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Introduction
Eigenvalue density of X = X1X2 . . . XM (in the large N limit)
Surprising universality (for non-identical Xi ’s)
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Finite N corrections
Distribution of the largest module of the eigenvalue

Summary



Non-hermitian Gaussian matrices

Two i.i.d. GUE matrices: A = A† and B = B†

dµ(A, B) ∝ DA DB e− N
2σ

2 trA2
e− N

2σ
2 trB2

Complex matrices

X =
1√
2

(A + iB) , X † =
1√
2

(A − iB)

Girko-Ginibre ensemble

dµ(X , X †) ∝ DX DX † e− N
σ

2 TrXX†

Complex eigenvalues z = x + iy

ρ(x , y) =

{ 1
πσ2 for x2 + y2 ≤ σ2

0 otherwise



Illustration

Monte-Carlo: 100 complex matrices 100-by-100

points: eigenvalues

solid: unit circle



Elliptic Gaussian measures

Asymmetric mixing

X = cos(φ)A+i sin(φ)B , X † = cos(φ)A−i sin(φ)B , τ = cos(2φ)

Measure

dµ ∝ DX DX † e
− N

σ
2(1−τ

2)
(TrXX†− τ

2 Tr(XX+X†X†))

Crisanti, Sommers, Sompolinsky and Stein

ρ(x , y) =











1
πσ2(1−τ2)

for
x2

σ2(1+τ)2 + y2

σ2(1−τ)2 ≤ 1

0 otherwise

The result holds also for real matrices
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σ = 1; τ = −1
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Monte-Carlo: 100 complex matrices 100-by-100
(x/a)2 + (y/b)2 = 1 ; a=1/2; b=3/2;



Product of Gaussian matrices

Product of independent matrices X = X1X2 . . . XM

Eigenvalue density

ρ(z) =











1

Mπσ
2
M
|z|−2+ 2

M for |z| ≤ σ

0 for |z| > σ

Strong universality: Xi ’s do not have to be identical

σ = σ1 . . . σM ; Result is independent of τ1, . . . , τM !!!

For σ=1 and M =2, 3

ρ2(r) =
1

2πr
, ρ3(r) =

1
3πr4/3
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Product of two GUE matrices X = X1X2

Monte-Carlo: 200 complex matrices 100-by-100
accumulation of eigenvalues on the real axis, (Tr X is real);
A. Edelman, J. Multivariate Anal. 60 (1997) 203.
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Product of two GUE matrices X = X1X2

Radial profile ρ∗(r) = 2πrρ(r), where r = |z|
Monte-Carlo: 1000 complex matrices 100-by-100
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Product of two GUE matrices X = X1X2X3

Radial profile 3πr4/3ρ(r), where r = |z|
Monte-Carlo: 1000 complex matrices 100-by-100
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X = X1X2

MC 100, 100x100

1 G-G · G-G
2 RW · RW (unif. distr.)
3 GUE · G-G
4 GUE · Elliptic

(τ =−1/2)
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X = X1X2; MC 1000 matrices 100x100

1 red: G-G · G-G
2 green: RW · RW (uniform distribution)
3 blue: GUE · G-G
4 violet: GUE · AC (τ =−1/2)
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left: X = X1X2 for GUE · GUE; G-G · G-G; Elliptic · GUE;

middle: X = X1X2 for N = 50, 100, 200, 400;

right: X = X1 . . . XM for M = 2, 3, 4;



Universality

Product of independent matrices X = X1X2 . . . XM

Eigenvalue density of X is rotationally symmetric even if
densities of Xi ’s are elliptic !!
Distribution is concentrated inside a circle |z| ≤ 1

ρ(z) =
1

Mπ
|z|−2+ 2

M

Radial profile r ∈ [0, 1]

ρ∗(r) = 2πrρ(r) =
2
M

r−1+ 2
M

The product of M iid G-G matrices has the same
eigenvalue distribution as M-th power of one G-G matrix!



Linearization

G(z) = 〈(z − X1X2 . . . XM)−1〉 ←→ G(w) = 〈(w − Y )−1〉;

Y =















0 X1 0
0 0 X2 0

. . . . . .
0 0 XM−1

XM 0















For instance for M = 3

Y =





0 X1 0
0 0 X2

X3 0 0



 → Y 3 =





X1X2X3 0 0
0 X2X3X1 0
0 0 X3X1X2





Y 3 has the same eigenvalues as X =X1X2X3, 3-fold degen.
In general Y M has the same eigenvalues as X =X1 . . . XM



Part II (Finite size effects)

Conjecture for finite N:

ρN(r) = ρ∗(r)
1
2

erfc
(

aN (r − 1)
√

2N
)

where ρ∗(r) = 2
M r−2+ 2

M , aN → a

|λ|
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Why erfc?

Jpdf

P(z1, z2, . . . , zN) =
1
Z

N
∏

j=1

w(zj)
∏

i<j

|zi − zj |2

G-G : w(z) = e−N|z|2 −→ w(Z ) = e−|Z |2 where Z =
√

Nz

Pdf

ρ(Z ) =
1

Nπ
e−|Z |2

N−1
∑

n=0

|Z |n
n!

=
1

Nπ

Γ(N, |Z |2)
Γ(N)

Saddle point: ρ(Z ) = 1
2πN erfc

(√
2(|Z | −

√
N)

)

Rescaling: ρ(z) = 1
2π erfc(

√
2N(|z| − 1))



The largest absolute value of G-G

Probability that all eigenvalues are in the circle of radius R:

EN(R) =
1
Z

∫

|Z |<R

N
∏

j=1

d2Zj w(Zj)
∏

i<j

|Zi − Zj |2

Grobe, Haake, Sommers

Emax(R) =
N

∏

k=1

(

1 − Γ(k , R2)

Γ(k)

)

Pdf for max: pN,max(R) = E ′
N(R) , R =

√
Nr



Monte Carlo vs Theory

N = 25, 50, 100

X = R −
√

N
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Approximation

∫

d2Z 1
2π

1
2erfc

(√
2(|Z | −

√
N)

)

=
∫

dR R 1
2erfc

(√
2(R −

√
N)

)

√
N

Re Z

Im Z

2 4 6 8 10 12
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Number of eigenvalues in the strip: n ∼
√

N
pmax(X ) = (F n

∗ (X ))′

F∗(X ) cdf in the strip



Monte Carlo vs Theory

N = 25, 50, 100, 200, 400

Exact (red) vs approximation (green)
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Limiting distribution

XN = RN −
√

N

F∗(X ) ∼ 1 − e−X 2 ( 1
2X 2 − 3

4X 2 + . . .
)

Gumbel distribution

Pr
(

XN − BN

AN
< ξ

)

∼ G(ξ)

AN ∼
(1

2 ln N
)−0.5

, BN ∼ 1
2 ln N

Very slow approach to the limiting distribution

Rescaling

xN =
XN√

N
= rN − 1, aN =

AN√
N

, bN =
BN√

N



Largest eigenvalue distribution for the product

M = 2 , M = 3, . . .
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Example: M = 1, 2, 3, N = 100 =⇒ collapse
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Summary

The limiting distribution of X = X1X2 . . . XM for N → ∞

ρ(z) =







1
Mπ |z|−2+ 2

M for |z| ≤ 1

0 for |z| > 1

Finite size corrections:

Distribution of the absolute value of the largest eigenvalue:
Gumbel
Extensions:

Product of rectangular matrices
Free product of non-Hermitian matrices
Thank you!


