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Confined 2D statistical systems

system at temperature TL

Λ

Free energy density (in unity of kBT ):

F = − lim
Λ→∞

1

Λ
logZΛ(T , L, · · · ) = Lfbulk(T )+fS(T )+

1

L
Θ

(
L

ξ(T )
, ..

)
︸ ︷︷ ︸

≡FL

+..

FL: due to finite-size, universal

Casimir force (per unit lenght)

FCasimir = − d

dL
FL



Θ

(
L

ξ(T )

)
∼ c e−L/ξ(T ) ξ(T ) ∼ |T − Tc |−ν

At T = Tc , Θ(0) ∝ Central Charge c

Ex: 2D Ising on a cylinder:

Jovan Odavic, stage 2014



Critical Ising model on an infinite strip and inhomogenous
boundary conditions

Motivations

Critical Casimir forces (CCF) have been experimentally
observed have potential applications in nano-devices or in
biology
Different systems (single-component order parameter) belongs
to the Ising universality class
The problem of inhomogenous b.c. come from experimental
implementations and no exact results



Our results (I): additivity for CCF

L << a, b :
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Our results (II): Boundary RG flow

L >> a, b

FCasimir =
1

L2
× Θ±

(
L

ζc(|a− b|)

)
± → b > a (b < a)

Cross-over lenght: ζc = |a− b|−2

(novel) boundary phase transition at a = b.

Fixed +,- and Free are
the fixed point (confor-
mal) b.c.
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The CFT framework

Ising universality class models:
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SL Ising on torus: F = −0.93...L +
π

6L
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2
+ ...

GFF (Ising2): F = −0.583...L− π

6L
× 1

2
+ ...

TL strip: F = −0.88...L− 0.10...− π

24L
× 1

2
+ ...

a = b strip:

F = −0.93...L− 0.14...− π

L
×
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1
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× 1

2
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)
+ ...

CFT : field theory machinery to compute the universal parts



α

α

Zα,α(L) = Z0(L) ∼ exp
[ πc

24L

]

Φβα

Φαβ

β

β α

α

Zα,β(L) ∼ exp
[ π

24L
(c − 24∆α,β)

]

Zα,β(L) = Z0(L)〈Φβα(−∞)Φβα(∞)〉



CFT→ irrep. of an conformal symmetry algebra.

Minimal M5

c = 1/2 {Φ} = {I , σ, ψ} {∆} = {0, 1/16, 1/2}
< σ(z)σ(0) >= |z |−1/4 < ε(z)ε(0) >= |z |−2

critical exponents⇒
{
η = 1/4
ν = 1

⇒


α = 0
β = 1/8
γ = 7/4
δ = 15

Conformal boundary conditions:

∆+,− = 1
2 ∆+,free = 1
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How our problem can be formulated:

Z = Z0 〈ψ(x1) . . . ψ(x2N)〉︸ ︷︷ ︸
winning g.s. of the ν = 5/2 fQH, Thierry talk

= Z0Pf(G ) = Z0det1/2(G )

G = [〈ψ(xi )ψ(xj)〉]i ,j=1,...,2N

G is of block Toeplitz form, Gij = gi−j , with

gj =

(
g [j(a + b)] g [j(a + b)− a]

g [j(a + b) + a] g [j(a + b)]

)
,

where g(w) = π/[2L sinh(πw/(2L)].



The Szegö-Widom (SW) theorem for block Toeplitz
matrices

F = − π

48

1

L
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log detG .
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0
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For a < b the theorem works:

F = − π
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L
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0
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For a > b the theorem must be corrected!:

F = − π
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0
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0
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[
ϕ−1(θ)

]
11
∼ e−jδ for j →∞



Circular versus Toeplitz determinant

1

N
log detG−1C =

1

N

N∑
i=1

|λi |2

b > a: all the eigenvalues λj cluster to 1 for N →∞
b < a: exists a pair of eigenvalues (λ, λ∗) such that λ = e−Nδ.



Lunga vita al LPTMS!


