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entral Limit | heorem
{

z(t) = Z &t
t'=1
o [dentical: (&) = w(£). (Homogeneous)
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o Independent: (&,&1,1¢) = 0. (Markov)

o (£2) < oco: Continuous process.

Conclusion: z(t) is Gaussian and z(t) ~ v/t




Correlations

e jumps and waiting times are local

e colloids interact (strongly non-Markovian)



Polymer Translocation

N s(t)

t

s(T) = N, if s(t) ~ tH then T ~ N H



o R,(N) gyration Radius

\\ Phantom polymer v = 1/2

I Excluded Volume v > 1/2

/

o Ron(t) Center of Mass
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Fractional Brownian motion

e LEquilibrium with the solvent
= stationary increments

e is a (Gaussian process
= local jumps

e — non-Markov process

Monte Carlo simulation of polymer translocation in d=2,
Chatelain, Kantor, Kardar, PRE 78,021129 (2008)

Gaussianity + self-affinity H = 2V1+1 - stationary increments

= fractional Brownian motion:

(s(t1)s(t2)) o (117 + 37 — [t1 — t2]*7)




H=3/4 Superdiffusion

fBm vs BM
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H=1/4 Subdiffusion

fBm vs BM
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Question I: A polymer chain will ultimately
succeed in translocating through a pore ?

L

Hitting probability Q(z, L):
probability of exiting through L

For self affine processes: <
x

Q(x,L)=Q (z — Z) x |

0 !
2 “00— e Basic: Q(z) = 1 — Q(1— 2): Q(1/2) = 1/2; Q(z) = 0

=15 — e H=1/2: Q(z) =z

e Expansion: Q(z) ~ c12% + ...

Translocation is enhanced or suppressed
by excluded volume effects!?




A scaling argument: ¢ = %

e (Q(x,L) =Probjm > L]

o Selt-affinity I. m ~ t?

— Q(x,L) ~ Pro”o:t? > L]
Q(x, L) ~ Prob[ty > L%]

A tf

e Survival probability: Problt; > T| = S(x,T) =~
0 persistence exponent

o Self-affinity II: S(z,T) ~ (75

—> Q(x,L) ~ Prob[t; > L%]




Ritting probability: numerical test

OO] | I T T
0.0001 0.001

Persistence of fBm in known § =1 — H (see Krug et al.)

e Blue: H=3/4 — ¢=1/3

Prediction: ¢ = £

¢ Red: H=2/3 — ¢ =1/2

Conclusion: volume effects “suppress” Translocation



Previous results... recast using ¢

Burkhardt: H = %

2) = I,[L, 1. Where I, (¢, $) =




Sinal model

t~ eV (@)~ eVT = 2(t) ~ [log(t)]”

S(zo,t) ~ [log(t)] "

Using 7 =log(t) = H =2and § =1

L

xT GBV(CL‘/)dx/

From Backward Fokker Planck: Q(x, L) = =% CACAP,
o € -t

11

AV

We deduce Q(z) = 1,(1/2,1/2) = ~arcsin(y/2) ~ /2
So that o =0/H = 1/2

See Oshanin, Redner, Comtet, Monthus, Texier...

/ dz' peq(2'); From pey(2)
0




Extreme statistics: maximum location in V(x) ~ 2tV

BV () 1

fOL eBV (") dy’

pGQ(ZEv L) —

~ { /O 4 exp [BLAV - (V(2)) — V(z))]}

Peq(x, L) ~ 6(x — x4) = Peg(x, L) ~ py(xm, L) [Sinai: arcsine law|

Vin
Exit from L
Fixed realization: Q(x,L) = 0(x — x,,)

: Average ()(z = 7) = Prob|z,, < 7]
Exit from 0




If V(z) ~ x'v, using Arrhenius H = 1/Hy,

We Conclude ¢ =0y and § = H - ¢ =60y /Hy

V(x) is a random acceleration process: Hy = 3/2, 0y = 1/4

Bridge case (V/(L) = 0): p(2m) = pairp TR

Free case: p(z;,) = (1 — \/5)5(Zm B ) —L

A2/ (1—2,,)1/4

See also Maximum location, for CTRW : Le Doussal and Schehr )



Hitting Bridge Hitting Free

1
1
log(t) 6

...and the persistence S(xq,t) ~




“Anomalies’ of anomalous diffusion
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Monte Carlo simulation of polymer translocation in d=2, Monte Carlo simulation tagged monomer in a box (d=1)
Chatelain, Kantor, Kardar, PRE 78,021129 (2008) Kantor, Kardar, PRE 76,061121 (2007)
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p— p— 1
2Uv + 1 4

H

2
5

At large t, P(s,t) ~ st44 At large t, P(s,t) ~ s%, with a > 2

We predict ¢ = % : We predict ¢ = % =3




Single Boundary: Images method

Zi(x,x0,t) = Z(x,x0,t) — Z (2, —20, 1)

After normalization

t—oo or xg—0
> P

P—I—(va()at) ’ _|_(£If,t)

Self-Affinity III: y =

L

Conclusion : R, (y) =ye




Perturbation Theory

x(t):x

Z_|_(CU(), ZC,t) — / D[Qj] B—S[a:] @[Qf]
z(0)=xo

Z-l-(x()a ZE,t)
de—l-(x(b L, t)

L0 a:;. S[$]:/O dtlfo dto %Qj(tl)G(tlth)x(tQ)

G~ (t1,t2) = (x(t)x(t2))




Brownian motion

H:% S (a(t)o(ty)) = 2min(ty ty) = SO ]:i/o dt' ()

Fractional Brownian motion

H—fBm = (z(t)z(t)) =57 + 557 — |t; — to|*? Slx] 77

Perturbation

H— % e = (a(t)a(ty)) = 2 min(ty ty) + € K(t1, £2) + O(e2)

K(tl,tg) = 2 [tl 1I1t1 —|—t2 lIth — |t1 — t2| 1I1|t1 — tQH




/ t
1

:/ dt1/ dto —x(t1)G(t1,t2)x(t2)
0 0 2

() — G(O) o GG(O)KG(())

S[CIS] — S(0) [:C] 4 65(1)[56]

O, x(t1)0
8(1) X ——/ dt1/ d2 2 1 2
\t1—t2‘




e—S[x] N 6—5(0)[3;] (1 1 65(1)[$])

x(t)=x

Z(xg,x,t) = / D(z] e 5= O[]

x(0)=x

Z(xg,x,t) ~ ZJ(FO) (2o, T, 1) + eZSrl)(xO, T, 1)
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Final Result |

RY () [1+ eW (y) + O(e?)]

1 5 . y°
“ytoFy (1,1;2,3;

2




Final Result Il

y2

yle 2

db=1—4e+0(€), 7=1-2e+0(e) .

® ¢ expansion in agreement with the conjecutre ¢ =

o At large y, Free Gaussian Propagator

e + a New Exponent v # ¢



O '\ < St N —
- - - - - -




L=20000

2
o H=-




Non Markovianity and extremes...

The probability () that A(t) is the longest excursion?

{ ——fBm H=0.75 4 Exact solution for RENEWAL process
et 'Godreche, Majumdar, Schehr|

I I
Renewal process

fBm process ——




Single | - ®
Boundary X 040

e Large time: P, (z,t;xq,t0) oo, P, (x,t)

L

o Self Affinity III: P, (x,t) = R4 (y) with y = 7 ‘g(t» ~

L=20000

2
& H=-—
3

1
® H=—
2




How to generate a correlated path:

time discretization: x(t) — x; = x¢ + Zi,zl Ep

£ = {&1,&2,...,&7} is a vector of Gaussian numbers
with a given covariance matrix (&, &) = C(|t1 — t2|)

we compute A = +/C [T? operations]
and generate uncorrelated Gaussian numbers € = {€1,...,ep}

Then the vector € can be generated [T? operations]:

—

£ = A€
Proot:

Szfj ZAZ i’ €4/ ZAj j/ej ZAi,i’Aj,j’5i’,j’ — (AQ)i,j — Ci,j

YAy,
2RV

Special algorithms if Covariance is Toeplitz matrix: C; ; = C(|i — j]).




Single Boundary

e In general we expect Ro(y) ~ y?

e For stationary increments, a scaling argument gives ¢ = +

e numerical simulations agrees
L

1
2

,l,“'FA:.-';'T /‘/ .
A‘-‘__' : Clrcle H — %, ¢ —

Square H = 2, ¢ = 2

Line Ry (y) = ye Y /2

Triangle H = %, O =




Perturbation Theory

| Z. (z0.2.1) :/x

5

X > x(t)=x

deZ  (xg,x,1)

rabsorbing boundary

time ——

Sla] = /O dt, /O dts %az(tl)G(tl,tg)x(tg)

where G~ (t1,t2) = (z(t1)z(t2)) it is known




Diffusion and Central Limit
Theorem

o <£IZ‘2(t)> = 2Dt < t and D is diffusion constant

o x(t) (for large t) is a Gaussian process

 (z(t)—zqg)?
e 4Dt

Var Dt

e Propagator from g to x: P(xg,x,t) =




And the Fractional Fokker Planck
Equation (CTRW)?

— Bm, H=1/4

V! N |

|
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Question I: A polymer chain will ultimately
succeed in translocating through a pore ?
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Sinal model
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We deduce Q(z) = 1,(1/2,1/2) = ~arcsin(y/2) ~ /2
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Extreme statistics: maximum location in V(x) ~ 2tV

BV () 1
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If V(z) ~ x'v, using Arrhenius H = 1/Hy,
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Brownian motion
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Non Markovianity and extremes...

The probability () that A(t) is the longest excursion?
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How to generate a correlated path:
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Single Boundary

e In general we expect Ro(y) ~ y?

e For stationary increments, a scaling argument gives ¢ = +

e numerical simulations agrees
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Perturbation Theory

| Z. (z0.2.1) :/x
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time ——
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Diffusion and Central Limit
Theorem

o <£IZ‘2(t)> = 2Dt < t and D is diffusion constant

o x(t) (for large t) is a Gaussian process
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e 4Dt
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And the Fractional Fokker Planck
Equation (CTRW)?
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