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Different types of shock waves

dissipative shock ) Dispersive shock )

undular bore (mascaret) on river Dordogne

Schlieren photograph of shocks
attached on a supersonic body



Simple nonlinear PDEs
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dispersion relation u(x,t) = up + Aexpli(kx — wt)]

Burgers : w = uk — iek?  damping

KdV : w = upk + ek® dispersion




dissipative or dispersive shock waves
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dissipative or dispersive shock waves
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uni-directional vs bi-directional motion

rarefaction wave shock wave Gross-Pitaevskii equation
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A genuine nonlinear phenomenon
nonlinear problem:

iy = —%d)xx —pY
with p = || and

X2
p(Ix] < x0,0) =po+p1(1- =
X

0

po =1, p1 =0.15, xop = 20
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linear approximation:

¥ = exp(—ipot)(y/po + 6¢)

I‘(SQ/)[ = _%57/)»( - po(&# + 61/}*)




Wave breaking phenomenon

wave breaking time:

> c(po + p1)-tws = xo + c(po)-tws
<
0 C(po + ,01) o Co.(]. + %pl/po) where ¢ = C(po)
0 —Ty o Ty
) Co.-twe ~ 2 Xo @
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Fleischer's group Nat. Phys. 3, 46 (2007)

photo-refractive material: NL induced by a voltage bias across the crystal
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Fleischer's group Nat. Phys. 3, 46 (2007)
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NLS pre-wave breaking

dispersionless e In a region where both \'s vary:

P(x,t) = /p exp{i S} Sx=u Hodograph transform

x=x(At,)\7), t= t()ﬁ,)ﬁ)

pe+ (pu)x =0

Ox ot
ut+uux+px+((/)x)2_/)XX>X:0 m—VIm:O

Riemann invariants
1
)\i = EU 3 \/ﬁ

Otdt + Vi 0 Ar =0

Euler-Poisson equation

X—Vit:g)\ivi

Fw__ 1 (ow _ow
ONON_ 20 —A2) \OAy O

with Vo = 1BAE +2AF)=u+ /p

e in a region where one the A's is solved by the so-called Riemann method )

constant: simple wave, the method of
characteristics works

PRA 99 (2019), EPL 129 (2020), PRE 102 (2020)
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Stationary solutions of the NLS equation

2
;AXXJr{erJu}AO, where J=p(x)u(x) and A=./p

2p?

first integral:

2

2
J
JAL+ W(p) = Eu . where W(p) = -5 +pup+ "

05| soliton Eq = W(pp)

p(x)/po

p(x)/po

—
Q
-
= cnoidal wave W(p,) < E; < W(pp)
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Single phase solutions of the NLS equation

P, 8) = 2(ha — As — A2 + M)2 + (ha — As)(hz — Ar) sm3(k (x — Vi), m) J

k=1 (a=2X)Ms— A1), V=3(+X+X+ ),

 (u—A)(a—A3) _ C(A1, A2, A3, \a)
m= QRS € [0.1], u(xp) = v - Sl

05 I ~ Ag — Az | soliton limit: A2 = A3
-10 0 10 20
1 ‘ ‘ ‘ 4
W cnoidal wave: A1 < A2 < A3 < N4
08 KdV We propese to attach to this type of wave the name of
, 1895 vuciclal waves (in analogy with sinusoidal waves), For k=0

05 [\ N\ N\ I DN\ sinusoidal limit: As — Ag




Whitham modulation equations Forest & Lee (1986), Pavlov (1987)

slow modulations \j — A\i(x,t)  with Oedi + Fi({Nj}) OxAi = 0

(Aa—A1)(A3—A1)K(m) — (2=M)(Ma—A3)
{>‘ } -2 Z, 1 Ai = (M4 —=A1)K(m)y—(A3—A1)E(m) M= x=)0s=x1)

Gurevich-Pitaevskii problem Gurevich & Pitaevskii (1973)

simple case: decay of an initial discontinuity — dispersive shock wave
no characteristic length : self-similar solution depending on ¢ = x/t and

matching to the right and left boundaries with a non dispersive flow.
u(x)

Us + Uty + Uy = 0 /\/\/\{\/\‘f\
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Gurevich-Pitaevskii problem Gurevich & Pitaevskii (1973)

simple case: decay of an initial discontinuity — dispersive shock wave

no characteristic length : self-similar solution depending on ¢ = x/t and
matching to the right and left boundaries with a non dispersive flow.
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Realistic setting

simple wave

e in the simple wave region p(x, t) = 2(A+ —A_)*  remember Ar = Lut /p

e in the DSW region: two (x, t)-dependent \’s.
Hodograph method then Euler-Poisson equation — As(x, t) and A\a(x, t)

p(x,t) = 2(a — A3 — A2+ A1)” + (M — As)(Aa — A1) sn’(k (x — Vi), m)



Realistic setting
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Realistic setting
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Realistic setting
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LKB experiment PRL 126 (20

Hump beam 0 L z
Y Beam splitter ! i Camera

X

Input intensity Output intensity Fourier

interference lane
Background beam ( Y ) y P

y
; L
DSW

X

E(z,7.) = A(z, 7 ) exp{i(koz — wt)}& complex amplitude X carrier wave

paraxial approximation:

kgl‘lz|.z4|2 i

AL P
1+ |A‘2/Isat Nabs
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LKB experiment. Dispersive shock wave production and analysis

T. Bienaimé M. lIsoard Q. Fontaine
EQM, Strasbourg LKB, Paris C2N, Palaiseau

A. Bramati Q. Glorieux A. Kamchatnov
LKB, Paris LKB, Paris ISAN, Troitsk
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LKB experiment
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t > twp : asymptotic weak shock theory

s |

co X t T =T+ %A2/3t1/3

8l
[l

T

New (asymptotically) conserved quantity

A= \fz/ S(\/ﬁ* c0)"/2dx = 230 v/c F(po/p1)

/2 % 1/2
Fla) = / cosd ( 1457 1) do
0 «

where




PhLAM experiment Opt. Lett. 41, 2656 (2

. . . i
Fiber optics :  — i9,A = —%a?A +v|APA + SA
1 - I = < C .= Pmax — Pmin
ont = ——————
Pmax + Pmin
io L0 T
g =
0 Contl - Prnax
-150 ) 150 ).5
Time [ps] p
to=183 ps, L=3 km, P, =59 W
v =3W"1km™!, B =25x10"%s2/m Pmin
Pref =1w v
p1=P1/Psr =5.9, t =yPrL =09, 005

0.05 0.10 0.15
X0 = to\/YPrer /B2 = 6.3 po/p1

Cont is a function of a single scaling parameter : £ = %F(po//ﬂ)

(26)*°

Con =4 ————
CT a4 (204

Cont =1 for £ =2




Conclusion

rich analogy between nonlinear optics and hydrodynamics

modulational instability

observation of dispersive shock waves

analogy with superfluid motion

in the presence of disorder : competition between SF and Anderson
localization

@ possible formation of “sonic” horizon
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Mathematical description: Riemann + Whitham

@ describes the early, pre-breaking, dispersiveless spreading

@ analytic result for the wave-breaking time

@ describes the later, post-breaking, dispersive shock

@ analytic result for the asymptotic weak shock parameters
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Mathematical description: Riemann + Whitham

@ describes the early, pre-breaking, dispersiveless spreading

@ analytic result for the wave-breaking time

@ describes the later, post-breaking, dispersive shock

@ analytic result for the asymptotic weak shock parameters

Thank you for your attention
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