







































































































PROBLEM 6
Landscapes 2 Kac Rice 2K

Problem 6 THEHESSIAN RANDOM MATRICES

III GAUSSIAN RANDOM MATRICES

Consider GOE matrices with P.fm
z
e
02
th

componentwise this means

KM is Ine
2EgMii j oL2i

M EM

Therefore all the entries Mij with izj are independent
andGaussian with zero mean and

M for it jTY

MET 2 for i j










































































































This is exactly thesame statistics as forthe Hessian

matrices of thep spin landscape with o pp 1

II EIGENVALUE DENSITY 2 CONCENTRATION

aThe determinant is the productof eigenvalues of a
matrix Wedenote with 1a 2 1 N 1 the
eigenvaluesofthematrixM Noticesince thematrix has random
entries the eigenvalues are also randomvariables theyare a

complicated non linearfunctionoftheentriesofthematrix

Wecanwrite
y 1

IdetfM pet I II y pe eE
ib8l PE

esdaEIdaHeadspet

eat7Sda f ft log11pet

where we introduced theeigenvalue empirical distribution

SHH SH 1a










































































































a We now have to average thisquantity on the distribution
Pfm However we notice that thisquantity depends on the
matrix M only through the eigenvalue density fatal
Therefore we can make a changeofvariablesandaverage
over thedistribution Pµgladof all possible eigenvalues
densities

ldetfM.pe JdMlfM1ldetfM peDl

JDqypyqeNfdtSlH
EogHpettow

functional
probability thatfar11kg4

integral

Di We now use the fact that for N large Right has
d large deviation form withspeed N

HiIg n e
N gig

Therefore

detfM.pe JDgy e
54D t Nfdagalog11pet dm

This integral canbe computed with thesaddle point
approximation the saddlepoint value fda is










































































































determined by the leading order term inthe exponent

meaning Sg 0

Moreover one has that gEg2 O Indeed by
normalitation

I JDgRyEg fog e
2893 en g42

I saddle
g44 0

point

Therefore folt is nothingbut the typical value of
the eigenvalue density that maximizing the probability
distribution

foul fins film

If we Kowgold the expected value of the determinant
is obtained as

ldetfm.pe eNfdtfHlloyHpeltocm










































































































13TTHESEMICIRCLE2THECOMPLEXITY

Combining everything from theprevious problem 5 we
obtain

qq.ee
eo9fep NzEtNfdAfoHllogHpe tolN1

Therefore theannealed complexity of the spherical pspin is

Zale tinyGgµNI EogEp E t fdagold logHpet A
Tofinish the calculation one needs toknow the expression

of f HI

Do Recall thatg t is the eigenvalue densityof the
MatrixM thathasGot statistics

It is a well known result of randommatrix theory that
the typical eigenvaluedensity ofgot matrices is the
WIGNERSEMICIRCLELAW

foolH tiffsfailD z tf

25 25 X
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THE Plugging thisexpression into and computing the

integral oneobtains thefinal formulasgivenin the textof
theproblem Inparticular

Jd1foola GgHPE Jd ftp.y4HM ettpe
CoglHtfdxIF f J Eog

DefineX that

2 Jdx 1 fxTE.IT log NEI x
f
6514plpidtffdxfff.intlog14

Where Eth I T

Theexplicit resultfor the integral is given in thewiki










































































































1 Plotting thefunctionSale one gets

sale

F

e
E Egs

The region where the annealed complexity is
negative is theregion where it is exponentially
Unlikely to find local minima at that energy the

typical value of energy density of all local minima
including the deepest ones the ground States must be

higher ie Eas Z E

Actually forthis model Edel Ek and E Eas

j n

annealed glenched










































































































IDTHETHRESHOLD ANDTHESTABILITY

Recallthat theHessian matrix at a stationary point with

energy density E has the statistics of M pet if f 17
is thedistributionof eigenvalues of M the distributionof
eigenvalues of Mpelt is fafftpe Wediscuss how
this looks like changing e

Et

y offs geniuses
negativeI

WEED 0 zipper SADDLE

resign

I 1 but still
pe SADDLE










































































































lEEiI The boundary ofthedistribution toucheszero

i i g ape

xi i
0 pe

This happens when PE 2K E Eth 2fppI
These typeofminima are called

MARGINALLY STABLE

teeth

I 1
O pe

AHeigenvalues are positive STABLE MiniMA

Minima forall energy densities in EasEin










































































































E Em stationary points are SADDLES

E Eth Stationary points are MARGINALLY STABLE MINIMA

E Em Stationary points are STABLEMINIMA

Stability transition in landscape at E Eth

n ECE Else N

N F SADDLES

i
v
Eth

U V MINIMA metastable
States

U ai










































































































Comment howtoget PrEp

DTThe functional gtp in Png is thelarge deviation
functional for the eigevalue densityofGoe matrices

Its expression when 02112 is

gtgtffd.lkgli f daoldgag logH t l CfdAgm 1

whereG is a Lagrangemultiplier that enforces that

fdaflH 1

Optimizing this functional onefinds g lH F
andG 1they21 2

I Oneway to obtain yep is through thejoint
eigenvalue density whichforCPE matrices is known explicitely

Rft 1 e
E

IT in I
N 443

This distribution is obtained from Plm e 02 tilMY

performing a changeof variable from the variables Mijjig
tothevariables 1a



The term
ftp 1a 1p

is theJacobian of the

changeofvariables It is called VANDERMONDE
determinant

It is theterm that encodes the interactions between

the eigenvaluesofthe random matrix in particular
LEVEL REPULSION thejoint probability becomes small when
two eigenvalues get close to eachothers

ITAI The distribution can be interpreted as the

partition function with 13 1 of a gas of
interacting particles

Ruth au e
I it logia 1

Fromhere one can see that pulpcanbe obtained as

Rip SEIdxap.la a SIS HEEdaand

this is the starting pointtoget the expressionforgig
This is called COULOMBGASFORMALISM


