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Abstract
We study the effect of discrete symmetries on coherent multiple scattering in the quantum
kicked rotor. When the initial momentum is set to zero—as in recent Bose–Einstein conden-
sate experiments—the effective pseudo-disorder becomes even under momentum inversion. The
resulting discrete mirror symmetry of the dynamics profoundly alters spectral correlations: it gen-
erates quasi-degenerate Floquet doublets localised at opposite momenta, whose exponentially
small splittings produce a hierarchy of exponentially large dynamical timescales. The coherent
backscattering and forward-scattering peaks then exhibit a striking non-monotonic evolution and
strongly asymmetric contrasts, followed by an exceptionally slow logarithmic relaxation toward
a common asymptotic value—a hallmark of glassy dynamics, here emerging in a fully coherent
quantum system. That such archetypal glass-like behaviour arises from a single discrete symme-
try constraint reveals an unexpected and deep connection between quantum coherence and slow
relaxation phenomena.

1. Introduction

Symmetries play a central role in the physics of disordered or chaotic quantum systems. The presence or
absence of time-reversal, spin-rotation, or chiral symmetries determines the appropriate universality class
and strongly constrains spectral correlations, transport properties, and localisation phenomena [1–4]. A
well-known example is the symplectic class, where spin–orbit coupling leads to weak anti-localisation
and allows a metal–insulator transition even in two dimensions, in contrast with the orthogonal class [3,
5]. Beyond symmetry-class changes, additional discrete symmetry constraints can further structure the
spectrum and affect the dynamics in more subtle ways, see e.g. [6–8].

Quantum interference in disordered systems manifests also itself through coherent multiple scatter-
ing. In spatially disordered media, coherent backscattering (CBS) arises from constructive interference
between wave amplitudes counter-propagating along the same geometrical paths and constitutes a hall-
mark of weak localisation [9]. More recently, coherent forward scattering (CFS) has been identified as a
distinctive signature of Anderson localisation [10]. In quasi-one-dimensional systems, the CBS and CFS
peak contrasts evolve monotonically and saturate on the localisation timescale, reflecting universal spec-
tral correlations [3, 10]. The quantum kicked rotor (QKR) provides a paradigmatic platform to investi-
gate such interference effects in a controlled setting [11–13]. Although classically diffusive in momentum
space, the QKR exhibits dynamical localisation due to quantum interference, with exponentially localised
Floquet eigenstates. Because the free-evolution phases between kicks act as pseudo-random on-site ener-
gies, the QKR can be mapped onto a quasi-one-dimensional Anderson model [14]. This mapping has
enabled experimental observations with atomic matter waves of Anderson localisation in 1D [15] and of
the Anderson transition in 3D [16].
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In the QKR, localisation occurs in momentum space; consequently, CBS and CFS peaks appear in
the conjugate spatial domain [17]. While CFS was predicted theoretically more than a decade ago [10], it
has only recently been observed experimentally in two independent realisations of kicked-rotor physics:
indirectly via the return probability [18], and very recently by direct measurement using a Bose–Einstein
condensate (BEC) in a shaken optical lattice [19]. The latter experiment required preparing an extremely
narrow initial wave packet in real space—much narrower than the spatial period of the lattice potential.
This strong squeezing was achieved via optimal control techniques [19, 20].

A key feature in such experiments is that the quasi-momentum β is conserved during the dynam-
ics. The narrow initial momentum distribution of the BEC about β = 0 restricts the dynamics to an
invariant subspace of the Hilbert space [19], within which the effective pseudo-disorder generated by the
free-evolution phases becomes symmetric under momentum inversion. In other words, the initial state
selects an evolution sector in which the disorder realisation is constrained by mirror symmetry. In the
Anderson analogy, this corresponds to a tight-binding model with an even on-site potential under spatial
inversion.

The central question we address in this work is therefore: how does coherent multiple-scattering
dynamics change when the effective disorder is constrained by such a parity symmetry? Importantly, the
system remains in the orthogonal universality class; however, the additional discrete symmetry constraint
qualitatively modifies spectral correlations across parity sectors. We show that mirror symmetry enforces
quasi-degenerate pairs of Floquet eigenstates localised at opposite momenta. These parity-induced dou-
blets possess exponentially small quasi-energy splittings, which generate exponentially large dynamical
timescales. As a consequence, the CFS peak exhibits a non-monotonic evolution featuring an exception-
ally slow, logarithmic relaxation toward its asymptotic value. This behaviour contrasts sharply with the
standard quasi-one-dimensional scenario, where CFS grows monotonically and saturates on the localisa-
tion timescale [10].

Logarithmically slow relaxation is typically associated with systems possessing complex energy land-
scapes or constrained dynamics, such as glasses and trap models [21–27]. Here, however, it emerges
in a fully coherent quantum system as a direct consequence of a discrete symmetry constraint on the
dynamics. Crucially, this glassy-like relaxation is directly visible in coherent multiple-scattering observ-
ables, providing experimentally accessible probes of symmetry-induced spectral structures. The aim of
the present work is to identify and characterise the microscopic mechanism responsible for this anoma-
lous relaxation and to describe its manifestations across the localised, intermediate, and metallic regimes
of the QKR.

2. Overview

We summarise in this section the state of the art, the motivations, and the main results of our work in a
non-technical way. The following sections will describe the results in detail.

Localisation can be characterised through coherent multiple scattering, in particular via the CBS
and CFS peaks [9, 10, 17–19, 28–36], which emerge in the space conjugate to localisation. Let us sum-
marise the essential results established for these interference features, first in (quasi-)one-dimensional
spatial Anderson localisation with time-reversal symmetry (orthogonal universality class) and then in
the corresponding case of dynamical localisation in momentum space for the standard QKR. In a spa-
tially disordered system, one prepares an initial plane wave; after disorder averaging, the momentum
distribution develops two interference peaks on top of a stationary incoherent background, reached at
times larger than the mean free time. The CBS peak appears at the momentum opposite to the initial
one, and its contrast rapidly reaches unity while its width shrinks monotonically until the localisation
time. Conversely, the CFS peak forms at the initial momentum; its contrast grows monotonically and
reaches unity at the localisation time. At asymptotically long times, CBS and CFS become twin peaks of
contrast 1 and width set by the inverse localisation length. These behaviours are fully understood in the
quasi-one-dimensional orthogonal, unitary, and symplectic universality classes.

In the corresponding QKR in the orthogonal universality class, where dynamical localisation occurs
in momentum space, these peaks instead appear in the spatial domain [17]. More precisely, one must
start from an initial spatial distribution much smaller than the spatial period of the optical lattice used
to kick the atoms. This requires the use of a BEC rather than a thermal cloud, as in the recent experi-
ment of reference [19]. This choice can modify the correspondence with the (quasi-)1D spatial Anderson
localisation discussed above. Indeed, the very narrow momentum distribution of the BEC, in prac-
tice peaked at zero momentum, constrains the effective pseudo-disorder in momentum to be even. In
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the Anderson analogy, this would correspond to an on-site potential which is symmetric under spatial
inversion.

Our present analysis of coherent multiple-scattering signatures shows that such a discrete sym-
metry constraint fundamentally modifies the behaviour of interference peaks. Instead of the standard
(quasi-)1D scenario in the orthogonal symmetry class—where CBS and CFS contrasts evolve monoton-
ically toward their asymptotic values on the timescale of the localisation time—we find non-monotonic
dynamics together with an exceptionally slow, logarithmic relaxation toward the long-time limit, as illus-
trated in figure 2. Furthermore, the asymptotic contrasts are strongly modified by the presence of the
symmetries, a behaviour that was directly measured in [19]. The asymptotic CBS and CFS contrasts
were observed to be higher than 1 in the metallic regime, as confirmed by our numerical data shown
in figures 2(c) and (f).

The remainder of the paper explains in detail the mechanisms responsible for this logarithmic relax-
ation to a modified contrast, focusing on the case where parity symmetry is present-which is related to
the case of a spatially-symmetric disorder potential in the Anderson analogy. In brief, the mirror sym-
metry generates quasi-degeneracies between pairs of states forming symmetric and antisymmetric combi-
nations of wavefunctions localised at opposite momenta p0 and −p0, with p0 ranging between the locali-
sation length ξ and the system size. If these doublets were exactly degenerate, the CBS and CFS contrasts
would reach 1 and 3, respectively, at times larger than the localisation time—a first nontrivial conse-
quence of the symmetry. In reality, however, the degeneracy is only approximate and is lifted as time
evolves. The energy splitting within each doublet is exponentially small, scaling as exp(−|p0|/ξ), which
generates an exponentially large associated timescale given by the inverse splitting. The ensemble of such
exponentially large times for all doublets produces the observed logarithmically slow relaxation. Once the
splittings of all relevant doublets have been resolved dynamically, both CBS and CFS contrasts eventually
converge to their common long-time value of 2.

The rest of the paper is organised as follows. In section 3, we describe the theoretical model con-
sidered. Section 4 characterises the symmetries of the model and their impact on Floquet eigenstates.
Section 5 provides a first qualitative description of the time evolution of the disorder-averaged position
distribution. Section 6 addresses the CFS and CBS contrasts at time t, their relation to spectral form fac-
tors and the key role of the nearest-level spacing distribution and its emergent Shnirelman peak for the
long-time logarithmic relaxation dynamics. In section 7, we discuss the dynamical behaviours of the CFS
and CBS peaks at different time scales, in particular the logarithmic relaxation at large times. Section 8
concludes our paper. Appendix A discusses the CFS and CBS peak shapes while appendix B discusses
some intermediate time dynamics aspects.

3. Theoretical model

Our model is a variant of the long-known and well-studied periodically-kicked QKR [12, 15, 16, 37–
41]. The QKR is a paradigmatic model for quantum chaos displaying dynamical localisation, aka
Anderson localisation in momentum space, see [42] for a recent review. Its (dimensionless) Hamiltonian
is given by Ĥ(t) = p̂2/2−Kcos x̂

∑
m∈Z δ(t−m), where [x̂, p̂] = ih̄e. This model is easy to implement

experimentally [15, 16, 19, 37, 40, 43] and its complex dynamics is solely controlled by two parame-
ters, the dimensionless kick strength K and the effective dimensionless Planck’s constant h̄e. It describes
a free-evolving particle that is periodically subjected to a cosine potential acting during a vanishingly
short amount of time. Being time-periodic, the QKR model allows for a natural stroboscopic description
of its evolution at integer times t ∈ N, |ψt⟩= Ut |ψ0⟩. Here U, known as the quantum Floquet map, is
the evolution operator over one time period. There is actually a continuous family of timing protocols,
parametrised by the time at which the kick is applied, and for which all the corresponding Floquet maps
are unitarily related [44]. The most-often used timing protocol is a full free evolution terminated by a
kick, for which the corresponding Floquet map reads

U0 = ei
K
h̄e

cos x̂ e−i p̂2

2h̄e . (1)

Writing the continuous momentum p= (n+β)h̄e, where n ∈ Z and β ∈ [−1/2,1/2[ is the quasi-

momentum, it is easy to show that successive kicks change n but conserve β since ⟨n ′,β ′|ei
K
h̄e

cos x̂ |n,β⟩ ∝
δ(β−β ′) J|n−n ′|(K/h̄e), where J|n−n ′| is the Bessel function of integer order |n− n ′| [14, 45]. This also
shows that the kick-induced momentum change is restricted to a range of order |n− n ′| ∼ ℓK = K/h̄e,
which is identified as the scattering mean free path in momentum space.
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Importantly, the QKR model does embody pseudo-randomness despite being deterministic. Indeed,
when h̄e is incommensurate with π, the free dynamical phases α(p) = p2/(2h̄e) = h̄e(n+β)2/2 fill uni-
formly the unit circle and generate a pseudo-random sequence as a function of n [14]. The QKR then
maps directly onto a quasi-one-dimensional Anderson tight-binding model with pseudo-random on-site
energies [14]. Moreover, in standard experiments employing a thermal cloud (from a magneto-optical
trap), disorder averaging is implemented intrinsically: the initial atomic ensemble is well approximated
by an incoherent mixture of plane waves with a continuous distribution of quasi-momenta β, so that
observables naturally include an average over β. From a theoretical point of view, a good-enough alter-
native is to consider the random QKR model (RQKR) where the dynamical phases are simply replaced
by truly random phases α(p) uniformly distributed over 2π, thus restoring the usual averaging over dis-
order configurations. Introducing the Floquet eigenstates |φa⟩ and quasi-energies ωa solving

U |φa⟩= e−iωa |φa⟩ (2)

where ωa ∈ [−π,π[, the most important feature of these two quantum models is dynamical localisation
[12]: All the Floquet eigenstates are localised in the momentum Z-lattice; they are centred on the differ-
ent momentum states and decay exponentially around them over a range called the localisation ‘length’
ξ. This implies that diffusion in momentum space, a hallmark of their corresponding classical ver-
sions, is stopped after the Heisenberg time tH ∼ ξ. At large K, a theoretical estimate of ξ is given by
ξ ∼ ξK = (K/2h̄e)2 [46, 47] with a constant prefactor depending on the symmetry class of the system.
For example, it is known that the localisation length of Gaussian Unitary systems is twice larger than the
localisation length of Gaussian Orthogonal systems [17, 48, 49].

To investigate the role of discrete symmetries in the time evolution of the QKR, it turns out to be
more convenient (see below) to work with the ‘half-kick’ variant of the RQKR (HRQKR) introduced in
[44] and characterised by the following Floquet map

U= ei
K
2h̄e

cos x̂ e−iα(p̂) ei
K
2h̄e

cos x̂. (3)

All our simulations, analyses and calculations in this paper have been done using this ‘half-kick’ model.

Importantly, U0 and U= V†U0V are unitarily related through V= ei
K
2h̄e

cos x̂. This means that both uni-

taries have same Floquet quasi-energy spectrum and that their respective Floquet eigenstates
∣∣∣φ(0)

a

〉
and

|φa⟩ are simply related by V, namely
∣∣∣φ(0)

a

〉
= V |φa⟩. Since V is deterministic and diagonal in posi-

tion space, the statistical properties of these Floquet eigenstates in position space are the same. Indeed,

φ
(0)
a (x) = exp[i(K/2h̄e)cosx] φa(x), an important feature for the following discussions.

4. Discrete symmetries of our model

4.1. Parity and time reversal symmetries
The discrete symmetries relevant to our study are parity P and time reversal T. The former is a linear
operator while the latter is an anti-linear operator [50]. We have

P (x̂, p̂, t) P−1 = (−x̂,−p̂, t) (4)

T (x̂, p̂, t) T−1 = (x̂,−p̂,−t) (5)

PT (x̂, p̂, t) (PT)−1
= (−x̂, p̂,−t) . (6)

Note that T2 = 1 here since our KR model is spinless. It is easy to see that

PUP−1 = ei
K
2h̄e

cos x̂ e−iα(−p̂) ei
K
2h̄e

cos x̂ (7)

TUT−1 = e−i K
2h̄e

cos x̂ eiα(−p̂) e−i K
2h̄e

cos x̂ (8)

where we have used the chain rule R(AB)R−1 = (RAR−1)(RBR−1) and Rf(A)R−1 = f(RAR−1) for any
analytic function f and invertible operator R. For symmetric disorder α(p̂) = α(−p̂), we find PUP−1 = U
and TUT−1 = U†, meaning that the random symmetric KR is both parity and time reversal invariant,
which has strong consequences on its dynamics. We note that symmetric phase disorder is consistent
with the original KR model described by U0 in equation (1) where the free dynamical phases are indeed
symmetric in momentum. There is however a subtlety to highlight here. As we have seen, the KR model
conserves the quasi-momentum β. This means that the KR dynamics unfolds at constant β. Since P or T
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Figure 1. Two hybridised localised eigenstates in momentum space (top panels) and in position space (bottom panels) obtained
for N= 129, K= 10 and h̄e = 2 (ξK = 6.25). We represent the real part (in blue) and the imaginary part (in red) of an even
eigenstate φ+

a (left panels) and of an odd eigenstate φ−
a (right panels) lying outside the central localisation box |p| ⩽ ξK delim-

ited by the vertical black dotted lines, but with the same localisation centres. The quasi-energy of the symmetric eigenstate φ+
a is

ϵ+ ≈−2.9548 while that of the anti-symmetric eigenstate φ−
a is ϵ− ≈−2.9568, showing that these states form a doublet pair.

As one can see, in position space both φ+
a and φ−

a are real and extended, while in momentum space φ+
a is real and φ−

a is purely
imaginary. These properties are a signature of the parity-induced hybridisation mechanism similar to a quantum double-well
that we discuss in section 4.3.

reverses β, this means that the original KR model is dynamically invariant under P and T only when β =
0. To achieve this experimentally to a good approximation requires the use of an ultracold gas, initially
prepared in the lowest energy state of the kicking cosine potential [19]. From a theoretical perspective, it
simply amounts to working with 2π-periodic wavefunctions in position space (in other words, the space
variable becomes an angle) with momenta given by p= nh̄e (n ∈ Z). In our numerical simulations, we
have restricted momenta to the range |n|⩽M ∈ N and imposed periodic boundary conditions, which
means that N= (2M+ 1) identifies with the lattice size and thus with the Hilbert space dimension.

4.2. Symmetry properties of Floquet eigenstates
Assuming nondegenerate levels, the symmetry requirements PUP−1 = U and TUT−1 = U† imply that the
eigenstates of the Floquet map U must satisfy T |φa⟩= |φa⟩ (such a choice of eigenstates is always pos-
sible since T2 = 1 [50]) and P |φa⟩=±|φa⟩. The full Hilbert space thus breaks into two parity sectors
H=H+ ⊕H− (one may note that dimH+ =M+ 1 while dimH− =M). As a consequence, the Floquet
spectrum of U also breaks into two disjoint quasi-energy sets S± associated to eigenstates |φ±

a ⟩ in H±.
Time-reversal invariance also implies φ∗

a (x) = φa(x) and thus φa(x) is always real. Parity-symmetry
on the other hand implies that φ+

a (−x) = φ+
a (x) is even in space for H+ while φ−

a (−x) =−φ−
a (x) is

odd for H−. As a consequence, by Fourier transform, φ+
a (p) is real and even in momentum for H+

while φ−
a (p) is purely imaginary and odd for H−. Figure 1 illustrates these properties for two hybridised

Floquet eigenstates obtained in the localised regime ξ ≪ N.

4.3. Hybridisation of Floquet eigenstates
Assume first non-symmetric phase disorder α(−p) ̸= α(p). All Floquet eigenstates φa(p)≡ Fa(p− ah̄e)
are localised in momentum space: They are labelled by their localisation centre a ∈ [−M,M] with Fa(p)
extending over a range ∼ ξh̄e. Consider now the case where |a| ≫ ξ. This means that the two eigenstates
φ±a(p) live on two well-separated supports. They thus experience different and uncorrelated local phase
disorders and we expect the functions Fa and F−a to be different. In other words, their quasi-energies
are unlikely to be close. Assume symmetric phase disorder now: The local phase disorder patches around
±a are mirror images of each other. We thus expect F−a(p)≈ Fa(−p) and the odd and even eigenstates
in momentum space (as requested by the parity symmetry) are simply obtained by hybridizing these
functions. Taking into account the symmetry constraints, we have

φ+
a (p)∼ Fa (p− ah̄e)+ Fa (−p− ah̄e) (9)

φ−
a (p)∼ i [Fa (p− ah̄e)− Fa (−p− ah̄e)] , (10)

5
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where Fa(p) is real and displays an envelope decaying exponentially with p on top of phase oscillations
that can be described by random matrix theory (RMT). We expect that the size ξ of Fa in momentum
space is not affected by the parity symmetry which only enforces eigenstate hybridisation. From this, we
get

φ+
a (x) ∼ cos(pax) fa (x)− sin(pax) ga (x) (11)

φ−
a (x) ∼ cos(pax) ga (x)+ sin(pax) fa (x) , (12)

where pa = ah̄e and where

fa (x) =
1

N

∑
p

cos(px) Fa (p) (13)

ga (x) =
1

N

∑
p

sin(px) Fa (p) . (14)

One may note that fa(x) and ga(x) are respectively even and odd in x. Figure 1 gives a glimpse at this
hybridisation process.

This situation is reminiscent of the paradigmatic double-well phenomenon (see also [7]), an anal-
ogy which is recovered by assuming an infinitely high barrier at p= 0, separating the full system into
two exact copies, one for p< 0, the other for p> 0, with same eigenvalues and mirrored localised
eigenstates. By lowering that fictitious barrier at p= 0, we let the two subsystems be coupled by quan-
tum tunnelling. The p< 0 and p> 0 eigenstates hybridise, lifting the eigenvalues degeneracies. Such
pairs of hybridised eigenstates, of opposite parity, have very close quasi-energies for |a| ≫ ξ. We call
them doublets. We expect that this quasi-energy splitting ∆a scales with their exponentially-small eigen-
state overlap in momentum space, which entails that ∆a ∼∆e−|a|/ξ , where ∆ is an energy scale of
the system used to quantify level spacings. In our system, the total disorder-averaged density of states
ν(ω) = 1

N

∑
a∈H δ(ω−ωa) is constant over the range [0,2π[ [17]. As such, we can use the mean quasi-

energy spacing ∆= 2π/N to quantify quasi-energy separations within the full spectrum comprising N
states. The corresponding time scale is t∆ = 2π/∆= N, that is, the system size. From this discussion,
we see that the doublet quasi-energy splitting sa =∆a/∆ scales like exp(−|a|/ξ). We expect the corre-
sponding level-splitting distribution PS(sa) to satisfy PS(sa)dsa = PL(a)da where PL(a) is the probability
distribution of the localisation centres a. Assuming a uniform distribution of the centres over the range
[ξ,N/2], we immediately infer the scaling PS(sa)∼ 2ξ/(saN) at large enough N. We will re-derive this
result more rigorously in sections 6.3 and 6.4.

The smallest doublet splitting is obtained for |a|=M∼ N/2, that is, for eigenstates localised near the
boundaries of the system. As a consequence, these doublets can become exponentially close to each other
in energy as the system size N gets larger and larger.

5. Disorder-averaged position distribution at time t

Starting the system in some given position state |x0⟩, we have ⟨x |ψ(t)⟩= ψ(x, t) = ⟨x|Ut |x0⟩ and the
disorder-averaged position distribution reads n(x, t) = |ψ(x, t)|2, where (· · ·) denotes the average over
phase disorder configurations. From the spectral decomposition (2) of U, it is easy to see that

n(x, t) =
∑

(a,b)∈H

e−iωabtφa (x0)φa (x) φb (x0)φb (x), (15)

where ωab = ωa−ωb encapsulates energy spacings.
As shown in [17], one can write n(x, t) = nDB(x)+ nI(x, t) where nDB(x) is the diffusive background

obtained after classical isotropisation and where nI(x, t) is the interference contribution6. The interfer-
ence contrast is then defined as C(x, t) = nI(x, t)/nDB(x). Since nDB(x) = 1/N for our KR model [17], we
have

C(x, t) = Nn(x, t)− 1. (16)

6 Note that probability conservation imposes
´ π
−π n(x, t)dx/(2π) = 1 and

´ π
−π nDB(x)dx/(2π) = 1 so that

´ π
−π nI(x, t)dx/(2π) = 0.

6
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Figure 2. Time evolution of the contrast C(x, t) for the Quantum Kicked Rotor when the system starts in a position state |x0⟩.
Top panels (a)–(c): the kick potential is even and symmetric random phases are used (parity and time reversal symmetry are
preserved). Bottom panels (d)–(f): the kick potential is no longer even but symmetric random phases are still used (parity is bro-
ken and time-reversal symmetry is preserved). Each panel shows C(x, t) at times t= 1,101,1001,50 819 and 1 999 998 together
with the time evolution of the CFS (x= x0, dark colours) and CBS (x=−x0, bright colours) peak values. For all plots, we have
M= 1024 (lattice size N= 2M+ 1= 2049), h̄e = 1 and x0 =−π/2. Panel (a): localised regime (K= 6.32, ξ ∼ ξK ≈ 10≪M).
Panel (b): Intermediate regime (K= 20, ξ ∼ ξK ≈ 100<M). Panel (c): Metallic regime (K= 63.2, ξ ∼ ξK ≈ 1000≈M). Panels
(d), (e), (f): Same regimes when time-reversal is the sole symmetry of the system. Parameters are the same with the exception
of (e) (K= 11.2). For readability, the CFS and CBS peaks have been coloured on the curves over a width equal to 2/ξK, which
is supposed to be the peak width at long times since ξ ∼ ξK. The symmetric random phases α(p) are chosen randomly over a
range 2π for p ⩾ 0 and duplicated for p< 0. Data are then averaged over 1080 realisations of disorder. The contrast curves are
smoothened for readability for t> 2, with a moving average of width 80.

In figures 2(a)–(c), we show the time evolution of C(x, t) for our P- and T-invariant HRQKR model
(symmetric phase disorder). We observe two interference peaks located at ±x0 on top of an essentially
flat background. These peaks are the celebrated CBS (at −x0) and CFS (at x0) peaks [10, 17, 30]. In
the usual KR case where PT is the sole symmetry of the system, these peaks become twin peaks in the
long-time limit and achieve a contrast equal to 1 [17]. In the presence of symmetric phase disorder,
the CBS and CFS peaks behave strikingly differently. In the localised regime ξ ≪M (figure 2(a)), the
CBS and CFS peaks grow and stabilise in time but their contrasts never equalise at the longest time
explored: the CFS plateaus at a value well above 2 while CBS sticks to 1. In the intermediate regime
ξ ≲M (figure 2(b)), the CFS peak grows, its contrast overshoots the value 2 and then slowly returns
back to 2 in the long-time limit. In the meantime, the CBS contrast grows monotonically to 2. Finally,
in the metallic regime ξ ≳M (figure 2(c)), both contrasts grow monotonically and plateau at 2. One
can also note, as is well visible in the localised regime, that the shapes of the CBS and CFS peaks are
rather unusual: They show a delta-like spike on top of the usually observed bump with a finite width
(see appendix A).

In figures 2(d)–(f), we show the contrast C(x, t) obtained with the same parameters except for the
use of a kick potential VT =−K

(
cos x̂+ 1

2 sin2x̂
)∑

m∈Z δ(t−m) which is not position-symmetric. In
this case, the T symmetry is maintained but the P symmetry is broken. The observed behaviours are
qualitatively analogous to those observed in figures 2(a)–(c) with the notable absence of the CBS peak
since the PT symmetry is also broken [17].

As we show in the rest of this paper, all these observations can be explained by the impact of sym-
metries on the quasi-energy spectrum and the Floquet eigenstates.
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6. CFS and CBS contrasts at time t

6.1. Contrasts asymmetry
From figure 2, we see that the dynamics is essentially concentrated in the CFS and CBS peak contrasts,
C(x0, t) and C(−x0, t) respectively. Sorting out even and odd eigenstates, we have ψ(x, t) = ψ+(x, t)+
ψ−(x, t), where

ψ± (x, t) =
∑
a∈H±

e−iωatφa (x0)φa (x) (17)

is even/odd in space (from now on we omit the ± exponent on the Floquet states φ±
a since the infor-

mation about the symmetry sector is contained in the label a). This allows us to decompose n(x, t) =
nW(x, t)+ nB(x, t) into components within (W subscript) and between (B subscript) parity sectors

nW (x, t) = |ψ+ (x, t) |2 + |ψ− (x, t) |2 (18)

nB (x, t) = 2Re
[
ψ∗
− (x, t)ψ+ (x, t)

]
. (19)

One should note that nW is even in x while nB is odd in x. This means that the contrast admits the
parity decomposition C(x, t) = CW(x, t)+CB(x, t) where CW(x, t) = NnW(x, t)− 1 is even in x while
CB(x, t) = NnB(x, t) is odd in x. From this, we immediately infer that the CFS and CBS contrasts
C(±x0, t) are asymmetric since

C(±x0, t) = CW (x0, t)±CB (x0, t) . (20)

This asymmetry is well visible in figure 2 in the localised and intermediate regimes. For large enough ,
we also expect the parity sectors to have the same statistical properties so that |ψ+(x, t)|2 = |ψ−(x, t)|2
and nW(x, t) = 2N|ψ+(x, t)|2. We thus get

CW (x0, t) = 2N
∑
a∈H+

b∈H+

e−iωabtφ2
a (x0)φ

2
b (x0)− 1, (21)

CB (x0, t) = 2NRe

 ∑
a∈H+

b∈H−

e−iωabtφ2
a (x0)φ

2
b (x0)

 . (22)

One may note in passing that ψ±(x0, t)≡ A±(x0, t) are nothing else than the parity-sorted position- and
time-dependent spectral functions

A± (x0, t) =
∑
a∈H±

e−iωatφ2
a (x0) . (23)

At small enough times, doublets are not yet resolved and the CB(x0, t) dynamics probes the usual level
repulsion. We expect this dynamics to be essentially insensitive to parity aspects of the eigenstates. As
such, we expect the double sums in equations (21) and (22) to have similar time dependence at early-
enough times. Since the double sum in equation (21) is nothing else than |A+(x0, t)|2, we deduce that, at
small enough times, CB(x0, t) is positive and grows in time, implying that the CFS peak is always higher
than the CBS peak, as seen in figure 2.

In the metallic regime, since the parity-related eigenstates can be distinguished, we also see that
CB(x0, t)≈ 0 and the two peak contrasts adopt the same temporal behaviour dictated by CW(x0, t) solely.
For a finite system size N, all energy differences are resolved when t→∞ and only the diagonal terms
(a= b) survive in equations (21) and (22). We thus have

CB (x0, t→∞) = 0 (24)

CW (x0, t→∞) = 2N
∑
a∈H+

φ4
a (x0)− 1. (25)

As a consequence, the CBS and CFS peaks assume the same height once all quasi-energy differences are
resolved: equation (20) gives

C∞ = C(±x0, t→∞) = 2N
∑
a∈H+

φ4
a (x0)− 1. (26)

8
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Furthermore, the random eigenstate amplitudes φa(x) being real, their statistical properties within each
parity sector can be inferred from the Porter-Thomas distribution with Dyson index β = 1 [51, 52] and
we have ∑

a∈H+

φ4
a (x0) = 3

∑
a∈H+

(
φ2
a (x0)

)2
(27)

in the limit ℓ≪ ξ≪M. Since dimH+ = N/2 and φ2
a(x)∼ 1/N for each parity sector, we have∑

a∈H+ φ4
a(x0) = 3/(2N) and we find

C(±x0, t→∞) = C∞ = 2, (28)

as seen in figures 2(b) and (c) where all energy differences are indeed resolved and the infinite-time
plateau is reached.

In the localised regime, as seen in figure 2(a), the asymmetry of the CFS and CBS contrasts does
not reduce to zero over the simulation time. This means that some energy differences have not been
resolved. The case of figure 2(a) requires a little attention. Indeed, with the parameters chosen in this
case, ξ/ℓ= K/(4h̄e)≈ 1.6 is too small for the system to be in the universal regime. In this case, as
explained in [28], the eigenfunctions statistics deviates from its expected RMT and Porter-Thomas
behaviours, see appendix B.

Obviously, CW(x0, t) in equation (21) involves time-oscillating terms where both quasi-energies ωa
and ωb are drawn from the same statistical ensemble S+ (or S−). It is important to note that level
spacings satisfying ωabt≪ 1 are not resolved at time t since exp(−iωabt)≈ 1. This means that, as time
increases, smaller and smaller level spacings are probed by the dynamics. As such, the evolution time
scale associated to nW(x, t) should be the Heisenberg time tH ∼ ξ as set by the usual level-repulsion
properties within each statistical ensemble S±, that we expect to be identical for both ensembles.

On the contrary, CB(x0, t) in equation (22) involves oscillatory terms where ωa is drawn from S+

while ωb is drawn from S−. As seen previously, when ξ ≪M, eigenstates localised outside the central
box [−ξ,ξ] come by even/odd doublet pairs with exponentially small splittings. This means that the
long-time dynamics of CB(x0, t) should probe these doublets. As time increases, they are progressively
resolved until the last remaining one obtained when |a|=M∼ N/2. Introducing the number of localisa-
tion boxes in the system,

NL =
N

2ξ
, (29)

the time it takes to fully resolve the doublets is tD ∼ eNL t∆ ∼ NeNL and scales exponentially with NL in
the localised regime. We have tD/tH ∼ 2NLeNL . Consequently, tD ≫ tH in the localised regime NL ≫ 1
and is just well beyond the evolution times explored in figure 2(a). This is the reason why CBS and CFS
heights reach different intermediate exponentially long-lived constant values, never reaching their equal
infinite-time values in this case.

In the metallic regime we have NL ≲ 1, and the support of eigenstates in momentum space always
overlap. The hybridisation phenomenon, still present, does not generically produce exponentially close
quasi-energies. In this case, level repulsion is the rule and the CBS and CFS peaks have essentially the
same dynamics. They reach their infinite-time plateau after the finite time tD ∼ tH.

Note that we also expect the short-time dynamics of CB(x0, t) to unfold with the same time scale
tH ∼ ξ as CW(x0, t) since similar level repulsion correlations are probed (i.e. this short time regime does
not involve doublets). This means that in the metallic regime, we expect CB(x0, t) to be bell-shaped with
similar raising and decaying times.

As a final remark, we note that the hybridisation mechanism leading to exponentially close energies
also happens in the non-symmetric phase disorder case when the local disorder patches around ±pa
turn out to be similar. These occurrences, leading to doublet states, are exponentially-rare events since
the parity symmetry is absent. Nevertheless, they do exist and drive the long-time behaviour of the CFS
and CBS contrasts (‘correlated volumes’ approach [30, 53, 54]). They also contribute to subtle transport
mechanisms like (phonon-assisted) variable-range hopping [25, 55].

6.2. Relation to spectral form factors
Let us now introduce the spectral form factor [9, 56, 57]

K(t) =
1

dimH
|trUt|2 = 1

N

∑
(a,b)∈H

e−iωabt. (30)

9
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For our parity-symmetric system, we have

K(t) = KW (t)+KB (t) , (31)

where

KW (t) =
(M+ 1)K+ (t)+MK− (t)

N
(32)

K± (t) =
1

dimH±

∑
(a,b)∈H±

e−iωabt (33)

and

KB (t) =
2

N
Re

 ∑
a∈H+,b∈H−

e−iωabt

. (34)

As one can see, KW(t) encapsulate quasi-energy intra-correlations (i.e. within each parity sector of the
full Hilbert space) while KB(t) encapsulates quasi-energy inter-correlations (i.e. between the two parity
sectors of the full Hilbert space). In the limit N≫ 1, the two parity ensembles have the same statistical
properties and we have K+(t) = K−(t), leading to

KW (t) = K+ (t) . (35)

To establish the relation between the contrast factors equations (21)–(22) and spectral form factors, we
first assume statistical independence between the random quasi-energy values and the corresponding
random eigenstate amplitudes in space. In this case, the averages in equations (21)–(22) break into the
product of uncorrelated averages, one over quasi-energies and the other over eigenstates. In particular,
equation (22) can be rewritten as

CB (x0, t) = KB (t)+ 2NRe

 ∑
a∈H+

b∈H−

γab (x0) e−iωabt

 , (36)

where

γab (x0) = φ2
a (x0) φ

2
b (x0)−φ2

a (x0) φ
2
b (x0) (37)

encapsulates intensity correlations between eigenstates and where we have used φ2
a(x0) = φ2

b(x0) =
1/N since eigenstates are extended in real space. The random eigenstates involved in the expression
of CB(x0, t), equation (22), belong to different parity subspaces so that CB(x0, t) only involves a ̸= b
terms. When the paired eigenstates belong to different doublets, we can safely assume their statisti-
cal independence so that γab = 0 for these states. The intensity correlations between eigenstates par-
ticipating in the same doublet require closer inspection. Using equations (11)–(14), it is straightfor-
ward to compute γab, where φa would be given by equation (11) and φb would be its doublet partner
given by equation (12). Assuming statistical independence between the localisation centre pa and the
seed Fa(p), a straightforward calculation shows that f 4a = g4a, f

2
a = g2a, leading to γab ∼ (f 4a+ f 2ag2a −

4(f 2a)2). Finally, the computation of f 4a and f 2ag2a involves the 4-point correlation function in p-space
Ca(p,q,p ′,q ′) = Fa(p)Fa(q)Fa(p ′)Fa(q ′). Using Wick’s theorem, we have Ca(p,q,p ′,q ′)∼ [δpqδp′q ′ +

δpp′δqq′ + δpq′δqp′ ] (F 2
a)

2 + δpqδqp′δp′q ′ F 4
a. With F 4

a = 3(F 2
a)

2 (Porter-Thomas distribution), we finally
arrive at the scaling

γab ∼ N−3 (38)

for eigenstates participating in the same doublet. Since the sum in (36) involves ∼ N such doublets, the
second term in the right-hand side of (36) decays as ∼ 1/N. This shows that, in the large system size
limit N≫ 1,

CB (x0, t) = KB (t) . (39)

At short enough times, we expect K+(t) and KB(t) to behave similarly, that is KB(t)∼ K∞
B K+(t), where

K∞
B ⩽ 1 is some proportionality factor depending on NL.

10
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Turning now to the sum in equation (21) for CW(x0, t), we first separate the diagonal and non-
diagonal terms. Using equations (27) and (28) for the diagonal part, we also get

CW (x0, t) = C∞ + 2N
∑

(a̸=b)∈H+

e−iωabtφ2
a (x0)φ

2
b (x0). (40)

To treat the remaining sum in the right-hand side, we call back the same statistical arguments used
above for CB(x0, t): (i) decorrelation of the quasi-energies and eigenstate amplitudes averages, (ii) γab = 0
when a ̸= b. We find:

CW (x0, t) = C∞ +
2

N

∑
(a ̸=b)∈H+

e−iωabt. (41)

Adding and subtracting the diagonal term, and noting that dimH+ = N/2, we finally get:

CW (x0, t) = C∞ − 1+K+ (t) . (42)

Since C∞ = 2, the contrasts at the peaks, equation (20), then become

C(x0, t) = 1+K+ (t)+KB (t) = 1+K(t) (43)

C(−x0, t) = 1+K+ (t)−KB (t) . (44)

6.3. Relation to nearest-level spacing distributions
In the right-hand side of (30), t is not restricted to integer values; here we therefore consider that t is
a continuous variable. Introducing the reduced variables τ = t∆, s= ω/∆ and sab = ωab/∆, where we
recall ∆= 2π/N, we have

K(τ) =
1

N

∑
(a,b)∈H

e−isabτ (45)

K(s) = 2π δ (s)+
2π

N

∑
(a̸=b)∈H

δ (s− sab), (46)

where K(s) =
´∞
−∞ dτ K(τ)exp(−isτ) is the Fourier transform of K(τ). Following [9], we introduce the

probability P(l, s) that two levels at a distance s are separated by l other levels. We thus have

F(s)≡
N−2∑
l=0

P(l, s) =
1

N

∑
(a ̸=b)∈H

δ (s− sab). (47)

and F(s) = FW(s)+ FB(s), where FW(s) encapsulates spacings within each parity sector, while FB(s)
encapsulates spacings between the parity sectors. This means that FW(s) controls K+(τ), equation (33),
while FB(s) controls KB(τ), equation (34).

The large-time convergence to K(τ →∞) = 1 is set by the behaviour of F(s) when s→ 0. In this
regime, P(l+ 1, s)≪ P(l, s), such that F(s→ 0)≈ P(0, s)≡ P(s) reduces to the nearest-level spacing dis-
tribution and the long-time dynamics is dominated by short-ranged quasi-energy correlations. This
means that P(s) = PW(s)+ PB(s) where PW(s) covers intra-parity nearest-level correlations and PB(s) cov-
ers inter-parity nearest-level correlations. It is important to note that both PW and PB cover the usual
RMT level-repulsion aspects and very short-ranged correlations resulting from hybridisation. Indeed,
these exponentially small hybridisation correlations do exist within H± and are responsible for the long-
time localisation dynamics in H±, as covered, for example, by the ‘correlated volumes’ approach men-
tioned at the end of section V–B. However, the exponentially-small correlations induced by the doublet
pairs are specifically covered by PB(s). We thus expect the time scale associated to KW(τ) = K+(τ) to
be the Heisenberg time tH. Saliently, KB(τ) contains two different time scales. One rules the early-time
dynamics and is also tH, while the other rules the exponentially-large time doublet dynamics and is given
by tD.
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Figure 3. Circles: Nearest-level spacing distribution P(s) obtained for the HRQKR model (3) with symmetric random phases
in the even subspaceH+ and with h̄e = 1. The system size is N= 513 and the data are averaged over 128 disorder realisations.
SinceH+ contains N/2 states, quasi-energies have been rescaled by 2∆ so that ⟨s⟩= 1. The black circles have been obtained in
the localised regime (K= 3, NL = 114) while the red circles have been obtained in the metallic regime (K= 50, NL = 0.4). Black

solid line: Poisson distribution P(s) = e−s. Red solid line: Wigner–Dyson distribution P(s) = 1
2
π se−π s2/4.

Figure 4.Main panel: Nearest-level spacing distribution P(s) for the RQKR model (3) with symmetric random phases in the
full Hilbert spaceH=H+ ⊕H− and with h̄e = 1. Black data (averaged over 128 disorder realisations): Metallic regime
K= 50,N= 513 and NL = 0.4. Blue data (averaged over 256 disorder realisations): Localised regime K= 3,N= 1025
and NL = 228. Quasi-energies are rescaled by∆= 2π/N so that ⟨s⟩= 1. Dashed red line: theoretical prediction Pmix(s) =
π s
8
e−

π s2

16 Erfc(
√
π s
4

)+ 1
2
e−

π s2

8 obtained for the mixture of two independent gaussian orthogonal ensemble (GOE) spectra,
see [58]. Inset: Numerically-extracted fraction of spacings in the Shnirelman peak for 0 ⩽ s ⩽ 0.1 and in the localised case.
Parameters are K= 3 and N= 127, 257, 513 and 1025. For N= 1025, the estimated fraction is σS = 49.95%, compatible with
the fraction 49.78% computed with equation (49) and ξK/N= 2.310−3 (NL = 228). Red curve: Fit of the data with the theoreti-
cal prediction σS = 1/2− ξ/N, equation (49). A reasonable agreement is obtained for ξ = 14.34.

6.4. Nearest-level spacing distributions
In figure 3, we plot the nearest-level spacing distribution P(s) obtained in H+ (the results are iden-
tical for H−). Its normalisation is set to

´∞
0 P(s)ds= 1 and ⟨s⟩=

´∞
0 sP(s)ds= 1. The data are well

reproduced by the expected Poisson distribution in the localised regime (NL ≫ 1) and by the expected
Wigner–Dyson distribution derived from the GOE of RMT in the metallic regime (NL ≲ 1). From this,
we can infer that the time scale relevant to CW(x0, t) is the Heisenberg time of the system, either tH = ξ
in the localised regime, or tH = N in the metallic regime.

In figure 4, we now plot the nearest-level spacing distribution P(s) obtained in the localised (NL ≫
1) and metallic (NL ≲ 1) regimes but for the full Hilbert space H=H+ ⊕H−. In the metallic regime,
the data are well reproduced by the mixture of two independent GOE spectra (one is S+, the other
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S−) having the same statistical properties [58]. In the localised regime however, we find a Poisson-like
behaviour at sufficiently large spacings and a peak developing at s→ 0. This peak, reminiscent of the
Shnirelman peak discussed in [59], reveals that a macroscopic number of pairs of levels, one from S+,
the other from S−, are accumulating at s very small. These are the doublet states originating from the
parity-induced hybridisation mechanism mentioned earlier. Their effect on the very large time behaviour
of CB(x, t) is of paramount importance.

The Shnirelman peak contribution PS(s) to P(s) is described by the s≪ 1 limit of PB(s). The mean
energy of the doublet states being uniformly distributed over 2π, we expect

PS (s)∼
1

N

M∑
k=ξ

δ
(
s− e−k/ξ

)
∼ 1

2NLs
1[smin,smax], (48)

where the last term has been obtained by approximating the sum by an integral. Here smax = 1/e and
smin = e−NL . This 1/s scaling is consistent with the one found in [59]. As we have seen, the Shnirelman
peak is due to hybridised eigenstates having symmetric but distant enough localisation centres, exclud-
ing de facto the central localisation box. We thus expect the number NS of states participating to the
Shnirelman peak to scale like the number of (positive) localisation centres outside the central box. We
thus get the estimate NS ∼M− ξ = (NL− 1)ξ. The corresponding fraction of states is thus

σS =
NS

N
=

(NL− 1)

2NL
=

1

2
− ξ

N
, (49)

which is exactly the total weight of PS(s) given by its integral. As noted in [59], P(s) also features a
Poisson-like contribution PP(s) = σ2 exp(−σs) where

σ = 1−σS =
NL+ 1

2NL
=

1

2
+
ξ

N
. (50)

The weight of PP(s), given by its integral, is precisely σ such that the total weight of P(s) is indeed
σ+σS = 1. In the metallic regime NL ≲ 1, the Shnirelman peak disappears since σS → 0 and σ→ 1. In
this case, though still present, the parity-induced hybridisation mechanism cannot lead to exponentially
close quasi-energies and P(s) originates from the mixing of two independent, but statistically identical,
random matrix ensembles associated to each parity sector, as seen in figures 3 and 4 . In the localised
regime NL ≫ 1, σS = σ = 50% and the two contributions to P(s) have equal weights.

To check these predictions, we follow [59] and numerically compute the integrated nearest-level spac-
ing distribution I(s) =

´ s
0 ds

′P(s ′) and confront our data to the theoretical prediction inferred from the
previous considerations, namely

I(s) =
1

2
+σ

(
1− e−σs

)
+

2σ− 1

2
ln s. (51)

At s≪ 1, the behaviour of I(s) is completely dominated by the ln s term. To highlight this fact,
we plot I(s) as a function of ln s for two values of K in the localised regime, see figure 5, and we
use equation (51) as a fitting curve to extract σ. The predicted slope of the ln s-linear region in
equation (51) is (2NL)

−1 = ξ/N, see equation (50). In figure 6, we plot NI(s) against ln s for various sys-
tem sizes at fixed K. We observe that the slopes of the linear regions are all the same, confirming the
N−1 scaling in equation (48).

7. Dynamical behaviours of the CFS and CBS peaks in the different regimes

7.1. Dynamics at the Heisenberg time tH scale
In figures 7(a) and (b), we plot CW(x0, t) = 1+K+(t) and CB(x0, t)∼ KB(t) as a function of time for
several kick strengths K at fixed system size N. We expect the early-time dynamics of the system to be
immune to the parity-induced doublet structure of the spectrum and thus to be controlled by the usual
level repulsion aspects. As such, we anticipate that the early-enough temporal dynamics of both K+(t)
and KB(t) is governed by the same function

M(τ) = [I0 (2/τ)+ I1 (2/τ)]e
−2/τ , (52)
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Figure 5. Integrated nearest-level spacing distribution I(s) =
´ s
0 P(s

′)ds ′ obtained for h̄e = 1 as a function of ln s for K= 3
(upper solid black curve) and K= 6 (lower solid black curve). The system size is N= 1025 and the data have been averaged
over 256 disorder realisations. Left panel: Separate fits for the linear and bell-shaped parts of the numerical data. The linear
part for K= 3 has been fitted over the interval ln s ∈ [−25,−5] with a straight line having a slope µ= 0.00358≃ 3.67/N
(upper red dashed line). The bell-shaped region around ln s= 0 has been fitted over the interval ln s ⩾−2 by the integrated

Poisson distribution IP(s) =
´ s
0 σ

2e−σs ′ds ′ = σ(1− e−σs) plotted versus ln s (upper red dashed curve) where σ is taken as a
fit parameter. We have found σ ≈ 0.53, giving σS = 0.47 (see main text). The lower red dashed linear and curve fits for K= 6
give µ= 0.01097≃ 11.24/N, σ ≈ 0.57 and σS = 0.43. These σS values should be compared with the fractions of spacings
in the interval [0,0.1], which are almost 0.5 and 0.46, respectively. This systematic but small deviation is probably due to the
arbitrariness in the choice of the spacing s delineating the Shnirelman peak and the Poisson tail. The vertical dashed line marks
smax = e−1. Right panel: Fit of the data obtained for K= 3 and K= 6 using equation (51) with the constant term 1/2 replaced
by a and (σ,a) as free parameters. We find σ ≈ 0.504, a≈ 0.4855 for K= 3 and σ ≈ 0.511, a= 0.465 for K= 6. As one can see
the agreement with equation (51) is quite good.

Figure 6. Rescaled integrated nearest-level spacing distribution NI(s) = N
´ s
0 P(s

′)ds ′ as a function of ln s at h̄e = 1. Top panel:
K= 3. Bottom panel: K= 6. In both panels, the curves are computed for system sizes N= 129 (black), 257 (red), 513 (green)
and 1025 (blue). The linear region in ln smanifests only for ξ/N small enough (localised regime). Our numerics show that
the linear slopes of NI(s) are indeed independent of N since they are all the same in each panel. The slope of NI(s) is given by
ξ solely. The vertical dashed line marks smax = e−1.

where I0 and I1 are the modified Bessel functions of order 0 and 1 [33]. As can be seen in figure 7(a)
and (b), the curves CW(x0, t) = 1+K∞

W M(t/tH) and CB(x0, t) = K∞
B M(t/tH) fit well with the numeri-

cal data, which allows us to extract K∞
W , K∞

B and tH as a function of the parameters. We find that, as
expected in the localisation regime, K∞

W ∼ 1 and tH = ξ (see figure 7(c)) over the whole range of param-
eters explored. K∞

B varies between 0.6 and 1 as localisation gets stronger, see figure 7(d).

7.2. Long-time dynamics
As seen in figure 7(a), CW(x0, t)→ C∞ ≈ 2 after a few Heisenberg times of the system (tH ∼ ξ in the
localised regime and tH ∼ N in the metallic regime). This means that the intra-sector dynamics ‘quickly’
saturates and reaches its stationary intra-sector limit. The remaining CFS/CBS dynamics C(±x0, t)
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Figure 7. Panel (a): Temporal behaviour of CW(x0, t). Panel (b): Temporal behaviour of CB(x0, t). For both panels, the dynamics
is computed up to time tsim = 65 000 with h̄e = 1 andM= 16 384 (lattice size N= 2M+ 1= 32 769). The localisation length
ξK ≡ (K/2h̄e)2 is the varying parameter, ranging from 87.5 to 3200. To maintain clarity, we only show the curves obtained for
K= 28 (blue curves, ξK = 196), K= 56 (green curves, ξK = 784) and K= 112 (red curves, ξK = 3136). The dashed black lines
are the analytical predictions CW(x0, t) = 1+K∞

W M(t/tH) and CB(x0, t) = K∞
B M(t/tH) obtained from t= 10 to t= tsim/4

with the functionM(τ) given by equation (52) and K∞
W , K∞

B and tH as fit parameters (see main text). Panel (c): Localisation
time tH plotted against ξ showing, as expected, that tH ∼ ξ in the localised regime. Since the early-time dynamics does not
involve doublets, the localisation time tH is the same for both CW(x0, t) and CB(x0, t), as seen in the plots. Panel (d): fit parame-
ter K∞

B , which varies between 0.6 and 1 as localisation gets stronger. The fit parameter K∞
W ∼ 1 for all values (data not shown).

Panel (e): Plot of the maximum value Cmax reached by CB(x0, t), and materialised by the red arrows in panel (b), as a function of
K∞
B − 2ξK/N showing, as expected, that Cmax ≈ K∞

B − 2ξK/N. Since Cmax can exhibit sizeable fluctuations, the values shown are
obtained by averaging the contrast time plots over 40 time points. Panel (f): The characteristic time tmax where CB(x0, t) reaches
its maximum value Cmax is plotted as a function of K∞

B /2. The data loosely agree with the expected behaviour tmax/N∼ K∞
B /2.

Do note however that extracting tmax from the data becomes difficult for NL ≫ 1 and K∞
B → 1 (localised regime). Panels (c)–(f):

The red circle symbols have been obtained for K= 28,35,40,49,56,69,80,98,112 andM= 16 384, the green star symbols for
K= 31.62,44.72,63.25 andM= 8 192, and the blue triangle symbols for K= 18.71,26.46,37.42 andM= 4092.

at times t≫ tH is thus encapsulated by CB(x0, t) and thus dictated by the Shnirelman peak PS(s),
equation (48).

The contribution CB(x0, τ) is related to the spectral form factor via equation (39). As discussed
below equation (47), its τ →∞ behaviour is governed by the s→ 0 limit of its Fourier transform,
which itself is dominated at s→ 0 by the nearest-neighbour spacing. Taking the Fourier transform of
equation (48) gives

CB (x0, τ) = KB (τ)∼
2ξ

N

ˆ smax

smin

ds
cos(sτ)

s
(53)

=
1

NL
[Ci(smaxτ)−Ci(sminτ)] , (54)

where Ci(x) =−
´∞
x ds cos s/s is the cosine integral function and we recall that smin = e−NL and smax =

1/e, with NL given by equation (29).
For smaxτ ≪ 1 (and consequently sminτ ≪ 1), we can use the asymptotics Ci(x≪ 1)∼ γ+ lnx (with

γ ≈ 0.577 the Euler–Mascheroni constant) for both cosine integral functions in equation (54) and
find CB(x0, τ ≪ 1)≈ 2σS, with σS given by (49). For sminτ ≪ 1≪ smaxτ , we can use the asymptotics
Ci(x≫ 1)∼ sinc(x) for the first cosine integral function, where sinc(x) is the sine cardinal function,
while keeping the asymptotics Ci(x≪ 1) for the other one. Since sinc(smaxτ) quickly vanishes before
hitting sminτ ≲ 1, we can safely write

CB (x0, τ) = KB (τ)≈− (γ+ ln sminτ)

NL
. (55)
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Figure 8. Panel (a): Logarithmic relaxation of CB(x0, t) after the time tmax. The blue curves represent a fixedM= 1024 (system
size N= 2M+ 1= 2049) with localisation lengths ξK ranging from 6.25 to 75 (lighter to darker blue). The red dotted lines are
logarithmic fits for times after tmax, of the form CB(x0, t) =−a ln t+ b, see equation (56) (the fit parameter b just amounts to
a mere vertical translation of the curves). Panel (b): Slope a of the logarithmic fit as a function of 2ξK/N. Our numerical data
confirm the theoretical scaling a∼ 2ξK/N predicted by equation (56). Panel (c): constant b of the logarithmic fit, showing that
it is of order 1 in the variable (1− 2γξK/N). As in the other figures, these data are computed with h̄e = 1 and are averaged over
1080 disorder realisations. Since they exhibit significant fluctuations, the values shown are obtained by averaging the contrasts
over 40 consecutive time points.

Using smin = e−NL and τ = t∆= t2π/N, we can also write

CB (x0, t)≈
[
1− γ

2ξ

N
+

2ξ

N
ln

(
N

2π

)]
− 2ξ

N
ln t , (56)

which shows that CB(x0, t) is logarithmically decreasing while staying positive in this range of times.
Figure 8 confirms these predictions. It displays in panel (a) the large-time t≫ tmax behaviour of CB(x0, t)
and logarithmic fits of the form CB(x0, t) =−a ln t+ b, where the fitting parameters are shown in pan-
els (b) and (c). The data confirm that a≈ 2ξ/N= N−1

L and b≈ 1 for the localised regime considered
NL ≫ 1.

When sminτ ≳ 1, the doublets are fully resolved and the logarithmic behaviour is superseded by

CB (x0, τ) = KB (τ)∼
sinc(smaxτ)− sinc(sminτ)

NL
, (57)

where we have used both large-argument limiting behaviours of the cosine integral functions. We
recover, at exponentially-large times, the limiting behaviour KB(τ)→ 0 that we had inferred from pre-
vious considerations.

The logarithmic relaxation of the CFS contrast equation (55) is the central result of our paper. Its
behaviour is strongly reminiscent of the slow dynamics found in glasses [21–23]. This logarithmic relax-
ation has been experimentally observed in different glassy systems such as the electron glass [24–26] or
a crumpling paper [27]. After perturbing such a system for an age tw, the relaxation that follows behaves
as [23]

S(t, tw)∝ ln(1+ tw/t) , (58)

where S is the physical observable measured, for example the conductance in an electron glass experi-
ment. This type of time behaviour can be also identified in the dynamics of the CFS contrast in our sys-
tem by choosing S≡ NL[C(x0, t)− 2]≈ NLCB(x0, t) (since CW(x0, t)≈ 2 at large times t≫ tH) and tw ≡
tD = Nexp(NL) = Nexp[N/(2ξ)]. Indeed, recalling that τ = t∆ with ∆= 2π/N and using equations (55)
and (57), we have

NL [C(x0, t)− 2]≈

{
ln tD/t for tmax ≪ t≪ tD

tD/t for t≫ tD ,
(59)

where C(x0, t) is given in equation (43). This is precisely the behaviour of logarithmic relaxations charac-
terizing several different types of glassy systems [23, 60].
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Figure 9. Scaling behaviour of the CFS contrast NL[C(x0, t)− 2]≈ NLCB(x0, t), at large times t≫ tmax, versus t/tD, showing
a behaviour identical to logarithmic relaxation and aging in glassy systems, see main text and equation (58). In this analogy,
tD = Nexp(NL) = Nexp[N/(2ξK)], with ξK = (K/2h̄e)2, plays the role of the so-called waiting time. The blue curves represent
a fixedM= 1024 (system size N= 2M+ 1= 2049) with localisation lengths ξK = 25,37.5,50,75 (lighter to darker blue). The
green curves represent a fixedM= 512 (system size N= 2M+ 1= 1025) with localisation lengths from ξK = 12.5 up to 100
(lighter to darker green). The red curves represent a fixedM= 256 (system size N= 2M+ 1= 513) with localisation lengths
from ξK = 6.25 up to 50 (lighter to darker red). As in the other figures, these data are computed with h̄e = 1 and are averaged
over 1080 disorder realisations. Since they still exhibit significant fluctuations, the values shown are obtained by averaging further
over 40 consecutive time points.

Equation (59) indicates a non-trivial scaling property of the CFS contrast in terms of t/tD. This scal-
ing behaviour is illustrated in figure 9. The behaviour that we observe actually indicates a phenomenon
of aging. The relaxation depends explicitly on the ‘waiting time’ tD: the longer the ‘perturbation’, the
slower the logarithmic decay.

The mechanism underlying this striking analogy relies on the power-law distribution of the nearest-
level spacings in the Shnirelman peak, PS(s)∼ 1/s, see equations (48) and [59]. This can be interpreted
as yielding a broad distribution of relaxation rates s for the doublets. A simple model for logarithmic
relaxation in glassy systems [23] indeed consists of a collection of many independent modes that relax
with rates λ distributed as P(λ)∼ 1/λ. The observable S(t) at time t after the perturbation can then be
written as

S(t)≈ S(0)

ˆ λmax

λmin

e−λtP(λ) dλ (60)

≈ S(0) [−γ− ln(λmint)] , (61)

which is equivalent to our results in equations (54) and (55). We thus conclude that our system provides
yet another instance of glassy logarithmic relaxation arising from the interplay between parity symmetry
and Anderson localisation.

Note that the behaviour PS(s)∼ 1/s itself is a consequence of the fact that the localisation centres
are uniformly distributed in [ξ,M]: indeed, this implies that the distribution of ln s is uniform over
[ln smin, ln smax], which in turn gives the 1/s dependence of the spacing distribution. This is reminiscent of
Benford’s law [61]: aggregating heterogeneous data spanning various orders of magnitude gives numbers
whose logarithm is uniformly distributed, which leads to a law ∼ 1/d for the first digit d. Ultimately, the
behaviour described in this section has its origin in the fact that there is no privileged scale for hybridis-
ation of wavefunctions in momentum space.

7.3. Crossover time tmax

Roughly speaking, the dynamics starts resolving the doublets when smaxτ ≳ 1, that is when t≳ tmax =
eN/(2π)≈ 0.43N. For the system size N= 32769 chosen in figure 7, we find tmax ≈ 14177, which is
compatible with the data in figure 7(b).

More precisely, the crossover time tmax where the logarithmic dynamics takes over the early-time
dynamics can also be estimated by using the asymptotics M(τ ≫ 1)≈ 1− 1/τ of equation (52) to
describe the monotonically increasing part of CB and the logarithmically decreasing behaviour to
describe the monotonically decreasing part of CB. We identify tmax as the time where the time derivatives
of the ascending and descending parts cancel each other. As such, tmax should solve K∞

B tH/t2 = 1/(tNL).
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Since tH = ξ, we get the estimates τmax = tmax/N= K∞
B /2 and Cmax = CB(x0, tmax)∼ K∞

B − 2ξ/N by iden-
tification with K∞

B M(tmax/tH) and using the asymptotics of M(x). These predictions are in good agree-
ment with our numerical data shown in panels (e) and (f) of figure 7.

In appendix B, we discuss some features of the intermediate time dynamics around tmax that are rele-
vant to figure 2 in the localised and metallic regimes.

8. Conclusion

In this paper, we have revisited the localisation dynamics of a paradigmatic model of quantum chaos
and Anderson localisation, the QKR [11–13], focusing on a regime relevant to recent cold-atom
experiments [19]: the case where the pseudo-disorder possesses parity symmetry. By analysing the coher-
ent scattering interference signatures of localisation, namely the CBS and CFS peaks, we have uncov-
ered a striking dynamical consequence of this symmetry: a logarithmic relaxation reminiscent of that
observed in glassy systems driven out of equilibrium [21–27]

We first analysed the implications of parity symmetry in the localised regime. This symmetry induces
doublets of quasi-degenerate states formed by symmetric and antisymmetric combinations of exponen-
tially localised states centred at opposite momenta. These doublets generate specific spectral correlations
that directly control the slow dynamics. In particular, the time dependence of the coherent scattering
peaks can be related to the spectral form factor and, ultimately, to the nearest-level spacing distribution.

A central result of this work is the emergence of a Shnirelman peak in the level-spacing distribution
at small spacings s, characterised by the power-law behaviour PS(s)∼ 1/s [59], which reflects the pres-
ence of quasi-degenerate doublets. We have shown that this singular contribution is responsible for the
logarithmic relaxation. We derived analytically and confirmed numerically the associated scaling laws,
which in our case take the form of a scaling in t/tD, where tD = Nexp[N/(2ξ)] is the characteristic time
set by the most weakly split (most distant) Floquet eigenstate parity doublets. This time scale plays a role
analogous to the waiting time tw in glassy systems prepared out of equilibrium [23, 60]. The resulting
scaling behaviour is reminiscent of aging, in the sense that the relaxation depends explicitly on tD ≡ tw.
Indeed, it is known [23] that quantum tunnelling in localised systems can play a role analogous to clas-
sical thermal activation processes in glassy systems, as both processes are exponentially suppressed. In
both cases, the transfer rate λ depends exponentially on a smoothly distributed variable, which is the
distance between symmetric localisation centres in our case. As a consequence, it has a probability distri-
bution P(λ)∼ 1/λ, which directly implies a logarithmic temporal relaxation behaviour. Our system thus
constitutes another example where this universal glassy dynamics can be observed, see also [62]. Despite
the strong analogy with glassy dynamics, important differences must be emphasised. First, our experi-
mental protocol is fundamentally different: it is a quench and no external waiting time is imposed. The
scale tD emerges intrinsically from the interplay between parity symmetry and Anderson localisation in a
finite system. Second, the evolution is fully quantum and unitary; the relaxation does not originate from
coupling to a thermal bath or from decoherence effects. However it does result from quantum tunnelling
leading to hybridisation.

Interestingly enough, this glassy behaviour also implies that the infinite-size and infinite-time limits
do not commute in the localised regime, which has profound consequences. For a finite-N system, the
dynamics will always resolve the doublets at sufficiently large times. Indeed, the time needed to resolve
all doublets is given by tD. In the metallic regime ξ ≳ N and we have tD ∼ N. In the localised regime
ξ ≪ N, tD becomes exponentially large in N. But in both cases, the CFS and CBS peaks will always reach
their asymptotic C∞ = 2 value, be it after an exponentially-large time in the localised regime. On the
contrary, for an infinite system with finite localisation length ξ, doublets proliferate and tD →∞. The
dynamics is never able to resolve all of them. This means that the CFS and CBS peaks “freeze” their
respective contrasts to their maximum values 3 and 1 after the localisation time, as essentially observed
in figure 2(a). Our results thus demonstrate that CFS provides a particularly sensitive probe of hidden
symmetry properties in disordered quantum systems, as recently suggested experimentally [19]. More
broadly, they reveal a new and robust analogy between Anderson localisation and glassy physics, comple-
menting previously discussed connections in other localisation regimes [63, 64].

It should be noted that, beyond the Heisenberg time, the CBS and CFS peaks display very narrow
contributions on top of broader ones, see appendix A. Although the contrast values are well-defined,
their measurement in an experimental setting is challenging. In particular, a fine enough resolution in
position is required, in order not to blur these contributions. This can be achieved by managing both
the effective size of the chaotic system in momentum space [7], and preparing and detecting states with
a reduced width. Both approaches were combined in [19], where the first signatures of the modified
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asymptotic CBS and CFS contrasts was observed using a dilute BEC. A measurement of the logarithmic
behavior seems feasible with experimental parameters similar to those used in that work, in a localised
regime, with a system size that still puts the crossover time below the coherence time of BECs.
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Appendix A. Coherent forward scattering (CFS) and coherent backscattering (CBS)
peak shape

From equation (15), we get

n∞ (x) = n(x, t→∞) =
∑
a∈H

φ2
a (x)φ

2
a (x0). (S1)

Since n∞(x) is even in x, the CBS and CFS peaks at infinite times are twin images of each other.
Each is made of bell-shaped pedestal centred at ±x0 with a spike on top. It is the hybridised nature
of the eigenfunctions in momentum space that is responsible for this behaviour. Indeed, writing the
even/odd eigenstates φ±

a (p)∼ Fa(p− pa)± Fa(−p− pa) (pa = ah̄e being the localisation centre) we
have φ±

a (x)∼ (e−ipax± eipax)Fa(x) where Fa(x) is the Fourier transform of Fa(p). Thus, |φ±
a (x)|2 ∼

2[1± cos(2pax)] |Fa(x)|2. Equation (S1) then involves cos(pa(x± x0)) terms which, under disorder aver-
aging, will produce δ-peaks at ±x0, while the other remaining terms will produce a smooth contribution
whose width is given by the inverse localisation length ξ−1. The spikes observed in the spatial distri-
bution are thus a direct consequence of the hybridisation of wave functions in momentum space and a
direct signature in position space of the parity symmetry of the system.

Appendix B. Intermediate times dynamics in the localised andmetallic regimes

Coming back to equation (22) for times tH ≲ t≪ tD in the localised regime ξ ≪M, one can set
exp(−iωabt)≈ 0 for the opposite-parity levels which are resolved after t and set exp(−iωabt)≈ 1 for
the set D(a,b) of unresolved doublets levels. We expect their number to be essentially given by NS. For
tH ≲ t≪ tD, we thus have:

CB (x0, t)≈ 2N
∑
D(a,b)

φ2
a (x0) φ

2
b (x0)≈ Cmax (S2)

and we get

C(x0, t)≈ C∞ +Cmax (S3)
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C(−x0, t)≈ C∞ −Cmax (S4)

at times tH ≲ t≪ tD. This also shows that, at intermediate times, C∞ = [C(x0, t)+C(−x0, t)]/2 and
Cmax = [C(x0, t)−C(−x0, t)]/2. Neglecting correlations between eigenstates in equation (S2) and assum-
ing uniform spread in position space, we get the estimate Cmax ∼ 2σS, a result consistent with the
behaviour obtained from equation (54) at smaxτ ≪ 1. We thus infer that, at intermediate times, the CFS
contrast overshoots the value C∞ by an amount scaling like 2σS while the CBS contrast undershoots
C∞ by the same amount. We also infer that K∞

B ∼ 1 and tmax ∼ N/2, compatible with the first estimate
0.43N.

For comparison, we have Cmax ∼ 0 in the metallic regime (NL ≲ 1) and we get C(±x0, t)→ 2. This is
what is observed in figures 2(b) and (c). In the strongly localised regime (NL ≫ 1), we need to consider
2 cases. When ξ/ℓ∼ K/h̄e ≫ 1, then C∞ = 2 and Cmax ∼ 1, such that C(x0, t) = 3 and C(−x0, t) = 1.
This behaviour is somewhat reminiscent of the symplectic case where the spectral form factor over-
shoots its infinite-time limit unit value [9, 65], the doublets posturing effective spin states. However,
when ξ/ℓ∼ 1, which happens in figure 2(a), it is known that C∞ is reduced by a quantity scaling like
(ℓ/ξ)d/2 (d is the system dimension) through a central limit theorem (CLT) argument [28, 66]. Since
Cmax and C∞ involve the same type of eigenstates correlations, we expect Cmax to be also reduced by
the same quantity. This mean that the CBS contrast should remain immune to these CLT effects as they
would cancel each other, while the CFS contrast should be reduced as these corrections would add up.
As a consequence, the CBS contrast should stick to C(−x0, t) = 1 at intermediate times, as is observed in
figure 2(a), while the CFS contrast should be reduced from its nominal value C(x0, t) = 3 at intermediate
times. From figure 2(a), we get C∞ ∼ 1.75 and Cmax ∼ 0.75, implying a CLT-correction of about 0.25,
which is of the same order of magnitude as

√
ℓ/ξ ∼

√
h̄e/K= 0.4. To go further, a more careful analysis

of the wavefunction correlations when ξ ∼ ℓ is needed. We leave this for future work.
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