







































































































PROBLEMS 3
The replica method Hz

Problem3.1 CORRELATIONS p spin vs REM

III ENERGY CORRELATIONS

We have ELFIELET
a

iI J ie G Gio

The random couplings are independent and therefore
theaverage is non zeroonly whenever all the
indices are the same Using the expression of the
Variance

E F E t.fi ftp.T JinZin OisZia GipZip

Nowthe constraint on the non repeating indicescan

be released usingthat

i ip










































































































andthus ECEIELET N EE 0i LEEoie.fi NLgcoTEDP
where g queEl is the overlap
Onehas get Cauchy Shwartz therefore when p so

qP 0 and correlation vanish as inthe REM

Problem3.2 THE ANNEALED FREE ENERGY

ENERGYCONTRIBUTION

independence

1heaveraged partition function is fI IF EBt z e
B.EE iniPQ 0ip

Jggfg
o T e

BJi ir0iioip

a s

where fs.de is the integral on the surfaceofthe

sphere indimension N

By definition fa Linz log E










































































































Performing the Gaussian integral e.g by completing
thesquare weget

e
psoie.si eBIoE0iEff and thus

E fdo e
EE.ae 7 eB gdos

J SN

Usingthat EN

ITEENTROPYCONTRIBUTION

TheStirling formula implies Nz e k e
6441

dnd thus DE

q
e
CostaMtt log tow

e
1 log e to1N

Putting everything together we find

I exp N BI log tae totally2



and therefore
fa 432 126812

Thedifference comes from the entropic contribution fs.de
and it is due to thefact thatthe phase space
ofthe spherical model is different from thatoftheREM
where spins are discrete variables 1

Problem 3.3 QUENCHED FREE ENERGY REPLICAS

STEP 1 FROM QUENCHEDRANDOMNESS TO INTERACTIONS

The nth power ofthepartition function is

L AI DE eXPfBiEy.p3ii ip oE oiptoiE op t tonia Oi

When
averagingoverthe couplings Tie ip we use again

thepropertiesof INDEPENDENCE and GAUSSIANITY and get
T

fdoIts i It e Ei toi's ok a o

a



The square at the exponent can be re written as

IEEECoEobit Cop o

Therefore usingagain that EE sie Fifeie
weobtain

E III doe e IEEE I co L

I g.a.ge naE EiETH

In this expression the quenched randomness has
disappeared but the replicas are coupled

Step1 start fromexpression withreplicas decoupled subject tosamedisorder
Afteraveragingendupwith COUPLEDREPLIAS interacting theory nodisorder



DZ STEP2 DIMENSIONALITY REDUCTION

Thefinal expression of E shows that the
integrand depends on the variables 0 only
through global quantities the scalar products
between the E

We can therefore identify a setof functions the
overlaps between the replicas

gas QEEg Eionfi
that are ORDER PARAMETERS Of the theory like the
magnetization m t.EE in the mean field Ising
model In particular in 1 1 we can replace the
integral over all possible configurations ofthe E
with an integral over all possible valuesof the
overlaps using

suntans

Itsday
4915957 gab 1

integrationvariablesnumbers



Plugging this in we obtain

II far e E Fi J

f Is.atfaI.agsGco o gje EI.fi Tab ab

W exchange

II dg III f.aeTIsfaio qDeENaEa9aab ab
acb

Wecall the volume term
N5

kqabbtdrDVkqasl.eslIIf.aoYTsfaheioT qa e
acts

where I is the entropy of configurations satisfying
the constraint on the overlaps being equal to gab

We introduce the run matrix with components

Qas 9ab Asb
OVERLAP

Tsa Ffa MATRIX



Then it can beshown exercise solutionbelow that

to e
N d ST z log12Te tflogdetLQ

and thus

E f II dga e I
91 Flogfate logdettag

This theory now is expressed only intermsofQ

E J II olga e QT toLN

y
tahection

FLQ BI a 9a th logKae HzlogdetEOD

step2 re write the integral over configurations ds integralover

emerging order parametergab Same as magnetization

for mean feed Ising
2

sing Ei e Ese
47geIgIa ns
with magnetization m



In the replica calculation have nlz
order parameters to integrate
over We started with Nn variables HUGE

DIMENSIONALITYREDICTION due to mean field

131 STEP 3 SADDLEPOINT SELECTINGTHETYPICAL

For largeN the integral overthe space of him matrices

Q can be computed with a saddle point approximation

The derivative with respectto a matrix Q has to be
intended as the derivative wart its components

P

3 91 2p ga'T't zgafogdett
2 QTab

TsymmetryQ

Therefore the saddlepoint equations read

P9aE t CQDas 0 for all asb
10 0

Q saddle pointvalue

TO proceed need tomake assumptions on structureof gab at
the saddlepoint d VARIATONAL ANSATE



Comment there is one simple solution to the

saddle point equations
mm mm

a fog 1

This solves trivially the equations
since both terms in are zero

In this case

zT e
Anton to1N eNn too 1342 to N

Using the replica trick

f ftp.lin.EE fzSeoglzeltBYzJ

same result as theannealed

At high1 this is the good solution
There is a critical temperature To there is
another solution with lower free energy than
theabove



Extra The volume term VIQ

4 fatSd
a

II SHE I gas 1866,81 1

Nh tnaffdo.ae aT.sfE.ot Nqas ISlE E N

Nn aISaoaHI.ci eiEs
E l

where Qab gab if acb
i

fH fat a e
Es

gangaaieE

Now Eb Ebt It Eal 7

Call Iab iz at's

iAaa a b



Andget

41 f d e
Estis gza.EE

asE
oJ

Now the integral over the variables of is a

multivariate Gaussian integral One has

I S II do e
5 if Ias Si

I det D e
6844 logdetent

Now we are left with
N

k 4 fat ab e
EbTabQab Izlogoett.is

GynC2uJ JayydjaseNtRkiQl
Ilogdett2i



This is an integral in math space that can be
performed with a saddle point whichgives

Q ICI t e O IE GQ ft

Det EEn I det QD detQ
1

I

Putting everything together

V e
NIPasha t NI t Nzlog det

I e NIleg tie logdette







Onecan showthat with this choice the replica
calculation reproduces theannealed calculation
we did in Problem 1 EXERCISE

However this is wrong in the low T phase
There fluctuations dominate and have to
be captured by another structureof the
matrix IRSB

m

9
q meaning assume that n

aas.EE IsE4aDab
gas gorsitenitme withthem

9 similar contigurat
q atoverlapg

Notice m isarbitrary parameter tobe optimized over in saddlepoint


