







































































































Problem 2 the free energy 2 the freezing transition

THECRITICAL TEMPERATURE 2 FREEZING TRANSITION

We have In IE eBE fdtI.EEeBE
randomvariable

Thefreeenergy

843 liftoff byZim and using E EIN
2

NCog2 EY2 ton
e
PNE

Ziya'sJDEN.ME e
BE Nfde e

ra boundary

Saddlepoint calculation

Zim e EE.ruEyfCog2 E Be

Call ep the point where themaximum is attained
The stationary point satisfies 23 13 0 E B
meaning e B 11T This is acceptable

if it belongs to the domain i e kkze.at
which is trueprovided that

T2 11 Tf
vRos KIPDS2026










































































































For Ta 1g the maximum is attained at the
boundary of the interval E toga
Therefore

e g et for T2Tg 4268T
P Fn forTeTge 212692M

which gives

KB0 k1 peg tp682 1372 132 try

PIER Tater

Tlog2 42T THS FREEZING For all154

EI TeTg a systembehaves as
if it was frozen atTg

This transition is of 2nd order thermodynamically
in the sense that the derivative of thefree energy
is continuous at FTg
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EL FLUCTUATIONS 2 BACKTO AVERAGE VS TYPICAL

Let us compute theaverage of the partition
function

In JDENIE e
BE
fde

ENT692 E Be tow

In this case there is no restriction to the domain
and the saddle pointvalue is always e B

Then fa Et B
B 2

which coincides with the quenched freeenergy ofthemodel

only when T Tg In the low T phase this is
smaller than the quenched free energy Jensen's inequality

fr Tf T

zig typical
e

er
Y fa
i

I
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Theannealed and quenched free energies differ
when KTg becauseof RARE EVENTS they imply that

IT is exponentially larger then Fit

xThe averageFm is dominated by rare

events realizations of the randomness for
which there are energies Eas Naz which
occur with exponentially small probability
However this exponential smallness is compensated

by the largeness of the Boltzmann weight
when computing the average

I de NIH e
exponentially large

exponentially small
whenTag iRARE

The typical value 71 accounts only for
instances occurring with probability of 0117
whenN co
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ENTROPY CRISIS
VROSKEPDS2026

Let us look at the entropy in the two phases
The equation for Ep graphically corresponds to choosing Ep
such that the tangentof 5k ate has slope 13

Pi n SKI

III
As 13 increases

g E decreases until
EB one reaches a

maximalvalue 13g HTg

The maximal slope corresponds to E Feige
where Sk Vanishes for 13713g the saddle point
is stuck there an 5k 0 At Tg one also
has a transition from positive to zero entropy

FREEZING Ttf 5k 0 exponentially many configurations
TRANSITION contribute to 2µ

TET Sf 1 0 subexponential numberofconfigurations
sation

Recall Alberto's lecture extreme
exhumes

valuesare theenergy levels closetoEmin
EaEmin x with xn OTH Theirenergy y ye
density is E E µ Eas GI FER










































































































HI THEOVERLAP DISTRIBUTION ORDER PARAMETER

Recall in a spinglass because of the disorder the
magnetization is NOT a good orderparameter

We introduce instead the overlaps

9m15
B E 0 13

The overlap thermal distribution is
2N

e
BE D

e
BE D

peafrPmd9 F i 49 9
Partition gone

3

Set za e
BE and split the cases 4 y and a j

Pmplgt ZI 49 9nF 9 EE 99Elena
ofaconfiguration

probability to extracttwo

withitself

f configurations when
Probability to extract

sample twice with
the same configuration

Boltzmannweight
VRosKFPDS2026










































































































For largeN intheREM

E When extract two configurations with Boltzmann
measure when Nss1 they will have similar energy
density close to equilibrium one Epa Eg f EYE in REM

17 In REM energies Ea independent of configurations
89 Two configurations 5 and FB suchthat
Ex Eps are like two random vectors of 1

statistically

When N so two random vectors are orthogonal

9 EP Aisin o
1 1 f

centrallimit
theorem

Therefore in theREM

Pmplg EE Ngl II IIda'tJ B p

Call IiYp Zz
inverseparticipationratio
Herfindhal index

Here probability to extract sameconfig twice with Boltzmann
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How Ii p scales withN

WhenN soo Boltzmann weight selectscorrigs
with 4 Eff EFs

Given Ed the probability to extract 88 0 is

It p ve
Nipple

e
see

numberofequilibrium
configurations

whenK.pktoga SCE 0 and thus

Iz B 0

This happens when pepo
In the low T phase S Esp D and thus

Id p Idp 011

fins PmpG 89 BeBe

Iacp Sfg 1 1 IdpD8y pPc
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Et HighT phase 1,341 819 for THg
The system is in a paramagnetic phase equilibrium
configurations ie extracted from Boltzmann measure are
Uncorrelated g O Like in highT phase of ferromagnet

LowT phase The value Idpt averaged over

the disorder canbe computed forthe REM

using toolsof probability OneEnds

Itp 1 134,3 1 The TEE

Therefore

Pp g LI Tty Rq 1 t Tty 89 Tets

Interpretation glassphase

In the low T phase the Boltzmann measure is
dominated by subexponentiallymany vRos Kip DS202690



configurations theprobabilityto pick uptwice thesame
is large Old Consistent with entropycrisis
However there are more than one
configuration and they are verydifferent from each
others thus there is also a finiteprobability
to extract two of them at 9 0 this is not the
case in a ferromagnet Oney for Teo the probability
to pickup the same goes to one this configuration
is the ground state

Comments

A In this cakulation we used the fact that
9dB and EaEps are unrelated to eachothers this
is a peculiarity oftheREM
In othermodels the forger is gap the more 54 and FB
are similar the more Ed Eto d and Ep EtoB

are correlated

B Deriving the expression for TI for Tik
is not trivial with a direct approach
The replica method that we discuss in next lectures

gives an alternativeway to do so


