998), we work under the simplifying assumption that

each explosion remnant has a perfectly spherical shape. We thus

use the simple radius evolution law (Weaver et al. 1977):

r ′
sb = Atν . (2)

During the expansion of each superbubble, the rotation of the galaxy

yields a Coriolis force which tends to deflect the initially radial

expansion and create cyclonic motions. This is an essential step

in classical mean field α–ω description of the galactic dynamo

(Ferriere 1998). This Coriolis effect can be evaluated by solving the

equation of gas motion:

∂v

∂t
= Fe − 2� × vr ′ , (3)

where Fe is a force leading to the radial expansion described by

equation (2). Integrating equation (3) in the radial direction leads

to the expansion equation (2). The azimuthal velocity is obtained

by integrating the equation (3) in the azimuthal direction. In doing

so, we made the approximation that the Coriolis force on the super-

bubble is only due to the radial expansion of the shell. Inside the

superbubble, we assume a linear variation of velocity in radius. An

important parameter is r′
c, the critical size reached by the superbub-

ble, for which the pressure in the cavity becomes comparable to that

of the surrounding medium. At this point, we consider that the bub-

ble merges with the interstellar medium. This situation generally

occurs when the radial velocity of the shell becomes comparable to

the velocity of sound in the medium. In our modelling, this critical

velocity numerically determines the end of existence of a super-

bubble. The velocity field associated with a superbubble therefore

vanishes when the radial velocity reaches this critical velocity vc.

This radial expansion and the associated Coriolis force totally deter-

mine the flow at small scales. In most observed galaxies, the spatial

distribution of explosions in the galaxy is rapidly decreasing away

from the mid-plane of the disc. For simplicity, we will assume here

that all explosions occur in the mid-plane only, but with random

position in the disc. In actual galaxies, there is a large observed

dispersion of data about superbubbles, yet averaged values for the

explosions rate of superbubbles are f 0 = 4.5 × 10−7 kpc−2 yr−1

(Elmegreen & Clemens 1985). Such parameters, however, are still

out of reach of present computations (especially because of the high

explosion rate which implies large numbers of superbubbles to be

handled at the same time). We use here a lower rate of superbubbles,

but more powerful explosions, thus leading to a similar helicity in-

put. In the simulations reported here, f = f 0/50, r′
c = 0.4, A = 0.35

and ν = 0.6. This corresponds to about 150 superbubbles expand-

ing in the galactic disc at a given time in the simulations. In some

cases, we will also take into account a downward flow. Due to the

simplicity of our model, this velocity could be attributed to turbu-

lent diamagnetism (Sokoloff & Shukurov 1990) or to the galactic

fountain mechanism (Shapiro & Field 1976; Bregman 1980). As

an attempt to describe these effects, we add the following vertical

C© 2009 The Authors. Journal compilation C© 2009 RAS, MNRAS 394, L84–L88
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velocity to the flow:

vz(z) =
−γ z

√
2π2β

e−z2/2β2

. (4)

It is antisymmetric with respect to the mid-plane and vanishes for

z = 0. Moreover, the infall velocity decreases far away from the

mid-plane. The parameter β controls the extension of the infall re-

gion and we use here β = r′
c/3 so that the maximum of the infall

is near the region where superbubble explosions tend to accumu-

late the matter. γ is a free parameter controlling the amplitude of

the vertical velocity. We will use γ = 0.03 throughout this Letter

corresponding to a typical velocity of 6 km s−1. Despite the simpli-

fications implied by working in the kinematic regime, large spatial

resolutions are still needed in order to correctly describe the evolu-

tion of the superbubbles at small scales. In the runs presented here,

we used a resolution of Nr = 200, Nφ = 640 and Nz = 36.
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Figure 1. Growth rate of the magnetic energy as a function of the magnetic

Reynolds number. Black circles correspond to simulations without infall

(γ = 0), whereas the filled red square corresponds to a simulation with

γ = 0.03.

Figure 2. Field lines of the magnetic field (blue) are represented for Rm = 7000. Both the spiral structure of the magnetic field and its quadrupolar symmetry

can be identified. Isosurface corresponding to 1 per cent of the peak kinetic energy is also represented (red).

3 R ESULTS

3.1 General features

We performed simulations for seven different magnetic Reynolds

number ranging from Rm = 100 to 105 (this would correspond to

Rm′ between 0.5 and 500). We choose to stop the simulations after

a few resistive times, when the growth rate of the magnetic energy is

statistically invariant and the exponential growth is well established.

For all of these simulations, we measure the growth rate of

the magnetic energy. It is displayed on Fig. 1 as a function of

the magnetic Reynolds number, Rm. It is negative when the mag-

netic Reynolds number, Rm, is smaller than Rmc ∼ 500. It is positive

for larger Rm, indicating exponential amplification in that case. For

Rm = 105, the growth rate is σ = 0.6 Gyr−1. Such growth times are

comparable to the ones obtained by Gressel et al. (2008), although

they seem to be larger in our case.

The result of a typical simulation (Rm = 105) once the exponen-

tially growing phase is reached is illustrated in Fig. 2, which shows

simultaneously the structure of the magnetic field and that of the

flow. Many superbubbles (red isosurfaces) are present at a given

time in the model. We also show field lines (plotted in blue) of the

magnetic field. The observed magnetic structure is the results of the

combined effects of the superbubble explosions and the differential

rotation of the disc. The coloured slice shows the magnetic energy

in the equatorial plane. It is strongly fluctuating due to the compli-

cated nature of the flow. The overall topology of the magnetic field

is complex. We now turn to a detailed study of its structure.

3.2 Structure of the magnetic field

The structure in the (r, φ) plane is complicated and varies with the

altitude z. Fig. 3 shows the magnetic field in the mid-plane of the

galaxy (the solid lines represent field lines projected in this plane

and the colour code indicates the strength of Bz).

In the mid-plane, the field is organized in a spiral structure. The

sign of Bφ is constant along the radial direction. Near the axis of

C© 2009 The Authors. Journal compilation C© 2009 RAS, MNRAS 394, L84–L88
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Figure 3. Structure of instantaneous magnetic field in (r, φ) plane in the

mid-plane of the galaxy at z = 0. Magnetic field lines projected in the (r, φ)

plane are represented by black lines and the colour code reflects the strength

of Bz.

rotation of the disc, the azimuthal field largely dominates all others

components, but rapidly goes to zero at the inner boundary in order

to satisfy the boundary conditions. At larger radii, the vertical field is

negligible while Bφ and Br are now comparable. Their relative value

is given by the magnetic pitch angle defined as pB = atan(Br/Bφ).

It is remarkable that, despite the fact that numerical parameters are

far from actual values, pB is very close to the observations: except

near the unrealistic boundaries of the domain, the pitch angle is,

in general, close to −15◦, which is in agreement with the range

[−30◦, −10◦] observed in real galaxies (Shukurov 2007). An av-

erage of the pitch angle in radius from r = 0.2 to 0.8 gives pB ≃
−15◦. This is also in agreement with Gressel et al. (2008) although

smaller, as they report a pitch angle around −10◦.

At higher altitudes, the structure of the field is much more com-

plicated. By increasing z, we observe that Bφ can change sign. We

always observe opposite sign of Bφ between the mid-plane (z = 0)

and the halo (z = +z0) (see Fig. 4). At intermediate altitudes, Bφ

can also reverse sign along the radial direction itself, as it is shown

in Fig. 5.

While the structure in the (r, φ) plane is not very sensitive to the

resistivity, the magnetic field in the (r, z) plane presents different

behaviours depending on the value of the Reynolds number, Rm,

as shown in Fig. 6. A quadrupolar structure is ubiquitous in all

simulations but the location of the magnetic loops does depend on

Rm. Indeed, the effect of superbubbles is located near the mid-

plane and produces strong expulsion of magnetic field in the halo of

the galaxy. For weak Rm, the magnetic resistivity counteracts this

effect through vertical diffusion. For larger Rm, the weak magnetic

resistivity cannot balance anymore the strong vertical expulsion

of magnetic field due to multiple explosions. As a consequence,

the quadrupole becomes unrealistically confined to the halo of the

galaxy (Fig. 6c), far from the active region. Although the creation of

this external shell does not totally inhibit dynamo action, it clearly

decreases the magnetic growth rate.

Figure 4. Magnetic field just before the top of the domain. Note that the

magnetic field is smooth due to the weak effect of the superbubbles at this

altitude. The sign of Bφ is reversed compared to the mid-plane.

Figure 5. Magnetic field at z = z0/2. Note that Bφ changes sign when the

radius is increased.

3.3 Effect of vertical infall

This behaviour indicates how the diffusion of magnetic field can

play two opposite roles: on one hand, it is obviously defavourable

to dynamo action by increasing resistivity in the induction equa-

tion. On the other hand, diffusion can be favourable by preventing

magnetic flux expulsion away from the mid-plane region where the

small-scale flow is important. However, for weak resistivity (as is

the case in real galaxies), superbubbles expel the magnetic field out

of the active region of galactic disc, thus inhibiting dynamo action.

C© 2009 The Authors. Journal compilation C© 2009 RAS, MNRAS 394, L84–L88
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Figure 6. Magnetic structure of φ-averaged magnetic field in the (r, z) plane

for: Rm = 1000 (a), Rm = 3000 (b) and Rm = 104 (c and d). Flux expulsion

is clearly visible on plot (c). Plot (d) corresponds to a simulation including

vertical infall. Flux expulsion can thus be counteracted.

In that case, adding a vertical inflow by using equation (4) proved

to be an essential ingredient to dynamo action. This vertical flow

indeed pumps the magnetic field from the halo to the mid-plane,

which increases considerably the growth rate of magnetic energy.

For Rm = 104, for example, the growth rate increases from σ =
0.7 Gyr−1 without inflow to σ = 1.4 Gyr−1 with vertical inflow

(filled red square on Fig. 1). As seen on Fig. 6(d), the magnetic field

structure is again quadrupolar in that case and spread out over the

whole galaxy.

4 C O N C L U S I O N

We have shown that according to our simple model, it is possible

to perform numerical simulations of the galactic dynamo without

the need for a mean field formalism. We thus avoid assumptions in

the scale separation and can control more rigorously the origin of the

source term in the induction equation. Our simulations yield mag-

netic field with two main characteristics: a quadrupolar symmetry

in the (r, z) plane and a roughly axisymmetric spiral configuration

in the (r, φ) plane. Both characteristics are in good agreement with

observations and confirm previous studies that used a mean field

approach. A detailed study of the magnetic field topology shows

a complicated structure, with reversals of Bφ along the radial or

vertical directions. Another interesting features of this work are the

paradoxical role of superbubbles in the limit of very weak magnetic

diffusion. Indeed, the turbulent flow due to explosions is, with the

differential rotation, an essential ingredient of the α–ω dynamo but

also inhibits dynamo action by confining the magnetic field in the

halo of the galaxy. In this context, the vertical inflow of interstellar

gas appears as the third main ingredient needed for dynamo action.

The downward flow observed in galaxies could thus be an essential

mechanism of galactic dynamo theory.
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Abstract – We study the effect of different boundary conditions on the kinematic dynamo
threshold of von Kármán type swirling flows in a cylindrical geometry. Using an analytical test
flow, we model different boundary conditions: insulating walls all over the flow, effect of sodium
at rest on the cylinder side boundary, effect of sodium behind the impellers, effect of impellers
or side wall made of a high-magnetic-permeability material. We find that using high-magnetic-
permeability boundary conditions decreases the dynamo threshold, the minimum being achieved
when they are implemented all over the flow.

Copyright c© EPLA, 2008

Dynamo action, i.e., self-generation of magnetic field
by the flow of an electrically conducting fluid, is at the
origin of planetary, stellar and galactic fields [1]. Fluid
dynamos have been observed only recently in laboratory
experiments in Karlsruhe [2] and Riga [3] by geometri-
cally constraining the flow lines in order to mimic laminar
flows that were known analytically for their dynamo effi-
ciency [4]. More recently, the VKS experiment displayed
self-generation in a less constrained geometry, e.g. a von
Kármán swirling flow generated between two counter-
rotating impellers in a cylinder [5]. However, until now,
dynamo action in the VKS geometry has been found only
when the impellers are made of soft iron. It is thus of
primary importance to understand how the dynamo prob-
lem is modified by the presence of magnetic material at
the flow boundaries. We address this problem here using
a kinematic dynamo code in a cylindrical geometry. Two
important approximations are made to simplify the study.
First, an analytic test flow that mimics the geometry of the
mean flow of the VKS experiment is considered. Second,
the magnetic boundary conditions are taken in the limit of
infinite magnetic permeability of the boundaries compared
to the one of the fluid. This seems a reasonable approxi-
mation for soft iron compared to liquid sodium. Our main

(a)E-mail: christophe.gissinger@lps.ens.fr

result is that the critical magnetic Reynolds number,Rmc,
for dynamo generation is significantly decreased with
boundaries of high magnetic permeability all over the flow.
The VKS experimental set-up is sketched in fig. 1. A

turbulent von Kármán flow of liquid sodium is generated
by two counter-rotating impellers (rotation frequencies
F1 and F2). The impellers are made of iron disks of radius
154mm, fitted with 8 iron blades of height 41.2mm, and
are placed 371mm apart in an inner cylinder of radius
206mm and length 524mm. It is surrounded by sodium
at rest in another concentric cylindrical vessel, 578mm
in inner diameter. This has been shown to decrease the
dynamo threshold in kinematic computations based on the
mean flow velocity [6]. When the impellers are operated
at equal and opposite rotation rates F , a statistically
stationary magnetic field is generated above a magnetic
Reynolds number Rm ∼ 30 [5]. The large-scale field
involves an azimuthal component and a poloidal one
which is dominated by an axial dipole. This geometry has
been understood with a simple α−ω dynamo model [7]
by taking into account the helical nature of the flow that
is ejected by the centrifugal force close to each impeller
between successive blades. Relying on the mean flow alone
to compute the kinematic dynamo, smoothes out these
non-axisymmetric velocity fluctuations and thus cannot
generate an axisymmetric field according to Cowling
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Fig. 1: Sketch of the VKS experiment [5]. The inner and outer
cylinders are made of copper (in gray). The dimension are given
in millimeter (left) and normalized by the radius of the inner
cylinder (right).

theorem. A non-axisymmetric field is obtained, domi-
nated by an equatorial dipole [6,8].
When the disks are counter-rotating at the same

frequency, the structure of the mean flow (averaged
in time) has the following characteristics: the fluid
is ejected radially from the disks by the centrifugal
force and loops back towards the axis in the mid-plane
between the impellers. A strong differential rotation
is superimposed on this poloidal flow, which generates
a high shear in the mid-plane. We approximate the
experimental configuration with impellers of radius R
(i.e. extending up to the inner cylinder boundary). We
use cylindrical coordinates (s, φ, z). In this cylindrical
domain ([0, 1]× [0, 2π]× [−1, 1]), the flow is well described
by the following analytical expression:

u=∇× (ψ eφ)+ sω eφ , (1a)

with angular velocity ω and recirculation ψ, respectively,
given by

ω= 4 ε (1− s) sin
(

π
2 z
)

, (1b)

ψ=
s

2
(1− s)

2
(1+2s) sin (πz) . (1c)

This flow has been shown to generate a similar kinematic
dynamo as the one computed using the experimentally
measured mean flow [9]. In the above expression, ε is a
parameter controlling the ratio between the poloidal and
toroidal components of the flow. We take ε= 0.7259 as
in previous numerical studies using this flow, in order
to minimize the critical magnetic Reynolds number for
dynamo threshold [9,10].
Although we are aware that the experimentally observed

dynamo cannot be captured with a kinematic calculation
using the mean flow alone, we use this simple model here
in order to study the effect of the magnetic boundary

conditions on the dynamo threshold. We hope that
the qualitative behaviors will be unchanged with other
dynamo modes in the presence of a turbulent flow.
We perform direct numerical simulations of kinematic

dynamos, solving the induction equation governing the
evolution of the solenoidal magnetic field B,

∂B

∂t
=Rm∇× (u×B)+∆B , (2)

written in dimensionless form, using the diffusive
timescale. The magnetic Reynolds number Rm is defined
as Rm= µ0σRUmax, where R is the cylindrical radius of
the domain of the flow defined by (1a–c) and Umax is the
peak velocity of the flow.
Equation (2) with the flow given by (1a–c) is solved

using a finite volume code adapted from [11]. To circum-
vent the severe CFL restriction induced by cylindrical
coordinates, we ensure numerical stability near the axis
using a low pass Fourier filter in the φ-direction. Also a
centered second-order scheme has been preferred fo to an
up-wind scheme to discretize the inductive term, as resis-
tive effects are here important enough to regularise the
solution. As in [11], we ensure that ∇ ·B = 0 is exactly
satisfied using a constraint transport algorithm. The finite-
volume solver is fully three-dimensional. We have not
used the decoupling of Fourier modes in the φ-direction.
The initial magnetic field obviously needs to satisfy
the divergence-free constraint as well as the boundary
conditions. In practice, an arbitrary divergent free field is
initialized away from all boundaries.
We investigate several types of magnetic boundary

conditions. The classical approach is to use insulating
boundaries, matching the internal magnetic field to
the vacuum magnetic potential. The continuity of the
magnetic field results in a non-local set of boundary
conditions, which can be expressed via a “Neumann to
Dirichlet” operator. We rely here on such an approach,
using the boundary element formalism, as introduced
in [12].
We investigate the effects introduced by using ferro-

magnetic boundaries. This boundary condition can be
expressed in a local form in the limit of infinite perme-
ability. Jump conditions at a boundary between media of
different magnetic permeability are well established

B ·n|2 =B ·n|1 , (3)

B×n|2 =
µ2

µ1
B×n|1 , (4)

where subscripts 1 and 2 denote the two different regions
and n is normal to the boundary. Ferromagnetic disks yield
µ≫ µ0, one can therefore reasonably approximate these
jump relations, by using boundary conditions on the fluid
side of the form

B×n= 0 . (5)

This set of boundary conditions trivially implies that
normal currents vanish.

29001-p2



Effect of magnetic boundary conditions on the dynamo threshold of von Kármán swirling flows

We will consider the effect of iron disks in two different
ways. The first, and probably simpler, approach is to
assume that the field is normal to the disks, namely

B× ez = 0 , (6)

on the top and bottom of the cylinder. This boundary
condition is well known in magnetohydrodynamics, in
particular in the astrophysical community, and is sufficient
to close the system of equations we investigate. Another,
and more subtle approach, allows to take into account the
effect of the blades on the disks. Assuming that the field
becomes normal to radial blades as it approaches the end
of the cylinder yields

B× eφ = 0 . (7)

This is an extremely simplified approach which does not
take into account each individual blade, but accounts for
their average effect on the large-scale field. This set of
boundary conditions is far less common, and deserves
some care to ensure it provides the required constraints
on the field. The solenoidal nature of the magnetic field
(∇ ·B = 0), together with the fact that Bs is identically
zero on the boundary, then imply

∂Bφ

∂φ
=−s

∂Bz

∂z
. (8)

This yields the solvability condition

∮ 2π

0

∂Bz

∂z
dφ= 0 . (9)

As the flow we consider here is axisymmetric, modes in the
φ-direction decouple, and we know from Cowling’s theo-
rem that the magnetic eigenmode cannot be axisymmetric.
The solvability condition is therefore obviously satisfied
(this would not be the case for a non-linear simulation).
For non-axisymmetric modes, one can write

∮ 2π

0

Bφ dφ= 0 , (10)

which together with (8) determines the Bφ field
completely. The numerical implementation is twofold, we
first compute

B′φ(φ) =−s

∮ φ

0

∂Bz

∂z
dφ , (11)

up to an arbitrary constant. Then we correct this function
setting by the constant to meet (10).
This implementation is mathematically consistent and

maintains the divergence-free property of the magnetic
field. We shall, however, stress again that this very ideal-
ized condition can only be used here because the modes
decouple in the azimuthal direction and the axisymmetric
mode cannot be unstable.

Fig. 2: The magnetic eigenmode obtained with potential
boundary conditions. The rotation axis is vertical. An iso-
surface of the magnetic energy (25% of the maximum value) is
represented on the left. Magnetic-field lines are plotted on the
right.

The convergence of the numerical implementation has
been carefully validated comparing simulations at different
resolutions. We report results obtained with a resolution
of 200× 200× 256 points. When an additional domain of
sodium at rest is included, we use the same resolution in
the inner flow domain defined by (1a-c), which leads for the
full domain to 240 points in the radial direction and 250
points in the z-direction to maintain a uniform accuracy.
As in previous studies, all simulations yield magnetic

eigenmodes with an m= 1 azimuthal symmetry. The
structure of this eigenmode essentially corresponds to an
equatorial dipole. This mode is represented in fig. 2.
Previous numerical studies [13,14] compared the thresh-

old values in configurations including and excluding the
effect of fluid behind the disks. We reproduce here a simi-
lar behaviour of the threshold: using insulating boundary
conditions directly on the disks yields a threshold value
Rmc = 63. This last value is in good agreement with [14].
Adding a layer of thickness 0.25 of fluid at rest between
each disk and insulating boundaries increases the dynamo
onset up to Rmc = 72. This is illustrated in fig. 3. Simula-
tions, not discussed here, show that if the sodium behind
the disks is not at rest, the threshold is even further
increased.
When we consider the case of ferromagnetic disks, the

threshold for dynamo action is Rmc = 60.5 for a magnetic
field normal to the disks and Rmc = 58 for a magnetic
field in the φ-direction. These two thresholds are very
close and lower than in the case of a potential field (see
also fig. 3). We thus observe that the high-permeability
boundary condition on the disks appears to do more than
just screening the inhibition of electromagnetic induction
due to the flow behind the disks.
Implementation of a cylindrical layer of sodium at rest

on the side can easily be included in the simulations. Since
all electrical quantities are continuous, and in particular
there is no jump in the conductivity, this does not involve
any extra boundary condition. In some sense, the model
assumes a continuous fluid whose velocity field goes to
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Fig. 3: Growth rate of the magnetic field as a function of Rm
for different types of boundary conditions. We can see that
replacing sodium at rest behind the disks by vacuum leads to
a reduction of the dynamo threshold. Moreover, ferromagnetic
conditions lead to additional reduction of threshold (about
10% for azimuthal conditions). Note that using high-magnetic-
permeability boundary conditions on the disks but also on the
side yields the best configuration, with an onset at Rmc = 41.5.

Table 1: Dynamo thresholds for different types of boundary
conditions on the disks and on the sides of the cylinder. Bn and
Bφ denote ferromagnetic boundaries (respectively, normal to
the disks and normal to the blades), −∇Φ denotes the vacuum
condition and Na indicates the presence of a layer of sodium
at rest between the flow and the boundary. For the disks, cases
Na &Bφ , Na &Bn or Na&−∇Φ correspond to the presence of
a layer of sodium at rest, outside which the relevant boundary
condition is applied. The sodium lies behind the disks, and the
boundary conditions are implemented on the lids.

!
!

!
!

!
!

!!
Disks

Side
Na &Bn Bn Na&−∇Φ −∇Φ

Bφ 39 41 45 58
Bn 40 41.5 45.5 60.5
−∇Φ 44 43.5 48.5 63
Na &Bφ 46 47 53 71
Na &Bn 47 47.5 53.8 71.5
Na&−∇Φ 47.5 48 54.7 72

zero outside a given domain. Table 1 reports critical para-
meters calculated for different combinations of boundary
conditions on the side and on the disks. The sodium at
rest leads to an important reduction of dynamo thresholds
when it is added on the side. It is known [10,13,14] that
this effect increases with the width of the layer, but satu-
rates relatively rapidly. In all the simulations presented,
the width of the layer of sodium at rest on the side is set
to 0.4 in order to study a configuration close to the VKS
experiment. This positive impact on the onset appears to
be independent of the boundary conditions on the disk.
Finally, observing the strong effect produced by ferro-

magnetic disks, it is tempting to investigate the effect of

high-permeability material for the entire vessel. We thus
perform simulations for which the magnetic field is normal
to all boundaries (see fig. 3). This configuration appears
to be the most efficient and it leads to a critical magnetic
Reynolds number Rmc = 41.5. It is clear from table 1 that
in the presence of sodium at rest, ferromagnetic bound-
aries still yield a strong reduction of the onset, despite
the fact that the boundary is now remote from the flow
domain. No significant modification of the global magnetic
structure can be observed in our simulations when we
compare ferromagnetic and vacuum boundary conditions.
The magnetic eigenmodes in the bulk are similar with both
sets of boundary conditions.
The effect of the electrical conductivity of the bound-

aries on the dynamo threshold has been studied since a
long time [15]. It has been shown that the addition of a
layer of electrically conducting fluid at rest around the
flow can either decrease or increase the threshold [16].
This has also been observed in the case of von Kármán
flows, depending on the location of the layer at rest [13,14].
Thus, general rules for the dependence of the dynamo
threshold on the electrical conductivity of the boundary
do not seem to exist. Such may not be the case with the
magnetic permeability of the bounding domain. Previous
studies on the Ponomarenko dynamo with high-magnetic-
permeability boundaries have displayed a decrease of
the threshold [17,18]. A similar improvement has been
observed in the case of convectively driven dynamos [19].
In the present study, we find that boundaries with a
high magnetic permeability always decrease the dynamo
threshold whatever their location.
Two important aspects of the VKS experiment are

not taken into account in the present study. First, the
magnetization of iron can lead to an additional amplifying
factor of the dynamo as discussed in [7]. However, the
coercitive field of pure iron being much smaller than
the fields generated by the dynamo, the iron disks do
not impose any permanent magnetization. Reversals of
the generated magnetic field are indeed observed [20].
Second, the geometry of the magnetic field generated in
the VKS experiment differs from the one computed from
the axisymmetric mean flow. Non-axisymmetric velocity
fluctuations generate a poloidal field with a dominant axial
dipole, together with a strong azimuthal component. Thus
the poloidal field is roughly normal to the disks, whereas
the toroidal field is normal to the blades. It would therefore
be of interest to check whether the dynamo threshold can
be reached by using only ferromagnetic disks or blades.
These two cases would correspond respectively to our
boundary conditions (6) and (7).
Another interesting set of modifications suggested by

this numerical study, would be to replace the copper side
wall by a ferromagnetic one in the VKS experiment. If the
experimentally realised dynamo mode behaves similarly
to the simulations, we expect the threshold to be even
lower in such configuration than that associated with only
ferromagnetic disks and blades.
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We present a numerical study of the magnetic field generated by an axisymmetrically forced flow in a

spherical domain. We show that, even in the absence of nonaxisymmetric velocity fluctuations, a mean

magnetic field with a dominant axisymmetric dipolar component can be generated via a secondary

bifurcation from an equatorial dipole. We understand the dynamical behaviors that result from the

interaction of equatorial and axial dipolar modes using simple model equations for their amplitudes

derived from symmetry arguments.
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It is strongly believed that magnetic fields of planets and

stars are generated by dynamo action, i.e., self-generation

of a magnetic field by the flow of an electrically conducting

fluid [1]. Planets and stars being rapidly rotating, axisym-

metric flows about the axis of rotation have been consid-

ered in order to work out simple dynamo models [2]. A

major setback of the subject followed the discovery of

Cowling’s theorem, which stated that a purely axisymmet-

ric magnetic field cannot be maintained by dynamo action

[3]. However, it has been shown that magnetic fields with a

dominant axisymmetric mean part can be generated when

nonaxisymmetric helical fluctuations are superimposed to

a mean axisymmetric flow [4]. This has been recently ob-

served: a turbulent swirling von Kármán flow (VKS) driven

by two counterrotating coaxial impellers in a cylindrical

container, self-generated a magnetic field with a dipole

mean component along the axis of rotation [5]. This has

been ascribed to an alpha effect due to the helical nature of

the radially ejected flow along the two impellers [6].

In this Letter, we show that there exists another mecha-

nism for bypassing the constraint imposed by Cowling’s

theorem, without the help of nonaxisymmetric turbulent

fluctuations. The mechanism is as follows: the primary

dynamo bifurcation breaks axisymmetry in agreement

with Cowling’s theorem. Then, the Lorentz force generates

a nonaxisymmetric flow component which can drive an

axisymmetric magnetic field through a secondary bifurca-

tion. We show that direct numerical simulations confirm

this scenario and that the two successive bifurcation thresh-

olds can be very close in some flow configurations. The

existence of two competing instability modes, the axial and

equatorial dipoles, can lead to complex dynamical behav-

iors. Using symmetry arguments, we write equations for

the amplitude of these modes that are coupled through the

nonaxisymmetric velocity component. We show that the

observed bifurcation structure and the resulting dynamics

can be understood in the framework of this simple model.

We first numerically integrate the MHD equations in a

spherical geometry for the solenoidal velocity v and mag-

netic B fields,

@v

@t
þðv $rÞv¼!r!þ"!vþfþ

1

#0$
ðB $rÞB; (1)

@B

@t
¼ r' ðv' BÞ þ

1

#0%
!B: (2)

In the above equations, $ is the density, " is the kinematic

viscosity, #0 is the magnetic permeability, and % is the

electrical conductivity. The forcing is f ¼ f0F, where

F& ¼ s2 sinð!sbÞ, Fz ¼ " sinð!scÞ, for z > 0, using polar

coordinates (s, &, z) (normalized by the radius of the

sphere a) and opposite for z < 0. F& generates counter-

rotating flows in each hemisphere, while Fz enforces a

strong poloidal circulation. The forcing is only applied in

the region 0:25a < jzj< 0:65a, s < s0. In the simulations

presented here, s0 ¼ 0:4, b!1 ¼ 2s0, and c!1 ¼ s0. This
forcing has previously been introduced to model the me-

chanical forcing due to coaxial rotating impellers used in

the Madison experiment [7]. Although performed in a

spherical geometry, this experiment involves a mean flow

with a similar topology to that of the VKS experiment.

Such flows correspond to s2 þ t2 flows in the Dudley and

James classification [2], i.e., two poloidal eddies with

inward flow in the midplane, together with two counter-

rotating toroidal eddies. We solve the above system of

equations using the PARODY numerical code [8], originally

developed in the context of the geodynamo (spherical

shell). We have modified the code to make it suitable for

a full sphere. The maximum resolution used here is 500

points in the radial direction, and a spherical harmonic

decomposition truncated at l, m< 64. We use the same

dimensionless numbers as in [7], the magnetic Reynolds

number Rm ¼ #0%amaxðjvjÞ, and the magnetic Prandtl

number Pm ¼ "#0%. The kinetic Reynolds number is then

Re ¼ Rm=Pm.

The dynamo threshold Rmc is displayed as a function of

Re in Fig. 1(a). Negative Re corresponds to a flow that is

reversed compared to the VKS configuration, i.e., directed
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from the impellers to the center of the flow volume along

the axis and radially outward in the midplane. This corre-

sponds to reversing the sign of the component Fz of the

forcing term in the simulations. For small enough Re, the

flow is laminar and axisymmetric. A magnetic field with a

dominant equatorial dipole mode m ¼ 1 is generated first

[red (or gray) curve and left inset of Fig. 1(a)]. It breaks

axisymmetry as expected from Cowling’s theorem. This

dynamo mode is similar to that obtained in cylindrical

geometry, as illustrated in Fig. 1(b).

For jRej larger than about 300, the flow becomes turbu-

lent and the equatorial dipole is then replaced by a domi-

nant axisymmetric mode m ¼ 0. Its threshold increases

with jRej in the parameter range of the simulations [blue

(or dark gray) curve and right inset of Fig. 1(a)]. These

results are in agreement with [7]. It is remarkable that the

axial dipole observed in the VKS experiment and ascribed

to nonaxisymmetric fluctuations [6] can also be obtained in

the present simulations even though the level of fluctua-

tions is much smaller (the parameter range realized in the

experiment being, by far, out of reach of present computer

models).

In addition, an axisymmetric magnetic field can also be

generated at very low Re through a secondary bifurcation

from the equatorial dipole when Rm is increased [black

curves and top left inset of Fig. 1(a)]. The bifurcation

diagram of Fig. 2 helps to understand the mechanism by

which this axisymmetric magnetic field is generated. One

can observe that the equatorial dipole first bifurcates super-

critically for Rm ¼ 88 when Re ¼ 122. The backreaction
of the Lorentz force is twofold. First, it inhibits the axi-

symmetric velocity field, which decreases [orange (or light

gray) curve in Fig. 2]. Second, and more importantly, it

drives a nonaxisymmetric m ¼ 2 velocity mode [blue (or

dark gray) curve in Fig. 2]. Once the intensity of this flow

becomes strong enough, it yields a secondary bifurcation

of the axisymmetricm ¼ 0 field mode. This is achieved for

Rm ¼ 205 (black curve in Fig. 2). The amplitude of the

equatorial dipole decreases immediately after this second-

ary bifurcation. We observe that the m ¼ 0 mode vanishes

at higher Rm and then grows again above Rm ¼ 425.
Although the amplitude of the equatorial and axial modes

behave in a complex manner as Rm is increased, we

observe that they are anticorrelated, thus showing that

they inhibit each other through the nonlinear couplings.

For Re< 0, Fig. 1(a) shows that the primary and sec-

ondary bifurcations occur in a much narrower range of Rm.

The equatorial dipole mode is then close to marginal

stability when the axial one bifurcates, and their nonlinear

interactions lead to complex time dependent dynamics

close to threshold as displayed in Fig. 3. The equatorial

mode [red (or gray) curve] is generated first and saturates,

but it drives the axial mode (black curve) through the

nonaxisymmetric part of the velocity field. The axial dipole

then inhibits the equatorial one that decays almost to zero.

As a result, the flow is no longer driven away from axi-

symmetry by the Lorentz force. The axial dipole thus

decays and the process repeats roughly periodically. We

observe that during one part of the cycle, the magnetic field

is almost axisymmetric. It involves a strong azimuthal field

together with a large vertical component near the axis of
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FIG. 1 (color online). (a) Stability curves Rmc ¼ fðReÞ ob-

tained with direct numerical simulations. In red (or gray): onset

of the m ¼ 1 (equatorial dipole) dynamo mode; in black: non-

linear threshold of the m ¼ 0 (axisymmetric) mode; in blue (or

dark gray), the turbulent mode emerging from velocity fluctua-

tions. The corresponding magnetic structures are represented

using magnetic field lines. The top right inset, involving a very

fluctuating magnetic field, has here been averaged over two

magnetic diffusion time. (b) Comparison of the magnetic field

(isovalue of the magnetic energy) generated by an axisymmetric

s2þ t2 flow in a cylinder [11] or a sphere.
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rotation, i.e., an axial dipole [see the left inset of Fig. 1(a)].

These relaxation oscillations, present only in the Re< 0
case, occur slightly above the threshold of the secondary

bifurcation of them ¼ 0mode. Their period first decreases

when Rm is increased, but then increases showing a diver-

gence when the relaxation oscillations bifurcate to a sta-

tionary regime, as displayed in Fig. 4. Above this

transition, we observe bistability with the coexistence of

two solutions: a nearly equatorial dipole, with a strong

equatorial component and a weak axial one (labeled M1

in Fig. 4) and a nearly axial dipole (labeled M2).

We will show next that this competition between equa-

torial and axial modes, and the resulting dynamics, can be

understood using a simple model for the amplitudes of the

relevant modes. We thus write

B ðr; tÞ ¼ AðtÞDeqðrÞ þ c:c:þ BðtÞDaxðrÞ þ $ $ $ ; (3)

where DeqðrÞ [respectively, DaxðrÞ] is the eigenmode re-

lated to the equatorial (respectively, axial) dipole. A is a

complex amplitude, its phase describes the angle of the

dipole in the equatorial plane and c.c. stands for the com-

plex conjugate of the previous expression. B is a real

amplitude. As said above, the equatorial dipole (m ¼ 1)
generates a nonaxisymmetric flow through the action of the

Lorentz force. The later depends quadratically on the

magnetic field. This nonaxisymmetric velocity mode of

complex amplitude VðtÞ thus corresponds to m ¼ 2.
Using symmetry arguments, i.e., rotational invariance

about the z axis which implies the invariance of the am-

plitude equations under A ! A expi', V ! V exp2i', and
the B ! !B symmetry, we get up to the third order

_A ¼ #A! V "A! (1jAj
2A! (2jVj

2A! (3B
2A; (4)

_V ¼ !"V þ A2 ! )1jAj
2V ! )2jVj

2V ! )3B
2V; (5)

_B ¼ !*B! +1jAj
2Bþ +2jVj

2B! +3B
3: (6)

# is proportional to the distance to the dynamo threshold.

Clearly "> 0, since the flow is axisymmetric below

threshold. The coefficients of the quadratic terms can be

scaled by an appropriate choice of the amplitudes. The

term A2 represents the forcing of the nonaxisymmetric flow

by the Lorentz force related to the equatorial dipole. V "A
means that rotational invariance for the equatorial dipole is

broken as soon as a nonaxisymmetric flow is generated. We

have fixed its sign so that the bifurcation of the equatorial

dipole remains supercritical8(1 ( 0. The equations for A
and V (with B ¼ 0) are the normal form of a 1:2 resonance
[9] and have been studied in details in other contexts. In

particular, it is known that this system can undergo a

secondary bifurcation for which the phase of A begins to

drift at constant velocity when # reaches a value such that

jAj2 ¼ 2jVj2. This corresponds here to a dipole, rotating at
constant rate in the equatorial plane. Consider now the

equation for the amplitude B of the axial magnetic field.

Taking *> 0 and +3 > 0 ensures that it cannot be gener-

ated alone, in agreement with Cowling’s theorem. The

term jVj2B describes the possible amplification of B
from the nonaxisymmetric velocity field provided that

+2 > 0. Although the system of amplitude Eqs. (4)–(6)

cannot be derived asymptotically from (1) and (2), it

reproduces the phenomenology observed with the direct

simulations for both signs of Re: when # is increased, we

either obtain relaxation oscillations as for Re< 0 (parame-

ters of Fig. 5) or a secondary bifurcation of the axial field as

for Re> 0 (same parameters with +2 ¼ 1). The relaxation
oscillations are displayed in Fig. 5 (left). The model helps

to understand the qualitative features observed in the direct

simulation: for small values of #, it involves a solution

corresponding to an equatorial dipole (A0, V0, B ¼ 0).
When # is increased, the equatorial dipole first undergoes

a pitchfork bifurcation to a mixed mode M ¼ ðA1; V1; B1Þ
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involving a nonzero axial field.M then bifurcates to a limit

cycle that displays a relaxation behavior, slowing down in

the vicinity of M and O, as its amplitude increases (see

Fig. 5).

Let us note that this relaxation behavior extends to a

large domain of the parameter space, in particular, it is very

robust to a modification of the linear coefficients #, ", *.

However the model does not describe the transition from

the limit cycle to the bistable stationary solutions M1 and

M2 observed at larger values of Rm in the full numerics

(see Fig. 5).

In sodium flows driven by an axisymmetric forcing, such

as the ones used in the VKS [5], Madison and Maryland

experiments [10], one expects a possible competition be-

tween equatorial and axial dynamo modes. Indeed, the

mean flow, if it were acting alone, would generate an

equatorial dipole in agreement with Cowling’s theorem.

Our direct simulations show that a fairly small amount of

nonaxisymmetric fluctuations (compared to the experi-

ments) is enough to drive an axial (m ¼ 0) dipole as

observed in the VKS experiment for the mean magnetic

field. In addition, we show here that even without turbulent

fluctuations, the nonaxisymmetric flow driven by the

Lorentz force related to the equatorial dipole, can generate

the axial one through a secondary bifurcation. The equa-

torial dipole can easily rotate in the equatorial plane, thus

averaging to zero. The axial dipole then becomes the

dominant part of the mean magnetic field.

It is striking that this mechanism that generates an axial

dipole occurs much closer to the dynamo threshold when

we go from the Re> 0 to the Re< 0 flow configuration,

thus when the product of the helicity times the differential

rotation is changed to its opposite value. For Re< 0, the
shear layer in the midplane becomes favorable to an (-!
dynamo as soon as the axisymmetry of the flow is broken.

For Re> 0, the flow near the impellers can play a similar

role but the effect is weaker. This opens interesting per-

spectives for flows that can be used for future dynamo

experiments: an (-! effect driven by the strong vortices

present in the shear layer close to the midplane can be

favored by the Re< 0 configuration. To wit, one can use

either the optimized setup described in [6] or propellers

with the appropriate pitch in the VKS or Madison

experiments.

A competition between the equatorial and axial dipolar

modes could also account for secular variations of Earth’s

magnetic field. It would be interesting to check whether

some features can be described with a low dimensional

model similar to the one used in this study.

Computations were performed at CEMAG and IDRIS.
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Abstract – We present numerical simulations of the magnetic field generated by the flow of liquid
sodium driven by two counter-rotating impellers (VKS experiment). Using a kinematic code in
cylindrical geometry, it is shown that different magnetic modes can be generated depending on
the flow configuration. While the time-averaged axisymmetric mean flow generates an equatorial
dipole, our simulations show that an axial field of either dipolar or quadrupolar symmetry can be
generated by taking into account non-axisymmetric components of the flow. Moreover, we show
that by breaking a symmetry of the flow, the magnetic field becomes oscillatory. This leads to
reversals of the axial dipole polarity, involving a competition with the quadrupolar component.

Copyright c© EPLA, 2009

Introduction. – The dynamo effect is a process by
which a magnetic field is generated by the flow of an
electrically conducting fluid. It is believed to be respon-
sible for magnetic fields of planets, stars and galaxies [1].
Fluid dynamos have been observed in laboratory exper-
iments in Karlsruhe [2] and Riga [3]. More recently,
the VKS experiment displayed self-generation in a less
constrained geometry, i.e., a von Kármán swirling flow
generated between two counter-rotating disks in a cylin-
der [4]. In contrast with Karlsruhe and Riga experiments,
the observed magnetic field strongly differs from the one
computed taking into account the mean flow alone. Previ-
ous simulations, using the mean flow (time averaged) of
the VKS experiment or an analytical velocity field with
the same geometry, predicted an equatorial dipole [5–8] in
contradiction with the axial dipole observed in the exper-
iment. Understanding the geometry of the magnetic field
observed in the experiment is still an open problem. In
addition, time-dependent regimes, including field rever-
sals are observed when the impellers rotate at different
frequencies [9]. No numerical study of this effect have been
performed so far. We address these problems using a kine-
matic dynamo code in a cylindrical geometry. By consider-
ing time-dependent and non-axisymmetric fluctuations of
the velocity field, we show that the system is able to gener-
ate a nearly axisymmetric dipolar field. Another result of
this study is that when the analytic flow mimics two disks
counter-rotating with different frequencies, the system

(a)E-mail: christophe.gissinger@lps.ens.fr

bifurcates to a regime of oscillations between dipole and
quadrupole, illustrating a recent model proposed in [10]
in order to explain reversals of the magnetic field in the
VKS experiment or in the Earth. We will see that an
α−ω mechanism can explain the generation of the axial
field and we understand the transition to oscillations as a
saddle node bifurcation associated with the breaking of a
symmetry in the flow.

Numerical model. – In the VKS experiment, a turbu-
lent von Kármán flow of liquid sodium is generated by
two counter-rotating impellers (with rotation frequencies
F1 and F2). The impellers are made of iron disks of radius
154mm, fitted with 8 iron blades of height 41.2mm, and
are placed 371mm apart in an inner cylinder of radius
206mm and length 524mm. It is surrounded by sodium
at rest in another concentric cylindrical vessel, 578mm
in inner diameter. The magnetic Reynolds numbers are
defined as Rmi = 2πµ0σR

2Fi where µ0 is the magnetic
permeability of vacuum. When the impellers are oper-
ated at equal and opposite rotation rates F , a statistically
stationary magnetic field with either polarity is generated
above Rm ∼ 30 [4]. The mean field involves an azimuthal
component and a poloidal one which is dominated by an
axial dipole.
When the disks are counter-rotating at the same

frequency, the structure of the mean flow (averaged in
time) has the following characteristics: the fluid is ejected
radially from the disks by centrifugal force and loops
back towards the axis in the mid-plane between the
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impellers. A strong differential rotation is superimposed
on this poloidal flow, which generates a high shear in
the mid-plane. Because of the axisymmetry of this flow,
we expect from Cowling’s theorem that an axisymmetric
magnetic field can not be generated. Simulations based
on the mean flow indeed generate a non-axisymmetric
equatorial dipole [5–7]. A better description of the VKS
experiment clearly needs to involve the non-axisymmetric
components of the flow. In this perspective, the geometry
of the experimentally observed field has been understood
with a simple model of an α−ω dynamo [11]. In the
VKS experiment, the strong differential rotation is very
efficient to convert poloidal into toroidal magnetic field,
via an ω effect. In addition, the flow that is ejected by
the centrifugal force close to each impeller is strongly
helical due to the vortices created between the successive
8 blades. This non-axisymmetric helical flow drives an α
effect which converts the toroidal field in a poloidal one.
These two effects have been proposed as being responsible
for the magnetic field generation, which thus results from
an α−ω dynamo. In the present study, we consider an
analytic test velocity u taking into account the time-
dependent m= 8 structure due to the blades as follows:

u=U+∇× (κG) , (1)

where U mimics the mean flow. It is given in cylindrical
coordinates (r, φ, z) by

Ur =−
π

2
r(1− r)2(1+2r) cos (πz), (2)

Uφ =
8

π
r(1− r) arcsin (z), (3)

Uz = (1− r)
(

1+ r− 5r2
)

sin (πz). (4)

The vector potential G describes the non-axisymmetric
fluctuations due to the blades of the disks. A simple way
to represent these vortices is to take:

Gr = [1+ cos (mφ−ω1t)] r sin (πr)e
−ζ(z−1)2(z− 1)

+ [1+ cos (mφ+ω2t)] r sin (πr)e
−ζ(z+1)2(z+1),

(5)

Gφ =−3r
2(1− r)2 (1+2r) z2 sin (πz) cos (mφ±ωit). (6)

In this expression, Gr is related to a flow in the (z, φ)
plane and models the 8 vortices created by the blades of
each disk. These vortices are rotating with the two disks
at angular velocity ω1 and ω2. The Gφ function repre-
sents the φ-modulation of the poloidal mean recirculation
associated with these vortices. The z-dependence of Gr
is parametrized by ζ and determines the extension of the
perturbation close to the disks. The relative intensity of
the mean flow and the non-axisymmetric perturbation is
fixed by the value of κ. Note that the system presents an
important symmetry: the flow is invariant by a rotation of
an angle π around any axis in the equatorial plane. In the

following, we will denote this symmetry by Rπ. In some
simulations, we will describe the situation where one of the
disks is spinning faster than the other one, thus breaking
the Rπ symmetry. As in the symmetric case, there are
several ways to implement this situation in our analyti-
cal velocity, and we take the simplest one. Spinning one
disks faster than the other one is simulated by adding
a global rotation W with recirculation which breaks the
Rπ symmetry. In this case, U become U+CW, withW
defined by

Wr =
π

4
r(1− r)

2
(1+2r) sin (πz/2), (7)

Wφ = 6r(1− r), (8)

Wz = (1− r)
(

1+ r− 5r2
)

cos (πz/2). (9)

This is the mean flow corresponding to the disk at
z =+1 spinning alone. The parameter C thus controls the
deviation from exact counter-rotation (C = 0), and traces
back to the difference between the two disk frequencies
in the VKS experiment. In addition, it is reasonnable to
assume that the non-axisymetric velocity component is
also modified when C $= 0. This is achieved by the simple
transformation ω1 = ω1(1+C) and κ= κ(1+C) for z > 0.
Note that the expression for the velocity used here is

arbitrary, and there are probably several ways to describe
with more accuracy the von Karman flow. However, the
purpose of this study is to show that the structure and
the dynamics of the magnetic field in the VKS experiment
can be easily reproduced by taking into account the main
geometrical properties of the flow, i.e. the vortical struc-
ture near the disks and the breaking of the Rπ symmetry
when the disks counter-rotate at different frequencies.
We perform direct numerical simulations of the kine-

matic dynamo problem, solving the induction equation
governing the evolution of the solenoidal magnetic field B

∂B

∂t
=∇× (u×B)+

1

Rm
∆B, (10)

written in dimensionless form using the advective
timescale. The magnetic Reynolds number Rm is defined
as Rm= µ0σRUmax, where R is the radius of the impellers
and Umax is the peak velocity of the mean flow. The radius
of the cylinder is L= 4R/3 and the total height is H = 2L.
The above system with the flow given in (1) is solved

using a finite-volume code adapted from [12]. A filtering
of high-frequency modes in the φ-direction has been
implemented to circumvent the severe restriction on the
CFL number induced by cylindrical coordinates near
the axis. Also a centered second order scheme has been
prefered to an up-wind scheme as resistive effects are here
important enough to regularise the solution. As in [12],
we ensure that ∇ ·B = 0 is exactly satisfied using a
constraint transport algorithm. The finite-volume solver is
fully three dimensional. Two types of magnetic boundary
conditions are used: insulating boundaries, using the
boundary element formalism as introduced in [13], or
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Fig. 1: (Colour on-line) Evolution of the growth rates of
the magnetic modes when Rm is increased in exact counter-
rotation. For ferromagnetic boundaries, we show the m= 0
axial dipolar mode (circles). Triangles: m= 0 quadrupolar
field. Squares: equatorial dipole. Note the close values of the
onset for dipole and quadrupole. Growth rates with insulating
boundaries are also displayed (dashed lines), showing much
larger onset values for all modes.

ferromagnetic boundaries, by forcing the magnetic field
lines to be normal to the external wall, as used in [7]. In
all cases we do not include sodium at rest around the vessel
or behind the disks.

Structure of the magnetic field. – The convergence
of the numerical implementation has been carefully
validated comparing simulations at different resolutions.
We report results obtained with a resolution of 150× 150×
128. In the simulations presented here, we use ζ = 30 and
κ= 1. This corresponds to vortices of a typical size of 1/5
of the total height of the cylinder, and with a velocity of
the same order than the mean flow. These parameters are
comparable to what is expected in the real experiment. Let
us study first the situation corresponding to the counter-
rotating case. Figure 1 shows the growth rate of different
magnetic modes as a function of the magnetic Reynolds
number. We see that the non-axisymetric flow leads to
the generation of an axisymmetric m= 0 magnetic mode
with a dipolar symmetry, which bifurcates for Rm≈ 34,
using ferromagnetic boundary conditions. Because of the
m= 8 structure in the velocity field, this mode is in fact
associated with a m= 8 magnetic component, growing
at the same rate. However, this small scale structure is
time dependent and averages on a few advective times. In
fig. 1, we see that the first unstable mode is an axial dipole
similar to the mean field observed in the VKS experiment,
and that the quadrupolar mode is also unstable for larger
Rm. The other modes are not unstable in the range of
Rm studied here. In particular, we see that the non-
axisymmetric component of the flow strongly inhibits the
m= 1 equatorial dipole, which bifurcates around Rm= 45
for κ= 0, i.e. with the mean flow alone (see fig. 2, bottom).
In general, the two first axial modes always display similar

Fig. 2: (Colour on-line) Snapshot of the magnetic field lines of
different modes obtained in the numerical simulations. Axial
dipole (top, left), quadrupolar (top, right) and equatorial
dipole (bottom). Observe that the axial modes always involve
m= 8 component.

threshold values, and depending on the parameters of
the flow, the first unstable axisymmetric structure can be
either a dipole or a quadrupole. In the VKS experiment,
a quadrupolar field has never been observed for counter-
rotation of the disks at the same frequency. The different
magnetic structures are represented in fig. 2.
In fig. 3, we represent the radial profiles of the axisym-

metric components of the dipole for Rm= 36, which are
similar to the ones of the mean field observed in the VKS
experiment [14]. These results confirm the mechanism
proposed in [11], which states that the non-axisymmetric
vortices near the disks could be responsible for the
generation of the observed magnetic field. In a recent
α-parametrized mean-field approach, a completely differ-
ent result was found, for which the α term is said to be
several times larger than any realistic value based on the
VKS experiment [15]. Here, our study shows a critical Rm
comparable to the experiment. In addition, the maximum
intensity of the vortices compared to the mean flow, about
a factor 1.5 here for κ= 1, is reasonnable. Figure 1 also
shows the effect of the magnetic boundary conditions on
the dynamo threshold of the different modes. We see that
using ferromagnetic boundary conditions is very efficient
for decreasing the dynamo threshold. For insulating
boundaries, the m= 0 mode bifurcates for Rm= 58,
whereas its threshold is Rm= 34 for ferromagnetic
boundary conditions. Note that in the case of insulating
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Fig. 3: (Colour on-line) Comparison of the numerical simula-
tions (top) and experimental results (bottom). We show the
radial profiles for the 3 components of the axial dipolar field
measured near one of the disks, when the disks counter-rotate
for Rm= 36. Fields have been φ-averaged (simulations) or
time-averaged (experimental data, from [14]).

boundaries, the first unstable mode is a quadrupole, and
the axial dipole bifurcates for Rm= 76. This confirms the
role played by soft iron disks in the experiment: changing
the geometry of the magnetic field lines near the external
wall yields a strong reduction of the instability threshold.
This was already observed with the mean flow alone [7]
and could explain why dynamo action has only been
observed in the VKS experiment when soft iron disks are
used.

Dynamics of the magnetic field for different

rotation rates. – In the VKS experiment, several
dynamical behaviors occur when the rotation rates of the
two disks are differents: periodic oscillations, bursts and
chaotic reversals of the magnetic field have been reported.
When the velocity difference of the disks is increased from
zero, the stationary dipolar field is first modified by the
addition of a quadrupolar component before diplaying a
transition to a time-dependent regime [16].
When the disks counter-rotates at the same frequency,

the flow is invariant under the Rπ symmetry. Conse-
quentely, dipolar and quadrupolar modes, which transform
differently under Rπ, are linearly decoupled. We observe in
fig. 1 that the dipole and quadrupole modes have slightly
different growth rates at the dynamo onset, the neutral
mode being a dipolar mode (see fig. 2, bottom). When one
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Fig. 4: (Colour on-line) Evolution of the growth rate and
pulsation of the axial mode when the Rπ symmetry is broken.
For C < 0.4, the growing mode is a combination of a dipole
and a quadrupole (growth rate, black circles). At C = 0.4 the
system undergoes a bifurcation to oscillations (red squares).
Note that, in this range, the oscillatory regime only occurs in
a pocket of the parameter space, for 0.4<C < 0.75.

disk is spinning faster than the other one, the Rπ symme-
try of the flow is broken and dipolar and quadrupolar
modes get coupled. Consequentely, the growing unstable
mode has to be a combination of a dipole and a quadru-
pole. The ratio between dipolar and quadrupolar compo-
nents depends on the intensity of the breaking of the Rπ
symmetry.
Figure 4 shows the evolution of the growth rates of the

modes when we increase the parameter C representing the
departure from counter-rotation. We start from Rm= 37,
and C is increased from zero to one. Because of the
breaking of the Rπ symmetry when C $= 0, the growing
mode is not a pure dipole anymore. Similarly, the initially
quadrupolar mode displays some dipolar component. In
this linear problem, only the most unstable mode is
easily obtained from the simulations, since dipolar and
quadrupolar families are mixed when the Rπ symmetry
is broken. We see that the growth rate of the axial mode
is changed when C is increased. For C = 0.4, the system
bifurcates to an oscillatory regime, when two different real
eigenvalues transform into complex conjugate ones. These
results have been recently understood in the framework of
a simple model, based on a saddle node bifurcation [10].
If we denote by D the amplitude of the eigenmode with
dipolar symmetry and by Q the quadrupolar one, a simple
way to understand these linear results is to write the
evolution of the modes near the threshold:

Ḋ= α(C)D+β(C)Q, (11)

Q̇= γ(C)D+ δ(C)Q. (12)

where dots stand for time derivation. The eigenvalues λi
of this system are given by 2λi = α+ δ±

√

(α− δ)2+4βγ.
When the disks are spinning at the same rotation rate, β
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Fig. 5: (Colour on-line) Time evolution of the magnetic field
during oscillations. The system is very close to criticality, for
Rm= 30 and C = 0.6, such that the growth rate is very small.
Note the transfer between the axial dipole (full line) and the
quadrupole (dashed line).

and γ vanish and the dipole and the quadrupole are not
linearly coupled, giving two real eingenvalues λ1 and λ2.
For C $= 0, when βγ is negative and sufficiently large, λ1
and λ2 become complex conjugate eigenvalues. The system
thus bifurcates to an oscillatory regime, in agreement with
the numerical simulations shown here. The pulsation of
the oscillatory mode is represented in fig. 4. Note that the
period of the oscillations diverges at threshold. An inter-
esting feature is that these periodic reversals of the mag-
netic field only occur in a small range of the parameter
space, for 0.4<C < 0.75. This shows that the relation
between C and the parameters of the system are rather
complex. This is also the case in the VKS experiment,
where reversals, periodic oscillations and bursts appear
only in small pockets in the parameter space.
Figure 5 displays a typical time evolution of the

magnetic field during oscillations. Here, the system
is investigated very close to criticality (Rm= 30 and
C = 1.6), such that the exponential behavior is very weak.
These oscillations involve a competition between an axial
dipole and an axial quadrupole. We see in particular that
the two components are in quadrature. This means that
the magnetic field does change shape. The present study
being linear, it can only illustrate the transition between
stationary and oscillatory dynamos. In particular, the
present simulations cannot reproduce the non-periodic
reversals of the magnetic field observed in the VKS
experiment [9]. This more realistic situation is reported
in [17], where chaotic reversals of the magnetic field are
observed in fully turbulent simulations.

Conclusion. – In this study, we have used a simple
model of a von Karman flow to describe the structure and
some of the dynamical behaviors of the magnetic field in
the VKS experiment. In particular, we have shown that
taking into account the non-axisymmetric fluctuations of
the flow leads to the generation of a nearly axisymmetric

dipole. This confirms that the helical flow created by the
vortices between the blades of each disk can be involved
in the dynamo process, possibly via an α−ω mechanism.
This flow generates an axial dipole or quadrupole, and also
inhibits the equatorial dipole. In addition, we have shown
that the presence of ferromagnetic boundaries can strongly
reduce the threshold of the dynamo instability. Another
result of this study concerns the dynamics of the magnetic
field. When the disks are spinning at different rates, the
Rπ symmetry of the flow is broken. Our simulations show
that this can lead to an oscillatory regime between a dipole
and a quadrupole, similar to the one observed in the VKS
experiment. The agreement between the experimental
results and these numerical simulations show that, despite
the high level of turbulence and complexity of the flow,
the generation of the magnetic field can be understood
using a few spatial properties of the flow. Moreover, the
mechanisms involved in the dynamics of the field can be
accurately described with a low-dimensional model.
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Chaotic magnetic field reversals in turbulent dynamos
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We present direct numerical simulations of reversals of the magnetic field generated by swirling
flows in a spherical domain. In agreement with a recent model, we observe that coupling dipolar
and quadrupolar magnetic modes by an asymmetric forcing of the flow generates field reversals.
In addition, we show that this mechanism strongly depends on the value of the magnetic Prandtl
number.

PACS numbers: 47.65.-d, 52.65.Kj, 91.25.Cw

The generation of magnetic field by the flow of an elec-
trically conducting fluid, i.e., the dynamo effect, has been
mostly studied to understand the magnetic fields of plan-
ets and stars [1]. The Earth and the Sun provide the best
documented examples: they both involve a spatially co-
herent large scale component of magnetic field with well
characterized dynamics. Earth’s dipole is nearly station-
ary on time scales much larger than the ones related to
the flow in the liquid core, but displays random rever-
sals. Reversals also occur for the Sun but nearly pe-
riodically. The magnetic field changes polarity roughly
every 11 years. Reversals have been displayed by direct
simulations of the equations of magnetohydrodynamics
(MHD) [2] or of mean field MHD [3] and have been mod-
eled using low dimensional dynamical systems [4, 5]. It
has been observed recently that the magnetic field gen-
erated by a von Karman flow of liquid sodium (VKS
experiment) can display either periodic or random re-
versals [6] as well as several other dynamo regimes, all
located in a small parameter range [7]. The ability of all
these very different dynamos to reverse polarity is their
most striking property. This is obviously related to the
B → −B symmetry of the MHD equations, implying
that if a magnetic field B is a solution, −B is another
solution. However, this does not explain how these two
solutions can be connected as time evolves. The VKS
experiment has provided an interesting observation. In
this experiment, the flow is driven in a cylindrical con-
tainer by two counter-rotating coaxial propellers. When
they rotate at roughly the same frequency, a magnetic
field with a dominant dipolar component aligned with the
axis of rotation is generated. Time dependent magnetic
field with periodic or random reversals are observed only
when the difference between the two rotation frequencies
is large enough [6]. We have shown that this can be re-
lated to broken Rπ symmetry (the rotation of an angle π
along any axis in the mid-plane is a symmetry when the
propellers rotate at the same frequency) [12]. Magnetic
modes changed to their opposite by Rπ are dipolar ones,
whereas quadrupolar ones are unchanged. Breaking the

Rπ symmetry by rotating the two propellers at different
frequencies generates additional coupling terms between
dipolar and quadrupolar modes. If their dynamo thresh-
old is close enough, a slightly broken symmetry is suffi-
cient to lead to a saddle node bifurcation, which generates
a limit cycle that connects opposite polarities. Slightly
below this bifurcation threshold, ±B stationary solutions
are stable but a small amount of hydrodynamic fluctua-
tions is enough to generate random reversals. Although
the flow in the Earth’s core strongly differs from the one
of the VKS experiment, a similar type of interaction be-
tween two marginal dynamo modes can be considered
and provides a simple explanation of several features of
paleomagnetic records of Earth’s reversals [13].

The purpose of this work is to strengthen this
phenomenological scenario by displaying reversal of a
magnetic dipole coupled with a quadrupolar mode in
a direct numerical simulation of MHD equations. To
wit, we consider a flow driven in a spherical geometry
by volumic forces that mimic the motion of two co-axial
propellers. We observe reversals of the generated
magnetic field for a wide range of parameters when
the propellers rotate at different speeds. We show that
the value of the magnetic Prandtl number Pm strongly
affects the magnetic modes involved in the dynamics
of reversals. Reversals that involve a coupling between
dipole and quadrupole modes occur for Pm small enough.
Finally, we present a minimal model for the reversal
dynamics.

The MHD equations are integrated in a spherical ge-
ometry for the solenoidal velocity v and magnetic B

fields,

∂v

∂t
+ (v · ∇)v = −∇π + ν∆v + f +

1

µ0ρ
(B · ∇)B,(1)

∂B

∂t
= ∇ × (v × B) +

1

µ0σ
∆B. (2)

In the above equations, ρ is the density, µ0 is the mag-
netic permeability and σ is the electrical conductivity
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FIG. 1: Magnetic field lines obtained with a symmetric forcing
(C = 1) for Rm = 300 and Pm = 1. Note that the field
involves a dipolar component with its axis aligned with the
axis z of rotation of the propellers.

of the fluid. The forcing is f = f0 F, where Fφ =
s2 sin(π s b) , Fz = ε sin(π s c) , for z > 0, and opposite
for z < 0. We use polar coordinates (s, φ, z), normalized
by the radius of the sphere a. Fφ generates counter-
rotating flows in each hemisphere, while Fz enforces a
strong poloidal circulation. The forcing is only applied
in the region 0.25a <| z |< 0.65a, s < s0. In the simula-
tions presented here, s0 = 0.4, b−1 = 2s0 and c−1 = s0.
This forcing has been used to model the Madison experi-
ment [8]. It is invariant by the Rπ symmetry. In order to
break it, we consider in the present study a forcing of the
form Cf , where C = 1 for z < 0 but can be different from
one for z > 0. This describes two propellers that counter-
rotate at different frequencies. Although performed in a
spherical geometry, this simulation involves a mean flow
with a similar topology to that of the VKS experiment.
We solve the above system of equations using the Parody
numerical code [10]. This code was originally developped
in the context of the geodynamo (spherical shell) and we
have modified it to make it suitable for a full sphere.
We use the same dimensionless numbers as in [9], the
magnetic Reynolds number Rm = µ0σa max(|v|), and
the magnetic Prandtl number Pm = νµ0σ. The kinetic
Reynolds number is then Re = Rm/Pm.

In a previous study with symmetric forcing (C = 1),
we showed that different magnetic modes can be gener-
ated depending on Pm [9]. For large enough Pm, the
dynamo onset corresponds to small Re and the flow is
axisymmetric and generates first an equatorial dipole. In
contrast, for Pm small, the dynamo onset occurs when
Re is already large and the flow involves non axisymmet-
ric fluctuations. A magnetic field with a dominant axial
dipole is observed (see figure 1). In the present study, all
the simulations are made for Re > 300, so that an axial
dipole is obtained for symmetric forcing.

We next break the symmetry Rπ of the forcing to
check whether time dependent magnetic fields involv-
ing reversals between both polarities are obtained as in
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FIG. 2: Time recording of the axial dipolar magnetic mode
(in black), the axial quadrupolar mode (in blue) and the equa-
torial dipole (in red) for Rm = 300, Pm = 1 and C = 2..

the VKS experiment. Time recordings of some compo-
nents of the magnetic field are displayed in figure 2 for
Rm = 300, Pm = 1 and C = 2, which means that one
of the propellers is spinning twice as fast as the other
one. We observe that the axial dipolar component (in
black) randomly reverses sign. The phases with given
polarity are an order of magnitude longer than the dura-
tion of a reversal that corresponds to an Ohmic diffusion
time. The magnetic field strongly fluctuates during these
phases because of hydrodynamic fluctuations. It also dis-
plays excursions or aborted reversals, i.e., the dipolar
component almost vanishes or even slightly changes sign
but then grows again with its direction unchanged. All
these features are observed in paleomagnetic records of
Earth’s magnetic field [11] and also in the VKS experi-
ment [6]. However, these simulations also display strong
differences with the VKS experiment. The equatorial
dipole is the mode with the largest fluctuations whereas
the axial quadrupolar components is an order of magni-
tude smaller than the equatorial modes. In addition, it
does not seem to be coupled to the axial dipolar compo-
nent.

Magnetic Prandtl numbers relevant to liquid metals
are much smaller than unity (∼ 10−5–10−6). While re-
alistic values cannot be achieved owing to computational
limitations, Pm can be decreased to values less than unity.
We now turn to simulations using Pm = 0.5, thus in-
troducing a distinction between the viscous and ohmic
timescale. The time evolution of the magnetic modes for
Rm = 165 and C = 1.5 is represented on figure 3 (left).
It differs significantly from the previous case (Pm = 1).
First of all, the quadrupole is now a significant part of
the field, and reverses together with the axial dipole. The
equatorial dipole remains compartively very weak and
unessential to the dynamics. The high amount of fluc-
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FIG. 3: Time recordings of the axial dipole (black), the axial quadrupole (blue) and the equatorial dipole (red). Left: Rm = 165,
Pm = 0.5 and C = 1.5. Right: Rm = 180, Pm = 0.5 and C = 2.

tuations observed in these signals points to the role of
hydrodynamic fluctuations on the reversal mechanism.
One could be tempted to speculate that a higher degree
of hydrodynamic fluctuations necessarily yields a larger
reversal rate. Such is in fact not the case. A more sen-
sible approach could be to try to relate the amount of
fluctuations of the magnetic modes in a phase with given
polarity, to the frequency of reversals. Increasing Rm

from 165 to 180 does yield larger fluctuations as shown
in figure 3 (right). However the reversal rate is in fact
lowered because C was modified to C = 2. This clearly
shows that the asymmetry parameter C plays a more im-
portant role than the fluctuations of the magnetic field.
For Pm = 0.5, reversals occur only in a restricted re-
gion, 1.1 < C < 2.5, which is also a feature of the VKS
experiment.

Let us now investigate the detail of a polarity rever-
sal (figure 4). Interestingly the dipolar and quadrupolar
components do not vanish simultaneously. Instead the
decrease of the dipole is associated with a sudden increase
of the quadrupolar component, related with a burst of
activity in the non axisymmetric velocity mode m = 1
(zonal velocity) breaking the Rπ symmetry (i.e. coupling
the dipolar and quadrupolar families). The quadrupole
quickly decays as the dipole recovers with a reversed po-
larity. Immediatly after the reversal the dipole systemati-
cally overshoots its mean value during a polarity interval.
This behavior of the magnetic modes is typical of rever-
sals obtained with this value of Pm and is in agreement
with the model presented in [12, 13].

These direct numerical simulations illustrate the role
of the magnetic Prandtl number in the dynamics of re-
versals. When Pm is of order one, the magnetic per-
turbations due to the advection of magnetic field lines
by the velocity field, evolves with a time scale similar
to the one of the velocity fluctuations. We thus expect
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FIG. 4: Time recordings of the axial dipole (black), the axial
quadrupole (blue) and zonal velocity (yellow) during a rever-
sal. Rm = 165, Pm = 0.5 and C = 1.5.

these two fields to be strongly coupled. Modification of
the magnetic field lines due to their advection by a local
fluctuation of the flow can then trigger a reversal of the
field [14]. This type of scenario has been observed in some
direct numerical simulations, usually performed with Pm

of order one [15]. When Pm is small, magnetic perturba-
tions decay much faster and we expect only the largest
scale magnetic modes to govern the dynamics. To illus-
trate this argument in a more quantitative way, we have
computed the correlation r of the most significant mag-
netic and velocity modes with the axial magnetic dipole
for Re = 330 and 0.3 < Pm < 1. For Pm ∼ 1, all
the modes are weakly correlated with the axial magnetic
dipole (r < 0.3). When Pm is decreased, the correlation
of most modes decay except the one of the zonal veloc-
ity mode that slightly increases and the one of the axial
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FIG. 5: Numerical integration of the amplitude equa-
tions (3,4,5). Time recording of the amplitude of the
quadrupolar mode for µ = 0.119, ν = 0.1 and Γ = 0.9.

quadrupole mode that strongly increases up to 0.8.
We now write the simplest dynamical system that in-

volves the three modes that display correlation in the
low Pm simulations: the dipole D, the quadrupole Q,
and the zonal velocity mode V that breaks the Rπ sym-
metry. These modes transform as D → −D, Q → Q and
V → −V under the Rπ symmetry. Keeping nonlinear
terms up to quadratic order, we get

Ḋ = µD − V Q, (3)

Q̇ = −νQ + V D, (4)

V̇ = Γ − V + QD. (5)

A non zero value of Γ is related to a forcing that breaks
the Rπ symmetry, i.e. propellers rotating at different
speeds. The dynamical system (3,4,5) with Γ = 0 oc-
curs in different hydrodynamic problems and has been
analyzed in detail [16]. The relative signs of the coeffi-
cients of the nonlinear terms are such that the solutions
do not diverge when µ > 0 and ν < 0. Their modulus
can be taken equal to one by appropriate scalings of the
amplitudes. The velocity mode is linearly damped and
its coefficient can be taken equal to −1 by an appropriate
choice of the time scale. Note that similar equations were
obtained with a drastic truncation of the linear modes of
MHD equations [5]. However, in that context µ and ν
should be both negative and the damping of the velocity
mode was discarded, thus modifying the dynamics.

This system displays reversals of the magnetic modes
D and Q for a wide range of parameters. A time record-
ing is shown in figure 5. The mechanism for these rever-
sals results from the interaction of the modes D and Q
coupled by the broken Rπ symmetry when V %= 0. It is
thus similar to the one described in [12] but keeping the
damped velocity mode into the system generates chaotic

fluctuations. Thus, it is not necessary to add external
noise to obtain random reversals. We do not claim that
this minimal low order system fully describes the direct
simulations presented here. For instance, in the case of
exact counter-rotation (C = 1, i.e. Γ = 0), equations
(3,4,5) do not have a stable stationary state with a dom-
inant axial dipole. The different solutions obtained when
µ is increased cannot capture all the dynamo regimes of
the VKS experiment or of the direct simulations when
Rm is increased away from the threshold. Taking into
account cubic nonlinearities provides a better descrip-
tion of the numerical results for Pm = 0.5. However, this
three mode system with only quadratic nonlinearities in-
volves the basic ingredients of the reversals observed in
the present numerical simulations for low enough values
of the magnetic Prandtl number.

We thank F. Pétrélis for useful discussions. Computa-
tions were performed at CEMAG and IDRIS.
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✷✳✼ ❙❝❤é♠❛ ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙ ✐♥❞✐q✉❛♥t ❧❡s ❝♦t❡s ❡①❛❝t❡s ❞✉ ❞✐s♣♦s✐✲
t✐❢✳ ❆ ❣❛✉❝❤❡✱ ❧❡s ✈❛❧❡✉rs ✐♥❞✐q✉é❡s s♦♥t ❡♥ ♠♠ t❛♥❞✐s q✉✬❡❧❧❡s s♦♥t
♥♦r♠❛❧✐sé❡s ♣❛r ❧❡ r❛②♦♥ ❞❡ ❧❛ ❝✉✈❡ à ❞r♦✐t❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✷✳✽ ❙❝❤é♠❛ ✐❧❧✉str❛♥t ❧✬é❝♦✉❧❡♠❡♥t ❞❡ ✈♦♥ ❑❛r♠❛♥✳ ❙✉r ❝❡ ❞❡ss✐♥✱ ♦♥ ✈♦✐t
❝❧❛✐r❡♠❡♥t ❧❡s ❞❡✉① ❞✐sq✉❡s ❡♥ ❝♦♥tr❛✲r♦t❛t✐♦♥✳ ❊♥ r♦✉❣❡ s♦♥t ✐❧❧✉s✲
tré❡s ❧❡s ❞❡✉① ❝❡❧❧✉❧❡s ❞❡ r♦t❛t✐♦♥ ❛③✐♠✉t❛❧❡ ❡t ❡♥ ❜❧❡✉ ❧❛ r❡❝✐r❝✉❧❛t✐♦♥
♣♦❧♦ï❞❛❧❡ ❞✉❡ à ❧✬❡①♣✉❧s✐♦♥ ❝❡♥tr✐❢✉❣❡ ❞✉ ✢✉✐❞❡ ♣rès ❞❡s ❞✐sq✉❡s✳ ✳ ✳ ✳ ✷✽

✷✳✾ ➱❝♦✉❧❡♠❡♥t ❞❡ ✈♦♥ ❑❛r♠❛♥ ❝ré❡ ♣❛r ❧❛ r♦t❛t✐♦♥ ❞✬✉♥ s❡✉❧ ❞✐sq✉❡✱
❧✬❛✉tr❡ ét❛♥t à ❧✬❛rrêt ✭F2 = 0✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✷✳✶✵ ❊♥r❡❣✐str❡♠❡♥t ❞❡s ❝♦♠♣♦s❛♥t❡s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❛✉ ❝♦✉rs ❞✉
t❡♠♣s✳ Rm ❡st ❛✉❣♠❡♥té ❞❡ 19 ❥✉sq✉✬à 40 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✷✳✶✶ ❉✐❛❣r❛♠♠❡s ❞❡ ❜✐❢✉r❝❛t✐♦♥✳ ✭❛✮ ✿ ❝❤❛♠♣ ❛③✐♠✉t❛❧ ❞❛♥s ❧❡ ♣❧❛♥ ♠é✲
❞✐❛♥✳ ❖♥ s✉♣❡r♣♦s❡ ❞❡✉① rés✉❧t❛ts ♠♦♥tr❛♥t ✉♥❡ ♣♦❧❛r✐té ❞✐✛ér❡♥t❡✳
▲❡s ❧✐❣♥❡s ❝♦♥t✐♥✉❡s s♦♥t ✉♥ ❛❥✉st❡♠❡♥t ♥✉♠ér✐q✉❡ ❞❡s ♣♦✐♥ts ❡①♣é✲
r✐♠❡♥t❛✉① t❡❧ q✉❡ B ∼ (Rm − 32)0.77 ✭❜✮ ❈❤❛♠♣ ♠❡s✉ré ♣rès ❞❡s
❞✐sq✉❡s ❞❛♥s ❧❡ ❝❛s ✬❝♦♥tr❛✬✭❡♥ ❜❧❡✉✮ ❡t ✬❛♥t✐❝♦♥tr❛✑❡♥ r♦✉❣❡✮✳ ✳ ✳ ✳ ✳ ✳ ✸✷
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✷✳✶✷ ●é♦♠étr✐❡ ❞✉ ♠♦❞❡ ❞②♥❛♠♦✳ ▲❡s ✢è❝❤❡s r❡♣rés❡♥t❡♥t ❧✬❛♠♣❧✐t✉❞❡
❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞é❞✉✐t❡ ❞❡s ♠❡s✉r❡s ❛✉① ❞✐✛ér❡♥ts ♣♦✐♥ts ❞❡
s♦♥❞❡✳✭❛✮ ✿ ❝♦♠♣♦s❛♥t❡ t♦r♦ï❞❛❧❡ ❞✉ ❝❤❛♠♣✳ ✭❜✮ ✿ ❝♦♠♣♦s❛♥t❡ ♣♦❧♦✐✲
❞❛❧❡✳ ✭❝✮ ✿ ✐❧❧✉str❛t✐♦♥ ❞✉ ❞✐♣♦❧❡ ❛①✐❛❧ ❛①✐s②♠étr✐q✉❡✱ str✉❝t✉r❡ ❧❛ ♣❧✉s
s✐♠♣❧❡ ❝♦♠♣❛t✐❜❧❡ ❛✈❡❝ ❧❡s ❞♦♥♥é❡s ✭❛✮ ❡t ✭❜✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✷✳✶✸ Pr♦✜❧s r❛❞✐❛✉① ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❇❧❡✉ ✿ ❝❤❛♠♣ ❛①✐❛❧✱ ❱❡rt ✿
❝❤❛♠♣ r❛❞✐❛❧✱ ❘♦✉❣❡ ✿ ❝❤❛♠♣ ❛③✐♠✉t❛❧✳ ❧❡s ❞✐✛ér❡♥t❡s ❝♦✉r❜❡s ❞❡
♠ê♠❡ ❝♦✉❧❡✉rs ✐♥❞✐q✉❡♥t ❧❡ ❝❤❛♠♣ ♣♦✉r ♣❧✉s✐❡✉rs ❘♠✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✷✳✶✹ ❉✐✛ér❡♥ts ré❣✐♠❡s ❞②♥❛♠♦ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s✳ ✭❛✮ ✿ ❞❛♥s ❧❡
♣❧❛♥ (F1,F2)✳ ✭❜✮ ✿ ❞♦♥♥é❡s s②♠étr✐sé❡s✱ é✈♦❧✉t✐♦♥ ❧♦rsq✉❡ ❧❛ r♦t❛t✐♦♥
❞✬✉♥ s❡✉❧ ❞✐sq✉❡ ❡st ♠♦❞✐✜é❡✱ ❞❛♥s ❧❡ ♣❧❛♥ (Rm, θ)✳ ❉✬❛♣rès ❬✺✺❪✳ ✳ ✳ ✳ ✸✼

✷✳✶✺ ❊✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡s ❞✐✛ér❡♥ts ré❣✐♠❡s ❞②♥❛♠♦s ♦❜s❡r✈és ❞❛♥s
❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✳ ❖♥ ♥♦t❡r❛ ❧❛ r✐❝❤❡ss❡ ❞❡s ❝♦♠♣♦rt❡♠❡♥ts ♦❜t❡♥✉s ✿
s♦❧✉t✐♦♥s st❛t✐♦♥♥❛✐r❡s ✭❛✱ ❞✱ ✐✱ ❥ ❡t ❧✮✱ r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s ✭❣✮✱
❜♦✉✛é❡s ✐♥t❡r♠✐tt❡♥t❡s ✭❡✮ ❡t ♦s❝✐❧❧❛t✐♦♥s ♣ér✐♦❞✐q✉❡s ✭❝✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✷✳✶✻ ❚r❛♥s✐t✐♦♥ ✈❡rs ✉♥ ❝②❝❧❡ ❧✐♠✐t❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ▲❡ ❝②❝❧❡ s❡♠❜❧❡
✐♠♣❧✐q✉❡r ❞❡✉① ♠♦❞❡s ♠❛❣♥ét✐q✉❡s ❞✐✛ér❡♥ts ❀ ✉♥ ❞✐♣♦❧❡ ✭❛✮ ❡t ✉♥
q✉❛❞r✉♣♦❧❡ ✭❜✮✳ ▲✬é✈♦❧✉t✐♦♥ ❞✉ ❝❤❛♠♣ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s Br ,Bθ

✭❝✮ ♠♦♥tr❡ q✉❡ ❧❡ ❝②❝❧❡ r❡✈✐s✐t❡ ❝❤❛❝✉♥ ❞❡s ♣♦✐♥ts ✜①❡s ♣ré❝é❞❡♥ts✳
✭❞✮ ✿ ❙✐❣♥❛❧ t❡♠♣♦r❡❧ ❞✉ ❝②❝❧❡ ❧✐♠✐t❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✷✳✶✼ ❘❡♥✈❡rs❡♠❡♥ts ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❧♦rsq✉❡ ❧❡s ❢réq✉❡♥❝❡s ❞❡ r♦t❛✲
t✐♦♥ s♦♥t F1 = 16❍③ ❡t F2 = 22❍③✳✭❛✮ ✿ ❙ér✐❡ t❡♠♣♦r❡❧❧❡ ❞❡s tr♦✐s
❝♦♠♣♦s❛♥t❡s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✭r♦✉❣❡ ✿ ♣❛rt✐❡ ❛③✐♠✉t❛❧❡✱ ❜❧❡✉ ✿
❛①✐❛❧❡✱ ✈❡rt❡ ✿ r❛❞✐❛❧❡✮✳ ◆♦t❡r ❧❡ ❝❛r❛❝tèr❡ ❝❤❛♦t✐q✉❡ ❞❡s r❡♥✈❡rs❡✲
♠❡♥ts✳ ✭❜✮ ✿ s✉♣❡r♣♦s✐t✐♦♥s ❞❡ ❞♦✉③❡s r❡♥✈❡rs❡♠❡♥ts✳ ❖♥ ♥♦t❡r❛ ❧❛
r♦❜✉st❡ss❡ ❞❡ ❧❛ ❢♦r♠❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✷✳✶✽ ❊s♣❛❝❡ ❞❡s ♣❤❛s❡s t②♣✐q✉❡ ❞✬✉♥ s②stè♠❡ ✐♥✈❛r✐❛♥t s❡❧♦♥ ❧❛ tr❛♥s❢♦r✲
♠❛t✐♦♥ B → −B ❡t ♣rés❡♥t❛♥t ✉♥❡ ❜✐❢✉r❝❛t✐♦♥ ♥♦❡✉❞✲❝♦❧ ❣❧♦❜❛❧❡✳✭❛✮ ✿
❛✉✲❞❡ss♦✉s ❞❡ ❧❛ ❜✐❢✉r❝❛t✐♦♥ ♥♦❡✉❞✲❝♦❧✱ ❧❡s s♦❧✉t✐♦♥s st❛t✐♦♥♥❛✐r❡s s♦♥t
❞❡s ét❛ts ♠✐①t❡s ❡♥tr❡ ❞✐♣♦❧❡ ❡t q✉❛❞r✉♣♦❧❡✳ ✭❜✮ ✿ ❛✉✲❞❡ss✉s ❞❡ ❧❛ ❜✐✲
❢✉r❝❛t✐♦♥ ♥♦❡✉❞✲❝♦❧✱ ❧❡ s②stè♠❡ ♦s❝✐❧❧❡ êtr❡ ❧❡s ❞❡✉① ♠♦❞❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✷✳✶✾ ■♥té❣r❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞✉ ♠♦❞è❧❡ ✷✳✶✵✳ ❖♥ ♠♦♥tr❡ ❧✬é✈♦❧✉t✐♦♥ t❡♠✲
♣♦r❡❧❧❡ ❞❡ ❧✬❛♠♣❧✐t✉❞❡ D✳ ▲❡ r❡❜♦♥❞ ❡st ❡♥ ♣❛rt✐❝✉❧✐❡r ❜✐❡♥ ✈✐s✐❜❧❡✳ ✳ ✳ ✹✺

✷✳✷✵ ❊s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s ♣♦✉r ❧❛ ❝❛♠♣❛❣♥❡ ✬VKS2n✬✳ ▲❡s r♦♥❞s r♦✉❣❡s
✐♥❞✐q✉❡♥t ✉♥❡ ❞②♥❛♠♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼
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✷✳✷✶ ❙❝❤é♠❛ ❞✉ ❞✐sq✉❡ ♠✉♥✐ ❞❡s ❤✉✐t ♣❛❧❡s ❞❛♥s ❧✬❡①♣ér✐❡♥❝❡ ❱❑❙✳ ❖♥ ✐♥✲
❞✐q✉❡ ❧❡s ❞❡✉① s❡♥s ❞❡ r♦t❛t✐♦♥ ❞✐✛ér❡♥ts ✉t✐❧✐sés✱ ❛ss♦❝✐és à ❞❡s Rm ❞❡
s✐❣♥❡s ♦♣♣♦sés✳ ❙❡❧♦♥ ❧❡ s❡♥s ❞❡ r♦t❛t✐♦♥✱ ❧❛ ❝♦✉r❜✉r❡ ❞❡s ♣❛❧❡s ❛❝❝r♦ît
♦✉ ❞✐♠✐♥✉❡ ❧✬é❥❡❝t✐♦♥ r❛❞✐❛❧ ❞✉ ✢✉✐❞❡ ❡♥tr❡ ❧❡s ♣❛❧❡s à ❧❛ ♣ér✐♣❤ér✐❡
❞✉ ❞✐sq✉❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✷✳✷✷ ➱✈♦❧✉t✐♦♥ ❞❡ ❧❛ ♠♦②❡♥♥❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ Rm =
Rm1 = Rm2✳ ❆ ❣❛✉❝❤❡ ✿ ❧❡ ♣♦✐♥t ❞❡ ♠❡s✉r❡ ❡st s✐t✉é ❡♥ z = −119mm✱
♣rès ❞✉ ❞✐sq✉❡ ❡♥ ❢❡r✳ ❆ ❞r♦✐t❡ ✿ ❧❛ ♠❡s✉r❡ ❡st ré❛❧✐sé❡ ❡♥ z = +119mm✱
♣rès ❞✉ ❞✐sq✉❡ ❡♥ ✐♥♦①✳ ❉❛♥s ❧❡s ❞❡✉① ❝❛s✱ r = 96mm ❡t θ = 0✳ ✳ ✳ ✳ ✳ ✹✽

✷✳✷✸ ❖r✐❡♥t❛t✐♦♥ ♠♦②❡♥♥❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❛♥s ❧❡ ♣❧❛♥ (r , z)✳ ▲❡
❞✐sq✉❡ ❡♥ ❢❡r ❡st à ❣❛✉❝❤❡✳ ▲❡s ❞❡✉① ❢réq✉❡♥❝❡s ❞❡ r♦t❛t✐♦♥ s♦♥t é❣❛❧❡s
❡t Rm = 50✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✷✳✷✹ ❖r✐❡♥t❛t✐♦♥ ♠♦②❡♥♥❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❛♥s ❧❡ ♣❧❛♥ (r , θ) ❡t ♣♦✉r
z = 118mm✱ z = 0mm ❡t z = −118mm ❞❡ ❣❛✉❝❤❡ à ❞r♦✐t❡✳ ▲❡s ❞❡✉①
❢réq✉❡♥❝❡s ❞❡ r♦t❛t✐♦♥ s♦♥ é❣❛❧❡s ❡t Rm = 50✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✷✳✷✺ Pr♦✜❧s r❛❞✐❛✉① ❞❡s tr♦✐s ❝♦♠♣♦s❛♥t❡s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♦❜t❡♥✉s
à ♣❛rt✐r ❞❡s s♦♥❞❡s ♠✉❧t✐♣❧❡s✳ ❊♥ ❤❛✉t✱ à ❣❛✉❝❤❡ ✿ s♦♥❞❡ s✐t✉é❡ ♣rès
❞✉ ❞✐sq✉❡ ❡♥ ❢❡r✳ ❊♥ ❤❛✉t✱ à ❞r♦✐t❡ ✿ s♦♥❞❡ s✐t✉é❡ ♣rès ❞✉ ❞✐sq✉❡ ❡♥
✐♥♦①✳ ❊♥ ❜❛s ✿ s♦♥❞❡ s✐t✉é❡ ❞❛♥s ❧❡ ♣❧❛♥ ♠é❞✐❛♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✷✳✷✻ ❈♦✉r❜❡ ❞❡ ❜✐❢✉r❝❛t✐♦♥ ❧♦rsq✉❡ ❧❡ ❞✐sq✉❡ ❡♥ ✐♥♦① ❡st à ❧✬❛rrêt✳ ❖♥
♠♦♥tr❡ ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞❡s tr♦✐s ❝♦♠♣♦s❛♥t❡s ♣♦✉r ✉♥❡ s♦♥❞❡ s✐✲
t✉é❡ ♣rès ❞✉ ❞✐sq✉❡ ❡♥ r♦t❛t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✷✳✷✼ ❙tr✉❝t✉r❡ ❣é♦♠étr✐q✉❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❧♦rsq✉❡ ❧❡ ❞✐sq✉❡ ❡♥ ✐♥♦①
❡st à ❧✬❛rrêt✳ ❊♥ ❤❛✉t ✿ ♣r♦✜❧ ❞✉ ❝❤❛♠♣ ❞❛♥s ❧❡ ♣❧❛♥ (r , z) ♣♦✉r ❞❡✉①
s♦♥❞❡s s✐t✉é❡s ♣rès ❞✉ ❞✐sq✉❡ ❡♥ r♦t❛t✐♦♥ ❡t ❞❛♥s ❧❡ ♣❧❛♥ ♠é❞✐❛♥✳ ❊♥
❜❛s ✿ ❖r✐❡♥t❛t✐♦♥ ♠♦②❡♥♥❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❛♥s ❧❡ ♣❧❛♥ (r , θ)
❡t ♣♦✉r z = 118mm✱ z = 0mm ❡t z = −118mm ❞❡ ❣❛✉❝❤❡ à ❞r♦✐t❡✳ ✳ ✳ ✺✸

✷✳✷✽ Pr♦✜❧s r❛❞✐❛✉① ❞❡s tr♦✐s ❝♦♠♣♦s❛♥t❡s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♦❜t❡♥✉❡s
à ♣❛rt✐r ❞❡s s♦♥❞❡s ♠✉❧t✐♣❧❡s✳ ❆ ❣❛✉❝❤❡ ✿ s♦♥❞❡ s✐t✉é❡ ♣rès ❞✉ ❞✐sq✉❡
❡♥ ❢❡r✳ ❆ ❞r♦✐t❡ ✿ s♦♥❞❡ s✐t✉é❡ ❞❛♥s ❧❡ ♣❧❛♥ ♠é❞✐❛♥✳ ▲❛ ✈❛❧❡✉r ❞✉
●❛✉ss♠ètr❡✱ s✐t✉é ♣rès ❞✉ ❞✐sq✉❡ ❡♥ ✐♥♦① ❡t ♣♦✉r r ≈ 70mm✱ ✐♥❞✐q✉❡
< BR >= −10G ✱< Bθ >= 23G ❡t < BZ >= −8G ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✷✳✷✾ ❈♦✉r❜❡ ❞❡ ❜✐❢✉r❝❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ Rm2✱
♣♦✉r ✉♥❡ r♦t❛t✐♦♥ ✜①é❡ ❞✉ ❞✐sq✉❡ 1 t❡❧❧❡ q✉❡ Rm1 = 45✳ ❙♦♥❞❡ s✐t✉é❡
❞❛♥s ❧❡ ♣❧❛♥ ♠é❞✐❛♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✷✳✸✵ ❙❝❤é♠❛ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ♣r♦❞✉✐t ♣❛r ✉♥ ❢♦r❝❛❣❡ ❝♦✲r♦t❛t✐❢ ❞❛♥s ❧✬❡①✲
♣ér✐❡♥❝❡ ❱❑❙✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺
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✷✳✸✶ ❈♦✉r❜❡s ❞❡ ❜✐❢✉r❝❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♠♦②❡♥ à ♣❛rt✐r ❞❡ ❧✬ét❛t
❝♦✲r♦t❛t✐❢ Rm1 = −Rm2 = 60.3 ❡♥ ❞✐♠✐♥✉❛♥t ❧❛ r♦t❛t✐♦♥ ❞✉ ❞✐sq✉❡s
2✱ ♠❡s✉ré ♣rès ❞✉ ❞✐sq✉❡ 1 ✭à ❣❛✉❝❤❡✮ ❡t ❞✉ ❞✐sq✉❡ 2 ✭à ❞r♦✐t❡✮✳ ✳ ✳ ✳ ✺✻

✷✳✸✷ ●é♦♠étr✐❡ ❞❛♥s ❧❡ ♣❧❛♥ (r , z) ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡♥❣❡♥❞ré ❡♥ ❝♦✲
r♦t❛t✐♦♥ ❧é❣èr❡♠❡♥t ❞é❝❛❧é❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✷✳✸✸ ●é♦♠étr✐❡ ❞❛♥s ❧❡ ♣❧❛♥ (r , θ) ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡♥❣❡♥❞ré ❡♥ ❝♦✲
r♦t❛t✐♦♥ ❧é❣èr❡♠❡♥t ❞é❝❛❧é❡✳ ❉❡ ❣❛✉❝❤❡ à ❞r♦✐t❡ ✿ ♠❡s✉r❡s ré❛❧✐sé❡
♣♦✉r z = 118mm✱ z = 0mm ❡t z = −118mm✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✷✳✸✹ Pr♦✜❧s ❡♥ ❢♦♥❝t✐♦♥ ❞❡ r ❞✉ ♠♦❞❡ ❞②♥❛♠♦ ♠❡s✉ré ♣❛r ❧❡s s♦♥❞❡s ♠✉❧✲
t✐♣❧❡s✳ ❆ ❣❛✉❝❤❡ ✿ ♣rès ❞✉ ❞✐sq✉❡ ❡♥ ❢❡r✳ ❆ ❞r♦✐t❡ ✿ ♣rès ❞✉ ❞✐sq✉❡ ❡♥
✐♥♦①✳ ▲❛ ✈❛❧❡✉r ❞✉ ●❛✉ss♠ètr❡✱ s✐t✉é ❛✉ ❝❡♥tr❡✱ ✐♥❞✐q✉❡ < BR >=
−10✱ < Bθ >= 22✱ < BZ = 2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✷✳✸✺ ❆ ❣❛✉❝❤❡ ✿ ♣❛rt✐❡ ❞✐♣♦❧❛✐r❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡♥ ❝♦♥tr❛✲r♦t❛t✐♦♥
❡①❛❝t❡✳ ❆ ❞r♦✐t❡ ✿ ♣❛rt✐❡ q✉❛❞r✉♣♦❧❛✐r❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✷✳✸✻ ➱✈♦❧✉t✐♦♥✱ ❡♥ ❝♦♥tr❛✲r♦t❛t✐♦♥ ❡①❛❝t❡✱ ❞❡s ♣❛rt✐❡s ❞✐♣♦❧❛✐r❡s ❡t q✉❛✲
❞r✉♣♦❧❛✐r❡s ❞✉ ❝❤❛♠♣ r❡❝♦♥str✉✐t❡s à ♣❛rt✐r ❞❡ < Bθ >✱ ❡♥ ❢♦♥❝t✐♦♥
❞❡ Rm✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✷✳✸✼ ➱✈♦❧✉t✐♦♥ ❞❡s ♣❛rt✐❡s ❞✐♣♦❧❛✐r❡s ❡t q✉❛❞r✉♣♦❧❛✐r❡s ❡t ❞✉ ❝❤❛♠♣ r❡✲
❝♦♥str✉✐t❡s à ♣❛rt✐r ❞❡ < Bθ >✱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ Rm2✳ ▲❛ r♦t❛t✐♦♥ ❞✉
❞✐sq✉❡ 1 ❡st ✜①é❡ à ✉♥❡ ✈❛❧❡✉r ❝♦♥st❛♥t❡ t❡❧❧❡ q✉❡ Rm1 = 47.6✳ ✳ ✳ ✳ ✳ ✻✵

✷✳✸✽ ❘é❣✐♠❡ F1 = 15Hz ✱ F2 = 25Hz ❊♥ ❤❛✉t ✿ ➱✈♦❧✉t✐♦♥ ❞❡s ❝♦♠♣♦s❛♥t❡s
❞✉ ❝❤❛♠♣ ♠❡s✉ré❡s ♣rès ❞✉ ❞✐sq✉❡ 1✳ ❊♥ ❜❛s✱ à ❣❛✉❝❤❡ ✿ é✈♦❧✉t✐♦♥
t❡♠♣♦r❡❧❧❡ ❞❡s ♠♦❞❡s ❞✐♣♦❧❛✐r❡ ❡t q✉❛❞r✉♣♦❧❛✐r❡ ♣r♦❥❡tés s✉r ❧✬ét❛t
(D0,Q0)✳ ❊♥ ❜❛s✱ à ❞r♦✐t❡ ✿ ♦♥ r❡♣rés❡♥t❡ ❧❛ tr❛❥❡❝t♦✐r❡ ❞❛♥s ❧✬❡s♣❛❝❡
❞❡s ♣❤❛s❡s (D,Q)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✷✳✸✾ ❚r❛❥❡❝t♦✐r❡s ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s (D,Q) ❞❡s ré❣✐♠❡s ♦❜s❡r✈és
♣♦✉r F1/F2 = 0.6✳ ❖♥ ♦❜s❡r✈❡ ✉♥❡ tr❛♥s✐t✐♦♥ ❡♥tr❡ ♣♦✐♥ts ✜①❡s✱ ❝②❝❧❡s
❧✐♠✐t❡s ❡t r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✷✳✹✵ ❘é❣✐♠❡ F1 = 16Hz ✱ F2 = 26.5Hz ❊♥ ❤❛✉t✱ à ❣❛✉❝❤❡ ✿ é✈♦❧✉t✐♦♥ t❡♠✲
♣♦r❡❧❧❡ ❞❡s ♠♦❞❡s ❞✐♣♦❧❛✐r❡ ❡t q✉❛❞r✉♣♦❧❛✐r❡ ❝❛❧❝✉❧és à ♣❛rt✐r ❞❡ ❧❛
❝♦♠♣♦s❛♥t❡ ❛①✐❛❧ ❞✉ ❝❤❛♠♣✳ ❆ ❞r♦✐t❡ ✿ ♦♥ r❡♣rés❡♥t❡ ❧❛ tr❛❥❡❝t♦✐r❡
❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s (D,Q)✳ ❊♥ ❜❛s ✿ ➱✈♦❧✉t✐♦♥ ❞✉ ❝❤❛♠♣ ❞✉r❛♥t
q✉❛tr❡ r❡♥✈❡rs❡♠❡♥ts s✉♣❡r♣♦sés✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹
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✷✳✹✶ ❘é❣✐♠❡ F1 = 28Hz ✱ F2 = 8.Hz ❊♥ ❤❛✉t ✿ ➱✈♦❧✉t✐♦♥ ❞❡s ❝♦♠♣♦s❛♥t❡s
❞✉ ❝❤❛♠♣ ♠❡s✉ré❡s ♣rès ❞✉ ❞✐sq✉❡ 1✳ ❊♥ ❜❛s✱ à ❣❛✉❝❤❡ ✿ é✈♦❧✉t✐♦♥
t❡♠♣♦r❡❧❧❡ ❞❡s ♠♦❞❡s ❞✐♣♦❧❛✐r❡ ❡t q✉❛❞r✉♣♦❧❛✐r❡ ❝❛❧❝✉❧és à ♣❛rt✐r ❞❡
❧❛ ❝♦♠♣♦s❛♥t❡ ❛①✐❛❧❡ ❞✉ ❝❤❛♠♣✳ ❊♥ ❜❛s✱ à ❞r♦✐t❡ ✿ ♦♥ r❡♣rés❡♥t❡ ❧❛
tr❛❥❡❝t♦✐r❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s (D,Q)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✷✳✹✷ ❘é❣✐♠❡ F1 = 22Hz ✱ F2 = 16.5Hz ❊♥ ❤❛✉t ✿ ➱✈♦❧✉t✐♦♥ ❞❡s ❝♦♠♣♦s❛♥t❡s
❞✉ ❝❤❛♠♣ ♠❡s✉ré❡s ♣rès ❞✉ ❞✐sq✉❡ 1✳ ❊♥ ❜❛s✱ à ❣❛✉❝❤❡ ✿ é✈♦❧✉t✐♦♥
t❡♠♣♦r❡❧❧❡ ❞❡s ♠♦❞❡s ❞✐♣♦❧❛✐r❡ ❡t q✉❛❞r✉♣♦❧❛✐r❡ ❝❛❧❝✉❧és à ♣❛rt✐r ❞❡
❧❛ ❝♦♠♣♦s❛♥t❡ ❛①✐❛❧❡ ❞✉ ❝❤❛♠♣✳ ❊♥ ❜❛s✱ à ❞r♦✐t❡ ✿ ♦♥ r❡♣rés❡♥t❡ ❧❛
tr❛❥❡❝t♦✐r❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s (D,Q)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✸✳✶ ❈♦✉♣❡ ❞❛♥s ❧❡ ♣❧❛♥ r , z ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ❞❡ ✈♦♥ ❑ár♠á♥ s②♥t❤ét✐q✉❡
❞♦♥♥é ♣❛r ❧✬❡①♣r❡ss✐♦♥ ✸✳✷✹✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✸✳✷ ❙tr✉❝t✉r❡ ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ❡♥❣❡♥❞ré ♣❛r ❧✬é❝♦✉❧❡♠❡♥t ♠♦②❡♥ ❞❡
✈♦♥ ❑ár♠á♥✳ ❆ ❣❛✉❝❤❡ ✿ ❧✐❣♥❡s ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞✉ ♠♦❞❡✳ ❆
❞r♦✐t❡ ✿ ✐s♦✈❛❧❡✉r ❞❡ ✷✺ ✪ ❞✉ ♠❛①✐♠✉♠ ❞❡ ❧✬é♥❡r❣✐❡ ♠❛❣♥ét✐q✉❡✳ ■❧
s✬❛❣✐t ❞✬✉♥ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧✱ ❞♦♥t ❧❛ t♦t❛❧✐té ❞❡ ❧✬é♥❡r❣✐❡ s❡ s✐t✉❡ s✉r
❧❡ ♥♦♠❜r❡ ❛③✐♠✉t❛❧ m = 1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

✸✳✸ ❚❛✉① ❞❡ ❝r♦✐ss❛♥❝❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ Rm✱ ♣♦✉r ❞✐✛ér❡♥t❡s ❝♦♥❞✐t✐♦♥s ❛✉①
❧✐♠✐t❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

✸✳✹ ❈❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❝ré❡ ♣❛r ❧❡ ✈❡❝t❡✉r ♣♦t❡♥t✐❡❧ G ❞❡ ✈✐t❡ss❡✳ ■❧ s✬❛❣✐t
✐❝✐ ❞❡s ❧✐❣♥❡s ❞❡ ❝❤❛♠♣ ❞❡ ❝❡t é❝♦✉❧❡♠❡♥t t♦✉t s❡✉❧✳ ❖♥ ✈♦✐t ♥❡tt❡♠❡♥t
❧❡s ❤✉✐t str✉❝t✉r❡s ❤é❧✐❝✐t❛✐r❡s ♣rès ❞❡ ❝❤❛q✉❡ ❞✐sq✉❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

✸✳✺ ➱✈♦❧✉t✐♦♥ ❞✉ t❛✉① ❞❡ ❝r♦✐ss❛♥❝❡ ❧✐♥é❛✐r❡ ❞❡s ♠♦❞❡s ♠❛❣♥ét✐q✉❡s ❧♦rsq✉❡
❧✬♦♥ ❛✉❣♠❡♥t❡ Rm✱ ❡♥ ❝♦♥tr❛✲r♦t❛t✐♦♥ ❡①❛❝t❡✳ ❆✈❡❝ ❞❡s ❝♦♥❞✐t✐♦♥s
❛✉① ❧✐♠✐t❡s ❢❡rr♦♠❛❣♥ét✐q✉❡s✱ ♦♥ ♠♦♥tr❡ ❧❡ ❞✐♣♦❧❡ ❛①✐❛❧ ✭❝❡r❝❧❡s✮✳ ❚r✐✲
❛♥❣❧❡s ✿ q✉❛❞r✉♣♦❧❡ ❛①✐❛❧✳ ❈❛rrés ✿ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧✳ ▲❡s tr❛✐ts ❡♥
♣♦✐♥t✐❧❧és ✐♥❞✐q✉❡♥t ❧❡s ❝❛❧❝✉❧s ❞❛♥s ❧❡ ❝❛s ❞❡ ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s
✐s♦❧❛♥t❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

✸✳✻ ▲✐❣♥❡s ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣♦✉r Rm = 35✳ ▲❡ ❝❤❛♠♣ ❡st ♣r✐♥❝✐♣❛✲
❧❡♠❡♥t ✉♥ ❞✐♣♦❧❡ ❛①✐❛❧✳ ❊♥ ♣❧✉s ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ❛①✐s②♠étr✐q✉❡✱ ♦♥
r❡❝♦♥♥❛ît ❧❛ ♣rés❡♥❝❡ ❞✉ ♠♦❞❡ m = 8 ♣rès ❞❡s ❞✐sq✉❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

✸✳✼ ▲✐❣♥❡s ❞❡ ❢♦r❝❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣♦✉r Rm = 75✳ ▲❡ ❝❤❛♠♣
❡st ♣r✐♥❝✐♣❛❧❡♠❡♥t ✉♥ q✉❛❞r✉♣♦❧❡ ❛①✐❛❧✳ ❊♥ ♣❧✉s ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡
❛①✐s②♠étr✐q✉❡✱ ♦♥ r❡❝♦♥♥❛ît ❧❛ ♣rés❡♥❝❡ ❞✉ ♠♦❞❡ m = 8 ♣rès ❞❡s
❞✐sq✉❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶
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✸✳✽ ❈♦♠♣❛r❛✐s♦♥ ❞❡ ❧❛ str✉❝t✉r❡ ❞❡s ♠♦❞❡s ♦❜t❡♥✉s ❞❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s
♥✉♠ér✐q✉❡s ❡t ❧✬❡①♣ér✐❡♥❝❡✳ ❖♥ ♠♦♥tr❡ ❧❡s ♣r♦✜❧s r❛❞✐❛✉① ❞❡s tr♦✐s
❝♦♠♣♦s❛♥t❡s✱ ♣♦✉r z = 0.8✳ ❊♥ ❤❛✉t ✿ ♣r♦✜❧ ♥✉♠ér✐q✉❡✳ ❊♥ ❜❛s ✿ ♣r♦✜❧
❡①♣ér✐♠❡♥t❛❧✳ ❖♥ ♥♦t❡ ❧❛ s✐♠✐❧✐t✉❞❡ ❡♥tr❡ ❧❡s ❞❡✉① ♠♦❞❡s ♠❛❣♥ét✐q✉❡s✳ ✾✷

✸✳✾ ❈♦✉♣❡ ❞❛♥s ✉♥ ♣❧❛♥ ✭r , z✮ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣♦✉r Rm = 35 ❡t
C = 0✳ ■❧ s✬❛❣✐t ❞❡ ❧❛ ♣❛rt✐❡ ❛①✐s②♠étr✐q✉❡ ❞✉ ❝❤❛♠♣ ✉♥✐q✉❡♠❡♥t✳
▲❡s ❧✐❣♥❡s ❞❡ ❝❤❛♠♣ ❢♦♥t ❝❧❛✐r❡♠❡♥t ❛♣♣❛r❛îtr❡ ✉♥ Bz ❞♦♠✐♥❛♥t ♣rès
❞❡ ❧✬❛①❡✱ t❛♥❞✐s q✉❡ ❧❡ ❝♦❞❡ ❞❡ ❝♦✉❧❡✉r ✐♥❞✐q✉❡ Bφ✳ ▲❛ str✉t✉r❡ ❡st
❝❧❛✐r❡♠❡♥t ❞✐♣♦❧❛✐r❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸

✸✳✶✵ ❈♦✉♣❡ ❞❛♥s ✉♥ ♣❧❛♥ ✭r , z✮ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♣♦✉r Rm = 100
❡t C = 0✱ ❛✈❡❝ ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ✐s♦❧❛♥t❡s✳ ■❧ s✬❛❣✐t ❞❡ ❧❛
♣❛rt✐❡ ❛①✐s②♠étr✐q✉❡ ❞✉ ❝❤❛♠♣ ✉♥✐q✉❡♠❡♥t✳ ❆ ❣❛✉❝❤❡ ✿ ❝♦♠♣♦s❛♥t❡
❞✐♣♦❧❛✐r❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❆ ❞r♦✐t❡ ✿ ❝♦♠♣♦s❛♥t❡ q✉❛❞r✉♣♦❧❛✐r❡
✭♠♦❞❡ ❧❡ ♣❧✉s ✐♥st❛❜❧❡✮✳ ❖♥ ♥♦t❡r❛ ❧❛ ❞✐✛ér❡♥❝❡ ❛✈❡❝ ❧❛ str✉❝t✉r❡
♦❜s❡r✈é ❞❛♥s ❧❡ ❝❛s ❞❡ ❝♦♥❞✐t✐♦♥s ❢❡rr♦♠❛❣♥ét✐q✉❡s ✭✈♦✐r ❧❛ ✜❣✉r❡ ✸✳✾✮✳ ✾✹

✸✳✶✶ ❈❤❛♠♣ ❞❡ ✈✐t❡ss❡ W ✐❧❧✉stré ♣❛r ✉♥❡ ❝♦✉♣❡ ❞❛♥s ❧❡ ♣❧❛♥ ✭r , z✮✳ ▲❡s
❧✐❣♥❡s ✐♥❞✐q✉❡♥t ❧❛ ❝✐r❝✉❧❛t✐♦♥ ♣♦❧♦ï❞❛❧❡ t❛♥❞✐s q✉❡ ❧❡ ❝♦❞❡ ❞❡ ❝♦✉❧❡✉r
r❡♣rés❡♥t❡ ❧✬✐♥t❡♥s✐té ❞❡ ❧❛ ✈✐t❡ss❡ s❡❧♦♥ ❧❛ ❞✐r❡❝t✐♦♥ φ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺

✸✳✶✷ ➱✈♦❧✉t✐♦♥ ❞✉ t❛✉① ❞❡ ❝r♦✐ss❛♥❝❡ ❡t ❞❡ ❧❛ ♣✉❧s❛t✐♦♥ ❞✉ ♠♦❞❡ ♠❛❣♥é✲
t✐q✉❡ ✐♥st❛❜❧❡ ❧♦rsq✉❡ ❧❛ s②♠étr✐❡ Rπ ❡st ❜r✐sé❡✳ ❊♥ ♥♦✐r ✿ ♣❛rt✐❡ ré❡❧❧❡
❞✉ t❛✉① ❞❡ ❝r♦✐ss❛♥❝❡ ❞✉ ♠♦❞❡✳ ❊♥ r♦✉❣❡ ✿ ♣❛rt✐❡ ✐♠❛❣✐♥❛✐r❡✳ ❖♥ ✈♦✐t
♥❡tt❡♠❡♥t ❧❛ ❜✐❢✉r❝❛t✐♦♥ ♥♦❡✉❞✲❝♦❧ s❡ ♣r♦❞✉✐s❛♥t à C = 0.4 ✳ ✳ ✳ ✳ ✳ ✳ ✾✻

✸✳✶✸ ➱✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞✉ s②stè♠❡ ❞❛♥s ❧❡ ré❣✐♠❡ ♦s❝✐❧❧❛♥t✱ ♣♦✉r Rm =
30 ❡t C = 1.6✳ ▲❡ s②stè♠❡ ❡st ♣r♦❝❤❡ ❞❡ ❧❛ st❛❜✐❧✐té ♠❛r❣✐♥❛❧✱ ❧❛
❝r♦✐ss❛♥❝❡ ❡①♣♦♥❡♥t✐❡❧❧❡ ♥✬❡st ❞♦♥❝ ♣❛s ✈✐s✐❜❧❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

✹✳✶ ➱❝♦✉❧❡♠❡♥t ❝réé ♣❛r ❧❡ ❢♦rç❛❣❡ ✈♦❧✉♠✐q✉❡ ✹✳✷✽✳ ▲❡s ❝♦♥t♦✉rs s♦♥t ❧❡s
❧✐❣♥❡s ❞❡ ❝❤❛♠♣ ❞❡ ❧❛ ✈✐t❡ss❡ ♣♦❧♦ï❞❛❧❡ t❛♥❞✐s q✉❡ ❧❡ ❝♦❞❡ ❞❡ ❝♦✉❧❡✉r
r❡♣rés❡♥t❡ ❧❛ ❝♦♠♣♦s❛♥t❡ t♦r♦ï❞❛❧❡✳ ▲❡ ❝❤❛♠♣ ét❛♥t ❛①✐s②♠étr✐q✉❡✱
♦♥ ♠♦♥tr❡ ✉♥❡ ❝♦✉♣❡ ❡♥ θ = 0✳ ❈❡tt❡ ✐♠❛❣❡ ❡st ✐ss✉❡ ❞✬✉♥❡ s✐♠✉❧❛t✐♦♥
❤②❞r♦❞②♥❛♠✐q✉❡ ❡✛❡❝t✉é❡ à Re = 70✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

✹✳✷ ➱✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ t②♣✐q✉❡ ❞✬✉♥❡ s✐♠✉❧❛t✐♦♥ ❡♥ ré❣✐♠❡ ❧❛♠✐♥❛✐r❡✱
♣♦✉r Rm = 180 ❡t Re = 120✳ ❖♥ ♠♦♥tr❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡
t♦t❛❧❡ ❛ss♦❝✐é❡ à ❞✐✛ér❡♥ts ♠♦❞❡s ❛③✐♠✉t❛✉①✳ ❊♥ r♦✉❣❡✱ ♦♥ ✈♦✐t ❧❛
❝r♦✐ss❛♥❝❡ ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ t❛♥❞✐s q✉❡ ❧❡ ❝❤❛♠♣ ♠♦②❡♥ ✐ss✉ ❞✉
❢♦rç❛❣❡✱ ❡♥ ♦r❛♥❣❡✱ ❞✐♠✐♥✉❡ ❧é❣èr❡♠❡♥t ❧♦rs ❞❡ ❧❛ s❛t✉r❛t✐♦♥✳ ❊♥ ♥♦✐r ✿
❝♦♠♣♦s❛♥t❡ m = 0 ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❊♥ ❜❧❡✉ ✿ ❝♦♠♣♦s❛♥t❡
m = 2 ❞❡ ❧✬é❝♦✉❧❡♠❡♥t q✉✐ ❛♣♣❛r❛ît ❧♦rsq✉❡ ❧❡ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ s❛t✉r❡✳ ✶✵✾



✷✸✵ ❚❆❇▲❊ ❉❊❙ ❋■●❯❘❊❙

✹✳✸ ❙tr✉❝t✉r❡ ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ❡♥❣❡♥❞ré ♣❛r ❧✬é❝♦✉❧❡♠❡♥t ❧❛♠✐♥❛✐r❡✱
♣♦✉r Rm = 180 ❡t Re = 120✳ ❊♥ ❤❛✉t✱ à ❣❛✉❝❤❡ ✿ ▲✐❣♥❡s ❞❡ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡✳ ❆ ❞r♦✐t❡ ✿ ✐s♦✈❛❧❡✉r ❞❡ ❧✬é♥❡r❣✐❡ ♠❛❣♥ét✐q✉❡ ✭✷✺✪ ❞❡
❧✬é♥❡r❣✐❡ ♠❛①✐♠❛❧❡✮✳ ❖♥ r❡❝♦♥♥❛ît ❧❛ ❢♦r♠❡ ✬❜❛♥❛♥❡✬ ❝❛r❛❝tér✐st✐q✉❡✱
r❡❧❛t✐✈❡♠❡♥t s✐♠✐❧❛✐r❡ ❛✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ♦❜s❡r✈é ❞❛♥s ❧❡s ♠♦❞è❧❡s
❝②❧✐♥❞r✐q✉❡s✳ ❊♥ ❜❛s ✿ ❝♦✉♣❡ ❡♥ θ = π/2✱ ❞❛♥s ❧❡ ♣❧❛♥ éq✉❛t♦r✐❛❧✳ ▲❡s
❝♦♥t♦✉rs ✐♥❞✐q✉❡♥t ❧❡s ❧✐❣♥❡s ❞❡ ❝❤❛♠♣ ♣r♦❥❡té❡s ❞❛♥s ❧❡ ♣❧❛♥ ❡t ❧❛
❝♦✉❧❡✉r ✐♥❞✐q✉❡ ❧✬✐♥t❡♥s✐té ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ r❛❞✐❛❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵

✹✳✹ ❈♦♠♣❛r❛✐s♦♥ ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ♦❜t❡♥✉ ❞❛♥s ❧❛ s✐♠✉❧❛t✐♦♥ s♣❤é✲
r✐q✉❡ ❡t ❞❛♥s ❧❛ s✐♠✉❧❛t✐♦♥ ❞✉ ❝♦❞❡ ❝②❧✐♥❞r✐q✉❡✳ ❉❛♥s ❧❡s ❞❡✉① ❝❛s✱
❧✬✐s♦✈❛❧❡✉r ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✭25% ❞❡ ❧✬é♥❡r❣✐❡ ♠❛①✮ ❡st très s✐✲
♠✐❧❛✐r❡✱ ❡t t②♣✐q✉❡ ❞✬✉♥❡ ❞②♥❛♠♦ ❡♥❣❡♥❞ré ♣❛r ✉♥ é❝♦✉❧❡♠❡♥t s0

2 + t0
2 ✳ ✶✶✶

✹✳✺ ❈♦✉r❜❡ ❞❡ st❛❜✐❧✐té Rmc ❡♥ ❢♦♥❝t✐♦♥ ❞❡ Re✳ ❊♥ r♦✉❣❡ ✿ ➱✈♦❧✉t✐♦♥
❞✉ s❡✉✐❧ ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ m = 1✱ ❡♥❣❡♥❞ré ❡♥ ré❣✐♠❡ ❧❛♠✐♥❛✐r❡✳
❊♥ ❜❧❡✉ ✿ s❡✉✐❧ ❞✬✐♥st❛❜✐❧✐té ❞❡ ❧❛ str✉❝t✉r❡ ❝♦rr❡s♣♦♥❞❛♥t à ✉♥ ♠♦❞❡
❞②♥❛♠♦ t✉r❜✉❧❡♥t✱ r❡❧❛t✐✈❡♠❡♥t ❛①✐s②♠étr✐q✉❡✳ ❊♥ ♥♦✐r ✿ ❙❡✉✐❧ ❞✉
❞✐♣♦❧❡ ❛①✐❛❧ ❢♦rt❡♠❡♥t ❛①✐s②♠étr✐q✉❡ m = 0✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✷

✹✳✻ ❉✐❛❣r❛♠♠❡ ❞❡ ❜✐❢✉r❝❛t✐♦♥ ❞❡s ❞✐✛ér❡♥ts ♠♦❞❡s ♠❛❣♥ét✐q✉❡s ❧♦rsq✉❡
❧✬♦♥ ✈❛r✐❡ Rm ♣♦✉r Re = 122✳ ▲❡s ❜❛rr❡s ❞✬❡rr❡✉rs ✐♥❞✐q✉❡♥t ❧✬❛♠♣❧✐✲
t✉❞❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s✳ ❚♦✉s ❧❡s ❛✉tr❡s ♠♦❞❡s ♠❛❣♥ét✐q✉❡s s♦♥t ❢❛✐❜❧❡s
❝♦♠♣❛rés à ❝❡✉①✲❧à✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✹

✹✳✼ ➱✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡s ❞✐✛ér❡♥ts ♠♦❞❡s ✐♠♣❧✐q✉és ❞❛♥s ❧❛ s✐♠✉❧❛✲
t✐♦♥✱ ♣♦✉r Rm = 292 ❡t Re = 120✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺

✹✳✽ ➱✈♦❧✉t✐♦♥ ❞❡ ❧❛ ♣ér✐♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ❡♥ ❢♦♥❝t✐♦♥
❞❡ Rm ♣♦✉r Re = 120✳ ❖♥ ♥♦t❡ ❧❛ ❞✐✈❡r❣❡♥❝❡ ❞❡ ❧❛ ♣ér✐♦❞❡ ♣rès ❞❡ ❧❛
❜✐❢✉r❝❛t✐♦♥ ❞②♥❛♠♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺

✹✳✾ ❊✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡s ♠♦❞❡s ♠❛❣♥ét✐q✉❡s ❡t ❝✐♥ét✐q✉❡s ✭é♥❡r❣✐❡
t♦t❛❧❡✮✱ ♣♦✉r Re = −76 ❡t Rm = 170✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✻

✹✳✶✵ ▲✐❣♥❡s ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞✉ ❞✐♣♦❧❡ ❛①✐❛❧ ♦❜s❡r✈é ❞❛♥s ❧❡s s✐♠✉✲
❧❛t✐♦♥s✱ ♣♦✉r Re = −76 ❡t Rm = 170✱ ❛♣rès ✉♥❡ ✈✐♥❣t❛✐♥❡ ❞❡ t❡♠♣s
rés✐st✐❢s✳ ❖♥ ♥♦t❡r❛ ❧❛ ❢♦rt❡ ❛①✐s②♠étr✐❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ✳ ✳ ✳ ✳ ✶✶✼

✹✳✶✶ ❉✐❛❣r❛♠♠❡ ❞❡ ❜✐❢✉r❝❛t✐♦♥ ❞❡s ❞✐✛ér❡♥ts ♠♦❞❡s ♠❛❣♥ét✐q✉❡s ❧♦rsq✉❡
❧✬♦♥ ✈❛r✐❡ Rm✱ ♣♦✉r ✉♥ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s ✜①❡ Re = −76✳ ▲❡s
❜❛rr❡s ❞✬❡rr❡✉rs ✐♥❞✐q✉❡♥t ❧✬❛♠♣❧✐t✉❞❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s✱ ❡t ❧❡s ❧✐❣♥❡s ❡♥
♣♦✐♥t✐❧❧és ❧❛ ✈❛❧❡✉r ♠❛①✐♠❛❧❡ ❞❡s ♠♦❞❡s ❞✉r❛♥t ❧❡ ❝②❝❧❡ ❞❡ r❡❧❛①❛t✐♦♥✳
❚♦✉s ❧❡s ❛✉tr❡s ♠♦❞❡s ♠❛❣♥ét✐q✉❡s s♦♥t ❢❛✐❜❧❡s ❝♦♠♣❛rés à ❝❡✉①✲❝✐✳ ✳ ✶✶✽
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✹✳✶✷ ❊♥ ❤❛✉t ✿ é✈♦❧✉t✐♦♥ ❞❡ ❧❛ ♣ér✐♦❞❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ♥♦♥✲❧✐♥é❛✐r❡s ❡♥
❢♦♥❝t✐♦♥ ❞❡ Rm ♣♦✉r Re = −76✳ ❖♥ ♥♦t❡ ❧❛ ❞✐✈❡r❣❡♥❝❡ ❝❧❛✐r❡ ❞❡ ❧❛
♣ér✐♦❞❡ ♣rès ❞❡ ❧❛ ❞✐s♣❛r✐t✐♦♥ ❞✉ ❝②❝❧❡ ✭❧✐❣♥❡ ❡♥ ♣♦✐♥t✐❧❧é✮✳ ❊♥ ❜❛s ✿
❝②❝❧❡s ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ♣♦✉r Rm = 150 ❡t Re = −76✳ ✳ ✳ ✳ ✳ ✳ ✶✶✾

✹✳✶✸ ❉✐❛❣r❛♠♠❡ ❞❡ ❜✐❢✉r❝❛t✐♦♥ ❞✉ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ❞✬❛♠♣❧✐t✉❞❡ ✭✹✳✸✵✲
✹✳✸✶✲✹✳✸✷✮ ❧♦rsq✉❡ ❧✬♦♥ ✈❛r✐❡ µ✱ ❛✈❡❝ α1 = 0.15, α3 = 4, ν = 0.5, β2 =
0.4, λ = 1., γ2 = 2.5, γ3 = 0.5✱ t♦✉s ❧❡s ❛✉tr❡s ❝♦❡✣❝✐❡♥ts ✈❛❧❛♥t ③ér♦✳
❖♥ ✐♥❞✐q✉❡ à ❧❛ ❢♦✐s ❧❡s ✈❛❧❡✉rs ♠❛①✐♠❛❧❡s ❡t ♠✐♥✐♠❛❧❡s ❞❡s ♠♦❞❡s
❡♥ ré❣✐♠❡ s❛t✉ré✳ ❊♥ ❜❛s ✿ ➱✈♦❧✉t✐♦♥ ❞❡ ❧❛ ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥ ❞❡ ❧❛
♣❤❛s❡ ❞❡ A✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✸

✹✳✶✹ ■♥té❣r❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞✉ s②stè♠❡ ❞✬éq✉❛t✐♦♥ ❞✬❛♠♣❧✐t✉❞❡ ✭✹✳✸✵✲✹✳✸✶✲
✹✳✸✷✮✳ ❊♥ ❤❛✉t ✿ é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❞❡s tr♦✐s ♠♦❞❡s
❞❛♥s ❧❡ ❝②❝❧❡ ❞❡ r❡❧❛①❛t✐♦♥ ✭ µ = 1.4, α1 = 0.15, α3 = 4, ν = 0.5, β2 =
0.4, λ = 1., γ2 = 4., γ3 = 0.5✱ t♦✉s ❧❡s ❛✉tr❡s ❝♦❡✣❝✐❡♥ts ✈❛❧❛♥t ③ér♦✮✳
❊♥ ❜❛s ✿ ❝②❝❧❡ ❞❡ r❡❧❛①❛t✐♦♥ ✈✉ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✺

✹✳✶✺ ➱✈♦❧✉t✐♦♥ ❞✉ ♥✐✈❡❛✉ ❞❡ t✉r❜✉❧❡♥❝❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ❘❡②✲
♥♦❧❞s✳ ❖♥ ♠♦♥tr❡ ❧✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ ❧✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ ♣♦✉r
❞❡s s✐♠✉❧❛t✐♦♥s à Re = 100 ✭❝♦✉r❜❡ ❜❧❡✉❡✮✱ Re = 250 ✭r♦✉❣❡✮ ❡t
Re = 1000 ✭♥♦✐r✮✱ ✐❧❧✉str❛♥t ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥ ré❣✐♠❡ t✉r❜✉❧❡♥t✳ ✳ ✳ ✶✷✼

✹✳✶✻ ❉é✈✐❛t✐♦♥ st❛♥❞❛r❞ ❞❡ Re ❡♥ ❢♦♥❝t✐♦♥ ❞❡ Re0✳ ❖♥ ♦❜s❡r✈❡ ✉♥❡ tr❛♥✲
s✐t✐♦♥ ♣♦✉r Re ∼ 180✱ ♦ù ❞❡s ✢✉❝t✉❛t✐♦♥s ❛♣♣❛r❛✐ss❡♥t ❞❛♥s ❧✬é❝♦✉❧❡✲
♠❡♥t✳ ▲❛ ❝♦✉r❜❡ ❡♥ ♣♦✐♥t✐❧❧é ❡st ✉♥ ❛❥✉st❡♠❡♥t ❡♥ (Re − Rec)

α✱ ❛✈❡❝
Rec = 177 ❡t α = 0.7✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✼

✹✳✶✼ ❙♣❡❝tr❡ ❞❡s ❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s ❞✬✉♥❡ s✐♠✉❧❛t✐♦♥ à Re = 330✳ ❊♥
♥♦✐r ✿ ❞❡♥s✐té ❞✬é♥❡r❣✐❡ s♣❡❝tr❛❧❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ❞❡❣ré l ✳ ❊♥ r♦✉❣❡ ✿
s♣❡❝tr❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧✬♦r❞r❡ m✳ ▲✬é♥❡r❣✐❡ ❡st ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❢♦rt❡
s✉r ❧❛ ❝♦♠♣♦s❛♥t❡ ❞✉ ❝❤❛♠♣ ♠♦②❡♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✽

✹✳✶✽ ❙✐♠✉❧❛t✐♦♥ ❤②❞r♦❞②♥❛♠✐q✉❡ ré❛❧✐sé❡ à Re = 2000✳ ❆ ❣❛✉❝❤❡ ✿ é✈♦❧✉✲
t✐♦♥ ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❞❡s ♠♦❞❡s ❛③✐♠✉t❛✉① ❞❡ ✈✐t❡ss❡ ♣rès ❞❡ ❧❛ s♣❤èr❡
❡①t❡r♥❡✳ ❆ ❞r♦✐t❡ ✿ ♠❡s✉r❡ ❞✉ Re ❡✛❡❝t✐❢ ✭❝♦✉r❜❡ ❝♦♥t✐♥✉❡✮ ❝♦♠♣❛ré
❛✉ Re0 ✐♠♣♦sé ❞❛♥s ❧❡s éq✉❛t✐♦♥s ✭❝♦✉r❜❡ ♣♦✐♥t✐❧❧é✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✾

✹✳✶✾ ❙tr✉❝t✉r❡ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ♣♦✉r Re = 2500✳ ❊♥ ❤❛✉t ✿ ❝♦✉♣❡ ❞❛♥s ✉♥
♣❧❛♥ ♠ér✐❞✐❡♥ ♠♦♥tr❛♥t ❧❡s tr♦✐s ❝♦♠♣♦s❛♥t❡s ❞❡ ✈✐t❡ss❡✳ ❊♥ ❜❛s ✿
❧✐❣♥❡s ❞❡ ❝♦✉r❛♥ts ❞✉ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡ ❞❛♥s ❧✬❡s♣❛❝❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✵

✹✳✷✵ ❙♣❡❝tr❡ ❞✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ ♦❜t❡♥✉ à ♣❛rt✐r ❞✬✉♥❡ s✐♠✉❧❛t✐♦♥ ré❛❧✐sé❡
♣♦✉r Re = 2000✳ ▲❛ ❧✐❣♥❡ ❡♥ ♣♦✐♥t✐❧❧é r♦✉❣❡ ❡st ✉♥ ❛❥✉st❡♠❡♥t ❞❡ ❧❛
③♦♥❡ ✐♥❡rt✐❡❧❧❡ ❛✈❡❝ ❧❛ ❧♦✐ ❞❡ ♣✉✐ss❛♥❝❡ k−5/3✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✶
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✹✳✷✶ ❉✐❛❣r❛♠♠❡ ❞❡ ♣❤❛s❡ Rm − Re✳ ❖♥ ♠♦♥tr❡ q✉❡❧q✉❡s s✐♠✉❧❛t✐♦♥s ré❛✲
❧✐sé❡s ❞❛♥s ❧❡ ré❣✐♠❡ t✉r❜✉❧❡♥t✳ ▲❡s r♦♥❞s ✐♥❞✐q✉❡♥t ❞❡s s✐♠✉❧❛t✐♦♥s
❞②♥❛♠♦s t❛♥❞✐s q✉❡ ❧❡s ❝❛rrés ✐♥❞✐q✉❡♥t q✉❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡
❞é❝r♦ît✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✷

✹✳✷✷ ➱✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡s ❝❤❛♠♣s ❝✐♥ét✐q✉❡ ❡t ♠❛❣♥ét✐q✉❡ ♣♦✉r Re =
210 ❡t Pm = 1✳ ❆ ❣❛✉❝❤❡ ✿ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡✳ ❆ ❞r♦✐t❡ ✿ ❝❤❛♠♣
♠❛❣♥ét✐q✉❡✳ ❖♥ ♥♦t❡ ❧❛ tr❛♥s✐t✐♦♥ ❜r✉t❛❧❡ s❡ ♣r♦❞✉✐s❛♥t ✈❡rs t ∼ 4
♠❡♥❛♥t à ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞é♣♦✉r✈✉ ❞❡ ❝♦♠♣♦s❛♥t❡ éq✉❛t♦r✐❛❧✳ ✶✸✷

✹✳✷✸ ➱✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❞❡s ❝❤❛♠♣s ❝✐♥ét✐q✉❡ ❡t ♠❛❣♥é✲
t✐q✉❡ ♣♦✉r Re = 300 ❡t Pm = 0.6✱ ❡♥ r = a/2 ✭♦♥ ♠♦♥tr❡ ❧✬❛♠♣❧✐t✉❞❡
❛ss♦❝✐é❡ ❛✉① ❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s ❝♦rr❡s♣♦♥❞❛♥t❡s✮✳ ❆ ❣❛✉❝❤❡ ✿
❝❤❛♠♣ ❞❡ ✈✐t❡ss❡✳ ❆ ❞r♦✐t❡ ✿ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❖♥ ♥♦t❡ ❧❛ ❣é♥é✲
r❛t✐♦♥ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ très ✢✉❝t✉❛♥t✱ ❞♦♠✐♥é ♣❛r ✉♥ ❞✐♣♦❧❡
❛①✐❛❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✸

✹✳✷✹ ▲✐❣♥❡s ❞❡ ❝❤❛♠♣s ♠❛❣♥ét✐q✉❡s ❞❛♥s ✉♥❡ s✐♠✉❧❛t✐♦♥ t②♣✐q✉❡✱ ♣♦✉r
Re = 300 ❡t Pm = 0.6✳ ❖♥ ♥♦t❡ q✉❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡st ❛s✲
s❡③ ✢✉❝t✉❛♥t ♠❛✐s ♣r✐♥❝✐♣❛❧❡♠❡♥t ❛①✐s②♠étr✐q✉❡✳ ▲❛ str✉❝t✉r❡ ❡st ✉♥
❞✐♣♦❧❡ ❛①✐❛❧ ❛ss♦❝✐é ❛✈❡❝ ✉♥ ❢♦rt ❝❤❛♠♣ t♦r♦ï❞❛❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✹

✹✳✷✺ ➱✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ q✉❡❧q✉❡s ♠♦❞❡s ♠❛❣♥ét✐q✉❡s ♣♦✉r ✉♥❡ s✐♠✉✲
❧❛t✐♦♥ ❛✈❡❝ Re = 1800 ❡t Pm = 1✳ ❖♥ ♥♦t❡ ❧✬❛s♣❡❝t très ✢✉❝t✉❛♥t ❞✉
❝❤❛♠♣ ❡t ❧❡s r❡♥✈❡rs❡♠❡♥ts ❝❤❛♦t✐q✉❡s ❞❡ ❧❛ ♣♦❧❛r✐té ❞✉ ❞✐♣♦❧❡ ❛①✐❛❧✳ ✳ ✶✸✺

✹✳✷✻ ❈♦♠♣❛r❛✐s♦♥ ❞❡s s♣❡❝tr❡ ❞❡ ❧✬é♥❡r❣✐❡ ♠❛❣♥ét✐q✉❡ ✭❡♥ r♦✉❣❡✮ ❡t ❞❡
❧✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡✭❡♥ ♥♦✐r✮ ♣♦✉r ✉♥❡ s✐♠✉❧❛t✐♦♥ à Re = 1800✳ ▲❡s
❝♦✉r❜❡s ❡♥ ♣♦✐♥t✐❧❧és ✐♥❞✐q✉❡♥t ❞❡s ❛❥✉st❡♠❡♥ts ❡♥ k−5/3✳ ▲❛ s✐♠✉❧❛✲
t✐♦♥ ❡st ré❛❧✐sé❡ ♣♦✉r Pm = 1✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✺

✹✳✷✼ ➱✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡s ♠♦❞❡s ♠❛❣♥ét✐q✉❡s ♣♦✉r Rm = 220✱ Pm = 1
❡t C = 1.5✳ ❊♥ ♥♦✐r ✿ ❝♦♠♣♦s❛♥t❡ ❞✐♣♦❧❛✐r❡ m = 0✳ ❊♥ r♦✉❣❡ ✿ ♣❛rt✐❡
éq✉❛t♦r✐❛❧ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ✭m = 1✮✳ ❊♥ ❜❧❡✉ ✿ q✉❛❞r✉♣♦❧❡ ❛①✐❛❧
m = 0✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✽

✹✳✷✽ ❆❣r❛♥❞✐ss❡♠❡♥t ❞❡ ❧❛ ✜❣✉r❡ ✹✳✷✼ ❛✉t♦✉r ❞✬✉♥ r❡♥✈❡rs❡♠❡♥t ❞♦♥♥é✳
❖♥ ♥♦t❡r❛ ❧❡ ❝❛r❛❝tèr❡ très ✢✉❝t✉❛♥t ❞❡s ♠♦❞❡s ♠❛❣♥ét✐q✉❡s✳ ✳ ✳ ✳ ✳ ✳ ✶✸✾

✹✳✷✾ ➱✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞✉ ❞✐♣♦❧❡ ❛①✐❛❧ ♠❛❣♥ét✐q✉❡ ✭♥♦✐r✮✱ ❞✉ q✉❛❞r✉✲
♣♦❧❡ ❛①✐❛❧ ✭❜❧❡✉✮ ❡t ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ✭r♦✉❣❡✮✳ ❙✐♠✉❧❛t✐♦♥ ❡✛❡❝t✉é❡s
♣♦✉r Re = 330✱Pm = 0.5 ❡t C = 1.5✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✶

✹✳✸✵ ➱✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞✉ ❞✐♣♦❧❡ ❛①✐❛❧ ♠❛❣♥ét✐q✉❡ ✭♥♦✐r✮✱ ❞✉ q✉❛❞r✉✲
♣♦❧❡ ❛①✐❛❧ ✭❜❧❡✉✮ ❡t ❞✉ ❞✐♣♦❧❡ éq✉❛t♦r✐❛❧ ✭r♦✉❣❡✮✳ ❙✐♠✉❧❛t✐♦♥ ❡✛❡❝t✉é❡s
❛ Re = 360✱Pm = 0.5 ❡t C = 2. ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✷
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✹✳✸✶ ❋❛❝t❡✉r ❞❡ ❝♦rré❧❛t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞✉ ❞✐♣♦❧❡ ❛①✐❛❧ ❛✈❡❝ ❞✐✛ér❡♥ts ♠♦❞❡s
❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ Pr❛♥❞t❧ ♠❛❣♥ét✐q✉❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✸

✹✳✸✷ ➱✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞✉ ♠♦❞❡ ❞✐♣♦❧❛✐r❡ ♠❛❣♥ét✐q✉❡✭❡♥ ♥♦✐r✮✱ ❞✉ ♠♦❞❡
q✉❛❞r✉♣♦❧❛✐r❡ ✭❜❧❡✉✮ ❡t ❞✉ ♠♦❞❡ ❞❡ ✈✐t❡ss❡ ❜r✐s❛♥t ❧❛ s②♠étr✐❡ Rπ✳
❙✐♠✉❧❛t✐♦♥ ♣♦✉r Re = 330✱ Pm = 0.5 ❡t C = 1.5✳ ❖♥ ✈♦✐t ❝❧❛✐r❡♠❡♥t
❧❡ tr❛♥s❢❡rt ✈❡rs ❧❡ q✉❛❞r✉♣♦❧❡ ❞✉r❛♥t ❧❡ r❡♥✈❡rs❡♠❡♥t✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✺

✹✳✸✸ ■♥té❣r❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞✉ ♠♦❞è❧❡ à tr♦✐s ♠♦❞❡s ♣♦✉r µ = 0.119✱
ν = 0.1 ❡t Γ = 0.9✳ ❊♥ ❤❛✉t ✿ ➱✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ ❧✬❛♠♣❧✐t✉❞❡
Q✳ ❆✉ ♠✐❧✐❡✉ ✿ ❛❣r❛♥❞✐ss❡♠❡♥t ❛✉t♦✉r ❞✬✉♥ r❡♥✈❡rs❡♠❡♥t ❞♦♥♥é✳ ❖♥
♥♦t❡r❛ ❧❡ tr❛♥s❢❡rt ❡♥tr❡ ❞✐♣♦❧❡ ❡t q✉❛❞r✉♣♦❧❡✳ ❊♥ ❜❛s ✿ tr❛❥❡❝t♦✐r❡
❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✾

✺✳✶ ❉✐❛❣r❛♠♠❡ ❞❡ st❛❜✐❧✐té ❞✉ ♣♦✐♥t tr✐✈✐❛❧ DO = QO = 0 ❡t VO = Γ✳ F

✐♥❞✐q✉❡ ❧❡ ♣♦✐♥t ❞❡ ❜✐❢✉r❝❛t✐♦♥ ❞❡ ❝♦❞✐♠❡♥s✐♦♥ ✷✱ ❡t Γ = 1✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✹

✺✳✷ ■♥té❣r❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞✉ ♠♦❞è❧❡ ♣♦✉r µ = 0.119✱ ν = 0.1 ❡t Γ = 0.9✳
❖♥ ✈♦✐t ❡♥ r♦✉❣❡ ❧❛ s❡❝t✐♦♥ ❞❡ P♦✐♥❝❛ré ✉t✐❧✐sé ♣♦✉r ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞✉
♣r❡♠✐❡r r❡t♦✉r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✻

✺✳✸ ❉✐❛❣r❛♠♠❡ ❞❡ ❜✐❢✉r❝❛t✐♦♥ ❞❡ xn ❡♥ ❢♦♥❝t✐♦♥ ❞❡ µ à ♣❛rt✐r ❞❡ ❧✬❛♣♣❧✐✲
❝❛t✐♦♥ ❞✉ ♣r❡♠✐❡r r❡t♦✉r✳ ▲♦rsq✉❡ µ ❞é❝r♦ît ❞❡ 0.15 ❥✉sq✉✬à 0.1✱ ♦♥
♦❜s❡r✈❡ ✉♥❡ tr❛♥s✐t✐♦♥ ✈❡rs ❧❡ ❝❤❛♦s ♣❛r ❞♦✉❜❧❡♠❡♥t ❞❡ ♣ér✐♦❞❡✳ ✳ ✳ ✳ ✶✺✼

✺✳✹ ■♥té❣r❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞✉ ♠♦❞è❧❡ ♣♦✉r ❞✐✛ér❡♥t❡s ✈❛❧❡✉rs ❞❡ µ ✐❧❧✉s✲
tr❛♥t ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ❧❡ ❝❤❛♦s ✭❞❡ ❤❛✉t ❡♥ ❜❛s ✿ µ = 0.14✱ µ = 0.135
❡t µ = 0.13✳ ❆ ❣❛✉❝❤❡ ✿ ❛♣♣❧✐❝❛t✐♦♥ ❞❡ ♣r❡♠✐❡r r❡t♦✉r ❞✉ s②stè♠❡✳ ❆
❞r♦✐t❡ ✿ ❡s♣❛❝❡ ❞❡s ♣❤❛s❡ ✭❉✱◗✮✳ ❖♥ ✈♦✐t ❝❧❛✐r❡♠❡♥t ❧❡ ❞♦✉❜❧❡♠❡♥t ❞❡
♣ér✐♦❞❡ ❡♥tr❡ µ = 0.135 ❡t µ = 0.13 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✽

✺✳✺ ➱✈♦❧✉t✐♦♥ ❞❡ ❧✬❡①♣♦s❛♥t ❞❡ ▲②❛♣✉♥♦✈ λ ❞✉ s②stè♠❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡
µ✳ ❖♥ ✈♦✐t q✉❡ ❧❛ sér✐❡ ❞❡ ❜✐❢✉r❝❛t✐♦♥s ♣❛r ❞♦✉❜❧❡♠❡♥ts ❞❡ ♣ér✐♦❞❡
❝♦rr❡s♣♦♥❞ à ✉♥❡ ❛✉❣♠❡♥t❛t✐♦♥ ❞❡ λ✱ tr❛❞✉✐s❛♥t ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs ✉♥
ét❛t ❝❤❛♦t✐q✉❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✾

✺✳✻ ■♥té❣r❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞✉ ♠♦❞è❧❡ ♣♦✉r µ = 0.12✱ ν = 0.1 ❡t Γ = 0.9✳
P♦✉r ❝❡ ❥❡✉ ❞❡ ♣❛r❛♠ètr❡s✱ ♦♥ ♦❜s❡r✈❡ ✉♥❡ ❞②♥❛♠✐q✉❡ ❝❤❛♦t✐q✉❡✳ ❊♥
❤❛✉t ✿ ❆♣♣❧✐❝❛t✐♦♥ ❞✐s❝rèt❡✳ ❊♥ ❜❛s✱ à ❣❛✉❝❤❡ ✿ é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡
❞❡ ❧✬❛♠♣❧✐t✉❞❡ Q✳ ❊♥ ❜❛s✱ à ❞r♦✐t❡ ✿ é✈♦❧✉t✐♦♥ ❞✉ s②stè♠❡ ❞❛♥s ❧❡ ♣❧❛♥
❞❡ ♣❤❛s❡ ✭❉✱◗✮✳ P♦✉r ❝❡tt❡ ❝♦♥❞✐t✐♦♥ ✐♥✐t✐❛❧❡✱ ❧❡ s②stè♠❡ r❡st❡ ❛✉t♦✉r
❞✉ ♣♦✐♥t M+✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✵
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✺✳✼ ❈♦♠♣♦rt❡♠❡♥t ❞✉ ♠♦❞è❧❡ ♣♦✉r µ = 0.119✱ ν = 0.1 ❡t Γ = 0.9✳
▲✬❛♣♣❧✐❝❛t✐♦♥ ❞✐s❝rèt❡ ✭❡♥ ❤❛✉t✮ ♠♦♥tr❡ ✉♥❡ s✐t✉❛t✐♦♥ très s✐♠✐❧❛✐r❡ à
❝❡❧❧❡ ✈✉❡ ♣♦✉r µ = 0.12✱ ❞❡ s♦rt❡ q✉❡ ❧❡ ❝❤❛♦s ② ❡st ✐❞❡♥t✐q✉❡✳ ❖♥ ♥♦t❡
t♦✉t❡❢♦✐s ✉♥❡ ♣❡t✐t❡ ♦✉✈❡rt✉r❡ ♣❡r♠❡tt❛♥t ❧❛ ❝♦♥♥❡①✐♦♥ ❛✈❡❝ ❧✬❛✉tr❡
♣♦✐♥t ✜①❡ ♦♣♣♦sé✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✶

✺✳✽ ➱✈♦❧✉t✐♦♥ ❞✉ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡ ❞✬❛tt❡♥t❡ ❡♥tr❡ ❞❡✉① r❡♥✈❡rs❡✲
♠❡♥ts à ❧✬❛♣♣r♦❝❤❡ ❞✉ ♣♦✐♥t ❞❡ ❜✐❢✉r❝❛t✐♦♥ ❞❡ ❧❛ ❝r✐s❡✳ ❆ ❣❛✉❝❤❡ ✿
➱✈♦❧✉t✐♦♥ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ µ✱ q✉✐ s✉❣❣èr❡ µc = 0.11928✳ ▲✬❡♥❝❛❞ré
♠♦♥tr❡ 1/τ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ µ✳ ❆ ❞r♦✐t❡ ✿ ➱✈♦❧✉t✐♦♥ ❡♥ é❝❤❡❧❧❡ ❧♦❣❛✲
r✐t❤♠✐q✉❡ ❞❡ τ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ µ− µc ✳ ❖♥ tr♦✉✈❡ ♥✉♠ér✐q✉❡♠❡♥t ✉♥
❡①♣♦s❛♥t γ ∼ 1/2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✷

✺✳✾ ❇❛ss✐♥ ❞✬❛ttr❛❝t✐♦♥ ❞❡s ❞❡✉① ❛ttr❛❝t❡✉rs ❝❤❛♦t✐q✉❡s ♣r♦❥❡tés ❞❛♥s ❧❡
♣❧❛♥ ❞❡ P♦✐♥❝❛ré✳ ▲❡s ♣❛rt✐❡s ❜❧❛♥❝❤❡s ❡t ♥♦✐r❡s ❞✐st✐♥❣✉❡♥t ❧❡s ❞❡✉①
❜❛ss✐♥s✳ ❖♥ ♠♦♥tr❡ ❡♥ r♦✉❣❡ ❧❡s ❛ttr❛❝t❡✉rs✳ ❊♥ ❤❛✉t ✿ ❧❡ s②stè♠❡
s❡ tr♦✉✈❡ ❛✈❛♥t ❧❛ ❝r✐s❡✱ ♣♦✉r µ = 0.1194 ✭❣❛✉❝❤❡✮ ❡t µ = 0.1193 ✭à
❞r♦✐t❡✮✳ ❊♥ ❜❛s ✿ P♦✉r µ = 0.11928 ≈ µc ✱ ♦♥ ♦❜s❡r✈❡ ✉♥❡ ❝♦❧❧✐s✐♦♥
❡♥tr❡ ❧❡s ❛ttr❛❝t❡✉rs ❡t ❧❡ ❜♦r❞ ❧✐♠✐t❡ ❞❡s ❜❛ss✐♥s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✹

✺✳✶✵ ➱✈♦❧✉t✐♦♥ ❛✉ ❝♦✉rs ❞✉ t❡♠♣s ❞❡ ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ ❞❡✉① tr❛❥❡❝t♦✐r❡s
✐♥✐t✐❛❧❡♠❡♥t ❞✐st❛♥t❡s ❞❡ 10−15✳ ❧✬❡①♣♦s❛♥t ❞❡ ▲②❛♣✉♥♦✈ ❡st ❞✬❡♥✈✐r♦♥
0.1✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✺

✺✳✶✶ ❊♥ ❤❛✉t ✿ ❊s♣❛❝❡ ❞❡s ♣❤❛s❡s ♣♦✉r µ = 0.101✱ ν = 0.1 ❡t Γ = 0.9✳
▲✬é✈♦❧✉t✐♦♥ ♥✬❡st ♣❧✉s ❝❤❛♦t✐q✉❡ ♣♦✉r ❝❡s ✈❛❧❡✉rs✳ ❖♥ ♦❜s❡r✈❡ ✉♥❡
❝♦♥♥❡①✐♦♥ ♣ér✐♦❞✐q✉❡ ❡♥tr❡ ❧❡s ❞❡✉① ♣♦✐♥ts ✜①❡s✳ ❊♥ ❜❛s ✿ é✈♦❧✉t✐♦♥
t❡♠♣♦r❡❧❧❡ ❞❡s tr♦✐s ♠♦❞❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✻

✺✳✶✷ ❊s♣❛❝❡ ❞❡s ♣❤❛s❡s ♣♦✉r µ = 0.06✱ ν = 0.1 ❡t Γ = 0.9✳ ▲❡ s②stè♠❡
t❡♥❞ ✈❡rs ❧❛ s♦❧✉t✐♦♥ st❛❜❧❡ O✳ ▲❛ tr❛❥❡❝t♦✐r❡s ❢❛✐t ❛♣♣❛r❛îtr❡ ✉♥❡
♦r❜✐t❡ ♣ér✐♦❞✐q✉❡ ✐♥st❛❜❧❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✼

✺✳✶✸ ➱✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ ❧✬❛♠♣❧✐t✉❞❡ Q ♣♦✉r ❞✐✛ér❡♥t❡s ✈❛❧❡✉rs ❞❡ µ✳
❉❡ ❣❛✉❝❤❡ à ❞r♦✐t❡✱ ♦♥ ❛ µ = 0.09✱ µ = 0.08 ❡t µ = 0.065✳ ❖♥ ♥♦t❡ ❧❡
❝❛r❛❝tèr❡ ❛s②♠étr✐q✉❡ ❞❡s r❡♥✈❡rs❡♠❡♥ts✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✼

✺✳✶✹ ➱✈♦❧✉t✐♦♥ ❞✉ s②stè♠❡ ♣♦✉r µ = ν = 0.35✱ Γ = 0.1✱ ❧♦rsq✉❡ ❧❡s q✉❛tr❡
♣♦✐♥ts ✜①❡s ♥♦♥✲tr✐✈✐❛✉① s♦♥t ♣rés❡♥ts✳ ❆ ❣❛✉❝❤❡ ✿ é✈♦❧✉t✐♦♥ ❞❛♥s
❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s (D,Q)✳ ❆ ❞r♦✐t❡ ✿ é✈♦❧✉t✐♦♥ ❛✉ ❝♦✉rs ❞✉ t❡♠♣s ❞❡
❧✬❛♠♣❧✐t✉❞❡ Q✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✽

✺✳✶✺ ➱✈♦❧✉t✐♦♥ ❞✉ s②stè♠❡ ♣♦✉r µ = 0.3✱ ν = 0.2 ❡t Γ = 5✳ ❆ ❣❛✉❝❤❡ ✿
é✈♦❧✉t✐♦♥ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s (D,Q)✳ ❆ ❞r♦✐t❡ ✿ é✈♦❧✉t✐♦♥ ❛✉
❝♦✉rs ❞✉ t❡♠♣s ❞❡ ❧✬❛♠♣❧✐t✉❞❡ Q✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✾
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✺✳✶✻ ❈♦♠♣❛r❛✐s♦♥ ❞❡ ❧✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ t❡r✲
r❡str❡ ❬✽✺❪ ✭❡♥ ❤❛✉t✮ ❛✈❡❝ ❞❡s ♠♦❞è❧❡s ❞❡ ❜❛ss❡ ❞✐♠❡♥s✐♦♥ ✭❛✉ ♠✐❧✐❡✉
à ❣❛✉❝❤❡ ✿ ❘✐❦✐t❛❦❡✳ ❆ ❞r♦✐t❡ ✿ ▲♦r❡♥③✳ ❊♥ ❜❛s ✿ ❧❡ ♠♦❞è❧❡ ❞❡ ▼❡❧✲
❜♦✉r♥❡ ❡t ❛❧✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✵

✺✳✶✼ ➱✈♦❧✉t✐♦♥ ❞❡ ❧❛ sér✐❡ t❡♠♣♦r❡❧❧❡ ❞✉ ❞✐♣♦❧❡ ♠❛❣♥ét✐q✉❡ ❞❡ ❧❛ ❚❡rr❡
♠♦②❡♥♥é❡ ❡♥ t❡♠♣s s✉r ✉♥❡ ❢❡♥êtr❡ ❣❧✐ss❛♥t❡ ❞❡ ✺✵✵✵ ❛♥s✳ ❆ ❣❛✉❝❤❡ ✿
é✈♦❧✉t✐♦♥ ❛✉ ❝♦✉rs ❞✉ t❡♠♣s✳ ❆ ❞r♦✐t❡ ✿ é✈♦❧✉t✐♦♥ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s
♣❤❛s❡s ♦❜t❡♥✉ ♣❛r ❧❛ ♠ét❤♦❞❡ ❞❡s ❞é❧❛✐s ✭❛✈❡❝ ✉♥ t❡♠♣s ❞❡ r❡t❛r❞
τ = 15000 ❛♥s✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✸

✺✳✶✽ ❆ ❣❛✉❝❤❡ ✿ ❊✈♦❧✉t✐♦♥ ♣♦✉r τ = 15000 ❛♥s ❞❡ ❧❛ ♣r♦♣♦rt✐♦♥ ❞❡ ❢❛✉①
✈♦✐s✐♥s ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❞✐♠❡♥s✐♦♥✳ ▲❛ ❝❤✉t❡ ❜r✉t❛❧❡ ❞❡ ❧❛ ❝♦✉r❜❡
s✉❣❣èr❡ ✉♥❡ ❞✐♠❡♥s✐♦♥ ❞❡ ♣❧♦♥❣❡♠❡♥t de = 8✳ ❆ ❞r♦✐t❡ ✿ ❞✐♠❡♥s✐♦♥
❞❡ ♣❧♦♥❣❡♠❡♥t de ❡♥ ❢♦♥❝t✐♦♥ ❞❡ τ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✹

✺✳✶✾ ❊♥ ❤❛✉t ✿ é✈♦❧✉t✐♦♥ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ C (R) ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❞✐st❛♥❝❡
❡♥tr❡ ♣♦✐♥ts R ✳ ❖♥ ❝♦♠♣❛r❡ ❧❡ ♠♦❞è❧❡ ✭à ❣❛✉❝❤❡✮ ❛✈❡❝ ❧❡s ❞♦♥♥é❡s
❣é♦♣❤②s✐q✉❡s ✭à ❞r♦✐t❡✮✳ ❊♥ ❜❛s ✿ é✈♦❧✉t✐♦♥ ❞❡ ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡ ❝♦rr❡✲
❧❛t✐♦♥ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡ ♣❧♦♥❣❡♠❡♥t✳ P♦✉r ❧❡ ♠♦❞è❧❡✱ ♦♥
tr♦✉✈❡ ✉♥❡ ❞✐♠❡♥s✐♦♥ ❞❡ ❝♦rré❧❛t✐♦♥ ❧é❣èr❡♠❡♥t s✉♣ér✐❡✉r❡ à ✷✱ t❛♥❞✐s
q✉❡ ❧❛ ✈❛❧❡✉r ❡st ♣❧✉s ❤❛✉t❡ ❞❛♥s ❧❡ ❝❛s ❞❡ ❧❛ ❚❡rr❡✭dc ∼ 2.7✮ ✳ ✳ ✳ ✳ ✳ ✶✼✺

✺✳✷✵ ❊①♣♦s❛♥t ❞❡ ▲②❛♣✉♥♦✈ ❡st✐♠é ❡♥ ❞✐♠❡♥s✐♦♥ ❞❡ ♣❧♦♥❣❡♠❡♥t ✸✳ ✳ ✳ ✳ ✳ ✶✼✻

✺✳✷✶ ❆ ❣❛✉❝❤❡ ✿ ❉✐str✐❜✉t✐♦♥ ❞❡ ♣r♦❜❛❜✐❧✐té ❞❡s t❡♠♣s ❞✬❛tt❡♥t❡ ❡♥tr❡ ❞❡✉①
r❡♥✈❡rs❡♠❡♥ts ❣é♦♠❛❣♥ét✐q✉❡✳ ▲❛ ❧♦✐ ❡st r❡❧❛t✐✈❡♠❡♥t ♣♦✐ss♦♥✐❡♥♥❡✳ ❆
❞r♦✐t❡ ✿ ❞✐str✐❜✉t✐♦♥ ❞❡ ♣r♦❜❛❜✐❧✐té ❞❡ ❧✬✐♥t❡♥s✐té ❞✉ ❞✐♣♦❧❡ ❞✉ ❝❤❛♠♣
t❡rr❡str❡✳ ❖♥ ♦❜s❡r✈❡ ✉♥❡ ❧♦✐ ❜✐✲♥♦r♠❛❧❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✼

✺✳✷✷ ❉✐str✐❜✉t✐♦♥ ❞❡s t❡♠♣s ❞✬❛tt❡♥t❡ ❡♥tr❡ ❞❡✉① r❡♥✈❡rs❡♠❡♥ts ♣♦✉r ❧❡
♠♦❞è❧❡✳ ❖♥ ♦❜s❡r✈❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❝♦rr❡s♣♦♥❞❛♥t à ❧❛ q✉❛♥t✐✜❝❛t✐♦♥
❛✉① t❡♠♣s ❝♦✉rts ❡t ✉♥ ❝♦♠♣♦rt❡♠❡♥t ♣♦✐ss♦♥✐❡♥ ❛✉① t❡♠♣s ❧♦♥❣s✳ ✳ ✶✼✽

✺✳✷✸ ❉✐str✐❜✉t✐♦♥ ❞❡ ♣r♦❜❛❜✐❧✐té ❞❡s ❛♠♣❧✐t✉❞❡s ❉ ✭à ❣❛✉❝❤❡✮ ❡t ◗ ✭à ❞r♦✐t❡✮✳✶✼✾

✺✳✷✹ ❙♣❡❝tr❡s t❡♠♣♦r❡❧s ❞✉ ♠♦❞è❧❡ ❡t ❞❡ ❧❛ ❣é♦❞②♥❛♠♦✳ ▲❡s ❞♦♥♥é❡s ♣♦✉r
❧❛ ❚❡rr❡ ✭à ❣❛✉❝❤❡✮ s✉❣❣èr❡ ✉♥ ❝♦♠♣♦rt❡♠❡♥t ❡♥ 1/f ❛✉① t❡♠♣s
❝♦✉rts✱ ❞✐✣❝✐❧❡♠❡♥t r❡♣r♦❞✉❝t✐❜❧❡ à ❧✬❛✐❞❡ ❞✉ ♠♦❞è❧❡ ✭à ❞r♦✐t❡✮✳ ✳ ✳ ✳ ✶✼✾

✺✳✷✺ ❈♦♠♣❛r❛✐s♦♥ ❞❡s s✐❣♥❛✉① t❡♠♣♦r❡❧s ♦❜t❡♥✉s à ♣❛rt✐r ❞❡s ❞♦♥♥é❡s ♣❛✲
❧é♦♠❛❣♥ét✐q✉❡s ✭❡♥ ❜❛s✮ ❡t à ♣❛rt✐r ❞✉ ♠♦❞è❧❡ à tr♦✐s ♠♦❞❡s (D,Q,V )✱
♣♦✉r µ = 0.119✱ ν = 0.1 ❡t Γ = 0.1 ✭❡♥ ❤❛✉t✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✵
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