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Modelling Heat Transfer between 2D materials

T1, T2, Tenv 6= f (t)

Heat transfer and heat emissibility, but without cooling or freezing

∂tT = 0.

∇T = 0 inside the objects and media.

Is it realistic?

Well, it’s good enough for our purposes, and a nice first step

We can consider Ti = cte inside the object if conduction rate�
Radiation rate
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[Ma�hias Krüger, Giuseppe Bimonte, Thorsten Emig, and Mehran Kardar. PRB 86, 115423 (2012)]
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Rytov Formalism

Maxwell equations with Gaussian random noise currents in all the

space are equivalent to quantum partition function of the EM field in

thermal equilibrium

∇ ·D = ρ ∇× E = −∂tB D = D(E,B)
∇ · B = 0 ∇×H = −∂tD + J H = H(E,B)

In equilibrium (Fluctuation-Dissipation Theorem)

〈
Ji(r)J

∗
j (r
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eβ~ω − 1
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c
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Rytov Formalism

In non-equilibrium (Local Equilibrium Hypothesis)

Cα =
〈
Ei(r)E∗j (r′)

〉
= Ceq(Tenv) +

N∑

α=1
[Csc
α (Tα)− Csc

α (Tenv)]

Gα = G0 + G0TαG0
Gα = G0 + G0VαGα
VαGα = TαG0

For an isolated object

Cisolated
α (T) =

ω2

c2
~

eβ~ω − 1
G0 [Im [Tα]− TαIm [G0]T∗α]G∗0

For a non-isolated object

Cα(T) = OαCisolated
α (T)O†α

Oα = (1 + G0Tᾱ) (1−G0TαG0Tᾱ)−1
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�antities of interest

From 2-point correlation functions, it is possible to calculate:

1 Casimir forces as a integral over the Lorentz force generated by noise

currents

F(α) =

∫

Ωα

dr
∫ ∞

−∞

dω
2π

Re [〈[∇A(r)] · J∗(r)〉]

2 Heat emissibility and Heat transfer as a integral over the Joule e�ect

generated by noise currents

Hα = −
∫

Ωα

dr
∫ ∞

−∞

dω
2π

Re [〈E(r) · J∗(r)〉]

This quantities can be wri�en as a function of

〈
Ei(r)E∗j (r′)

〉
because

1 E = −∂tA ⇒ A = E
iω

2 E = iωc G0J ⇒ J = −i cωG−10 E
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Heat Transfer

〈Sz〉 =

∫ ∞

0

dω
2π

[Θ(ω, T1)−Θ(ω, T2)]
∫ d2k‖

(2π)2
T (ω,k‖),

T (ω,k‖) =

 Tr

[(
I− R†2R2 − T†2T2

)
D12

(
I− R†1R1 − T†1T1

)
D†12
]

: k‖ < ω
c ,

Tr

[(
R2 − R†2

)
D12

(
R†1 − R1

)
D†12
]
e−2|kz|d : k‖ > ω

c .

kz =
√

ω2

c2 − k2
‖, with Im [kz] > 0.

D12 =
(
I− R1R2e2i kzd

)−1

Θ(ω, T) = ~ω

e
~ω
kBT −1
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[Pablo Rodriguez-Lopez, Wang-Kong Tse and Diego Dalvit, J. Phys.: Condens. Ma�er 27 (2015) 214019]
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Heat Transfer in 2D materials

Reflection R matrix for zero thickness (pure 2D) dielectrics with

surface currents

R =
1
∆

(
−2π σxx

cλ − 4π2

c2
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σ2
xx + σ2

xy

)
2π σxy

c

2π σxy

c 2πλσxx
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c2
(
σ2
xx + σ2

xy

)
)

Transmission T matrix for zero thickness (pure 2D) dielectrics with surface

currents

T =
1
∆
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1 + 2πλσxx

c 2π σxy

c
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c 1 + 2π σxx
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c σxx

( 1
λ + λ

)
+ 4π2

c2
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)
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Conductivity of a Dirac Cone
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[Wang-Kong Tse and A. H. MacDonald, PRL 105, 057401 (2010)]

σxx,R(ω)

αc
=

µ2
F −∆2

4|µF |
τ−1θ(|µF | − |∆|)

ω2 + τ−2 +

(
1
16

+
∆2

4~2ω2

)
χ[2M,2εc ](ω)

σxy,I(ω)

αc
=

∆

4~ω
χ[2M,2εc ](ω)

σxx,I(ω)

αc
=

µ2
F −∆2

4π~|µF |
ωθ(|µF | − |∆|)
ω2 + τ−2 +

1
16π

[
4∆2

~ω

(
1
M
− 1
εc

)
+

(
1 +

4∆2

~2ω2

)
f (ω)

]
σxy,R(ω)

αc
= − ∆

4π~ω
f (ω)

M = max(|µF |, |∆|)]
α = e2/~c ≈ 1/137

χA(ω) =

{
1 x ∈ A
0 x ∈ A

f (ω) = ln | ~ω+2εc
~ω−2εc

| − ln | ~ω−2M
~ω−2M |



Graphene

A graphite monoatomic sheet

Good conductivity properties

Em properties: σxx(ω = 0) = αc
4 and σxy(ω = 0) = 0.

"The material of the future"

Experimentally observed. [Novoselov et al. Science 306, 666 (2004)]
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Conductivity of a Dirac Cone µF 6= 0
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Chern Insulators

A new 2D topological state of ma�er.

Characterized by their Chern number C.

C is the number of Dirac cones weighted by the sign of their masses.

Em properties: σxx(ω = 0) = 0 and σxy(ω = 0) = C
e2

h
, with C ∈ Z.

�antum Hall surface states without magnetic field.

Experientally observed. [Cui-Zu Chang et al. Science 340, 167 (2013)]
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Conductivity of a Dirac Cone ∆ 6= 0
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Heat Transfer

〈Sz〉 =

∫ ∞

0

dω
2π

[Θ(ω, T1)−Θ(ω, T2)]
∫ d2k‖

(2π)2
T (ω,k‖),

T (ω,k‖) =

 Tr

[(
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[Pablo Rodriguez-Lopez, Wang-Kong Tse and Diego Dalvit, J. Phys.: Condens. Ma�er 27 (2015) 214019]
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Heat Transfer - Large distances

lim
d→∞

〈Sz〉 =
1

4π2c2

∫ ∞

0
dω

~ω3

e
~ω
kBT1 − 1

F(ω)− 1
4π2c2

∫ ∞

0
dω

~ω3

e
~ω
kBT2 − 1

F(ω),
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|R| ∝ α2 � 1 ⇒ D12 ≈ I ⇒ lim
d→∞

T (ω,k‖) =

{
f (ω,k‖) : k‖ < ω

c ,

0 : k‖ > ω
c .

σ =
π2k4B
60~3c2

lim
d→∞

〈Sz〉 = εσ
(
T 4
1 − T 4

2
)

Stefan-Boltzmann Law for gray objects
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Heat Transfer - Short Range

lim
d�1
〈Sz〉 =

1
8π3d

∫ ∞
0

dωω [Θ(ω, T1)−Θ(ω, T2)] f (ω; T1, T2)

f (ω; T1, T2) =
σ
(1)
xx,R σ

(2)
xx,R

σ
(2)
xx,R

∣∣∣σ(1)
xx

∣∣∣2 + σ
(1)
xx,R

∣∣∣σ(2)
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∣∣∣2
π2 + tan−1
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(1)
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∣∣∣σ(2)
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∣∣∣2 + σ
(2)
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∣∣∣σ(1)
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∣∣∣2
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(1)
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∣∣∣σ(2)
xx

∣∣∣2 + σ
(2)
xx,R

∣∣∣σ(1)
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∣∣∣2



∣∣∣σ(i)
xx

∣∣∣
2

= [σ
(i)
xx,R]2 + [σ

(i)
xx,I]

2

σ
(i)
xx = σ

(i)
xx (ω, Ti)
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Coupling between evanescent waves becomes relevant and

open a new channel for Heat Transfer

�antization of Heat Transfer?

σxx(ω,Ni) =

Ni∑
n=1

σxx(ω,∆i) ≈ Niσxx(ω,Min [∆i])

lim
d�1
〈Sz〉Ev(d,N1,N2) ≈

2
N2 + N1

〈Sz〉Ev(d, 1, 1)



Heat Transfer - Numerical computations
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Chern Insulator (∆ = 30 kB)

T1 = 10K , T2 = 1K

Graphene (µF = 0.5 eV, τ−1 = 1013s−1)

T1 = 400K , T2 = 300K



Conclussions

1 Heat Transfer is not exactly quantized or at short either at large

distances.

2 At large distances, 2D Dirac materials behaves as gray bodies.

3 At short distances, a characteristic 1/d behavior is demonstrated.

4 Take home message: You can study thermodynamics of the em field by

adding Gaussian currents to Maxwell equations
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