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Part 1: Multi-Body Interactions



  

“N-body interacting” g2=g3=...=gN−1=0 gN≠0AND
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3-body interaction is noticeable if                 , i.e., in the dilute limit we 
basically need g2=0

4-body interaction                                                 g2=g3=0

etc. 

g3∼g2 /n



  

Why interesting?

Bosons + g
2
<0                        Collapse

Bosons + g
2
<0 + g

3
>0                       Free space → self-trapped droplet state Bulgac'02: 

                       

Increasing g
2
<0                     bosonic pairing Nozieres&Saint James'82

 Topological transition, not crossover! pairs repel because g
3
>0 

 Neglecting surface tension, flat density profile

 Including surface tension → surface modes

n=3∣g2∣/2 g3

      Radzihovsky et al., Romans et al., Lee&Lee'04

Pairing on a lattice with three-body constraint:

Daley et al.'09-, Ng&Yang'11, Bonnes&Wessel'12,...

 is necessary! = Pauli pressure in the BCS-BEC crossover!g3



  

Why interesting? (contd.)

Local repulsive g
k+1

 is the ``parent'' Hamiltonian for the k-th state of the Read-

Rezayi series of quantum Hall states, Nayak et al., Rev. Mod. Phys.'08

 k=1 (2-body int.) → Laughlin state (abelian anyons)

 k=2 (3-body int.) → Moore-Read state (non-abelian anyons, some topologically protected operations) 

 k=3 (4-body int.) → Read-Rezayi state (non-abelian anyons, universal quantum computing)

Ground state degeneracy protected by gap ~ g
k+1

 Important to maximize !



  

Why interesting? (contd.#2)

Mechanical stability requires g
3
 > 0

Lu, Yun, DSP, and Shlyapnikov, PRL (2015)

2D dipoles

Rotonized superfluid & supersolid



  

Why interesting? (contd.#2)

Mechanical stability requires g
3
 > 0

Lu, Yun, DSP, and Shlyapnikov, PRL (2015)

2D dipoles

Rotonized superfluid & supersolid

Phase diagram



  

Effective multi-body interactions

Parasites which appear when we want to simplify our life:

Simple 2-body pot. +

Simple 2-body pot. + 3-body +

Hammer et al., Rev. Mod. Phys. (2013) 

. .
 .



  

Examples

Hard sphere gas Zero-range interacting gas 
+ three-body interaction 

Bosons with van der 
Waals two-body forces

Lee, Huang, Yang'57, Wu'59 ...

Zero-range interacting gas 
+ three-body parameter 

Beyond LHY effects.
Three-body force important at 

large a
Braaten et al.'99, Bulgac'02,...



  

l0

Quasi-1D bosons 1D Lieb-Liniger model

2-body Olshanii'98 + 3-body Muryshev et al.'02

H=−
1
2 ∑

i=1

N
∂

2

∂ xi
2


2a
l0

∑
i j

 x i−x j−12 log  4
3  a2

l0
2 ∑

i jk

 xi−x j x j−xk 

Examples

Perturbative, second order, weak, 
attractive, but BREAKS INTEGRABILITY! 



  

Examples

Weak, higher order in             , but important due to high Landau level degeneracy! 

E E

x

Quantum Hall layer Single Landau level model
+ higher order interactions

All quantum Hall numerics

La
nd

au
 le

ve
ls

Fermi level

Nayak et al.'09,'13, 
Sodemann&MacDonald'13



g/



  

~

g2/ ≫

~ ~

g~a3/2 ≫ g3 /2

E N =U2

N N−1

2 !
U3

N N−1N−2

3 !
U 4

N N−1N−2N−3

4 !
...



  

Optical lattice → Hubbard model

Bosons in an optical lattice Bose-Hubbard model
+ higher order interactions

Jaksch et al.'98...

Niu et al.'06, Tiesinga et 
al.'09,11, Hazzard&Mueller'10

t
t

Weak, high order in         , but measurable 
Campbell et al.'06, Will et al.'10 

g /





  

3-body interacting case: perturb. prosp.

E N =U2

N N−1

2 !
U3

N N−1N−2

3 !
U 4

N N−1N−2N−3

4 !
...

 AND  STRONG!  

Higher order terms  

E 2=U 2=〈0∣V∣0〉∑


∣〈∣V∣ 0〉∣
2

0−

...

Additional non-additive 
higher order terms

E 3=3 E 2−O V 2∑


∣〈 
∣V∣0〉∣

2

0−

...

Double counting 
compensation

U 2=0 U 3  0ANDThis talk

U 3~V 2/∣0−1∣

Perturbative approach Johnson et al.'09



  

〈 0∣V∣0 〉≈0 vanishing on-shell scattering...

Mechanism

〈∣V∣0 〉≠0 large off-shell contribution... 

which should  repel  the third particle...

R

R 

Re

δ E

1/√δ E≫Re



  

Implementation

Dipoles in the bilayer geometry with interlayer tunneling

t

δ E∝t g3 ∝(1/√t )
2
=1/ t

Integrating out the interlayer degree of freedom we obtain 2D dipoles with 3-body repulsion!

Same ideas applied to hyperfine states of an atom
39K: |F=1,m

F
=0> and |F=1,m

F
=-1>

 [MHz ]

B [G ]

Couple them with RF (~50MHz)

=Rabi frequency (~kHz)

=Detuning (~kHz)

2 2=spin splitting≫T

Should work 
in any 
dimension: 
3D, 2D, 1D, 
0D (lattice)!

(suitable inter- and intra-species interactions)



  

Part 2: Quantum droplets
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For spinless BEC:

∝g2
5 /2n5 /2

E
Volume

=
g2 n

2

2 (1+
128
15 √ na3

π +... )

Lee-Huang-Yang correction

LHY correction is UNIVERSAL (depends only on the scattering 
length) and QUANTUM (zero-point energy of Bogoliubov phonons)!

Observed in ultracold gases where the scattering 
length is tunable by using Feshbach resonances

ENS exp. (Navon et al. 2011)

Unfortunately, the effect is perturbative and the LHY 
term is smaller than the mean-field one!



  

However, it is not always the case!

Two-component BEC:
E

Volume
=

g11n1
2+g22n2

2+2 g12 n1 n2

2
+

8

15π
2

m4

ℏ
3 (c1

5
+c2

5
)+...

mean field                 LHY

ϵ(k )

k

c2k

c1k

g11>0, g22>0, and g12
2 <g11 g22

mean-field stability

g12>√g11 g22 g12<−√g11 g22

phase separation                  collapse
DSP, “Quantum mechanical 
stabilization of a collapsing Bose-
Bose mixture”, PRL (2015)



  

E
Volume

=A1×δ g×n2+ A2×(m /ℏ2)3 /2(gn)5 /2

ϵ(k )

k

c2k

c1k

What happens when                        ? (introduce small                              )  g12≈−√g11 g22

Gas exists in equilibrium with 
vacuum. Saturation density

Mechanism of quantum stabilization

g11n1
2+g22n2

2+2 g12n1n2

2
The mean-field term                                           “locks” the ratio

However, global density changes cost very little energy

At the same time the lower Bogoliubov mode becomes very soft

but the hard branch contributes to the LHY term

The structure of the energy-density functional:         

n2

n1

=const=√ g11

g22

δ g=g12+√g11 g22

∝δ g×n2

c1≪c2∝√gn /m

n

n0δ g<0 n0 ∝
1

a3 ( δ g
g )

2

Density is tunable by modifying interaction parameters!



  

39K: |F=1,m
F
=0> and |F=1,m

F
=-1>

a
aBohr

B [G ]

a11

Data from A. Simoni

a22

a12

a12=−√a11a22



  

Modified Gross-
Pitaevskii equation 

cubic-quartic 
nonlinearities

Rescaling r⃗=ξ~⃗r , t=τ~t , N=n ξ3 ~N , where ξ∝1/√m|δ g|n , τ ∝1/|δ g|n

Gross-Pitaevskii eq., droplet shape

i∂~t ϕ=(−∇~⃗r
2/2−3|ϕ|2+5|ϕ|3 /2−~μ)ϕ

~N=∫|ϕ|
2 d3~r

~N=18.65

~N=30

~N=500

~N=3000



  

Bogoliubov-de Gennes eqs., excitations

linearize i∂~t ϕ=(−∇~⃗r
2/2−3|ϕ|2+5|ϕ|3 /2−~μ )ϕ with respect to small δ ϕ(~t ,~⃗r )

ϕ(~t ,~⃗r )=ϕ0(
~r )+δ ϕ(~t ,~⃗r )

co
ntin

uum

disc
rete



  

Zero-temperature object

No discrete modes → the droplet evaporates itself to zero T!
(by contrast, 4He droplets always have discrete modes)

Macroscopic zero-temperature object:
- is interesting by itself
- can be used for sympathetic cooling of other systems



  

Thank you!


