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�

The spectrum                                  , 
<latexit sha1_base64="iPYYsXdISnC+erggwWxiyTB074w="></latexit>

Ep = "+(p)±
q
|�|2 + "2�(p)

where                               .
<latexit sha1_base64="jY2hUd4nf023KOeeIBZW1OMDjfY="></latexit>

"±(p) ⌘
1

2
["(p)± "(p+Q)]



Bispinor 
<latexit sha1_base64="/LufMEb06m/LvnOhE3r5lx2lnS8=">AAACJnicbVDLSgNBEJz1bXxFPXoZDIJiCLsS1EtA9OIxAZMI2RBmJ71xcPbBTK8Ylv0aL/6KFw8REW9+ipNkD/FRMFBUdVM95cVSaLTtT2tufmFxaXlltbC2vrG5VdzeaekoURyaPJKRuvWYBilCaKJACbexAhZ4Etre/dXYbz+A0iIKb3AYQzdgg1D4gjM0Uq9Yc+ta0Bo9dGMteqnr+TTOqFumZTqj0GPqIjziJC/1ZAJZ2siyo16xZFfsCehf4uSkRHLUe8WR2494EkCIXDKtO44dYzdlCgWXkBXcREPM+D0bQMfQkAWgu+kkNqMHRulTP1LmhUgn6uxGygKth4FnJgOGd/q3Nxb/8zoJ+ufdVIRxghDyaZCfSIoRHXdG+0IBRzk0hHElzK2U3zHFOJpmC6YE5/eX/5LWScU5rVQb1dLFZV7HCtkj++SQOOSMXJBrUidNwskTeSEj8mY9W6/Wu/UxHZ2z8p1d8gPW1zcwNqR6</latexit>

 = ( p , p+Q)

The Hamiltonian :
<latexit sha1_base64="hzI2/ipMGX2g2cLh9CH+7cx32v8="></latexit>

H =


"(p) (� · �)

(� · �) "(p+Q)

�

The spectrum                                  , 
<latexit sha1_base64="iPYYsXdISnC+erggwWxiyTB074w="></latexit>

Ep = "+(p)±
q
|�|2 + "2�(p)

where                               .
<latexit sha1_base64="jY2hUd4nf023KOeeIBZW1OMDjfY="></latexit>

"±(p) ⌘
1

2
["(p)± "(p+Q)]



Bispinor 
<latexit sha1_base64="/LufMEb06m/LvnOhE3r5lx2lnS8=">AAACJnicbVDLSgNBEJz1bXxFPXoZDIJiCLsS1EtA9OIxAZMI2RBmJ71xcPbBTK8Ylv0aL/6KFw8REW9+ipNkD/FRMFBUdVM95cVSaLTtT2tufmFxaXlltbC2vrG5VdzeaekoURyaPJKRuvWYBilCaKJACbexAhZ4Etre/dXYbz+A0iIKb3AYQzdgg1D4gjM0Uq9Yc+ta0Bo9dGMteqnr+TTOqFumZTqj0GPqIjziJC/1ZAJZ2siyo16xZFfsCehf4uSkRHLUe8WR2494EkCIXDKtO44dYzdlCgWXkBXcREPM+D0bQMfQkAWgu+kkNqMHRulTP1LmhUgn6uxGygKth4FnJgOGd/q3Nxb/8zoJ+ufdVIRxghDyaZCfSIoRHXdG+0IBRzk0hHElzK2U3zHFOJpmC6YE5/eX/5LWScU5rVQb1dLFZV7HCtkj++SQOOSMXJBrUidNwskTeSEj8mY9W6/Wu/UxHZ2z8p1d8gPW1zcwNqR6</latexit>

 = ( p , p+Q)

The Hamiltonian :
<latexit sha1_base64="hzI2/ipMGX2g2cLh9CH+7cx32v8="></latexit>

H =


"(p) (� · �)

(� · �) "(p+Q)

�

The spectrum                                  , 
<latexit sha1_base64="iPYYsXdISnC+erggwWxiyTB074w="></latexit>

Ep = "+(p)±
q
|�|2 + "2�(p)

where                               .
<latexit sha1_base64="jY2hUd4nf023KOeeIBZW1OMDjfY="></latexit>

"±(p) ⌘
1

2
["(p)± "(p+Q)]

Generalisation for a non-uniform            ?<latexit sha1_base64="0q81QVy046QsPo1V/vPiYGNBPgc=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0VwVRIp6kYo6sJlBfuAJpTJdNIOnUzCzI1QQr/Djb/ixoUi7sSNf+M0LaitBwbOPede7twTJIJrcJwvq7C0vLK6VlwvbWxube/Yu3tNHaeKsgaNRazaAdFMcMkawEGwdqIYiQLBWsHwauK37pnSPJZ3MEqYH5G+5CGnBIzUtd3MC0LsXTMBZNzNCzXGF9gbEMgr+aNOu7p22ak4OfAicWekjGaod+0PrxfTNGISqCBad1wnAT8jCjgVbFzyUs0SQoekzzqGShIx7Wf5aWN8ZJQeDmNlngScq78nMhJpPYoC0xkRGOh5byL+53VSCM/9jMskBSbpdFGYCgwxnuSEe1wxCmJkCKGKm79iOiCKUDBplkwI7vzJi6R5UnFPK9Xbarl2OYujiA7QITpGLjpDNXSD6qiBKHpAT+gFvVqP1rP1Zr1PWwvWbGYf/YH1+Q05j6Bg</latexit>

�r = n̂r�



Hamiltonian for a non-uniform  ?      
<latexit sha1_base64="0q81QVy046QsPo1V/vPiYGNBPgc=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0VwVRIp6kYo6sJlBfuAJpTJdNIOnUzCzI1QQr/Djb/ixoUi7sSNf+M0LaitBwbOPede7twTJIJrcJwvq7C0vLK6VlwvbWxube/Yu3tNHaeKsgaNRazaAdFMcMkawEGwdqIYiQLBWsHwauK37pnSPJZ3MEqYH5G+5CGnBIzUtd3MC0LsXTMBZNzNCzXGF9gbEMgr+aNOu7p22ak4OfAicWekjGaod+0PrxfTNGISqCBad1wnAT8jCjgVbFzyUs0SQoekzzqGShIx7Wf5aWN8ZJQeDmNlngScq78nMhJpPYoC0xkRGOh5byL+53VSCM/9jMskBSbpdFGYCgwxnuSEe1wxCmJkCKGKm79iOiCKUDBplkwI7vzJi6R5UnFPK9Xbarl2OYujiA7QITpGLjpDNXSD6qiBKHpAT+gFvVqP1rP1Zr1PWwvWbGYf/YH1+Q05j6Bg</latexit>

�r = n̂r�



Hamiltonian for a non-uniform  ?      
<latexit sha1_base64="0q81QVy046QsPo1V/vPiYGNBPgc=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0VwVRIp6kYo6sJlBfuAJpTJdNIOnUzCzI1QQr/Djb/ixoUi7sSNf+M0LaitBwbOPede7twTJIJrcJwvq7C0vLK6VlwvbWxube/Yu3tNHaeKsgaNRazaAdFMcMkawEGwdqIYiQLBWsHwauK37pnSPJZ3MEqYH5G+5CGnBIzUtd3MC0LsXTMBZNzNCzXGF9gbEMgr+aNOu7p22ak4OfAicWekjGaod+0PrxfTNGISqCBad1wnAT8jCjgVbFzyUs0SQoekzzqGShIx7Wf5aWN8ZJQeDmNlngScq78nMhJpPYoC0xkRGOh5byL+53VSCM/9jMskBSbpdFGYCgwxnuSEe1wxCmJkCKGKm79iOiCKUDBplkwI7vzJi6R5UnFPK9Xbarl2OYujiA7QITpGLjpDNXSD6qiBKHpAT+gFvVqP1rP1Zr1PWwvWbGYf/YH1+Q05j6Bg</latexit>

�r = n̂r�

Stay close to the gap edge (           )
<latexit sha1_base64="UJHGnhQoHHRQbCBEkw2vBc98PCw=">AAACCHicbVDLSsNAFL3xWesr6tKFg0VwY0mkqMviA1xWsA9oQplMJ+3QySTMTIQSunTjr7hxoYhbP8Gdf+O0zUJbD1zu4Zx7mbknSDhT2nG+rYXFpeWV1cJacX1jc2vb3tltqDiVhNZJzGPZCrCinAla10xz2kokxVHAaTMYXI395gOVisXiXg8T6ke4J1jICNZG6tgHXigxyW7QCfKuKdd4lOUdeZwjt2OXnLIzAZonbk5KkKPWsb+8bkzSiApNOFaq7TqJ9jMsNSOcjopeqmiCyQD3aNtQgSOq/GxyyAgdGaWLwliaEhpN1N8bGY6UGkaBmYyw7qtZbyz+57VTHV74GRNJqqkg04fClCMdo3EqqMskJZoPDcFEMvNXRPrYJKNNdkUTgjt78jxpnJbds3LlrlKqXuZxFGAfDuEYXDiHKtxCDepA4BGe4RXerCfrxXq3PqajC1a+swd/YH3+AAPxmLU=</latexit>

E ��

�
⌧ 1

and go from “Dirac” to “Schrödinger” : 



Hamiltonian for a non-uniform  ?      
<latexit sha1_base64="0q81QVy046QsPo1V/vPiYGNBPgc=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0VwVRIp6kYo6sJlBfuAJpTJdNIOnUzCzI1QQr/Djb/ixoUi7sSNf+M0LaitBwbOPede7twTJIJrcJwvq7C0vLK6VlwvbWxube/Yu3tNHaeKsgaNRazaAdFMcMkawEGwdqIYiQLBWsHwauK37pnSPJZ3MEqYH5G+5CGnBIzUtd3MC0LsXTMBZNzNCzXGF9gbEMgr+aNOu7p22ak4OfAicWekjGaod+0PrxfTNGISqCBad1wnAT8jCjgVbFzyUs0SQoekzzqGShIx7Wf5aWN8ZJQeDmNlngScq78nMhJpPYoC0xkRGOh5byL+53VSCM/9jMskBSbpdFGYCgwxnuSEe1wxCmJkCKGKm79iOiCKUDBplkwI7vzJi6R5UnFPK9Xbarl2OYujiA7QITpGLjpDNXSD6qiBKHpAT+gFvVqP1rP1Zr1PWwvWbGYf/YH1+Q05j6Bg</latexit>

�r = n̂r�

Stay close to the gap edge (           )
<latexit sha1_base64="UJHGnhQoHHRQbCBEkw2vBc98PCw=">AAACCHicbVDLSsNAFL3xWesr6tKFg0VwY0mkqMviA1xWsA9oQplMJ+3QySTMTIQSunTjr7hxoYhbP8Gdf+O0zUJbD1zu4Zx7mbknSDhT2nG+rYXFpeWV1cJacX1jc2vb3tltqDiVhNZJzGPZCrCinAla10xz2kokxVHAaTMYXI395gOVisXiXg8T6ke4J1jICNZG6tgHXigxyW7QCfKuKdd4lOUdeZwjt2OXnLIzAZonbk5KkKPWsb+8bkzSiApNOFaq7TqJ9jMsNSOcjopeqmiCyQD3aNtQgSOq/GxyyAgdGaWLwliaEhpN1N8bGY6UGkaBmYyw7qtZbyz+57VTHV74GRNJqqkg04fClCMdo3EqqMskJZoPDcFEMvNXRPrYJKNNdkUTgjt78jxpnJbds3LlrlKqXuZxFGAfDuEYXDiHKtxCDepA4BGe4RXerCfrxXq3PqajC1a+swd/YH3+AAPxmLU=</latexit>

E ��

�
⌧ 1

and go from “Dirac” to “Schrödinger” : 



Hamiltonian for a non-uniform            ? <latexit sha1_base64="0q81QVy046QsPo1V/vPiYGNBPgc=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0VwVRIp6kYo6sJlBfuAJpTJdNIOnUzCzI1QQr/Djb/ixoUi7sSNf+M0LaitBwbOPede7twTJIJrcJwvq7C0vLK6VlwvbWxube/Yu3tNHaeKsgaNRazaAdFMcMkawEGwdqIYiQLBWsHwauK37pnSPJZ3MEqYH5G+5CGnBIzUtd3MC0LsXTMBZNzNCzXGF9gbEMgr+aNOu7p22ak4OfAicWekjGaod+0PrxfTNGISqCBad1wnAT8jCjgVbFzyUs0SQoekzzqGShIx7Wf5aWN8ZJQeDmNlngScq78nMhJpPYoC0xkRGOh5byL+53VSCM/9jMskBSbpdFGYCgwxnuSEe1wxCmJkCKGKm79iOiCKUDBplkwI7vzJi6R5UnFPK9Xbarl2OYujiA7QITpGLjpDNXSD6qiBKHpAT+gFvVqP1rP1Zr1PWwvWbGYf/YH1+Q05j6Bg</latexit>

�r = n̂r�



Hamiltonian for a non-uniform            ? 

Effective-mass theory near band extrema:

<latexit sha1_base64="0q81QVy046QsPo1V/vPiYGNBPgc=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0VwVRIp6kYo6sJlBfuAJpTJdNIOnUzCzI1QQr/Djb/ixoUi7sSNf+M0LaitBwbOPede7twTJIJrcJwvq7C0vLK6VlwvbWxube/Yu3tNHaeKsgaNRazaAdFMcMkawEGwdqIYiQLBWsHwauK37pnSPJZ3MEqYH5G+5CGnBIzUtd3MC0LsXTMBZNzNCzXGF9gbEMgr+aNOu7p22ak4OfAicWekjGaod+0PrxfTNGISqCBad1wnAT8jCjgVbFzyUs0SQoekzzqGShIx7Wf5aWN8ZJQeDmNlngScq78nMhJpPYoC0xkRGOh5byL+53VSCM/9jMskBSbpdFGYCgwxnuSEe1wxCmJkCKGKm79iOiCKUDBplkwI7vzJi6R5UnFPK9Xbarl2OYujiA7QITpGLjpDNXSD6qiBKHpAT+gFvVqP1rP1Zr1PWwvWbGYf/YH1+Q05j6Bg</latexit>

�r = n̂r�



Hamiltonian for a non-uniform            ? 

Effective-mass theory near band extrema:

<latexit sha1_base64="0q81QVy046QsPo1V/vPiYGNBPgc=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0VwVRIp6kYo6sJlBfuAJpTJdNIOnUzCzI1QQr/Djb/ixoUi7sSNf+M0LaitBwbOPede7twTJIJrcJwvq7C0vLK6VlwvbWxube/Yu3tNHaeKsgaNRazaAdFMcMkawEGwdqIYiQLBWsHwauK37pnSPJZ3MEqYH5G+5CGnBIzUtd3MC0LsXTMBZNzNCzXGF9gbEMgr+aNOu7p22ak4OfAicWekjGaod+0PrxfTNGISqCBad1wnAT8jCjgVbFzyUs0SQoekzzqGShIx7Wf5aWN8ZJQeDmNlngScq78nMhJpPYoC0xkRGOh5byL+53VSCM/9jMskBSbpdFGYCgwxnuSEe1wxCmJkCKGKm79iOiCKUDBplkwI7vzJi6R5UnFPK9Xbarl2OYujiA7QITpGLjpDNXSD6qiBKHpAT+gFvVqP1rP1Zr1PWwvWbGYf/YH1+Q05j6Bg</latexit>

�r = n̂r�

<latexit sha1_base64="lr1+Q2GzEEpxX7WqjHTAw+FsqH4="></latexit>

U†
r (n̂r · �)Ur = �z

<latexit sha1_base64="jazCgXZN0ygP7GMD/X/YDEktySk=">AAACH3icbVDLSgMxFM3UV62vUZdugkWomzIjUl0WdeGygn1Ap5RMeqcNzTxI7ghl6J+48VfcuFBE3PVvTB8LbT0QODnn3pvc4ydSaHSciZVbW9/Y3MpvF3Z29/YP7MOjho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPrD26nffAKlRRw94iiBTsj6kQgEZ2ikrl3xJARYKmSeH1DvDiSycXd2UWPq8V6MdG5p0Q/ZuOAp0R/gedcuOmVnBrpK3AUpkgVqXfvb68U8DSFCLpnWbddJsJMxhYJLMHNTDQnjQ9aHtqERC0F3stl+Y3pmlB4NYmVOhHSm/u7IWKj1KPRNZchwoJe9qfif104xuO5kIkpShIjPHwpSSTGm07BoTyjgKEeGMK6E+SvlA6YYRxNpwYTgLq+8ShoXZbdSrjxcFqs3izjy5ISckhJxyRWpkntSI3XCyTN5Je/kw3qx3qxP62temrMWPcfkD6zJD8KMojY=</latexit>

(�r · �)Undo            by spin rotation: 



Hamiltonian for a non-uniform            ? 

Effective-mass theory near band extrema:

<latexit sha1_base64="0q81QVy046QsPo1V/vPiYGNBPgc=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0VwVRIp6kYo6sJlBfuAJpTJdNIOnUzCzI1QQr/Djb/ixoUi7sSNf+M0LaitBwbOPede7twTJIJrcJwvq7C0vLK6VlwvbWxube/Yu3tNHaeKsgaNRazaAdFMcMkawEGwdqIYiQLBWsHwauK37pnSPJZ3MEqYH5G+5CGnBIzUtd3MC0LsXTMBZNzNCzXGF9gbEMgr+aNOu7p22ak4OfAicWekjGaod+0PrxfTNGISqCBad1wnAT8jCjgVbFzyUs0SQoekzzqGShIx7Wf5aWN8ZJQeDmNlngScq78nMhJpPYoC0xkRGOh5byL+53VSCM/9jMskBSbpdFGYCgwxnuSEe1wxCmJkCKGKm79iOiCKUDBplkwI7vzJi6R5UnFPK9Xbarl2OYujiA7QITpGLjpDNXSD6qiBKHpAT+gFvVqP1rP1Zr1PWwvWbGYf/YH1+Q05j6Bg</latexit>

�r = n̂r�

<latexit sha1_base64="lr1+Q2GzEEpxX7WqjHTAw+FsqH4="></latexit>

U†
r (n̂r · �)Ur = �z

Off diagonal – uniform    :              <latexit sha1_base64="XgzrXJSadV5p3VKQntExAtLSv2A=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiHjxWsB/QlLLZbtqlm03YnQgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ70V0qEQoGEUr+ZkfhMS/4xLptF+uuFV3DrJKvJxUIEejX/7yBzFLI66QSWpM13MT7GVUo2CST0t+anhC2ZgOeddSRSNuetn85ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophte9TKgkRa7YYlGYSoIxmQVABkJzhnJiCWVa2FsJG1FNGdqYSjYEb/nlVdK6qHqX1dpDrVK/yeMowgmcwjl4cAV1uIcGNIFBAs/wCm9O6rw4787HorXg5DPH8AfO5w+3AZF9</latexit>

�

<latexit sha1_base64="7yo31lxlum2BnLSRxofjlhrzVRU="></latexit>

H =


"(p) �z�
�z� "(p+Q)

�

<latexit sha1_base64="jazCgXZN0ygP7GMD/X/YDEktySk=">AAACH3icbVDLSgMxFM3UV62vUZdugkWomzIjUl0WdeGygn1Ap5RMeqcNzTxI7ghl6J+48VfcuFBE3PVvTB8LbT0QODnn3pvc4ydSaHSciZVbW9/Y3MpvF3Z29/YP7MOjho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPrD26nffAKlRRw94iiBTsj6kQgEZ2ikrl3xJARYKmSeH1DvDiSycXd2UWPq8V6MdG5p0Q/ZuOAp0R/gedcuOmVnBrpK3AUpkgVqXfvb68U8DSFCLpnWbddJsJMxhYJLMHNTDQnjQ9aHtqERC0F3stl+Y3pmlB4NYmVOhHSm/u7IWKj1KPRNZchwoJe9qfif104xuO5kIkpShIjPHwpSSTGm07BoTyjgKEeGMK6E+SvlA6YYRxNpwYTgLq+8ShoXZbdSrjxcFqs3izjy5ISckhJxyRWpkntSI3XCyTN5Je/kw3qx3qxP62temrMWPcfkD6zJD8KMojY=</latexit>

(�r · �)Undo            by spin rotation: 



Hamiltonian for a non-uniform            ? 

Effective-mass theory near band extrema:

<latexit sha1_base64="0q81QVy046QsPo1V/vPiYGNBPgc=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0VwVRIp6kYo6sJlBfuAJpTJdNIOnUzCzI1QQr/Djb/ixoUi7sSNf+M0LaitBwbOPede7twTJIJrcJwvq7C0vLK6VlwvbWxube/Yu3tNHaeKsgaNRazaAdFMcMkawEGwdqIYiQLBWsHwauK37pnSPJZ3MEqYH5G+5CGnBIzUtd3MC0LsXTMBZNzNCzXGF9gbEMgr+aNOu7p22ak4OfAicWekjGaod+0PrxfTNGISqCBad1wnAT8jCjgVbFzyUs0SQoekzzqGShIx7Wf5aWN8ZJQeDmNlngScq78nMhJpPYoC0xkRGOh5byL+53VSCM/9jMskBSbpdFGYCgwxnuSEe1wxCmJkCKGKm79iOiCKUDBplkwI7vzJi6R5UnFPK9Xbarl2OYujiA7QITpGLjpDNXSD6qiBKHpAT+gFvVqP1rP1Zr1PWwvWbGYf/YH1+Q05j6Bg</latexit>

�r = n̂r�

<latexit sha1_base64="lr1+Q2GzEEpxX7WqjHTAw+FsqH4="></latexit>

U†
r (n̂r · �)Ur = �z

On the diagonal – a Peierls substitution: 

Off diagonal – uniform    :              <latexit sha1_base64="XgzrXJSadV5p3VKQntExAtLSv2A=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiHjxWsB/QlLLZbtqlm03YnQgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ70V0qEQoGEUr+ZkfhMS/4xLptF+uuFV3DrJKvJxUIEejX/7yBzFLI66QSWpM13MT7GVUo2CST0t+anhC2ZgOeddSRSNuetn85ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophte9TKgkRa7YYlGYSoIxmQVABkJzhnJiCWVa2FsJG1FNGdqYSjYEb/nlVdK6qHqX1dpDrVK/yeMowgmcwjl4cAV1uIcGNIFBAs/wCm9O6rw4787HorXg5DPH8AfO5w+3AZF9</latexit>

�

<latexit sha1_base64="7yo31lxlum2BnLSRxofjlhrzVRU="></latexit>

H =


"(p) �z�
�z� "(p+Q)

�

<latexit sha1_base64="jazCgXZN0ygP7GMD/X/YDEktySk=">AAACH3icbVDLSgMxFM3UV62vUZdugkWomzIjUl0WdeGygn1Ap5RMeqcNzTxI7ghl6J+48VfcuFBE3PVvTB8LbT0QODnn3pvc4ydSaHSciZVbW9/Y3MpvF3Z29/YP7MOjho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPrD26nffAKlRRw94iiBTsj6kQgEZ2ikrl3xJARYKmSeH1DvDiSycXd2UWPq8V6MdG5p0Q/ZuOAp0R/gedcuOmVnBrpK3AUpkgVqXfvb68U8DSFCLpnWbddJsJMxhYJLMHNTDQnjQ9aHtqERC0F3stl+Y3pmlB4NYmVOhHSm/u7IWKj1KPRNZchwoJe9qfif104xuO5kIkpShIjPHwpSSTGm07BoTyjgKEeGMK6E+SvlA6YYRxNpwYTgLq+8ShoXZbdSrjxcFqs3izjy5ISckhJxyRWpkntSI3XCyTN5Je/kw3qx3qxP62temrMWPcfkD6zJD8KMojY=</latexit>

(�r · �)Undo            by spin rotation: 



Hamiltonian for a non-uniform            ? 

Effective-mass theory near band extrema:

<latexit sha1_base64="0q81QVy046QsPo1V/vPiYGNBPgc=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0VwVRIp6kYo6sJlBfuAJpTJdNIOnUzCzI1QQr/Djb/ixoUi7sSNf+M0LaitBwbOPede7twTJIJrcJwvq7C0vLK6VlwvbWxube/Yu3tNHaeKsgaNRazaAdFMcMkawEGwdqIYiQLBWsHwauK37pnSPJZ3MEqYH5G+5CGnBIzUtd3MC0LsXTMBZNzNCzXGF9gbEMgr+aNOu7p22ak4OfAicWekjGaod+0PrxfTNGISqCBad1wnAT8jCjgVbFzyUs0SQoekzzqGShIx7Wf5aWN8ZJQeDmNlngScq78nMhJpPYoC0xkRGOh5byL+53VSCM/9jMskBSbpdFGYCgwxnuSEe1wxCmJkCKGKm79iOiCKUDBplkwI7vzJi6R5UnFPK9Xbarl2OYujiA7QITpGLjpDNXSD6qiBKHpAT+gFvVqP1rP1Zr1PWwvWbGYf/YH1+Q05j6Bg</latexit>

�r = n̂r�

<latexit sha1_base64="lr1+Q2GzEEpxX7WqjHTAw+FsqH4="></latexit>

U†
r (n̂r · �)Ur = �z

On the diagonal – a Peierls substitution: 

<latexit sha1_base64="6YZirEteYzbrmY+lHh3sHOXBhh4=">AAACKXicbVDLSgMxFM34rPVVdekmWISKUGakqMuqG5cVrAqdUu6kmTY0MxmSO0oZ+jtu/BU3Coq69UdMx4LPA4GTc84luSdIpDDouq/O1PTM7Nx8YaG4uLS8slpaW78wKtWMN5mSSl8FYLgUMW+iQMmvEs0hCiS/DAYnY//ymmsjVHyOw4S3I+jFIhQM0EqdUt3vA2bJqCOor0Wvj6C1uqFf6i6tZH4Q0qM8wroKaX73jehFMNrplMpu1c1B/xJvQspkgkan9Oh3FUsjHiOTYEzLcxNsZ6BRMMlHRT81PAE2gB5vWRpDxE07yzcd0W2rdGmotD0x0lz9PpFBZMwwCmwyAuyb395Y/M9rpRgetjMRJynymH0+FKaSoqLj2mhXaM5QDi0BpoX9K2V90MDQllu0JXi/V/5LLvaq3n61dlYr148ndRTIJtkiFeKRA1Inp6RBmoSRW3JPnsizc+c8OC/O22d0ypnMbJAfcN4/AEYUpps=</latexit>

p̂i ! p̂i + (Ai · �) with 
<latexit sha1_base64="0FLuOC+0VzGUpVSVs0dDASdIaok="></latexit>

(Ai · �) = A↵
i �

↵ = �i~U †
r@iUr

Off diagonal – uniform    :              <latexit sha1_base64="XgzrXJSadV5p3VKQntExAtLSv2A=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiHjxWsB/QlLLZbtqlm03YnQgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ70V0qEQoGEUr+ZkfhMS/4xLptF+uuFV3DrJKvJxUIEejX/7yBzFLI66QSWpM13MT7GVUo2CST0t+anhC2ZgOeddSRSNuetn85ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophte9TKgkRa7YYlGYSoIxmQVABkJzhnJiCWVa2FsJG1FNGdqYSjYEb/nlVdK6qHqX1dpDrVK/yeMowgmcwjl4cAV1uIcGNIFBAs/wCm9O6rw4787HorXg5DPH8AfO5w+3AZF9</latexit>

�

<latexit sha1_base64="7yo31lxlum2BnLSRxofjlhrzVRU="></latexit>

H =


"(p) �z�
�z� "(p+Q)

�

<latexit sha1_base64="jazCgXZN0ygP7GMD/X/YDEktySk=">AAACH3icbVDLSgMxFM3UV62vUZdugkWomzIjUl0WdeGygn1Ap5RMeqcNzTxI7ghl6J+48VfcuFBE3PVvTB8LbT0QODnn3pvc4ydSaHSciZVbW9/Y3MpvF3Z29/YP7MOjho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPrD26nffAKlRRw94iiBTsj6kQgEZ2ikrl3xJARYKmSeH1DvDiSycXd2UWPq8V6MdG5p0Q/ZuOAp0R/gedcuOmVnBrpK3AUpkgVqXfvb68U8DSFCLpnWbddJsJMxhYJLMHNTDQnjQ9aHtqERC0F3stl+Y3pmlB4NYmVOhHSm/u7IWKj1KPRNZchwoJe9qfif104xuO5kIkpShIjPHwpSSTGm07BoTyjgKEeGMK6E+SvlA6YYRxNpwYTgLq+8ShoXZbdSrjxcFqs3izjy5ISckhJxyRWpkntSI3XCyTN5Je/kw3qx3qxP62temrMWPcfkD6zJD8KMojY=</latexit>

(�r · �)Undo            by spin rotation: 



Where are our band extrema ? 



Where are our band extrema ? 
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Where are our band extrema ? 

px

Σ2

Σ4

Σ3

Γ

Q
X

X

Σ1

py

… and 

<latexit sha1_base64="VLYFwe+FrVeJ4D7XFqKE//RyQQY="></latexit>

H⌃ =
(p̂i +Az

i �z)
2

2m⇤
i

+

⇣
Ak

i

⌘2

2mi
+ v

⇣
Ak

y · �
⌘



Now, on to our Skyrmion :



Now, on to our Skyrmion :

The ‘Néel’ profile :



Now, on to our Skyrmion :

<latexit sha1_base64="WCzEvtUnPrM5rvmvfBHrnAeLRcE="></latexit>

n̂r = (sin ✓r cos�, sin ✓r sin�, cos ✓r), r =
p
x2 + y2, � = arctan

y

x

The ‘Néel’ profile :



Now, on to our Skyrmion :

<latexit sha1_base64="WCzEvtUnPrM5rvmvfBHrnAeLRcE="></latexit>

n̂r = (sin ✓r cos�, sin ✓r sin�, cos ✓r), r =
p
x2 + y2, � = arctan

y

x

The ‘Néel’ profile :

Topological charge (winding number)  Q = 1  



Now, on to our Skyrmion :

<latexit sha1_base64="WCzEvtUnPrM5rvmvfBHrnAeLRcE="></latexit>

n̂r = (sin ✓r cos�, sin ✓r sin�, cos ✓r), r =
p
x2 + y2, � = arctan

y

x

The ‘Néel’ profile :

A single length, radius     :<latexit sha1_base64="/dDa1G+NLVuE4hmxdIiqR4yTaI8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK+PjN8=</latexit>

R
<latexit sha1_base64="p/DACAzAq4BfTpd9e0T8kF3IiHo=">AAACHnicbVDLSsNAFJ34rPUVdelmsAiCUpLiayMU3bisYmuhiWUyndjBySTM3AhtyJe48VfcuFBEcKV/4/SB+Dpw4XDOvdx7T5AIrsFxPqyJyanpmdnCXHF+YXFp2V5Zbeg4VZTVaSxi1QyIZoJLVgcOgjUTxUgUCHYZ3JwM/MtbpjSP5QX0EuZH5FrykFMCRmrbe57mEnvQZUDwEfZCRWhW6eeZi7dx/6qS4x3s7eD+l6fy7Dxv2yWn7AyB/xJ3TEpojFrbfvM6MU0jJoEKonXLdRLwM6KAU8HyopdqlhB6Q65Zy1BJIqb9bPhejjeN0sFhrExJwEP1+0RGIq17UWA6IwJd/dsbiP95rRTCQz/jMkmBSTpaFKYCQ4wHWeEOV4yC6BlCqOLmVky7xKQAJtGiCcH9/fJf0qiU3f3y7tluqXo8jqOA1tEG2kIuOkBVdIpqqI4oukMP6Ak9W/fWo/VivY5aJ6zxzBr6Aev9E8RQoGw=</latexit>

sin ✓ =
2z

1 + z2
, z =

r

R

Topological charge (winding number)  Q = 1  



Now, on to our Skyrmion :

<latexit sha1_base64="WCzEvtUnPrM5rvmvfBHrnAeLRcE="></latexit>

n̂r = (sin ✓r cos�, sin ✓r sin�, cos ✓r), r =
p
x2 + y2, � = arctan

y

x

The ‘Néel’ profile :

A single length, radius     :<latexit sha1_base64="/dDa1G+NLVuE4hmxdIiqR4yTaI8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK+PjN8=</latexit>

R
<latexit sha1_base64="p/DACAzAq4BfTpd9e0T8kF3IiHo=">AAACHnicbVDLSsNAFJ34rPUVdelmsAiCUpLiayMU3bisYmuhiWUyndjBySTM3AhtyJe48VfcuFBEcKV/4/SB+Dpw4XDOvdx7T5AIrsFxPqyJyanpmdnCXHF+YXFp2V5Zbeg4VZTVaSxi1QyIZoJLVgcOgjUTxUgUCHYZ3JwM/MtbpjSP5QX0EuZH5FrykFMCRmrbe57mEnvQZUDwEfZCRWhW6eeZi7dx/6qS4x3s7eD+l6fy7Dxv2yWn7AyB/xJ3TEpojFrbfvM6MU0jJoEKonXLdRLwM6KAU8HyopdqlhB6Q65Zy1BJIqb9bPhejjeN0sFhrExJwEP1+0RGIq17UWA6IwJd/dsbiP95rRTCQz/jMkmBSTpaFKYCQ4wHWeEOV4yC6BlCqOLmVky7xKQAJtGiCcH9/fJf0qiU3f3y7tluqXo8jqOA1tEG2kIuOkBVdIpqqI4oukMP6Ak9W/fWo/VivY5aJ6zxzBr6Aev9E8RQoGw=</latexit>

sin ✓ =
2z

1 + z2
, z =

r

R

Topological charge (winding number)  Q = 1  

Now, back to the Hamiltonian, term by term :



<latexit sha1_base64="VLYFwe+FrVeJ4D7XFqKE//RyQQY="></latexit>

H⌃ =
(p̂i +Az

i �z)
2

2m⇤
i

+

⇣
Ak

i

⌘2

2mi
+ v

⇣
Ak

y · �
⌘



<latexit sha1_base64="VLYFwe+FrVeJ4D7XFqKE//RyQQY="></latexit>

H⌃ =
(p̂i +Az

i �z)
2

2m⇤
i

+

⇣
Ak

i

⌘2

2mi
+ v

⇣
Ak

y · �
⌘

1:
<latexit sha1_base64="88dhEHF8CtWAOstHLqiZFsvCzHM="></latexit>

(p̂i +Az
i �z)

2

2m⇤
i

<latexit sha1_base64="Ivp3xjBiiWDEhixNVvW9UqvH53k="></latexit>

Az
x =

�~y
R2 + r2

, Az
y =

~x
R2 + r2, where



produces geometric flux        . 

<latexit sha1_base64="VLYFwe+FrVeJ4D7XFqKE//RyQQY="></latexit>

H⌃ =
(p̂i +Az

i �z)
2

2m⇤
i

+

⇣
Ak

i

⌘2

2mi
+ v

⇣
Ak

y · �
⌘

1:
<latexit sha1_base64="88dhEHF8CtWAOstHLqiZFsvCzHM="></latexit>

(p̂i +Az
i �z)

2

2m⇤
i

<latexit sha1_base64="Ivp3xjBiiWDEhixNVvW9UqvH53k="></latexit>

Az
x =

�~y
R2 + r2

, Az
y =

~x
R2 + r2, where

<latexit sha1_base64="JvdJR2pi8gxvrGF/YF9jmAtMtMw=">AAAB7nicbVBNSwMxEJ2tX3X9qnr0EiyCp7IrRT1WvXisYD+gXUs2zbah2WRJskJd+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8MOFMG8/7dgorq2vrG8VNd2t7Z3evtH/Q1DJVhDaI5FK1Q6wpZ4I2DDOcthNFcRxy2gpHN1O/9UiVZlLcm3FCgxgPBIsYwcZKLffq4anHUK9U9ireDGiZ+DkpQ456r/TV7UuSxlQYwrHWHd9LTJBhZRjhdOJ2U00TTEZ4QDuWChxTHWSzcyfoxCp9FEllSxg0U39PZDjWehyHtjPGZqgXvan4n9dJTXQZZEwkqaGCzBdFKUdGounvqM8UJYaPLcFEMXsrIkOsMDE2IdeG4C++vEyaZxX/vFK9q5Zr13kcRTiCYzgFHy6gBrdQhwYQGMEzvMKbkzgvzrvzMW8tOPnMIfyB8/kDLzOO1A==</latexit>

Az
i

<latexit sha1_base64="6z1p++q5/XEwc3BoePl02awpaSk=">AAAB+HicbVBNSwMxEJ2tX7V+tOrRS7AInspuKeqx6MVjBfsB3aVk02wbmmSXJCvUpb/EiwdFvPpTvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxyWK0fHHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbDye3c7z5SpVksH8w0oYHAI8kiRrCx0qBS9hOB6shPGPLHIVaDStWtuQugdeLlpAo5WoPKlz+MSSqoNIRjrfuem5ggw8owwums5KeaJphM8Ij2LZVYUB1ki8Nn6NwqQxTFypY0aKH+nsiw0HoqQtspsBnrVW8u/uf1UxNdBxmTSWqoJMtFUcqRidE8BTRkihLDp5Zgopi9FZExVpgYm1XJhuCtvrxOOvWad1lr3DeqzZs8jiKcwhlcgAdX0IQ7aEEbCKTwDK/w5jw5L86787FsLTj5zAn8gfP5A1s/kkM=</latexit>

±2⇡~



produces geometric flux        . 

<latexit sha1_base64="VLYFwe+FrVeJ4D7XFqKE//RyQQY="></latexit>

H⌃ =
(p̂i +Az

i �z)
2

2m⇤
i

+

⇣
Ak

i

⌘2

2mi
+ v

⇣
Ak

y · �
⌘

1:
<latexit sha1_base64="88dhEHF8CtWAOstHLqiZFsvCzHM="></latexit>

(p̂i +Az
i �z)

2

2m⇤
i

<latexit sha1_base64="Ivp3xjBiiWDEhixNVvW9UqvH53k="></latexit>

Az
x =

�~y
R2 + r2

, Az
y =

~x
R2 + r2, where

<latexit sha1_base64="JvdJR2pi8gxvrGF/YF9jmAtMtMw=">AAAB7nicbVBNSwMxEJ2tX3X9qnr0EiyCp7IrRT1WvXisYD+gXUs2zbah2WRJskJd+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8MOFMG8/7dgorq2vrG8VNd2t7Z3evtH/Q1DJVhDaI5FK1Q6wpZ4I2DDOcthNFcRxy2gpHN1O/9UiVZlLcm3FCgxgPBIsYwcZKLffq4anHUK9U9ireDGiZ+DkpQ456r/TV7UuSxlQYwrHWHd9LTJBhZRjhdOJ2U00TTEZ4QDuWChxTHWSzcyfoxCp9FEllSxg0U39PZDjWehyHtjPGZqgXvan4n9dJTXQZZEwkqaGCzBdFKUdGounvqM8UJYaPLcFEMXsrIkOsMDE2IdeG4C++vEyaZxX/vFK9q5Zr13kcRTiCYzgFHy6gBrdQhwYQGMEzvMKbkzgvzrvzMW8tOPnMIfyB8/kDLzOO1A==</latexit>

Az
i

<latexit sha1_base64="6z1p++q5/XEwc3BoePl02awpaSk=">AAAB+HicbVBNSwMxEJ2tX7V+tOrRS7AInspuKeqx6MVjBfsB3aVk02wbmmSXJCvUpb/EiwdFvPpTvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxyWK0fHHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbDye3c7z5SpVksH8w0oYHAI8kiRrCx0qBS9hOB6shPGPLHIVaDStWtuQugdeLlpAo5WoPKlz+MSSqoNIRjrfuem5ggw8owwums5KeaJphM8Ij2LZVYUB1ki8Nn6NwqQxTFypY0aKH+nsiw0HoqQtspsBnrVW8u/uf1UxNdBxmTSWqoJMtFUcqRidE8BTRkihLDp5Zgopi9FZExVpgYm1XJhuCtvrxOOvWad1lr3DeqzZs8jiKcwhlcgAdX0IQ7aEEbCKTwDK/w5jw5L86787FsLTj5zAn8gfP5A1s/kkM=</latexit>

±2⇡~

2:

<latexit sha1_base64="I5PTbIrv/KDzdqXJ7GtUbX5wtNY="></latexit>⇣
Ak

i

⌘2

2mi
=

~2
2R2


1

mx
+

1

my

�
1

(1 + z2)2
repulsive
potential.



produces geometric flux        . 

<latexit sha1_base64="VLYFwe+FrVeJ4D7XFqKE//RyQQY="></latexit>

H⌃ =
(p̂i +Az

i �z)
2

2m⇤
i

+

⇣
Ak

i

⌘2

2mi
+ v

⇣
Ak

y · �
⌘

1:
<latexit sha1_base64="88dhEHF8CtWAOstHLqiZFsvCzHM="></latexit>

(p̂i +Az
i �z)

2

2m⇤
i

<latexit sha1_base64="Ivp3xjBiiWDEhixNVvW9UqvH53k="></latexit>

Az
x =

�~y
R2 + r2

, Az
y =

~x
R2 + r2, where

<latexit sha1_base64="JvdJR2pi8gxvrGF/YF9jmAtMtMw=">AAAB7nicbVBNSwMxEJ2tX3X9qnr0EiyCp7IrRT1WvXisYD+gXUs2zbah2WRJskJd+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8MOFMG8/7dgorq2vrG8VNd2t7Z3evtH/Q1DJVhDaI5FK1Q6wpZ4I2DDOcthNFcRxy2gpHN1O/9UiVZlLcm3FCgxgPBIsYwcZKLffq4anHUK9U9ireDGiZ+DkpQ456r/TV7UuSxlQYwrHWHd9LTJBhZRjhdOJ2U00TTEZ4QDuWChxTHWSzcyfoxCp9FEllSxg0U39PZDjWehyHtjPGZqgXvan4n9dJTXQZZEwkqaGCzBdFKUdGounvqM8UJYaPLcFEMXsrIkOsMDE2IdeG4C++vEyaZxX/vFK9q5Zr13kcRTiCYzgFHy6gBrdQhwYQGMEzvMKbkzgvzrvzMW8tOPnMIfyB8/kDLzOO1A==</latexit>

Az
i

<latexit sha1_base64="6z1p++q5/XEwc3BoePl02awpaSk=">AAAB+HicbVBNSwMxEJ2tX7V+tOrRS7AInspuKeqx6MVjBfsB3aVk02wbmmSXJCvUpb/EiwdFvPpTvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxyWK0fHHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbDye3c7z5SpVksH8w0oYHAI8kiRrCx0qBS9hOB6shPGPLHIVaDStWtuQugdeLlpAo5WoPKlz+MSSqoNIRjrfuem5ggw8owwums5KeaJphM8Ij2LZVYUB1ki8Nn6NwqQxTFypY0aKH+nsiw0HoqQtspsBnrVW8u/uf1UxNdBxmTSWqoJMtFUcqRidE8BTRkihLDp5Zgopi9FZExVpgYm1XJhuCtvrxOOvWad1lr3DeqzZs8jiKcwhlcgAdX0IQ7aEEbCKTwDK/w5jw5L86787FsLTj5zAn8gfP5A1s/kkM=</latexit>
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2:

<latexit sha1_base64="I5PTbIrv/KDzdqXJ7GtUbX5wtNY="></latexit>⇣
Ak

i
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�
1

(1 + z2)2
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potential.

3:
<latexit sha1_base64="S742d98PorG0J8JWKrBogtU4fuE="></latexit>

v
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y · �
⌘
= �~v
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�x

1 + z2
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Large Skyrmion (               ) 
<latexit sha1_base64="n6cmVPVoNaDyI5XB2w7P8ersaGw=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgqiQi6kYo6sJlFfuAJpSb6SQdOnkwMymW0L0bf8WNC0Xc+gPu/BunbRbaeuDC4Zx7ufceL+FMKsv6NgpLyyura8X10sbm1vaOubvXlHEqCG2QmMei7YGknEW0oZjitJ0ICqHHacsbXE381pAKyeLoXo0S6oYQRMxnBJSWumb5DjtBgJ0Hhi+w4wsgmdP3QODhOHOuKVcw7poVq2pNgReJnZMKylHvml9OLyZpSCNFOEjZsa1EuRkIxQin45KTSpoAGUBAO5pGEFLpZtNfxvhQKz3sx0JXpPBU/T2RQSjlKPR0ZwiqL+e9ifif10mVf+5mLEpSRSMyW+SnHKsYT4LBPSYoUXykCRDB9K2Y9EEHonR8JR2CPf/yImkeV+3T6sntSaV2mcdRRAeojI6Qjc5QDd2gOmoggh7RM3pFb8aT8WK8Gx+z1oKRz+yjPzA+fwCsq5o7</latexit>

R � ⇠ =
~v
�



Large Skyrmion (               ) 
<latexit sha1_base64="n6cmVPVoNaDyI5XB2w7P8ersaGw=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgqiQi6kYo6sJlFfuAJpSb6SQdOnkwMymW0L0bf8WNC0Xc+gPu/BunbRbaeuDC4Zx7ufceL+FMKsv6NgpLyyura8X10sbm1vaOubvXlHEqCG2QmMei7YGknEW0oZjitJ0ICqHHacsbXE381pAKyeLoXo0S6oYQRMxnBJSWumb5DjtBgJ0Hhi+w4wsgmdP3QODhOHOuKVcw7poVq2pNgReJnZMKylHvml9OLyZpSCNFOEjZsa1EuRkIxQin45KTSpoAGUBAO5pGEFLpZtNfxvhQKz3sx0JXpPBU/T2RQSjlKPR0ZwiqL+e9ifif10mVf+5mLEpSRSMyW+SnHKsYT4LBPSYoUXykCRDB9K2Y9EEHonR8JR2CPf/yImkeV+3T6sntSaV2mcdRRAeojI6Qjc5QDd2gOmoggh7RM3pFb8aT8WK8Gx+z1oKRz+yjPzA+fwCsq5o7</latexit>

R � ⇠ =
~v
�

Attraction                  dominates :
<latexit sha1_base64="SxfcJj+BJbjpbPJC7zJik8+JS+8=">AAACGHicbVDLSgMxFM3UV62vUZdugkUQxDpTiros6sJlFfuAzrRk0kwbmswMSUZah/kMN/6KGxeKuO3OvzF9CFo9cOHknHvJvceLGJXKsj6NzMLi0vJKdjW3tr6xuWVu79RkGAtMqjhkoWh4SBJGA1JVVDHSiARB3GOk7vUvx379nghJw+BODSPictQNqE8xUlpqmyfH0LkiTCHo+ALhxBnQNLlNv1+SdjlqDdLEhkfwoVVM22beKlgTwL/EnpE8mKHSNkdOJ8QxJ4HCDEnZtK1IuQkSimJG0pwTSxIh3Edd0tQ0QJxIN5kclsIDrXSgHwpdgYIT9edEgriUQ+7pTo5UT857Y/E/rxkr/9xNaBDFigR4+pEfM6hCOE4JdqggWLGhJggLqneFuId0JEpnmdMh2PMn/yW1YsE+LZRuSvnyxSyOLNgD++AQ2OAMlME1qIAqwOARPINX8GY8GS/Gu/Exbc0Ys5ld8AvG6AvOsZ+l</latexit>
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1 + z2



Large Skyrmion (               ) 
<latexit sha1_base64="n6cmVPVoNaDyI5XB2w7P8ersaGw=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgqiQi6kYo6sJlFfuAJpSb6SQdOnkwMymW0L0bf8WNC0Xc+gPu/BunbRbaeuDC4Zx7ufceL+FMKsv6NgpLyyura8X10sbm1vaOubvXlHEqCG2QmMei7YGknEW0oZjitJ0ICqHHacsbXE381pAKyeLoXo0S6oYQRMxnBJSWumb5DjtBgJ0Hhi+w4wsgmdP3QODhOHOuKVcw7poVq2pNgReJnZMKylHvml9OLyZpSCNFOEjZsa1EuRkIxQin45KTSpoAGUBAO5pGEFLpZtNfxvhQKz3sx0JXpPBU/T2RQSjlKPR0ZwiqL+e9ifif10mVf+5mLEpSRSMyW+SnHKsYT4LBPSYoUXykCRDB9K2Y9EEHonR8JR2CPf/yImkeV+3T6sntSaV2mcdRRAeojI6Qjc5QDd2gOmoggh7RM3pFb8aT8WK8Gx+z1oKRz+yjPzA+fwCsq5o7</latexit>

R � ⇠ =
~v
�

Attraction                  dominates :
<latexit sha1_base64="SxfcJj+BJbjpbPJC7zJik8+JS+8=">AAACGHicbVDLSgMxFM3UV62vUZdugkUQxDpTiros6sJlFfuAzrRk0kwbmswMSUZah/kMN/6KGxeKuO3OvzF9CFo9cOHknHvJvceLGJXKsj6NzMLi0vJKdjW3tr6xuWVu79RkGAtMqjhkoWh4SBJGA1JVVDHSiARB3GOk7vUvx379nghJw+BODSPictQNqE8xUlpqmyfH0LkiTCHo+ALhxBnQNLlNv1+SdjlqDdLEhkfwoVVM22beKlgTwL/EnpE8mKHSNkdOJ8QxJ4HCDEnZtK1IuQkSimJG0pwTSxIh3Edd0tQ0QJxIN5kclsIDrXSgHwpdgYIT9edEgriUQ+7pTo5UT857Y/E/rxkr/9xNaBDFigR4+pEfM6hCOE4JdqggWLGhJggLqneFuId0JEpnmdMh2PMn/yW1YsE+LZRuSvnyxSyOLNgD++AQ2OAMlME1qIAqwOARPINX8GY8GS/Gu/Exbc0Ys5ld8AvG6AvOsZ+l</latexit>
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1 + z2

<latexit sha1_base64="KGa66xf4CZZeOKYwWEVJLcHJ2hg="></latexit>
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Large Skyrmion (               ) 
<latexit sha1_base64="n6cmVPVoNaDyI5XB2w7P8ersaGw=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgqiQi6kYo6sJlFfuAJpSb6SQdOnkwMymW0L0bf8WNC0Xc+gPu/BunbRbaeuDC4Zx7ufceL+FMKsv6NgpLyyura8X10sbm1vaOubvXlHEqCG2QmMei7YGknEW0oZjitJ0ICqHHacsbXE381pAKyeLoXo0S6oYQRMxnBJSWumb5DjtBgJ0Hhi+w4wsgmdP3QODhOHOuKVcw7poVq2pNgReJnZMKylHvml9OLyZpSCNFOEjZsa1EuRkIxQin45KTSpoAGUBAO5pGEFLpZtNfxvhQKz3sx0JXpPBU/T2RQSjlKPR0ZwiqL+e9ifif10mVf+5mLEpSRSMyW+SnHKsYT4LBPSYoUXykCRDB9K2Y9EEHonR8JR2CPf/yImkeV+3T6sntSaV2mcdRRAeojI6Qjc5QDd2gOmoggh7RM3pFb8aT8WK8Gx+z1oKRz+yjPzA+fwCsq5o7</latexit>

R � ⇠ =
~v
�

Attraction                  dominates :
<latexit sha1_base64="SxfcJj+BJbjpbPJC7zJik8+JS+8=">AAACGHicbVDLSgMxFM3UV62vUZdugkUQxDpTiros6sJlFfuAzrRk0kwbmswMSUZah/kMN/6KGxeKuO3OvzF9CFo9cOHknHvJvceLGJXKsj6NzMLi0vJKdjW3tr6xuWVu79RkGAtMqjhkoWh4SBJGA1JVVDHSiARB3GOk7vUvx379nghJw+BODSPictQNqE8xUlpqmyfH0LkiTCHo+ALhxBnQNLlNv1+SdjlqDdLEhkfwoVVM22beKlgTwL/EnpE8mKHSNkdOJ8QxJ4HCDEnZtK1IuQkSimJG0pwTSxIh3Edd0tQ0QJxIN5kclsIDrXSgHwpdgYIT9edEgriUQ+7pTo5UT857Y/E/rxkr/9xNaBDFigR4+pEfM6hCOE4JdqggWLGhJggLqneFuId0JEpnmdMh2PMn/yW1YsE+LZRuSvnyxSyOLNgD++AQ2OAMlME1qIAqwOARPINX8GY8GS/Gu/Exbc0Ys5ld8AvG6AvOsZ+l</latexit>
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R

�x

1 + z2

– For          , the bound states remain shallow.<latexit sha1_base64="jpkzKsamtc+NYMmQ8RGkgCd1au4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsR/SXUo2zbahSXZJsmJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4up767UeqNIvlvRknNBB4IFnECDZWerhD/mCA/CfWK1fcqjsDWiZeTiqQo9Erf/n9mKSCSkM41rrruYkJMqwMI5xOSn6qaYLJCA9o11KJBdVBNjt4gk6s0kdRrGxJg2bq74kMC63HIrSdApuhXvSm4n9eNzXRZZAxmaSGSjJfFKUcmRhNv0d9pigxfGwJJorZWxEZYoWJsRmVbAje4svLpHVW9c6rtdtapX6Vx1GEIziGU/DgAupwAw1oAgEBz/AKb45yXpx352PeWnDymUP4A+fzB+cVj9Y=</latexit>

R � ⇠

<latexit sha1_base64="KGa66xf4CZZeOKYwWEVJLcHJ2hg="></latexit>
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Large Skyrmion (               ) 
<latexit sha1_base64="n6cmVPVoNaDyI5XB2w7P8ersaGw=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgqiQi6kYo6sJlFfuAJpSb6SQdOnkwMymW0L0bf8WNC0Xc+gPu/BunbRbaeuDC4Zx7ufceL+FMKsv6NgpLyyura8X10sbm1vaOubvXlHEqCG2QmMei7YGknEW0oZjitJ0ICqHHacsbXE381pAKyeLoXo0S6oYQRMxnBJSWumb5DjtBgJ0Hhi+w4wsgmdP3QODhOHOuKVcw7poVq2pNgReJnZMKylHvml9OLyZpSCNFOEjZsa1EuRkIxQin45KTSpoAGUBAO5pGEFLpZtNfxvhQKz3sx0JXpPBU/T2RQSjlKPR0ZwiqL+e9ifif10mVf+5mLEpSRSMyW+SnHKsYT4LBPSYoUXykCRDB9K2Y9EEHonR8JR2CPf/yImkeV+3T6sntSaV2mcdRRAeojI6Qjc5QDd2gOmoggh7RM3pFb8aT8WK8Gx+z1oKRz+yjPzA+fwCsq5o7</latexit>

R � ⇠ =
~v
�

Attraction                  dominates :
<latexit sha1_base64="SxfcJj+BJbjpbPJC7zJik8+JS+8=">AAACGHicbVDLSgMxFM3UV62vUZdugkUQxDpTiros6sJlFfuAzrRk0kwbmswMSUZah/kMN/6KGxeKuO3OvzF9CFo9cOHknHvJvceLGJXKsj6NzMLi0vJKdjW3tr6xuWVu79RkGAtMqjhkoWh4SBJGA1JVVDHSiARB3GOk7vUvx379nghJw+BODSPictQNqE8xUlpqmyfH0LkiTCHo+ALhxBnQNLlNv1+SdjlqDdLEhkfwoVVM22beKlgTwL/EnpE8mKHSNkdOJ8QxJ4HCDEnZtK1IuQkSimJG0pwTSxIh3Edd0tQ0QJxIN5kclsIDrXSgHwpdgYIT9edEgriUQ+7pTo5UT857Y/E/rxkr/9xNaBDFigR4+pEfM6hCOE4JdqggWLGhJggLqneFuId0JEpnmdMh2PMn/yW1YsE+LZRuSvnyxSyOLNgD++AQ2OAMlME1qIAqwOARPINX8GY8GS/Gu/Exbc0Ys5ld8AvG6AvOsZ+l</latexit>
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R

�x

1 + z2

– For          , the bound states remain shallow.<latexit sha1_base64="jpkzKsamtc+NYMmQ8RGkgCd1au4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsR/SXUo2zbahSXZJsmJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4up767UeqNIvlvRknNBB4IFnECDZWerhD/mCA/CfWK1fcqjsDWiZeTiqQo9Erf/n9mKSCSkM41rrruYkJMqwMI5xOSn6qaYLJCA9o11KJBdVBNjt4gk6s0kdRrGxJg2bq74kMC63HIrSdApuhXvSm4n9eNzXRZZAxmaSGSjJfFKUcmRhNv0d9pigxfGwJJorZWxEZYoWJsRmVbAje4svLpHVW9c6rtdtapX6Vx1GEIziGU/DgAupwAw1oAgEBz/AKb45yXpx352PeWnDymUP4A+fzB+cVj9Y=</latexit>

R � ⇠

–        : low-energy approximation breakdown.     <latexit sha1_base64="1RWmjBBAtf8qNTfIVj1IS7Of5BY=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsR/YXUo2zbahSXZJsmJZ+i+8eFDEq//Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4up767UeqNIvlvRknNBB4IFnECDZWerhDvmYC+U+sV664VXcGtEy8nFQgR6NX/vL7MUkFlYZwrHXXcxMTZFgZRjidlPxU0wSTER7QrqUSC6qDbHbxBJ1YpY+iWNmSBs3U3xMZFlqPRWg7BTZDvehNxf+8bmqiyyBjMkkNlWS+KEo5MjGavo/6TFFi+NgSTBSztyIyxAoTY0Mq2RC8xZeXSeus6p1Xa7e1Sv0qj6MIR3AMp+DBBdThBhrQBAISnuEV3hztvDjvzse8teDkM4fwB87nD8omkFs=</latexit>
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<latexit sha1_base64="KGa66xf4CZZeOKYwWEVJLcHJ2hg="></latexit>
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Toy problem, full picture :  



Toy problem, full picture :  
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Toy problem, full picture :  
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<latexit sha1_base64="dmSkqXLy90M/PiLV8bTXZU/UhtA=">AAACHHicbZDNSsNAFIUn/tb4F3XpZrAIdWFJtKhLURcuq9hWaGKZTG906CQZZiZiCX0QN76KGxeKuHEh+DZOaxZaPTDwce693LknFJwp7bqf1sTk1PTMbGnOnl9YXFp2VlabKs0khQZNeSovQ6KAswQammkOl0ICiUMOrbB3PKy3bkEqliYXui8giMl1wiJGiTZWx9n1QSjGDbpXFFfOt7DtEyFkeodtjLexfwJcEz+ShOb+HRvk5wPcccpu1R0J/wWvgDIqVO847343pVkMiaacKNX2XKGDnEjNKIeB7WcKBKE9cg1tgwmJQQX56LgB3jROF0epNC/ReOT+nMhJrFQ/Dk1nTPSNGq8Nzf9q7UxHB0HOEpFpSOj3oijjWKd4mBTuMglU874BQiUzf8X0hpggtMnTNiF44yf/heZO1dur1s5q5cOjIo4SWkcbqII8tI8O0Smqowai6B49omf0Yj1YT9ar9fbdOmEVM2vol6yPL4Bbn88=</latexit>

✏c0(R) ⇡ ��
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Toy problem, full picture :  
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The scales :  

<latexit sha1_base64="dmSkqXLy90M/PiLV8bTXZU/UhtA=">AAACHHicbZDNSsNAFIUn/tb4F3XpZrAIdWFJtKhLURcuq9hWaGKZTG906CQZZiZiCX0QN76KGxeKuHEh+DZOaxZaPTDwce693LknFJwp7bqf1sTk1PTMbGnOnl9YXFp2VlabKs0khQZNeSovQ6KAswQammkOl0ICiUMOrbB3PKy3bkEqliYXui8giMl1wiJGiTZWx9n1QSjGDbpXFFfOt7DtEyFkeodtjLexfwJcEz+ShOb+HRvk5wPcccpu1R0J/wWvgDIqVO847343pVkMiaacKNX2XKGDnEjNKIeB7WcKBKE9cg1tgwmJQQX56LgB3jROF0epNC/ReOT+nMhJrFQ/Dk1nTPSNGq8Nzf9q7UxHB0HOEpFpSOj3oijjWKd4mBTuMglU874BQiUzf8X0hpggtMnTNiF44yf/heZO1dur1s5q5cOjIo4SWkcbqII8tI8O0Smqowai6B49omf0Yj1YT9ar9fbdOmEVM2vol6yPL4Bbn88=</latexit>

✏c0(R) ⇡ ��
⇠

R



Toy problem, full picture :  
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The scales :  
<latexit sha1_base64="2Xecm0g+vq0QqPie3tX4WKX30rg=">AAACHXicbVDLSsNAFJ34rPUVdelmsAgupCRS1GXRjcsq9gFNCJPppB06k8SZiTSE/Igbf8WNC0VcuBH/xmkbQVsPzOVwzr3cucePGZXKsr6MhcWl5ZXV0lp5fWNza9vc2W3JKBGYNHHEItHxkSSMhqSpqGKkEwuCuM9I2x9ejv32PRGSRuGtSmPictQPaUAxUlryzJrjI5Hd5NCRlOtyJ1TmBALhjHtprssoz3/kEYUoh8cQembFqloTwHliF6QCCjQ888PpRTjhJFSYISm7thUrN0NCUcxIXnYSSWKEh6hPupqGiBPpZpPrcniolR4MIqFfqOBE/T2RIS5lyn3dyZEayFlvLP7ndRMVnLsZDeNEkRBPFwUJgyqC46hgjwqCFUs1QVhQ/VeIB0hno3SgZR2CPXvyPGmdVO3Tau26VqlfFHGUwD44AEfABmegDq5AAzQBBg/gCbyAV+PReDbejPdp64JRzOyBPzA+vwE1AqKT</latexit>
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p
⇠a,

<latexit sha1_base64="dmSkqXLy90M/PiLV8bTXZU/UhtA=">AAACHHicbZDNSsNAFIUn/tb4F3XpZrAIdWFJtKhLURcuq9hWaGKZTG906CQZZiZiCX0QN76KGxeKuHEh+DZOaxZaPTDwce693LknFJwp7bqf1sTk1PTMbGnOnl9YXFp2VlabKs0khQZNeSovQ6KAswQammkOl0ICiUMOrbB3PKy3bkEqliYXui8giMl1wiJGiTZWx9n1QSjGDbpXFFfOt7DtEyFkeodtjLexfwJcEz+ShOb+HRvk5wPcccpu1R0J/wWvgDIqVO847343pVkMiaacKNX2XKGDnEjNKIeB7WcKBKE9cg1tgwmJQQX56LgB3jROF0epNC/ReOT+nMhJrFQ/Dk1nTPSNGq8Nzf9q7UxHB0HOEpFpSOj3oijjWKd4mBTuMglU874BQiUzf8X0hpggtMnTNiF44yf/heZO1dur1s5q5cOjIo4SWkcbqII8tI8O0Smqowai6B49omf0Yj1YT9ar9fbdOmEVM2vol6yPL4Bbn88=</latexit>
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Toy problem, full picture :  
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The scales :  
<latexit sha1_base64="2Xecm0g+vq0QqPie3tX4WKX30rg=">AAACHXicbVDLSsNAFJ34rPUVdelmsAgupCRS1GXRjcsq9gFNCJPppB06k8SZiTSE/Igbf8WNC0VcuBH/xmkbQVsPzOVwzr3cucePGZXKsr6MhcWl5ZXV0lp5fWNza9vc2W3JKBGYNHHEItHxkSSMhqSpqGKkEwuCuM9I2x9ejv32PRGSRuGtSmPictQPaUAxUlryzJrjI5Hd5NCRlOtyJ1TmBALhjHtprssoz3/kEYUoh8cQembFqloTwHliF6QCCjQ888PpRTjhJFSYISm7thUrN0NCUcxIXnYSSWKEh6hPupqGiBPpZpPrcniolR4MIqFfqOBE/T2RIS5lyn3dyZEayFlvLP7ndRMVnLsZDeNEkRBPFwUJgyqC46hgjwqCFUs1QVhQ/VeIB0hno3SgZR2CPXvyPGmdVO3Tau26VqlfFHGUwD44AEfABmegDq5AAzQBBg/gCbyAV+PReDbejPdp64JRzOyBPzA+vwE1AqKT</latexit>
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mx

p
⇠a,

<latexit sha1_base64="I40II/2KAP5wiHEuXNNazxyP/gg=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFcCElkaKCm6Ibl1XsBZpQTqaTduhkEmYmYgkFN76KGxeKuPUl3Pk2Ti8Lbf1h4OM/53Dm/EHCmdKO823lFhaXllfyq4W19Y3NLXt7p67iVBJaIzGPZTMARTkTtKaZ5rSZSApRwGkj6F+N6o17KhWLxZ0eJNSPoCtYyAhoY7XtPcAe59gLQGa3wwk/MOwd44u2XXRKzlh4HtwpFNFU1bb95XVikkZUaMJBqZbrJNrPQGpGOB0WvFTRBEgfurRlUEBElZ+NbxjiQ+N0cBhL84TGY/f3RAaRUoMoMJ0R6J6arY3M/2qtVIfnfsZEkmoqyGRRmHKsYzwKBHeYpETzgQEgkpm/YtIDCUSb2AomBHf25Hmon5Tc01L5plysXE7jyKN9dICOkIvOUAVdoyqqIYIe0TN6RW/Wk/VivVsfk9acNZ3ZRX9kff4AcBWWHA==</latexit>

a ⌧ R̄ ⌧ ⇠ ;

<latexit sha1_base64="dmSkqXLy90M/PiLV8bTXZU/UhtA=">AAACHHicbZDNSsNAFIUn/tb4F3XpZrAIdWFJtKhLURcuq9hWaGKZTG906CQZZiZiCX0QN76KGxeKuHEh+DZOaxZaPTDwce693LknFJwp7bqf1sTk1PTMbGnOnl9YXFp2VlabKs0khQZNeSovQ6KAswQammkOl0ICiUMOrbB3PKy3bkEqliYXui8giMl1wiJGiTZWx9n1QSjGDbpXFFfOt7DtEyFkeodtjLexfwJcEz+ShOb+HRvk5wPcccpu1R0J/wWvgDIqVO847343pVkMiaacKNX2XKGDnEjNKIeB7WcKBKE9cg1tgwmJQQX56LgB3jROF0epNC/ReOT+nMhJrFQ/Dk1nTPSNGq8Nzf9q7UxHB0HOEpFpSOj3oijjWKd4mBTuMglU874BQiUzf8X0hpggtMnTNiF44yf/heZO1dur1s5q5cOjIo4SWkcbqII8tI8O0Smqowai6B49omf0Yj1YT9ar9fbdOmEVM2vol6yPL4Bbn88=</latexit>

✏c0(R) ⇡ ��
⇠

R



Toy problem, full picture :  

∆

−∆

0

E

R

ε0
v (R)

0
c (R)

I

ε

II

*R ξ

III

R

The scales :  
<latexit sha1_base64="2Xecm0g+vq0QqPie3tX4WKX30rg=">AAACHXicbVDLSsNAFJ34rPUVdelmsAgupCRS1GXRjcsq9gFNCJPppB06k8SZiTSE/Igbf8WNC0VcuBH/xmkbQVsPzOVwzr3cucePGZXKsr6MhcWl5ZXV0lp5fWNza9vc2W3JKBGYNHHEItHxkSSMhqSpqGKkEwuCuM9I2x9ejv32PRGSRuGtSmPictQPaUAxUlryzJrjI5Hd5NCRlOtyJ1TmBALhjHtprssoz3/kEYUoh8cQembFqloTwHliF6QCCjQ888PpRTjhJFSYISm7thUrN0NCUcxIXnYSSWKEh6hPupqGiBPpZpPrcniolR4MIqFfqOBE/T2RIS5lyn3dyZEayFlvLP7ndRMVnLsZDeNEkRBPFwUJgyqC46hgjwqCFUs1QVhQ/VeIB0hno3SgZR2CPXvyPGmdVO3Tau26VqlfFHGUwD44AEfABmegDq5AAzQBBg/gCbyAV+PReDbejPdp64JRzOyBPzA+vwE1AqKT</latexit>

R̄ ⇠
r

my

mx

p
⇠a,

<latexit sha1_base64="I40II/2KAP5wiHEuXNNazxyP/gg=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFcCElkaKCm6Ibl1XsBZpQTqaTduhkEmYmYgkFN76KGxeKuPUl3Pk2Ti8Lbf1h4OM/53Dm/EHCmdKO823lFhaXllfyq4W19Y3NLXt7p67iVBJaIzGPZTMARTkTtKaZ5rSZSApRwGkj6F+N6o17KhWLxZ0eJNSPoCtYyAhoY7XtPcAe59gLQGa3wwk/MOwd44u2XXRKzlh4HtwpFNFU1bb95XVikkZUaMJBqZbrJNrPQGpGOB0WvFTRBEgfurRlUEBElZ+NbxjiQ+N0cBhL84TGY/f3RAaRUoMoMJ0R6J6arY3M/2qtVIfnfsZEkmoqyGRRmHKsYzwKBHeYpETzgQEgkpm/YtIDCUSb2AomBHf25Hmon5Tc01L5plysXE7jyKN9dICOkIvOUAVdoyqqIYIe0TN6RW/Wk/VivVsfk9acNZ3ZRX9kff4AcBWWHA==</latexit>

a ⌧ R̄ ⌧ ⇠ ;

<latexit sha1_base64="dmSkqXLy90M/PiLV8bTXZU/UhtA=">AAACHHicbZDNSsNAFIUn/tb4F3XpZrAIdWFJtKhLURcuq9hWaGKZTG906CQZZiZiCX0QN76KGxeKuHEh+DZOaxZaPTDwce693LknFJwp7bqf1sTk1PTMbGnOnl9YXFp2VlabKs0khQZNeSovQ6KAswQammkOl0ICiUMOrbB3PKy3bkEqliYXui8giMl1wiJGiTZWx9n1QSjGDbpXFFfOt7DtEyFkeodtjLexfwJcEz+ShOb+HRvk5wPcccpu1R0J/wWvgDIqVO847343pVkMiaacKNX2XKGDnEjNKIeB7WcKBKE9cg1tgwmJQQX56LgB3jROF0epNC/ReOT+nMhJrFQ/Dk1nTPSNGq8Nzf9q7UxHB0HOEpFpSOj3oijjWKd4mBTuMglU874BQiUzf8X0hpggtMnTNiF44yf/heZO1dur1s5q5cOjIo4SWkcbqII8tI8O0Smqowai6B49omf0Yj1YT9ar9fbdOmEVM2vol6yPL4Bbn88=</latexit>

✏c0(R) ⇡ ��
⇠

R

<latexit sha1_base64="kTChtSJc2nPOXGSWEDSzzrBQ2/s=">AAACCnicbVC7TgJBFJ3FF+Jr1dJmlJigBdk1RC2JWliikUfCLmR2uAsTZh+ZmSUhhNrGX7Gx0Bhbv8DOv3GALRQ8yU3OnHNv5t7jxZxJZVnfRmZpeWV1Lbue29jc2t4xd/dqMkoEhSqNeCQaHpHAWQhVxRSHRiyABB6Hute/nvj1AQjJovBBDWNwA9INmc8oUVpqm4fOgAiIJeP6ZbUoLty3Tk+wI1mAnRvgirTNvFW0psCLxE5JHqWotM0vpxPRJIBQUU6kbNpWrNwREYpRDuOck0iICe2TLjQ1DUkA0h1NTxnjY610sB8JXaHCU/X3xIgEUg4DT3cGRPXkvDcR//OaifIv3REL40RBSGcf+QnHKsKTXHCHCaCKDzUhVDC9K6Y9IghVOr2cDsGeP3mR1M6K9nmxdFfKl6/SOLLoAB2hArLRBSqjW1RBVUTRI3pGr+jNeDJejHfjY9aaMdKZffQHxucPUdmZYw==</latexit>

"c0(R
⇤) ⇠ �

<latexit sha1_base64="FTzNRh9Agej6KkFrboTd7eMJ9Pc=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIsgImVGioqrohuXVewDOmPJpJk2NMkMSUYtYz/FjQtF3Pol7vwb03YW2nrgwuGce7n3niBmVGnH+bZyC4tLyyv51cLa+sbmll3cbqgokZjUccQi2QqQIowKUtdUM9KKJUE8YKQZDC7HfvOeSEUjcauHMfE56gkaUoy0kTp28ebuEHqKcug9UugdwfOOXXLKzgRwnrgZKYEMtY795XUjnHAiNGZIqbbrxNpPkdQUMzIqeIkiMcID1CNtQwXiRPnp5PQR3DdKF4aRNCU0nKi/J1LElRrywHRypPtq1huL/3ntRIdnfkpFnGgi8HRRmDCoIzjOAXapJFizoSEIS2puhbiPJMLapFUwIbizL8+TxnHZPSlXriul6kUWRx7sgj1wAFxwCqrgCtRAHWDwAJ7BK3iznqwX6936mLbmrGxmB/yB9fkDtiOSXA==</latexit>

R⇤ ⇠ ⇠ :



Summary :  
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Summary :  

– texture-induced spin-orbit coupling          

              

[ PRB 107, 114406 (2023) and 109, 224425 (2024) ]  
<latexit sha1_base64="WL9CXQLTe5Qt2NcGZehZYM9LFsk=">AAACF3icbVC7TsMwFHXKq5RXgJHFokIqS5UgXmOBhYGhSPQhNaFyXKe1aieR7VSKQv6ChV9hYQAhVtj4G5y2A7Qc6eoenXOv7Hu8iFGpLOvbKCwsLi2vFFdLa+sbm1vm9k5ThrHApIFDFoq2hyRhNCANRRUj7UgQxD1GWt7wKvdbIyIkDYM7lUTE5agfUJ9ipLTUNasjWLnoJvfOA3RwL1TQkbTP0WHeOXR8gXDqDDwk4ChLb7KuWbaq1hhwnthTUgZT1Lvml9MLccxJoDBDUnZsK1JuioSimJGs5MSSRAgPUZ90NA0QJ9JNx3dl8EArPeiHQleg4Fj9vZEiLmXCPT3JkRrIWS8X//M6sfLP3ZQGUaxIgCcP+TGDKoR5SLBHBcGKJZogLKj+K8QDpLNQOsqSDsGePXmeNI+q9mn15Pa4XLucxlEEe2AfVIANzkANXIM6aAAMHsEzeAVvxpPxYrwbH5PRgjHd2QV/YHz+ALV3nxI=</latexit>

v(Ak
y · �) ⇠

~v
L



Summary :  

– texture-induced spin-orbit coupling          

– hinges on lower symmetry of      points

              

<latexit sha1_base64="AP1GKE831ATthHd/5R6XRwc0Lig=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzQOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKflgxwkNBR5IFjOCrZOa3Xs2ELhXrvhVfwa0TIKcVCBHvVf+6vYVSQWVlnBsTCfwExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauOrMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCMHiy8ukeVYNLqrnd+eV2nUeRxGO4BhOIYBLqMEt1KEBBB7hGV7hzVPei/fufcxbC14+cwh/4H3+AG5Njww=</latexit>

⌃

[ PRB 107, 114406 (2023) and 109, 224425 (2024) ]  

px

Σ2

Σ4

Σ3

Γ

Q
X

X

Σ1

py

<latexit sha1_base64="WL9CXQLTe5Qt2NcGZehZYM9LFsk=">AAACF3icbVC7TsMwFHXKq5RXgJHFokIqS5UgXmOBhYGhSPQhNaFyXKe1aieR7VSKQv6ChV9hYQAhVtj4G5y2A7Qc6eoenXOv7Hu8iFGpLOvbKCwsLi2vFFdLa+sbm1vm9k5ThrHApIFDFoq2hyRhNCANRRUj7UgQxD1GWt7wKvdbIyIkDYM7lUTE5agfUJ9ipLTUNasjWLnoJvfOA3RwL1TQkbTP0WHeOXR8gXDqDDwk4ChLb7KuWbaq1hhwnthTUgZT1Lvml9MLccxJoDBDUnZsK1JuioSimJGs5MSSRAgPUZ90NA0QJ9JNx3dl8EArPeiHQleg4Fj9vZEiLmXCPT3JkRrIWS8X//M6sfLP3ZQGUaxIgCcP+TGDKoR5SLBHBcGKJZogLKj+K8QDpLNQOsqSDsGePXmeNI+q9mn15Pa4XLucxlEEe2AfVIANzkANXIM6aAAMHsEzeAVvxpPxYrwbH5PRgjHd2QV/YHz+ALV3nxI=</latexit>

v(Ak
y · �) ⇠

~v
L



Summary :  

– texture-induced spin-orbit coupling          

– hinges on lower symmetry of      points

– skyrmion-electron bound states               

<latexit sha1_base64="AP1GKE831ATthHd/5R6XRwc0Lig=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzQOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKflgxwkNBR5IFjOCrZOa3Xs2ELhXrvhVfwa0TIKcVCBHvVf+6vYVSQWVlnBsTCfwExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauOrMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCMHiy8ukeVYNLqrnd+eV2nUeRxGO4BhOIYBLqMEt1KEBBB7hGV7hzVPei/fufcxbC14+cwh/4H3+AG5Njww=</latexit>

⌃

[ PRB 107, 114406 (2023) and 109, 224425 (2024) ]  

px

Σ2

Σ4

Σ3

Γ

Q
X

X

Σ1

py

<latexit sha1_base64="WL9CXQLTe5Qt2NcGZehZYM9LFsk=">AAACF3icbVC7TsMwFHXKq5RXgJHFokIqS5UgXmOBhYGhSPQhNaFyXKe1aieR7VSKQv6ChV9hYQAhVtj4G5y2A7Qc6eoenXOv7Hu8iFGpLOvbKCwsLi2vFFdLa+sbm1vm9k5ThrHApIFDFoq2hyRhNCANRRUj7UgQxD1GWt7wKvdbIyIkDYM7lUTE5agfUJ9ipLTUNasjWLnoJvfOA3RwL1TQkbTP0WHeOXR8gXDqDDwk4ChLb7KuWbaq1hhwnthTUgZT1Lvml9MLccxJoDBDUnZsK1JuioSimJGs5MSSRAgPUZ90NA0QJ9JNx3dl8EArPeiHQleg4Fj9vZEiLmXCPT3JkRrIWS8X//M6sfLP3ZQGUaxIgCcP+TGDKoR5SLBHBcGKJZogLKj+K8QDpLNQOsqSDsGePXmeNI+q9mn15Pa4XLucxlEEe2AfVIANzkANXIM6aAAMHsEzeAVvxpPxYrwbH5PRgjHd2QV/YHz+ALV3nxI=</latexit>

v(Ak
y · �) ⇠

~v
L



Summary :  

– texture-induced spin-orbit coupling          

– hinges on lower symmetry of      points

– skyrmion-electron bound states               

– with doping, the skyrmion becomes charged

<latexit sha1_base64="AP1GKE831ATthHd/5R6XRwc0Lig=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzQOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKflgxwkNBR5IFjOCrZOa3Xs2ELhXrvhVfwa0TIKcVCBHvVf+6vYVSQWVlnBsTCfwExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauOrMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCMHiy8ukeVYNLqrnd+eV2nUeRxGO4BhOIYBLqMEt1KEBBB7hGV7hzVPei/fufcxbC14+cwh/4H3+AG5Njww=</latexit>

⌃

[ PRB 107, 114406 (2023) and 109, 224425 (2024) ]  

px

Σ2

Σ4

Σ3

Γ

Q
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X

Σ1

py

<latexit sha1_base64="WL9CXQLTe5Qt2NcGZehZYM9LFsk=">AAACF3icbVC7TsMwFHXKq5RXgJHFokIqS5UgXmOBhYGhSPQhNaFyXKe1aieR7VSKQv6ChV9hYQAhVtj4G5y2A7Qc6eoenXOv7Hu8iFGpLOvbKCwsLi2vFFdLa+sbm1vm9k5ThrHApIFDFoq2hyRhNCANRRUj7UgQxD1GWt7wKvdbIyIkDYM7lUTE5agfUJ9ipLTUNasjWLnoJvfOA3RwL1TQkbTP0WHeOXR8gXDqDDwk4ChLb7KuWbaq1hhwnthTUgZT1Lvml9MLccxJoDBDUnZsK1JuioSimJGs5MSSRAgPUZ90NA0QJ9JNx3dl8EArPeiHQleg4Fj9vZEiLmXCPT3JkRrIWS8X//M6sfLP3ZQGUaxIgCcP+TGDKoR5SLBHBcGKJZogLKj+K8QDpLNQOsqSDsGePXmeNI+q9mn15Pa4XLucxlEEe2AfVIANzkANXIM6aAAMHsEzeAVvxpPxYrwbH5PRgjHd2QV/YHz+ALV3nxI=</latexit>

v(Ak
y · �) ⇠

~v
L



Summary :  

– texture-induced spin-orbit coupling          

– hinges on lower symmetry of      points

– skyrmion-electron bound states               

– with doping, the skyrmion becomes charged

– and can be manipulated by electric field.

<latexit sha1_base64="AP1GKE831ATthHd/5R6XRwc0Lig=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzQOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKflgxwkNBR5IFjOCrZOa3Xs2ELhXrvhVfwa0TIKcVCBHvVf+6vYVSQWVlnBsTCfwExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauOrMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCMHiy8ukeVYNLqrnd+eV2nUeRxGO4BhOIYBLqMEt1KEBBB7hGV7hzVPei/fufcxbC14+cwh/4H3+AG5Njww=</latexit>

⌃

[ PRB 107, 114406 (2023) and 109, 224425 (2024) ]  

px

Σ2

Σ4

Σ3

Γ

Q
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X

Σ1

py

<latexit sha1_base64="WL9CXQLTe5Qt2NcGZehZYM9LFsk=">AAACF3icbVC7TsMwFHXKq5RXgJHFokIqS5UgXmOBhYGhSPQhNaFyXKe1aieR7VSKQv6ChV9hYQAhVtj4G5y2A7Qc6eoenXOv7Hu8iFGpLOvbKCwsLi2vFFdLa+sbm1vm9k5ThrHApIFDFoq2hyRhNCANRRUj7UgQxD1GWt7wKvdbIyIkDYM7lUTE5agfUJ9ipLTUNasjWLnoJvfOA3RwL1TQkbTP0WHeOXR8gXDqDDwk4ChLb7KuWbaq1hhwnthTUgZT1Lvml9MLccxJoDBDUnZsK1JuioSimJGs5MSSRAgPUZ90NA0QJ9JNx3dl8EArPeiHQleg4Fj9vZEiLmXCPT3JkRrIWS8X//M6sfLP3ZQGUaxIgCcP+TGDKoR5SLBHBcGKJZogLKj+K8QDpLNQOsqSDsGePXmeNI+q9mn15Pa4XLucxlEEe2AfVIANzkANXIM6aAAMHsEzeAVvxpPxYrwbH5PRgjHd2QV/YHz+ALV3nxI=</latexit>

v(Ak
y · �) ⇠

~v
L



Summary :  

– texture-induced spin-orbit coupling          

– hinges on lower symmetry of      points

– skyrmion-electron bound states               

– with doping, the skyrmion becomes charged

– and can be manipulated by electric field.

<latexit sha1_base64="AP1GKE831ATthHd/5R6XRwc0Lig=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzQOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKflgxwkNBR5IFjOCrZOa3Xs2ELhXrvhVfwa0TIKcVCBHvVf+6vYVSQWVlnBsTCfwExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauOrMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCMHiy8ukeVYNLqrnd+eV2nUeRxGO4BhOIYBLqMEt1KEBBB7hGV7hzVPei/fufcxbC14+cwh/4H3+AG5Njww=</latexit>

⌃

[ PRB 107, 114406 (2023) and 109, 224425 (2024) ]  

Thank you !  
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Σ2

Σ4

Σ3

Γ

Q
X

X

Σ1

py

<latexit sha1_base64="WL9CXQLTe5Qt2NcGZehZYM9LFsk=">AAACF3icbVC7TsMwFHXKq5RXgJHFokIqS5UgXmOBhYGhSPQhNaFyXKe1aieR7VSKQv6ChV9hYQAhVtj4G5y2A7Qc6eoenXOv7Hu8iFGpLOvbKCwsLi2vFFdLa+sbm1vm9k5ThrHApIFDFoq2hyRhNCANRRUj7UgQxD1GWt7wKvdbIyIkDYM7lUTE5agfUJ9ipLTUNasjWLnoJvfOA3RwL1TQkbTP0WHeOXR8gXDqDDwk4ChLb7KuWbaq1hhwnthTUgZT1Lvml9MLccxJoDBDUnZsK1JuioSimJGs5MSSRAgPUZ90NA0QJ9JNx3dl8EArPeiHQleg4Fj9vZEiLmXCPT3JkRrIWS8X//M6sfLP3ZQGUaxIgCcP+TGDKoR5SLBHBcGKJZogLKj+K8QDpLNQOsqSDsGePXmeNI+q9mn15Pa4XLucxlEEe2AfVIANzkANXIM6aAAMHsEzeAVvxpPxYrwbH5PRgjHd2QV/YHz+ALV3nxI=</latexit>

v(Ak
y · �) ⇠

~v
L


