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Introduction

@ Formulation of some economic issues as optimization problems with
strategic interactions (= Game theory, Differential games)

@ Large number of small agents — continuum + mean field assumption
Mean Field Games

@ Applications : Price and volatility formation, growth theory, production of
exhaustible ressources, crowd dynamics...

@ Approach : Study socio-economic systems from a physicist’s point of
view (econophysics)
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Differential Games

@ N playersindexedby i=1...N
@ State described by X’ € R”

@ Dynamics for an arbitrary agent i : dX{ = v/ dt + cdW{, where dW/ is a
Gaussian white noise and v’ the speed. v' can be controlled.

) T N2 o
e Cost: J[V]=E / 1 (v) — V(XL X)) dr + cr(Xy)
0 2 ~——

terminal cost

running cost, L
@ Tools : Value fonction u(x, t) := min, (J[v]) | X(t) = x
(i.e. the minimal cost as a function of the initial parametres)
u(x,t) satisfies the Hamilton-Jacobi-Bellman equation :

1 2 0'2 .
o= 5 (Vu)’ + AU =V(x)  (HIB)

u(x, T) =cr(x)

Optimal strategy : v(x,t) = —Vu
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Mean Field Game formalism

e V(X., X!”') depends only on X{*' through the density :
m=43>,6(x—X])
N — oo = continuum + mean field assumption

@ System described by a continuum i.e. the density of players m(x, t).
Evolves under a Kolmogorov equation :

2

Om + V(vm) — %Am =0 (KMG)

m(x,0) = mp(x)
where v = v(x, t) is set by the optimization problem.

@ Optimization is now described by a Hamilton-Jacobi-Bellman equation
where the potential V depends on the density m(x, t).
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o — 2 (Vu)* +

u(x, T) =cr(x)
@ The drift in KMG v(x, t) is equal to —Vu
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Mean Field Game formalism

@ System of coupled forward/ backward equations with initial and
terminal conditions

@ Mathematicians : results of existence and unicity, convergence of
numerical algorithms

@ Ergodic problem (0« T ~ +00) :
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Link with the Non Linear Schrédinger equation

@ Cole-Hopf transform in (HJB) : ¢ = exp (—u/c?)
e "Hermitization"in (KMG) : T'(x, t) = m(x, t)e /"

@ New system :
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Tt = T oxe TV
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o(x, T)=€e o2

(MFG") i
200 _ 0" 0T

T 2 X2 Vix, m|l

(x,0) = mo(x)/#(x,0)

@ Non Linear Schrédinger equation
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+ (Uo(x) + glvP) v

@i v YT
Case of local interactions : V[x, m] = Up(x) + g m(x, t)
(NLS) formally equivalent to (MFG’) !!
=- Huge litterature, many tools...



"Ehrenfest’s" and Conservation Laws
@ Introducing the momentum operator [1 = —529, and X the position

operator, same formalism as in Quantum Mechanics :

e An arbitrary operator : O = f(X, )
@ Mean value :
~ a 2 O=f(X)
(O)(t) = (T()|O|d(t)) = [axT(x, H)Od(x,t) =~ [dxm(x,t)O(x)
d . o s
* E<O> =([H, Q]
@ For example,
d g - (M
d N
= @)
where we have introduced the “force” operator F[mi] = —dx V[mi](X).
@ For a problem with local interactions i.e. V[x, m] = Uy(x) + g m(x, t), the
“total energy”
1 . .
et) = ?<”2> + (o(X)) + (Hino) ©)
1 ——
= g/dx mg (x)

is a conserved quantity, i.e. d€/dt =0,



Time evolution of an MFG problem with strong short range interactions

@ Case of strong attractive
interactions and confining
potential : V[x, m] =
—zk(x = xopt)? + g m(x, 1)

The dynamics of the agents’

density can be split up in 3 parts :

@ Formation of the soliton,
characteristic time 7*

@ Movement of the centre of
mass in the potential Up(x)

@ "Relaxation" of the soliton,
characteristic time 7*

FIGURE: Comparison between analytic
results (dashed grey) and numerical
solution (solid black)



Approximations

@ Expansion in the distribution’s length :
/ dx m(x)f(x) ~ f(X) + %f“()‘()zz(t) +...,if mis alocalized

distribution of mean x and variance ()
@ Closed form equation for the mean position :
a? _ -
pgpX =~ Vxlh(X) (4)

@ Not working in the equation for the variance ¥2 :

d? 1

qe = g, ((H)e = (M), where (Hu) = (g/2) / dx m?(x)

@ Variational approximation : approximate the solution by a cleverly
chosen function depending on some parametres to determine

2
Here : m(x, t) ~ 27:22“) exp [—%}

@ Finally :

P g (11
ar” T 2uym \Z. X(t))’

2
Characteristic time 7* = \@W%as



Conclusion and outlooks

@ Basis for the analysis of a large class of Mean Field Games
@ Other interesting regims, dimensions

@ Boundary problem and unicity/ phase transition

@ Import more tools : solitons, inverse scattering...




Thanks for your attention !
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